N

N

New insights in the standard model of quantum physics
in Clifford Algebra

Claude Daviau, Jacques Bertrand

» To cite this version:

Claude Daviau, Jacques Bertrand. New insights in the standard model of quantum physics in Clifford
Algebra. 2013. hal-00907848v1

HAL Id: hal-00907848
https://hal.science/hal-00907848v1

Preprint submitted on 24 Nov 2013 (v1), last revised 2 Jun 2014 (v3)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00907848v1
https://hal.archives-ouvertes.fr

New insights in the standard model of
quantum physics in Clifford Algebra

Claude Daviau
Le Moulin de la Lande
44522 Pouillé-les-coteaux
France
email: claude.daviau@nordnet.fr

Jacques Bertrand
15 avenue Danielle Casanova
95210 Saint-Gratien
France
email: bertrandjacques-m@orange.fr

19 novembre 2013



keywords : invariance group, Dirac equation, electromagnetism, weak
interactions, strong interactions, Clifford algebras, magnetic monopoles.

Cover :

Why Clifford algebra is the true mathematical frame of the standard
model of quantum physics.

Why the time is everywhere oriented and why the left side shall never
become the right side.

Why positrons have also a positive proper energy.

Why there is a Planck constant.

Why a mass is not a charge.

Why a system of particles implies the existence of the inverse of the
individual wave function.

Why a fourth neutrino should be a good candidate for black matter.

Why the electron of a H atom is in only one bound state.

Plus 2 very remarkable identities, and the invariant wave equations that
they imply.

Plus 3 generations and 4 neutrinos.

Plus 5 dimensions in the space and 6 dimensions in space-time...



Contents

1 Clifford algebras 1
1.1 What is a Clifford algebra? . . . .. .. ... ... . ..... 2
1.2 Clifford algebra of an FEuclidean plan: Cly . . . . . . ... .. 3
1.3 Clifford algebra of the physical space: Cls . . . . . ... ... 3

1.3.1 Cross-product, orientation . . . . . .. ... ... ... 4
1.3.2 Paulialgebra . . .. ... ... ... ... . 5
1.3.3 Three conjugations are used: . . . . ... .. .. ... 6
1.3.4 Gradient, divergence and curl . . . . . .. .. ... .. 6
1.3.5 Space-time in space algebra: . . .. ... ... .. .. 7
1.3.6 Relativistic invariance: . . . .. ... ... ... ... 8
1.3.7 Restricted Lorentz group: . . . .. ... ... .... 10
1.4 Clifford algebra of the space-time: Cly s . . . .. .. ... .. 11
1.4.1 Dirac matrices: . . . .. ... .. ... ... ... .. 12
1.5 Clifford Algebra Cls 1 =Clis . . . . .. ... ... ... ... 13

2 Dirac equation 15

2.1 With the Dirac matrices . . . . . . ... ... ... ... ... 15
2.1.1 Second order equation . . ... ... ... ... .... 16
2.1.2 Conservative current . . . . . . . . .. ... ... ... 17
2.1.3 Tensors . . . . . . ... 17
2.1.4 Gauge invariances . . . . . . ... ... 18
2.1.5 Relativistic invariance . . . . ... .. ... ... ... 19

2.2 The wave with the space algebra . . . . . .. ... ... ... 20
2.2.1 Relativistic invariance . . . . . .. .. ... ... ... 22
2.2.2 Moretensors . . . .. ... 23
223 Planewaves . . . . .. ... oo 25

2.3 The Dirac equation in space-time algebra . . . ... ... .. 26

2.4 Invariant Dirac equation . . . . . .. .. ... ... ... ... 27
2.4.1 Charge conjugation. . . . . . .. ... .. ... 29
2.4.2 Link between the wave of the particle and the wave

of the antiparticle . . .. .. ... ... .. ...... 30
2.5 About the Pauli algebra . . . . . ... ... ... ... .... 31



The homogeneous nonlinear wave equation.

3.1
3.2
3.3
3.4
3.5
3.6

Gauge invariances . . . . . . ... ...
Planewaves . . . . . ... ... ... ... ... .
Relativistic invariance . . . .. .. ... ... ..
Wave normalization . . .. ... ... ... ...
Charge conjugation . . . . . . . . ... ... ...
The Hydrogen atom . . . . .. .. ... .....

Invariance of electromagnetic laws

4.1

4.2
4.3

4.4

4.5 Uniqueness of the electromagnetic field . . . . . .
46 Remarks. .. .. ... ... ... ... .....
Consequences

5.1 Anisotropy . . .. ... ...

5.2
5.3

Maxwell-de Broglie electromagnetism . . . . . . .
4.1.1 Invariance under Cl3 . . . . . . ... ...
Electromagnetism with monopoles . . . ... ..
Back to space-time . . . . ... ... ... ... .
431 FromClstoClis . ... ... ... ...
4.3.2 Electromagnetism . ... ... ... ...
Four photons . . . . . .. ... ...

4.4.1 The electromagnetism of the photon

4.4.2 Three other photons of Lochak . . . . ..

5.1.1 Torsion . . ... ... ... ... .....
Systems of electrons . . . . ... ... ... ...
Equation without Lagrangian formalism . . . . .
5.3.1 Planewaves . . . . ... .. ... .....

Electro-weak and strong interactions

6.1
6.2
6.3
6.4

6.5

6.6
6.7

The Weinberg-Salam model for the electron

Invariances . . . . .. .. ... ... ...
The quark sector . . . . . ... .. ... ... ..
Chromodynamics . . . . .. ... ... .. ....
6.4.1 Three generations, four neutrinos . . . . .

Geometric transformation linked to the wave

6.5.1 In space-time algebra . . ... .. .. ..
6.5.2 Extension to the complete wave . . . . . .
6.5.3 Invariance . . . .. ... .. ... .....
Existence of the inverse . . ... ... ......
Wave equations . . . . .. ... ... ... ...

Magnetic monopoles

7.1
7.2

Russian experimental works . . . . . . .. .. ..
Worksat EECN. . .. ... ... ... ..
7.2.1 Results about powder and gas . . . . ..

CONTENTS



CONTENTS 5

7.2.2 Stains . . .. ... e 107

723 Traces . . . . . . ..o 107

7.3 Electrons and monopoles . . . . . . ... ... 114
7.3.1 Charge conjugation. . . . . . .. .. ... ... ... 115

7.3.2 The interaction electron-monopole . . . . .. ... .. 115

7.3.3 Electro-weak interactions with monopoles . . . . . .. 117

7.3.4 Gauge invariant wave equation . . . . .. ... .. .. 119

8 Conclusion 121
8.1 Oldflaws . . . . . . . . . . . e 121
82 Ourwork . ... . . .. ... 122
8.3 Principle of minimum . . . ... ... ... 000 L 125
8.4 Theory versus experiment . . . . . . ... ... ... ... .. 126
8.5 Future applications . . . . . . .. .. ... ... ... ... .. 127
8.6 Improved standard model . . . . .. ... ... ........ 128

A Calculations in Clifford algebras 131
A.1 Invariant equation and Lagrangian . . . . .. . ... ... .. 131
A2 Calculation of the reversein Cls; . . .. ... ... .. ... 137

B Calculations for the gauge invariance 143
C The hydrogen atom 147
C.1 Separating variables . . . .. ... ... ... ... ... . 147
C.2 Angular momentum operators . . . . . . . ... ... ... .. 152
C.3 Resolution of the linear radial system. . . . . . ... ... .. 154
C.4 Calculation of the Yvon-Takabayasi angle . . ... ... ... 159

C.5 Radial polynomials with degree 0 . . . . . . .. ... .. ... 162



CONTENTS



Introduction

To see from where comes the standard model that rules today quantum
physics, we first return to its beginning. When the idea of a wave associ-
ated to the move of a particle was found, Louis de Broglie was following
consequences of the restricted relativity [24]. The first wave equation found
by Schrodinger [48] was not relativistic, and could not be the true wave
equation. In the same time the spin of the electron was discovered. This
remains the main change from pre-quantum physics, since the spin 1/2 has
none classical equivalent. Pauli gave a wave equation for a non-relativistic
equation with spin. This equation was the starting point of the attempt
made by Dirac [29] to get a relativistic wave equation for the electron. This
Dirac equation was a very great success. Until now it is still considered
as the wave equation for each particle with spin 1/2, electrons but also
positrons, muons and anti-muons, neutrinos, quarks.

This wave equation was intensively studied by Louis de Broglie and his
students. He published a first book in 1934 [25] explaining how this equation
gives in the case of the hydrogen atom the quantification of energy levels,
awaited quantum numbers, the true number of quantum states, the true
energy levels and the Landé factors. The main novelty in physics coming
with the Dirac theory is the fact that the wave has not vector or tensor
properties under a Lorentz rotation, the wave is a spinor and transforms
very differently. It results from this transformation that the Dirac equa-
tion is form invariant under Lorentz rotations. This form invariance is the
departure of our study and is the central thread of this book.

The Dirac equation was built from the Pauli equation and is based on
4 x 4 complex matrices, which were constructed from the Pauli matrices.
Many years after this first construction, D. Hestenes [31] used the Clifford
algebra of space-time to get a different form of the same wave equation.
Tensors which are constructed from the Dirac spinors appear differently
and the relations between these tensors are more easily obtained.

One of the parameters of the Dirac wave, the Yvon-Takabayasi angle
[49], was completely different from all classical physics. G. Lochak under-
stood that this angle allows a second gauge invariance and he found a wave
equation for a magnetic monopole from this second gauge invariance [38§].
He showed that a wave equation with a nonlinear mass term was possible
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for his magnetic monopole. When this mass term is null, the wave is made
of two independent Weyl spinors.

This mass term is compatible with the electric gauge ruling the Dirac
equation. So it can replace the linear term of the Dirac equation of the
electron [7]. A nonlinear wave equation for the electron was awaited by de
Broglie, because it was necessary to link the particle to the wave. But this
do not explain how to choose the nonlinearity. And the nonlinearity is a
formidable problem in quantum physics: quantum theory is a linear theory,
it is by solving the linear wave equation that the quantification of energy
levels and quantum numbers are obtained in the hydrogen atom. If you
start from a nonlinear wave equation, usually you will not be even able to
get quantification and quantum numbers.

Nevertheless the study of this nonlinear wave equation began in the
case where the Dirac equation is its linear approximation. In this case the
wave equation is homogeneous. It is obtained from a Lagrangian density
which differs from the Lagrangian of the linear theory only by the mass
term. Therefore many results are similar. For instance the dynamics of the
electron are the same, and the electron follows the Lorentz force.

Two formalisms were available, the Dirac formalism with 4 x 4 complex
matrices, and the real Clifford algebra of space-time. A matrix representa-
tion links these formalisms. Since the hydrogen case gave the main result, a
first attempt was made to solve the nonlinear equation in this case. Heinz
Kriiger gave a precious tool [36] by finding a way to separate the spheri-
cal coordinates. Moreover the beginning of this resolution by separation of
variables was the same in the case of the linear Dirac equation and in the
case of the nonlinear homogeneous equation. But then there was a great
difficulty: The Yvon-Takabayasi angle is null in the 2% = 0 plane; This angle
is a complicated function of an angular variable and of the radial variable;
Moreover for any solution with a not constant radial polynomial, circles ex-
ist where the Yvon-Takabayasi angle is not defined; In the vicinity of these
circles this angle is not small and the solutions of the Dirac equation have
no reason to be linear approximations of solutions of the nonlinear homoge-
neous equation. Finally it was possible to compute [8] another orthonormal
set of solutions of the Dirac equation, which have everywhere a well defined
and small Yvon-Takabayasi angle. These solutions are linear approxima-
tions of the solutions of the nonlinear equation. The existence of this set
of orthonormalized solutions is a powerful argument for our nonlinear wave
equation.

When you have two formalisms for the same theory the question nec-
essarily comes: which one is the best formalism? Comparing advantages
of these formalisms, the possibility of a third formalism which could be the
true one aroused. A third formalism is really available [10] to read the Dirac
theory: it is the Clifford algebra of the physical space used by W.E. Baylis
[2]. This Clifford algebra is isomorphic, as real algebra, to the matrix al-
gebra generated by Pauli matrices. Quantum physics knew very early this
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formalism, since these Pauli matrices were invented to get the first wave
equation with spin 1/2. Until now this formalism is also used to get the
form invariance of the Dirac equation. Having then three formalisms for the
same theory, the question was, once more: which is the true one?

The criterion of the best choice was necessarily the Lorentz invariance of
the wave equation. Therefore a complete study, from the start, of this form
invariance of the Dirac theory was made [12]. This problem was a classical
one, treated by many books, but always with mathematical flaws. The
reason is that two different Lie groups may have the same Lie algebra. The
Lie algebra of a Lie group is the algebra generated by infinitesimal operators
of the Lie group. Quantum mechanics uses only these infinitesimal operators
and it is then very difficult to avoid ambiguities. But it is possible to avoid
any infinitesimal operator. And when you work without them you can easily
see that the fundamental invariance group is larger than expected.

The first consequence of this larger group is the possibility to define, from
the Dirac wave, Lorentz dilations from an intrinsic space-time manifold to
the usual relativistic space-time. So the space-time is double and the Dirac
wave is the link between these two manifolds. They are very different, the
intrinsic manifold is not isotropic and has a torsion.

In several articles and in two previous book [16][17], were presented
several consequences of this larger invariance group. This invariance group
governs not only the Dirac theory, but also all the electromagnetism, with
or without magnetic monopoles, with or without photons. But it is not all
of the thing, since this form invariance is also the rule for electro-weak and
strong interactions [18].

Because it is impossible to read this book without knowledge of the Clg
algebra a first chapter presents Clifford algebras at an elementary level.

Chapter 2 reviews the Dirac equation, firstly with Dirac matrices, where
we get a mathematical correct form of the relativistic invariance of the
theory. This necessitates the use of the space algebra Cl3. Next we explain
the form of the Dirac equation in this simple frame, we review the relativistic
form invariance of the Dirac wave. We explain with the tensors without
derivative how the classical matrix formalism is deficient. We review plane
waves. We present the invariant form of the wave equation. Its scalar part
is the Lagrangian density, another true novelty allowed by Clifford algebra.
Finally we present the charge conjugation in this frame.

Chapter 3 introduces our homogeneous nonlinear equation and explains
why this equation is better than the Dirac equation which is its linear ap-
proximation. We review its two gauge invariances. We explain why plane
waves have only positive energy. The form of the spinorial wave and the
form of its relativistic invariance introduce the dilation generated by the
wave from an intrinsic space-time manifold onto the usual relative space-
time manifold, main geometric novelty of quantum physics. We explain the
physical reason to normalize the wave. The link between the wave of the
particle and the wave of the antiparticle coming from relativistic quantum
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mechanics gives a charge conjugation where only the differential term of the
wave equation changes sign. This makes the CPT theorem trivial and it is
also a powerful argument for this wave equation. We get the quantification
of the energy in the case of the hydrogen atom and all results of the linear
theory with this homogeneous nonlinear wave equation.

Chapter 4 presents the invariance of electromagnetism under CI3, the
group of the invertible elements in Cl3, for the Maxwell-de Broglie electro-
magnetism with massive photons, for the electromagnetism with magnetic
monopoles, for the four photons of de Broglie-Lochak.

Chapter 5 presents some first consequences of these novelties. The
anisotropy of the intrinsic space-time explains why we see muons and tauons
beside electrons, their similarities and differences. The intrinsic manifold
has a torsion whose components were calculated for plane waves. The mass
term is linked to this torsion. Next we present the building of the de
Broglie’s wave of a system of electrons as a wave in the ordinary space-
time, and not in a configuration space where space and time do not have
the same status, with value onto the space algebra. We present also as a
counter-example a wave equation without Lagrangian formalism, we solve
this wave equation in the hydrogen case.

Chapter 6 is devoted to our main progress since [17]. We present the
electro-weak gauge theory in the frame of the space-time algebra, first for
the lepton case, secondly for the quark case. Next we use the Cl5; Clifford
algebra to extend the gauge to strong interactions. Even if our aim is the
same as in [18], we use here a different Clifford algebra, because we need
the link between the wave of the particle and the wave of the antiparticle
that is used in the standard model of electro-weak and strong interactions.
We get a U(1) x SU(2) x SU(3) gauge group in this frame. The addition
from the standard model is the comprehension of the insensitivity of leptons
to strong interactions. We extend to the Cls; frame the form invariance
of the gauge interactions. This induces the use of a complex 6-dimensional
space-time into which the usual 4-dimensional space-time is well separated
from supplementary dimensions. Finally the nullity of right waves of the
neutrino and of quarks induces two remarkable identities. They imply that
waves of leptons and the full wave of the lepton and of three colored quarks
have an invertible value. These identities allow a wave equation with a mass
term, which is both form invariant and gauge invariant.

Chapter 7 is devoted to magnetic monopoles. We explain Russian ex-
periments and our french experiments. We precise their results, particularly
the wavelength. We use our study of electro-weak interactions in the case
of the magnetic monopole.

Chapter 8 presents our conclusions about the major change explained
here in our way to see the standard model of our physical universe.

For the works at E.C.N., thanks to Didier Priem, his efficiency, his in-
ventiveness, his kindness, thanks to Guillaume Racineux who constantly
supported us.



Chapter 1

Clifford algebras

This chapter presents what is a Clifford algebra, then we study the
algebra of an Euclidean plane and the algebra of the three-dimensional
physical space which is also the algebra of the Pauli matrices. We put
there the space-time and the relativistic invariance. Then we present
the space-time algebra and the Dirac matrices. We finally present the
Clifford algebra of a 6-dimensional space-time, needed by electro-weak
and strong interactions.

It is quite usual in a physics book to put into appendices mathematics
even if they are necessary to understand the main part of the book. As
it is impossible to expose the part containing physics without the Clifford
algebras, we make here again a complete presentation of this necessary
tool. !

We shall only speak here about Clifford algebras on the real field. Al-
gebras on the complex field also exist and it could be expected to complex
algebras to be key point for quantum physics. The main algebra used here
is also an algebra on the complex field, but it is its structure of real algebra
which is useful in this frame. 2

Our aim is not to say everything about any Clifford algebra but simply
to give to our lecturer tools to understand the next chapters of this book.

1. Readers being in the know may do a quick review. On the contrary a complete lec-
ture is strongly advised for each reader who really wants to understand physics contained
in the following chapters.

2. A Clifford algebra on the real field has components of vectors which are real num-
bers and which cannot be multiplied by i. A Clifford algebra on the complex field has
components of vectors which are complex numbers and which can be multiplied by 3.
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1.1 What is a Clifford algebra?

1 - Tt is an algebra [5][16], there are two operations, noted A + B and
AB, such as, for any A, B, C :

A+(B+C)=(A+B)+C ; A+B=B+A

A+0=A ; A+(-A)=0 (1.1)
A(B+C)=AB+ AC ; (A+ B)C = AC + BC

A(BC) = (AB)C.

2 - The algebra contains a set of vectors, noted with arrows, in which a
scalar product exists and the intern Clifford multiplication %% is supposed
to satisfy for any vector « :

il = i - i, (1.2)

where @ is the usual notation for the scalar product of two vectors. > This
implies, since # - ¥ is a real number, that the algebra contains vectors but
also real numbers.

3 - Real numbers are commuting with any member of the algebra: if a
is a real number and if A is any element in the algebra :

aA = Aa (1.3)
1A= A. (1.4)

Such an algebra exists for any finite-dimensional linear space which are
the ones that we need in this book.

The smaller one is single, to within an isomorphism.

Remark 1: (1.1) and (1.4) imply that the algebra is itself a linear space,
not to be confused with the first one. If the initial linear space is n-
dimensional, we get a Clifford algebra which is 2"-dimensional. We shall see
for instance in 1.3 that the Clifford algebra of the 3-dimensional physical
space is a 8-dimensional linear space on the real field. We do not need here
to distinguish the left or right linear space, since real numbers commute
with each element of the algebra. We also do not need to consider the mul-
tiplication by a real number as a third operation, because it is a particular
case of the multiplication.

Remark 2: If @ and ¢ are two orthogonal vectors, (-7 = 0), the equality
(U+7)-(u+7) = (u+9)(d+7) implies 4-U+a-0+T-U+T-U = G+ U0+ 0u+07,
so we get :

0=av+vd ; Ui =—iv (1.5)

3. This equality seems strange, but gives nice properties. We need these properties in
the next chapters.
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It’s the change to usual rules on numbers, the multiplication is not com-
mutative, we must be as careful as with matrix calculations.

Remark 3: The addition is defined in the whole algebra, which contains
numbers and vectors. So we shall get sums of numbers and vectors: 3 + 5i
is authorized. It is perhaps strange or disturbing, but we shall see next it
is not different from 3 + 5i. And everyone using complex numbers finally
gets used to.

Even sub-algebra: It’s the sub-algebra generated by the products

Reversion: The reversion A — A changes orders of products. Rever-
sion does not change numbers a nor vectors a = a, ¥ = u, and we get, for
any o and ¥, A and B :

—_— —_— —~—

W =7i; AB=BA; A+B=A+B. (1.6)

1.2 Clifford algebra of an Euclidean plan: Cl,

Cls contains the real numbers and the vectors of an Euclidean plan,
which read @ = z€; + yées, where €; and €5 form an orthonormal basis of
the plan: &2 =& 2=1, & - & = 0. Usually we set: &, =i. The general
element of the algebra is :

A=a+xe] +yés +ib (1.7)

where a, x, y and b are real numbers. This is enough because :

(3
i? = ii = i(€162) = (i€))ep = —Eaey = —1 (1.8)

Two remarks must be made:

1- The even sub-algebra C’l;r is the set formed by all a + b, so it is the
complex field. We may say that complex numbers are underlying as soon as
the dimension of the linear space is greater than one. This even sub-algebra
is commutative. .

2 - The reversion is here the usual conjugation: i = €16, = €6, = —i

We get then, for any @ and any ¥ in the plane: 4 = @ - ¥ + ¢ det(d, 7)

To establish that (@-7)% + [det(, 7)]? = @272, it is possible to use @TT
which can be calculated by two ways, and we can use v¥ which is a real
number and commutes with anything in the algebra.

1.3 Clifford algebra of the physical space: Cl;

Cls contains [2] the real numbers and the vectors of the physical space
which read : @ = x€] + yés + z€3, where x, y and z are real numbers, €7, €
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and é3 form an orthonormal basis:

by =GB =0-a=0; &’ =8"=8&"=1 (1.9)
We let:
11 = €9€3 ; 1o = €3€] ; i3 = €16y ; 1 = €1€2€3 (1.10)
Then we get:
i1 =iy =i3=14>=—1 (1.11)
Ww=ui ; i€;=14;,j=1,2, 3. (1.12)

To satisfy (1.11) we can use the same way we used to get (1.8). To
satisfy (1.12) we may firstly justify that ¢ commutes with each €.

The general element of Cls reads: A = a + 4 + iU + ¢b. This gives
14+3+3+1=28=23 dimensions for Cls.

Several remarks:

1 - The center of Cls is the set of the a+ib, only elements which commute
with every other ones in the algebra. It is isomorphic to the complex field.

2 - The even sub-algebra Cl;)Ir is the set of the a + ¥/, isomorphic to the
quaternion field. Therefore quaternions are implicitly present into calcu-
lations as soon as the dimension of the linear space is greater or equal to
three. This even sub-algebra is not commutative.

3-A=a+a@— it —ib; The reversion is the conjugation, for complex
numbers but also for the quaternions contained into Cls.

4 - ¥ is what is usually called "axial vector" or "pseudo-vector", whilst
i is usually called vector. It is well known that it is specific to dimension 3.

5 - There are now four different terms with square -1, four ways to get
complex numbers. Quantum theory is used to only one term with square
-1. When complex numbers are used in quantum mechanics, it is necessary
to ask the question of which i is used: ¢ or i3 ?

1.3.1 Cross-product, orientation

i X U is the cross-product of @ and v. Using coordinates in the basis
(€1, €3, €3), we can easily establish for any @ and ¥

U =1-T+idx7T (1.13)
(@-0)% + (@ x 9)% = @*5? (1.14)

det(u, U, @) is the determinant whose columns contain the components

of vectors @, ¥, W, in the basis (€1, €5,€3). Again using coordinates, it is
possible to establish, for any @, U, :

@ (7 x @) = det (i, ¥, @) (1.15)
@ x (U x @) = (@ - @)5 — (i - V) (1.16)
@5 = i det(if, §,10) + (- @i — (i - @) + (i - 7)o (1.17)
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From (1.15) comes that @ x ¥ is orthogonal to @ and ¢. (1.14) allows
to calculate the length of @ x ¥, and (1.15) gives its orientation. We recall
that a basis (@, ¥, W) is said to be direct, or to have the same orientation as
(€1, 9, €3) if det(, U, @) > 0 and to be inverse, or to have other orientation
if det(@, v,w) < 0. (1.17) allows to establish that, if B = (@, ¢, ) is any
orthonormal basis, then «wvw = ¢ if and only if B is direct, and wvw = —i
if and only if B is inverse. So ¢ is strictly linked to the orientation of
the physical space. To change ¢ to —i¢ is equivalent to change the space
orientation (it is the same for a plan). The fact that ¢ rules the orientation
of the physical space will play an important role in the next chapters.

1.3.2 Pauli algebra

The Pauli algebra, introduced in physics as soon as 1926 to account
for the spin of the electron, is the algebra of 2 x 2 complex matrices. It
is identical (isomorphic) to Cl3, but only as algebras on the real field.*
Identifying complex numbers to scalar matrices and the e; to the Pauli
matrices o is enough.’ So, z being any complex number, we have

2= (8 2) (1.18)

o 0 1 . 0 —2 . 1 0
610’1<1 0>;620’2<i 0>;€30’3<0 _1) (1.19)

This is fully compatible with all preceding calculations, because:
1 0 .
010903 = (O 2) =1 (1.20)
0109 = iO‘g ; 0203 = iO‘l ; 0301 = ’L'O’Q (1.21)
And the reverse is then identical to the adjoint matrix:

A=At = (4% (1.22)
Consequently we shall say now equally Pauli algebra or space algebra. This
is not liked by pure Clifford algebraist. Most physicists are used to Pauli

algebra and its old and cumbersome notations. They do not often use
conveniences of the Clifford algebra Cl3 of the physical space.

4. The dimension of the Pauli algebra is 8 on the real field, but only 4 on the complex
field.

5. This identifying process may be considered a lack of rigor, but in fact it is frequent in
mathematics. The same process allows to include integer numbers into relative numbers,
or real numbers into complex numbers. To go without implies very complicated notations.
This identifying process considers the three o; as forming a direct basis of the physical
space.
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1.3.3 Three conjugations are used:

A = a+U+iU+ib is the sum of the even part A; = a+i7 (quaternion) and
the odd part As = @ + ib. From this we define the conjugation (involutive
automorphism) A — A such as

A=Ay — Ay =a—i+iv—ib (1.23)
This conjugation satisfies, for any element A and any B in Cls:
A+B=A+B ; AB=AB. (1.24)

It is the main automorphism of this algebra, and each Clifford algebra owns
such an automorphism.

From this conjugation and from the reversion we may form the third
conjugation:

A=Al=a—i@—iv+ib : A+B=A+B ; AB=BA (1.25)
Composing, in any order, two of these three conjugations gives the third
one. Only A — A preserves the order of products, A — A and A — Af

inverse the order of products.
Now a, b, ¢, d are any complex numbers and a* is the complex conjugate

of a. We can satisfy that for any A = (Z Z) we have:
T4t fa" o _fd =\ = [(d =D
AA =AA =det(A) =ad —be ; AAT = ATA = [det(A))* (1.27)

1.3.4 Gradient, divergence and curl

In Cl3 there exists one important differential operator, because all may
be made with it:

5 o o o 5, 01 — i0
0 =101 + €05 + €305 = (81 +3Z_82 1493 2> (1.28)
with 6
= 1= 25 35 0
T=x€ +z°€ +x°€3 ; (’)j:@ (1.29)

The Laplacian is simply the square of :
A= (1) +(8)* + (85)2 =30 (1.30)

6. This operator Jis usually notated, in quantum mechanics, as a scalar product, for
instance & - V. From this come many convoluted complications. To use simple notations
fully simplifies calculations.



1.3. CLIFFORD ALGEBRA OF THE PHYSICAL SPACE: CLg 7

Applied to a scalar a, d gives the gradient and applied to a vector 4 it gives
both the divergence and the curl:

da = grad a (1.31)
5q:5~ﬁ+15xﬁ; 5~ﬂ':divﬁ; J x i@ = curl . (1.32)

1.3.5 Space-time in space algebra:

With
¥ =ct ; T=a'e)+a2%6 +a%¢ ; 0 2 (1.33)
) 1 2 3 0 Ok .
we let [2][45]
0 3 1_ .2
0, = [T +x T —x
r =X + xr = <$1 + 7;[1]2 :CO o $3> . (1.34)

Then the space-time is made of the auto-adjoint part of the Pauli algebra
(z7 = ) and we get

t=T=2" -1 (1.35)
det(z) =22 =z -2 = (2°)2 = 2% = (2°)? — (z")? — (2®)? — («*)® (1.36)
The square of the pseudo-norm of any space-time vector is then simply the

determinant.” Any element M of the Pauli algebra is the sum of a space-
time vector v and of the product by i of another space-time vector w :

M =v+iw (1.37)
1

Uii(M+MT); vl =w (1.38)
1

iw:?MfMU;M:w. (1.39)

Space-time vectors v and w are uniquely defined. We need two linked dif-
ferential operators:

V=0—0; V=0y+0 (1.40)
They allow to calculate the D’alembertian:

VV = VUV = (8)% — (1) — (82)% — (05)2 = (1.41)

7. We must notice that the pseudo-norm of the space-time metric comes not from a
scalar product, a symmetric bilinear form, but from a determinant, an antisymmetric
bilinear form. We are here very far from Riemannian spaces.
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1.3.6 Relativistic invariance:

If M is any not null element in Cl3 and if R is the transformation from
the space-time into itself, which to any z associates =’ such as

=2/’ +7' = R(x) = MaM' (1.42)
we note, if det(M) # 0:
det(M) =re®® | r=|det(M)|. (1.43)

We get then:
(@) = (@)% = (2"*)? = ()% = det(2') = det(MaMT)
= re'® det(z)re™ = r?[(2°)% — ()2 — (22)? — ()] (1.44)

R multiplies then by r any space-time distance and is called "Lorentz di-
lation with ratio r". If we let, with the usual convention summing the up
and down indices:

X - RVZL'U (1.45)
we get for 7\1 — # O.
C d

2R) = |af* + [b]* + |e|* + |d]* > 0 (1.46)

2'° has then the same sign as z¥ at the origin: R conserves the arrow of the
time. Even more we get (the calculation is in [14] A.2.4):

det(R!) = r* (1.47)

R conserves therefore the orientation of space-time and as it conserves the
time orientation it conserves also the space orientation.

Let f be the application which to M associates R. Let M’ be another
matrix, with:

det(M')=7r"¢® | R =f(M') ; 2" =Mao' M (1.48)
We get

2 =My M = M (MaMHYM'T = (M M)z(M' M)
(M) o f(M) = f(M'M) (1.49)

f is then an homomorphism. If we restrict us to r # 0, f is a homomorphism
from the group (Cl3, %) into the group (D*,o0), where D* is the set of
dilations with not null ratio. These two groups are Lie groups. (Cl}, x) is
a 8-dimensional Lie group, because Cl3 is 8-dimensional. On the contrary
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(D*,0) is only a 7-dimensional Lie group, one dimension is lost because the
kernel of f is not reduced to the neutral element: let § be any real number
and let M be

i5 .
M=¢'% = (e 09> . det(M) = e (1.50)
0 e
we get then:
o = MaM' = e%pe™3 = g, (1.51)

f(M) is therefore the identity and M belongs to the kernel of f, which
is a group with only one parameter: 6, and we get only 7 parameters in
D*, 6 angles defining a Lorentz rotation, plus the ratio of the dilation. For
instance, if

M = €01 = ¢%(cosh(b) + sinh(b)oy) (1.52)
then the R transformation defined in (1.42) satisfies

2 = MaMT = eotbor (2° 4+ 2oy + 2209 + zgag)eaer”l

=e22[291 (20 4 2lo) 4 220y + 2303 (1.53)
We then get
2" + a2’ oy = e**(cosh(2b) + sinh(2b)oy ) (2° + z' o)
2'® = €2*(cosh(20)a® + sinh(2b)z") (1.54)
- e**(sinh(2b)z° + cosh(2b)z") (1.55)
2% = e?a? (1.56)
1B 2B (1.57)

We can recognize R as the product of a Lorentz boost mixing the temporal
component z° and the spacial component ' and of an homothety with ratio
e2¢. Now if

M = eTVior — ¢%(cos(b) + sin(b)io) (1.58)
then the R transformation defined in (1.42) satisfies

' = MaM' = e (20 4 2lo) + 220y + 2303)et b

=20 + 2oy + 2 2P0y + 2303))] (1.59)
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We then get

T 202 + 03 =¢? (cos (2b) + sin 2b)201)(ac202 + x303)

0
ZL'/ 6 SCO

/1
62 1

x x
= €**( cos(2b)z” + sin(2b)z?)
= e**( — sin(2b)z” + cos(2b)z?)

We can recognize R as the product of a rotation with axis Ox; and angle
2b and a homothety with ratio e?®

1.3.7 Restricted Lorentz group:

If we impose now the condition det(M) = 1, the set of the M is called
SL(2,C), (1.44) becomes:

(@) — (@) = (@) - () = (a°)% - (&1)? - (2*)* - (2®)* (1.64)

R is then a Lorentz rotation and the set of the R is the Lorentz restricted
group El (conserving space and time orientation). With (1.50) we get:

. 9
1=¢% ; 0=k2r ; g =km M=+l (1.65)

Remark 1: Quantum mechanics do not distinguish M from R, they
confuse SL(2,C) and El and name "bi-valued representations of El " the
representations of SL(2,C). This comes mainly from the use in quantum
theory of infinitesimal rotations, so they work only in the vicinity of the
origin of the group, and they work then not in the group but in the Lie
algebra of the group. And it happens that the Lie algebras of SL(2,C)
and of 51 are identical. SL(2,C) is the covering group of El. Globally
SL(2,C) and El are quite different, for instance any element reads e in
£1 and this is false in SL(2,C). It is therefore perfectly intolerable to have
so long neglected the fact that when an angle b is present in M, it is an
angle 2b which is present in R.

Remark 2: We are forced to distinguish the group of the M from the
group of the R, as soon as # is not null, because these two groups do not
have the same dimension and are not similar even in the vicinity of the
origin.

Remark 3: SL(2,C) contains as subgroup the SU(2) group of the uni-
tary 2 x 2 complex matrices with determinant 1. The restriction of f to
this subgroup is an homomorphism from SU(2) into the SO(3) group of
rotations. The kernel of this homomorphism is also +1.
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Remark 4: There are two non-equivalent homomorphisms from (C13, x)
into the group (D*,0). the second homomorphism f is defined by

o~ ~ -~

¢/ = R(z) = MzM ; R= f(M). (1.66)

1.4 Clifford algebra of the space-time: C1; 3

Cl, 3 contains real numbers and space-time vectors x such as

x = 2% + 2ty + 2%y0 + 233 = 2y, (1.67)

The four v, form an orthonormal basis of space-time: 8

(0)?=13 (M)P=0)’=M0?=-1; % n=0, u#v. (168
The general term in Cly 3 is a sum:
N=s+v+b+pv+ps (1.69)

where s is a real number, v is a space-time vector, b is a bivector, pv is a
pseudo-vector and ps is a pseudo-scalar. There are 1+4+6+4+1 = 16 = 2*
dimensions on the real field because: There are 6 independent bivectors:

Yo1 = Y071, Y02, Y035 V12, V23, Y31, and v = —7Vij, j # i, 4 independent
pseudo-vectors: Yo12, Y023, Y031, Y123 and one pseudoscalar:

DS =pYo123 ; 70123 = Y0V1Y273 (1.70)

where p is a real number.

