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Abstract

The purpose of the present work is to establish decorrelation estimates
for some random discrete Schrodinger operator in dimension one. We prove
that the Minami estimates are consequences of the Wegner estimates and
Localization. We also prove decorrelation estimates at distinct energies for the
random hopping model and Schrédinger operators with alloy-type potentials.
These results are used to give a description of the spectral statistics.

1 Introduction

To introduce our results, let us first consider one of the random operators that will
be studied in the rest of this article. Let (a,(n)),ez be a sequence of independent,
real random variables uniformly distributed on [1,2]. Define H,, : (*(Z) — (*(Z) as
the following hopping model :

Yu € 2(Z),[H,(u)](n) := au(n + Du(n + 1) + a,(n)u(n — 1). (1.1)

We know that, with probability one, H, is bounded and is self-adjoint. As H, is
Z-ergodic, we know that there exists a set ¥ such that, with probability one, the
spectrum of H, is equal to ¥ (see for instance [10]). Using [11, Theorem 3], we know
that

Y =1[-4,4]. (1.2)
We also know ([10]) there exists a bounded density a state £ — v(FE) such that for
any continuous function ¢ : R —+ R

E (60, (H) b)) = / B(E)v(E)dE. (1.3)

Let N(E) be the integrated density of state, i.e the distribution function of the
measure v(E)dE.

*The author thanks his supervisor Frédéric Klopp, for his advice and guidance over the course
of the study



One of the purposes of this article is to give a description of the spectral statistics
of H,. In this context, we study the restriction of H, to a finite box and study the
diverse statistics when the size of the box tends to infinity. For L € N, let Ap =
[1,L] NZ and H, (A7) be the restriction of H, to ¢*(Ar) with Dirichlet boundary
conditions. In order to study the spectral statistics of H,(A) we use four results,
the localization assumption, the Wegner estimates, the Minami estimates and the
decorrelation estimates for distinct energies. They will be introduced in the rest of
the section.

Let Z be a relatively compact open subset of R*. We know from the [16, Section
IV] that the following Wegner estimates hold at the edges of the spectrum.

(W) : There exists C' > 0, such that for J CZ and L € N

P[tr(lJ(Hw(AL))) > 1] < C|J||A,]. (1.4)

This shows that the integrated density of state (abbreviated IDS from now on)
N(.) is Lipschitz continuous. As the IDS is a non-decreasing function, this imply
that N is almost everywhere differentiable and its derivative v(.) is positive almost-
everywhere on its essential support.
cording to multiplicity. One purpose of this article is, as in [6], to give a description of
spectral statistics. For instance, we obtain the following result. Define the unfolded
local level statistics near Fy as the following point process :

=6 Bo. ) = 3 G (€) (15)
where
&i(Eo,w, A) = [A[(N(Ej(w,A) — N(Eo)). (1.6)

The unfolded local level statistics are described by the following theorem which
corresponds to [6, Theorem 1.9] with a stronger hyp

Theorem 1.1. Pick Ey € T such that N(.) is differentiable at Ey and v(Ey) >
0.Then, when |A| — oo, the point process Z(&; Ey,w, ) converges weakly to a Pois-
son process with intensity the Lebesque measure. That is, for any p € N*, for any

i &(w,A) e i} =k
lim P w; - : =
[A| =00 ’ ’
ti:&(w,A) e L} =k
Now, one can wonder what is the joint behaviour at large scale of the point

processes =(§; Ey,w, A) and Z(&; By, w, A) with Ey # E;. We obtain the following
theorem which corresponds to [6, Theorem 1.11].

Ll [

k! k!

(1.7)

Theorem 1.2. Pick (Ey, E}) € I? such that Ey # E}) and such that N(.) is differ-
entiable at Ey and E| with v(Ey) > 0 and v(Ej) > 0.
When |A| — oo the point processes =(Ey,w, ) and Z(E{,w,\), converge weakly
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respectively to two independent Poisson processes on R with intensity the Lebesgue
measure. That is, for Uy C R and U_ C R compact intervals and {k,,k_} € NxN,
one has

P (ﬁ{j;fj(EmwaA) cUs} = k+) . <|U+V€+ €|U+) (|UVC eU_) _
6By, A) € U} = k| a5z \ &yl il
To prove these theorems we use three results, the localization assumption, the
Minami estimates and the decorrelation estimates. They will be introduced in the
rest of the section.
We know from [16] that the operator satisfies the following localization assump-

tion.
(Loc): for all £ € (0,1), one has

sup sup B [ ) e 1y0) f(Hu(AL)Lagll2 | < oo (1.8)
L>0supp fCZ 7d
<1 e

Now, we introduce the Minami estimates. We prove the

Theorem 1.3 (M). For any s’ € (0,s), M > 1, n > 1, p € (0,1), there exists
Lo vmp > 0 and C = Cypypp > 0 such that, for E € JL > Ly g, and € €
[L=Y" /M, ML='*] , one has

> P(tr[dp_eprq(Ho(AL)] > k) < C(e'L).

k>2

It is proven in [13] that, in dimension one, for the continuum model, if one has
independence at a distance and localization, the Minami estimates are an implication
of the Wegner estimates. We show that this statement also holds for discrete models,
such as the random hopping model. In both cases, the Minami estimates are not
as precise as the Minami estimates proven in [3], but are sufficient for our purpose.
(Loc) and (M) are sufficient to prove Theorem 1.1.

We now introduce the decorrelation estimates at distinct energies. We prove the

Theorem 1.4. There exists v > 0 such that for any f € (1/2,1), a € (0,1) and
(E,E") € (R*)? such that at |E| # |E'|, for any k > 0 there exists C > 0 such that
for L sufficiently large and kL* <1 < L*/k we have

P tr I[E'fL_l,EJrL_l] (Hw(Al)) # 0, <C l2
tr 1[E’—L*17E’+L*1} (Hw(Al)) 7é 0 - LIJFPY.

Decorrelation estimates give more precise results about spectral statistics. They
are a consequence of Minami estimates and localization. In [15], Klopp proves
decorrelation estimates for eigenvalues of the discrete Anderson model in the local-
ized regime. The result is proven at all energies only in dimension one. In [18],
decorrelation estimates are proven for the one-dimensional tight binding model, i.e
when there are correlated diagonal and off-diagonal disorders. As we used (M) in
the proof of Theorem 1.1 we use Theorem 1.4 to prove Theorem 1.2.



2 Models and main results

Let (ay(n))nez € RZ and (V,(n))nez € R% be two random sequences. Define A, :
(*(Z) — (*(Z) by

Ayu(n) =ay,(n+ Du(n+ 1) + ay,(n)u(n — 1) (2.1)
and define H,, : (*(Z) — (*(Z) as the following Jacobi operator :
Yu € (3(Z), [H,(w)](n) :== (Aqu)(n) + Vy(n)u(n). (2.2)

For L € N, let A;, = [1,L]NZ and H, (A7) be the restriction of H, to (*(Ar)
with Dirichlet boundary conditions. We will study these operators in two cases :
(o) (V,(n))nez are random variables not necessarily independent with a common
compactly supported bounded density p and the sequence (a,(n)),ez is deterministic
(or random provided it is independent with V,,) and there exists M > 0 such that

1
Vn,ﬂ <la(n)| < M.

For instance, fix (a(n)), and for i € Z, fix u; € (*(Z). We may take V,,(n) =
Y iz witi(n — i) where (w;)iez are ii.d random variables. The functions (u;); are
called single-site potentials. When all (u;); are equal, the potential is said alloy-type.
In particular, when u; = dg, we obtain the Anderson model.
() (ay,(n))nez are random variables not necessarily independent with a common
compactly supported bounded density x and the sequence (V,(n)),ez is deterministic
or random (not necessarily independent with a,,).

For instance, fix V,, := 0 and take (a,(n)), i.i.d random variables, then we obtain
the following random hopping model :

0 ax(l) O
B a,(1) 0 a,(2) 0 ...
Ho(An)=1 0 a2 0 a@® o .| (2.3)

.....

.....

are independent.

The discrete alloy-type Schrodinger operator with compactly supported single
site potential and the hopping model satisfy (IAD).
Let Z be a relatively compact open subset of R. Suppose a Wegner estimate holds
onZ:
(W) : There exists C' > 0, s € (0,1], p > 1 such that for J C Z and A C N

Pltr(1,(Hy(A))) > 1| < C|J|°|Al°. (2.4)

Wegner estimate has been proven for many different models, discrete or continuous
(see [3] for the Anderson model). In this paper, we rely on [19] when the potential



is alloy-type, on [16] for the hopping model and on [14] (see also [8]) for the other

models. When p = 1, if the integrated density of state (which we will write IDS

from now on) exists, (W) implies that the IDS is Holder continuous whereas when

p > 1, (W) gives no information about the IDS.

Finally, we suppose that there exists Z C R such that we have a localization property.
(Loc): for all £ € (0,1), one has

sup sup E | Y el 1a0) f(Hu(Ar) Taglz | < oo (2.5)
L>0supp fCZ 7d
f1<1 e

This property can be shown using either multiscale analysis or fractional moment
method. In fact we suppose that Z is a region where we can do the bootstrap
multiscale analysis of [7]. (Loc) is equivalent to the conclusion of the bootstrap
MSA (see [6, Appendix] for details). We do not require estimates on the operator
H, but only on H,(Ar). In order to make the multiscale analysis one needs an
initial estimate about the Green function (H(Ar,) — E)~! where Ly is large enough.
For the Anderson model in dimension one, this estimate is valid on the whole axis.
For alloy-type potential with undefined sign, we only know it at large disorder (see
[4] and reference therein), i.e when ||p||s is sufficiently small. For the hopping model
(2.3), (Loc) is proven at the edges of the almost-sure spectrum [16].

The purpose of this article is to give a description of the spectral statistics for
some discrete random Schrodinger operators in dimension one. Two key tools to get
this description are the Wegner estimates and the following Minami estimates. For
instance we prove

Theorem 2.1. For any ' € (0,s), M > 1, n > 1, p € (0,1), there exists
Ly vnp, > 0 and C = Cynyp > 0 such that, for E € J L > Lgy,, and
e € [L7V /M, ML= , one has

> P(tr[fp_eprqg(Ho(AL)] > k) < C(e'L).

k>2

The Wegner estimates have been proven for many type of model whereas the
Minami estimates are known for all dimension mostly for the Anderson model([3]).
Following [13], we prove that the Minami estimates are consequences of localization
and the Wegner estimates This will be applied to both the random hopping model
and the discrete alloy-type model.

We prove the decorrelation estimates.

Theorem 2.2 (D). : Let 8 € (1/2,1). For any a € (0,1), E,E' € I?, E # E', for
any ¢ > 1, one has, for L sufficiently large and | such that cL® <1 < cL®

P t761[E7L—1,E+L—1](Hw(Al)) # 0, <C <i) e(logL)’B.
t'f’l[EuL—l,E/+L—1](Hw(/\l))) 70) ~ LA/

We show that decorrelation estimates hold for the random hopping model and
for the Jacobi model with alloy-type potential under certain requirement, such as a
compactly supported, non-negative single-site potential.



The estimates (W), (M) and (D), and assumption (Loc) will be used as in [6] to
get a description of spectral statistics.

The Wegner estimate used in [6] is linear in volume. As all our previous results
hold provided we have (Loc) and the Wegner estimates, even if it is polynomial
in volume, we modify the proof of [6]. In our case, the Wegner estimates do not
imply that the integrated density of state is Holder continuous. Thus, we make
an assumption about its regularity. But, in dimension one, for some models, one
can prove that the integrate density of state is Holder continuous without using the
Wegner estimates. Eventually, we use our previous results to study the spectral
statistics of one-dimensional quantum graphs with random vertex coupling.

In section 3 we will show that in dimension one, if one has a condition of inde-
pendence at distance, for the Jacobi model, the Minami estimates are consequences
of the Wegner estimates. In section 4 we will prove a general decorrelation estimates
that will be used for alloy-type potential and one-dimensional quantum graphs. We
also prove decorrelation estimates for some discrete alloy-type models and for the
random hopping model. In section 5 we prove the results about spectral statistics
under a regularity hypothesis on the IDS. In section 6 we show that the previ-
ous results are also true for one-dimensional quantum graphs with random vertex
coupling. Eventually, in the appendix, we give some general results about finite-
difference equations used in section 3 and an example of operator which has Wegner
estimates polynomial in volume and a Holder continuous integrated density of state.