The even part of N is s + b + ps, the odd part is v + pv. The main
automorphism is N +— N = s — v + b — pv + ps

The reverse of N is

N=s+v—b—pv+ps (1.71)

Amongst the 16 generators of Cl; 3, 10 have for square -1 and 6 have for
square 1:

12 =901 =702 = 703> =10’ = m23°> =1
’712 = ’722 = ’732 = ’7122 = 7232 = 7312

= Y012° = Y023° = V031> = Yo123° = —1 (1.72)

8. Users of Clifford algebras are nearly equally parted between users of a + sign for the
time (Hestenes [31][33]), and users of a - sign for the time (Deheuvels [28]). It seems that
no physical property of the space-time can allow to prefer one to the other. We use here
a + sign for the time, which was the Hestenes’s choice. It is another main difference with
general relativity where the metric tensor has physical properties linked to gravitation.
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Remark 1: If we use the + sign for the space, then we get 10 generators
with square 1 and 6 with square -1. The two Clifford algebras are not
identical. And yet there is no known physical reason to prefer one to the
other algebra.

Remark 2: The even sub-algebra C1 173+, formed by all the even elements
N = s+ b+ ps is 8-dimensional and is isomorphic to Cl3. We shall see this
in the next paragraph, by using the Dirac matrices. The even sub-algebra
of Cl3; is also isomorphic to Cl3.

The privileged differential operator, in Cl; 3, is:

0=+, ; V=7 ; ¥ =—y,7i=1, 2, 3. (1.73)
It satisfies:

89 = 0 = (99)2 — (8)% — (92)? — (85)? (1.74)

1.4.1 Dirac matrices:

Most physicists do not use directly the Clifford algebra of space-time
but they use a matrix algebra®, generated by the Dirac matrices. These
matrices are not uniquely defined. The easier way, to link Cl; 3 to Cls, is
to let 10 :

Then we get:

d=~"0, = (% Z) (1.76)

It is easy to satisfy:

(=, O\ _ (—ior 0\ (il 0
’Yo;( 0 Uj>,723< 0 _Z-Ul),70123<0 il (1.77)

Isomorphism between Cng,Jr and Clz: Let N be any even element.
With:

N =a+ Bi+ps ; Bi=ui1vio+ U220 + u3y30 + v1y32 + v2y13 + V3721

ps = byo123 (1.78)
M=a+ U+ iU+ 1b; @ =ui01+ ug0 + uzos
v = V101 +’020'2+’03(73 (179)

9. Generally the matrix algebra used is M4(C), an algebra on the complex field. This
algebra is 16-dimensional on the complex field and therefore it is also an algebra on the
real field, 32-dimensional on the real field. This is enough to prove that My(C) # Cly 3.

10. This choice of the Dirac matrices is not the choice used in the Dirac theory to
calculate the solutions in the hydrogen atom case, but the choice used when high velocities
and restricted relativity are required. It is also the usual choice in the electro-weak theory.
We shall see that it is also a convenient choice to solve the wave equation for the hydrogen
case.
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Bi is a bivector and ps a pseudo-vector in space-time. We get, with the
choice (1.75) made for the Dirac matrices:

N = (]\04 ]\%) . N = (? J\ST)' (1.80)

Since the conjugation M +— M is compatible with the addition and with the
multiplication, the algebra of the M is exactly isomorphic to the algebra of
the N. As N contains both M and M, the Dirac matrices combine both
inequivalent representations of C'3.

1.5 Clifford Algebra Cl;; = Cl; 5

We shall use also later in this book the Clifford algebra of a larger
space-time with a 5-dimensional space. The general element z of this larger
space-time reads

z=a%Nq ="\, + Ay + 2° A5 (1.81)
n=>5 n=3

@A =Y a"A, 5 aPA, =) a"A, (1.82)
n=0 n=0

(2)* = =(2°) + (2')* + (2%)* + (2°)* + (2*)* + (2°)*. (1.83)

We link the preceding Cl; 3 space-time algebra to this greater algebra by
using the following matrix representation, u = 0,1, 2, 3:

(0 =y o (0 Ly, (0 —i
(0 F) () ) o

where I is the unity for 4 x 4 matrices and i = 7123 (See (1.77)). We
always use the matrix representation (1.75). We get

- 0
Ay, = A, A, = Tm 1.85
w w ( 0 'Yw) ( )

0 Y
Ay = Ay A, = Hp 1.86
pvp prilp ('pr 0 ) ( )

0 i 0
Moo = AgiAgs = [ 10123 - X 1.87
0123 014323 < 0 Y0123 0 i ( )
i 0

Aygs = AgAs = <(‘) _i> (1.88)

-1y 0
Ao12345 = Ao123Aas = ( 04 14) (1.89)
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The general term of this algebra reads

\I/:\If0+\111+\1/2+\113+\1/4+\1/5+\116; \IIOZSIg,SGR, (190)
a=>5
Uy =) NA, Up= > NPAgy, U= Y NNy
a=0 0<a<bh 0<a<b<eh
Uy = Z NadeAabcda \115 = Z NadeeAabcde (191)
0<a<b<e<d<s 0<a<b<c<d<e<s
V6 = pAoiasas, p € R. (1.92)

where N*"? are real numbers. We shall need in chapter 6:

(Lo
(Is — Ap12345) = (0 0)

0 O
(s + Aor2sas) = <0 14) : (1.93)

Pt =

N~ N~

p-

Now we consider six elements of this algebra:

La = A012345Aa ;o a= 05 17 25 37 45 5. (194)
We then get
(0 Y. (0 =14\ (0 i
O e S I
Lab:*Aab; Ogagbgf) (196)
Labcd:Aabcd; 0<a<b<c<d<5 (197)
I 0
Lo123as = —Ao12345 = (61 7 (1.98)
4
Ay = LoLoi23as- (1.99)

These six L, are the generators of the L; 5 algebra since (1.96) implies
(Lo)> =1; (Lo)*>=—1, a=1,2,3,4,5. (1.100)

And the algebra generated by the L, is a sub-algebra of the algebra gener-
ated by the A,. Inversely (1.99) implies that we should may start with the
L, and get the A, from them. This explains how Cl5; = Cly 5. Vectors in
Cl, 5 are pseudo-vectors of Cls; and vice-versa. Then the sums of vectors
and pseudo-vectors that we shall need in chapter 6 are independent on the
choice of the signature.



Chapter 2

Dirac equation

We present here in two different frames the Dirac wave equation
for the electron. We study it firstly with the Dirac matrices: second
order equation, conservative current, tensors without derivative, gauge
invariance. Relativistic invariance requires to use the space algebra, into
which we rewrite all the Dirac theory. We get new tensors. We study the
link between the invariant form of the Dirac equation and the Lagrangian
density. We review the charge conjugation.

An important part of the standard model of quantum physics is the Dirac
wave equation. This comes from the fact that electrons, neutrinos, quarks,
are quantum objects with spin 1/2. And the standard model explains the
spin 1/2 as a relativistic consequence of the Dirac wave equation.

2.1 With the Dirac matrices

The starting point of the Dirac’s work was the Pauli wave equation for
the electron, which used a wave with two complex components mixed by
Pauli matrices. The Schrodinger and Pauli wave equations include a first
order time derivative, and second order derivatives for the space coordinates.
This is inappropriate for a relativistic wave equation. So Dirac sought a
wave equation with only first order derivatives, giving at the second order
the equation for material waves. This necessitated to use matrices as Pauli
had done. Dirac [29] understood that more components were necessary. His
wave equation proves that four components are enough. With the notations

15
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(1.75) this equation reads !

0= "0, +igA,) +imlY; q= ° ;om = Mo¢ (2.1)

he h
with the usual convention summing up and down indexes. The A, are
components of the space-time vector which is the exterior electromagnetic
potential, e is the charge of the electron, mg is its proper mass. Even with a
well defined signature for the space-time, the matrices of the theory are not
uniquely defined. The choice we have made in (1.75) allows to use the Weyl
spinors ¢ and 7 which play a fundamental role, firstly for the relativistic
invariance of the theory, secondly for the Lochak’s theory for a magnetic
monopole [40] or the electro-weak interactions in chapter 6. With them the
wave 9 is the matrix-column:

O Qo e

The Dirac equation is, as the Schrédinger equation, a linear wave equa-
tion, it contains only partial derivatives and products by matrices, so linear
combinations of solutions are also solutions of the wave equation.

2.1.1 Second order equation

Without exterior electromagnetic field and with (1.76) the Dirac equa-
tion reads

oY = —imyp (2.3)
and gives at the second order:
(I = 80 = B(—imip) = —imdp = (—im)(—im)p = —mp  (2.4)
we get then the awaited equation at the second order:

(O+m?)p =0 (2.5)

1. First works about Dirac equation [29] [25] use an imaginary temporal variable which
allows to use a ++-++ signature for space-time and avoids to distinguish covariant and
contravariant indexes. This brings also difficulties, the tensor components are either
real or pure imaginary. It also hides that matrices of the relativistic theory cannot be
all hermitian. The algebra on the complex field generated by the Dirac matrices is the
M4 (C) algebra which is 16-dimensional on the complex field and 32-dimensional on the
real field. Therefore this algebra cannot be isomorphic to the Clifford algebra of space-
time, 16-dimensional on the real field, even if we have used in 1.4.1 a sub-algebra of
M4 (C) to represent Cly 3 and to link Cly 3 to Cl3.
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2.1.2 Conservative current

Taking the adjoint matrices into the Dirac equation we get
0 = ¢'[(9, — iqA, )yt — im)] (2.6)
We multiply now on the right by 7o, we let 2
¢ =1l (2.7)
and we get the wave equation on the equivalent form:
0= 9[(0y — iqA)y" — im] (2.8)

Multiplying (2.1) on the left by 1, (2.8) on the right by 1 and adding, we
get:

0= 9, (") (2.9)

A conservative current therefore exists: (9,J* = 0), the J current, whose
contravariant components are defined as

= Ty (2.10)
The temporal component of this space-time vector satisfies
IO =& + &P + [ml* + |nel? (2.11)

and so may be interpreted, as with the Schrodinger equation, as giving the
probability density of the electron’s presence.

2.1.3 Tensors

The J current is one of the tensors of the Dirac theory whose definition,
from the wave, is made without partial derivative. Other same quantities
were remarked, firstly a scalar

Y =9y p=1vly =0 ). (2.12)
Then the six
S = iy (213)

are the components of an antisymmetric two-ranked tensor. The four K*

— : I 0
K" =9yt ysh s 45 = —ivoneys = (0 I) (2.14)

2. The v in the Dirac formalism has nothing to do with the M in the Pauli algebra.



18 CHAPTER 2. DIRAC EQUATION

are components of a pseudo-vector in space-time, dual of a three-ranked
antisymmetric tensor. Finally

Q2 = —ithys9) (2.15)

is a pseudo-scalar and allows to define the invariant p and the angle g of
Yvon-Takabayasi :

O =peosB; Qo =psinf; U +iQs = pe’. (2.16)
We get with the Weyl spinors:
O =+t Q=i —n'e
pef = Oy + iy = 20T¢ = 2(nf&s + N5 &) (2.17)
pe™P = Oy — iy = 26Ty = 2(m&F + 1263)

These tensors were so more intensively studied that physicists hoped to link
the theory to pre-quantum physics, with quantities which were vectors and
tensors. In fact these 16 tensorial densities that we have just encountered
know nothing about the phase of the wave because they are gauge invariant.
We see this now.

2.1.4 Gauge invariances

The Dirac equation (2.1) is invariant under the gauge transformation:
. 1
v =eMp; A, A=A, — 68#(1 (2.18)

because we get:
(v (0 + iqA,") +im]y’
= yH[i0,ae" P + €01 +ig(A, — éﬁﬂa)eiaw] + ime' e
= [0 + igA,) +im]y (2.19)

The first consequence of this gauge invariance is that the wave may be mul-
tiplied by ¢ and this is the reason to use complex linear spaces in the Dirac
theory. Next the Noether’s theorem allows to link this gauge invariance
to the existence of a conservative current (see [16] B.1.2). In the case of
the Dirac equation the variational calculus allows to get the linear wave
equation (2.1) from a Lagrangian density:

L= %[@w(ﬂ'aﬂ + qA) + @V (=i, + gA) )] + mBy  (2.20)

And the Noether’s theorem links the invariance of this Lagrangian density
under the gauge transformation (2.18) to the conservation of the J current.
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Tensorial densities of the preceding paragraph contains all a i factor and a
1 factor, the first one is multiplied by e*® and the second by e~**, and so
these tensorial densities are invariant under gauge transformations.

The starting point of the G. Lochak’s monopole theory [40] is the exis-
tence in the case of a null proper mass of another gauge invariance which
is possible because p123 anti-commutes with each of the four v* matrices.
He established that the Dirac equation could be invariant under this gauge
invariance if the mass term was replaced by a not linear mass term. And
the gauge may be local if an adequate potential term is added:

, 2
(Y (0 — %B;ﬁs}) + %W(Ql —iQ75)]Y) =0 (2.21)

where g is the charge of the monopole, the B,, are the pseudo-potentials of
Cabibbo and Ferrari. We will use later this mass term in a particular case.

2.1.5 Relativistic invariance

With the notations and results of paragraph 1.3.6 the transformation R
defined by (1.42) is a Lorentz dilation. With the N matrix in (1.80) the

reverse is
~ M 0
N = (0 MT) (2.22)

And we get with the R in (1.42) and (1.45), with the N in (1.80), for any
M and v =0,1,2,3 (a proof is in [14] A.2.2 ):
RiAM = N4 N (2.23)
We get also
0

Ov=55: Ou=Ri0v; Ay=RA, (2.24)

and so we get:
0= [Y"(Ou +igAp) + im]y
=R} (9') +iqA",) +im]y
= [Nv"N(0'y + iqA',) + im]y.
And iwae restrict M to SL(2,C), we get MM = det(M) =1,s0 M = M~}
and N = N~! which allows to write
[NV’ N(0'y, 4 iqA',) + im]p = N"U[y(8', +iqA’,) +im]Ny  (2.25)
So the Dirac theory supposes:
' = N (2.26)
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and it gets
0= [y"(0u +igAu) +imlyp = NT' M@ o +igA') +im]y’  (2.27)

This is why the Dirac equation is said form invariant under the Lorentz
group. We must remark:

1 - Only transformations of the restricted Lorentz group El are obtained.

2 - Same " matrices appear in the two systems of coordinates, the x*
system and the /" system. Dirac matrices are independent on the used
system, they do not depend on the moving observer seeing the wave. This
is quite different from the Hestenes’ study [33] where the ~y, form a basis of
space-time and change from an observer to another one.

3 - € and 7 change differently:

’_ 5/ _ M 0 6 . ’r_ . I AT
N A C I T PR A

Left and right Weyl spinors are linked to one of two non-equivalent repre-
sentations of SL(2,C).

4 - Only one factor M or M appears into these last relations, whilst two
M factors are present in 2/ = MxzMT. In case of a rotation the wave turns
only by # when we rotate by 26.

5 - It is somewhat incorrect to say that the Dirac equation is relativistic
invariant, while the equation is in fact form invariant under another group,
SL(2,C), which is not isomorphic to the Lorentz group.

Nevertheless for any relativistic object with a Dirac wave it is not pos-
sible to avoid the SL(2,C) group, therefore it is impossible to avoid the
algebra Cls which contains this group. Now we shall explain how we are
able to write all the Dirac theory in the Cl3 frame.

2.2 The wave with the space algebra

To read the Dirac equation, using only the Clifford algebra of the physical
space which is the Pauli algebra, we start again from (2.1) using the Weyl
spinors ¢ and 1. With:

A=Alo) + A%y 4+ A0y ; A=A+ A (2.29)

and with (1.75) the Dirac equation reads

0 V+igA\ [\ . (€\
<§+iq;{ 0 > <77> +1im <77) =0. (2.30)

This gives the following system, equivalent to the Dirac equation:
(V4+igAn+im&=0 (2.31)
(V + iqA)E 4 imn = 0. (2.32)
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We use the complex conjugation on (2.32), then we multiply on the left by

—igg: 3
(i) (V* — igA*)E* — im(—ioa)n* = 0. (2.33)
But we have:
(—ioy)(V* — igA*) = (V — igA)(—icy). (2.34)
So (2.32) is equivalent to:
V(—io2€™) +iqA(io2€™) + im(ioan™) = 0. (2.35)

The system composed of (2.31)-(2.32) is consequently equivalent to one

matrix equation *:

Vin —i02&") +iqA(n i028") +im(§ ioan™) =0 (2.36)

Now we let

¢ =20 —ioan’) =2 <51 ”5> - (2.37)

S i
This gives
=Vl —ime)=va (1 ) (2.39)
n2 &
and also
do3 = V2(E ioan’) 3 dos =2y ioat”). (2:39)
So (2.36) which is equivalent to the Dirac equation (2.1) reads
Vo +iqAdos + imeas =0 (2.40)

which we shall write with

012 = 0109 = ’L'0’3 ; 021 = 0201 = —iO‘g (2.41)

0= V(E-ﬁ- qA¢A3012 + meoo12
0= Vo1 + qAd + mo. (2.42)

Even if this equation seems very different from the well known form (2.1),
it is necessary to insist on the fact that this wave equation is strictly the
Dirac equation. ®

3. Whichever formalism is used to read the Dirac wave equation we can see that the
third direction is privileged, and we shall explain this farther. The 12 or 21 planes are
also privileged, but indexes 1 and 2 play the same role. When a i is added, this is the
case with the electric interaction and the electric gauge invariance, then indexes 1 and 2
do not play the same role because oy is real while o2 is pure imaginary. Therefore the
use here of o2 is necessary.

4. This is possible because when we compute the product of two matrices we multiply
each column of the right matrix by the left matrix. Terms between brackets in (2.36) are
the column-matrices that we got separately in (2.31) and (2.35)

5. The indistinct ¢ in quantum theory also generator of the gauge invariance (2.18) is
changed here into the multiplication on the right by 12 = i3. This is so more interesting



22 CHAPTER 2. DIRAC EQUATION

2.2.1 Relativistic invariance

Under a dilation R defined by any M matrix satisfying (1.39) and (1.40),

we got in (2.28) &' = M¢&, ' = ]\777, and these relations are not reserved to
the particular case » = 1 and 6 = 0. More, we get

ook o=, (01 d —c\ . (b —a\ .
i =i = (1) (9, )= (0 )

_ (‘C‘ Z) ((1) ‘01) 0 = M(—ioan®). (2.43)

§ =VAE —iow") =2 (51/ ”5*> (2.44)

&

So with

formulas (2.28) are equivalent to
¢’ =M¢ (2.45)

This signifies that the link between the Weyl spinors &,  and ¢ is not only
relativistic invariant, it is also invariant under the greater group C3 of the
invertible elements in Cl3. In addition, with

V= o, o= 2

= oo=0"=1; o/ =—0j, j=1, 2, 3. (2.46)
we get (see [14] A.2.1), for any M :
V=MV'M (2.47)
and the electric gauge invariance impose then
qA = Mq'A']/W\ (2.48)
which gives
0= Voo +qAd + me
— MV Moo + ¢ MA M + mo
=M(V'don +dAY) +mo (2.49)
Form invariance under Cl3 of the Dirac equation signifies that we have
0=V'¢os +qdAY +m'¢’; Voo +qdA¢ =—m'¢)
0=M(—m'¢) +m¢=—-m'"MM¢p +me¢
= (—m/re’? + m)¢ (2.50)

than i3 is not the alone element with square —1. In space algebra there are four inde-
pendent terms with square —1. These terms generate a Lie algebra which is exactly the
Lie algebra of the SU(2) x U(1) Lie group. Hestenes [32] was the first to remark this Lie
algebra and to compare with the Lie group of the electro-weak theory.
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We get then the invariance of the wave equation under the Cl3 group if and
only if

m =m/re'. (2.51)

Evidently in the case where we restrict to r = 1 and 6§ = 0 we get m' = m.

2.2.2 More tensors

Tensorial densities of the Dirac theory appear very different when the
Pauli algebra is used. We shall see this here only for tensors without deriva-
tive. The 16 tensorial densities of 2.1.3 are usually presented as the only
possible ones, as a result of the 16 dimensions of the algebra generated by
the Dirac matrices 5. But it is completely false ! (Detailed calculations are
in [16] appendix A). Invariants 7 and Qs satisfy

det(¢) = Q 4 iQy = pe’”. (2.52)
So p is the modulus and the Yvon-Takabayasi angle [ is the argument of the

determinant of ¢.” And ¢ is invertible if and only if p # 0. The calculation
of components, using £ and 7, gives:

J=J"s, = ¢oo' ; K =K'o, = ¢ozol. (2.53)

But now we may see immediately that these two space-time vectors which

were known orthogonal and with opposite squares are part of a list (D,
D1, D2, D3) containing four space-time vectors:

Do=J; Di=¢o1¢' ; Dy=¢o2¢'; D3=K. (2.54)

The components of D; and Dy are not combinations of the 16 quantities

known by the complex formalism. For a Lorentz dilation R defined by a M
matrix, the four D, vectors transform in the same way:

D, =¢0.¢" = (M@)o, (M) = Moo, ¢! Mt = MD,M" (2.55)

The D,, behave then as the space-time vectors . We shall say that they are
contravariant. They are also vectors with the same length. More, they

6. This false idea is one of many consequences of the confusion between real algebras
and complex algebras. The tensorial densities are real quantities, not complex quantities,
the dimension of the algebra on the real field is 32, not 16.

7. This explains the v/2 factor that we put in (2.37) and (2.38).
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are orthogonal and form a mobile basis of space-time:
2D, - D, = D,D, +D,D,
= (bau(bT ¢3u5 + ¢UV¢T¢8;L$
= qﬁaupe_w&\ua + qﬁaype_iﬂ?f\“a
= pe P P(0,6, +0,5,)0 = pe” P $26,,¢
= 25#,,peﬂﬂ¢$ = 25#,,pepreiﬁ
D, - D, = 0u,p*. (2.56)

Of course, as we use the space-time of the restricted relativity, with the
choice of a + sign for the time, we get

500:1; 511:522:533:71; 5}“/:05#7&”' (257)

Among these ten relations (2.56), only three were known and computed
with difficulty by the formalism of Dirac matrices:

JP=p* K*=-p?; J-K=0 (2.58)

For the S*¥ tensor, we let:

Ss = 5%g1 + 5oy + 5203 + S0y + SPioy + $3%0s. (2.59)
And we get:
S3 = ¢o36 (2.60)
We see immediately that Ss is one of four analog terms
S, = ¢o,9. (2.61)
We have already encountered Sy, because:
So = dood = ¢ = pe’’ = det(9). (2.62)

With the 4 D, that have each 4 components, Sy which has 2 components
and the 3 S; that have each 6 components, we get 36 components of tensors
without derivative, instead of only 16 from the complex formalism. 8

8. Using the linear space of the linear applications from Cl3 into Cls, which is 64-
dimensional, we can establish [11]| that 64 terms of a particular basis can be split into

98 = 8x 7
2
terms forming a basis of the Lie algebra of the O(8) Lie group, and
9
36 = X 8
2

terms which gives the 36 components of tensors without derivative. The number 36 is
not at random. And the 16 tensorial components previously known are the invariant ones
under the electric gauge (2.18).
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Under a dilation R defined by a M matrix, the S, are transformed into
Sl = ¢'0,6 = M¢o, M = M¢o,$ M = MS,M. (2.63)
We get as a particular case:
p/ew, =Sy, = MSoM = M peP M = pe’® MM = pe*’ret®
pr=rp; B =B+0. (2.64)

Between these 36 components of tensors without derivative, which depend
only on the 8 real parameters of the ¢ wave, exist many relations, rather
difficult to get with the formalism of Dirac matrices, but straightforward
(see [14] A.2.5) with Cls, for instance, with j = 1,2, 3:
S]2 = (Ql + iQQ)2 ; D()Sj = (*Ql + iQQ)Dj
D;S; = (= +i92) Dy. (2.65)
Formulas (2.63) are completely different from formulas giving the trans-
formation of two-ranked anti-symmetric tensors: S*” = R/ R7S*. As R,
is quadratic in M and multiplies each space-time length by r, the presence
of two R factors signifies a multiplication by 72 while (2.63) is quadratic in
M and multiplies the length only by r. We can consider the two formal-
ism as equivalent only if we restrict the invariance to the £1 and SL(2,C)
groups, where 72 = r = 1. To consider truly the invariance under the
greater, consequently more restrictive, Cl; group implies to abandon the
formalism of Dirac matrices. The Pauli algebra is not only simpler than

the algebra of Dirac matrices, it is the only formalism allowing to think the
larger invariance group.

2.2.3 Plane waves

We study the simpler case, where the interaction with exterior fields
is negligible, we can then take A = 0. The Dirac equation, in the Pauli
algebra, is reduced to

Vo +me =0 (2.66)
We consider a plane wave with a phasis ¢ such as:
¢ = goe”¥712 ;@ =mu,at. (2.67)
We shall use the reduced speed space-time vector:
v =o'y, (2.68)
and ¢ is a fixed term, which gives

Voo = J“(?u(ggoe*"”m)agl = —mud. (2.69)
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Consequently the wave equation (2.66) is equivalent to

¢ = vo. (2.70)
Conjugating, this is equivalent to
b =0¢. (2.71)
Combining now the two preceding equalities, we get
¢ =v(Vg) = (V0)p = (v-v)o. (2.72)
So we must have
l=v-v=02—-7" (2.73)
W=14+72; vy=+V1+72 (2.74)

a priori with two possibilities for the sign. The minus sign implies a negative
energy for the particle, this has been at the beginning a disappointment for
Dirac. It is impossible to suppress these troublesome negative energies. For
instance they are necessary if we want to write any wave as a sum of plane
waves by using the Fourier’s transformation. After the discovery of the
positron, a particle with the same mass and a charge opposite to the charge
of the electron, these plane waves with negative energy were associated to
the positron, even though positrons seem to have a proper energy equal to,
not opposite to the energy of the electron.

2.3 The Dirac equation in space-time algebra

(2.42) and its conjugation give:

V;Z;:qA;Z;)\O—Ql +m¢)021; ﬁgb:qA\QbO'Ql +m<;A5021 (275)
We let now
(o 0\ (0 A
(00 A (2 o0
and we get
0 V\/¢ O 0 Vo
oV = |~ )= <
D6V
_ R 0 R quAﬁam + Mmooy
qApoa + mooa 0

0 A ¢ 0 o 0 0 ¢ o 0
=0(5 0) (5 ) (5 m) (5 0) (T ) @™
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And (1.75) gives:
B B 0 o1 0 o2\ _ [—0102 0 (021 0
Yi2 = 7172 = —o; 0 —0s 0) 0 —o109) \ 0 o9
¢ 0\ [0 I 0 ¢
=030 0= 0 e

then (2.77) reads
8\11 = qA\I/’YlQ + m\If’YQlQ (279)

which is the Hestenes’ form of the Dirac equation [33]. But the interpre-
tation of Hestenes considers the four 7, as a basis of space-time, while the
Dirac theory considers them as fixed matrices. Since the relativistic form
invariance of the Dirac wave comes from the implicit use of the Cl3 algebra,
we get with (1.76), (2.45) and (2.76)

p_ (¢ 0N _(Mé O\ _ (M 0Y (¢ 0\ _
\11_(0 ¢,)—(0 qu)_(o M)(O ¢)_N\1/. (2.80)

2.4 Invariant Dirac equation

The form invariance of the Dirac theory uses V. = MV’ M. Since
¢ = M ¢ implies 5/ = ¢ M the factor M on the left induces to consider a
multiplication by ¢ on the left side of the wave equation. When and where
p # 0, ¢ is invertible and if we multiply by ¢ the Dirac equation is equivalent
to

E(V(E)agl + EquAﬁ—i— meoo = 0. (2.81)

Under the Lorentz dilation R defined by an element M in Cl3 by (1.42) we
get (2.45), (2.47) and (2.48) which imply

B(Vd)oo1 = MV M@)oa1 = ¢ (V'd o1 (2.82)
6qAG = Mg A M =3¢ A¢ (2.83)

The two first terms of (2.81) are then form invariant and the mass term is
also form invariant if we have

meoop = mla/qﬁ/ =m'¢p MM = re’m/é¢ (2.84)
which is equivalent to (2.51). This mass term reads

meod = mQy + imQs (2.85)
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it is then the sum of a scalar and a pseudo-scalar term. The second term
of the invariant Dirac equation (2.81) has another peculiarity: it is a space-
time vector because it is self-adjoint:

_ ~ o~ _-i- — o~
(6gA9)" = ¢TqATS" = dgAd. (2.86)
We can then let with (1.38)
GqAG=VO+V =VFg,. (2.87)

where V' is a space-time vector. Only the first term of (2.81) is general, but
we can also find its peculiarities with

B(V0) = 3[6(V0) + @V)3 +5[6(V0) - (5V)3]  (289)

SIB(Y8) + (BV)5) = 50,(30"9) = v =v¥a, (2.80)

S1B(Y8) — (B9)3) = iw = iuto, (2.90)

where v and w are two space-time vectors, because vf = v and (iw)t = —iw.
This gives

5(V¢))O’21 = (’U + iw)ogl
= (0 +vloy + 0?0y + 0303 +iw® + wlioy + w?ioy +wiios)(—ios)

=w’ +v%0; — vlog + wlog + i(—v3 + w?o; — wloy —1%03). (2.91)

Therefore the Dirac equation is equivalent to the system

0=w®+V?+mQ (2.92)
0=0v2+V"! (2.93)
0=—v'4+V? (2.94)
0=uw’+V? (2.95)
0= —v3+mQy (2.96)
0 = w? (2.97)
0=—w (2.98)
0=—v" (2.99)

First evidence, the gauge invariance concerns only four of the eight equa-
tions, these containing the V#. This is a consequence of the fact that clas-
sical electromagnetism is based on the absence of magnetic monopoles, as
we will explain farther. Less evident and of great importance in the Dirac
theory, the first equation is exactly £ = 0 because (a detailed calculation is
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in appendix A.1):

= LT (0 + aA) + B (-i0, + g AN + mTy
=w® + VO 4+ mQy (2.100)

It is well known that varying the £ Lagrangian density we get the Dirac
wave equation. Moreover the fact that the Dirac equation is homogeneous
implies that £ = 0 when the Dirac equation is verified. Here we get the
inverse situation, the equation £ = 0 is one of the wave equations and the
Lagrangian formalism is a consequence of the wave equation. 9 And the
four equations containing the symmetric part v of ¢(V¢) are respectively,
for indexes 0, 3, 2, 1 and the D,, of (2.54) (see A.2.6):

0=V-Dy (2.101)
0=V Ds+2m, (2.102)
0=V Dy —2gA D, (2.103)
0=V-Dy+2gA- D, (2.104)

Equation (2.101) which is also (2.99) or (2.9) and which is known as the
equation of the conservation of the probability, is now exactly one of the
eight equations equivalent to the Dirac wave equation. (2.102) is known as
the relation of Uhlenbeck and Laporte. (2.103) and (2.104) indicate that the
Dy and D, space-time vectors are not gauge invariant, the electric gauge
transformation induces a rotation in the D; — Dy plane. In spite of the
peculiar aspect of (2.81), this invariant equation appears as the true wave
equation since it is form invariant and it has so many interesting aspects.

2.4.1 Charge conjugation

Many years after the discovery of electrons the positrons were also dis-
covered. The only difference between these particles is the sign of the charge,
negative for the electron, positive for the positron. This charge is linked to
the fundamental quantities 7, ¢ and «, fine structure constant, by a = Z—i
This must then be seen as

e? = ahc; e==+Vahe (2.105)

e [ o
= — =44 /= 2.106
4 he he ( )

9. Each law of movement, in classical mechanics and in electromagnetism, may be
obtained from a Lagrangian mechanism. We know nowadays this comes from the La-
grangian form and from the universality of quantum mechanics. But from where comes
the Lagrangian form of quantum mechanics 7 Here we see this as totally determined since
the Lagrangian density is the scalar part of the wave equation and since the Lagrangian
formalism implies the wave equation.
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The minus sign is the sign for the electron:

q= _\/% (2.107)

The other sign is the sign for the positron. This gives
0= Vooa — qAd +meo (2.108)
0= 3(Vd)on — 6gAd + moe (2.109)

Other properties of the positron are similar to properties of the electron.
Instead of the system (2.92)...(2.99) we get

0=w®—V"4+mQ, (2.110)
0=v>-V! (2.111)
0=—v'-V? (2.112)
0=uw’—-V? (2.113)
0= —v +my (2.114)
0 =w? (2.115)
0=—w (2.116)
0=—v" (2.117)

There is also a Lagrangian formalism, whose density is the scalar part of
the wave equation. There is also a conservation of the probability, which is
the pseudo-scalar part of the wave equation and so on.

2.4.2 Link between the wave of the particle and the
wave of the antiparticle

From the Dirac equation of a particle (2.1), quantum theory gets the
wave equation of the antiparticle as follows. The wave of the electron is
noted as . and the wave of the positron is noted as 1,. We take the
complex conjugate of (2.1):

0=[""(0n —iqAu) — im]i;. (2.118)

Since (1.75) gives yoy"* = —y#y9, p = 0,1, 2,3, multiplying (2.118) by ivo
on the left we get

0= —[v"(0u — iqgAy) + im]inat;. (2.119)

Therefore, up to an arbitrary phase, quantum theory supposes '°

p = im0l (2.120)

10. Quantum theory uses 2 because only this matrix contains imaginary terms, other
v, matrices with the choice (1.75) are real.
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which gives
0= [v"(Ou — iqA,) + im]ty. (2.121)

Using (2.2) and indexes e for the electron and p for the positron (2.120)
reads

£1p 00 0 1) /g,
Sl-lpnalls] e
Tap 1 0 0 0/ \n
which gives
§1p = Moes §2p = —Mies Mp = —E5ei M2p = &l (2.123)

Now with (2.38) and indexes e for the electron and p for the positron we
get

P =2 <me Se) Dby =V2 <"1p SP) . (2.124)

T2¢e 5;6 2p €Tp

Then (2.120), which is equivalent to (2.123), is also equivalent to

bp = Geo1 (2.125)

or to

p = —¢c01. (2.126)

We shall use this equality in chapter 6.

2.5 About the Pauli algebra

It is in fact very strange that the Pauli algebra is fully able to read the
Dirac theory. As it is a relativistic wave equation, space-time algebra should
be better. But the Dirac wave has value not in the space-time algebra, only
in its even sub-algebra, isomorphic to the Pauli algebra. This signifies that
in space-time algebra there is too much symmetry between space and time.
In the Pauli algebra, even if space and time may be added inside this algebra,
space and time are always distinct, do not have the same geometrical status,
and each keeps its own orientation. Physically there is no way to change
the orientation of the time, no way to change the orientation of the space.
P and T transformations are purely theoretical.

There is another reason, a mathematical one, to prefer the space algebra
to the space-time algebra. All the well known results about limits, contin-
uous or differentiable functions, were obtained for separated topological
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spaces, that is to say topological spaces where two distinct points have sep-
arated vicinities. Metric spaces are separated, because two distinct points
are at finite and not null distance, therefore are center of separated balls. !
The Cl3 algebra is a 8-dimensional linear space, so it is a separated metric
space. All the usual theorems about limits and continuous functions apply
here without any difficulty. The space-time of the restricted relativity is not
equipped of an Euclidean scalar product, but of a pseudo-Euclidean scalar
product, as a result of the signature of space-time. Two distinct points may
be at a null distance in space-time, with its pseudo-metric the space-time
is not a separated topological space. On the mathematical point of
view, we get the separation only by distinguishing truly the time and the
space, and this is equivalent to work with Cl3. This separation is a nec-
essary underground to define continuity or partial derivatives of functions
which are used by wave equations.

On the physical point of view, if you consider two photons with a null
mass produced at the same point E of the space-time, and absorbed at
points Ay and As, A; and As are separated points, but E and A; are not
separated, E' and As are not separated points in space-time. Therefore you
cannot define properly wave equations in space-time algebra.

The space algebra is not only the necessary frame to describe particles
with spin 1/2, we shall see that it is the basic frame allowing to construct
a greater space-time able to describe all relativistic quantum waves.