3 In the localized regime, the Wegner estimate
implies the Minami estimate

For any interval A in Z we define H,(A) as the restriction of H, to ¢*(A) with
Dirichlet boundary condition. We follow the proof of [13] and show that if H,(A)
has two close eigenvalues then there exists two restrictions of this operator to disjoint
intervals, each having an eigenvalue close to the previous ones. In this section, the
random variables a,, and V,, may be correlated, as long as we have a Wegner estimate.

Theorem 3.1. Fix S > 0. There exists ey such that for all € < %, if
tr (1{p—c.p+q(Ho(AL))) > 2 then there exists x_ andxy in{1,... L} withz,—z_ >

S Such tha/t
tr (1 |:E76L747E 67114] (Hy(l&{(),___,x})) Z 3
€0 €0 1

tr (1[E€L4,E+6L4:| (Hw(A{‘T-H“"L})) Z 1
60 60

This result is the discrete equivalent of Theorem 2.1 in [13]. One of the advan-
tages of the discrete model over the continuous model is the following one. As we
will apply this result to a random operator, the points x;, and x_ will be random.
Thus, when estimating probabilities, we will have to count the number of possibili-
ties. Hence, when studying the continuous model, we have to restrain the points to
a lattice whereas in the discrete model, the lattice is given by the model. However,



in the discrete model, some results need more computations, they will be given in
Appendix A.

In order to remove the condition € < 5 we use the localization assumption and
reduce the study of the operator on boxes of size L to the study on boxes of size log L
to which we will apply Theorem 3.1. Indeed, the localization assumption yields two
different characterizations of the localized regime, the proofs of which use (W) and
can be found in [6, Appendix].

Lemma 3.2. (Loc)(I) : For allp > 0 and § € (0,1), for L sufficiently large, there
exists a set of configuration Uy, of probability larger than 1 — L™P such that if ¢, ., s
a normalized eigenvector associated to the eigenvalue E, , and zo(w) € {1,...,L}
mazimize |¢n.w| (o is called a localization center) then

|Gn()| < LPHoelommolt, (3.1)

Lemma 3.3. (Loc)(II) : For all & € (0,1) and v € (0,€), for L sufficiently large,
there exists a set of configuration Vy, of probability larger than 1 — e=1" such that
if Onw is a normalized eigenvector associated to the eigenvalue E, . and xo(w) €
{1,..., L} mazimize |¢n | (zo is called a localization center) then

|fnol@)] < €2 lmmmolt, (3.2)

Using (Loc)(I) and (Loc)(II), we obtain the following theorems. Fix J a compact
in Z. When the energy interval [E — ¢, E + €] is sufficiently small in comparison with
the size of the box A we prove :

Theorem 3.4. For any s’ € (0,s), p> 0 and n > 1, there exists L, ¢ > 0 such that
forE€ J,L> L,y and e € (0, L~Y*"), one has

D Pltr[tpcpiq(Ho(AL))] > k) < C(EL° + L) (33)

k>2

The following theorem is useful for proving decorrelation estimates for eigenval-
ues.

Theorem 3.5. For any s’ € (0,s), M > 1, n > 1, 8 > 1+ 4s+ p, there exists
Lo ynpg >0 and C = Cyppnp > 0 such that, for E € J,L > Lgyyps and € €
[L=Y" /M, ML='*] , one has

ZP(”U[E—E,E-i-ﬁ}(Hw(AL))] > k?) < C(GSL)Q(IOg L)Qnﬁ'

k>2

We also prove the following result which is useful if we want to take boxes of size
(log L)'/¢ and energy intervals polynomially small. We then use (Loc)(II) instead of

(Loc)(I) :
Theorem 3.6. For any s' € (0,s), M > 1, ¢ € (0,1), a € (¢,1), v € (¢, ),
B> 1+ 4s+p, there exists Ly prapey >0 and C = Cy arapen > 0 such that, for
E € J L > Lage, and e € [L7V /M, ML™'¥], one has, with | = (log L)'/¢" and
l/ — lCM

S TPt Lo piq(Ho(A))] > k) < C(e117)7,

k>2



Remark 3.7. If we apply directly Theorem 3.1 without using (Loc), we get the
following estimate :

> P(tr[lp-rrprr-(Ho(A))] = k) < (L7 14F1H0)2 (3.4)

k>2

The estimate in Corollary 3.6 is better as we have « € (¢/,1), but (3.4) could suffice
in some cases.

3.1 Proof of Theorem 3.1
Let E € sp(H,(Ar)) and u a normalized eigenfunction. For n € {1,..., L} define
U(n) := (u(n B 1)) and the Priifer variables r, and ¢, by:

_ sin(¢u(n))
U(n) =ry(n) <cos(q§u(n))) : (3.5)

We follow the proof of [13, Theorem 2.1] and divide the proof in two part. First,
we show the result when both eigenvectors live essentially far away from each other.
Secondly, we show the result when both eigenvectors have a common site where theirs
amplitudes r, and r, are large. We will need some properties of finite-difference
equations of order two, they can be found in Appendix A. Recall that M is fixed
such that

1
VnEN,M < la,| < M. (3.6)

We first prove :

4

Theorem 3.8. There exists 19 > 0 such that for alln € (0,1m9) and all E < T if

LY
tr (1-p,p(sp(Ho(AL))) = 2 and if for alln € Ap, ry(n)ry(n) < % where u and v

are normalized eigenvectors, there exists x_ and x in A with x4 —x_ > S such
that

tr (1[,EL4/,747EL4/774}(Hw({O, cey SL’,})))
tr (1[7EL4/174,EL4/174}(Hou({era ey L})))

J

1
1.

ARV

1
Proof. As u and v are normalized, there exists z, and z, such that r,(z,) > —

VL

1
and r,(x,) > —. So ry(x,) < 1 Without loss of generality,

U
VL VL VL

” 1
we can suppose that z, < z,. Let f = " then f(x,) > — and f(z,) < n. By
T

and 7,(z,) <

Lemma A.1 there exists C' > 0 (only depengling on M defined in (3.6)) such that

1 fin+1)

— < <
o= C

fln) —



092 < o2 we know that there exists n such that z, < n < x, and

1
—— < f(n) < V/C so that min{n — x,,z, — n} > |2| +2, where |.] denote the

VC
floor function. Now take x_ = n — ({gJ + 2) and z_ = n + (LgJ + 2), then
one has z, —x_ > 5+ 2 and

So for n <

(e fe) © | 2o

2

,C%“] .

Using Lemma A.2 we can assume that |sin(¢,(z_))| > 7'/ otherwise we change z_

K
tox_—l.Deﬁne)\:u(x)andw—u—)\v Then, \ < , w0)=w(z_)=0
v(z-) /s

and
| (Ho({0,...,2_}) = E)w||eqo,.0y < E. We compute

34 1
n n
lwllZ2go. oy = lulleeq, ay — 2)\5 > ry(1,)? = K= AEETA

for n sufficiently small. Thus H, ({0, ...,z_})— F has an eigenvalue in Ev2L(—1,1).
This conclude the proof for x_. The proof for x is similar : one has to estimate
|H,({z4,...,L})w]| instead of || (H,({0,...,z_}) — E)w||. O

Now we prove a lemma that will be used in the second part of the proof of
Theorem 3.1.

Lemma 3.9. For alln € {0,...,L},
|ru(n)ry(n) sin(do(n))| < ME, (3.7)
where M is defined in (3.6).

Proof. Let W(n) = a(n)[u(n)v(n — 1) — u(n — 1)v(n)] be the Wronskian of U and
V. Then, we compute

W(n + 1) =a(n)ru(n)ry(n) sin(d¢(n))
=a(n+1)[u(n+ v(n) — u(n)v(n +1)]
=v(n)( — wnu(n) — a(n)u(n — 1))
—u(n)( = wyv(n) + Ev(n) — a(n)v(n — 1))
=W(n) — Ev(n)u(n)

We know that W (1) = 0 and that v and v are normalized, so for all n € {0,..., L}

<FE Zuz(n) Ziﬂ(n) <FE

n

> uln)u(n)

=0

(W(n)| = E

1
As |a,| > I the proof of Lemma 3.9 is complete.



The second part of the proof of Theorem 3.1 is the following result :

,’74

Theorem 3.10. There exists ng > 0 such that for all m € (0,m9) and E < i

tr (1i-p,p(sp(Ho(AL))) > 2 and if there exists zg € {0, ..., L} such that
ru(zo)ry(z) > % where u and v are normalized eigenvectors, then there exists x_
and x4 in {1,..., L} with x, —x_ > S such that

tr (Lp—cprg(Ho({0, ...2-}) > L,
tr (11p—epyq(Ho({zy, .., L}))) > 1.
Proof. Using Lemma A.1 and Lemma A.2 we can suppose that

1 EL
| sin(py(z0))| > Yok From Lemma 3.9 we know that |sin(d¢(zo))| < —. Now we

EL EL
can suppose that do(zg) € {O, 2—], the case d¢p(xg) € |:7T 5 7T:| is handled in
n n

of

the same way. To prove Theorem 3.10 we use the

EL3
Lemma 3.11. There exists vo € {1,..., L} such that 0¢(z2) € |:7T — %,ﬂ']
Proof. As u and v are orthogonal
.2 . . EL
ru(zo)ru(wo) sin®($u(70)) + Y ru(n)ry(n) sin(ey(n)) sin(u(n))| < =
nF#xg

and as EL* < n*, for L sufficiently large we have

. . Ui Cn? U
; ru(n)ry(n) sin(¢,(n)) sin(g,(n)) < ~GL <1 — 7) < TR
n#xo

Now, we have

> ()7 (n) sin(@,(n)) sin(,(n))| < C—.

n#£xo,ru(n)ry(n)<n/L3

So

. . n 1
Z ru(n)ry(n) sin(py(n)) sin(¢g,(n)) < " 20L (1 - Z)

n#£xo,ru(n)ry(n)>n/L3

= T30L
Now, as sin(¢,) = sin(¢, + d¢) = sin(¢,) cos(d¢) + cos(¢,,) sin(d¢) and as
1
|rury sin(0g)| < ME < ]\é—z, for L sufficiently large we have
3 Fo(0)ro(1) SIn2(u (1)) cos(8¢hy(n)) < —MLL. (3.8)

n#x1,ry(n)ry(n)>n/L3

10



So there exists xo # g such that r,(z2)r,(z2) > % and cos(d¢p(xs2)) < 0. So

L3 EL3
|sin(0¢(z2))] < ME— and d¢(xs) € |:7T — M ——,m|. This complete the proof of
Ui n |

Lemma 3.11. O

EL] EL3
Now, we have xy and x5 such that d¢(xg) € [O, — | and do(z2) € {7? -, 7T:| :
n N

Thus, by Lemma A.4 and Lemma A.3, there exists ¢y > 0 such that for L sufficiently
large, there exists x; € {1,..., L} such that d¢(x1) € [eg, ™ — €y]. Hence if we take

2 2
on S) such that

S S
T =X — L— —1land 2, = 21+ |= | + 1, then, there exists C' > 0 (depending

€o

Vne {o_,... xs},00(n) € {%Ow - 5} . (3.9)

We will now show that H := H,({0,...,2z_}) has an eigenvalue in
[-EL*/n*, EL*/n*. H is handled in the same way.
First, suppose there exists n € {x_, z_ 4+ 1} such that either u(n) = 0 or v(n) = 0.
For instance, suppose that u(x_) = 0, then as zq < x_ and as u?(zo) +u?(xo—1) # 0,
u is an eigenvector of H . If v(xz_) = 0, then v is an eigenvector of H .
Now suppose that none of {u(z_),u(z_ + 1),v(z_),v(x_ + 1)} is equal to zero.
Without loss a generality one can suppose that r,(z_) > r,(z_), if not we exchange
u and v. We compute

ue 1) )| W +1)

vz +1)  wv(z) a(x_ + Dv(z_ + v(z_)
Wiz +1)]
“a(z_ 4+ Dry(z- + D)ry(x)
Wz +1)|
“alz_ 4+ Dry(z- + Dry(zo)
(W(z_ + 1)
T alr_ + 1D)Cry(x_ + Dry(z- + 1)
 Jsin@ote + ) 1,

>
- C - K

2

for ng sufficiently small. So we can suppose that > 1o, if not we

replace z_ by z_ + 1.