11. If two points P; and P> are separated by a distance d then the ball B; centered in
Py with radius d/3 and the ball Bz centered in P, with radius d/3 have none common
point.



Chapter 3

The homogeneous nonlinear
wave equation.

We discuss the question of negative energies. We prove that with our
wave equation all usual plane waves have a positive energy. We study the
relativistic invariance, which introduces a greater invariance group, and
a second space-time manifold. We discuss the wave normalization and
the charge conjugation. We explain how this nonlinear wave equation
gets the quantification and the true results in the case of the H atom.

When Dirac was searching his wave equation he was hoping to get a wave
equation without the negative energies which came from the relativistic
Klein-Gordon equation. But his wave equation also had solutions with
negative energies since two signs are possible in (2.74). When positrons were
discovered six years later, solutions with negative energy were associated
to positrons and considered as a success of the new wave equation. But
the creation of a pair electron-positron necessitates an amount of energy:
4+ 2 x 511 keV. The link of the positron to negative energy implies an
interpretation in another theoretical frame and is now understood only with
the second quantification and a complicated reasoning.

But it is possible to solve the problem of negative energy with a simple
modification of the Dirac equation. With a plane wave defined by (2.67),
(2.68) we get (2.70) which gives

~

det(¢p) = det(v) det(9) (3.1)
And we have with (2.72) and (2.73)
1=v-v=1v0=0v0=det(v) (3.2)
Therefore (3.1) reads

pe? =1 x pe™#; P =41 (3.3)

33
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Now (2.70) gives also

¢f = (vg)t = v (3.4)
Dy = ¢¢" = ¢pv = pe’’v = tpv
D8 =+p’

Since DJ > 0 and since p > 0 we have only two possibilities:

V=Vt P =15 ¢d=pe’ =p (3.7)
,UO:_ /1+,(—)’2; eiB:—l; (ba:peiﬁz—p (38)

The ¢¢ term is equal to its modulus p in the case (3.7) of a positive energy,
and this is false in the case (3.8) of a negative energy.

Now we generalize and we get a new wave equation, by replacing the
b = ¢¢ term in the invariant Dirac equation (2.81) by the modulus p of
this term:

B(VP)oa + dgAd +mp = 0. (3.9)

Multiplying by the left by ¢ ! we get with p = e "#¢¢ the equivalent
equation

Voo + qAd +me P o = 0. (3.10)

Equations (3.9) and (3.10) are the two main forms of the wave equation
that we study in this chapter. We firstly obtained this wave equation from
a different way. We started from the wave equation for a magnetic monopole
of G. Lochak (2.21), suppressing the potential term:

1m(p?)e

When we choose
Im(p)e  im
2 h  p
this equation becomes:
(V0 + ime™ P13y = 0. (3.12)

Since the Yvon-Takabayasi 8 angle is electric gauge invariant, it is perfectly
possible to add an electric potential term, this gives [7]:

(V8 +igA,,) + ime= B = 0. (3.13)

This wave equation is nonlinear, because 5 depends on the value of . It is
homogeneous, because if we multiply a solution 1 by a fixed real number k,
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[ does not change, so k) is also a solution of the equation. Our equation has
many common properties with the Dirac equation. We must immediately
say that, if 8 is null or negligible ime~"#7 ~ im and (3.13) has the Dirac
equation as linear approximation.

To write this equation in the Pauli algebra, we process as with the Dirac
equation, and in the place of (2.30) we get

; _ip
(§ +0@'q?1 V+quA) (g) +im (e . I ei(;l) (g) _ (3.14)

this gives the following system, equivalent to (3.13):
(V +iqA)n + ime P& =0 (3.15)
(V +iqA)¢ + ime?n =0 (3.16)

Using complex conjugation on the last equation, next multiplying on the
left by —ioy we get:

(i) (V* —igA*)e* — ime™ " (—ioy)n* = 0. (3.17)
Using again (2.34), we get

V(—io2€*) 4 iqA(ioo®) + ime ™ (ioon*) = 0. (3.18)

The system made of (3.15) and (3.16) is then equivalent to the matrix
equation :

V(np —ioof®) +iqA(n io26*) +ime (€ ioan®) = 0. (3.19)

With (2.37), with (2.38) and (2.39), the homogeneous nonlinear equation
(3.3) becomes [9]

Vo + qAdors +me P poys = 0. (3.20)

which is equivalent to (3.10) or to the invariant equation (3.9). The differ-
ential term E(Vq?)agl and the gauge term EquAﬁ are those of the linear wave
equation and the only change is in the mass term where ¢¢ = Q; + i€y is
replaced by p = 1/Q3F + Q3. We therefore get instead of (2.92) to (2.99) and
with notations of chapter 2 the system:

0=w’+V?+mp (3.21)
0=v>+V! (3.22)
0=—v'+V? (3.23)
0=uw’+V? (3.24)
0=—v3 (3.25)
0 = w? (3.26)
0= —w (3.27)
0=—2". (3.28)
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3.1 Gauge invariances

Since the differential term and the gauge term are the same and since
the mass term is gauge invariant, the homogeneous nonlinear wave equation
is also invariant under the electric gauge which reads in the Pauli algebra

. 1
G ¢/ =96 s A Ay = Ay = “ya (3.29)

As with the Dirac equation, the scalar equation (3.21) gives the Lagrangian
density:

£ = L0+ A + G0+ e+
=w® + V% +mp (3-30)

The conservative current linked to the gauge invariance (3.29) by Noether’s
theorem is here also the probability current J = Dy and (2.99), which is
(3.28) is exactly the conservation law (2.101).

But the homogeneous nonlinear equation allows a second gauge invari-
ance, only a global one:

S ¢ =ep; G d =G Bua=0, (3.31)
which gives
peiﬂ = ¢ p/ei,@/ _ ¢/$ = e2i0ph = pei(ﬂ.l,_Qa)
prrp=p; BB =p+2a. (3.32)

We shall see in chapter 6 that this second gauge is part of the electro-weak
gauge group. Since (3.31) is also the chiral gauge! of G. Lochak [38] we
get his result on the current: the Noether’s theorem implies the existence
of another conservative current, K = D3 (see [16] B.1.3), and this replaces
the Uhlenbeck and Laporte relation (2.102) by the conservative law:

0=V-Ds. (3.33)

This is with the change in the Lagrangian density and the scalar equation,
the only changes, the 6 other equations are unchanged, for instance we have
again (2.103) and (2.104). Since the chiral gauge multiplies ¢ by e, ¢ is
multiplied by e~ the Weyl spinor ¢ is multiplied by €?* and 7 is multiplied
by e~ [40]. The generator i of the chiral gauge is exactly the i of the Pauli
algebra which rules the orientation of the physical space (see 1.3.1).

Since we have lost linearity the sum ¢; + ¢2 of two solutions of (3.20) is
not necessarily a solution of (3.20). But since the equation is homogeneous
and invariant under the chiral gauge, if ¢ is a solution and z is any complex
number then z¢ is also a solution of (3.20). This property, usual with the
Schrédinger equation, is not true with the Dirac equation in Cl3.

1. The electric gauge multiply £ and 1 by the same factor €'® while the chiral gauge
multiply € by e’® and n by e”**. This gauge is a local one in the Lochak’s theory or in
the electro-weak theory.
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3.2 Plane waves

We repeat what has been made in 2.2.3 for the linear equation. Our
equation is now reduced, for A = 0, to:

Vo + me Poos = 0. (3.34)
If we consider a plane wave with a phase ¢ satisfying
¢ =goe” 712 o =muyuat ; v=oc"v,. (3.35)
where v is a fixed reduced speed and ¢ is also a fixed term, we get:
Vo = 0“8#((5067”012) = —mugois. (3.36)

(3.15) is then equivalent to

¢ = ePvg (3.37)
or to
b= e P5¢ (3.38)
which implies
¢ = ePo(e”PBg) = vip = (v-v)o. (3.39)

So, if ¢¢ is invertible, we must take
l=v-v=20%-%" (3.40)
vB=1+7%; vo=+V1+7> (3.41)

which is the expected relation for the reduced speed of the particle. More,
with the nonlinear equation, we have:

Do = ¢¢" = (€P0v0)¢" = ePu(90') = evpe™ = up. (342)
So we get
DY = pv® (3.43)
and since DY and p are always positive, (3.40) is obtained only if

vo=V1+7? (3.44)

This proves that the replacement of ¢¢ by p in the mass term of the invariant
equation is enough to rid the Dirac theory of unphysical negative energies
in the electron case.
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3.3 Relativistic invariance

We start from the invariant form (3.9). With a Lorentz dilation R with
ratio r = | det(M)| satisfying

¢’ = R(x) = MazM' | det(M)=re?? | ¢ = M¢
V=MV'M; qA=DM¢AM (3.45)
we have also

ple” = det(¢) = ¢'¢" = Mg M = Mpe'“ M

= MMpe™® = re pe'® = rpe’P+9) (3.46)
p=rp (3.47)
B =p+0. (3.48)

And so we get:

0= ¢(Vo)oa + ¢pgAd +mp
= 5 MV’]/W\(Eagl + E Mq'A’]/W\(E—l— mp
= (V'3 )oo +6 ¢ AP +mp (3.49)

The homogeneous nonlinear equation is form invariant under C13, group of
invertible elements in Cl3, if and only if

mp =m'p’ (3.50)
mp =m'rp (3.51)

We get then the form invariance of the wave equation under C15 = GL(2,C)
if and only if?

m=m'r (3.52)

What is the signification of this equality for physics 7 If the true invariance
group for the electromagnetism is not only the Lorentz group, and not even
its covering group, but the greater group C!3, it must happen things similar
to what comes when we go from Galilean physics to relativistic physics:
there are less invariant quantities. The proper mass mg and p are both
invariant under Lorentz rotations. Under Lorentz dilations induced by all

2. The simplification that we see here, from (2.51), is a powerful argument for the
homogeneous nonlinear equation. A factor e’ in the mass term is not annoying because
mm = |m|2. But it indicates a lack of symmetry, and it explains by itself why the
greater group of invariance Cl3 was not previously seen. The form invariance of the
electromagnetism, that we shall study in the next chapter, and the form invariance of
the Dirac theory, are fully compatible only with the homogeneous nonlinear equation and
this transformation of masses.
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M matrices, m and p are no more separately invariant, it is the product mp
alone which is invariant

mp=m'rp=m'p. (3.53)
What says to us the invariance of mp 7 It is the product of a reduced
mass and a dilation ratio which is invariant. A reduced mass m = =2¢

is proportional to the inverse of a space-time length, which is a frequency.
This is exactly what says E = hv. Otherwise, the existence of the Planck’s
constant is linked to the fact that m and p are not separately invariant,
but only their product. Or again, the existence of the Planck’s constant is
linked to the invariance under the CI3 group, greater than the invariance
group of the restricted relativity. Somewhere we can say: the existence
of the Planck’s constant was not fully understood on the physical point of
view. To consider this greater invariance group will enable us to see things
otherwise and to understand why there is a Planck constant.

The invariance of the mp product has also another consequence. If we
restrict the invariance to the subgroup of Lorentz rotations, m is there
invariant. Since the mp product is a constant, this implies that p has a
physically determined value. But if we multiply ¢ or ¢ by a real constant
k, p is multiplied by k2. To say that p has a physically determined value is
equivalent to say that the wave is normalized, or that, in a way or another,
there is a physical condition which fixes the amplitude of the wave. We
shall see this at the next paragraph.

With the wave equation (3.10) we get the invariance of the wave equation
under C13 with the condition

m=m'r. (3.54)

We have implicitly considered before r and p on the same foot, this is natural
since p’ = rp. More generally: There is no difference of structure
between the M matrix defining the dilation R and the ¢ wave,
which are both complex 2 x 2 matrices, elements of the space
algebra Cl3. More precisely ¢ is a function from space-time with
value into Cl;. Consequently ¢, as M, can define a Lorentz dilation
D, with ratio p, by:

D:yw—x=gyol. (3.55)

And the components Dy, of the four D), are justly the 16 terms of the matrix
of the dilation because

r=ato, = ¢y o,d" =y po,¢" =y’ D, =y’ Dlo,; x' = Dly”. (3.56)

There is no difference between the matrix product M’'M which
gives the composition of dilations R'o R and the product M ¢ which
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gives the transformation of the wave under a dilation, and this
induces then a composition of dilations Ro D:

' = MaM' = Moyot Mt = (Me)y(Mo)t = ¢y (3.57)

This signifies that the y introduced into (3.55) does not change, either seen
by the observer of x or by the observer of z’. It is independent on the
observer, intrinsic to the wave.

And since ¢ is function of x, the D dilation is also a function of z, and
varies from a point to another in space-time: g is not an element of the
global space-time, only of the local space-time. So we must see y as the
general element of the tangent space-time, at x, to a space-time manifold
which depends only on the wave, not on the observer, and that we will name
intrinsic manifold. On the contrary the dilation depends on the observer,
the observer of x sees D, the one of 2’ sees D' = Ro D.

At each point of the space-time we have then, not only one space-time
manifold, but two space-time manifolds, and two different affine con-
nections : the manifold of the x and 2/, for which each relativistic observer
is associated to a Lorentzian tangent space-time, and another manifold,
this of the y on which we will study farther a few properties. Moreover each
tangent space-time is doted of an orthonormal basis allowing to construct
a Clifford algebra. The fiber of these manifolds is then a Clifford algebra. 3
We shall generalize this result in chapter 6.

3.4 Wave normalization

The invariance of the Lagrangian under all translations, as with the
linear Dirac theory, induces the existence of a conservative impulse-energy
tensor, the Tetrode’s tensor:

T = LTy O — ) — ATy — UL (359)

Since the wave equation is homogeneous, the Lagrangian is null and we get:

TH = igc(ﬂv“&,w — OpyHp) — eA, J*. (3.59)

v

For a stationary state with energy E' we have:

- Et
h

Y= Wp(x) s =R Y(a)
E _  E—
Ootp = *i%ﬂ) ;O = i%ﬂ)- (3.60)

3. This was firstly pointed by W. Rodrigues, but with only one manifold. Our work
is then completely different.
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So we get:
ho— E E—
T = 250(1/)70(71%)1/) - z%z/ryoz/)) —eAgJ? = (E —eAy)J?.  (3.61)

The condition normalizing the wave functions

/// Jodv =1 (3.62)

is then equivalent, for a bound state, to

/// TYdv = E — eA°. (3.63)

The left term of this equality is the total energy of the wave, whilst the right
term is the energy of a charged corpuscle placed into an electromagnetic
field. So it is not because we must get a probability density that the wave
must be normalized. The wave is physically normalized because the energy
has a gravitational mass, has a determined value, not an arbitrary one, and
because the energy of the electron is the energy of its wave. And
it is the same, for the Dirac equation as for the homogeneous nonlinear
equation which has the Dirac equation as linear approximation.

This normalization applies evidently to solutions in the case of the H
atom that we study in appendix C.*

3.5 Charge conjugation

We start now again from the link between the wave of the particle and the
wave of the antiparticle, which reads (2.120) in the frame of Dirac matrices
and (2.125) in the space algebra. The homogeneous nonlinear equation
(3.10) is

Voeos + ¢Ade +me g, = 0. (3.64)
We also have
pee’ = 6.3, (3.65)
This gives with (2.125) and (2.126)
pee’ = b, = bp(=01)(Bpo1)! = ~6p8, = —ppe’ (3.66)

Therefore (3.64) reads

V$p01021 + qu%al +m(—e ) (—pp01) = 0. (3.67)

4. We must recall that JO is not equal to the relativistic invariant p. It is the temporal
component of a space-time vector. Tg is a component of a non-symmetric tensor, this is
totally out of the frame of general relativity, based on the symmetric Ricci’s tensor.
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Multiplying by o1 on the right this is equivalent to
—Vép021 + qAd, +me e, = 0. (3.68)

Now multiplying by Ep on the left we get the invariant form of the wave
equation for the positron:

~6,Vop021 + 46, Ad, +mpy = 0. (3.69)

This means that only the differential part of the wave equation is changed.
Instead of the system (3.21) to (3.28) we get now

0=—w’+V?+mp (3.70)
0=—v24+V! (3.71)
0=0v'+V? (3.72)
0=—w’+V? (3.73)
0=1? (3.74)
0=—w? (3.75)
0=w (3.76)
0=1" (3.77)

So the charge conjugation does not really change the sign of the charge
nor the sign of the mass, only the sign of the differential term of the wave
equation®. Only v* and w* change sign. Therefore the Lagrangian density
which is the scalar part of the wave equation becomes

L= @ (0 — aA,)) + (B9 (~i0, — aA))T] + mp
BV (3.78)

And the normalization of the wave is now equivalent, in the case of a sta-

tionary state, to
/// TYdv = —E — eA°. (3.79)

The positive mass-energy of the positron is exactly opposite to the nega-
tive energy-coefficient of the stationary state . The homogeneous nonlinear

5. The electric gauge invariance is gotten, in the place of (3.29), as ¢ — d)éJ = (;5,,6"““’3
and A, — A}, = Ay — %(78‘@) =A,—- %qa#a. Therefore the positron appears as having
a charge opposite to the charge of the electron. In fact it is not ¢ but d,a which changes
sign.

6. The study of plane waves (3.35) in the case of (3.68) gives in the place of (3.37):
op = felﬁpv@,, ¢>p = —e " Pripy, ¢p = vv¢>p In the place of (3.42) we get Do = —vpp
and then Do = 7ppv0 Therefore we get v° = —v/1 + 2: v¥ and E are then negative.
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wave equation solves then the puzzle of the sign of the energy in a much
more understandable way than quantum field theory: we have the negative
coefficient E necessary to obtain the Fourier transformation, but the true
density of energy is 7§ which remains positive.

Since (3.69) may be gotten from (3.9) simply by changing z* into —a*
which is the PT transformation, the CPT theorem of quantum field theory
is trivial.

Since the Dirac equation is the linear approximation of the homogeneous
nonlinear wave equation, we get the Dirac equation of the positron from the
nonlinear equation by changing the mass term. But we must account for
the fact that 8, ~ m and p, =~ —Q1,. The linear approximation of the
homogeneous nonlinear wave equation is then:

0= *apvap@l + qE,)AaAﬁp —my (3.80)
0= —Vé,021 + qAd, — mep, (3.81)

which is (2.108). We have, for the sign of E and T}, the same results as for
the nonlinear equation: E is negative but T} is positive.

3.6 The Hydrogen atom

Quantum mechanics got quantized energy levels by solving Schrédinger
equation in the case of the hydrogen atom, an electron “turning” around a
proton. The quantification was a brilliant result, but the other results were
not so good. The energy levels were not accurate, and the number of states
for a principal quantum number n was n? when 2n? states were awaited.

We put the detailed calculation in Appendix C, it is very beautiful but
also very difficult. We resume here conclusions. Our study of the solutions
for the homogeneous nonlinear equation proves that a family of solutions
exists, labeled by the same quantum numbers appearing into the Dirac
theory, and that these solutions are very close to the solutions of the linear
equation such that the Yvon-Takabayasi angle is everywhere defined and
small. Now if ¢; and ¢o are two solutions of this family, a1¢; and as¢s are
also solutions of the nonlinear wave equation, since it is both homogeneous
and invariant under the chiral gauge. But the sum a;¢; 4+ as¢2 has no
good luck to be a solution of the nonlinear wave equation, because the
determinant giving the Yvon-Takabayasi angle is quadratic. The solutions
labeled by the quantum numbers j, x, A, n, are plausibly the alone bound
states of the hydrogen atom. And this explains why an electron in the H
atom is in one of this labeled states, never in a linear combination of these
states. This is an experimental fact only this nonlinear wave equation can
explain simply.

The homogeneous nonlinear equation is the only nonlinear wave equation
such that quantized energy levels exist with exactly the true energy levels.
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We encountered another thing that pleads for the homogeneous nonlinear
equation. The solutions of the linear equation, for each value of the j, K, A
and n > 1 quantum numbers, depend on two arbitrary complex constants,
there are two many solutions. We don’t see this when we solve the Dirac
equation with the method of operators, because imposing to the wave to be
proper value of a ad hoc operator inevitably rules out one constant. With
the method separating variables which postulates nothing about the wave,
there are too many solutions. But these two complex constants are reduced
to only one by (C.114) and (C.118), sufficient conditions allowing to get
a Yvon-Takabayasi (C.123) angle everywhere defined and small. We can
say we get the true number of solutions by imposing to the solutions to
be the linear approximations of the solutions of the homogeneous nonlinear
equation.



Chapter 4

Invariance of
electromagnetic laws

The group of Lorentz dilations induced by the CI; group is also the
invariance group of electromagnetic laws. This is established for the
electromagnetism of Maxwell-de Broglie, with massive photon, as for
the electromagnetism with magnetic monopole.

The laws of Maxwell’s electromagnetism are not invariant under the
invariance group of mechanics. Putting at the center of his thought the
invariance of the light speed, Einstein replaced, for all physics, the invari-
ance group of mechanics by a greater group, containing translations and
rotations, but also the Lorentz transformations including space and time.
When an invariance group is replaced by another greater group, there are
less invariants, for instance the mass and the impulse are no more invariant,
only the proper mass remains invariant. And there is a grouping of quanti-
ties, for instance the electric field and the magnetic field become parts of a
same object, the electromagnetic tensor field. Energy and impulse become
parts of a same impulse-energy vector.

The existence of particles with spin 1/2 makes us to know that the group
of Lorentz transformations is too small, and we must use another greater
group, SL(2,C), itself a subgroup of the group GL(2,C) = Cl made of the
invertible elements of the space algebra. This induces to think CI3 as the
true invariance group, not only of the Dirac equation, but more, of all the
electromagnetism, and this is what we will look at now.

4.1 Maxwell-de Broglie electromagnetism
Louis de Broglie worked out a quantum theory for the light [26] [27]

where the wave of the photon is built by fusion of two Dirac spinors. The
electric field E, the magnetic field H, the electric potential V', the potential

45
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vector A follow Maxwell’s laws in the void, supplemented by mass terms:

—la—H = curlE ; divl =0 : H = curld
c Ot
10E . L . 104
e curlH + kgA ; divE = —kﬁV ; BE= ot gradV  (4.1)
10V -
[ 1 A:
-y + div 0

The ko = < term contains the proper mass mg of the photon. That term
is certainly very small, since there is very few time dispersion for the light
emitted since millions of years. But Louis de Broglie answered to those who
think the photon mass as exactly null that no physical experiment can prove
a quantity to be exactly, with an infinite accuracy, equal to another one. To
write these Maxwell-de Broglie equations into space algebra, we let ':

=ct; A=V; A=A+ A; F=E+iH (4.2)
The seven equations (4.1) group together into only two equations:
F=VA
VF = —k2A
Because (4.3) reads:
E+iH = (8 — 9)(A° — A)
0+ E +iH +0i = (A" + §- A) + (—8pA — GA®) +id x A+0i (4.5)

This equation is equivalent to the system obtained by separating the scalar,
vector, pseudo-vector and pseudo-scalar parts:

OZEE +d1VA (46)

- 104

E=_-20_ 4
- gradV (4.7

H = curlA (4.8)

As for (4.4), it gives:

-,

(8o + D) (E +iH) = —k2(A° — A)
OE +i0H+8-E+idx E+i(d-H+idx H) = —k3(A° — A)  (4.9)
- E+0FE—-3xH+i(0H+0dx E)+id- H =—k2A® + k2A + i0 + 0i

1. To read the electromagnetic field as E+iHisa very old way. We will remark
that the ¢ here is the generator of the chiral gauge, it is not the ¢ of quantum mechanics,
generator of the electric gauge.
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Separating, as previously, the scalar, vector, pseudo-vector and pseudo-
scalar parts, this is equivalent to:

divE = —k2V (4.10)
10E o
e curlH = k2 A (4.11)
10H
101 +curlE =0 (4.12)
c Ot

divA =0 (4.13)

These equations reduce to Maxwell equations in the void, plus the Lorentz’s
gauge condition, if the proper mass of the photon is null. We get then, in
the place of (4.4): VF = 0.

4.1.1 Invariance under CI;

W1th the Maxwell-de Broglie electromagnetism the potential terms V'
and A are not simple tools for calculations, but are parts of physical quan-
tities of the wave of the photon, as much as E and H. How vary these
quantities under a rotation, under a Lorentz dilation with ratio not equal
to 17

Since Maxwell’s laws of electromagnetism in the void are invariant, not
only under the group of Lorentz transformations, but under the conformal
group, which contains in addition inversions and dilations, we will suppose
that, under a Lorentz dilation R with ratio r, generated by a M matrix
satisfying (3.49), the electromagnetic field transforms as? :

F'=MFM™! (4.14)

If we write then M as M = V€2 P, where P is an element of SL(2,C), we
have P~! = P and we get:

. 1 o — __
FI:\/F€Z%PF7€_Z%P:PFP (415)
r

which is the same transformation as if the dilation was induced only by
P, that is to say was a Lorentz transformation. So (4.14) is such that the
electromagnetic field does depend neither on 7, nor on 6 : the presence of
the Cl3 group is as discreet as possible.

The equation (4.4) is form invariant if we have

VF = kA (4.16)

2. We have not found this relation immediately, and we used in [13] another relation
between F and F’, which gave complications to get a full invariance both for electromag-
netism and Dirac theory.
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But we have:
V=MV'M; V=MVM;: V=MH)"'VM! (4.17)
We get then:
—k)PA =V'F = (M) WM MFM
= MY T'WFM = (MY Y (—kZA) M (4.18)

But ko = rk{, since m = rm/ is required by the invariance of the homoge-
neous nonlinear equation®. We get then:

—k?A = (MDY (2K A M
A = (M)~ lre Are M1
A = (MY 'MIMAMMM
A = MAM (4.19)
A = MAM? (4.20)
which signifies that, contrarily to gA which transforms as V, A transforms
as x, is "contravariant". Physically this means that potential terms are

linked to and move with sources. How A may be contravariant and gA
covariant 7 This signifies :

qA = Mq’A/]\/Z = q'MMAMT]/\Z =qg're?Are ™ = ¢'12 A (4.21)
that is to say *:
q=q7r? (4.22)

The electric charge, as the proper mass, is a relativistic invariant. The
electric charge, as the mass, is not invariant under the complete group C13,
and varies when the ratio of the dilation is not equal to 1.

The transformation (4.14), and the contra-variance (4.20) of A which
comes from, are compatible with the law (4.3) linking the field to the po-
tentials, because this gives:

F =V A (4.23)
MFM™' = M(VAM™ = M(IV' MA)M™ (4.24)

3. This is the best indication that the true wave equation for the electron is not the
Dirac linear equation, but the homogeneous nonlinear equation. Theory of electromag-
netism and wave equation of the electron are CI3 form invariant only with this wave
equation.

4. We get used to go down up indexes and to go up down indexes of tensors. To do
that we use the metric, and so we implicitly consider it as invariant. But if the space-time
metric is invariant under the Lorentz group, it is not invariant under the greater group of
dilations, so we have no more the right to raise or lower indexes of tensors. A covariant
vector does not become as a contravariant vector under a dilation. Therefore we are not
allowed to treat V, covariant, as x, contravariant and to compute T'(V) instead of T'(x),
a usual way [37] in space-time algebra which we must also avoid.
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But we have, with (4.20):
A =MAM ; MA=AM ' (4.25)
and (4.24) gives
MFM~' = MMV A M~
= (MM)F'(MM)™ = det(M)F'(det(M))™' = F'.  (4.26)

Dilations are composed of Lorentz rotations and pure homothety with ratio
r > 0. We know c is invariant under Lorentz rotations. Since a speed is
a ratio distance on time, since these two terms are multiplied by the same
ratio r of a pure homothety, the ratio distance on time is invariant. So we
may suppose that the invariance of the light speed is true not only under
the Lorentz rotations, but also under all dilations induced by an element of
Cl3. The other essential invariant of the Dirac theory is the fine structure
constant «, which is a pure number, and so cannot vary under a dilation,
no more than under a Lorentz rotation. But we have:
2

q= % P ge = % =a=q¢; ge=qr’e=4¢. (4.27)
We get then
o = r2e. (4.28)
We have now:
o= ;—i = %’i = % . e2he = herte? (4.29)
which gives: ®
K = rih. (4.30)
We have finally:
which gives:
m6 = T3m0- (4-32)

Then a proper mass does not vary as an electric charge under a Lorentz
dilation. An electric charge varies as a surface, a proper mass varies as
a volume. There is a geometrical difference between a mass and a charge,
which explains very well the difficulties to unify electromagnetism and grav-
itation.

Since a speed is multiplied by 7°, an acceleration is multiplied by 7!
and a force is multiplied by r2. This is coherent with the Lorentz force since
the electromagnetic field is multiplied by r° and the charge by 2.

5. We must then see h as a variable term under a dilation with ratio » # 1. To let
h =1 is then a very bad habit that we must get rid of as soon as possible.
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4.2 Electromagnetism with monopoles

When Maxwell wrote his laws for magnetism, he supposed that magnetic
fields come from magnetic charges, we name them now magnetic monopoles.
Later this was forgotten, because during decades nobody was able to prove
the existence of such monopoles. Finally teachers have presented the laws
to their students as if magnetic monopoles could not exist. Nevertheless the
laws of electromagnetism can easily be completed, if magnetic monopoles
ex1st On top of the electric charge density p. and the current density
], a density of magnetic charge pn, and a density of magnetic current k
exist. On top of the electric potential V' and of the potential vector A a
magnetic potential W and a magnetic potential vector B exist. The laws
of electromagnetism with monopoles read:

. 104 - 108
E = —gradV — Ty +curlB ; H = curlA + gradW + P
c
10V 10W
0=0,A" = —— +d1vA 0=0,B"=-—— + divB
c Ot c Ot
10F 47 - -
curlH — _8_ = —Wj ; divE = 4mp,
c Ot c
H 4r- .
curl B + 10H _ 4y . divH = —47pm,. (4.33)
c Ot c

We can see, the calculation is identical to that made to establish (4.3) and
(4.4), that these equations are equivalent to:

F=V(A+iB) (4.34)
VF = %(ﬁﬁ;) (4.35)

where we have let:
B=W+B; k=pn+k. (4.36)

So it is very simple to go from the electromagnetism without monopole to
the electromagnetism with monopoles: it is enough to add to the space-time
vector made of the electric potential and the potential vector, a pseudo-
vector, made of the magnetic potential and the magnetic potential vector,
and to add to the space-time vector made of the density of charge and den-
sity of current, a space-time pseudo-vector made of the density of magnetic
charge and the density of magnetic current. The laws are exactly the same,
and we cannot see why such potentials and current should be prohibited.

The form invariance of the law (4.34) under the C3 group has evidently
the same consequence for the two potentials, so B must be, as A, a con-
travariant vector:

B' = MBMT". (4.37)
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To look at what is implied by (4.35), we remark that we have:
V=MV'M; FFM=MF (4.38)

so we have:

dr — . .
T+ ik)=VF = MV MF = M'V'F'M

c

4 - 5 4 —
G ak) = MUEE (7 k)M
C C
j+ik =M + ik )M (4.39)
j=MjM; k=DMKM (4.40)

which signifies that the ;7 and k vectors are covariant, transform as V.
And this is consistent with the electrostatic, because a charge density is
the quotient of a charge e on a volume dv, and because we have, under a
dilation with ratio r:
e, e e pe
I A T
We may say consequently that the choice made for the transformation of
the electromagnetic field under a dilation, even if it gives surprising results,
with the variation of the charge, the proper mass and the Planck term, is
consistent with the elementary laws of electricity and magnetism.

; pe=Tpl. (4.41)

4.3 Back to space-time

Until now we mainly used the space algebra, because the relativistic
invariance of the Dirac theory leads inevitably to this algebra and because
the even sub-algebra of the space-time algebra is isomorphic to the space
algebra. Nevertheless the natural mathematical frame of any relativistic
theory is the space-time algebra. It is underlying in chapters 2, 3 and 4.
Several reasons lead back to space-time algebra:

1 - The variance in r* of the action is the variance of a volume of space-
time.

2 - The two manifolds relied by the Dirac wave, with (3.55), are space-
time manifolds, not space manifolds.

3 - We shall see farther that electro-weak interactions need the space-
time algebra.

4.3.1 From Cl3 to Cl; 3

To go from the space-time algebra to the space algebra, all you need is
to use only even terms.® To go from the space algebra to the space-time

6. In a Clifford algebra on a n-dimensional linear space, the linear space of even
elements and the linear space of odd elements are linear spaces with dimension 271,
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algebra the most easy way is to use the matrix representation (1.75). The
wave, noted ¢ in space algebra, is noted ¥ in space-time algebra. We have

0
gotten in (2.76) ¥ = (ﬁ (E) N of (1.80) is similarly an even element of

the space-time algebra and also the electromagnetic field that we note F:

p_ (F O\ _(E+il 0
“\o F) \ 0o E-id

E 0 il 0 H 0
_ ) : ) =E H 4.42
(0 5)+(0 ) (5 7)=Erme (442

We can shorten the notations with:
i= Y0123 ; F=E + iH (443)

Odd elements of the space-time algebra are the product by 7y of an even

element, then read
P 0\ /0 I 0o P
(0 13> <I 0) - <? 0) (4.44)

We have also used, in (1.76) and (2.76):

0 V 0o A
— Ay = 2 . — [ =
a_yau_( 0), A ( 0)

Similarly the magnetic potential reads:

0 B
B = <§ 0) (4.45)
The reverse of an even element is:
~ (M 0\ = (¢ 0
ST ) a0 s
The reverse of an odd element is:
- 0 Bt
B = <§ 0 > (4.47)

With tensorial densities without derivative of 2.2.2 we have:

~_¢(/)\$0_¢$O_pew0
WW‘Q J(0¢0_(0 %O‘(O m~@

. Q1 +1iQs 0 . . B
= ( 0 0, - ng) =0 +i0 = pe (4.48)

Since the product of two odd elements is even the linear space of odd elements is not
a sub-algebra. Since the product of two even elements is even, the linear space of even
elements is a sub-algebra. In the case of Cl; 3 the even sub-algebra is isomorphic to Cl3.
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D= (2= (L
Fo\Dy 0) \gouet 0
(e ON[O0 o,\(o O\ _ =
G )G DE 2)-ws

Sk = ((bak5 0 ) = U0

0 —gopel
We must also notice

VU = UU = Q, + iy

93

(4.49)

(4.50)

(4.51)

We saw in (2.79) how Hestenes reads the Dirac equation. Since we have:

: 0 efﬁi(b
si_ (0
et = (g 7o)

(4.52)

the homogeneous nonlinear wave equation reads in space-time algebra:

OV = m\I/'yOeﬂi + gAY

For a space-time dilation, with:

(0 z\ ., (0 &
*“\z o) *7\@ o

and with (1.80) and (2.45), we get equalities

x' = NxN; ¥ =NV,

4.3.2 Electromagnetism

Laws of the electromagnetism of Maxwell-de Broglie become:

F = 0A
OF = — kA

because

0 V\/0 A VA 0 F 0
on= (3 o) (3 o)(a 6A><o F)-F

(0 W\(F 0\ _ (0 VF\_ .,
8F<v o)(o F><€F 0) FoA

Laws of electromagnetism with magnetic monopoles become:
F =0(A +iB)

4
OF = ~~(j + ik)
&

(4.53)

(4.54)

(4.55)

(4.60)

(4.61)
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Since space-time algebra was well known and gave simpler results, what
was the purpose of developing calculations in space algebra 7 We may
think that space-time algebra is too simple, there is too much symmetry
between space and time. We can use services of space-time algebra as long
as it is not necessary to distinguish space and time, as long as there are none
zero space-time length. But it is also necessary to never forget that time is
not space. Time flows only from past to future while we can go away and
go back in space. Under dilations generated by elements of the Cl3 group
the orientation of the time and the orientation of the space cannot change.
There is no physical way to change the time orientation, there is no physical
way to change the space orientation. P and T transformations of quantum
fields are purely theoretical.

4.4 Four photons

The beginning of quantum physics was the invention by Einstein in
1905 of a theory of the light with quanta of impulse-energy. After the
Newton’s corpuscular theory, the Huyghens’ undulatory theory was imposed
by Fresnel with his transversal waves. This undulatory theory allowed a
synthesis including electromagnetism and optics. The next page of this
story was the discovery of the wave associated to any particle move by Louis
de Broglie. When he had the Dirac equation, he returned to the initial
problem of the wave of a corpuscular photon. A photon with a proper
mass mg < 107°2kg gives, for all observable radiations, a non-observable
dispersion of the light. The corpuscular nature of the light explains the
Compton diffusion and it is compatible with the absorption and emission
of the light by electrons of atoms. It allows to understand the pressure
of radiation and to calculate completely all kinds of Doppler effects. In
the same time the light has also the undulatory aspects of the Fresnel’s
waves and we know since Einstein that density of photons and intensity of
the electromagnetic wave are proportional. Louis de Broglie firstly tried to
associate a Dirac wave to the photon, but it was impossible to associate
an electromagnetic wave. From this first attempt he understood that the
electromagnetic field of the photon must be associated to the change of
state of the electron interacting with the photon. And the only processes of
interaction between photons and matter are absorption and photoelectric
effect.

For his construction of the wave of a photon Louis de Broglie started
from two Dirac spinors, one of a particle and one of an anti-particle, able
to annihilate, giving then all impulse-energy to the exterior. He established
also that electromagnetic quantities must be linear combinations of the wave
components. In the frame of the initial formalism used by de Broglie his
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two spinors read

1/11 ©1

_ 1/12 . _ | P2
WP = v | = N (4.62)

Py P4

They are solutions of the Dirac wave equation for a particle without charge,
like a neutrino

B0t = (101 + a2z + 303 + i%a4)¢ (4.63)

and of the wave equation for its antiparticle, similar to an antineutrino

m
80<p = (04161 — g0 + 303 — ’L?CM)(,D (464)
where
o moc
0 _ 4. _ . _ 0
r =ct; Oy = 5o 0 Mg (4.65)
ajap + ooy = 20. (4.66)

It is well known that these matrix relations are not enough to define uniquely
ay. We can choose different sets of a,, matrices. We choose here a set
working with the Weyl spinors and the relativistic invariance:

o —0y 0 . . _ 0 —I . _ 1 0
aj—(o Jj),j—1,2,3,a4—(1 0),1—(0 1 (4.67)

where o; are the Pauli matrices and we let

= ()= (2) () -()

R N ORI
c=(2)=(E) ) = (4.69)
where a* is the complex conjugate of a. With
J = 0101 + 0202 + 0305
5* = 0101 — 0909 + 0303 (469)
the wave equation (4.63) is equivalent to the system
= .m
(0o + 0)E + ’LEU =0 (4.70)

-,

(90 — )y + i%g ~0. (4.71)
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& and n are the Weyl spinors of the wave ¥ and the wave equation of the
anti-particle (4.64) is equivalent to the system

(9o + 8)¢* — i%)\* ~0

(Do — TN — z’%g* —0. (4.72)

By complex conjugation we get
(80—1—5)@“—1—@'%)\ ~0 (4.73)
(@0 — D)\ + i%( = 0. (4.74)

This system is identical to (4.70)-(4.71) if we replace ¢ by £ and A by n. We
let

n=va(g ) e=va(g ) (4.75)

which have their value in the Pauli algebra. Comparing the system (4.70)-
(4.71) to the system (2.31)-(2.32) we see from (2.42) that this system is
equivalent to the equation

~ m
V¢1 + 3¢)10’12 = 0 (476)
Similarly the system (4.73)-(4.74) is equivalent to
~ m
Voo + 5 ¢2012 =0. (4.77)

The two spinors follow the same wave equation. This is coherent with the
Dirac theory where the charge conjugation changes the sign of the charge
and do not change the sign of the mass.

De Broglie had no theory for the wave of a relativistic system of particles
nor for the interaction between its two spinors. So he simply supposed that
his two half-photons ¥ and ¢ are linked, have the same energy and the same
impulse [26]. They satisfy

1 .
(pkaul/}l = (awpk)?/% = §au(§0k1/%) ) k’j = 1) 23354 ;M= 0) 13253' (478)

This is equivalent, with (4.42) and (4.48), to
6(0,C) = (OuEG = 50u(68C)
6(0) = (BN = 50,(6X)
MOGE) = (Ouni)G; = 50 lm?) (.79)

* * 1 *
nk(au)‘i) = (@Lm))\i = §au(77k)‘i)-
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Wave equations (4.76) and (4.77) are form invariant under the Lorentz di-
lation D defined by (1.42) and satisfy

¢L=Mde1; ¢h=Mdeps (4.80)

4.4.1 The electromagnetism of the photon

We start here from the fact seen in (4.20) that the electromagnetic po-
tential A is a contravariant space-time vector, that is a vector transforming
as x:

A= MAMT. (4.81)

We know in addition that the Pauli’s principle rules that products must

be antisymmetric. We also know that the o3 term is privileged with the

Dirac equation’. We then must consider a space-time vector A and an

electromagnetic field F, so defined :
A = priosdh — priosd] (4.82)
F.=VA (4.83)

The variance of A and the variance of the electromagnetic field F, under
Cl3 are expected variances because

A = liosely — dhiosg) !
= (M)ios(Mpa)T — (Mo)ios(Mey)T
= M(¢1i03¢£ — ¢2¢03¢J{)MT = MAM? (4.84)

F,=VA=NV'MA=TNVMAM{ (M
=MNV'AM =M MMEM MM
=M tdet(M)F!det(M )M = M~ 'F'M
F/=MF.M™". (4.85)
A is actually a space-time vector because
AT = (priosd} — poiose!])!
= o(—i0o3)d] — d1(—ios)gh = A. (4.86)
The calculation of A with (4.75) and the Pauli matrices (1.19) gives
A= 9 (771)\T — &G -t +GE mA+ GG - g — 4351) . (487)
AT +&1C — Aemy — (T&2 m2A3 — &G — Aems + (&

7. We shall develop in chapter 5.
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We then remark that each product is one of the products in (4.79) and this
gives

0uA = 0,(Dri03hy — Bivsdy) = 201 )iosdy — 2(0uda)iosy

VA =2[(Vér)ioshy — (Vo )iosd,). (4.88)
The Dirac equations (4.76) and (4.77) give then

F‘e = m¢1(—i03)10’352 — m¢2(—ia3)i03$1
= m(¢13 — P261)- (4.89)

Any element in the Cl3 algebra as F, is a sum

F.=s+E+iH +ip (4.90)

where s is a scalar, F is a vector, iH is a pseudo-vector and ip is a pseudo-
scalar. But we get

Fo=s—E—iH+ip=m(d1dy — ¢261) = m(d2d; — $165)

= —m(p1¢y — o¢y) = —F. = —s — E —iH —ip. (4.91)
F, is therefore a pure bivector &:
s=0; p=0; F.=FE+iH. (4.92)

This agrees with all we know about electromagnetism and optics. Now
(4.83) reads

E+iH = (8 — §)(A° — A) = 9yA° — GA° — 9y A + DA (4.93)
and since
JA=8-A+idx A; A +8-A=0,A" (4.94)

(4.93) is equivalent to the system

0= 8,A" (4.95)
E=-8A°—9,A (4.96)
H=0dxA. (4.97)

(4.96) and (4.97) are the well known relations (4.7) and (4.8) between elec-
tric and magnetic fields and the potential terms. (4.95) is the relation (4.6)

8. We have previously supposed that the electromagnetic field F' is a pure bivec-
tor, without scalar or pseudo-scalar part, for instance in (4.2). It is necessary to get
the Maxwell laws without supplementary non-physical terms. Here we have nothing to
suppose, the pure bivector nature of the electromagnetic field is a consequence of the
antisymmetric building from two spinors and of Dirac wave equations.
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known as the Lorentz gauge which is in the frame of the theory of light a
necessary condition. With (4.89) we get

VE, = mV($16, — ¢20,). (4.98)

A detailed calculation of the matrices shows as in (4.87) only products
present in (4.79) and this gives, similarly to (4.88)

VE, = 2m[(V1)ds — (V)] (4.99)

And we get with wave equations (4.76) and (4.77)

~ m ~ = m ~

Vo = §¢1021 i Vo = §¢2021 (4.100)
0A = VVA = VF, = m2[p1(—ios) by — d2(—ios)d,]

VE, = —m?A (4.101)

This is the expected law (4.4) and gives (4.10) to (4.12). So we get the
seven laws of the electromagnetism of Maxwell in the void, completed by
the terms found by Louis de Broglie containing the very small proper mass
mo = mTh of the photon. The seven laws are exactly the same, but the
quantities are here only real or with real components, F, is therefore exactly
the electromagnetic field of the classical electromagnetism and optics. The
definition (4.82)-(4.83) allows to get a theory of a massive photon with
a wave which includes real components of an electromagnetic space-time
potential vector A, contravariant, and an electromagnetic bivector field Fe.
This is an improvement in the theory of light, coming from the use of Cl3
allowing an antisymmetric building, instead of Dirac matrices. Moreover
the potential term is directly linked to the two spinors as much as the
field bivector. It is an important difference with classical electromagnetism
where potential terms are often considered as non-physical. This difference
comes with quantum physics, potential terms are the electromagnetic terms
present in the Dirac or Schrédinger wave equations.

The differential laws (4.83) and (4.101) are form invariant under the
dilations defined by (1.42). This invariance under C13 induces that they are
invariant under the restricted Lorentz group. But this larger group induces
constraints which restrict the possibilities of building from two spinors.

4.4.2 Three other photons of Lochak

Following the example of (4.82) seven other space-time vectors should be
possible on the model ¢1 X qﬁg —pa X qb]{ since the Cl3 algebra is 8-dimensional.
Only three of these seven choices: X = —o3, X =i, X = 1 are compatible
with (4.59)9 and we have established [16] that this gives the three other

9. This comes from the non-commutative product in Cl3. Since o2 is present in the
Dirac equation, only terms commuting with o12 work here.
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photons of G. Lochak [42][44]. Firstly if X = —o3
iB = $15305 — $2030] ; Fry = ViD3 (4.102)

gives the magnetic photon. As with the electric photon each quantity is real
or with real components. It is possible to consider a total field F' = F, + F;,
satisfying

F=vV(A+iB) (4.103)
VF = —m2(A +iB) (4.104)

which are laws of the electromagnetism with electric charges and magnetic
monopoles and densities of electric current j and magnetic current k satis-
fying

. € 2 c 2

=——m‘A; k=——m"B 4.105

J 47 ’ 4 ( )
very small since mg is very small. Even if A and B are contra-variant
vectors, the variance of m allows j and k to be covariant vectors under CI3,
varying as V, not as .

Agy = $1id) — doig] ; s = VA, (4.106)
defines an invariant scalar field s while
iB) = $10% — dod] 5 ip = ViB) (4.107)

defines an invariant pseudo-scalar field ip. We can put together cases X =1
and X =1. We let

P=Ay+iBuy; Fo=VP=s+ip (4.108)
and we get
VFy = —m2P (4.109)

So it is possible to get in the frame of Cl3 all four photons of the theory of
de Broglie enlarged by Lochak and the whole thing is form invariant under
Cl13. There are differences in comparison with the construction based on the
Dirac matrices : Physical quantities are real or have real components and
they are obtained by antisymmetric products of spinors. This is very easy to
get with the internal multiplication of the Cl3 algebra and was very difficult
to make from the complex uni-column matrices. These two differences are
advantageous because vectors and tensors of the classical electromagnetism
and optics have only real components. And de Broglie had understood
very early that antisymmetric products are enough to get the Bose-Einstein
statistics for bosons made of an even number of fermions. The scalar field
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of G. Lochak and the pseudo-scalar field for which de Broglie was cautious
are perhaps to bring together with the scalar Higgs boson that physicists
think they have identified today. Since s and p fields are obtained here
independently from the field of the electric photon and the magnetic photon,
their mass is not necessarily very small and may be huge. Curiously it was
the first idea of de Broglie about the non-Maxwellian part of his theory.
Were the Higgs bosons seen as soon as 1934 7

4.5 Uniqueness of the electromagnetic field

The Dirac equation contains a privileged o3 which can be generalized as
oj,j =1, 2, 3. We generalize then (3.62)-(3.63) if we let

Agjy = $1io; ¢} — poio; ] (4.110)
F. = VA (4.111)

with the ¢; and ¢ waves following

Vo1 = 561 (~ioy) (4.112)
Vo = 5 do(—ic) (4.113)

We can also start from fields and get from them potentials. The electro-
magnetic field is then defined by (3.69)

Fe = m(aﬁl% - ¢2$1) (4.114)

Potentials terms are linked to this field by Dirac equations (3.92) and (3.93),
they satisfy

F.=VAy ; VF. = -m?A; (4.115)
It is interesting to note that F. is independent of the index j, then the
electromagnetic field is unique, a fact that will be very useful in chapter 5.

4.6 Remarks

The quantum wave of a photon is actually an electromagnetic wave, with
field and potential term with real components.

All objects were defined from antisymmetric products of spinors. They
can disappear as soon as the two spinors are equal. They can appear as
soon as the two spinors are not equal.

The main difference in comparison with classical electromagnetism is
about the potentials. They are not convenient vectors coming from adequate
calculation. They are essential quantities. Fields are computed from them.
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It is a reinforcement of the position of the potentials in quantum theory.
We must recall that the wave equations of quantum mechanics contain the
potentials. Fields are second.

The result of the conditions (4.78) of Louis de Broglie is a linearization
of the derivation of products which gives linear equations for the bosons
built from the fermions. This is how the linear operator V acts both in the
Dirac equation and in the Maxwell equations. This linearization gives the
Maxwell laws.

The form invariance of physical laws under C!3 is general and rules
the building of bosons from fermions. The gauge symmetries are partial,
because the proper mass of the photon limits this symmetry.



Chapter 5

Consequences

We study a first consequence of the two space-time manifolds and
of the dilations between these two manifolds: the non isotropy of the
intrinsic manifold. We link this with the existence of three kinds of
leptons. We present new possibilities for the wave of systems of identical
particles. We study a wave equation without possibility of Lagrangian
mechanism.

The wave of the electron induces, in each space-time point, a geometric
transformation from the tangent space-time to an intrinsic manifold linked
to the wave, into the usual space-time of the restricted relativity. The
intrinsic space-time, contrarily to the usual space-time, is not isotropic, and
we study now this anisotropy.

5.1 Anisotropy

The fact that there exists, in the Dirac theory, a privileged direction
was remarked by par Louis de Broglie as soon as his first work on the Dirac
equation [25] p.138 *: "Les fonctions v; solutions de ces équations sont donc
intimement liées au choix des axes comme dans la théorie de Pauli; elles
doivent servir & calculer des probabilités pour lesquelles I’axe des z joue un
role particulier". The solution to this difficulty is that with a rotation it is
always possible to bring the z axis into any direction of the space.

The solution uses then a conveniently chosen element of Cl, which
generates a spatial rotation and rotates the third axis onto the chosen di-
rection. There is always two solutions, and then the final space-time, the
relative space-time, is isotropic, has no privileged direction. But the initial
space-time, the intrinsic space-time, on the contrary, remains perfectly non-

1. Translation: "The 1; functions solutions of these equations are then completely
linked to the choice of axis as into the Pauli theory ; They must serve to calculate
probabilities for which the z axis plays a particular role".

63
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isotropic: before as after the rotation, it is always o3 which is privileged. We
have remarked previously that with the Lorentz rotations of the complex
formalism the 7y, matrices are invariant. They are identical before or after
the rotation. Whatever formalism is used it is always the third component
of the spin that is measured and the square of the spin vector, never the
first or the second component of the spin. The reason is evident if we regard
the wave equation or the Lagrangian in the Clifford algebra of space. This
third direction is present into the wave equation and into the Lagrangian
which both contain a ios.

Now, and this is the first concrete consequence of calculations with the
Pauli algebra, it is perfectly possible to write two other Lagrangian densities,
two other wave equations similar to the Dirac equation:

Vo + qApoz +me P pogs = 0 (5.1)
V$+ qAZngl +me P pog, =0 (5.2)

The invariant wave equations obtained by multiplying on the left by ¢ are

E(Vq?)m + Equ§+ mp =0 (5.3)
B(V)o1s + $gAS +mp =0 (5.4)

With the wave equation (5.1)(5.3), it is the first axis which is privileged.
The conservative space-time vectors are Dy and D;. To solve the wave
equation (5.1) for the hydrogen atom, we shall take again the method of
separation of variables of Appendix C, making a circular permutation p
on indexes 1, 2, 3 of matrices o: 1 +— 2, 2 — 3, 3 +— 1, and on indexes
of formula (C.1). Since it is the only thing that changes, results will be
similar.

With the wave equation (5.2), it is the second axis which is privileged.
The conservative space-time vectors are Dy and Ds. To solve the wave
equation (5.2) for the hydrogen atom, we shall take again the method of
separation of variables of Appendix C, making a circular permutation p? =
p~! on indexes 1, 2, 3 of matrices o, and on indexes of formula (C.1). Since
it is the only thing that changes, results will be similar.

In all what we know today about experimental physics there is something
very similar. Beside electrons exist also muons and tauons. Three kinds of
objects are similar and nevertheless different. Muons are known since more
than 70 years, and until now without a simple explanation saying why they
exist, nor what distinguishes them from electrons. We shall associate here
to each category, that is said to each of the three generations, one of the
three wave equations (3.9), (5.3) and (5.4). The similarity between the wave
equations allows to explain why electrons, muons and tauons have the same
properties, behave in the same way into an electromagnetic field, and have
the same energy levels in a Coulombian potential. In fact, to see a difference
between these three equations, it is necessary to go past the wave equation
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of a single particle and to enter the question of a system made of different
kinds of particles. 2

We cannot be objected that the third direction or the first direction
may be put after a rotation in any direction: a rotation cannot turn both
the third direction and the first direction into a given direction. So in this
direction it is impossible to measure both the spin of an electron following
(3.9) and the spin of a muon following (5.3).

In addition we know that a muon, even if it is a particle with spin % as
the electron, cannot spontaneously disintegrate into an alone electron. Its
disintegration gives an electron plus a muonic neutrino and an electronic
antineutrino. This may be understood in the following way: The wave of
the muonic neutrino, as the wave of the muon, has the property to have a
measurable spin in the first direction and takes away the muon’s spin. The
spin of the electron which is measurable in the third direction is brought by
the antineutrino with a spin opposed to the spin of the electron.

Just before we supposed arbitrarily that the electron follows (3.9) and
that the muon follows (5.3). One or the other could evidently follow (5.4),
nothing allows us to choose. On the other hand, the choice made by the
Nature of one or another equation justifies the fact that the physical space
is oriented: Consider in the intrinsic space three space vectors having re-
spectively the third direction and the wavelength of the electron, the first
direction and the wavelength of the muon, the second direction and the
wavelength of a tauon. Those three vectors form a basis of the intrinsic
space. If we exchange now the second and the third vectors, we get another
basis, with another orientation.

These three equations (3.9), (5.3) and 5.4) are equivalent only if the mass
terms are equal into the different equations. But the experiment shows
that these masses are completely different from a generation to another.
This difference, of unknown origin, contributes to differentiate the three
generations of leptons.

5.1.1 Torsion

We have calculated the affine connection of the intrinsic manifold [16].
In the case of plane waves studied in chapters 2 and 3 only two terms are
not zero and give a torsion. This terms of torsion are linked to the proper
mass of the particle.

2. We know for instance that a muon within the electronic cloud of an atom, does not
respect the Pauli principle of exclusion. This is rather easy to justify if that exclusion
principle is linked to the spin of the different particles, because the spin of an electron
following the equation (3.10) is always measured in the third direction and cannot be
added or subtracted to the spin of a muon following the wave equation (5.1) which is
always measured in the first direction.
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5.2 Systems of electrons

The non-relativistic theory for a particle system gives to a system of
two particles without spin a wave 1 = 115 which is the product of the
two waves of each particle, when it is possible to neglect the interaction
between these particles. We cannot transpose 1119 into ¢1¢2 which should
transform into M ¢ M ¢3 under the dilation R defined in (1.42), because M
does not commute with ¢. Another product is suggested by (4.14) because

if 1o = ¢r19; " we get
¢y =10y = M1gy M~ = MM~ (5.5)

And ¢15 transforms under a dilation as the electromagnetic field. But the
factor e~ %t of the non-relativistic quantum mechanics becomes in the case
of the electron e~ %12 with the Cl3 algebra, and with qﬁlqﬁgl the energies
are not added but subtracted. To get the addition of energies we can con-
sider terms as ¢101¢5 Lor D102¢5 ! hecause o7 and oq anti-commute with
g12 and

_E 0 E 0
ore " he® 012 — R 1245, (5.6)
Since we have
s
09 = 01012 10162012 (57)

o1 and o9 differ only by a constant gauge factor and we can choose o7y.
Since we know that two electrons are identical we can consider only terms
such as ¢101¢5 Ly gbgalgbfl. The Pauli principle invites us to consider for
the wave of a system of two electrons

P12 = ¢1o1¢; " — dao17 " (5.8)
which is antisymmetric:
P21 = —P12 (5.9)
and transforms under a dilation R of dilator M as F' [15]
@19 = MpraM . (5.10)

For a system of three electrons whose respective waves are ¢1, ¢2, ¢3 we
consider

$123 = P1203 + P23d1 + P3102 (5.11)
which satisfies

$123 = Q231 = P312 = —P132 = —P321 = —P132, (5.12)
@125 = M123. (5.13)
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The Pauli principle is satisfied and ¢123 transforms as a unique electronic
wave 3. Then for four electrons we consider

1234 = P12034 + P23014 + P31P24 + P3a012 + Pradaz + P31024  (5.14)

which is antisymmetric, and transforms also as the electromagnetic field
¢ 1934 = Mproza M. (5.15)

We can easily generalize to n electrons. We get n + 1 wave equations, one
for each electronic wave

Vor + qArdro12 + me Pk oy = 0 (5.16)

where Ay is the sum of the exterior potential A and the potential created
by the n — 1 other electrons, S is the Yvon-Takabayasi angle of the kth
electron. And the wave of the system is antisymmetric. The wave equation
of this wave is determined by the n wave equations of each particle. If n is
even ¢1o.. ., transforms under a dilation as the electromagnetic field F'. The
wave of an even system appears as a boson wave. Even systems compose
greater systems symmetrically as in (5.14). This is the source of the Bose-
Einstein statistics. If n is odd ¢12. ., transforms under a dilation as a spinor
¢. The wave of an odd system of electrons transforms under a dilation as
the wave of a unique electron.

The wave of a system propagates, as the waves of each electron, in the
usual space-time. It is not necessary to use configuration spaces. Difficulties
coming from the difference between a unique time and several spaces dis-
appear. Space is, as the time, unique in this model. The wave of a system
is not very different from the waves of its individual parts, they continue to
exist and to propagate.

This model can also explain why a muon in an electronic cloud does
not follow the Pauli’s principle of exclusion: with a wave equation (5.1) for
instance the phase contains not a 015 factor, but instead a 093 factor, and
the muon cannot add its impulse-energy and so cannot enter the process of
construction of a wave of system described here.

5.3 Equation without Lagrangian formalism

We have seen in 2.4 that the Lagrangian density of the Dirac wave is
exactly the scalar part of the invariant wave equation. The Lagrangian
formalism is a consequence, not the cause of the Dirac equation. Therefore,
if we modify the wave equation without changing its scalar part, we shall get

3. If a similar construction is possible for quarks, this could explain why a proton or
a neutron containing three quarks is seen also as a unique spinor, transforming under a
Lorentz rotation as the wave of a unique electron.
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a wave equation which cannot result from a Lagrangian mechanism, since
the scalar part gives the Dirac equation without change [20].

Such a wave may be non-physical, since the Lagrangian formalism works
very well for each physical situation. We shall nevertheless study a case, as
failures and accidents are scrutinized in the industry or as counter-examples
are used in mathematics. We consider the invariant wave equation

B(Vd)oa1 + dgAd + mdd(1 + eas) = 0. (5.17)

where € is a very small real constant. Only the mass term is changed from
the invariant equation (2.81) equivalent to the Dirac equation. Computation
of first terms is unchanged, the mass term is

mep(l + eos) = m(Q +iQ2)(1 + eo3)
= m + meQio3 + meQlaiog + imfls. (5.18)
and the system (2.118) to (2.125) becomes

0=w®+ V4 my (5.19)
0=0v?+V! (5.20)
0=—v'4+V? (5.21)
0=w’+V? 4+ mey (5.22)
0=—v®+mQy (5.23)
0=w? (5.24)
0=—w' (5.25)
0=—0" +mes (5.26)

This last equation signifies that the current of probability is no more con-
servative, so this wave equation is certainly unusual. Now it is easy to
escape the problem of the conservation of probabilities: we start from the
homogeneous non-linear equation (3.9) and we add the same mass term

B(Ve)oan + dgAd + mp(1 + eos) = 0. (5.27)
The system (3.21) to (3.28) becomes

0=w’+V°+mp (5.28)
0=v>+V! (5.29)
0=—v'4+V? (5.30)
0=uw"+V>4+mep (5.31)
0= -2 (5.32)
0 = w? (5.33)
0=—w (5.34)
0=—2" (5.35)
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And as previously we have two conservative currents, J = Dy and K = Ds.
It is easy to see that (5.27) is invariant under CIj, there are two gauge
invariances (see 3.1). The angular momentum operators of the Dirac theory
are still available, but there is no Hamiltonian to commute with them. This
wave equation cannot come from a Lagrangian density since such a density
should modify (5.28), which gives (3.9), not (5.27).

5.3.1 Plane waves

We consider a plane wave with a phase ¢ satisfying (3.35) with the
vector v defined in (3.35). Without exterior electromagnetic field we get in
the place of (3.39)

—mug +me P p(1 + eas) = 0. (5.36)
This gives
B(1 + eo3) = ePvg (5.37)
Conjugating, we then get
d(1 — €o3) = e P (5.38)
Together we have

d(1 + €03)(1 — eo3) = ePvp(1 — eos)
d(1 — €%) = ePve~ g

(1 —€e*)p = vig (5.39)

and we get
v-ov=00=1—¢€ (5.40)
[o]] = V1—e (5.41)

We let then
d=c/1-¢e; v=v"V1-¢e. (5.42)

And we get

I|v/|| = 1. (5.43)

First consequence: ¢, not ¢ is the velocity limit of this unusual quantum
object. The present study has no known physical application, but this wave
equation indicates that the limit speed c¢ is not so general [19] than we
thought. 4

4. More, if € tends to 1 the limit speed tends to 0 and may be very small.
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Chapter 6

Electro-weak and strong
interactions

We firstly use the Clifford algebra of space-time to study electro-weak
interactions. We begin with weak interactions of the electron with its
neutrino and their charge conjugate waves. Next we study invariances of
these interactions. We extend the gauge group to the quark sector, using
Cls1. We present in this frame the SU(3) group of chromodynamics.
We study the geometric transformation generated by the complete wave
in the frame of the 6-dimensional space-time. We get two remarkable
identities which make the wave often invertible. We get wave equations
with mass term, that are form invariant and gauge invariant.

6.1 The Weinberg-Salam model for the elec-
tron

An extension of the Dirac equation up to electro-weak interactions [52]
was tried by D. Hestenes [32] and by R. Boudet [3]| [4] in the frame of
the Clifford algebra Cl; 3 of the space-time. We used in [18] another start
which implies the use of the greater frame Cly 3. A greater frame was
necessary because we wanted to use no supplementary condition. Now, the
study that we shall make in this chapter necessitates to use the condition
(2.120) or (2.125) which is used in the standard model to link the wave of
the antiparticle to the wave of the particle. Therefore the mathematical
frame remains the space-time algebra which has 16 dimensions, enough to
accommodate 8 real parameters of the wave of the electron and 8 parameters
of its neutrino. ! We saw in 3.5 that the condition (2.125) is compatible with
the nonlinear equation and that it solves the puzzle of negative energies.

1. We shall see in 6.6 that only four of them are non zero.

71



72 CHAPTER 6. ELECTRO-WEAK AND STRONG INTERACTIONS

We begin with the electron case and we follow [30]. We change nothing
to the Dirac wave of the electron, noted as 1), in the Dirac formalism and
as ¢, with space algebra. We use the same notations as previously for
Weyl spinors. The electron wave is noted as 1., the wave of the electronic
neutrino as v, the wave of the positron as v, and the wave of the electronic
anti-neutrino as 1,. As previously right spinors are £ Weyl spinors and left
ones are 7 spinors.

e = (f,) = (ﬁ) = (ﬁp) o = (f,) (6.1)

We have
d)e = \/5 (ge _i0277:) ; ;Z;e = \/5 (ne _i02€:) (62)
b =V2 (& —ioom}) ; on=V2(m —ioag}) (6.3)
(gp = ;Z;eo'l ; ;b\a = ;b\no'l (64)
which gives
Gp=V2(mp, —i028)) 1 by =V2(& —ioam)) (6.5)
(Ea = \/5 (7711 *i02§;) 5 ¢a = \/5 (éa *1.0'277;) (66)
611) = n;ea €2p = —77>1ke§ Mp = _§§e§ ep = glke
§1a = Mopy €20 = =M Ma = =305 M2a = &y (6.7)

We used in [18] a wave U function of the space-time with value into the
Cly3 = M4(C) algebra. We disposed waves of particle on the above line
and waves of antiparticle on the second line to get correct transformations
of left and right waves under Lorentz dilations, as we will see in 6.5. We
used a o1 factor which was a necessary factor exchanging ¢ and 7 terms.
This allows to get a wave for these four particles of the electronic sector 2
and with the link (2.125) between the wave of the particle and the wave of
the antiparticle we have

_ A¢e A(ybn _ ?ie (?\n
W(aﬁaal %m) <¢n ¢e> (6.8)

Now with (6.4) and (6.8) the wave is a function of space-time with value in
the Clifford algebra of space-time. The Weinberg-Salam model uses &, 7,
7, and supposes &, = 0. This hypothesis will be used further in 6.6. To
separate &, 7. and 7, the Weinberg-Salam model uses projectors %(1 +5),

2. We could exchange the places of ¢ and ¢,. With (6.8) the wave of the electron has
value in the even sub-algebra and the neutrino has value in the odd part of the algebra.
The other choice is possible if we adapt the definition of projectors in (6.12) to (6.16)
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which read with our choice (1.75) of Dirac matrices:

sa-mwo=u=(0 ()= (69)

(-6 wo

Then for particles left waves are 7 waves and right waves are £ waves. This
is Cl3 invariant, consequently relativistic invariant, since under a Lorentz
dilation D defined by D : z +— 2’ = MaM?" we have (1.30) : ¢ = ME,
n = M n. The 75 matrix is not included in the space-time algebra 3, but
this is not a problem here, because the projectors separating ¢ and n are in
space algebra 3 (1 + 03):

br = V2 (€ o)¢><é g)¢§<l+ag>

1

6 =V3(0 —ioyy) = ¢ <8 (1)) = 65(1 - 0y) (6.11)

o~

oL = V2(n 0)= $%(1+03) i Or = 5%(1 —03).

We define now two projectors P+ and four operators Py, P, P>, P3 acting
in the space-time algebra as follows

Py(¥) = %(‘I’ +i0921) 5 1= Y0123 (6.12)
Rﬁ@):qu4%%Wi+%hﬁm0:ﬂPW1+PLUMi (6.13)
PL(W) = 5 (05 + Ty0m2) = P ()i (6.14)
Py(W) = 5(W35 — imas) = P () (6.15)
Py(W) = 3 (~ Wi + i) = Py (¥)(—). (6.16)

Noting P, P, (V) = P,[P,(¥)] they satisfy

PP, =P;=-PP
PPy =P = P3P,

P3Py =Py = —P Ps (6.17)
P} =P} =P} =-P,

PyP; = PjPy = —iP;, j=1, 2, 3.

3. This was wrongly considered as a reason to forbid the use of space-time algebra.
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The Weinberg-Salam model replaces partial derivatives d, by covariant

derivatives

Y .
_BH — ’L'gQTlei

Duzau—i912

(6.18)

with T = %] for a doublet of left-handed particles and 7} = 0 for a singlet
of right-handed particle. Y is the weak hypercharge, Y7, = —1, Yp = —2 for

the electron. To transpose into space-time algebra, we let
D=d¢"D,; D=+"D, = (l% 10))
B=o¢"B,; B=+"B, = (% ﬁ)
Wi = ol Wi s WI = Wi = (ng mg;‘)

We will prove now that (6.18) comes from

1

D=0+2Bp + %(Wlp1 +W2P, + WEP).

2

Firstly we have in space-time algebra (see 1.4.1)

v = (9 v) (A(be A(bn ) _ V§a01 V§p01
\Y 0 (bao—l d)po—l V¢e qun

while we get with (6.19)

_ 9 D A¢e A¢n _ D/%)\agl D§p01
b= (D 0> <¢a0’1 ¢p01> ( D¢.  Don )

To compute Py(¥) we use

. pOL(be) po/(\Qﬁn)
Bo(¥) = <P0(¢a)01 p0(¢p)01) '

And we get
\If’}/ ., ( ¢603 ¢n03 )
21 = ~ ~
—$a0301  —@p03071
1 ) e —%n
lgiot (;ﬁ ¢ >
2 2 ¢a01 _¢p01
1.\11 v ¢603 7¢n03
—i =—|~ ~ .
g T $a0301 —Pp0301

(6.19)
(6.20)

(6.21)

(6.22)

(6.23)

(6.24)

(6.25)

(6.26)
(6.27)

(6.28)
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Then we get
Po(¥) =i(¢i;a; qf 1_19:;1) (6.29)
pol6e) = it 27 = i(26ur — der) (6.30)
Po(Bn) = ithn — + T8 — —ignr (6.31)
Pol@y) = w?p‘l 2% 201 Byr) (632
Po(a) = z$a1 — % iur (6.33)
with
bor, = T2, Gon = Gt + % (6.34)
®nL ¢n ; Pnr = %ﬂ (6.35)
For = Bpr + 03, $pr = $p1 % (6.36)
Gt = Gt o % Gon = Bt o (6.37)
which gives
20~ (5 0) (Wir o)
= <A B‘E‘ZR_‘“ *B(QQEPE* ‘ZPR)“) : (6.38)
B(2¢er — ¢er) Bonr,
Next we let
Py(¥) = <pfg¢%f)()n pfgéi;il) ,j=1,2, 3. (6.39)

We get for j =1

W =i ( ?n ?e ) - ( Pno3 Ad)eO—B)

*d)pal —¢a01 ¢p0'3‘71 $a0301

Py(0) =i < ffﬁgs ~ f:% ) = ( FnL Per > (6.40)
Pp—57201 Pa—5201 —@prRO1  —¢aRO1

p1(¢e) =1¢nL ; p1(¢n) = iPeL

pl(;b\a) = 7i$pR ) pl(gp) = *Z.(gaR- (6.41)
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We get for j =2

\II'YB _ <:¢n03 ?60-3 ) : 7i\If’}/123 _ <_?n :¢e>

¢p0301 —$a0301 ¢p0'1 a0l

1—03 71+a'3 _
Py(V) = (q?jflggs o j; ) = (_?”L A¢6L) (6.42)

®pRO1  ParO1
p2(pe) = Pnr ; P2(dn) = *(beL
p2(¢a) = ~pr ; P2(dp) = bar- (6.43)
We get for j =3

. ¢e bn . Ge03 —nos
—vi= ( ba01 ¢A5p01)  MWha0 = (¢a0301 $p0301)
Pg(\I/) =3 ( ¢e _1+03 A(bnl_% ) — ( i\d)eL A(an >

¢a71+630—1 ¢pis2on —¢arRO1  PpRO1
p3(¢€) = _Z¢6L 5 p3(¢n) = Z¢nL
p3(ba) = —idar ; P3(dp) = idpr. (6.45)

We also have

wiron = (') (e o)

ijj((ba)al Wﬁpj((gp)m
<Wﬂpj(¢e> ijj(¢n>>' (6.46)

Therefore (6.22) gives the system

(6.44)

Doa = Voa + 5 Bpo(da) + 5 Wp;(90) (6.47)
Déy =V, + 2. Bpo(d,) + LWp; () (6.48)
Doe = Ve + 5 Bpo(oe) + 5 Wp;(0) (6.49)
Do = Véu + 5 -Bpo(6u) + 5 Wp;(60). (6.50)
With (6.30) to (6.33), (6.41) (6.43) and (6.45) this gives
Do = Vou + i Béan + L (=W = W)dpr = iW 6] (6.51)

Dy = Vb, + i B(=26,1 + byr) + ZU=iW" + W?)dur +iWGyn]
(6.52)
Do. = V. + i B(20er — der) + LW + Wb — W er] (6.53)

D = Ve — ik B¢nL+ Sl - W%LHW%,,L]. (6.54)
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Using the conjugation M +— M in (6.53) and (6.54) this gives

Dy =V +i% 5 Bour + z—[( W+ iW?)gpr — Wipar] (6.55)
D, = Vo, + z% (=2p1 + Bpr) + 15 =W +iW2)gar + W pr)
(6.56)
D;b\e = v(y/b\e + Z? ( 2¢€R + ¢eL) + Z?[*(Wl + ZW )d)nL + W ¢eL]
(6.57)
Dén =V +iZ B¢nL i 4 i WG, — W3], (6.58)

2

We study firstly the case of the electron and its neutrino. We have with
(6.34)

N A1+3A

GeL, = Ge——F5—; GeL03 = ;Z;eL (6.59)
(geR = (ge L ; ¢6R03 7;5612 (660)
—20er + 2¢eL = 2¢er + ber)03 = 20.03 (6.61)

and we get for (6.57) and (6.58)

~ ~ - i ~ . .
D@f:V%+ﬁﬂ%dmr%;_m3+ﬁﬂvﬂ%L_Z%UW1+”V%QM

(6.62)

Doy = Vo, — é( 1B + gaW) b1, + z‘%(—wl + iW?)Per,. (6.63)
We separate left and right parts of the wave:

Déur =Vénr i Dénr = Vonr (6.64)

Dénr, = Vnr + %(913 — g2W*) s + z—( W+ iW?)ber,  (6.65)

Déer = Voer — igiBder ; Doer = Ver +ig1Boer (6.66)

Djut, = Vo + 5 (@B + Wb — 2OV +iW)dur. (6.67)

which is equivalent to*

Dyu&n = 0uén (6.68)

Dyt = 0t + 8% Byt i (W = iW2ne + Win]  (6.69)

Dy&e = 0p&e +ig1Buée (6.70)

l%ne=f%ne+i%4ime—i%qﬁﬂf+iwfﬁm-—wfnJ- (6.71)

4. Since ¢er = v2(€c 0) we must use the second equality (6.66) to get (6.70).
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(6.69) and (6.71) give for the “lepton doublet” ¢y, = (Z") with weak isospin
Y=-1:

Y g2 i
DMPL = GMQ/JL — ZgliBHwL — ’LEW;iTij

TL=% 3 T2 = 71235 T3 =75 (6.72)

With (6.68) we see that the right part of the wave of the neutrino does not
interact. (6.70) is interpreted as a SU(2) singlet ¢p = £ with weak isospin
Y =-2:

.Y
Dybr = Ou¥r — ig15 Butr (6.73)

Finally we see here that all features of weak interactions, with a doublet of
left waves, a singlet of right wave, a non-interacting right neutrino, a charge
conjugation exchanging right and left waves are obtained here from simple
hypothesis :

1 - The wave of all components of the lepton sector, electron, positron,
electronic neutrino and anti-neutrino, is the function (6.8) of space-time
with value into the Clifford algebra of the space-time.