Let \_ = ugxi and w = u — A_v, then w(0) = w(z_) =0 and
v(x_

I(H = E)(W)lleqo..ep = [Bwllego..ey < B (3.10)
2
On the other hand, we know that r,(z¢) > % so we can suppose that v(zg)? > %

11



If this is not the case, replace z¢ by zo — 1.

w(wy) = 1u(20) sin(pu(wo)) — A-1y(20) sin(¢u (o))
= [ru(wo) — A7y (20)] sin(@y(20)) + 7u(z0)[sin(Pu(70)) — sin(¢,(z0))]

To(0)

But as u is normalized, we have

L. ru(o) < V2

&
&

2. |sin(gy(xo)) — sin(gy(xo))| < dp(xg) < < %

Cn

3
0"l s g T sufficiently small. So

V2L L3 T 2L 12

E

H has an eigenvalue at distance at most — from E. This complete the proof of
No7

Theorem 3.10. ]

50 [|wlle(qo,.0y) > w(zo)l >

Theorem 3.1 now follows from both Theorem 3.8 and Theorem 3.10, taking ¢
sufficiently small.

3.2 Proof of the Minami estimates

Now we follow the proof in [13, Section 3] and use Theorem 3.1 to show the following
Minami estimates.

Theorem 3.12. Fixz J compact in I the region of localization. Then, for p > 0,
n>1,8> max(l+4s,p) and p' > p (p and s are defined in (W)), then there exists
Lygy >0 and C = Cya, >0 such that, for E € J,L > L,3, and e € (0,1), one
has

S P(tr[Lpcprg(Ho(AL))] = k) < C [(esuﬁ e l8)P ety L—p] ,

k>2
where | := (log L)".

Theorem 3.13. Fix J compact in I the region of localization. Then, for a € (0, 1),

€ (0,a), f>1+4s+p and p > p (p and s are defined in (W)), there exists
Logy >0 and C = Cyp,y > 0 such that, for E € J,L > Log, and € € (0,1), one
has

Z]P)(tT[I[Evfe,ELFE}(Hw(AL))] Z k?) S C[(ESLZB + €_l/8)26065Llpl + 6_LD s

k>2

where | := L°.
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Theorem 3.4, Theorem 3.5 and Theorem 3.6 are consequences of Theorem 3.12
and Theorem 3.13. For instance Theorem 3.6 is a consequence of Theorem 3.13 if
we take v € (£, a). Indeed, it implies that € > L% > ¢7 and that € > e7'".

The proof of Theorem 3.12 being the same as the proof of [13, Theorem 1.1], we
only sketch it for the reader’s convenience. First, the localization assumption implies
that eigenvalues of H,(A) are close to eigenvalues of the same operator restricted to
smaller boxes. Recall that Uy, is the set of w such that (Loc)(I) holds.

Lemma 3.14. For 0 < p < 0 and { < & < 1, there exists L,¢e > 0 such that
1
forl=(logL)¥, L > Lyce, w €U, and v € Ay, if H,(AL) has k eigenvalues in
[E — ¢, E + €] with localization center in A%(y), then Hw(A%(y)) has k eigenvalues
in[E—e—e 8 E+ete /8
Define

there are two centres of localization of eigenfunctions
Q= weUy,; associated to eigenvalues in [E — €, E + €

that are at a distance less than 4] from each other

and Q9 :=U,, /Q°. When w € Q9, Lemma 3.14 gives rise to independent opera-
tors on small boxes : (H, (A a (7)))- Hence, we obtain the following lemma :

Lemma 3.15. Fiz 0 < p and 0 < § < £ < 1. Then there exists L,¢e > 0 such
1
that, for 1 = (log L)¥, for L > L,¢¢ and k > 2, one has

L
P({w € O trltpcpsg(Ho(Ar))] 2 k}) < TPogii() + ¢

and, for k < [L/(4l)] + 1,
]P’({w € Vi tr{1ip_eprq(Ho(AL))] > k})

L —s
= <[ é:m]) (Braypaa(€) + e /%) (3.11)
where we have defined

Prpv = sup  P(tr{1p—cprq(Ho(Mi(7)))] = k).
+elZN[O, L]

This implies the following result :

Lemma 3.16. Fiz J compact in Z, the localization region (cf (Loc) in Section 1).
Then, for any p > 0, £ € (0,1) and & € (0,§), there exists C = Ceer > 0 and
Le e > 0 such that, for E € J,L > Lee and € € (0,1), one has

L2
> P(trltpc v (Ho(AL)] > k) < L7+ —Paai(e)

k>2

LY’ 2
+ (7) (P1,3l/2,4l/3(€)+€_l§/8) etz (3.12)

where | = (log L)Y/¢.
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Now, Theorem 3.12 follows from Theorem 3.1 and (W). As for Theorem 3.13,
it comes from the same reasoning and the following lemma the proof of which is
similar to the proof of Lemma 3.4 in [13] except that we use (Loc)(II) instead of

(Loc)(I) :

Lemma 3.17. For o € (0,1), £ € (0,1) and v € (0,af), there exists L,¢eq > 0
such that for | = L* and L > Ly¢e and w € Vi, and v € Ay, if H,(AL) has k
eigenvalues in [E — e, E + €| with localization center in A%(y), then Hy,(As (7)) has

2
k eigenvalues in [E — e — e /8 E + e 4 ¢ /8],

4 Decorrelation estimates for eigenvalues

Now that we have proven Minami estimates, we can now turn to prove decorrelation
estimates for eigenvalues. The Minami estimates and Theorem 4.2 below are com-
plementary results. Indeed, Minami estimates can be seen as decorrelation estimates
for close eigenvalues whereas Theorem 4.2 is proven for distinct energies. In fact,
as the proof will show, Theorem 4.2 is a consequence of Theorem 3.5 and localiza-
tion. To prove decorrelation estimates, we will study the co-linearity of gradients
of eigenvalues, as functions of the random variables. As the gradients are different
according to the models considered, the co-linearity condition depends on the model.
Hence, we divide the proof of decorrelation estimate into three parts, according to
the model.

4.1 General decorrelation estimates

In this section, we prove decorrelation estimate when V,,(n) = w, so that (V,,(n)),
are independent variables. Independence will only be used to simplify the estima-
tions of probabilities and we show in Subsection 4.2 how to prove decorrelation
estimates for the discrete alloy-type model. Most results of this section only re-
quire (IAD). The result is slightly different from the decorrelation estimate found in
[15, Lemma 1.1]. Indeed we state a result that will handle both discrete alloy-type
model and unidimensional quantum graphs with random vertex coupling. Therefore
we introduce the following notations.

For F € R, pick A\ € R, up € R and define ¢ := {E € R,A\g # 0}. For
E # E' define d := Ag + Agr, b .= A\g — Agr, ¢ := up — pp and for E € o,

1
Vo(E) = —(Vy, — ug). In (W) we assume that s = 1. The results of the present

AR
section need the following hypothesis to hold: (E, E’) € o must be taken such that
at least two of d,b,c be non-zero. If \p = 1 and ug = E we have 0 = R and

V,(E) =V, — E. In this case, we always have d = 2,b=0,¢ # 0.

In this section, the sequence a(n) := (a,(n)) is not random. Thus, the operator
A, is deterministic. We follow the lines of [15] to prove a decorrelation estimate for
the eigenvalues. If the random variables (V,,(n)), are independent we can use the
following Minami estimates (see for instance [3]) which are more precise than the
estimates in Theorem 3.5.

14



Theorem 4.1 (M). Let I C J C R, then for any E € o there exists C > 0 such
that

E(tr11(—Ag + Vi (B))a, (tr 15 (= Ay + Vo (E))a, — 1)) < CIIITIA. (41)

The main result of the present section is :

Theorem 4.2 (D). Let 8 € (1/2,1). For a € (0,1) and (E,E') € 0* such that at
least two of d, b, c be non zero, then for any k > 0 there exists C' > 0 such that for
L sufficiently large and kL* <1 < L*/k we have.

p tTI[_Lfl,.:,.Lfl](—Aa + Vw(E))|Al #0, <C (L) J(log 17
triip-rpp-n(—Ba + Vo(E))y, #0) = \LY°

In particular, this proves (D) (see Section 2) for the operator H, := —A,+V,,(n)
with V,(n) = w,.

Using (M) or Theorem 3.5 if we just have (IAD), as (log L)¢ < e(¢1)”  Theo-
rem 4.2 is a consequence of the following theorem :

Theorem 4.3. Let § € (1/2,1). For a € (0,1) and (E, E') € 0® such that at least
two of d,b,c be non zero, then for any k > 1 there exists C' > 0, such that for L
large enough and kL~ <1 < L*/k we have

-1 —11(— = 2
P, =P t"ﬂ1[fL 4L }( A, + Vw(E,))|Al L, <C ( [ ) e(logL)B.
tT‘I[_L717+L71}(—Aa + VW(E ))|Al =1 LA/3

Now, using (Loc)(I) , Theorem 4.3 is a consequence of the following theorem :

Theorem 4.4. Let 8’ € (1/2,1).For a € (0,1) and (E,E’) € 0* such that at least
two of d,b,c be non zero, then there exists C' > 0 such that for any ' € (0,§), L
large enough and | = (log L)Y we have

tTI[,QL—1,+2L—1]<—Aa —+ VN<E/)) |Al' =1

Proof of Theorem 4.3 using Theorem 4.4.

Define HE(A;)) == —(Aq + Vo (E))a,, HE(A) == —(Aq + Vo (E'))s, and J, =
[—2L71 2L7'. Suppose that both operators have one eigenvalue in [—L~! LY.
For w in Uy, (cf (Loc)(I)), to each eigenvalue we can associate a localization centre.
Using Lemma 3.14 with p = 2, depending on whether these points are distant from
at least 3 or are at a distance of at most 31 , either there exists v # 7/ such that
dist(y + Ay + Ap) > I with

1. H, (v + A;) has exactly one eigenvalue in .J,

2. H,(y' + A;) has exactly one eigenvalue in j’L

15



or there exists 7o such that H, (v + A;;) has exactly one eigenvalue in J; and exactly
one in Jj. Using (IAD) and (W), we then compute

POSL‘2+C(Z/Z)P<{ 7(Ho(A00) N /2
o(Hy,(Asi(70) N ’L
L # 0 (( L(A(Y) N Ty £ 0)
(/LY 1 /)P,

+ C(/D*P(o(Ho(Ag(7) N J1 # O)P

< L2+ C(/D*(P/L)? + CU/IPy <

Now, if one take £ and &' sufficiently close to 1, we obtain Theorem 4.3 with § =

/8/
— € 1 O
£ 2’

We can now turn to the proof of Theorem 4.4. From now on we will write
H,(ALE) = (A, + Vw(E))|Al~ and Jp, = [-L7', L7!]. For e € (2L71,1), for some

k > 2, using Theorem 3.13 when one of the two operators H,,(A;, E) and H,(A;, E')
has two eigenvalues in [—¢, +¢|, one has

P, < CEF + P, < CE%” + P, (4.2)
where
Pe = P(Q0(€))
and
o(Ho(Ar, ) N Ty = {E(w)}
o(Ho(A, E)) N (=€, +€) = {E(w)}

o (Hy (M, E)) OV T = {E'(w)}
o(Hy(A, E') N (=€, +€) = {E'(w)}

In order to estimate P, we make the following definition. For (y,7') € A2 let
Jy~(E(w), E'(w)) be the Jacobian of the mapping (w,,wy) = (E(w), E'(w)) :

Ty (B(w), B'(w)) = j(g?’ﬁii)) aag((ﬁ)'

Qo(€e) = { w;

(4.3)

and define
Q53 (€) = Qo(e) N{w; |y (E(w), E'(w))] = A}

When one of the Jacobians is sufficiently large, the eigenvalues depends on two
independent random variables. Thus the probability to stay in a small interval is
small. So we divide the proof in two parts, depending on whether all the Jacobians
are small. The next lemma shows that if all the Jacobians are small then the
gradients of the eigenvalues must be almost co-linear.

Lemma 4.5. Let (u,v) € (R")** such that ||ull; = ||v||; = 1. Then
2
U; Ug
(5 %)

max
Jj#k
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So either one of the Jacobian determinants is not small or the gradient of £ and
E’ are almost collinear. We shall show that the second case happens with a small
probability. But first we show that a normalized eigenfunction has a large number
of sites where it is not small.