2 - Four operators Py, Pi, P, P3 are defined by (6.13) to (6.16).

3 - A covariant derivative is defined by (6.22).

It is now easy to use the system (6.55) to (6.58) to get all other features
of the Weinberg-Salam model. It considers the “charged currents” W+ and
W~ defined by

WhH=W,+iW7; W, =-W, +iW,
WH=w!4iWw?; W= =-W'+iWw? (6.74)

where i = 0123 is the generator of the chiral gauge ®, not the i3 of the electric
gauge. We will use (6.61) and similarly

~ ~1l—ga ~ ~

Ppr = Pp B . ; GprO3 = —Ppr (6.75)

~ ~ 1 + o ~ ~

bpL = ¢pTB i GpLos = PpL (6.76)
$pL — GpR = GpLO3 + GprO3 = (D1 + dpr)03 = Dpos. (6.77)

5. This is another sufficient reason to abandon the formalism of Dirac matrices, which
uses a unique i. It is therefore unable to discriminate the different gauges at work.
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Then (6.55) to (6.58) reads

D¢a = v¢a (ng 92W )¢aR + 'L W ¢pR (678)

- i ~ ~
Dy = Vo, +igiB(Bpr — bpr) + 5(—913 + 92 W) dpr — i Z W dur

(6.79)
. ~ . i .
D¢, = V¢, + 5(913 — Wb + 592W7¢6L (6.80)
e S -
D¢e = v¢e + Zng(¢eL - ¢eR) + 5(_913 + 92W3)¢5L - 592W+¢nL-
(6.81)

The Weinberg-Salam model uses the electromagnetic potential A, a Oy
angle and a Z° term satisfying ¢

q . q €

-4 — L g=— 892
o cos(Ow) ’ 92 sin(Ow) ’ 1= he (6:82)
29
—a1 B 3 _ 2 2Z0 _ 0 )
Qb+ gQW 91 + 93 Sln(29w) (6 83)
B = cos(fw)A —sin(w)Z° ; W3 = sin(Ow ) A + cos(Ow ) Z° (6.84)

B+iW? =" (A+i2%; A+iz°=e " (B+iW3). (6.85)

Using (6.77) this gives for the system (6.78) to (6.81)

Daa :vaa - Wzoqﬁaﬂ’, + Z W_(EPR (686)

D, =V, — qAdyo12

+ qtan(HW)ZO(gpmz + 71—

9708 —iZ2W+4 .
sin(26w ) O ZQW Par (6.87)

D;b\e :V;b\e + qA(geO'H

— qtan(HW)Z qbealg + z ZoqbeL ig—;WJrq;nL (6.88)

(29 )

-~ -~ iq 07 ~ -
D¢, =N¢, — ——7Z 92y . 6.89
On On Sin(29w) Onr, +1 D) ¢eL ( )
Equation (6.88) contains first and second terms V(E + quAﬁolg of the Dirac
equation, giving the electromagnetic interaction of the electron. Equation
(6.87) contains first and second terms —qu + quﬁalg of the Dirac equation
for a positron. There is no potential A term in (6.86) nor (6.89), since
anti-neutrino and neutrino have no electromagnetic interaction. As we have

$e012 = i(—QAﬁeR + aeL) (6.90)

6. (6.85) indicates that Z° is similar to Cabibbo-Ferrari’s B of (4.36).
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we can read (6.89) and (6.88) as

ng\nR = v(gnR (691)
~ ~ 4 g -~
D = ——7 _ .92
¢nL v¢nL Zsin(29w) ¢nL +1 2 51n(9w) w ¢eL (6 9 )
DQ/Z/)\eR = v(/b\eR =+ qA;b\eRO'H + iq tan(GW)ZoqASeR (693)
Door, = Voor + qAdero12
S 0oL o q +"
+ ig[— tan(Ow ) + 7Sin(29w)]z Gel oy S0 (0w) WT¢nr  (6.94)

Terms containing W+ and W~ which couple left electron to left neutrino
generate “charged currents”, terms containing Z° generate “neutral cur-
rents”. The Z° boson is linked to ¢r, ¢nr, and ¢r, not to ¢,g. Similarly
we can read (6.86) and (6.87) as

Déur = Voar (6.95)
~ ~ g o . q -
Doyp = —i—91 z 9 .
®ar = Voar Zsin(2t9w) Gar + i3 () W™ opr (6.96)
Dopr, = Vo1, — qAdy, 012 + iqtan(Bw ) Z°6,, (6.97)
D(EpR = V(EpR - qu;pRUm
iq[— 7% — i W*tdun. (6.
+ig[=tan(fw) + sin(29w)] O O sin(Ow) W=dar. (6.98)

(6.95) signifies that the left anti-neutrino does not interact by electro-weak
forces. The electric charge of the positron is opposite to the charge of
the electron. But the comparison with the same relation for the electron
shows that, contrarily to what is said about charge conjugation, thought as
changing the sign of any quantum number, only the exchange between left
and right waves, plus the multiplication on the right by o3 give a change of
sign. Other coefficients are conserved when passing from electron to positron
or from neutrino to anti-neutrino. Charge conjugation must be seen as a
pure quantum transformation acting only on the wave, as described in 3.5.7
A similar result was obtained by G. Lochak [40] for the magnetic monopole:
charge conjugation does not change the sign of magnetic charges, and there
is no polarization of the void resulting from spontaneous creation of pairs.
It is the same for neutrinos, there is no creation of pairs of neutrino-anti-
neutrino similar to the creation of pairs particle-antiparticle with opposite
electric charges. 8

7. More, if we try to build a charge conjugation changing other signs, we get instead
of (6.17) relations which do not give a U(1) x SU(2) gauge invariance.

8. This is also consistent with (4.76)-(4.77) where charge conjugation in the neutrino
case gives the same wave equation.
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6.2 Invariances
As with the electromagnetism, we can enlarge the relativistic invariance
to the greater group Cl;. With the Lorentz dilation R defined by a M
element in CI} satisfying « +— 2’ = MaMT we have
O =Moe; ¢, =Mon; &,=Ms,; ¢, =M,; ¥ =NU
M 0 ~ M 0
e (M 8) wo (T 1) o)
We may consider g1 B and goW7, linked to gA, as covariants vectors:
g B =Mg;B'M ; g;W' = MgyWI' M
g1B = NgiB’N . oW = NgéWj/N. (6.100)
This allows D to be a covariant vector, varying as V ;

D=MD'M; V=0MVM
D = ND'N. (6.101)

That also gives for the Weinberg-Salam angle:
B +iW'" = (A +i7"°) (6.102)

which means that the 0y angle is C13 invariant, then is a relativistic invari-
ant. We get

D¢ =MD'¢,; Do, =MD'¢, (6.103)
Dé, =MD'd,; Do, =DMD'g, (6.104)
DV = ND'¥/ (6.105)

and the CI3 invariance of electro-weak interactions is completely similar to
the invariance of the electromagnetism.

Operators Py, P;, P, and P3 are built from projectors and have no
inverse. They are not directly elements of a gauge group. Nevertheless we
can build a Yang-Mills gauge group by using the exponential function. With

four real numbers a, a', a2, a3, we define

exp(a®Py) = i (a®Po)" (6.106)

n!
n=0

o0

exp(a’ P;) = Z

n=0

(a1P1 + a2P2 + a3P3)”
n!

(6.107)
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We get with (6.25), (6.30) to (6.33)

o _ ( ep@’po)(de)  exp(a’po)(én)
P PO’(‘I’)‘(exp<a0po><¢a>al exp<a0p0><¢p>a—1)

ia

(
=e" ¢pr; exp(aopo)(Ppr) = 2" bpL

)
)
dar) = € dur 5 exp(a’po)(bar) = dur
)
) = [exp(a® Py)] ™!

Next we let

o= V@P+@P+@P; 5=dP,

and we get
exp($))(0) = ¥+ [1 + cos(a)]P. (%) + W s
[exp(—S)] () = U + [—1 + cos(a)] Py (¥) — 22 9) S(D)

which gives

exp(—S) = [exp(5)] .
Since Py commutes with S (see (6.16)) we get

exp(a’ Py + ) = exp(a’ Py) exp(S) = exp(9) exp(a’Py)

(6.115)

(6.116)

(6.117)

(6.118)

The set of the operators exp(a’ Py+95) is a U(1) x SU(2) Lie group. The local
gauge invariance under this group comes from the derivation of products.

If we use
U = [exp(a’Py + S)|(¥) ; D=+"D,
then D, W is replaced by D), ¥’ where

D, V' = exp(a OPO +8)D

B B——@a
g1

. ) 9
W', P = | exp(S)W] P; — ;@L[exp(S)] exp(—29).

(6.119)

(6.120)

(6.121)

(6.122)
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6.3 The quark sector

For the first generation of fundamental fermions the standard model
includes 16 fermions, 8 particles and their antiparticles. We studied previ-
ously the case of the electron, its neutrino, its antiparticle the positron and
its anti-neutrino. We put these waves into a unique wave (6.8) that will
be named now as ¥;. Each generation includes also two quarks with three
states, so we get six waves similar to ¢, or ¢,. Quarks of the first genera-
tion are named u and d and the couple d-u is similar to n-e for electro-weak
interactions but with differences since the electric charge of u is Z|e|, the
charge of d is —%|e|. Similarly to the lepton sector, electric charges of an-
tiparticles are opposite to charges of particles. Three states of “color” are
named 1, g, b (red, green, blue). So we build a wave with all fermions of

the first generation as
_ lel leT
U = <\II ‘I’b) (6.123)

g

where ¥; is defined by (6.8) and ¥,., ¥, ¥} are defined on the same model:
\I/T — (A(ybdr A(ybur ) _ (Q/b\dr ?\ur) (6124)

¢ﬂr0—1 fbg,ﬁl ¢ur ¢dr
_ A(bdg A(bug _ Q/b\dg ?\ug)
Yo = (¢ug01 ‘bﬁggl) - (¢ug Pdg (6:125)
_ o Pa Pub \ _ [ Pab Pub
o= (¢ub01 ¢db01) B (¢ub ¢db) ' (6.126)

The wave is a function of space-time with value into Cl5; which is a sub-
algebra of Cls o = Mg(C) (see 1.5). As previously, electro-weak interactions
are obtained by replacing partial derivatives by covariant derivatives. Now
we use notations of 1.5 and we let

W7 =AW, j=1,2,3; D=A"D,, ; A= —Ag; MV =A; (6.127)

for 7 = 1,2,3. The covariant derivative reads now

D(V) = 9(¥) + %E Py(V) + %QEJ'BJ»(\IJ). (6.128)
We use two projectors P satisfying
Py(¥) = %(‘P FiVA21) 5 i= Agias (6.129)
Three operators act on the quark sector as on the lepton sector :
Py =P, (V)As3 (6.130)
Py =P, (9)Ao12s (6.131)

Py =P (V)Aoiz2. (6.132)
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The fourth operator acts differently on the lepton wave and on the quark
sector ¥ :

_ ( Po(¥)  Po(¥,)
P, = (P’%(\Iflg) P,g(\pb)) (6.133)

. 1. .
Po(0;) = Upyay + P_(¥))i = ¥yy01 + 5(‘1111 +i¥;y30) (6.134)

1 . 1 . .
P'o(T,) = —g‘IIWm +P_(¥,)i= _§WT721 + 5(‘1%1 +1iV¥,730) (6.135)

And we get two identical formulas by replacing r index by g and b. Now
we can abbreviate and we remove indexes r, g, b to study the electro-weak
covariant derivative. We let

Plo(¥) = <
which gives with (6.135):
P/O(\I/) _ 1 < ?dO—B ?uO—B )

3 \~¢go301 —¢70301

i $a ~Pu i ( 9403 — 03
T3 (s@m (ggal) +3 (%0301 (%0301) (6.137)

We then get the system :

p’oﬁ’d) p’O(Agbu)
plo(¢a)0’1 plo((bg)a'l) (6.136)

P'o(da) =— £¢d03 + iébd + £¢d03 = %(2¢dR + dar)

3 2 2 .
Po(9u) = = 56403 — 564 — 36405 = 5 (~4bun + dur)
plo(gﬂ) :%(gﬁO—B + %fgﬁ + %(gﬁO’g = %(4(55L — (EER) (6.138)
P'o(¢g) 2%530’3 - %53 - %5303 = %(_Qé%L ~ Gar)-

Since P;, P> and Ps are unchanged in the quark sector, we get from (6.41),
(6.43) and (6.45)

P1(a) = idur ; pr(du) = idar ; p1(a) = —idgp 3 p1(dy) = —idhur
(6.139)
P2(ba) = bur ; P2(du) = —dar ; pa(du) = *QZQR ; pz(‘gg) = dur (6.140)

p3(da) = —idar ; P3(Pu) = ibur ; p3(du) = —idur ; p3(dyg) = idgp.
(6.141)

9. This is very important, since it is the reason explaining how a lepton is not a
quark. If all four operators were identical, we should get four states and a SU(4) group
for chromodynamics and the electron should be sensitive to strong interactions. Since
only three parts of the wave are similar, we will get in the next paragraph a SU(3) group
for chromodynamics.
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Now (6.129) gives
DV, =9V, + g—;BP’o(\Ifr) + %Win(‘I’r)
and we get, similarly to (6.47) to (6.50)

Ddy = Vi + L By y(dn) + %Wj pi(m)

2
Dé =V + 9—21317/0(53) + %ijj(qu)
D¢y = Va + 9—21317'0(%) + %ijj(%)

SS9 9275
Doy =NVéu + 5 Bp'o(du) + 5 Wpj(du).
With (6.138) to (6.141) this gives
" ~ g1t -~
Do = Vo + LB~ (4dar, — dur)

+ LW (—iggy) + W2(—dap) + W (—idun)]

2
S g o o
Do =V¢g+ 5 B3(=265, — dar)
+ %[Wl(—z‘&m + W20ur) + Wiigg

~ ~ ~ i
Déa=Véu+ 5 Bz (26an + dur)

+ 2V (6u) + W (Gur) + W (=idar)]

F i
Do = Voo + g—;Bg(—qu + bur)

+ g—;[Wl(z‘sde) + W2(*¢dL) + Wg(i%L)]

We separate right and left waves, this gives

_ S N 2
D¢yr, = Vur — l(*g)ng%L s Dy = Outg — Z(*g)ng;ﬂ?ﬂ

-~ n o1 ~ 1
Dd)aL = V%L - Z(+§)ng¢aL ; D;ﬂ]g = a;ﬂ]g - Z(+§)91B#77E

_ _ 1 1
Dpgr = Véar — Z(*§)91B¢Cm s Dy = 0uéa — 1(75)913#&1

_ _ 5 2
D¢yr = Vour — Z(+§)91B¢uR 5 D,u&u = ,ufu - Z(+§)91Bu§u'
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(6.142)

(6.143)
(6.144)
(6.145)

(6.146)

(6.147)

(6.148)

(6.149)

(6.150)

(6.151)
(6.152)
(6.153)

(6.154)

Comparison with 6.1 shows that quarks and anti-quarks have awaited elec-
tric charges : —Z|e| for anti-quark 7, +3 |e| for anti-quark d, +2|e| for the u
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quark and —% le| for the d quark. !? Separation of right and left waves from
(6.147) to (6.150) gives also

D = Vo — % Ban + L [-iW1z5) = W26a5 — W Gan] (6.155)
~ ~ g~ G g - e
Dégp = Vogr — ’%B%R + g[_lwlﬂﬁﬁﬂ’,) + W2¢mr) + iW3¢5,]
(6.156)

Déar = Véar + z—qudL + = [leqﬁuL) + W2y — iW3¢ar]  (6.157)

Déur = Véur + i BqﬁuL + 22 [leqﬁd ) = W2¢ar + iW3,r].  (6.158)
Using the conjugation ¢ — (E we get

Déur = Vun + i B&R + 2 [+ZW1¢dR) W2¢, .+ iW3¢gr] (6.159)

Dégn = Voan + i Boap + 2 [+iW bur) + Wear) — iW ey
(6.160)

B iW ' Gur) + W2hur +iW3Gar] (6.161)

Déar, = Var, — igB‘gdL + 2

Déur = Vour, —iL 5 Bour +2 5 (=W Gar) = W?ar, — iWGur]. (6.162)

This gives a left doublet of particles and a right doublet of antiparticle.

With (6.72) and
_ () . _ (&
Y, = (Ud) ; Yr= <§d> (6.163)

we get

D,Lﬂ/}L = a,u"/)L - i&B,u"/)L - Z.&(VvlTl + WﬁTQ + WSTg)’l/)L (6164)

Dytbr = 8utbr + 1% ;ﬂ/mfz 2(Wir — W2 + Wirs)p.  (6.165)

6

We can then say that charge conjugation is not only a changing of signs
of electric charges, but it exchanges the right and the left waves. It also
changes the orientation of the space of the 7;, where a direct basis (11, 7,
73), is replaced by an inverse basis (71, —72, 73). We encounter this basis
both here and in the wave of antiparticle (3.44) used by de Broglie.

10. Another mechanism giving the :I:% and :I:%6 charges of quarks was proposed in 5.3
of [16].
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6.4 Chromodynamics

87

We start from generators Ap of the SU(3) gauge group of chromody-

namics

01 0 0 —i 0 1 0 0
=10 0], 0m=(i 0o o], x=(0 -1 0
00 0 0 0 0 0 0 0
00 1 00 —i 00 0
M=[0 0 0], =100 0], =[0 01
10 0 i 0 0 01 0
00 0 L {100
=00 =i, =——=1]0 1 0
0 i 0 3\o 0 —2

(6.166)

To simplify notations we use now [, r, g, b instead ¥;, ¥,., ¥ , ¥;,. So we

have U = <é Z) Then (6.166) gives
r g r —ig r r
Mfgl=1r], Xlg)=| | As|lg]|=]|-9
b 0 b 0 b 0
r b T —ib T 0
A gl = 0 ’ )\5 g = 0 ’ )‘6 g| = b
b r b ir b
T 0 r 1 r
Mlgl=1-|. As|lgl=—"F1 9
b ig b V3 —2b

We name I'y, operators corresponding to A; acting on ¥. We get with (1.93)

1 0
r(¥) = 5(/\4‘1//\4 + Ao1235WAo1235) = (7, (g))
Iy (T) = 1(/\5‘111\4 — No1234 U Ap1235) = 0~y

2 ir 0

_ ptyp- —gpt— (0 T
Pa(w) = Prop —prwpt= (0 0
_ 0 b _ 0 —ib
Ty(0) = AP~ = (0 T> L T5(0) = Ay P~ = <o ir)
0 0 0 0

[g(V) =P WAy = (b g> ; T7(W) =iP~ WAgia35 = <—ib

1 _ _ 1 /0
Ps(¥) = ——=(P" WAo12345 + Ao1234s Y P7) = —= (g r2b> :

V3 V3

)

ig

(6.168)
(6.169)
(6.170)

(6.171)

(6.172)

(6.173)
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Everywhere the left up term is 0, so all I'y project the wave ¥ on its quark
sector.
We can extend the covariant derivative of electro-weak interactions (6.127):

D(V) = 9(¥) + g—;ﬁ Py(9) + %Ejﬂj(\lf) + %Q’“irk(\lf). (6.174)

where g5 is another constant and G* are eight terms called “gluons”. Since
I, commute with any element of Cl; 3 and since Pj(i¥;nq) = iP;(Vina)
for 7 = 0,1,2,3 and ind = I,r,g,b each operator il'; commutes with all
operators Bj.

Now we use 12 real numbers a°, o/, j =1,2,3, b, k=1,2,....8, we let

j=3 k=8
S1=> alP;; Sy=) bl (6.175)
j=1 k=1

and we get, using exponentiation (see 6.2)
exp(a’ Py + S1 + S2) = exp(a’Py) exp(S1) exp(Sz) (6.176)

The set of these operators is a U(1) x SU(2) x SU(3) Lie group. Only differ-
ence with the standard model the structure of this group is not postulated
but calculated. The invariance under Cl (and particularly the relativistic
invariance) of this covariant derivative is similar to (6.105) with underlined
terms. The gauge invariance reads with

U = [exp(a’Py + S1 + S2)](¥) ; D=A*D, ; D' =A*D,  (6.177)

D, V' = exp(a’Py + 51 + S2)D, ¥ (6.178)
2
B, =B, — —0,a° (6.179)
91
. ) )
Wliﬂj = [exp(Sl)WﬂBj — g—QGM[eXp(Sl)]} exp(—S1) (6.180)
2
Qlﬁil—‘k = [eXp(Sg)QZiFk - g—@u[exp(Sg)]} exp(—952). (6.181)
3

The SU(3) group generated by projectors on the quark sector acts only on
this sector of the wave :

Pt exp(bFily) (V) P+ = PTOPY = <‘I(/)l 8) (6.182)

We get then a U(1) x SU(2) x SU(3) gauge group for a wave including
all fermions of the first generation. This group acts on the lepton sector
only by its U(1) x SU(2) part. The physical translation is: leptons do not
strongly interact, they have only electromagnetic and weak interactions.
This is fully satisfied in experiments. The novelty here is that this comes
from the structure itself of the quantum wave. Since it is independent on
the energy scale, we understand why great unified theories do not work.
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6.4.1 Three generations, four neutrinos

The aim of theoretical physics is to understand experimental facts. To-
day we have to understand both why we get only three kinds of leptons and
quarks and a fourth neutrino, without electro-weak interactions. Actual
experiments show both the limitation to three kinds of light leptons from
the study of the Z° and the possible existence of a fourth neutrino with-
out electro-weak interactions. We explained the existence of three kinds
of leptons in chapter 5. This is easily generalized to the three generations
of the standard model. Two other generations are gotten by replacing the
privileged third direction o3 by o1 or g9, everywhere this direction is used.
The passage from one to another generation must be seen as a circular per-
mutation of indexes 1 — 2 +— 3 +— 1l or 1 — 3 — 2 — 1 for the other.
For instance the os in (6.11) which defines left and right projectors must
be replaced by o1 or o3. The o1 in (6.8) which links the wave of the par-
ticle to the wave of the antiparticle must be replaced by oo or o3. These
changes imply to treat separately each generation, and it is the reason of
this separate treatment in the standard model. Now for a fourth genera-
tion we have no other similar possibility since the Cl3 algebra is based on
the 3-dimensional physical space. We cannot get a fourth set of operators
similar to the P,.

But the existence of a fourth neutrino [20] is possible because Cl3 has
four generators with square —1. The wave equation of the electron includes
one of these four generators, io3 = o12. Now i0; = 093 and ioy = 031
explain why two other kinds of leptons exist. We can also build an invariant
wave equation with the fourth generator, i = o123:

— -~

d(Vp)oias +mp = 0. (6.183)

Multiplying by the left by ¢ ! we get with p = e P¢p¢ the equivalent
equation

Vi +me Pp=0; Vé=ime o (6.184)

Contrarily to our homogeneous non-linear wave equation (3.9) which has
the Dirac equation as linear approximation, this wave equation cannot come
from the linear quantum theory, it has no linear approximation because the
B angle is not small, it is now the angle of the phase of the wave ''. We can
nevertheless get plane waves. We search now solutions satisfying

dp=e"%py; p=muat; v=oclv,. (6.185)
where v is a fixed reduced speed and ¢q is also a fixed term, we get:

Vo = 0", (e o) = imue'® . (6.186)

11. This is another reason to think that the homogeneous non-linear equation is better
than its linear approximation.
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And we have

Pp = e e Py = e X oy (6.187)
Then if we let
PoBy = poe’ (6.188)
we get
B=Ppg—2p; e Bp=e P20 —ivg, — ¢~iBo—¢) g (6.189)

Then (6.177) is equivalent to

imue'? gy = ime 1 Po=2) g (6.190)
v = e~ gy,
ePoygy = do. (6.191)
Conjugating we get
e~ P5py = do. (6.192)
So we get
b0 = ePovdy = ePov[e" Py = viigy. (6.193)
Then if ¢g # 0 we get
1=v0 (6.194)

which gives (2.73) or (3.40) and since (6.191) implies (3.43) we get the same
results as with our non-linear wave equation: existence of plane waves with
only positive energy. Developing (6.176) we get a system of eight equa-
tions similar to the system (2.92) to (2.99) and four of these equations are
the conservation of the D, currents (9, D}, = 0) [20]. Then the density of
probability is conservative and there is no possible disintegration of such a
particle. Without a set of operators P, there are no electro-weak forces.
Therefore only gravitational interactions remain possible. Such an object
could be necessary part of the black matter, since it is unable to emit pho-
tons.

6.5 Geometric transformation linked to the wave

We saw in 3.3 that the wave of the electron defines in each point of space-
time a geometric transformation (3.55) from the tangent space-time of an
intrinsic manifold into the tangent space-time to our space-time manifold.
What becomes this transformation when we consider the wave ¥; of a couple
electron-neutrino, or the complete wave W of the first generation?
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6.5.1 In space-time algebra

Any element M in Cl3 is sum of a scalar s, a vector ¥, a bivector i and
a pseudo-scalar ip. We have
M=s+7+iw+ip; M=s—0+iw0—ip
M'=s4+0—il—ip; M =s—0—iw +ip. (6.195)

With the matrix representation of the space-time algebra studied in 1.4.1
and the N in (1.68) we associate to x = a0, in Cl3 the space-time vector

x = aty, = <g g) (6.196)

Then the dilation R defined by (1.42) associates to the space-time vector x
the space-time vector x’ satisfying

x' = NxN (6.197)
while the differential operator @ = v#0,, satisfies
d=No'N. (6.198)

And the dilation D defined by (3.55) associates to the space-time vector
y, element of the tangent space-time to the intrinsic manifold linked to the
wave, a space-time vector x in the usual space-time, satisfying

~ 0 ~ >
X\Ify\If;\PG: 5);\1:(%3 (;)T);yy“w@ g) (6.199)

Now we consider the wave of the lepton case ¥; which reads

_ (% O\, G _ (% ¢L>
Wl(% m)"pl(aﬁn o1) (6.200)

The generalization of (6.199) is
x =0yl (6.201)
But, since
X=Uyl, =x (6.202)

then x is the sum of a scalar, a vector and a pseudo-scalar. '2 To get only a
vector, we must separate the vector part. Noting < M >; the vector part
of the multivector M, we then let instead of (6.201)

x =< Uy, > (6.203)

12. The same property in Cl3 proves that x is the sum of a scalar and a vector and
this is exact for a space-time vector.



92 CHAPTER 6. ELECTRO-WEAK AND STRONG INTERACTIONS

We have

i~ be  On 0 y 56 ¢jz
‘Pl”%(an ae) (a o> <an ¢z>

_ (900 + Sy Seydl + %z?cbil) 4
— (Qbe@\ae +¢ny$n ¢”y¢l er)e@\(bil (6.20 )

which gives

~ 0 N
x =< Uyl 5= (a g) 5= Doyl + Dui, (6.205)
We let

D=D.+Dy,; Dec(y) =oeyd! ; Dun(y) = ¢njol, (6.206)

D, is a direct dilation, conserving the orientation of the time and the space.
D,, is an inverse dilation, conserving the orientation of the time and changing
the orientation of the space. The geometric transformation D : y — =z is
the sum of these two dilations.

The element y is independent on the relative observer: if M is any
element of Cl3 and N is given by (1.68), the dilation R defined in (1.42)
satisfies

o' =MzM'; ¢ =Mép.; ¢, =Mop, (6.207)
b b Moe Moy
\I// = /\e /\n = ~~ —~ = N\I/ 2
=5 %) G o l (6:208)
/ ~ ~ ~ ~ ~
x' = (g, ‘"g) = NxN =N < U,y¥;, > N =< NU,;y¥,N >,
=< UlyW) >, . (6.209)

We then have
x=<Uyl; > ; x' =< Uyl >, (6.210)

with the same y for the observer of x and for the observer of x'.

6.5.2 Extension to the complete wave

The complete wave ¥ containing the wave of leptons and quarks of the
first generation defined in (6.123) satisfies (the proof is in Appendix A)

T B (6.211)
U,
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The wave has value in the Clifford algebra Cls ;. Each element reads

V=" <¥>, (6.212)

where < ¥ >,, is named a n-vector. The reverse satisfies

U U b <U> —< Uy < US4+ <US,+<U>s— <>,
(6.213)

We define the v-part A, of any multivector A as the sum of the vectorial
part and of the pseudo-vectorial part in the complete space-time:

Ay =< A>,=< A > + < A>; (6.214)

because it is this vectorial part which replaces in Cls; the vectorial part
< M >; of the space-time algebra. It is linked to the fact that vectors of
Cly 5 are 5-vectors of Cls; and vice-versa. We should then get the same
definition of the vectorial part by using Cl; 5. We use

n=3 n=3
Y=Y v Y5 = vk (6.215)
n=0 1=0
a=5 n=3
<y>1=Y A=Y y'Au+y A+ 1°As (6.216)
a=0 n=0
a=5 pn=3
<yYy>5= Zyé—,’AaAng = (Z YEA, + ysAa + Y2 As)Aoras.  (6.217)
a=0 n=0

This gives with (1.72) and (1.75)

v <y+y +y i _y+%4_y5i) (6:218)

<y>p= <y5 . y5 o ~¥5 + g?, - yg’i) ((1) ?) (6.219)

Yo =< Y >, = (yv NV Yo +0yjj - y;‘;) (6.220)
with

Yo=y+ysi: yo=v'+uii; y) =—2 + 4% (6.221)

The generalization of (6.203) is the transformation:

fiyo s zy =< Uy, U >, (6.222)
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We use for x similar notations as in (6.215), (6.216), (6.217), (6.221), with
z in the place of y and we get

~ A B ~ 0 B
\I]yU\II - (C D) y Lo =< lI/y'U\I] >p= (C 0)
X, + 24+ 25 = C = Wy(y, + yit + y) Wy + Uy(—y, +yb — y2) Ty
(6.223)

—x, + a4 — 25 =B =U.(y, +ys + )T, + U(-y, + i — y3) ¥
(6.224)

This equation contains the term \Illyv\fll and similar terms coming from the
wave of quarks. We remark that the supplementary dimensions are mixed
with the ordinary ones. We remark also that x, or y, are now sum of a
vector and a 5-vector, which is in Cls; a pseudo-vector. Components of
these sums may be expressed as

xy =z + a5l (6.225)

The complete space-time has then a natural structure of complex linear
space with dimension 6, with the i of the chiral gauge.

6.5.3 Invariance

The dilation R induced by any element M of Cls satisfying (1.42) reads
in space-time algebra, with the N of (1.68):

n=3 n=3
X' =NxN; x=Y aly,; X' =) 2", ; ¥ =N, (6.226)
p=0 n=0

and we await the same transformation for the waves of quarks:

U =NV, ; ¥ =NV, ; ¥, =NY, (6.227)
We let
M 0 0 0
N(zg ](\)[> oo (6.228)
0 0 0 M
We then get
N M 0 0 0
Y B A )
0o 0 o0 M



6.5. GEOMETRIC TRANSFORMATION LINKED TO THE WAVE 95

With
n=3 n=3
X5 = ngyu ;X = legvu (6.230)
n=0 n=0
X, =x+x5i; x, =x"+xii (6.231)
e =t qadiy 2 =l 40 2 = e ) = )+
(6.232)

/ A5
T = (xﬁj + $% +a? e :E) o U) (6.233)
the generalization of (6.209) in Cls 1 reads
z) =Nz,N; ¥ =NV (6.234)
which gives
¥’ = NU = UN. (6.235)
Then the first equality (6.234) is equivalent to the system:
X, + 20 = N(x, + 25)N (6.236)
2/t = 2NN, (6.237)

And since we can separate, in (6.236), the different multivector parts, it is
equivalent to the system:

x' = NxN (6.238)
x, = Nx5N (6.239)
2t =2 NN
2> =25NN. (6.240)

With (1.43) (6.237) and (6.240) read

ot ixlg = re (2" +ixd) (6.241)

—z/g +ig!” = ret® (—al 4 ix®) (6.242)
This separation between the different components of the global space-time
explains why we usually see only the real components of the 4-dimensional
space-time vector x. Only the usual space-time has real components. (6.241)
and (6.242) indicates both that these two supplementary dimensions are
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complex dimensions and that they separate completely the usual space-
time in the global space-time. A space-time with one or two supplementary
conditions has been used early [50]. The problem was always to explain
why classical physics do not see these supplementary dimensions. Here this
problem is automatically solved by the difference coming from the invariance
group of physical laws.

The form invariance of the geometric transformation f results from
(6.231) and (6.232) which give

Fiyy o ay =< Uy, U >, (6.243)
foye s aly =< Wy, U >, =< Ny, UN >,
=N < Uy, ¥ >, N = Nz, N. (6.244)

Similarly to what we said in 3.3, y, is independent on the observer, intrinsic
to the wave.

6.6 Existence of the inverse

Our study in 5.2 of systems of electrons has introduced the inverse ¢!
which is defined only where det ¢ # 0. We can see that this condition is
satisfied everywhere for each bound state of the H atom (see Appendix C).
We saw previously that the wave of the electron is a part of the wave ¥; with
value in Cly 3 which must be also invertible. We must then get det(¥;) # 0.

We have not yet used one of the features of the standard model, because
it was not useful until now: the right part of the neutrino wave does not
interact, and the standard model can do anything without &,,. We can then
suppose

§in =8m =0 (6.245)
We then have with (6.2), (6.3) and (6.8):

€1e _n;e 0 _n;n

0, — \/5 526 e in 6.246
! Mn 0 Me 7§;e ( )

MNon 0 T2e gi‘e

We let
pe = | det(de)| = 2[E1emye + E2emiel (6.247)
pr = |det(¢r)| ; ¢r = V2 ("1” 7716) (6.248)
Mon  72e

o = [det(T;)]/? (6.249)



6.6. EXISTENCE OF THE INVERSE 97

The calculation of the determinant of the matrix (6.246) gives the remark-

able result:
pL=1\/pZ+pi. (6.250)

It is then very easy to get an invertible W;, it happens as soon as ¢, is
invertible (for instance for each bound state of the H atom), or as soon as
1. and 7, are linearly independent. This is a very interesting use of the
condition £, = 0, and means that all features of the standard model are
important. It also means that the true mathematical frame is the Clifford
algebras and that the existence of an inverse wave in each point is physically
useful. Moreover we can extend this to the complete wave of all fermions
of the first generation. The standard model uses only left waves for the
quarks, we get then for the color r:

0 777;dr 0 777;117‘
0 Ny 0 i
U, =2 Ldr Lur 6.251
\/_ Mur 0 Mdr 0 ( )
2ur 0 2dr 0

and two similar equalities for colors g and b. Now we consider two matrices:

Me Mn Mdr Mur _655 Me Mdr Mur
I = \/5 T2e MNon N2dr  M2ur ;M — \/5 gi‘e T2e N2dr  "2ur
Mdg Mug Ndb  Tub 0 Mdg Mdb Mub
M2dg  M2ug  N2db  T2ub 0 Modg M2db  M2ub
(6.252)

And we get with (6.123) the identity
det (V) = | det(L)[* + | det(M)|? (6.253)

We can then see the waves of the standard model as having the maximum
number of degrees of freedom compatible with the existence of an inverse
wave UL,

In the M matrix of (6.252) the green color is less present than red and
blue colors, which seems a priori abnormal. Technically the reason is simple:
since the only right term, &, is on the same column as the ug wave, when
we suppress all terms of a column and of a line in the calculation of a
determinant, the ug term necessarily disappears.

More important, the fundamental mathematical tool is Clifford algebra,
not complex matrix algebra. This comes from the fact that space-time
algebra is not identical to the algebra of 4 x 4 complex matrices, or the
Cls Clifford algebra of the 6-dimensional space-time is not identical to the
algebra of 8 x 8 complex matrices. These Clifford algebras are only sub-
algebras of the complex matrix algebras. Moreover they are sub-algebras
only as real algebras. The use of complex linear spaces is then a kind of
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accident, a fortuitous coincidence: the possible identification between the
Clifford algebra of the 3-dimensional space and the algebra of 2 X 2 complex
matrices, as algebras on the real field.

Consequently, for instance, ¥ matrices are not at all symmetric. Null
terms are on same columns, not in lines. Lines 1, 2 and 5, 6 of ¥ are
multiplied by a M factor while lines 3, 4 and 7, 8 are multiplied by a M
factor of the form invariance group. We may also remark that all terms of
L and M matrices in (6.252) are left terms, multiplied by a M factor in
the form invariance group. When we look at operators of the electro-weak
gauge group we can also see that they act on columns of matrices, not on
lines.

Other consequence, the change of a matrix into its adjoint matrix is
not the most important transformation. This should be the case if the
theory of hermitian spaces and unitary matrices was fundamental. The most
important transformation is the reversion, (A becoming A), as we can see
throughout this book. This reversion makes sense in any Clifford algebra,
and it is this alone reversion that appears in calculations. It happens that
the reverse is identical to the adjoint matrix when we identify space algebra
and Pauli algebra. But this happens only in the Clifford algebra of the
physical space. With the space-time algebra, or with the algebra of the
6-dimensional space-time the reverse is not the adjoint matrix. Reversion
exchanges the left-up matrix-bloc and the right-down matrix-bloc, while
the right-up and the left-down matrix-blocs stay in the same place, being
exchanged two times. If the SU(3) group exchanging r, g, b states was
fundamental, it should be effectively necessary that the green color should
play the same role as red and blue colors.

Since this is not true, we see that the U (1) x SU(2) x SU(3) structure is
widely "accidental" on the mathematical point of view. This means that the
necessity of unitary gauge groups is not justified. The important structure is
in fact the Cls ; algebra and its left and right multiplicative automorphisms.

6.7 Wave equations

The mass term of the Dirac equation links the right wave to the left wave,
we can read this in (2.31) and (2.32). W' et W? terms in the electro-weak
theory link left waves 7. 7, of the electron and of its neutrino, while B and
W3 terms work separately with left and right waves. The Weinberg-Salam
model took advantage of the very small mass of the electron to neglect its
mass term '3, Mass is then out 6.1 to 6.6. The existence of the preceding
identities allows a mass term in a wave equation both form invariant and
gauge invariant, we see this first in the case of the ¥; wave of the electron

13. This approximation is a posteriori satisfied by the huge mass of the Z° which is
180,000 times the mass of the electron. This approximation was inevitable because the
mass term of the linear Dirac equation cannot be compatible with the electro-weak gauge.
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and its neutrino:
\T’l(D‘I’l)’}/Olz +mp; =0 (6.254)

if we authorize p;, defined in (6.250), to be variable in the gauge invariance
as in the form invariance. For the case of the form invariance (which implies
the relativistic invariance) we have with (2.64) and (6.248).

pL=rpe; &) =My
P, = | det(¢h)] = |det(M)|| det(¢r)| = oL

o= [0+ 0, = o+ o = (6.255)

The wave equation (6.254) is then form invariant under the transformation
R defined by M in (1.42) and N in (1.80), the equation becomes :

U (D'W))y012 +m'pp =05 mp, = m'p]. (6.256)

This wave equation could not be gotten from the linear wave equation, be-
cause even if the relativistic invariant p, linked to the determinants, always
exist when we use the wave of a pair electron-neutrino, there is no more a
Yvon-Takabayasi angle. It is defined only for one electron. Under the gauge
transformation defined in (6.119) to (6.122) we get (the detailed calculation
is in Appendix B):

V(D' W))qosz + ol = 05 pf = |det(W)]V2 (6.257)

Therefore it is not necessary to use a complicated mechanism of sponta-
neously broken symmetry to reconcile the electro-weak gauge invariance
with the existence of the mass of the electron. All you have to do is to
accept that the p; term, which depends on ¥, may change with the gauge
transformation acting on this ¥. The generalization of (6.254) to the com-
plete wave including the wave of the quarks of the first generation is possible:

U(DW)Agra + mgp = mp P~ ; p = [det(W)]"/4 (6.258)

where m, is the reduced mass of the u quark, p; satisfies (6.250) and P~
is the projector defined in (1.93). The other quark is more heavy, but we
must recall that the d quark used in all this chapter is not the ordinary d
quark, but the partner of the u quark in electro-weak interactions, which
is a combination of the d and s quarks, s being the corresponding of d in
the second generation. With the gauge transformation defined in (6.177) to
(6.181) we get:

(D' Ao12 + myp' = m'pj P~ (6.259)
Pl = [det(W)]V4 5 pf = [det(W))]V/2, (6.260)



100 CHAPTER 6. ELECTRO-WEAK AND STRONG INTERACTIONS

In a domain of the space-time where the wave of u and d quarks is zero we
get det(¥) = 0 and the wave equation (6.258) is reduced to (6.254).

In this case and in a domain of the space-time where the wave of the
electron is null or negligible we get p; = 0 and the wave equation of the
neutrino is reduced to V7, = 0 which is the wave equation of the usual
neutrino moving with the light speed. This wave is then without interaction.



Chapter 7

Magnetic monopoles

We present here the recent experimental works on magnetic monopoles.
Next we apply to the magnetic monopole our study of electro-weak in-
teractions.

7.1 Russian experimental works

Recent experimental works about magnetic monopoles began with V.F.
Mikhailov [51]. He was taking up works made fifty years ago by F. Ehren-
haft. An electric arc produces ferromagnetic dusts that are conducted by
a Ar gas into a chamber where a laser lights them up. Into the chamber
the ferromagnetic particles are moved by a magnetic field and an electric
field orthogonal to the magnetic field. The direction of the fields may be
reversed. Movements are observed, under the light of the laser, with an
optic microscope.

The measure of the magnetic charge of these particles took advantage
of the fact that some of them have also an electric charge and the move of
an electric charge into an electric field is well known. Mikhailov observed

. € .
an elementary magnetic charge g = nag. The fine structure constant « is

small (a ~ 33=).

But the expected value is completely different [30]. A calculation made
by Dirac, obtained again in a very smart way by G. Lochak from his theory
of the monopole [40] gives, for the elementary magnetic charge

eg n

= = 7.1

he 2 (7.1)
where n is an integer. The elementary magnetic charge observed by Mikhailov
was much smaller than the theoretical charge. We may ask if there is a rea-
son to refute the theoretical calculation, or if there exists an experimental
reason to this divergence. The two things are possible: each process allowing

101
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to get (7.1) includes a calculation of the potentials created by charges, and
we can doubt its validity. Magnetic charges observed by Mikhailov were vis-
ible only during the illumination by the strong light of a laser, and may have
been second order effects coming from this illumination. Mikhailov realized
also an experiment where the ferromagnetic particles were included into wa-
ter droplets, with spherical symmetry. Then he measured magnetic charges
compatible with the elementary magnetic charge calculated by Dirac. The
value of such a charge is then a question that must be solved experimentally.

The experimental work of L. Urutskoev had in common with Mikhailov’s
work only the use of an electric arc. To shatter concrete, little holes were
made and filled with water, an electric wire was put in each hole and an
electric condenser was discharged into the wires. The discharge produced an
explosion and this explosion shattered the concrete. The first astonishing
fact was the great speed of the pieces of concrete smashed by the explosion,
this induced a need to better study what was going there.

The continuation of experiments was to shoot into pure water, without
concrete. An intense glowing was found to appear above the device. The
duration of this phenomenon, about 5ms, was much greater than the dura-
tion of the discharge, 0.15ms. A spectral analysis of the emitted light was
performed. Spectral lines of nitrogen or oxygen were very weak, while the
glowing was emitted into the air. and the strongest spectral lines showed
the presence of Ti, Fe, Cu, Zn, Cr, Ni, Ca, Na. The presence of Cu and
Zn could come from the electric wires, the presence of Ti signified that the
Ti foils used in discharges spread above the device, in spite of the cover.
The presence of the other elements was enigmatic. This induced to analyze
more finely the metal powder resulting from the explosion of the Ti foil in
water. Observations made were still stranger. While the foil was made of
99.7% Ti the ratio of Ti in powder could go down to 92%. The amount of
disappeared titanium corresponded to the amount of new elements appear-
ing, Fe, Si, Al, Ca, Na, Cu, Zn, principally. In addition, an isotopic analysis
showed that the isotopic composition of Ti was changed, with a significant
decline of the ratio of 4®Ti. Experiments were repeated many times, with
all necessary precautions. Other metals were used, in particular zirconium.
Ratios of different outside elements changed on composition of the exploded
foil. For instance there was much more Cr with the zirconium than with
titanium, and much less Si and Al.

Since the transformation from an element to another is usually associ-
ated to radioactivity, an intensive search of radioactive emission was made.
There was no X-v rays detected, in spite of 1019 - 102 transformed atoms at
each shot. Detection of neutrons was also performed. Scintillator detectors
indicated a pulse that allowed to estimate the speed of the radiation to 20 -
40 m/s. Such a low speed could not match a neutron flux, because neutrons
should be ultra cold. A detection of the radiation with photo emulsions was
applied, for lack of better means. We will come back farther on what is seen
with these films. Urutskoev saw next that the presence of a strong magnetic
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field changed the aspect of these traces, and he deduced that the radiation
going out his shots had magnetic properties. He led then experiments to
trap the radiation with strong magnets and he used the Moessbauer effect
to prove the reality of these captures.

Urutskoev noted also that the transformations come principally from
even-even kernels, that is to say from kernels with an even number of pro-
tons and an even number of neutrons. He noticed that the mean binding
energy of produced kernels was very few different from the mean binding
energy of initial kernels: there was no nuclear energy emitted or absorbed in
significant amount. And all the produced kernels were in the ground state,
there was no radioactivity.

Experiments made by N. G. Ivoilov [35] indicated that it was possible
to get similar traces on photographic films with much less energy: he used
an electric arc into water, with a current exceeding not 40 A with a 80
V tension. He got traces complying to properties of magnetic monopoles
predicted by the G. Lochak’s theory.

7.2 Works at E.C.N.

Works made at the Ecole Centrale de Nantes, in the laboratory of Guil-
laume Racineux by Didier Priem and Claude Daviau [46] with the help of
Henri Lehn and of the Fondation Louis de Broglie, had the aim to satisfy
and to continue the Urutskoev’s work. This seemed necessary in view of
the extraordinary nature of yet obtained results.

Figure 1: Vessel

The experimental device is dependent on the available equipment at the
E.C.N. and then is different, even if it is as few as possible, from this used
by Urutskoev. The generator is an American one, Maxwell type, maximum
power 12 kJ at 8.4 kV, capacity 360 uF and a vessel (Figure 1). The first
containment vessel was made of aluminum, it was replaced by a second vessel



104 CHAPTER 7. MAGNETIC MONOPOLES

to allow to collect the gas produced during a shot. Experiments made by
Urutskoev allow him to see that the gas is almost totally hydrogen. This
second vessel was made of stainless steel, it contained a tank with an internal
diameter of 20 mm covered by polyurethane. The internal diameter was
then reduced to 16 mm which has improved the yield. A third vessel was
made when the second was tired. The current coming from the generator is
distributed into two electrodes, one up and one down. They are linked by
a fuse made of Ti40.

After a shot, the gas is collected, its volume is measured. Powders are
collected with the liquid which contains them, and are placed during 24
hours under a photographic plate exposed to the radiation coming out of
powders. This photographic film is then developed and examined with an
optic microscope. Powders are dessicated and examined with the electronic
microscope of the E.C.N.. This allows us to get three kinds of results, about
powders, gas and traces on the photographic films.

7.2.1 Results about powder and gas

Our observations confirm very widely the results obtained by L. Urut-
skoev, even if our ratios of production are lower than those he got. The
energy of the discharge being lower than this of Urutskoev, and the dis-
charge being shorter, this is not astonishing. But outside this, strange
elements whose we get spectrograms into the electronic microscope have a
composition very near that obtained by Urutskoev. In the same time our
observations make the things still stranger: when we notice the presence
of one per cent of iron into our powders, this iron is not dispersed a little
everywhere. On the contrary what we notice is: one per cent of the particles
are made of so much iron than titanium is quasi missing. It is often iron
which is dominating but there are shots where we find more copper than
iron. The particles made of copper have any scale, some are numerous and
have length of about one micrometer, others much rarer are greater and even
visible to the naked eye. Those particles contain very few titanium. The
composition of the exotic particles may be more complicated: we observe
particles of iron-chromium, of copper-zinc. Iron is rarely alone, it is most
of time with chromium, a little nickel, sometimes 1% manganese, and with
carbon and oxygen. The composition of particles is often not homogeneous,
a particle may have not transformed titanium at places and titanium may
have been nearly all replaced at another place.

Figure 2 shows a particle with an evident continuity, which has dark
places and one light place, in addition to many holes. On the left and above,
titanium remains intact. At the center, the spectral analysis indicates the
following mass composition : Fe 69,8%, Ti 10,81%, Ni 7.28%, Cr 4, 33%,
0O 3,98%, C 3,8%. Holes are also significant, because they indicate a gas
production just before the solidification caused by the intense cooling in
water.
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Figure 2: Particle with an iron place

The fact that iron is rarely alone, and that it is associated to chromium
and nickel has much complicated our work, because the stainless steel of our
tank is made of those three metals, and we could be objected that stain-
less steel of our tank contaminated powders. Stainless steel was therefore
removed from the inside of the tank, it contains now only titanium and
polyurethane. The suppression of the stainless steel has changed nothing
actually, there is also iron into powders when the alone metal inside the tank
is titanium. This was predictable since the composition indicated above is
not this of the stainless steel of our vessel. We can also easily satisfy that
the Ti40 used to make our fuse does not contain the ratio of iron, copper
and other materials found into powders.

Extraordinary results obtained by Urutskoev are therefore well real. The
one who should say them impossible only has to reproduce the experiment.
If he is honest, he will be obliged to see that something really happens.

But nothing should happen: conditions of the experiment move an en-
ergy measured in kJ, this furnish only a hundred of eV at uppermost for
each concerned atom of titanium. This is ridiculously small in comparison
with nuclear binding energies. In addition interactions known until then
work in a completely different way. For instance weak interactions allow
to transform one proton of a kernel into a neutron, or vice versa, and that
is submitted to general laws of quantum mechanics, where random plays a
obligatory and permanent role. If the kernel of a titanium atom was trans-
formed by weak interaction, it could give a kernel of scandium or vanadium.
Neither of those metals was seen until then. We saw vanadium rays not only
once, and vanadium is an obligatory way if you want to go, with weak in-
teractions, from titanium to iron or copper. And if weak interactions were
acting, transformed kernels should arrive at random, in time and in space,
not into macroscopic bundles.

We must not forget that our experiment is an explosion and an explosion
is not precisely the best way to assemble into a packet some dispersed atoms.
It is on the contrary a very good way to disperse a concentrated matter.
Since we see particles made of iron, or of copper, or of nickel, or of iron-
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chromium, with very few titanium, these elements were produced together.
We do not understand how it is possible, but that changes nothing to the
reality of the phenomenon.

In addition there are energy constraints. The mass of the elements
found into our powders and which should not be there is 10'° times greater
than the mass of the energy brought by the electric discharge. With an
excellent precision we can then say that the total energy of the produced
atoms is equal to the total energy of the destroyed atoms. This conservation
of the total energy restricts considerably the possibilities of reaction. We
cannot get for instance vanadium. The isotopes of vanadium are heavier
than these of titanium, which allows to *®V to be 8% radioactive and
to disintegrate into “8Ti. And as we have no radioactivity linked to these
transformations, it is necessary that the total number of electrons, of protons
and of neutrons are also conserved. So strange as it may be, all these
conditions of conservation do not forbid the observed transformations. As
Urutskoev said, all is just like if for instance 100 kernels of “8Ti go together
for some reason to form a big "kernel", then reallocate their nucleons to
form in the same time lighter and heavier kernels. Doing so they also respect
the conservation laws of energy, electric charge, baryonic charge, leptonic
charge... And in addition this magical transformation is accompanied by no
significant radioactivity!

Now we do not know enough to have an idea about mechanisms of trans-
formation. We do not know why after one shot we get many iron particles
while after the following shot we will get instead copper particles. To begin
to understand what happens will necessitate probably a very fine analysis
of the obtained particles and of the physical conditions into our vessel. In
view of the brevity of the discharge (72us) and the intense pressures linked
to the shock wave, it will be not easy to learn more.

Some gas was always produced during the metallurgical works made at
the Ecole Centrale. The presence of this gas was besides considered as a
nuisance, limiting the repetitiveness of the shots. The device that we use
allows to measure easily the quantity of produced gas. This gas is quasi
totally made of hydrogen. As titanium heated to a very high temperature
is a reducing agent, this is not surprising. It is also difficult to estimate the
quantity of oxygen going into the powders as oxide or dioxide of titanium,
or dissolving into water. We have estimations indicating that a part of the
hydrogen does not come from the dissociation of water. To satisfy this a
shot into heavy water has been done with success by L. Urutskoev. He got
not only D2, but also HD and H2. And this hydrogen cannot come from the
water. Transformations of titanium can leave isolated protons and electrons
which form hydrogen atoms. This hydrogen, either from chemical origin or
not, is formed inside particles, which are often so much spongy that they
float on the water in which we collect the powders.
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7.2.2 Stains

After each trial, the titanium powders from the fusible are collected
along with the water contained in the trial chamber and are placed under
a photographic plate. The traces are produced, not immediately in the
electric arc, but by what is in the water and powders, and leaving several
hours after the electric arc. Sometimes, something go out of the water, it is
not only the things that make the traces, but also a part of the powders on
the surface of the water. They emerge from the water, despite the gravity
and the surface tension of water, and are glued on the wrapping paper of
the photographic plate:

Figure 1: Stained paper, experiments 103, 62, 79.

7.2.3 Traces

Powders collected after a shot and the photographic plate, following
both indications of Urutskoev and Lochak, are placed between two metallic
plates forming a plane condenser, under a low 10V tension. The move of a
magnetic monopole in a fixed uniform electric field is analogous to the move
of an electric charge in a fixed uniform magnetic field. The Laplace force is

F=g(H-=xE) (7.2)

ol

where g is the charge of the magnetic monopole. In a constant electric field
orthogonal to the plane of the plate, a monopole must have a circular move
We expect rotations into the plane of the photographic plate, and it is what
happens rather often, as figures 3 to 7 show.
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Figure 3: Circle, diameter: 0,2 mm

Figure 4: Circle, length of the picture: 2,6 mm

Figure 7: Circle, length of the picture: 1,45 mm

We must not expect all traces to be circular, because the presence of glass
dishes between plates induces a certainly non-uniform electric field. We
must also notice we do not know a priori what we seek, we see probably only
a little part of traces, in the absence of knowing completely the dynamics
of magnetic monopoles. We also do not know how monopoles interact with
the photographic plate. It is easier to see the very long and stark traces,
more difficult to see the short and weak traces. Circles are not the only
curved traces, we obtain also horseshoes:
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y . v -
Figure 8: Horseshoe, length of the picture: 0,19 mm

We must expect not perfect circles, notably because the loss of energy
gives a smaller radius. This is visible on the following pictures

Figure 9: Braking, length of the picture: 1,78 mm

Figure 10: Braking, length of the picture: 1,9 mm

* P

Figure 11: Braking, length of the picture: 0,57 mm

Figure 12: Braking, length of the picture: 0,2 mm
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Large traces, as in figures 8 or 12, are actually double traces. This
doubling of traces is more visible when the two traces are well separated:

Figure 13: Double trace, length of the picture: 2,67 mm

Figure 14: Double trace, length of the picture: 0,58 mm

The magnetic monopole of G. Lochak is a chiral object, built from an angle
which is pseudo-scalar. The simpler object of our usual world explaining
what is chirality is a screw. There are left screws and right screws. This
property is verified for several observed traces!. We can see spirals, often
with difficulty. Sometimes the spiral is very visible, as on this trace and its
enlargements :

Figure 15: Spiral trace (length 2mm)

Figures 16 and 17: Enlargements of figure 15

Undulations are often seen on enlargements of our pictures:

Figure 18: Wave, length of the picture: 2,67 mm

A wavelength is directly measurable on this picture, where we count 30
wavelengths, this gives a 89um wavelength. A wavelength is also directly
measurable on the following picture:

1. This is at the moment the best proof of the predictive power of the Lochak’s idea
of a Dirac wave for the magnetic monopole.
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Figure 19: Wave, length of the picture: 1,54 mm

Considering the four undulations in the middle we can estimate the
wavelength: 130pum. Moreover a second thing is visible on this picture, a
double pattern with alternatively rising and descending traces.

The Lochak’s theory of the magnetic monopole can account for this
double pattern: the wave is a Dirac spinor made of two Weyl spinors, a
right one and a left one. If the proper mass of the monopole is null these
two Weyl spinors are independent and may move one without the other. If
the proper mass is not null the two Weyl spinors are coupled by the mass
term. Perhaps what we see on figure 19 is exactly that, a left wave and
a right wave, whose we see only pieces. They are superposed at ends and
successively seen in the middle. A double pattern is rather common, we can
see this in the following figures:

SR AN
by

Figure 20: Double patt

ern, length of the picture: 2 mm

The wavelength is estimated to 143um.

Figure 21: Double pattern, length of the picture: 1,64 mm

Here the wavelength is estimated to 65um.

Figure 22: Double pattern, length of the picture: 2,65 mm

The wavelength is estimated to 177um. If the wavelength is the de Broglie’s
wavelength, not an artifact 2, it is possible to calculate the impulse:

p=mv=— (7.3)
A
2. G. Lochak thinks that what we see is not the de Broglie’s wavelength, but only a
scale corresponding to the response of the plate to the move of the wave. But then why
two patterns 7
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For the wave of figure 21 where the wavelength is the shortest the impulse
is about 1072%kgm /s. The big question is then the velocity of the magnetic
monopole. If it is the light speed the energy is very small. Can a wave
with only 0,02eVc=2 make the visible effects on figure 21 ? This is dubious.
The only experimental velocity was given by Urutskoev and it is very low:
20-40 m/s. A velocity of 20 m/s gives then a mass: 5.1073'kg, similar
to the proper mass of the electron. A velocity still lower is possible since
it is perhaps at the end of the braking that we saw this trace. Another
theoretical possibility is given by (5.42) where the limit speed has a null
limit when € is near 1.

Figure 23: Continuous-broken trace, length of the picture: 1,47 mm.

Continuity of many traces is only an appearance coming from a blurred
picture. We can see this on the next picture, where a numeric enlargement
allows to count grains and to estimate the distance between two grains:
Sum.
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Figure 24: Enlarged trace, length of the picture: 0,38 mm.

Another frequent aspect of our traces is the quasi-parallelism of very long
traces, as on the following figure:

L
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Figure 25: Multiple traces, length of the picture: 1,97 mm.

Figure 25 shows only a part of each trace which extends on the two sides
of the picture. We see five traces nearly parallel and we guess two other
ones. We can suppose the double character of these traces is linked to the
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double character of the wave, with a left and a right part. Following this
hypothesis we can think single traces due to superimposed left and right
parts. The parallelism of some traces can come from a weak separation of
divergent traces, as on the following figure:

Sl 2

Figure 26: Divergent traces, length of the picture: 2,67 mm.

These traces present obviously a granular structure, with distances between
grains very similar: this pleads strongly for the hypothesis of a unique wave,
left and right. The wavelength is estimated to 19,6um. A few branchings
between traces may be seen:

- -

Figure 28: Branching, length of the picture: 0,77 mm.
One trace favoring best the hypothesis of the left and right spinors is the

following, with an enlargement of the upper trace and another of the down
trace:

Figure 29: Double spiral, length of the picture: 1,94 mm.

The two enlargements are similar to two screws turning inversely.

All these traces show stark differences from physics of particles with an
electric charge. To see the left or right nature of a trace will necessitate a
three-dimensional observation of these traces. Such observations show that
monopoles make depressions on the surface of the plate [21].
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7.3 Electrons and monopoles

The invariant wave equation (3.9) of the electron was obtained from the
wave equation of the Lochak’s magnetic monopole (3.11) in the particular
case (3.12) where the wave equation is homogeneous. To do this we replaced
the local chiral gauge by the local electric gauge. We shall then get the
invariant wave equation of the magnetic monopole by using the inverse
transformation, replacing the electric gauge by the chiral gauge. We read
this gauge in space algebra as :

# =9 QB =QB-Va; Q=2 (7.4)

where a is a real number and where g is the charge of the magnetic monopole.
1B is the pseudo-vector of space-time magnetic potential, which is also the
Cabibbo-Ferrari’s potential of the theory of the monopole and which is also
the potential term that is multiplied by the projector Py in (6.13). The
invariant wave equation of the magnetic monopole reads then :

B(Vd)oa1 + ¢QiBooar +mp = 0. (7.5)

First difference with the case of the electron : this wave equation has none
linear approximation. It is not allowed to add a e~% term into the mass
term because 3 is not chiral gauge invariant.

To get the 8 numeric equations of this invariant wave equation we use a
space-time vector U satisfying

#QB¢ = Uto, (7.6)

and we get in the place of (3.21) to (3.28) the system

0=w’—U>+mp (7.7)
0 = v? (7.8)
0=—v' (7.9)
0=uw’—-0U" (7.10)
0=—v? (7.11)
0=w?+U' (7.12)
0=—w'—-U? (7.13)

=0 (7.14)

As with the electron the scalar part of the invariant wave (7.7) is the La-
grangian density. Lochak immediately remarked that in this Lagrangian
density the current J = Dy is replaced by K = Dj3. From there comes in
7.7 the 3 index instead of a 0 index. We can say that the invariant wave
equation is somewhere simpler than the invariant wave of the electron : all
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four v terms are zero. This means that the four D,, vectors are conserva-
tive. We recall that the density D gives in the case of the electron that
quantum theory see, from the Schrodinger equation, as a probability den-
sity. Lochak has proved that K = Ds is the conservative current linked to
the invariance of the Lagrangian density (7.7) under the chiral gauge (7.4).
Vectors Dy and Ds, equally conservative, are unknown of the formalism
of Dirac matrices. We have seen in (2.103)-(2.104) that the electric gauge
gives a rotation in the (D1, D2) plane. With the chiral gauge all four D,
are invariant. They are with (2.56) the elements of an orthogonal basis,
and their components are the elements of the matrix of the dilatation D in
(3.55).

7.3.1 Charge conjugation

We use again the link between the wave of the particle and the wave of
the antiparticle. We note the wave of the antimonopole ¢, :

® = ba01 ; bu = —¢01 ; b= 010, (7.15)
The invariant wave equation is then read as
Ulaa(vaﬁa)dlam + 015622'3(/;@01021 +mp = 0. (7.16)
Multiplying on the right and on the left by o1 we get
~04(Voa)o21 — $,QiBao +mp = 0. (7.17)
This is usually simplified into
60(Va)o21 + 6,QiBacar — mp = 0. (7.18)

Therefore Lochak remarked immediately that the charge conjugation does
not change the sign of the magnetic charge, contrarily to the case of the
electric charge. Then there is no polarization of the void from magnetic
charges.[38] [39] [40]. But the form invariance of the wave equation indi-
cates that the true wave equation is (7.17), not (7.18). It should then be
more correct to say that, contrarily to the case of the electron, the charge
conjugation changes here not only the differential term, but also the charge,
then it does not change the gauge nor the sign of the mass-energy.

7.3.2 The interaction electron-monopole

The space-time vector B is, like the vector electromagnetic potential
A, a contravariant vector, this is correct because O. Costa de Beauregard
explained [23] why potential terms are moving with sources that are elec-
tric and magnetic charges. The QB vector, similar to the gA vector, is
a covariant vector (see chapter 4). This allows the interaction by gauge
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invariance. We have seen in chapter 6 that the Weinberg-Salam 6y angle
is invariant under the group of dilations. An electric charge creating a A
potential creates then also, with (6.85), a potential :

B = cos(fw)A (7.19)

Since this B potential is present in the wave equation of the magnetic
monopole, it is able to interact with the electric charge. This interaction
was detailed by Lochak. The basis of his calculation is the continuity of
the wave function under the group of rotations. The continuity of the wave
being comforted by the continuity of the potential, it is not necessary to
review the calculation and we can use [38] [40]. The B potential used there
was questionable because it is not continuous in each point of the z axis. It
is why the result, even if the physical reasoning was perfect, is a little too
short. In the case of a potential created by an electric charge we have
e e e cos(f e’
A® = = BY = cos(Ow)A° = cos(Bw ) (—=) = _ecoslBw) _ ¢ (7.20)
r r r
where ¢/ = ecos(fy ). The Dirac formula giving the magnetic charge that
Lochak obtained by the only condition of continuity of the wave under the
group of rotations becomes then
eg n
— = - 7.21
he 2 ( )
where n is an integer, this gives a magnetic charge which is a multiple of :

he

g= 2ecos(Om) (7.22)

We get then a lightly greater charge, 1.134 times the charge calculated by
the Dirac formula. This charge has been gotten by numerous ways, for
instance from the angular momentum of the electromagnetic field, or from
the movement of an electric charge in the field of a magnetic monopole. In
this case it is a iB potential that is created by the magnetic charge. The
electron sees the A potential that comes from (6.85) and we get also

A = cos(6w)B (7.23)

Then all is as if the charge of the magnetic monopole should be ¢’ =
gcos(Bw ). In the place of (7.21) we get

eg’

n
== .24
he 2 (7.24)

which gives again the modified Dirac formula (7.22). This small change
to the value of the magnetic charge is the only change. The Poincaré’s
equation giving the trajectory of an electron upon a magnetic monopole
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[34] is unchanged, as the cone that he introduced. Lochak proved that this
cone is the Poinsot cone of a quantum top [41].

The presence of a 021 term in the invariant wave equation implies simi-
larly to the electron case, the existence of two other wave equations obtained
by a circular permutation of indexes 1, 2, 3 in Pauli matrices (see chapter
5). A fourth kind of magnetic monopole comes from the wave equation of
a fourth neutrino (6.183) by adding a gauge term. We can then think that
four kinds of magnetic monopoles may exist, three of them similarly to the
fact that there are electrons but also muons and tauons. These three gen-
erations must be treated separately in the electro-weak interactions that we
look at now

7.3.3 Electro-weak interactions with monopoles

We want to get an identity similar to (6.250) allowing to ¥~ to exist
everywhere, we suppose then that the wave of the monopole interacting is

(o1 o).,
v = <¢n ¢L> ) d)n — ¢nL + ¢nR (725)

where ¢, is the wave of the magnetic monopole. We use here the idea
of Lochak of the monopole as an excited state of the neutrino, and we
place the wave of the monopole where was the place of the neutrino. The
supplementary left spinor ¢; may be seen as a part of an electric wave.
We conserve the form (6.22) of the covariant derivative. Since only Py was
changed when we went from the lepton case to the quark case, we shall use
the same projectors Py of (6.12) and we use again projectors P; in (6.14)
to (6.16). In the place of (6.13) we let

Py(¥) = a¥yz; + bP_ (V)i (7.26)

where a and b are real numbers. We get the same commutation relations as
in (6.17), except the last equality which must be replaced by :

Popj == PjPO = —ain. (727)

Therefore the gauge group has the same structure U(1) x SU(2). We get

with (7.25)
_ (9L ¢nL) . _ (0 onr
Py (V) = (qm ¢L), P_(¥) = <¢nR ' ) (7.28)

We recall that

ot = (z‘gg 0 ) . bRO3 = bR ; PLOZ = —PrL. (7.29)

iO’g
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We then have

_¢L ¢nR - ¢nL . ) ,\0 _¢nR
¥y = < bnr + OnL o1 ) § P-(T) =i (G%R 0 >
—aor (a=b)pnr — adnr
( —a+b)bnr + adnr agr, ) (7:30)
BPO —a—+ b B¢nR + aB¢nL AGJB(ZL N (731)
—aB¢L (a—b)BqﬁnR —anﬁnL

We use (7.29) and (6.15), then we get
_ (L —0L

Py(T) = <_¢L %L) (7.32)

P (V) = Py(0)i = <¢;LL _%iL) (7.33)

(WP, + W2P,)(¥) = i <(W1 WG (W - iWQ)@EM) (7.34)

(W= iW)gur (W' +ilW)ey
Using W and W~ defined in (6.74) we get

WP W2 A WhL —WHen
( P1 + PQ)(\I/) =1 <W+¢nL 7/W_¢L ) (735)
We have also :
_ . —¢L  PnL
P3(V) = PL(¥)(—i) =i ( Sr ) (7.36)
3 (WP Wi
VV P3(\I]) =1 ( _qujL quﬁnL) (737)

The gauge derivative (7.26) is then equivalent to the system

Do = Von +iLaBous + (~a+b)Béur] +iZ (W o1 = W3,1)
(7.38)
Do =Vor + z—aB(,bL + z—( WHo,r +Wer) (7.39)

92W? =/t +932° + B (7.40)
Then (7.38) reads

D = Vo + i [(a— 1)B<?snL + (—a+b)Béng]

+1 _W ¢L -5 \/ 91 + 92Z0¢nL (7-41)

With(6.83) we get
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We want to get VQAﬁn + iQBqAﬁn then we must have
gi(a—1)=gi1(b—a)=2Q (7.42)

The first equality gives b = 2a — 1 and if this condition is satisfied we get

_ q _ €
= cos(Byw)  hccos(Bw)
e(a—1 29
=920 =22
he cos(6w) @ he
e(a—1) _ 9y he
cos(fw ) e cos(6w)
he 1
where « is the fine structure constant and we must take
1 2
a=1+—; b=1+— (7.44)
o o

This gives in (7.39)
> - .01 1 - .92 +7 37
D¢L = V¢L + ’L?(l + a)B(bL + ’L?(—W ¢nL + W ¢L) (745)

which is not the derivative term of an electron and remains to interpret.
Since terms containing a are much bigger than other terms the magnetic
charge term seems dominant in (7.41) and (7.45).