Lemma 4.6. There exists ¢ > 0 such that for uw a normalized eigenvalue of
(=Aa + Vi(E))|s,, there exists ng € Ay such that for m € I := [ng — cl’,ng + cl”]
either [u(m)| > e or [u(m +1)| > e,

Proof. As u satisfies a finite difference equation of order two, u grows at most ex-
ponentially fast, so if u takes two small consecutive values, u cannot be large in a
logarithmic neighbourhood of these points. As u is normalized there exists ng € A;
such that |u(ng)| > 1/V1 .

If there exists m € {1,...,1} such that |u(m)| < e /% and |u(m+1)| < e "/> then
as

Cllu(n + )] + |u(n)])
C(lu(n+1)| + Ju(n +2)|)
one has |u(m + N)| < (20)Nle=/5. So |m — ng| > élP for some & > 0 and for some

0 < ¢ < ¢and m such that |m—ng| < cl? either |u(m)| > e="/% or [u(m+1)| > e 1"/5.
So there are at least cl?/2 sites where u is not small. This proves Lemma 4.6.  [J

We are now able to give a proof of the

Lemma 4.7. Let E,E' € 0? and 3 > 1/2. Let P denote the probability that there
erist E;(w) and Eg(w), simple eigenvalues of (—A + V,(E))a, and (—A + V,(E'))4,
in [ +e7"] such that

Vo(BW) |, Ve(Bl) | _ o o
IV (Ej @Dl Ve (Be@) |,
Then there exists ¢ > 0 such that
P< e (4.5)

Proof. The proof follows that of Lemma 2.4 in [15]. Let ¢; be a normalized eigen-
function associated to E;. Then we compute

O Ej(w) = (0w, Ho) ¢4, 05)
= (Agdj(n)en, ¢;) = Ap¢i(n)

Thus, %(n) = |i—ggb](n)z = +¢;(n)?. Hence, as in [15], there exist

1
P,Q with PNQ =0 and PUQ={1,...,L} such that

Vi € P, |¢;(n) — dp(n)| < 2
v € Q,|¢;(n) + dp(n)| < e /2.
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Let P (respectively Q) be the orthogonal projector on £*(P) (respectively £*(Q)) in
2({1,...,1}). Then, the eigenvalues equations can be rewritten as

(Al + pp + Vo) (Pu+ Qu) = hg
()\E/Aa +ME/ + Vw)(Pu — QU) = hE’ .

where |hg| + |hp| < Ce . Multiplying by P and @) and summing or subtracting
we obtain :

O £ M) AuPu+ (A — Ap ) AuQu
+ (1 + ) Pu+ (up — pp)Qu+2VoPu = hg + hp , (4.6)

(A — Ap)AyPu+ (Mg + Ap ) A Qu+
(up — pp)Pu+ (pp + p1y)Qu+2V,Qu =hg — hg . (4.7)

As PV,Q = QV,P =0, we have

(Ae + Ap ) (QAP + PAQ)u
+ ()\E — )\E’)(QAaQ —+ PAaP)u + (/iE — uﬂg)u = hE,E’ . (48)

Recall that if one of b := (Ag — Ag/), ¢ := pg — (g, d := (Ag + A\pr) is zero then the
other two are not. In [15] is proven that PAQ + QAP =", C; AC}, where the sets
(Ck)r are "intervals” in N/IZ. And as we have

PAaP + QAaQ + PAaQ + QAaP = Aaa
if C = UCk, PAQP + QAQQ = Zk DkAaDk where D = Uka = {1, .. ,l} - Ukék.
So C and D have symmetric roles in the equation. (4.8) is equivalent to the following

equation :
(bAq +2X Y CuACy + c)u = h. (4.9)
k

If n ¢ C then
b(an+ Du(n + 1)+ a(n)u(n = 1)) + cu(n) = h(n), (4.10)
so if b =0 then ¢ # 0 and |u(n)| < e . Suppose that b = 0. Then, we know from
Lemma 4.6 that C° cannot have two consecutive points in I (defined in Lemma 4.6)
and same for D¢ if d = 0. So, without loss of generality, we can suppose that d # 0
and that §(CN 1) >41/2 .
If n € C; then
d(a(n +1)u(n + 1) + a(n)u(n — 1)) + culn) = h(n). (4.11)

If Cy={n_,...,n.} then
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ba(ny + Du(ny + 1) + da(ny )u(ny — 1) + cu(n)
da(n_ + Du(n_ + 1)+ ba(n_)u(n_ — 1) + cu(n) = h(n)

h(n), (4.12)
. (4.13)

Now, we show that this implies stringent conditions on the random variables (wy,)y.
Indeed, we know that the eigenvalue equation for u is

A\E (a(n + Du(n+1) 4+ a(n)u(n — 1)) + (g + wp)u(n) = hg(n). (4.14)
Combining the eigenvalue equation with (4.11) we obtain
0 15 18
Vi € Gy, )uEern—)\Ea‘ u(n)| < e 2. (4.15)

So if [u(n)| > e /2 then we have

)uE—l—wn—i—)\Eg‘ ge_lﬁ/Q. (4.16)

n o
Suppose Cp C I. If |C| = ny, there are at least L—k — 1J sites in C; where u is

not small. We are now left with the study of the cases n; = 2 and n, = 3. Suppose
b # 0. Combining (4.12) and (4.14), we have

AE (1 — %) a(ny)u(ng — 1)+ (,uE + wp, — AE%) u(ny)| < Ce™”, (4.17)
AE (1 — %) a(n_ + Du(n_ + 1)+ (uE + Wy — )\E§> u(n_)‘ < e, (4.18)

When nj; = 2 we have

c d
HE + Wny — )\El_) AE (1 — g) a(ny) (

d
)\E <1 — E) CL(nJr) HE + Wp_ — )\Eg u<n7
As (ZEZ_D H > Ce /2 we have
+

<e 2 (4.19)

(uE + Wy, — )\Eg) (uE +w, — AE%) — A% (1 — %)Za(n+)2

If ny = 3 we have C, = {n_,n,n;} and

C a
T X R I P
_a 30 \ulno)
0 Ap (1 b) a(n) g +wa_ — Apy
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If |u(n)| > e /2 then
W + w, — )\EE <e 2 (4.20)
a

If [u(n)| < e"/? then Ju(n)| > e"/? and
¢ 182
e+ wn, = App] < Ce . (4.21)
Now, suppose b = 0. If there is a gap between C} and its two neighbours

{Chs1, Cr}, we know that |u(ng +1)] < e and |u(n_ — 1)| < Ce™’. So the
conditions when ny, € {2,3} are

(ME + Wy, )\Ea(n+)) (“EZJ:;) H < e ifn, =2 and

)\E(I(TL+) ME + W (4

KB+ Wy Apa(n.) . 0 u(ny)
0 pE + Wy, — )\Ea 0 u(n) < Ce ' if ny, = 3.
0 Apa(n) g + Wy u(n_)

In both cases we have a condition on the (w,), similar to (4.16) and (4.19).

If Cy is adjacent to Cl1 it gives rise to an interval Dy, in D of length two (which
makes the junction between C}, and Cy1) and we still have a condition on the (wy),
similar to (4.19), where d and b are exchanged. To summarize, if C; C I, when
n > 4 we have at least |(ny — 2)/2] conditions of type (4.16) and if n, = 2 or
nr = 3 we have one condition of type (4.19) or (4.20), possibly shared with one of
its neighbours.

There are at most two C; that are not entirely contained in I, and for these
particular two sets we only have |(#(C;NI) — 1)/2] points where u is not small. So
if #(C; N I) € {1,2} there is no known point where u satisfies [u(n)| > e~"/2. Define
iy = #(Cr, N I), we know that >, 7. > ¢l? /2. Then, we have a number of conditions
on the (wy), which is greater than

Sl -2+ Y L(nk—2)/2j+% > 1

k7 >3,m, <ng ki >4,7,=ny, kng€{2,3} 1, =ny,

> > s+ Y w3

k,np>3,m<ng kg >3,m <ng

+ > nk/5+% > ny,/5 — 2

ki >4, =mng knp€{2,3},mp=ny

> cl?/10 —2 > ¢1°/10

There are 2! choices for P, I choices for ng, less than 2! choices for the points
where u satisfies |u(n)| > e~"/2. For each of these choices, it gives us a probability
at most e* Thus, as > 1/2, we have for a smaller ¢ and L sufficiently large

—cl?8

P<e <L (4.22)

This complete the proof of Lemma 4.7.
O
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Pick A = e ApAp. Then, either one of the Jacobian determinant is larger
than A or the gradients are almost co-linear. Lemma 4.7 shows that the second case
happens with a probability at most e“£*’. It remains to evaluate ]P’(Qg:g/(e)). We
recall the following results from [15]. They were proved for a, = 1, they extend
readily to our case. First, we study the variations of the Jacobian.

Lemma 4.8. There exists C > 0 such that
| Hessu(B@))lie < ¢
w [l > .
dist[E(w), o(H,(Ay)) — {E(w)}]

Fix a € (1/2,1). Using Lemma 4.8 and Theorem 3.5 when H,(A;) has two
eigenvalue in [F — L™ FE + L™%], for L large enough, with probability at least
1— L72),

| Hessy(E(w)) | + || Hess,(E' (W) |liemn < CL® (4.23)
In the following lemma we write w = (W., Wy, Wy /).

Lemma 4.9. Pick ¢ = L™*. For any w,y, if there exists (w9,wY) € R* such that
(W), W), wy ) € Qg:g,(e), then for (wy, wy) € R? such that |(wy, wy) — (W, W) )|oe < €
one has

(B)(w), Bu(@)) € Jo x Ty, = |(wy, ) — (@302 |ow < LA

As 1n Lemma 4.9, fix (w),wY) such that (w9,wd,w,,) € Q’” (€) and define
A= (wI,w)) + {(w,y,w,y) e RZUR?, jw,| > ¢ or ‘Wv‘ > ¢} We know that for
any i € Z, w; = Ej(w) and w; — Ek( ) are non increasing functions. Thus, if
(wy,wy) € Athen (Ej(w), Ex(w)) ¢ Jr, x J;,. Thus, all the squares of side € in which
there is a point in Qg:g,(e) are placed along a non-increasing broken line that goes
from the upper left corner to the bottom right corner. As the random variables are
bounded by C' > 0, there is at most C'L® cubes of this type.

As the (wy,), are i.i.d, using Lemma 4.9 in all these cubes, we obtain :

P(Qg7 (¢) < CLOA™ (4.24)
and therefore

P, < CL*2)\73 (4.25)
Optimization yields v = 2/3. This completes the proof of Theorem 4.4.

4.2 Decorrelation estimates for alloy-type models

In Subsection 4.1 we proved decorrelation estimates under the assumptions that the
random potential was taking independent values. In this section we prove decor-
relation estimates for alloy-type potentials. Thus, the values taken by the random
potential are correlated. Let L € N and (w,), be independent random variables with
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a common compactly supported bounded density p. Let (d,)nez € R% and define
H,(Ar) = A, +V, on *({1,...,L}) with periodic conditions where

Vo(m) = Z U Wrtm
nez

From now on we will suppose that there exists K > 0 and A > 0 such that |d(n)| <
Ke A"l Without loss of generality, we can suppose that d(0) is the right most
maximum of the sequence, i.e :

|d(0)| = max{|d(n)|,n € Z},

Vn > 1,|d(n)| < |d(0)]. (4.26)
Let S = C'log L and define

Zm = Vw(m) = Z AW tm (4.27)

In|<sS
and ]—L =A+ Vw. Let x > 1, then there exists C' = C) g, such that

|Hy, — Hyl| = ||V, = Villoo S e e <L (4.28)

~

for C sufficiently large. Hence, one has the following relation :

tI‘(l[E,L—m’EJrL—n}(Hw(A))) S tr(l[E,gL—n,EJrgL—q(ﬁw(A)))

4.
< tr(lp s epran (A 2

Now we know that if (A;); is a collection of cubes distant from one another of at

least 25, then the operators (H,(A;)); are independent. In [19] a Wegner estimate
is proven for the operator H, under the hypothesis that the density of (w,), have
bounded variation.

Theorem 4.10 ([19]). There exists D € N, D # 0, depending only on (ay), such
that for each > D/\ there exists K > 0 such that for all L€ N, E € R and e > 0

E [tr(1ip—cpq(Ho(AL)))] < CeL(L + Blog L+ K)P*. (4.30)
Theorem 4.10 yields the following Wegner estimates, for L sufficiently large
E [tr(l[E_eijLe](ﬁw(AL)))] < CeLP*?, (4.31)

Now, we can apply the results of Section 3 and prove a Minami estimates.

Theorem 4.11. Let Le N, F€ R, k > 1 and e = L™". There exists C 1= C\, g\ >
0 such that we have the following Minami estimate :

P (tr (1p—cpiq(Ho(AL))) > 2) <P (tr (1[E,26,E+2€](ﬁw(AL))) > 2)

4.32
< C(eL)?*(log L)™. 4:32)

22



In order to prove decorrelation estimates for distinct eigenvalues, we use the
following hypotheses :

(H1) : (d,), C R% or (d,), C RZ.
(H2) : (d,), has compact support.
(H2’) : for all § € [0,27),>", d,e™ # 0.

We will use either (H1) and (H2) or (H1) and (H2’). Assumption (H1) proves
that the eigenvalues are monotonous functions of any random variable. From now
on we assume that (H1) holds, and without loss of generality that (d,), C R%.
Assumptions (H2) and (H2’) will be used to show that if the gradient of two eigen-
values are almost co-linear, we obtain the same conditions on the eigenvectors as in
Theorem 4.7.

Before proving decorrelation estimates we show some properties of the random
variables (z,), defined in (4.27) that will be needed in the proof.

Lemma 4.12. Define v := d(0)?

—d(—1)d(1) > 0. There exists N € N such that
for alln € Z, if |n| > N then d(n) < d(0)e=N"/2 and

e—)\N/Q 1

< .
1—e M2 7 8vd(0)?

We recall the Gershgorin theorem [1]:

Theorem 4.13. Let A = [a; ;) € Mn(R) be a matriz such that

(4,
Vie {l,....n}lal > Y lais| = Ri.
J#
Then sp(A) C U, D(ai:, R;).
Proposition 4.14. There exists C' > 0 (independent of L) such that for J finite

subset of Z such that for all (i,7) € J*, i # j, |i — j| > N, where N is defined in
Lemma 4.12, then the collection (2;);esu+1 has a density bounded by (C|plls)®”.

Proof. Define b := d1¢_g, s}, then z; = > _, b(n)w,;. Now, consider the applica-
tion
(Wi)icqurr1 = (2i)icsurs1-

The Jacobian determinant of the application is the determinant of the matrix A =
[aij)(i.jye(sus+1)2 where a;; = b(i — j). As the definition of the matrix A suggest, A
can be rewritten by block of size two, and the blocks on the diagonal are all equal to

the matrix ( d(g(—oi) ZE(I);) Its largest coefficient is equal to d(0) so that the largest
d(0)

coefficient of its inverse is equal to —=. Let A = D + R = D(I + D™'R) be this
v

block decomposition.

23



First, we remark that for ¢ € J, using Lemma 4.12,

Z a;; < a(0) Z e~ NIl

JjeJ jF#i JEJ jF#i
5]+
<2d(0) > eV
k=1
L1 — e~ NN
~NN
< 2d(0)e =G
NN
< 2d(0)—< i

<
= ST TN = 44(0)

by assumption. Using Theorem 4.13, if p is an eigenvalue of I + D™'R, then

1 47
> 5 So the Jacobian is larger than (%) . Now, (wy,), are independent random

variables with a common compactly supported, bounded density p. This completes

the proof of Lemma 4.14.
O

To prove decorrelation estimates we will use the same reasoning as in Section 3.
Let E(w) be a simple eigenvalue of H,(A;) and u a normalized eigenvalue. Define

.....

l
0o B =Y b’ (m —i) = bp_ju’(i) > 0. (4.33)
7 i=1

where u?(m) = 0if m ¢ {1,...,l}. Thus [V E;|| = > ;00 =t A < ||(bp)nl1. We
prove the following lemma

Lemma 4.15. Suppose
IVoE; — VB, <e ™. (4.34)

Then,
Vie {1,..., L}, |ud(i) — v%(i)| < e V2. (4.35)

Proof. Fori € {1,..., L} define X (i) := u*(i) — v*(:) and define
B = [bij]ij)e{1-5....148)x{1,..1y by bij = b(i — j) where b:=dl; g _ sy Then, (4.34)
is equivalent to ||[BX| < e'”.

Define ny := max{n € N;b,b_, # 0}. Then ng < S and, without loss of
generality, we can assume that b(ng) # 0. We divide the proof into two parts,
according to whether (H2) or (H2’) holds.

Assume (H2) holds. Let B be the square sub-matrix of B defined by

B = [bij](i,j)e{lfno ..... 1—no+}x{1,...,1} (4.36)

Then, B is a lower triangular matrix with b,, on the diagonal. Thus, there exists
K > 0 (only depending on the sequence (d,,),) such that ||B~!|| < K.

Now assume (H2’) holds instead of (H2). As the sequence (a,), is exponentially
decaying, for L large enough the sequence (b,), also satisfy (H2’). Define B :=
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[bij)i.5)eq1-s,..i+s32- Then B is a sub matrix of B and B is a circulant matrix.
Define X € R*25 by X (i) = X (i) if i € {1,...,1} and zero elsewhere. Then, (4.34)
is proved if we prove that |BX|| < e, Using (H2’) and [20, Proposition 5], there
exists K > 0 (only depending on the sequence (d,),) such that |[B~!|| < K. This
complete the proof of Lemma 4.15.

]
Thus, we are now able to give a proof of the

Lemma 4.16. Let E,E' € 0 and 8 > 1/2. Let P denote the probability that there
ezist Ej(w) and E(w), simple eigenvalues of (—A, + V,)a, and (—A, + V), in
[E—e E+e] and [E— e, E+¢'"] such that

1

VJ(E; VolE
( J(w)) + ( k((,d)) S 6—13 (437)
IV (B @)l Ve (B |,
Then there exists ¢ > 0 such that
P < e d” (4.38)

Proof. The proof is the same as the proof of Lemma 4.7 except that we obtain the
conditions (4.16), (4.19), (4.20) on the random variables (z,), instead of conditions
on (wy)n. More precisely we obtain ¢/’ conditions of two type :

(5= (s 2= 265) - (=) | e i

with n, —n_ =1 and
‘NE + zn — )\EE‘ < e 112, (4.40)

Now take ¢/l° conditions among them such that the random variables satisfies the
Lemma 4.14. Then, for L sufficiently large, the probability of satisfying these con-
ditions is smaller than :

2 /7268
2CH|p|l e < e < L2 (4.41)
Thus ,
P<L2 (4.42)
This conclude the proof of Lemma 4.16 U

Now, using (4.33), Lemma 4.9 is still valid. Thus, we still obtain (4.24) and
Theorem 4.2 for H,(Ar). Thus, using (4.29), we obtain the following theorem.

Theorem 4.17. Let f € (1/2,1). For a € (0,1) and E # E’ then for any k > 1,
there exists C' > 0 such that for L sufficiently large and kL* <1 < L*/k we have.

P trip - ey (Hy(Ar)) # 0, <C ( 5 ) o(log L)?
tT1[E/7L_1,E’+L_1](Hw<Al>) ?é 0 - L4/3
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It is not clear how to prove decorrelation estimates without assumption (H1).
Indeed, in Lemma 4.9, we used the monotonicity of eigenvalues, seen as functions
of one random variable, the others being fixed. This prevent any pair of eigenvalues
of turning over a value when one of the random variable increases. There might be
other ways to prevent this behaviour.

4.3 Decorrelation estimates for the hopping model

In this section we consider the random hopping model defined in (1.1) and prove
Theorem 1.4. The spectrum of H,(Az) is symmetric with respect to the origin.
Indeed, if ¢ € (*(Az) is an eigenvector of H,(A;) associated to the eigenvalue E,
then 1) defined by ¥ (n) = (—=1)"¢(n) is an eigenvector associated to —F. Thus,
there is no chance for decorrelation estimates for opposite eigenvalues and the study
of decorrelation estimates for eigenvalue of opposite sign is equivalent to the study
of decorrelation estimates for positive eigenvalues.

As in Subsection 4.1, Theorem 1.4 is a consequence of Theorem 3.5, (Loc)(I) and
the following theorem :

Theorem 4.18. For any E > E' > 0 there exists C > 0, such that for any &' €
(0,€), for L large enough and | = (log L)"/¢" we have

triig_r- -n(H,(Ay)) =1, 2
P - r1lip_p1 prr-1)(Hu(Mr)) §C< 143) e
tTI[E’—Lfl,E’—f—L*l](Hw(Al)) =1 L /

We now prove Theorem 4.18. Fix E > E' > 0 and | := (log L)"/¢. Define
Jp=[E—LYE+L Y, J,=[F—L'YE+L ' and e:= L™ with a € (1/2,1).
Using Theorem 3.4, the event

o(Hu(M))NJp = {E(w)}
o(Hu(Ar) N (=€, +€) = {E(w)}

PO=N9 (m A N T = (B )
o(Hy(A)) N (=€, +€) = {E'(w)}
satisfies :
P, <P (Q(e)) + L2*(log L)°, (4.43)

for some C' > 2. Thus, it remains to evaluate P (€y(¢)).

As in Subsection 4.1, we study the gradients of eigenvalues. Let Ej(a,), Ex(ay,)
be two simple, non-negative eigenvalues of H,(/A;) and ¢, 1 normalized eigenvectors.
Then, we compute

Oy Ej = 20(K)p(k — 1). (4.44)

The main difference with the alloy-type model is that the derivative is not necessarily
positive, which was central in the proof of Lemma 4.9. Multiplying the eigenvalue
equation at point k by ¢(k) we obtain :

oy (k + 1), (e+1) EBj + 00 (k) Do Ej = E;¢? (k) (4.45)
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Equation (4.45) shows that if we take the polar coordinates of the couple of variables
(aw(k),a,(k + 1)), the eigenvalues increase according to the radius. As in the proof
of Lemma 4.9, we need two independent growths. Thusz, we Wiél show that there is

() V)|
() w%’)‘ with [i =] = 2
(instead of ¢ # j, as in Lemma 4.5) are exponentially small. In this purpose we
prove the two following lemmas, which are generalizations of Lemma 4.5.

Lemma 4.19. Let (u,v) € (Ry)" such that ||u|l; = ||v| = 1. Fiz jo € {1,...n}
1
such that max; |u(7)| = |u(jo)| > e Define J := {jo—1, jo, jo+1}, K :={1,...n}—

a small probability that all of the determinant J; ; :=

' 1
J and \ := UO,O). Suppose there ezists C > 1 such that {||wic|1, |vic]1} € <—, 1)
u(jo) C
1
and suppose there exists € € | 0, —— | such that
2n2C

max <“j° “"“) <e (4.46)
ke Ujo Vk
1
Then \ € {%,20} and ||vix — Auic|l; < ne.

Proof. Take \ := Yio > 0 and for k € K define 6, := v — Aug. We know from
u.

Jo
(4.46) that |0x] < ne. Thus |Jvic — M|t < Dpexe 10k < nPe. Besides, Y, cx 0k =
[v1clls = D e O
lwiclls

1+ n3e
A< <2C
- 1/jc 7
1 1
> = —npfe> .
=c "=y

This complete the proof of Lemma 4.19.