7.3.4 Gauge invariant wave equation

Since the pair wave of the monopole - ¢ wave is the analog of the
electron-neutrino pair, the wave equation for the ¥ in (7.25) is identical to
(6.254):

U(D)yo12+mp=0; p=+/det(¥). (7.46)

This wave equation is form invariant under the transformation R in (1.42)
induced by M because we have (6.105) and:

U =NU; N= <A04 1\%) (7.47)

U =UN (7.48)
det(U') = det(N) det(¥) = r? det(P) (7.49)
p=/det(V') =rp (7.50)

m'p’ = m'rp = mp. (7.51)
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The wave equation (7.46) is also gauge invariant, with the replacement of
p = +/det(¥) by p' = /det(¥’), under the gauge transformation defined
by (6.119) to (6.122), because Py has the general form used in Appendix B
and we then get:

\TJ/(D/\I’/)’YOQ +mp = 0. (7.52)

The mechanism of the spontaneously broken gauge symmetry is not neces-
sary, neither for the electron nor for the magnetic monopole since the wave
equations are simply gauge invariant.



Chapter 8

Conclusion

Starting from old flaws of the relativistic quantum mechanics, we
resume the new insights of the standard model that are allowed by our
new way with Clifford algebras. Physics using a principle of minimum
is only a part of undulatory physics. Beyond the confrontation between
theory and experiment, beyond future applications, the standard model
appears both comforted and essential. Only novelties are the leptonic
magnetic monopoles.

8.1 OlIld flaws

The discovery of the spin of the electron goes back to 1926 and was
not predicted by the physical theory. Physicists have very naturally begun
to get round the novelty by trying to reduce spinorial waves to tensors
that were better known. The study was difficult, the field was cleared
by the students of Louis de Broglie, mainly O. Costa de Beauregard [22]
and T. Takabayasi [49] who was able to give a set of tensorial equations
equivalent to the Dirac equation. These tensorial equations however act on
quantities which are quadratic on the wave. But when we add the waves
these tensors do not add. Therefore the spinorial wave itself is essential on
the physical point of view, propagating and interfering. Only the solutions
of the spinorial wave explain quanta, the true quantum numbers, the true
number of bound states and the true energy levels. Let us go to the end
of the Takabayasi’s attempt, let us replace completely spinors by a set of
tensors and let us solve completely the tensorial equations in the case of
the hydrogen atom. Should we get the true results, the true number of
bound states, the true quantum numbers and the true energy levels? The
answer is: no, because true representations of the rotation group SO(3) use
only integer numbers, not the half-integer numbers which are necessary to
get the true results. These true results are obtained only by taking the

121
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representations of SL(2,C), but then we are in Cl3.

The second reason why scientists did not understand the novelty of the
spinorial wave was the difficulty of the mathematical tools. Two different
groups may be similar in the vicinity of their neutral element. SL(2,C) and
£1 or their subgroups SU(2) and SO(3) are globally different but locally
identical. The present study does not use infinitesimal operators, then it is
able to see the difference between a Lie group and its Lie algebra.

Physical waves imply the use of trigonometric functions, then imply the
complex exponential function that simplifies calculations. Going into a very
unusual axiomatization, the quantum theory has been locked on the only use
of complex numbers. This is equivalent to work only with plane geometry,
with a unique i with square -1 that is the generator of all rotations of the
Euclidean plane. It is somewhere a "2D software". The basic tool of the
present study is a "3D software", the Clifford algebra of the 3-dimensional
physical space. Next the building of Clifford algebras by recursion on the
dimension allows to use this basic tool in the algebra of space-time as in the
algebra of the 6-dimensional space-time which is necessary for physics of
the standard model. These algebras present all abilities of the linear spaces
built on the complex field, because they are also linear spaces. But they
also allow to use products. The exponential function is then everywhere
defined and allows to study a large variety of undulatory phenomenons.
These algebras also allow to use the inverse, when it exists. Indisputable
mathematical rules replace then the not well defined tensorial products of
hermitian spaces and the operators operating on undefined linear spaces.

8.2 Our work

Two kinds of particles, fermions and bosons, are used by the standard
model. Each kind of fermion is a quantum object with a wave following
the Dirac equation. This is the starting point of our work. Following the
initial de Broglie’s idea of a physical wave linked to the move of any particle,
we have introduced a change in the wave equation which concerns only the
mass term. This wave equation is nonlinear, homogeneous and has the Dirac
equation as linear approximation.

First interesting result, the true sign of the mass-energy comes directly
from the wave equation, and from the charge conjugation, which changes
the sign of the derivative terms of the wave equation. This form of the
charge conjugation was firstly gotten by the standard model itself, which
uses, for the Dirac equation, the old frame of Dirac matrices.

The second result was very difficult to get, because the resolution of
the Dirac equation is very accurate in the case of bound states of the H
atom, and any change in terms of this wave equation could imply disaster.
But for each bound state a solution of the linear equation exists such that
the Yvon-Takabayasi 8 angle is everywhere defined and small. This result
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is very accurate and surprising. It means that physical bound states are
the rare solutions of the homogeneous nonlinear equation (see Appendix
C). We can therefore understand why there are privileged bound states and
why an electron in a H atom is always in one of these states, never in a
linear combination of states.

A second frame for the Dirac wave was introduced by D. Hestenes, the
Clifford algebra of space-time, which is the second starting point of our
work. A comparison between old and new frame is easy if we use the Dirac
matrices as a matrix representation of the space-time vectors. We have
reviewed in chapter 1 and 2 how the relativistic invariance is gotten for
fermion waves. These waves appear very different, they are not vectors or
tensors of the space-time, but a different kind of object, spinors.

The spinorial form of the fermion wave is included in the standard model,
it is one of its main features. What we have done here is only to fully
account for consequences of this fact. The form invariance of the Dirac
equation necessitates the use of the SL(2,C) group that is a sub-set of the
Clifford algebra of the physical space, Cls. We have learned to read all
the Dirac theory in this frame. This algebra is isomorphic to the matrix
algebra M>(C) of 2 x 2 complex matrices. This algebra allows to see its
multiplicative group GL(2,C) = CIj as the true group of form invariance
of the Dirac theory.

Then we have explained in a simple way how this form invariance, that
is a reinforcement of relativistic invariance, rules not only the Dirac wave
equation, but all the electromagnetism (chapter 4). This is well hidden in
the case of the electromagnetic field itself because only the SL(2,C) part
of the Cl} group acts upon this boson field (and this is true of any other
boson field). The electromagnetic field has properties resulting from its
antisymmetric building from a pair of spinors. It is a pure bivector, sum
E +iH of a vector E and a pseudo-vector iH , without scalar nor pseudo-
scalar term. It rotates under a Lorentz rotation but it is insensitive to the
ratio r of a dilation nor to the chiral angle. This behaviour is imposed by
the form of its invariance under CI3.

More generally boson fields may be gotten by antisymmetric product of
an even number of fermions. Their wave is then a physical wave, a function
of space and time with value in the even sub-algebra of the Clifford algebra
of the usual 4-dimensional space-time, or of the complete 6-dimensional
space-time. Such a construction was impossible in the old formalism of
Dirac matrices, because the wave had values into a linear space which is
not an algebra. The frame of Clifford algebras allows to use the internal
multiplication and the inverse to build waves of systems of particles. This
has interesting physical consequences: all waves are true functions of the
space-time into well defined sets. These sets of functions are the Hilbert
spaces whose existence is supposed in the standard model. Clifford algebras
have matrix representations, and their elements can always be considered as
operators. The use of creation and annihilation operators is a consequence
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of the fact that products of an even number of elements belong to the same
linear space.

The form invariance of the electromagnetism uses a group which fully
accounts for two main aspects of the modern physical results: the conser-
vation of the orientation of the time, the conservation of the orientation
of the space. These two orientations are not a consequence of the invari-
ance group. The form invariance is only compatible with such conserved
orientations, which are a true experimental discovery of the second part of
the twentieth century. The oriented space is fully compatible with a gauge
group which acts differently on left and right waves. The conservation of
an oriented time is compatible with laws of thermodynamics.

The extended form invariance allows a better understanding of old ques-
tions as: why there is a Planck constant? What is a charge, or a mass, what
is the difference between a charge and a mass? Charges appear in terms
necessary to link a contravariant vector as A to a covariant vector as ¢A or
to link a VA; term to a ¢(ArA; — AjAy) term of a Yang-Mills gauge group.
The invariance under CI} necessitates ¢ = r?¢/. Mass appears in a term
necessary to link a differential term to a constant term in the invariant
wave equation. The invariance under CI% necessitates m = rm'. There-
fore a charge is not a mass, a mass is not a charge, they have a different
behaviour under C1;. These new aspects of old concepts comes from the
supplementary strains added by a greater invariance group. They are fully
compatible with classical and relativistic mechanics and electromagnetism.

Anything in the previous review is compatible with the standard model,
particularly with the CPT theorem which is now trivially satisfied. Never-
theless several habits must be abandoned. For instance the Planck factor
linking proper mass to frequency is variable if we consider the full invari-
ance group. This is completely hidden if the Planck factor is changed into
a constant number. Tensors constructed from the Dirac waves with Dirac
matrices do not have a behaviour allowing the full invariance group. This
implies to use Clifford algebras, only frames where the full invariance group
acts. Another bad habit to abandon is the habit to go up or down an index
of tensor, because covariant and contravariant vectors vary differently under
the full invariance group.

If you have paid the preceding prices to account for the full invariance
group you are able to get many awards. The first one is the possibility to
read the electro-weak theory in a much simpler way, with a wave which is
a function of space-time into a Clifford algebra: firstly of the usual space-
time if you account only for the electron-neutrino case and secondly of a
6-dimensional space-time to account for all fermions of one generation. In
this second case the gauge group is exactly the U(1) x SU(2) x SU(3) group
of the standard model, the lepton part of the complete wave sees only the
U(1) x SU(2) part of the gauge group. Then electron and neutrino are
automatically unable to see strong interactions and the right wave of the
neutrino does not interact at all. A greater gauge group is not available,
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this account for the fact that no way exists to transform a quark into a
lepton. Then this justifies the empiric construction, in the standard model,
of conservative quantum numbers as the baryonic number. Another award
is the comprehension of both the existence of exactly three generations of
fermions, completely similar and having nevertheless a separate behaviour
in the gauge invariance, and of four kinds of neutrinos (see 6.4.1)

The generalization to the complete wave of the geometric dilation linked
to the electron wave is possible if only two additional dimensions are added
to the three usual dimensions of the physical space!. The reward to this
new strain on the theory is that this construction includes all parts of the
standard model in a closed frame. Moreover the usual space-time is a well
bounded part of the complete space-time, bounded by the fact that usual
space-time is real in a complete space-time with a natural complex structure
(see 6.5). A second award is a unique dimension for the time in the complete
space-time, this time is then our usual oriented time, oriented from past to
future. Another award is a much more general geometric transformation be-
tween the intrinsic space-time and the usual space-time, as soon as neutrino
and quarks are considered. The study of the wave of all fermions of the first
generation introduces, in each point of the space-time, two Clifford algebras
and a geometric transformation from the intrinsic manifold into the relative
manifold. Then the corresponding mathematical tool is two bundles whose
fiber is Cl5 ;.

8.3 Principle of minimum

Modern physics always uses a principle of minimum. This was first
seen by Fermat. He understood that light goes in such a way that the
duration of the travel between two points is minimal. This was secondly
seen in Hamiltonian mechanics, where the move of any object is made in a
way such that a quantity called action is minimal. These two principles of
minimum where united by de Broglie and his discovery of the wave linked
to the move of any material particle. So the Dirac wave equation of an
electron or of other fermions may also be gotten from such a principle of
minimum. But why?

Clifford algebra and the form invariance group give a strange answer.
The true wave equation of a unique fermion is the invariant form of the
wave equation. And the scalar part of this wave equation is exactly the
Lagrangian equation. This Lagrangian density is not truly minimal. In
fact, it is exactly zero, because the wave equation is homogeneous. The
second part of the answer comes from the fact that you can get the seven

1. We used in [18] two greater Clifford algebras, Cla 3 and Cl3 4 which cannot allow
the relation (6.211) between the reverse in space-time algebra and the reverse in the
complete algebra. Relation (6.211) implies to use only Cls 1, or Cly 5 but it happens to
be the same algebra.
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other equations by using the calculus of variations. This is probably not
very correctly done, because an assumption is made that the infinitesimal
variation of the wave is null on a boundary of the integration volume. It is
easy to get this assumption in the case of a bound state, but nobody proved
that it is always possible for a propagating wave. Since the true link between
the Lagrangian density and the wave equation is not what we thought, an
error there is not very important. The most important consequence is that
the wave is more general than the principle of minimum: it is easy to study
wave equations which cannot be gotten from a Lagrangian density (see 5.3).

Another part of this strange answer is the non equality between the light
speed as limit speed of any Dirac wave and the limit speed of other waves.
We have gotten a limit speed different from the light speed in the frame of
a wave equation coming not from a Lagrangian density (see 5.3.1).

8.4 Theory versus experiment

The world of the particles with magnetic charges is different and we are,
in the knowledge of this new world, probably no more aware than Colombus
after his first journey. We know it exists and this is already something.

The two parts of this book, the theoretical part formed by the six first
chapters and three appendices, the experimental part in one modest chap-
ter, seem in the same time disconnected and disproportionate. We can ex-
pect that more experiments will bring many new properties of the magnetic
world.

These two parts are however doubly linked. Firstly probabilities, essen-
tial in quantum theory, seem absent here. In our powders, random seems
not to play a very big role. When titanium is transformed at some place, all
that can be transformed is changed. Random may be the reason why results
are variable, but to get copper instead of iron, chromium instead of man-
ganese can also come from differences in temperature, pressure, duration of
the discharge and so on. We know nothing until now about that.

Second link between our two parts, space-time is different on what we
thought it was. In the theoretical part we explained how a second space-
time manifold appears, anisotropic, and how the spinor wave makes a bridge
between these two manifolds. This bridge can be extended to the complete
space-time which allows to include electro-weak and strong interactions.
The usual space-time is not the fundamental entity, it is only a part, well
defined, of a complete space-time where complex numbers appear naturally.
The geometric transformation linked to the wave contains a sum of direct
and of inverse dilations. It is then very different from simple Lorentz rota-
tions. Geometric transformations are only induced by elements of a group
coming from the space algebra. They appear secondary objects, the funda-
mental one being the wave.

In the experimental part also space seems very different on what we
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thought, since kernels of atoms that we think separated by huge distances
in comparison with their own size, seem able to put together their nucleons
and to reallocate them as if the distance between them was cancelled.

8.5 Future applications

What will be the applications of magnetic monopoles is also a premature
question and this we are able to imagine today will probably have few to
share with the very practical applications which will go out laboratories in
the future.

Urutskoev who is a nuclear physicist thinks to new nuclear reactors,
intrinsically safe, driven by very intense magnetic fields. Another exciting
possibility is that magnetism may be linked to gravitation. There are some
theoretical indexes there, because G. Lochak [43] has explained that it is
a magnetic photon which is linked to the graviton in the fusion theory of
Louis de Broglie.

A third kind of possible practical consequence is about geology. The
magnetic monopole of G. Lochak is a kind of excited neutrino. The Sun
can produce magnetic monopoles which will arrive on our Earth, mainly at
the magnetic poles. This was experimentally satisfied [1]. These monopoles
are likely to induce the same transformations we see at the laboratory,
notably to produce hydrogen. This may change the process of fossilization
and the creation of deposits. The future of the dynamo creating the Earth’s
magnetic field may also be involved if the life-time of monopoles is sufficient.

Evidently if magnetic monopoles are produced in the heart of the Sun,
they are able to produce effects on magnetic fields. The study of the mag-
netic monopoles is perhaps the best way to progress in the comprehension
of our Sun.

It is easier, it needs less imagination, to prospect theoretical applica-
tions. When Lorentz studied the electron particle he used a classical model
of extended electron, with a mass-energy resulting from the energy of the
electric field created by the electron’s charge. If the electron is a point this
energy is infinite, which is unfortunate. If the electron is extended, forces
coming from the distribution of charges are repulsive, then must be offset
by forces of attraction. These forces may only be weak forces, since the
electron knows only the electro-weak forces.

We can also have a good idea of what will not allow the double space-time
manifolds. The existence of a second space-time manifold changes nothing
to properties of the first manifold, this into which we move and observe
our universe. We must then not to dream to things we know forbidden by
physical laws, as to overtake the limit speed. Accelerate until this limit
speed remains impossible because the mass go to infinite when the speed
approaches the limit speed, even if this limit speed is not necessarily equal
to the light speed in the void. Another restriction which has no chance to
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change is the one linked to the time arrow. Any journey back into past will
stay forbidden since the invariance group conserves the orientation of our
time.

8.6 Improved standard model

The different parts of the work that we present here are strongly inter-
acting and reinforcing one another. The CI3 group is easier to see from the
invariant form (3.10) of the wave equation. The behaviour of the mass term
used in chapter 4 is a sufficient reason to prefer the nonlinear homogeneous
wave equation to its linear approximation, the Dirac equation. We got also
the electro-weak gauge group in a much simpler way. It was easy to extend
this model from the lepton sector to the quark sector. We can explain not
only why there are three completely similar generations (and four neutri-
nos?), but also why the different generations must be separately treated
in the gauge theory. We can explain why the complete gauge group is the
U(1) x SU(2) x SU(3) gauge group found from experiments and why the
SU(3) gauge group does not act upon the lepton part of the complete wave,
which was before postulated. The link between the wave and the space-time
geometry is reinforced by the fact that this link survives to the extension of
the wave to all fermions of a generation, which necessitates the use of two
supplementary dimensions of space.

A greater invariance group implies strong new strains. These news
strains imply a better understanding of old concepts and induce the only
way to go further. For instance the relation ¢’ = M¢ is not new, it was
used under equivalent form since the Pauli equation in the twenty’s. But it
indicates to us that the relation between the ¢ wave and the Weyl’s spinors
& and 7 is invariant, that the right and left parts of the wave are invariant,
that M and ¢ are similar. When you know that, it is evident that the wave

of a pair electron-neutrino must read ¥; = (ge (gn), and this equality
n €

gives then the form of the projectors P,. Next these projectors have natu-
rally the U(1) x SU(2) structure of the electroweak gauge group. It is also
easy to get the charges of quarks u and d simply by changing Py to P},
changing only one coefficient from 1 into —1/3. Strains coming from the

invariance group imply also that you have only one simple way to get a wave

with all fermions of one generation, which is ¥ = \I\Ijl tIIjT) . But after
g b

that if you want again to have the same link as before between the wave and

the geometry of space-time, it is necessary to dispose of (6.211). This in fact

requires to use the link (2.125), well known in the standard model, existing

between the wave of the particle and the wave of the antiparticle. This link

2. The fourth neutrino is not able to interact by electro-weak or strong forces, it is
then a part of the black matter.
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restrict the value of the wave from Cla 3 = My(C) to its sub-algebra Cly 3
and from Cly 5 = Ms(C) to its sub-algebra Cl; 5. It happens that this Clif-
ford algebra is isomorphic to Cls ; and this isomorphism is both the reason
why the non-isomorphic sub-algebras Cl; 3 and Cl3 ; are equally used, and
a reason to be more confident on the standard model and its precepts is-
sued from a long building out of numerous experiments. Another reason to
be confident both in the standard model and in the use of Clifford algebra
is the link 6.6 between the cancellation of right waves, except the electron
wave, and the existence of a mathematical inverse, used to build waves of
systems. This should allow to build the wave of a proton or a neutron from
their internal quarks.

Questions of the initial quantum theory are today nearly forgotten. Why
there is a Planck constant and why there are complex numbers were two
of them. Since nobody had a clear and simple answer, these questions
were put “under the table”. The existence of the Planck factor, that links
proper mass to frequency of the wave, is directly linked to supplementary
strains of the invariance group. Complex numbers are also simply explained,
first by the isomorphism between Cl3 and the algebra generated by Pauli
matrices, next by the matrix representation of Cl; 3, finally by the matrix
representation of Cls ;. This algebra is isomorphic to a sub-algebra of the
algebra M3 (C) of 8 x 8 matrices on the complex field. The complete wave is
then a function of the space-time with value into C'5 1, this justifies most of
the mathematical apparatus of the standard model. On the physical point
of view, this allows to build the boson fields by antisymmetric products of
fermions in even number.

New strains used here also explain why old attempts were not successful.
We think to the numerous attempts made in the thirty’s to unify mechanics
and electromagnetism. Such an unification is limited by the fact that a
charge is not a mass when you use the full invariance group. Another
attempt, made to unify the different parts of the U (1) x SU(2) x SU(3) gauge
group as subgroups of SU(5) or SO(10) had no more success, predicting a
possible disintegrating proton which was not experimentally found. The
structure of the gauge group comes from the structure of the complete wave
and does not change when you increase the energy. The structure of the
wave is then fully compatible with protons without disintegration, and more
generally with all known aspects of modern physics.

The standard model shall remain so more essential because the wave
equations with a mass term are compatible both with the form invariance
and with the gauge invariance. We have then no new particles to await,
with the only exception of the leptonic magnetic monopoles that we have
yet observed.
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Appendix A

Calculations 1in Clifford
algebras

A.1 Invariant equation and Lagrangian

Let M be an invertible matrix, element of Cl3, with determinant ret.
Let R and R be Lorentz dilations such as :

R:zw 1’ = R(x) = MaM"; R:xHx’zﬁ(z)zﬁxl/\i. (A1)
Let P be the matrix such as:
M = \/re's P (A.2)
and let L and L be dilations such as :
L:xzwa =L(x)=PzP'; T:2w~ 2’ =L(z)=PxP. (A.3)
We have:
re = det(M) = MM = \/re'? P\/re'* P = re" PP (A.4)
we get then
PP=1; P=pP'; L="L"" (A.5)

P is then an element of SL(2,C) and L is a Lorentz rotation. We know, for
such a rotation, noting (L) the matrix of L in an orthonormal basis and g
the signature-matrix :

(A.6)

S
I
co o~
o
\
—
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that we have, M? being the transposed matrix ' of M:

(L)' =g(L)'g; (L)g=g(L)" (A7)
But we have also :
R(z) = MaM' = /re's Pe/re "5 P! = rPaP! = rL(z) (A.8)
therefore
R=rL; (R)=r(L) (A.9)
We have also:
R(z) = MaM = \/re's Pafre '3 P = rPaP = rL(z) (A.10)
R=7rL; (R =r(). (A.11)

Multiplying (A.7) by r we get :
(R)g=9(R)"; (R)=g(R)'yg. (A12)
which gives for j =1, 2, 3and k=1, 2, 3:
R _po. B _po. RO _pi. BF_pi
Ry=Ry; Ry=-Rj; R;=-Ry; R; =R, (A.13)

Consequently lines as columns of the matrix R}, are orthogonal, because we
have, for R and R, with:

J— — —v

R, =Mo,M"= R0, ; R,=Mo,M=R,0, (A.14)

R, R, =R, R, =0up (A.15)

where 500 = 1, 511 = 522 = 533 = 71, 5!“’ =0if 1% 7é v. We have

7j=3
¢A¢ = A“(bouqﬁ = A()EO — Z Ajﬁj
J=1
7=3
= Ao(Dyo,) A;(DY o) (A.16)
J=1

d
). We have, for any matrices A and B, (AB)! = B'A? and det(A!) =

1. The transposition exchanges lines and columns of matrices : if M = (Z b) then

tiac
ME=1{y 4

det(A)
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But the Enk between the D, and the Eu is the same as between the R,
and the R, and we get with (A.13) for j =1, 2, 3and k=1, 2, 3:

Do=DYy; Dy=-D%; D)=-D}; D;=D] (A.17)

which gives

w

Jj=

BAD = Aol DO+ZDOUJ A;(D] +ZD or)
1

Jl J=

= Ao(Df — Z DY;) ZB Aj(~Dj) + ]CZBDJ,;U,C)
j=1 j=1 k=1
= A, D} o" (A.18)
The scalar part is then
< GAp >=DYA, = A,J" (A.19)
The corresponding term with the Dirac matrices is
S (@1 aA ) + By A
= %Au [0y + (")) = qAuy"d
=qA,J". (A.20)
We get next

SIBA(~0)0,0) + (7 (~)2,) ]

= L0 + 0, TY)
= %[ £190¢ — nom + (80€M)€ + (9o )]
7=3
b2 €00yt + nlosom + (0,56~ @Dl (A21)
j=1
which gives
%[@ H(=0)0u) + (Br# (~)D,0)'] (A.22)

(£100€7 + £20085 +m0ony + 1200m5 — &1 00&1 — €500€2 — 07 0o — 0500m2)
(513152 + 620167 — o5 — m201n] — & 01& — £501&1 + 07012 + 1301m1)
(610265 + £20267 + m102m5 — 120217 — &1 022 + §502€1 + 1y O2mz — 130211)

@%& £20385 — 1030y + 120315 — &1 0381 4 5058 + 1y 03m1 — 030312).

w|s w|~w|@ ms
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In the Pauli algebra we have

— o~

¢(Vo)oa (A.23)
o (™M M d—0s —O1+ 232) (—771 —S)
& &) \—01—1i02 0o+ 03 —n2 1

and with (2.91) we get

- . w? +w? — v’ — i v? 4 vl +iw? — w!t .
d(Vo)oa = (vz —ivt i +wl wd — w® — 3 + i° (A.24)
i (—0om1 + O1m2 — i0ama + O3m1) N1 (=085 — 0167 + 10267 + 0363)
+n5(—0om2 + 011 + 1021 — O312) +15 (00&T + 0165 + 10285 + 03&Y)
21
—&2(—0om + O1m2 — i02m2 + O3m1) —&2(—00&5 — 01&T + 10267 + 03E5)
+&1(—0om2 + 011 + i02m1 — O312) +£1(00&T + 0165 + 10285 + 03€T)
This gives
w? + w® —iv? — i’ = (A.25)

2i(—=n70m — 1300m2 + 11 01m2 + n501m1 — Ny O2mz + i3 02m1 + 17 03m — 1503n2)

w® —w® —iv® 4 i = (A.26)
2i(£20085 + £10087 + £201€7 + £10185 — 1620267 + 1610285 — £20385 + £1038T)
v? — vl 4w fw' = (A.27)
2i(£200m — &100m2 — £201m2 + £101m + 1€202m2 + 1£102m1 — £203m1 — €1 0312)

v? vt 4 iw® —w' = (A.28)
2i(=n100&3 = m300&T — M ONET + 1150185 + iny 0oy + i3 0285 + 1110385 + 115.0587)-
Adding and subtracting (A.25) and (A.26) we get

w® —iv® = —infdym — in3 Dot + i€2008; + i6100ET
+ 7O + i3 011 + 12017 + 11015 (A.29)
+m702ma — M3 02m + §20267 — §10285
+iny03m — 130312 — 162035 + 1£103&]

w’ — v = —infdom — inzdona — i£200&5 — i&100E;
+inT 012 + iy 01 — 1620167 — i€101&5 (A.30)
+ 17 O2m2 — 302m — 20287 + §10265
+ in7O3n1 — in3 0302 + 120385 — i§103&7 .
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Separating the real and the imaginary part of (A.29) we get
2 3

“uw® = (A.31)

§100&7 + £200€5 + mony + m200m5 — £100&1 — £500&2 — Ny 0o — 130072
+&101§5 + €017 —mons — n2oiny — 10182 — 50161 + m1Oime + 13 01m
—i(=£10265 + €200€7 + mOam; — m202m;] — &1 028 + £500&1 + 1y Dampe — n302m1)
+&10387 — £20385 — mOsny + n203n5 — 10381 + €50382 + 1103 — 130312
This gives with (A.22)

SUBA(~0)0) + ([ (—)B,)1] = (A.32)

and with (A.20) we get (2.100). The Tetrode’s impulse-energy tensor coming
from the invariance of the Lagrangian density under translations satisfies

T = L[ (—ids + gAN + (@ (ids +aA )] (A3B)
We get then from (A.32)
w® = =T} — qpy" Ay
w? = —Tlﬁ‘ —vo
w? + VO = —tx(T) (A.34)
Now the imaginary part of (A.29) gives
—20° = 8o (&1€7 + &85 — mnt — 12m3) (A.35)
+ 01(&83 + &80 + mns + n2mp)
+ 02i(§1&3 — 61 +mmy — n2my)
+ 03(6187 — &85 +mni — 12m3)
=09,D5 =V - D; (A.36)
Now the imaginary part of (A.30) gives
20° = 00(&1&7 + €5 +muni +1213) (A.37)

+ 01(&85 + 81 —mn; — 12np)

+ 026185 — &261 — mnz + 12y

+ 05(&&1 — &6 — muni +m2m3)

—9,Dl' =V - Dy (A.38)
and we get the conservation of the current of probability. From (A.18) we
get

qA, Dot = gqAp =V = Vo,
=V - Vigt —V3? - V3s? (A.39)
Vi = —qA, D] = —qA-Dj; j=1, 2, 3. (A.40)
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The real part of (A.30) gives with (2.95)

2 2
“w =23 = ZgA - Dy = (A.41)
(3 (3

— &§100&7 — §20085 +mOon; +n200m5 + & 00&1 + €500€2 — 1y Gom — 130072
—&10165 — §01§7 —mony —n20in + &10162 + 50161 + m1Oine + m301m
— (10285 — §202&7 + m102m; — 12021} + &1 02€2 — §50261 + 11 022 — 130211 )
— §1038] + 620385 — mO3n; +1m203m5 + £10381 — €503€ + 1y O3m — 150372

Now adding and subtracting (A.27) and (A.28) we get

v? 4 iw? =i&0om — i&100m2 — i Oo€s + ins Do}
— i&201m2 + i&101m — in] 01&] + in501&5 (A.42)
—&20am2 — §102m1 — 0y 027 — 1302E5
— €031 — 1€103m2 + N 03&5 + in303&]

w — iv' =i&dom — i&100m2 + in; 00&s — inOo;
— i&201m2 + 1101 + inT 01&] — in301&5 (A.43)
—&0am2 — §102m + 17 027 + 050285
— €205 — 1€103m2 — in7 03&5 — i3 03&7] .

The real part of (A.42) gives

20 = Boi(—&imz + Eamy + €5 — &) (A.44)
+ oni(&m — Same — 107 + &En3)
+ 02 (=&m — Eamz — &7 — €3m3)
+ 05i(—&1m2 — Samn + §1m5 + §317)

= -9,Df = -V - Dy (A.45)
which gives, with (2.93)
V. Dy =20 =2V! (A.46)
and we get with (A.40)
V-Dy+2gA-Dy =0 (AA47)

which is (2.104). The imaginary part of (A.42) gives with (2.97)

2u? =0 = (A.48)
—&100m2 + £200m — mOo&2 — 120081 — &1 00n5 + €500mT — 17 00&5 + 13008T
+&01m — &201m2 — M + N2 &2 + 701 — 50105 — n1 &Y + 130165
+1(§102m + 20212 — M10281 — 120282 — &7 0ant — £502m5 + 07 027 + 1502E5)
—&103m2 — §203m + MmOs&2 — 020381 — §103m5 — €303m7 + 170385 + 130387
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The real part of (A.43) gives with (2.98)

2wt =0 = (A.49)
i(—&100m2 + &200m — M0o&2 + 120081 + £100m5 — £500m7 + 17 005 — 1500€T)
+i(§101m — §201m2 — mh&r + 120182 — E101nT + §501m5 + 01 OET — 1301€5)
— £100m1 — 20912 4+ M O2&1 + 1202€2 — E5DonT — E30215 + 17 02T + 130265

+ i(=&103m2 — £203m1 + N103&2 + 120381 + £103n5 + E503m7 — 11 03&5 — 1503E7)

The imaginary part of (A.43) gives

—20" = Oo(—&ime + Eam — &5 + &) (A.50)
+ 01 (Eam — Eama + &7 — E31m3)
+ 02i(&1m + Eama — &y — §313)
+ 03(—&1m2 — Sam — €15 — §517)

=0,D =V -Dy (A.51)

which gives, with (2.94)
V-Dy =20t = —2V? (A.52)

and we get with (A.40)
V-D1—2gA-Dy=0 (A.53)

which is (2.103).

A.2 Calculation of the reverse in Cls;

Here, asin 1.5, indexes u, v, p ... have value 0, 1, 2, 3 and indexes a, b, ¢, d, e
have value 0,1,2,3,4,5. We get 2

0 =7\ (0 %) (7 vy 0 )
Ao, =AM AN = " = K A.54
] ] (’Yﬂ 0 ) ('YV 0 0 Y ( )
— _ [ TV 0 0 Y\ _ 0 Yuvp
bt = (00 P (0 ) s

_ (70123 0 (i 0\ . (ir O
Ao123 = Ao1 Aoz = < 0 70123) = (0 i) , 1= (O il (A.56)

2. Ia, I4, Ig are unit matrices. The identification process allowing to include R in each
real Clifford algebra allows to read a instead of al, for any complex number a.
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We get also

0 I 0 —i i O
emaan= (i )0 )= B
i 0 i O -1, 0
A012345 = <(1) i> <(1) —i> = ( 04 I4> (A58)

i 0} /0 —i 0 I
Ao123s = No123As = <(1) i> <i 01> = <—I4 é) . (A.59)

Similarly we get 3

(P ) efr l) am

Apa = (3# g“) P Auws = (fwi V‘gi) (A.61)

S I TV CE R I T
Apas = (ii 76i> g Apvas = <_70Wi Vfui) (A.63)

Apvpas = (—v?u,pi ngpi) i Aor2ze = (? (1)) (A.64)

Scalar and pseudo-scalar terms read

alg + who12345 = ((a —Ow)I4 (a +Ow)l4> (A.65)

als —who12345 = ((a +0w)14 (a _Ow)l4> (A.66)

For the calculation of the 1-vector term

N®Ay = N*Ay+ N°As + NHA,

we let
B=N*; §=N"; a= Nhy,. (A.67)
This gives
an 0 Bl —d6i—a
NAa = (514 +di+a 0 ) ’ (A-68)

For the calculation of the 2-vector term

NNy = N¥Ays + NPA g + NP A s + N'YAL,

3. i anti-commutes with any odd element in space-time algebra and commutes with
any even element.
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we let
e=N*; b=NMYy,; c=NMy,; A=Ny,, (A.69)
This gives with (A.54) and (A.60)

ei—b+ic— A 0 ) (A.70)

NabA“”:( 0 —eitbtic— A
For the calculation of the 3-vector term
NN e = N“45A#45 + N‘“’4AW4 + NFOA s + NFPA L,
we let
d = N#5n,

B = Nty C =Ny, ; ie= NPy, , (A.T1)

I J222]

This gives with (A.55) and (A.61)

Nabep , = ( 0 d1B+1C+1e>.