. Hence

lviclly = AMuic|ly so A =

O

Lemma 4.20. There exists C > 1 such that for E;(w) an eigenvalue of H,(\;) and
¢ a normalized eigenvector, if we define u € R by u(i) = ¢(i) and if K and J are

1
1),

defined as in Lemma 4.19, we have ||uic||; € -

1
Proof. As for all n € N| |a,(n)| € {M’
eigenvector as in the proof of Lemma 4.6, there exists C' > 1 (only depending on

M) such that for [ sufficiently large Sy := ), u(k) > Ugo). As D e, ulk) =

-----

M ], using the exponential growth of the

1 1
1, either S > g or u(jo — 1) + u(jo) + u(jo + 1) > X In the latter case, as

1 1
u(jo) = max; u(j), we have u(jo) > 5 thus S; > ok This complete the proof of
Lemma 4.20.
U
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Let jo, J and K be as in Lemma 4.19. We are now able to give a proof of

Lemma 4.21. Fix E,F' € R with E # E' and B > 1/2. Let P denotes the
probability that there exist E,(w) and E,,(w), simple eigenvalues of H,(A\;) in [E —

e’ E+ e_lﬁ] and [E' — e’ B+ e_lﬁ] such that if ¢, are normalized eigenvector
assoczated to E,, and E,, we have

B

H)‘¢2|/c - 1/12|/CH <e, (4.47)

then there exists ¢ > 0 such that

—cl?8

P<e (4.48)

Proof. The proof follows the one of Lemma 4.7. There exist P, Q with PN Q = )
and P U Q = K such that

¥n € P,|VAg;(n) — gr(n)] < e /2,

¥n € Q,|VAg;(n) + di(n)] < e

Let P (respectively Q and J) be the projector on (*(P) (respectively (*(Q) and
*(J)). Define P := P + J. Then the eigenvalues equations are

(Ay — B)(Po+ Qo) = hg
Ji hi

(Ao — E(Pé— Q8) + Ho(E) (ﬁ - J¢) e

there exists two collection of intervals (Cj), and (Dg)x such that if we define C :=
UrCk and D := Uy Dy, then D = {1,...,l} — C and

where |hg| —|— < Ce. Combining these equations as in the proof of Lemma 4.7,

J

N CeBCr+ (B = E)| 6 = hy — Hy(E') (_w - J¢) (4.49)

; ] 2

o NEL
> DiAuDy+ (E'+ E)| ¢ = hy+ Hy(E') [ = — J¢ (4.50)

; ] 2
The Lemma 4.6 is still valid with the hopping model. Thus we define I as in
Lemma 4.6 and we define J := 7 U {jo — 2,j0 + 2}, K := K — {jo — 2, jo + 2} and

J
I =KnI. The vector H,(E') (\/—Q§ — J(b) has support in 7. There are at most
four sets Cj, that are not entirely contained in I.
. —18/2

Fixn e I. If n ¢ C, (4.49) shows that |¢p(n)| < ok Thus, using Lemma 4.6,

for L large enough, C“ cannot have two consecutive points in I[. AsCc=D , if Dy,
is included in I, |Dy| € {2, 3}; this assumption we will be used from now on.
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Suppose |Dy| = 3, Dy := {n_,n,n,}. Writing (4.50) at point n, we obtain
_16/2
e

— E+ E

(4.51)

As E > 0 and |¢p(n)| < e'/2, for L sufficiently large we obtain |p(ny)| < e "/
which is in contradiction with the definition of I. This implies that |Dy| = 2.

Suppose Dy := {n_,n;}. Then, writing (4.50) at points n; and n_ we obtain
the following equation :

(e ) (o)) = (4.52)

o)

> e~"/2_ Thus we obtain the following condition on w,,,

|au(ny)? — (B + E"?| < e7/2, (4.53)

A same reasoning shows that if Cy, is included in I, |Cy| = 2 and if we write Cj, :=
{m_,m,} we obtain the following condition on wy,, :

|au(my)? — (B — E')?| < e™/2 (4.54)

Now suppose Cy (respectively Dy) is one of the four interval that are partially
in 7. Using an equation similar to (4.51) at the edge included in I we show that
|C,, N I| = 1 (respectively |Dy N I| = 1). Now, as a point m, of an interval Cj
included in I is equal to a point n_ of an interval Dy, we obtain |I — 4| conditions
on the (a,(n)), of type (4.53) or (4.54). There is I choices for jy, 2" choices for P

and Q. This and the fact that |I| > ¢l® complete the proof of Lemma 4.21. O

Thus, using Lemma 4.19, when the vectors ¢? and 1? are not almost collinear,
there exists j € {1,...,1l} with |j — jo(w)| > 2 such that

¢*(Jo) ¥*(jo)
¢*(j) ()
There is less than (2 choices for (jo, j).

Now suppose that (jo, j) satisfies (4.55) and fix (aw, (1) )ng{jj.1,j0,jo+1}- From now
on, we will only write the dependence of E,, and E,, on

(aw (1)) neg)j+1,jojor1}s 1€ :
Ep(w) = Ep (a()), au(j + 1), au(jo), aw(jo + 1))
for p € {n,m}. For (ry,0,72,0:) € (R} x [(),27?))2 define
F, (r1,01,7r2,05) :== E, (r1 cos 01,11 8in 0y, ry cos Oy, 19 8in 65 . (4.56)

2
,\/§M} . We

> e 12, (4.55)

1
Since M > |a,(n)| > a7 e restrain our study to (rq,79) € [

1
V2M
compute

Or Fyy := €08 010, (jy Ey (11 €08 01,71 8in 0, 75 cos Oz, 75 sin )

+8in 61 0q,, (j4+1) B (11 €08 01,71 8in 01, 75 cos Oz, 7o sin 0y .
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Thus,

Tlam F, = 2En¢2<]> and T2ar2Fn = 2En¢2<]0) (457>
Besides,
(p,qr)%z{lfw |0r,0r F| < 412%5 |0y () Oay 6y B ()| < 4]|Hessa, En(w)|. (4.58)

Now fix (01, 605). Let J(r1,7r2) be the Jacobian of the mapping
(r1,7m2) = (Fu(ri,m2), Fin(ri,m2))

Jyi0(r172) = ‘ (g:?; i, F:;) ‘ . (4.59)
Define \ := E'Ee~""/2 and define
0% (€) = Qol€) N {aw; 15 (r1,72)| = A}
Using Lemma 4.21, we have
P(Q(e) <e ™ +13 P (%) (4.60)
i

It remains to evaluate P (Qf)jﬁo (€)). Lemma 4.8 is still valid for the hopping model.

) C
Thus, when (r1,72) € Qp5(€), [[Hess, F,|| + [[Hess, Fy|| < — Therefore, we obtain
’ €

the following lemma which corresponds to Lemma 4.9 and is proven in the same
way.

Lemma 4.22. Picke = L™*. For any (aw(n))n¢{j,j1,jo.jo+1} Jor any (01,02), if there
exists (19, r9) € R such that a, € Qg:g,(e) then for (r1,r2) € RY such that |(r1,79) —

(%1900 < € one has (F,(ay), Fiu(a,)) € Jp X J; <= |(ri,m2) — (1), 7)]0e <
L1\ 2.

Thus, coming back to random variables and using independence, we obtain the
following equation, which is proven in the same way that (4.24).

P(Q)77 (€)) < CLOA, (4.61)

Optimization in « yields a = —=. This complete the proofs of Theorem 4.18 and

Theorem 1.4.

W =

5 Spectral statistics

Since we study models where we have (IAD) and (W), and since we have proved
Theorem 3.12 and (D), we can follow the strategy developed in [6] to study the
spectral statistics of these models.

In order to use the same notation as in [6], in this section we will use the following
Wegner and Minami estimates :
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(W) : There exists C' > 0, m > 1, such that for J CZ and A C N
P[tr (L, (HL(A) > 1] < CLIIA]"™ (5.1
(M) : There exists C' > 0, p > 0 such that for J C Z and A C N
E|tr (Ly(Hu(A) [ir (L (H(8) = D] 2 1) < CIIADT. (5.2)

The difference between assumption (W) and (M) in the present article and the
ones in [6] is the exponent m in (W). The results in [6] were proved with a Wegner
estimate linear in volume, i.e m = 1. As (M) is a consequence of (W), there is no
modification in (M). The next lemma corresponds to [6, Lemma 3.1], has a proof
similar to that of Lemma 3.14 and will be used to described the eigenvalues of H,(A)
in terms of eigenvalues of H,, restricted to smaller cubes. We use (Loc)(I) if theses
cubes are polynomially large and (Loc)(II) if they are logarithmically large so that
the probability of the complement of the set given in the assumption is polynomially
small.

Lemma 5.1. Assume (IAD), (W), (M) and (Loc). Consider scales l',l so that
(RLog|AL|)Y¢ < I' < 1 < L for R large enough, and, for some given v € Ap,
consider a box N(7y) such that Aj_y(y) C Ap. Let Wy, be the set Uy, or Va,,
defined in (Loc). For L large enough, we have :

1. for any w € Wy, , if E(w) is an eigenvalue of H,(AL) with a center of lo-
calization in Ni_y(7y), then H,(Ap U Ai(7)) has an eigenvalue in a [E(w) —
e~ 2 B(w) + e 2] moreover, if w € Wh,y), the corresponding eigen-
function is localized in sense of (3.1).

2. Assume now additionally that Aj(y) C Ap. Then, conversely, for any w €
Wy, if E'(w) is an eigenvalue of H.,(Ai(7y)) with centre of localization in
Ai_y(7), then H,(AL) has an eigenvalue in [E'(w) — e~ (2 B (w) + e~ (02
moreover, if w € Wy, , the corresponding eigenfunction is localized in sense of
(3.1).

Now pick p € [0, % [ where p is defined in (M) and pick Ey € I such that
p

Ya > b,3C > 0, 3¢y, V0 < € < €y, |N(Ey + ac) — N(Ey — be)| > Ce' 17, (5.3)

v

1-— p
Define a, , :=(1+p) |1 —
P50 ( p) ~

< 1 where v := ——.
I+p
We will use the two following decomposition theorems. In the first we control all

eigenvalues in intervals of size #, in the second, we control most eigenvalues in

intervals of size (log |A|)~V/¢.
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Controlling all eigenvalues
The following theorem correspond to Theorem 1.1 in [6].

Theorem 5.2. Assume Ey is such that (5.3) holds and pick o € (v, 1) Pick Iy
centered at Fy such that N(Iy) < |Ap|~®. There exists f > 0 and ' € (0, ) small

I+p

so that 1 + Bp < ozl n and, for | < L? and ' < L”', there exists a decomposition

of A = Ay into disjoint cubes of the form A(vy;) :=v; + [0,1] satisfying :
1. UjAl(’)/j) CA,

3. dist(Ni(7;), 0N) > U

4o AU Mg S AN/

and such that, for L sufficiently large, there exists a set of configuration Z, such
that

1. P(Zy) > 1 — |A]-—0)

2. for w € Z,, each centre of localization associated to H,(A) belong to some
Ai(7;) and each box Ai(v;) satisfies

(a) the Hamiltonian H,(\(7;)) has at most one eigenvalue in Iy,
say Ej (wv A(Vj));

(b) Ai(7;) contains at most one centre of localization, say xy,(w,A), of an
eigenvalue of Hy(A) in Iy, say By, (w, A);

(c) Ni(vy;) contains a centre xy,(w,N) if and only if o(H,(Ai(v;)) N Ia # 0;
in which case, one has

| By (w, A) — Ej(w, Mi(y))| < e and dist(y, (w, A), A\Ai(75)) > 1.
(5.4)

In particular if w € Zy, all eigenvalues of H,(A) are described by (5.4).

Proof. We follow the proof of Theorem 1.1 in [6], taking into account the different
Wegner estimate. Pick 8’ = 0+ and 8 > /3’ to be chosen later, set I’ = L# and [ so
that (I+1')k+1' = L, where k = | L'=#]. Now pick boxes of size [ in Ay, satisfying the
conditions of the Theorem 5.2. We will use (Loc)(I) in this proof. The probability
that one of the cube A;(y;) does not satisfy (Loc)(I) is bounded by |Az|'*~#~P#. The
probability that Ay does not satisfy (Loc)(I) is bounded by |AL|7P. So for p large
enough, up to a probability negligible with respect to |A|~(@~%4r.5)  all boxes satisfy
(Loc)(I), which we will assume from now on.

Let S;,1, be the set of boxes A;_y(y;) C Ap containing two centres of localization
of H,(AL). It follows from the Minami estimates and Lemma 3.17 that

Lip —als
P(£S,, = 1) < [AL] P (AP < JALPN (1) T < AL (5.5)
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1
where 7y := T, € (0,1).

Define T = Az\ U; Aj_y(7;) and consider a partition T = UM, Ay(z;) into boxes
of size I’, with M =< LI~'. We can enlarge each box of —l' except for sides that
coincide with the boundary of Ay, so that if a centre of locahzation is in T we can
apply Lemma 3.17. Hence, using (W) :

P(H,(AL) has a centre of localization in T)

M
ZIP’ »(Ar) has a centre of localization in Ay (xy))

A

!

M

ZIP’ w(Ar) has a centre of localization in Ay 1y (xx))
k

S M|Au " Al S LUMIIN (1) ™7 < [Ag|Pme =itz

N

Now take
a> (14 p)max ((1+ Bp)y, 1= B +mp)).

If we optimize in [ we have :

1—~+8m B ( 1—7—mmﬁ’)
= TP and a> (145 (1- 5.6
5 i1 doa (1+p) poo (5.6)

) _ 1—7 _ 1+p )
Thus, taking a,; = (1 + 1— = (1+ < 1 yields the
& Qp,p ( p) ( o+ 1) ( P) <,0+7_1) y
result. This complete the proof of Theorem 5.2.

O

Controlling most eigenvalues
The following theorem correspond to Theorem 1.2 in [6].

Definition 5.3. Pick¢ € (0,1), R > 1 large enough and p' € (0, p) where p is defined
in (M). For a cube A, consider an interval In = [ap,bpa] C I. Setl)y = (Rlog|A])Y¢,
we say that the sequence (Ix)a is (&, R, p')-admissible if, for any A, one has

AIN(I)) > 1, NI >1, NI <1 (5.7)

» 24p

p is defined in (M). For any q > 0, for L sufficiently large, depending only on
§, R, pl,p; for any sequence of intervals (Iz)a that is (&, R, p')-admissible, and any
sequence of scales ly so that Iy < Iy < L and

Theorem 5.4. Assume (IAD), (W), (M) and (Loc) Hold. Pick p' € [O L) where

NUIOT7, — 0 (5.8)

|A]—o0
there exists
1. a decomposition of A = AL into disjoint cubes of the form Ay, (v;), where

In = IA(1+ O(a/|A]) = In(1 + 0(1)) such that
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(a) UjA, () C A,
(b) if j # k, dist(Ag, (v5), Aiy (k) = 1y
(c) dist(Aiy(v;), 0N) > 1)y

(d) [A\NU; Ay ()] S Ay /L,
2. a set of configurations Zy, such that
P(Zx) 21— |A]77 — exp (—c|Ia["FP|AJIR) — exp (—c|A[[LAJI"RY) - (5.9)
so that

Al

3. for w € Zj, there exists at least N (1 +o0 (N(IA)ﬁl/Q) disjoint boxrex

A
Ay, () satisfying the properties (a),(b),(c) described in (Theorem 5.2) with
I\ = (Rlog |A|)/¢. Note that N(Iy)l)y = o(1).

4. The number of eigenvalues of H,(A) that are not described above is bounded

by
CN(Iy)|A| (N(IA)’i—L’?—/zyP + N(IA)#(Z'A)Hmz;l) (5.10)
and this number is o (N (Iy)|A|) if we have
N(Iy) ™7 ()™ < Iy < N(Iy) @0 (5.11)

where m is defined in (W).

The proof of Theorem 5.4 is the same as the proof of [6, Theorem 1.2] taking
into account the different Wegner estimates, as done in the proof of Theorem 5.2.

5.1 The local distribution of eigenvalues

As in [6, Section 2|, we compute the distribution of unfolded eigenvalues, i.e the

numbers

(|AL|N(Ej(w))> . As the assumption (W) is not linear in the volume of the cube, it
j

does not guarantee that the IDS is Lipschitz continuous. So we make an assumption
on the regularity of the IDS. Define R, (I) := sup N(I). As we are in dimension

[I|<e=!"
one, one can prove the following regularity estimate using techniques of [2]:
(R) : ¥y € (0,1), lim LR, (I') = 0. (5.12)
— 00

where [’ is defined either in Theorem 5.2 or in Theorem 5.4. In Theorem 5.2
and Theorem 5.4 we use two different lengths I’ so assumption (R) has two different
meanings.

e In Theorem 5.2, we take I = L%. Hence, (R) is true provided the IDS is
Log-Holder continuous with an exponent sufficiently large and says that the IDS of
exponentially small intervals should be negligible over polynomially small quantities.

e In Theorem 5.4 , we take I' = R(log L)"/¢. Hence, in this case, (R) is true
provided the IDS is Holder continuous and R is sufficiently large .

For instance, in Appendix B we prove :
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Theorem 5.5. Let (wy,)nen be random variables i.i.d with a density which support
is [0,1]. Let H, := —A + V,, with V,(2i) = —=V,(2i + 1) = w;, then, the IDS is well
defined and Holder continuous in [—3, 3].

If the density is sufficiently regular, a Wegner estimate near the infimum of the
almost sure spectrum and polynomial in volume is known to hold ([14]).
To compute the local distribution of eigenvalues we use the following lemma :

Lemma 5.6. Assume (W) and (Loc) hold in I a compact and assume (R). For any
ve(0,1) andlogl < ' < | < L, let N(J,1,l") be the number of eigenvalue of
H,(A\;) in J with localization centre in Ay_y. Then, there exists C' > 0 and1 > &" > v
such that, for J C I an interval such that |J| > e~ )" one has

[E(N(J,1,1)) — N()| A < ||+ Ren (D)L (5.13)

Proof. Let Uy, be the set of configuration given in (Loc)(I) for some p € N* and
¢ €(0,1). Let x, be a smooth function such that 0 < x,, <1 and x, =1 on J and

X = 0 outside J + [—r,r] with r := e and ¢" to be chosen later. Define Y,
the subset of Uy, where H,(A;) has all localization centres in A;_y. Then, by (W)
and Lemma 3.17, we have

E(N(LLY) = 6l (HaA)])| <P O%) < 110 (5.14)
Now, define K := (J + [—r,7]) — J. Then, |K| = 2r and
0<r(x)—1;() <lg(x).
Thus, using (W) we obtain
B [ex{1s (Hu(A) = xe(Hu(A)]] | S Pl (5.15)
In the same way, we obtain
‘E[tr[lAllJ(Hw) - 1AlXT(Hw)]] ) < Ren(I)L. (5.16)

Now, H,(A;) can be extended to the operator 15, H,1,, acting on ¢?(Z). Thus, using
the resolvent equation we have :

(Ia,Holp, —2) ' = (10, Hy — 2) 7
= (IaHolp, — 2) " (Ip,Hy — 15, Ho1y,) (1a,Hy — 2)7 " (5.17)
Let o € Z and define U, := (15, H,, — z)_1 0. We compute
(In,Hy — 1, Hylp) Wy = 15, Hy (1= 1) Uy = U (1 + 1)6; + Uy (—1 — 1)0_.
Thus,
(60, (In,Holy, — 2) 7" (Ia,Hy — 15, Hola,) T,)

= W (I + 1)(0, (1n,Hola, — 2)7 " 8)
+ U (=1 — )6y, (1n,Hyla, — 2) " 6).
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Now, let (E;); denote the eigenvalues of H,(A;) and ¢; normalized eigenvectors
extended to (?(Z) by zeros. Then, we compute

(0, (Ip,Hola, — 2) 71 0) = Z % (5.18)

The right-hand side of (5.18) vanishes if ¢ {1,...,1} and if (w,), € V., has its

A ,
modulus smaller than %e_(l )*. The same estimation can be done with the term
mz
1
(0, (1n,H,1p, — 2)"" 6_;). Now, we know that |W,|| < ——. Therefore, we have

[Tmz|

ltr (1, Ho — 2) 7" = (Ia,Holy, — 2) ]| < [A|— (5.19)

Now, using the Helffer-Sjostrand formula (cf [9, Appendix B]) to represent
Xr(Hyu(A;)) and x,(H,) using theirs resolvent there exists C' > 0 such that

B[y, 60 (Ha(A0)) = Lo (HL)T]| < Il Ce 0 5 [g)e

if one take £” € (v,£). This conclude the proof of Lemma 5.6.
0

On Uy, define the Bernoulli random variable X = X (J,[,{') such that X =1 if
and only if H,(A;) has only one eigenvalue in J with centre of localization in A; ;.
When X = 1, let E; be this eigenvalue. From now on we will take J such that
N(J) < |Az]~®. By assumption (R), J satisfies |J| > e~¢)". Using (M) as in [6,
Lemma 2.1], we have the following result :

Theorem 5.7. Assume (W), (M) and (Loc) hold in I a compact and assume (R).
Forv € (0,1) and Rlog L < ' < | < L with R sufficiently large. Then, for any
interval J C I such that |J| > e~ one has

IP(X =1) = N()I| < ()P + 1™ + Ry (1)1 (5.20)

As we will use this estimate with N(J) < |Az|~, assumption (R) shows that
the terms in the right-hand side of (5.20) are error terms.
Let us now state our results on the spectral statistics for H,(Ay). They are similar
to those found in [6]; the proofs will not be given as they are the same as those in

6].

5.2 The spectral statistics
5.2.1 Unfolded local level statistics

The unfolded local level statistics near Ej is the point process defined by

2(& Eoyw, A) = ) Se i (€) (5.21)

j>1
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where

§i(Eo,w, A) = [A|(N(Ej(w, A) — N(Eyp)) (5.22)

The unfolded local level statistics is described by the following theorem which
corresponds to [6, Theorem 1.10].

Theorem 5.8. Pickp € {O, %[ where p is defined in (M).
p
Pick Ey € I such that

Vo € (0,1),3C(0) > 0,3, V0 < € < €, Va € [—1,1],
IN(Ey + (a+ 6)e) — N(Ey + ac)| > C(0)e . (5.23)

Pick o € («a

dppr1). Then there § > 0 such that, for any sequence of intervals
L =1} . I, =IY in |A*=".[=1,1], where p may depend on A satisfying
inf dist(I;, I) > e M (5.24)
i#k
we have, for any sequences of integers ki = ki, ... ki = k;}
i &(w,A) e iy =k o 0
lim |P ;o | e 2
\A|1£>noo i k’ll k’p' 0 (5 5)

Hii&w, A) e L} =k

In particular, =(&; Eo,w,\) converges weakly to a Poisson process with intensity
Lebesgue.

Now, Theorem 1.1 is a consequence of Theorem 5.8. Indeed, condition (5.23) is in
particular satisfied at any point Ey where N is differentiable with positive derivative.

5.2.2 Asymptotic independence of the local processes

Now, as in [6], we show how the point processes associated to different energies relate
one another, using (D). The following theorem corresponds to [6, Theorem 1.11].

Theorem 5.9. Assume (IAD), (W), (M), (Loc) and (D) hold. Pick Ey € T and
E{ € T such that Ey # E{ and (5.3) is satisfied at Ey and E.

When |A| — oo the point processes =(Ey,w, ) and Z(Ej,w,\), converge weakly
respectively to two independent Poisson processes on R with intensity the Lebesgue
measure. That is, for Uy C R and U_ C R compact intervals and {k,,k_} € NxN,
one has

4{j; &(Eo,w, \) € Uy} = ks U |+ w) (IU-I’“ U_)
F (Ij{j;@(Eé,w,A) elU_} = k) sz ( k! ¢ 1 ©
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5.2.3 Level spacing statistic near a given energy

In this section we recall [12, Theorem 1.5] which is more precise than [6, The-

orem 1.4]. Pick Iy = [an,ba] such that |ax| + [ba] — 0. Define dN;(w,A) =

IA|(N(Eji1(w,A)) = N(Ej(w,A))) >0, N(Ip, A,w) := #{j, E;(w,A) € 15} and de-

fine the empirical distribution of these spacing to be the random number, for x > 0
_ Jj{]a Ej(wvA) € EO + IAade(waA) > {E}

DSL(x; Eg+ Iy, w,A) = N o) (5.26)

We use Theorem 5.4 and obtain the following theorem :

Theorem 5.10. Assume (IAD),(W), (M), and (Loc) hold. Fiz Eq € Z, such that,
for some p € [0,p/(1 + (p+ 1))], there exists a neighbourhood of Ey, say U, such
that Fizx (Ip)a a decreasing sequence of intervals such that

sup |E| — (5.27)

0.
Eelp A—>7Z

Let us assume that

N(Ey+1h,,,)

fl' =o(L) th li 5.28
U= o(L) then lim N(Eo + Ip,) (5.28)
Then there exists T = 7(p), such that, if, for A large, one has
N(Eo + In)Is| 77 2 1 and [A]".N(Ey + 1) = +00 (5.29)
—

J
for some 6 > 0 and p > 0, such that ] p~

< 1. Then, with probability 1, as

p
A — oo, DLS(x; Eg+ Ix,w, A) converge uniformly to the distribution x — e~ *, that
18, with probability 1,
sup |[DLS(x; Ey + Iy, w,A) —e | — 0. (5.30)
>0 A—7Z
Theorem 5.8, Theorem 5.9 and Theorem 5.10 shows that the statistics behave

as if the images of eigenvalues by the IDS were i.i.d, uniformly distributed random
variables. Other results about spectral statistics can be found in [6].

6 One-dimensional quantum graphs with random
vertex coupling

In this section we use the previous results to study the spectral statistics for one-
dimensional quantum graphs with random vertex coupling. In the study of random
Schrodinger operators, some results are only proved for discrete model. For instance,
to the best of our knowledge, this is the case of decorrelation estimate for distinct
eigenvalues. Thus, it is natural to try to reduce the study of continuous models to
the study of discrete models. In the case of quantum graphs with random vertex
coupling, this reduction can be done and is very effective. Indeed, for this model,
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if all but one random variables are fixed, the perturbation is of rank one. Using
[17], the study of the spectrum of this model is reduce to the study of a family of
energy-dependent discrete operator with random potential.