—id—B—iC —ie 0 (A.72)

For the calculation of the 4-vector term
NN g = NP PN as + NPPUA s + NPPOA s + N3 A 0103
we let
D = N, if = N#Py,,, 5 ig = N¥Py,,,; (=N (A.73)

This gives with (A.56) and (A.62)

Nabedy (—iD+ifO+g+Ci iD—if(:—nggi)' (A74)
For the calculation of the pseudo-vector term
NN pege = NFYPEA L ogs + N3N 1050 + NOP235 A0 935
we let
ih — pr45%up o= NUI231 . g 01235 (A.75)
This gives with (A.59) and (A.64)
Nabedep (h ) 7?1 o —h+ni+ 914) _ (A.76)
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We then get
U= (\I‘Ij; ‘\fjb) (A.77)
(¢ —w)ly+(-b+g)— (A+iD) (8+6)I, —(a+h)+ (—-B+iC)
+i(c+ 1)+ (C+e)i +i(—d+e)+ (—d+n)i

(B—0)I;+(a—h)— (B+iC) (a+w)ly+(b+g)+ (—A+iD)
—i(d+e) + (6 +n)i ti(e — ) + (¢ — o)

This implies

(a—w) i+ (-b+g)— (A+iD) +i(c+f) + (¢ + e)i (A.78)
U, =(B+60)Iy—(a+h)+(-B+iC)+i(—-d+e)+ (=5+n)i (A.79)
B-0)I,+(a—h)— (B+iC)—i(d+e)+ (0 +n)i (A.80)
(a+w)ly+(b+g)+ (—A+iD) +i(c—f) + (¢ —e)i (A.81)
In Cl; 3 the reverse of
A=< A> 0+ <A> +<A>+<A>3+<A>y
is
AVZ<A>0+<A>1—<A>2—<A>3+<A>4

we must change the sign of bivectors A, B, iC, iD, and trivectors ic, id,
ie, if and we then get

=(a—w) i+ (-b+g)+(A+iD) —i(c+f)+((+e)i ( )
=B+0)Ii—(a+h)+(B—-iC)+i(d—e)+ (=d+n)i ( )
=B-0L1+(a—h)+ (B+iC)+i(d+e)+ (6 +n)i (A.84)
=(atwl+(b+g)+(A-iD)+i(—c+f)+((—€)i (AS85)

The reverse, in Cl5 1 now, of
A=<A>0+<A> +<A>+<A>3+<A>1+<A>5+ <A >q
is

A=< A>g+ <A> —<A>y—< A>3+ <A>,+<A>5— < A>q
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Only terms which change sign, with (A.65), (A.70) and (A.72), are scalars e
and w, vectors b, c, d, e and bivectors A, B, C*. We then get from (A.77)

(a+w)ly+(b+g)+(A—-iD) (B+6), —(a+h)+ (B—-iC)

B +i(—c+f£) + (¢ —e)i +i(d —e)+ (=0 +n)i
U =
B-0Ii+(a—h)+(B+iC) (a—w)l4+(-b+g)+(A+iD)
+i(d+e)+ (6 +n)i —i(c+1f) +(C+e)i
U, U,
— (‘T’Z \sz> , (A.86)

And we have proved (6.211).

4. These changes of sign are not the same in Cl5 1 as in Cly 3. Differences are corrected
by the fact that the reversion in Cls,1 also exchanges the place of ¥; and ¥}, terms.
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Appendix B

Calculations for the gauge
Invariance

The operators Py in (6.13) and (7.26) and P} in (6.135) have the form
(7.26). They satisfy

PO(\IJ) =aWry + bP_ (\If)l
Applied to
§ie =M 0 —may,

_ ?ie (/b\n — €2e 771} 0 nfn
V= (¢n d’e) \/5 Mn 0 Me *E;e (Bl)

M2n 0 T2e gre

this gives
([ Peos ¢n03) (05 eR )
Po(¥) =ida | ~ ~ B.2
b(¥) (¢n03 $e03 *¢eR 2
(a+b)ie (—a)(—n3.) (—(a)()—nﬁn)
: (a+0)6e  (—a)ny 0 —a)n;
Py(W) =iv2 ¢ n B.3
0( ) l\/_ anin 0 anie 7(0’ + b)(fé-;e) ( )
anzn 0 arnjze 7(0’ + b)ffa
bi b
Po(¥) = 59 + U(a+ 5)7m (B.4)
Since by exp(a®Pp)
e eiao(a+b)€e; Ne = eiaoane; Nn > eiaoann (B5)
we get
[exp(a®Py)](¥) = e 31 @’ (a+3)121 (B.6)
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We then get
Oy |lexp(a® Po)](¥)
_ aﬂaogiea“%i\yeao(aﬁ-%)vm 1 en*ig, geo”at b
+ e“”%illfauao(a + 3)7216110((14,-%)’721
B a”aoeaogi[%‘p +¥(a+ ghm]e““(“*%)m +ea"81g, et (a4 )1
- @Laoea“%iPO(\I/)eao(a-F%)Wl + e“ogiauq/ea“(wr%)m
= ¢ 51[0,a" Py(¥) + 9, W] (D21, .

The gauge transformation defined as

2
B =B, — =0,d° B.8
j H g1 H ( )
U’ = [exp(a®Py)| (V) = e’ 31 e (@ +3)721 (B.9)
gives:

91
DV = 9,0 + < By Po(V) (B.10)
DLW =9,V + (%BM — 89,a°) Py (1) (B.11)

0. [lexp(@Po))(W)] + (LB, — 0,000 + Wt L] (B12)

= e“ogi[auaOPo(\If) + 0,V + (%Bu — GMaO)PO(\I/)]e‘ZU(a'F%)Vm
= "' 31(D, W)er (1)1, (B.13)
We deduce:

D'V = 4D, W = Atet 8 (D, )e (@ £
— e F(DW)e” (2 (B.14)
because i anti-commutes with each v*. Next we have

\i/ _ eao(aJr%)ﬁQl Eleaogi

— e—ao(a-l-%)’)’zl @eaogi (B15)
TDW = e-a’ (@i Jeabig—a’ 3 Dg)ea’a+5)m
_ e—ao(a-l‘%)’)’zl E;(D\I})eao(a‘i'%h’?l_ (B16)

We also have:

det(T') = det(e®’31) det (¥) det(e® (*T5)721) = det(T) (B.17)
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then we get

Pl = +/det(¥) = \/det(T) = p. (B.18)

and finally:

U(D'W')yo12 4 mp’
= @RI (DY )yor5 + mple” (T = 0, (B.19)

In the case of the magnetic monopole the leptonic wave is:

0 —mp &n M5,
oL ¢n) 0 nip &n 0
w— (% ) _ 5 L S Tn B.20
(% oL mn =&, mr 0 (B-20)
T2n €Tn 2L 0
this gives

Po(¥) = aWryo; + bP_ (V)i

0 —a(-n37) (@ —=0)in —a(-n3,)
, 0 —aniy, (a—=b)am  —an
NG, n B.21
V2 i (Catb)ogs)  amr 0 (B.21)
anzn (—a+b)&i, anzr 0
b b

The rest of the calculation is the same, with only the change of b into —b.
It is P, and P» that are the operators changing p because they mix 7,
and 7,,. We counsider for instance:

S =aP;; ¢c=cos(a); s=sin(a) (B.23)
d. = det(de); don = 2[5 ~'Ten| | (B.24)
€Qe nln
We have
[exp(S)](¥) = Ur + Ur(c+ sv3i) (B.25)
Eie c(=13e) +is(=115,) 0 c(=1155) +is(=13)
— \/5 526. CTIT@ + aniﬁn 0 ) Cniﬁn + ’LSTITG
CMn — 15N1e 0 CMe — 1SN1n 0
Cl2n — 7:57726 0 Clj2e — ZS?]Qn 0

We then get

o= \/|ch +isden|? + p3. (B.26)
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Appendix C

The hydrogen atom

We study the resolution of the homogeneous nonlinear equation for
the hydrogen atom. Our resolution uses a method separating the vari-
ables in spherical coordinates. The solutions are very near particular
solutions of the Dirac equation which are not the usual ones, and which
have a Yvon-Takabayasi angle everywhere defined and small.

The hydrogen atom is the jewel of the Dirac theory. The solutions
calculated by C. G. Darwin [6], that we may find into newer reports [47], are
proper values of an ad hoc operator, coming from the non-relativistic theory,
operator that is not the total angular momentum operator. These solutions
have as only physical explanation that they give the expected number of
states, the true formula for the energy levels, and to have the expected
non-relativistic approximations. This was considered very satisfying. The
Darwin’s solutions suffer the disadvantage, for most of them, to have a
Yvon-Takabayasi angle that is not everywhere defined and small. Therefore
they cannot be linear approximations of the solutions for our homogeneous
nonlinear equation.

We got previously [9] other solutions of the Dirac equation, that have a
Yvon-Takabayasi angle everywhere defined and small, and so that may be
the linear approximations of the solutions for our nonlinear equation.

C.1 Separating variables

To solve the Dirac equation (2.42) or the homogeneous nounlinear equa-
tion (3.10), in the case of the hydrogen atom, two methods exist. We
shall use here, not the initial method based on the non-relativistic wave
equations, but the new method invented more recently by H. Kriiger [36],
classical method on the mathematical point of view for an equation with
partial derivatives, separating the variables in spherical coordinates:

z' =rsinfcosp ; x? =rsinfsing ; z° =rcosh (C.1)
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We use the following notations !:

iliUggiiUl 5 igiggliiUg 5 i31012:i03 (02)
S=e FBem3i2; Q= ril(sin(?)*%S (C.3)
= 1
/
= el . .4
0 030, + leag + rsin&aQa@ (C )

H. Kriiger got the remarkable identity:

Jd=0d0! (C.5)
that, with:
V' = 0y — 5 = Ao — (0300 + 2010 + ——020,) (C.6)
T rsin 6
also gives
QO lv=vaol (C.7)

Into the wave equations (2.42) or (3.10), to separate the temporal variable
20 = ct and the angular variable ¢ from the radial variable r and the angular
variable 0 we let:

¢ = QX P Bz’ +0)is (C.8)

where X is a function, with value into the Pauli algebra, of » and 0 alone,
hcE is the electron’s energy, ¢ is an arbitrary phase which plays no role
as the equations (2.42) and (3.10) are electric gauge invariant. A is a real
constant. We get then

Q7L = X Fal+dia (C.9)
Q7L = Xe(emBal+ois, (C.10)

We also have:

pe? = det(¢p) = det(2) det(X) det[e(’\“’_EIOH)iL"]
det(Q) = r~2(sin €)' ; det[eMe—Er +)is] = |
8 = JeHX) (C.11)

r2sin@’

So, if we let:

pxeP* = det(X) (C.12)

1. S has nothing to do with the tensor S3 and € must not be confused with the
relativistic invariants €1 and Q2 studied in chapter 2.



C.1. SEPARATING VARIABLES 149

we get:

PX
R S Q- C.13
P 2sing p=rx ( )
Thus with (C.8) for the wave, the Yvon-Takabayasi angle does not depend
on time nor on the ¢ angle, only on r and 6. It is why the separation of
variables, in the linear case or in the nonlinear case, may begin in the same
way. We have

020, )| X NP0

1 1
VIQ ¢ (60—0’38 — 0’189—
r rsinf

(C.14)
50()? (Ap—Ex° +6)13) E)?ige(,\g;—m%&)ig (0_15)
Oy (XeQomBritlis) — (9, X)elhe=Fr+0)is (C.16)
Dp(XeNe=Pe"+0iny — (g, X )ePem B 4o (C.17)
090()?@ Ap—Ez° +5)13) AX lse(AaprzOJré)ig- (C.18)
We get then:
v&:@@EX@—@@X—%m@X—Tml@XMAW4MHM_
(C.19)
For the hydrogen atom, we have:
0 @ e
gA=qA"=-—5 o= (C.20)
where « is the fine structure constant. We have:
qA(ngQ = —%5@'3 = —%Q)?e()“”szoJr‘s)”ig
:4N*%X%k“wﬂ“+m? (C.21)

So the homogeneous nonlinear equation (3.10) becomes

. 1 . \ . .
—FEXis— 030, X — —010§X — 902Xi3—gXi3+m€_lﬂX’L’3:O
T T

T sin
(C.22)

that is to say:

S s 1 PN A -~ .
(E+ 2)Xis + 030, X + —0106 X + 02 Xis =me P Xig  (C.23)
r r rsin 6
while the Dirac equation gives:

0‘25(:’&'3 = mX’L'g. (024)

~ ~ 1 = A
(E+9MQ+Q&X+—Q%X+
r r rsin 6
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We let now:
a —b*
X = (c d* ) (C.25)

where a, b, ¢, d are functions with complex value of the real variables r
and 6. We get then:

EN d —c*
X = (b a*.) (C.26)
We get then:
—1 . . —q . g b*
e P Xizg=ie P Xoz = ie” <3 —d*) (C.27)
S, d —c* i 0 id it
Xig = <b a* ) (0 —i) - <ib —ia*> (C.28)
N 1 0 od —0,c*\ [(90d —0.c*
o30n X = (0 1) (&b d,a" ) = (&b 8Ta*) (C-29)
s (0 1 Opd —0pc*\  (Opb  Opa*
o106X = (1 0) ((%b dpa* ) = (agd 89c*) (C-30)
S JEN 0 1 d —c* 1 0 b -—-a*
O'QXZQ, = ’LQXO'Q, - (_1 0> <b a(i ) (0 _1> = <—d —i*> .

Consequently the nonlinear equation (3.10) becomes:

a, (id ic* od —0.c* 1 (0sb Opa*
(E+2) (ib ia*) i (arb 8Ta*) T (&;d 890*)

A b —a*\ . _,z3(a b*
Conjugating equations with *, we get the system:
1 A .
W(E+2)d+8,d + - (9 + ——)b = ime~Pa
r r sin 6
—'(E+9) -0, +1(6 — )a = —ime’’b (C.33)
i SJe—Oret (09 — ——)a= —ime .
« 1 A .
(B o _ 1 N _ —iB
i(E+ . )b —0,b+ T(@g sin9)d ime~""c
1 A .
—i(E+ g)a + Ora+ = (09 + —)c = —imed.
r r sin 6
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In addition we have:

pe® — det() = det(X) ad*+cb (C.34)

r2sin 0 r2sin 0

so we get:
iB _ ad* + cb* C.35
|ad* + cb*| (C.35)

For the four equations (C.33) there are only two angular operators, so we
let:
a=AU; b=BV; ¢=CV; d=DU (C.36)

where A, B, C' and D are functions of r whilst U and V are functions of 6.
The system (C.33) becomes:

1 A .
W(E+2)DU + D'U + ~(V' + -2 V)B = ime~ P AU
r r sin 0
1 A .
—i(E+2)0V - C'V + =(U — ———U)A = —ime® BV (C.37)
r r sin
A

U)D = ime POV

1
uE+9wV—Hv+4w—§9
T T 11

1 A ,
(B4 AU + AU + ~(V' + -2-V)C = —ime'? DU.
r r sin 6
So if a kK constant exists such as:
U’ A

U=-kV; V'+ ,LV = kU (C.38)
sin 6

sin 6
the system (C.37) becomes:

KE+%D+U+§B:MKW4
AME+%07O75A:4mWB (C.39)
i(E+2)B~ B = 2D = ime™C
4@+%M+A+§C:4mﬁD

To get the system equivalent to the Dirac equation, from the same process,
it is enough to replace § by 0, this does not change the angular system
(C.38), while in the place of (C.39) we get the system:

KE+%D+U+;B:mm

B+ Yo -0 - Ea= _imB (C.40)
T T
W(E+2)B-B - %D =imc
T T

—i(BE+2)A+ A + 50 = —imD
T T
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C.2 Angular momentum operators

We established in [9] the form that, in space-time algebra, the angular
momentum operators take. With the Pauli algebra, we have (a detailed
calculation is in [16] A.3):

cos

1 .
Jip = (d1 + 50’23)¢0’21 ;ody = x263 — .T362 = —siy Oy — tan@ap
(C.41)
1 sin
Jop = (d2 + 50’31)¢0’21 ;odo = .T361 — x163 = Ccosp Oy — ﬁaﬂ (042)
1
J3¢p = (d3 + 50’12)¢0’21 3 odg = .Tlag — .T261 = 890. (043)
Of course we also have
J2=J + J3+ J3. (C.44)
We get then
T30 = Ap == ¢ = ¢(2°, r, 0)e*?, (C.45)

So the wave ¢ satisfying (C.8) is a proper vector of J3 and A is the magnetic
quantum number. More, always for a ¢ wave satisfying (C.8), we have:

Jo=3(G+1) (C.46)
if and only if
o1 A2 cos 6
o X +[(+ 5)* = =571X = A——F,012X012 = 0. (C.A7)
2 sin” 6 sin“ 0

But (C.38) implies at the second order

2 0
0=U"+ (k* - U227y C.48
(s sin® 9) * sin® 6 ( )
2 0
0=V"+ (k2 — VoA C.49
e sin? 9) sin? 0 ( )
A2 0
0= aGQGX + (FLQ -3 )X - A COSQ 019X 012 (050)
sin® 6 sin“ 0

Consequently ¢ is a proper vector of J2, with the proper value j(j + 1), if
and only if

1 1
57 )= K] — 5. (C.51)

1 .
RE=(+5)% Isl=i+ 5

2
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With (C.3) and (C.8) we can see that the change of ¢ into ¢ + 27 conserves
the value of the wave if and only if A has a half-odd value. General results
on angular momentum operators imply then:

5

3
j: 5) 5) oty H:ila iQa i3a g )‘:_ja _.7+1a j_la j

(C.52)

1
2 )
To solve the angular system, if A > 0 we let, with C' = C(0):

U = sin” 0]sin 4 C'— n+lf/\ cos 0 C
[ (2) ( 21 ) (Z) ] e
V = sin? 9[005( )C” + (x Kt g f)\)sin(i)C].

If A < 0 we let:

U =sin™* G[COS( )C’ + (K + % + ) sin(g)C]
(C.54)

1 0
V =sin" 9[- sm( )C’ + (k + 5+ A) COS(E)C]
The angular system (C.38) is then equivalent [7] to the differential equation :

2|>‘| / 1 2 2
+ 2O s+ 5)? = NC (C.55)

_ //
0=C 5

The change of variable:
z=cosl; f(z)=C[0(2)] (C.56)
gives then the differential equation of the Gegenbauer’s polynomials: 2

1+ 2|7
1—22

(k+3)* =N
1—22

0=f"(z) - 2f'(2) + f(z). (C.57)

And we get, as only integrable solution:

cl) _ < |/\|*"”v* (Al + 5+ 5)n 9,0
o) T;) T+ D! sin (5) (C.58)

with:

(a)o =1, (@)p, =ala+1)...(a+n—1). (C.59)

2. When we solve the Dirac equation with the Darwin’s method, that is to say with
the ad-hoc operators, we get Legendre’s polynomials and spherical harmonics. Here,
working with ¢, that is to say with the Weyl spinors £ and 7, we get the Gegenbauer’s
polynomials, and it is the degree of the Gegenbauer’s polynomial which is the needed
quantum number.
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The C(0) factor is a factor of U and V, its phase may be absorbed by the §
n (C.8), and its amplitude may be transferred on the radial functions. We
can take therefore C'(0) = 1, this gives:

— (Al - (Al + £+ 5)n . 9 0
Z +|)\|)nn| sin (5) (C.60)

Since we have the conditions (C.52) on A and &, an integer n always exists
such as

1
Al +n=|k+ §| (C.61)
and this forces the (C.60) series to be a finite sum, so U and V are integrable.
And since U and V have real values, we have:

s ADU? + CB*V?

- 62
|AD*U? + CB*V?] (C.62)

C.3 Resolution of the linear radial system

We make the change of radial variable:

) (C.63)

b(x) = B(r) ; c(z) =

The radial system (C.40) becomes:

z(e—f—g)d—i—d'—i——b:za
T T
—i(e+ %)c —d - ga = —ib (C.64)
z(e—i—g)b—b'——d:zc
T
(e—i—g)a—i-a’—l——C— —id
T

z(e-i—%)(d—c)-i—(d—c) g(a—b) —i(a—b)

—ile+ %)(a— b) + (a — b) — g(d— ¢) = —i(d— c) (C.65)
i(e—i—%)(c—i—d)—l-(c-i-d)’—i-g(a—i—b) =i(a+b)
i(e+ Z)(a—i—b) (a+b) — g(c—i-d) = i(c+d).
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We let then:

a—b:F,nLiG,; a+b:F++ZG+
d—c=F_—iG_; c+d=F; —iGy (C.66)

and the radial system becomes:

ie+ %)(F_ —iG_) + (Fo —iGl) — S(F_ +iG_) = i(F_ +iG_)
(C.67)
(e + %)(F_ HiG_) + (F- +iG_) — S(F_ —iG_) = —i(F- —iG_)
i+ %)(a —iGy) + (Fy —iGy) + S(F+ +iGy) = i(Fy +iGy)

ie+ %)(a FiGL) — (Fe +iGL) — DRy —iGL) = i(Fy —iGy).

T

Adding and subtracting equations (C.67), then dividing by ¢ these equations
where i is a factor, we get the two separated systems:

(—1+e+%)F,—G’_ng,:O

(L+e+ )G +F. = ZF =0 (C.68)

(*1+6+%)F+ fG’++gG+ =0
1+e+ %)G+ + F, + §F+ =0. (C.69)

These two systems are exchanged by replacing — indexes by + indexes and
vice versa, and by changing x to —k, so it is enough to study one of the two
systems. We let now:

Fo=Vliftee™ (g +py); A=1-¢ (C.70)

G_=V1—€e (p; — )

Dividing the first of the two equations (C.68) by v/ — € e~*% and the second
by V1 + € e 2%, we get:

a [1+4e€
—AMprt )+ [T (p1 +w2) + Al —p2)

K
—<p'1+90’2—5(<p1—902)=0

a [1—ce¢
Algpy — iy ~py) — A
(p1 =) + [ 7o (91— w2) — Alpr + ¢2)

K
+ @)+ oy — Zlpr+ ) =0 (C.71)
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1+e 1+e 1—c¢ 1—¢
Vi—-e A > Vi4e A (C.72)

But we have:

and we let:
CcC1 =

We get then, adding and subtracting the equations (C.71):

c1— K
~2Apo+—

C
o1+ Zos+ 0l =0 (C.74)
€T X

c1+KR

c
P2+ —p1 — ¢f = 0.
x
We make then the change of variable:
z=20z; fi(z) =¢i(z); fa(z) = p2(z) (C.75)

this puts the system (C.74) on the form:

c1— K c
—fot 1z f1+;2f2+f§:0 (C.76)
c1+K c
ot —=fi— fi=0.
z z
We develop now in series:
AR =Y a2 fa(z) =D bpat (C.77)
m=0 m=0

The system (C.76) gives, for the coefficients of 2571:

(c1 — K)ag + (c2+ 8)bp =0 (C.78)
(ca — $)ag + (c1 + K)bp =0

A not null solution exists only if the determinant of this system is null:

_|cit—Kk Cc2+Ss| _ 2 2 2 2
O_chs ot k| =CLTH 5+ s (C.79)
But we have, with (C.70) and (C.73):
& —c3=a? (C.80)

So we get:

0=0a?+s>—k*; s°=kr*>—0a? (C.81)
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We must take:

s=Vk2—a? (C.82)
to make the wave integrable at the origin. In this case the system (C.78) is
reduced to
KR —C1 S — Co
by = = . C.83
0 Cc2+ s a0 1+ nao ( )

The system (C.76) gives, for the coefficients of 25t™~! the system:
—bm-1+(c1 — K)am + (ca + s+ m)b,, =0 (C.84)
(c1 4 K)bm + (2 —s—m)ay, =0
This last equation gives:

c1+ kK

aQm = ———by, (C.85)
—Cc2+s+m
and the first one becomes:
c1+ K
— b —K)——————b,, b, =0
1+ (a1 H)_02+S+m +(c2+s+m)

[(c1 — K)(c1 + k) + (s + m)? = c2)bm = (—ca + 5+ m)by_1 (C.86)
which, with (C.79), gives:

—co+s+m (—c2+s+ 1),
byp=————bp 1 = ———"h C.87
(28 + m)m ! (25 + D! ( )

And so we have:

. (—co+ 5+ l)m m
= Z @s + 1! =b92°F(1+s—cq, 25+1, 2)
(C.88)
where F' is the hypergeometric function. We have also:
— — -1
by = SC2EEm o zedstmol g,
c1+K c1+K
The first of the two equations (C.84) becomes:
—co+s+m—1 —c2+s+m
e i (i —R)am+ (e s+m—— g, =0
c1+ K c1+ K
(C.90)
which implies:
_ -1 _ m
g = 2temlbm,  Catdn (Con)

(2s + m)m (2s + 1)mm!a0
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And so we have:

= agz’ Z QSch:Inw;zm =apz°F(s —ca, 2541, 2) (C.92)

This hypergeometric function is integrable only if the series are polynomial, 3
(up a coefficient, it is a Laguerre’s polynomial) with degree n, that is to say
if an integer n exists such as

eyt stn=0 (C.93)
ea

= — 94

s+n A (C.94)

which gives, by taking the square ;
(s +n)%(1 —€?) = %a?
(s +n)? = [(s +n)* + o?]€

1
L (C.95)

14—
BTEmE
And we get the Sommerfeld’s formula for the energy levels:

1

\/ BCEDE

With (C.75), (C.83), (C.88) and (C.92), we get now:

1
2= il =g+ (C.96)

€ = s = K

v1(z) = (2Ax) F(—n, 2s+1, 2Ax) (C.97)
wa(z) = (2A )F(1—n, 2s+1, 2Az). (C.98)
+ kK
We let, if n > 0:
P=F(1-n, 2s+1, 2Az); P, =F(—n, 2s+1, 2Az). (C.99)
And we get:
V1
Fo= Y e M (202) [(e1 + 1) Py — nPy] (C.100)
c1+ KR
JVI=
G_ = 6aoe_A””(QAx)s[(cl + k)P + nPy]. (C.101)

c1+KR

3. The integrability of the wave functions is not optional, but compulsory, since we
have seen in 3.4 that the normalization of the wave comes from the physical fact that the
energy of the electron is the energy of its wave.
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We let then:
v1i+e
= 20)%. C.102
= oa0(24) ( )
We get finally:
F = alefAzzs[(cl + k)P, — nPy] (C.103)
1—
G_ = 6ale_Ac”gcs[(cl + k)P + nPy]. (C.104)
1+e¢
Since we go from F_, G_ to F;, G4 by replacing x by —k, we have also:
F, = agefAmxs[(cl — K)Py — nPy| (C.105)

1—e€
Gy =4/ T eage_mxs[(cl — k)P, + nPy] (C.106)

where a9 is, as a1, a complex constant. We get the same condition on the
energy when we say that functions F; and G4 must be polynomials to get
integrability of the wave, because (C.96) contains only 2. Therefore if the
formula (C.96) is satisfied we get polynomials for the four radial functions
and the wave is integrable.

C.4 Calculation of the Yvon-Takabayasi angle

We have with (C.62) and (C.63):
“T72 *1/2
= %. (C.107)
With (C.66) we get:
20=Fy +F_+i(G+ +G_); 2b=F, — F_+i(Gy+ — G-)
2d=F;+F_ —i(Gy+G-); 2¢=Fy —F_—i(Gy —G-). (C.108)
And we get:
4(ad*U? + cb*V?)
= Fi+F.F -G,G, -G_GT)
+ (F4FX + F_F; —G,G* —G_G%,
+i(Fy Gy + FLGL + G Fy + G_F~
+i(F G +F .G +G.F* +G_F;
With (C.103) to (C.106), we get then, if n > 0:
FLF{ +F F* -GG, —G_G- (C.110)

_ 2 —oneys (e £ aof)[e(cf + £ PS + en PY — 2nci Py Py
1 + € +(|(12|2 - |a1|2)2I€P2(7601P2 4+ nPl)

U?+Vv?)
Uz —-v?
(U? —-v?)

(U2 +V?) (C.109)

N

~—
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F.F* +F_F{ - G.G" —G_G%. (C.111)
[(e1 — k)P — nPi][(c1 + k) P2 — nPy]

__—2Az_2s * *
= e e (aa; + aza)) (—}—;g([(cl ~ )Py + nPy[(er +I<J)P2+nP1])

FLGYL + .G + G4 Py +G_FZ (C.112)
-9 1766721\11,25 |a2|2[(01 7’1)2P22 7712P12]
Vite +lai[*[(c1 + K)*PF — n?P}]
F\G* +F .G+ G F* +G_F} (C.113)

_ _,—2Az_2s * * /1_6 [(c1 — k)P — nPy][(c1 + k) Py + nPi]
— g2z, (a1a2+a2a1) Tre (+[(C1+K)PQTLP1][(01H)PQJrnPl])'

There is a great reduction, that we will let now, if:

ara3 + azay = 0. (C.114)
In addition, we have:
=stn=0, =St (s +n)2+a? (C.115)
2 — - A I 1 — A - € - . .

We have: s > 0, n > 0, therefore (s + n)2 > 52, and

01:\/(s+n)2+a2>\/52+a2:\/§:|n|2:&/1. (C.116)
So we always have:
c1—k=20; c1+k2=20. (C.117)
If we choose to let:
la1|? = (c1 — k)k 5 az)® = (c1 + K)k (C.118)
where k is a real positive constant, we get:

FyFf 4 FLF* — GG —G_G*
2%

= F672AI$25[2601 (2 — K1) P} 4 2ecin®P? — 4n(c? — K?)PLPy]
€

(C.119)
and since:

A —k*=nn+28); ecy=s5+n (C.120)
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we get:
FL\F{+F_F*—G.G} —G_G*
dnk
=1 Z o~ 20z 28 ((n +25)[(s +n)PZ — 2nP, Py] + n(s + n)pf)
€

Ank  _oap o n 5  nst o,
= — T 2 Py — P Pr.
Trc¢ @ |2 Vstnl - o==P) T+ ol

(C.121)

And this term, which is the sum of two squares, il always positive, two
successive Laguerre’s polynomials having no common zero. Then we get

FLGL + FLGL + G Fy + G_FZ
W= op o ( a2 ?[(er — )2 P§ —n2P?] )

1+e +la1*[(er + K)*P5 — n® P}

461Ak/’ —_92Ax 2s
o e (R R
dank
= 29O 28w 251 | 96)P2 — P2 (C.122)
1+e€
This allows us to write the Yvon-Takabayasi angle such as:
2 P} —nP? Uz-v2
tan 8 = of(2s + )Py —nPy] — X — 5 (C.123)
(n+2s)(v/s+nPy — \/S"Jr_nPl)2+:_inP12 Us+Vv

The denominator contains only sums of squares, which cannot be together
null. Consequently, for all the states with a n > 0 quantum number, a solu-
tion exists such that the Yvon-Takabayasi 8 angle is everywhere defined. In
addition the presence of the fine structure constant, which is small, implies
that the 3 angle is everywhere small. Moreover we now explain why U2 —V?2
is exactly null, for any value of x and J, in the plane 2'Ox2. We start here
from the differential equation (C.57). If f is a solution, then g defined by
g(z) = f(—2z) is also a solution. Since there is only one polynomial solution
with degree n, up to a real factor, we get necessarily f(—z) = £f(z) and f
is either an even polynomial or an odd polynomial. Therefore C' is an even
or an odd polynomial of cosd. Now from (C.53) we get

U2 4+ V2 = sin?0[C" + (i + % 0207 (C.124)
U? = V2 = sin? 0[— cos 0C"> — 2(rs + % —\)sin0C'C + (k + % — )2 cos0C?)
From (C.54) we get

U?+ V2 =sin~2M[C"° + (k + % +2)2C? (C.125)

1 1
U? = V2 = sin~0[cos 0C"* + 2(k + 3t A)sin0C'C — (k + 3T )2 cos C?]
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This gives

T A 1 s o, T
5=t NEOG) (1)

U* = Vv2)(
If C is a constant C' = 0. Otherwise either C is an even polynomial of cos 6
and then C’ is odd and the product C'C' contains a cos 6 factor, or C' is an
odd polynomial of cos# and the product C’C' contains also a cos@ factor.
This factor is null if § = 7. This proves that

B(=)=0 (C.127)

7r
2
The solutions of the linear Dirac equation satisfying (C.114) and (C.118)
may therefore be the linear approximations of solutions for the homogeneous
nonlinear equation. Now if we have a solution ¢y of the nonlinear homo-
geneous equation (3.10) with a not small value Sy of the Yvon-Takabayasi
angle at a point My with coordinates (xg, yo, 0), since the nonlinear homo-
geneous equation is globally gauge invariant under the chiral gauge (3.31),
we let

¢ =% ¢y (C.128)

And we get

— - Bo . Bg — . .
(ph)(Mo) = €2 e ¢y = e~ pyeiPo = py. (C.129)

And ¢ has at this point My a null § angle, so the equation (3.10) at this
point is exactly the Dirac equation, we get the separation of variables at
this point, we get the angular system (C.38) and the radial system (C.39)
which is identical to the radial system (C.40) of the linear equation. Then
the 8 angle is null in all the z = 0 plane and the radial system (3.39) is
identical to (C.40) in all the z = 0 plane. Then the necessity of integrability
imposes the existence of radial polynomials and we get the quantification of
the energy levels and the Sommerfeld’s formula (C.96)

C.5 Radial polynomials with degree 0

To get absolutely all results of the Dirac equation, we have a last thing
to explain: why do we get 2n? different states with a principal quantum
number n = |k| +n, and we must return to the particular case where radial
polynomials are constants. We start directly from (C.64), and we let:

a=ape Mz b=1boe M2®; c=coe M2 ; d=dye M5, (C.130)
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We get from (C.39):

(fmc(iedozS +iadox® ™! — Adox® + sdox® ! + kbox* ) = iage M

e_AC”(—iecoxS —iacor® ™ 4 Acor® — scox® ! — kapr® ) = —ibge M

eiAI(iebozS +iabox® ™! + Abox® — sboz® Tt — kdoz®T!) = icoe Mgt
(C.131)

eiAI(—ieaoxS —iaagr® ' — Aagz® + sapr® T + kepr®Th) = —idoe M s,

This is equivalent to the set formed by the four following systems:

kbo + (i + 8)dy =0
(ta — 8)bg — kdy =0 (C.132)

—rag — (i + 8)cp =0
—(ta— 8)ag + kep =0 (C.133)

7’L'a0 + (ie - A)do =0
7(1'6 + A)ao +idyg =0 (0134)

ibo — (’iﬁ — A)Co =0

(i€ + A)bo - iCO = 0. (0135)
The cancellation of the determinant in (C.132) and (C.133) gives again
(C.81) and (C.82). The cancellation of the determinant in (C.134) and

(C.135) is simply equivalent to A2 = 1 — €2, which comes from the definition
of A. Each system (C.132) to (C.135) is then reduced into one equation:

kdo = (i — 8)bg
keo = (i — s)ag
do = (6 - iA)aO (0136)
b = (6 + iA)CQ.
We get then:
. o 2 .
kdp = k(e —iMN)ag = (i — 8)bg = (iav — s)(e +iM\)co = (ia = 5)7(e +i0) agp.

" (casn

We have a not null solution only if:

(iae — )% (e +iA)
K3 (e —iA)? = (s —ia)?

k(e —iA) = £(s — ia). (C.138)

k(e —iA) =
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Since €, s, A and « are positive, we finally get

s«

|k| = il (C.139)
This last equality gives again the formula of energy levels (C.96) with n = 0.
Since k comes with its absolute value, we can equally have x < 0 or x > 0.
But the calculation of solutions by C. G. Darwin, who works with real
constants, not with complex constants at this stage of his computation,
forbids to k to be negative, and it is that thing that allows, for a given
principal quantum number n = n + k|, to get n(n + 1) + n(n — 1) = 2n?
states. Whatever really happens is that to change sign in x comes to change
V into —V. And if we change the sign of k and V, then a, b, ¢, d are
invariant if n = 0, and the wave is unchanged. To change the sign of x
brings no more solutions and we can use only solutions with x > 0, in the
case n = 0. And this allows to get the good number of states.

The formula obtained for the energy levels does not account for the
Lamb effect, which gives, if n > 0, a very small split between energy levels
with same other quantum numbers but with opposite signs of . If the
formula (C.96) was not the same for two opposite values of x we should
not be able to get four polynomial radial functions with only one condition
which gives the quantification of the energy levels. Here also the standard
model has already an answer, with the polarization of the void. But the
calculation must be revised, both to avoid divergent integrals and to use
our solutions instead of Darwin’s solutions coming from the non-relativistic
Pauli equation.
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