Let L € N and (w,,) be non-negative random variables with a common compactly
supported bounded density. Consider H,(Ar) = A on the space

L

P 2 ([n.n + 1))

=0
and satisfying the following boundary conditions :

Vi e Z, f;(1) = fi11(0) (6.1)
Vi € Z, f{,1(0) — fi(1) = wi fi(1)

Then, we know from [5] that this operator is self-adjoint.

Let H° = A on the space @, H?([n,n+1]) with Dirichlet boundary conditions
at each vertex. HY is the direct sum of Laplacians on each of the intervals (n,n+1),
n € {1,...,L}, with Dirichlet conditions. So the spectrum of H° is 7w?N*. For

E
E ¢ mN* define M(E) = L(—A + cos(VE)I,) and A, = diag(w,). We
sin(vVE)
know from [17] that
Proposition 6.1. If E ¢ w°N*, then E € sp(H,) #if 0 € sp(M(E) — A,,) iif

0 € sp(—A + V,(E)) where V,,(E)(n) = cos(vVE) — %wn.

As || VL(E) = V(E) ||< C|E — E'| we have the following result :
Proposition 6.2. If [ = [Ey — €, Ey + €] N 7w°N* = () then
tr (1r(Ho(Ap)) < tr (e qqg(—A + Vi(Eo))a, ) - (6.3)

Thus, when the (w,), are independent, we can use the Wegner and Minami
estimates proved in [3] and we obtain :

Theorem 6.3. If [ = [Ey—¢, Eg+e]Nm2N* =0 , and J = [Ey—¢€', Eg+¢|Nm2N* = ()

with e < €
VE )
C( - ) " L*,
sin(Ep)

P(tr(xi(Ho)) = k)

IN

P(tr(x;(Hy)) > 1,tr(xs(H,)) > 2) < C (Siﬁ )> 12,

If the (w,), are not independent, we still have a Minami estimate as in Theo-

rem 3.5 as long as we have a Wegner estimate. Now we assume that the (w,), are
independent and prove a decorrelation estimate.
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Theorem 6.4. Let 3 € (1/2,1). For a € (0,1) and E,E' ¢ ©°N*, then for any
¢ > 1, L sufficiently large and cL* <1 < L“/c we have.

P Sp<Hw<Al)) N [E Lil E+ L~ ] ?é (Z) C (i)Q e(logL)*B.
sp(Ho(M)N[E' — LN E + L7 #0 L
Proposition 6.1 shows that this theorem is equivalent to the following :

Theorem 6.5. Let 8 € (1/2,1). For a € (0,1) and E,E' ¢ 7°N*, then for any
¢ > 1, L sufficiently large and cL® <1 < L“/c we have.

SP(=A+ V()| NI-L7L+L7#0) = \L

T +

# 0 so Theorem 6.5 is a consequence

Proof. We remark that for E # E' if cos(vVE) = cos(vVE') then

sm(\/_) £0a sm(\/ﬁ) B sin(vVE')
E/

of Theorem 4.2. This complete the proof of Theorem 6.4. O

As the proof of Theorem 6.4 suggest, decorrelation estimates for
multi-dimensional quantum graphs with random vertex coupling should come from a
transformation as in Proposition 6.1 and decorrelation estimates as in Theorem 4.2,
but for multi-dimensional discrete Schrédinger operators.

A Properties of finite-difference equations of or-
der two

In this section we prove some results that were used in section 2. They are discrete
equivalents of those found in [15, Appendix].

Lemma A.1. There exists C' > 0 such that for alln € {0,..., L}
1
C
Lemma A.2. There exists g > 0 such that for allm € {0,...,L} and 0 < e < ¢,
if | sin(gy(n))] < € then |sin(g,(n + 1)) > €.
1

1
Proof. Let C' > sup supp(w,,) and €y such that ﬁ‘/l —e2— CMey > X
Let n € {0,...,L} and suppose that |sin(¢,(n))] < € < ¢ then as u(n + 1) =

M = L o sin(6u(n) = o cos(u(m)]. So

ro(n+1) <r,(n) <Cry(n+1). (A1)

wpt(n) — u(n — 1) we have

u(n +1 1
| fmn) IS 5 leos(gu(m)] = OMeo > — ,/ — CMe > —. (A2
Then, as _ru(n) > 1 e have |sin(¢,(n + 1))| > —. This complete the proof
Py oY " c P P
of Lemma A.2. O
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Lemma A.3. There ezists ¢ > 0 such that for all n € {0,..., L} and 0 < e < ¢,
if E <€ and if §¢(n) € [0,¢€] then dp(n+ 1) € [0, i].

Proof. As d¢(n) € [0, €], we have |sin(¢,(n)) — sin(¢,(n))| < € and
| cos(pu(n)) — cos(py(n))| < €. Therefore, we have :

Tu(n) :anJrl Sln(gbu(n)) - it COS(gbu(n))
:atzl sin(¢u(n)) — ajil cos(dy(n)) + K, = ”(:)(Z)l) Y

where

}Wn sin(¢,(n)) — wy sin(gu(n)) + a, cos(u(n)) — an COS(@J(”))’

|1

K| =
< M(CH+ M)e < Ce.
As K! = K. + Esin(¢,(n)), we have |K!| < (C + 1)e .
S0
u(n+1) 2_ v(n+1)\>
(7)) = () e

with |C¢| < (C + 2)e. Besides

< u(n) ) = sin(¢u(n))?

ru(n)

Il
A~
=4
s
~

o}
+
=

where |M,| < 2e. Therefore,

<Tuf«:<;>1))2 - (u(r%D)Q ! @(Z)))Q

So as we have i < ro(n + 1) < (' and the same for u, for some C we have
C ro(n)
2 2
- ro(n +1) ro(n) <li_ ro(n +1) ru(n) < Ce.
ro(n) ru(n+1) ro(n) ru(n+1)
Now

uln+1)  wvn+1) (m(n+1))< (1) )+(M

ru(n+1) ry(n+1)



So

sin(u(n + 1) — sin(dy(n +1))| < ‘1_ (Tv("H))( ru(n) )‘

ro(n) ru(n+1)

“(oin)

sin(¢hy(n + 1)) — sin(y (n + 1))‘ < Ne (A.5)

(A4)

and for some N > 0

Besides, 7,(n + 1) cos(¢py(n + 1)) = ry(n) sin(¢p,(n)) so a similar proof shows that

cos(du(n + 1)) — cos(dy(n + 1))] < Ne. (A.6)

Now take e < %, then d¢(n + 1) € [0, 2N¢]. O
In the same way one proves

Lemma A.4. There ezists ¢ > 0 such that for alln € {0,...,L} and 0 < € < ¢,

if E <€ and if §¢p(n) € [r — €, 7] then dp(n+1) € |:7T— 5,7?}.
0

B Proof of Theorem 5.5

Let (w;)ien be independent random variables with a common, compactly supported
density satisfying

PO
dpo > 0,3ey > 0,Ve € [O,e],/ sup |g(t+ eu) — g(t)|dt < (i) : (B.1)
R u€[—1,1] €o
If (u;)ien are sequences that are not all zero and
Vo(n) == szuz(n — 1) (B.2)
i€R

then define H, := Hy + V,, on (?(Z) where H, is a lower semi-bounded, self-adjoint
perturbation of the laplacian. Then, the spectrum is almost surely constant and, as
in [14], we have a Wegner estimate at the lower edge of the spectrum. Indeed, let
Eiy¢ be the infimum of the almost sure spectrum.

Theorem B.1. There exists Ey > FEiye, C > 0, qo > 0 such that , for any l > 2,
any € > 0 and any E € [Eyy, Fo),

P (d(E, 0(H,(A))) < €) < Cerl®, (B.3)
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Now taking ug;1 := 0 and ug;(0) = 1, ug(—1) = —1 and zero elsewhere, we get
Vio(2i) = —=V,,(2i+1) = wy;. Suppose now that wy has support equal to [0, 1] . Then,
we know that almost surely, o(H,(A;)) C [-3,3].

Now, for ¢ € (*(Z) define ®(n) = <¢((i<ﬁ)1)) If ¢ is an eigenvector for the en-
Vo(n) — E —1)

ergy E then the one-step transfer matrix going from n to n+1 is

1 0
Thus, the two-step transfer matrix going from 2n to 2n + 2 is equal to
(= E)wn+ E) =1 —(w,— E)
T, : = ( ~(wn + E) °1 (B.4)

(=B +E)+ 1 (w, - E>) | (B.5)

__< (wn+ E) 1

From now on we study the matrices (7},), and not the two-step matrices directly,
but what we prove for the (7,,), also holds for (—T},),. The matrices (T},)ncz are
i.i.d and following [2] we prove that G, the closed subgroup of SLy(R) generated by
the support of the matrices is not compact and that the orbit of each direction in
P(R?), the projective plan, has at least three elements.

Fix E € [-3,0], the case E € [0, 3] being handled in the same way. As w, has
support equal to [0, 1], the following matrix belongs to G, taking w; = 0 :

A= (1 _EE2 _1E) . (B.6)

We have tr(A) = 2 — E? so if F € [-3,—2), tr(A) < —2 and A is hyperbolic so G
is not bounded, thus, not compact.

Now take 7 the class of x in P(R?) and suppose E € [—3,—2), the case E €
(2, 3] being handled in the same way. The matrix A has one eigenvalue in (1, 400)
associated to the eigenvector e; and an other in (0, 1] associated to e;. Thus, any
orbit of a direction different of e; and ey has an infinity of elements. But as w,, takes
all values in (0,1), for 6 € (0,—2 — E) C (0,1) and w,, = 0, G contains an other
hyperbolic matrix C' with tr(C) =2—FE?*4+§ < 2—(—2—0)*+d = —2—0—§% < =2
but with other eigenvectors and eigenvalues. So the orbits of e; and ey also contain
an infinity of elements.

Now, fix £ € (—=2,—1). Then, taking w; = 1, the following matrix belongs to G

2—-FE* 1-F
b (375 18, .

Thus,
tr(B) = 3 — E? (B.8)

and both A and B are elliptic matrices. Now, we compute

tr(A%) = (1 - E*? —2E° +1=E*—4E* + 2 € (-2,2) (B.9)
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Thus, A and A? are elliptic matrices. Now, we know that an elliptic matrix has no
fixed point in P(R?). Therefore, the orbit of any point Z € P(R?) contains the set
{Z, A%, A%%} which have three elements. Now, a computation shows that

(B.10)

—_ ) . —2
AB—BA:( 2-F E+E>.

E*+FE 2-F

Thus, the matrices A and B do not commute. Thus, their commutator
A7'B71'AB is an hyperbolic matrix that belongs to G and G is not compact.

Now, suppose £ = —2. Then, A is a parabolic matrix and G is not compact. We
compute tr(B) = —1 and tr(B?) = (2— E?)?+2(1—-E)(1+E)+1 = E*—6FE*+9 = 1.
Thus, B and B? are elliptic matrix and the orbit of any element 7 € P(R?) has at
least three elements.

Now, suppose E[—1,0) and take § € (0, —F). Then, A and A? are still elliptic
matrices, so the orbit of any direction has at least three elements. As w; is uniformly
distributed on [0, 1], the matrix

2 2
Cr (1+5 —FE 1—E+5)

14+ E+56 1 (B.11)

belongs to G. We compute tr(C) = 2+ 6% — E* € (—2,2), so C' is an elliptic matrix
that do not commute with A. Hence, their commutator is a hyperbolic matrix and
the group G is not compact.

Eventually, suppose £ = 0. Then, B is an hyperbolic matrix, so the group G is
not compact. Now, the matrix Cjs for some § € (0,1) is also hyperbolic, but with
different eigenvalues and eigenvectors. Thus, the orbits of any element has at least
three elements.

This complete the proof of

Proposition B.2. If the support of wy is the interval [0,1] and E € [—3,—3], the
group G is not compact and the orbit of each direction has at least three elements.

We can now apply the Furstenberg theorem and as in [2, Sections B-II-4 and
B-11-6], using the regularity of the Lyapunov exponent, we obtain that the density
of state is Holder continuous in [—3, 3]. Combining this with Theorem B.1, we have
both results at the lower edge of the spectrum and this prove Theorem 5.5.
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