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ABSTRACT Let (,(z) := Y., _; 7= be the nth partial sum of the Riemann
zeta function. In this paper it is shown that for every integer n > 2 there exists
8n > 0 such that R™ := {Rz:(,(z) = 0} contains to the interval [—6n, b(”)},
where b(™) := sup {Rz : ¢, (2) = 0}. Tt is also demonstrated that b(™) is positive
for all n > 2. Then, for every n > 2, {,(z) possesses infinitely many zeros, with
negative and positive real part, arbitrarily close to any line contained in the strip
[—0n, b(”)] x R. Finally, noting b =1+ (% —1+0(1)) loil%, n — oo, it has
been deduced that N3, R(™ contains a non-degenerated interval containing 0,
so 0 is an accumulation point common to all the sets Py, = {Rz : (,(2) = 0},
n > 2, and in particular 0 € R™ for all n > 2.

AMS Subject Classification: 30Axx, 30D05.
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1 Introduction

The distribution of the zeros of exponential polynomials was mainly studied
in the first third of X X* century linked to the development of the theory of
differential equations, as we can see for instance in [8, 23, 24, 28]. On the con-
crete case of the partial sums of the Riemann zeta function, ,(2) :== Y _; 7=,
the interest for knowing the distribution of their zeros had its starting point in
1948 as consequence of a paper of Turén [26] where he pointed out an intriguing
connexion betweeen a particular distribution of such zeros near the line z = 1
and the Riemann Hypothesis (briefly R.H.). Namely, Turdn [26, Th. I] proved
that if
Cn(2) £ 0 for Rz > 1+ noate p > No(e),

then the Riemann Hypothesis is true.

The first step to avoid Turan’s dream of proving R.H. via the previous theo-
rem was given by Haselgrove [7] few years later. Indeed, by means of an added
note at the end of [7], Haselgrove showed that the suggestion of Turdn [26, (25.1)]
on the non-negativity for all z > 1 of the function T'(z) := >, ., %, was false,
where A\(k) := (—1)P®) and p(k) is the number of prime factors of k counting
multiplicities. Hence, for some n, one has

> <o 2

k=1



This n, allows to define the Dirichlet polynomial

D,(z) := Z )\]ilj)
k=1

and then the corresponding partial sum
1
k=1

because the equivalence theorem of Bohr [4], attains the same set of values in
any half-plane Rz > a. That is, for arbitrary real a,

{Dp(2) : Rz > a} ={G(2) : Rz > a}.

Thus, since for sufficiently large real z, D,,(z) is near 1 and, by (1.1), D, (1) < 0,
there exists a real zero © > 1 of D, (z). Therefore, there is a zero of {,(z) in
the half-plane %z > 1.

In 1968 Spira [22] demonstrated the same for n = 19. That is, the partial
sum (19(z) has a zero in the half-plane #z > 1. Levinson [9, Theorem 1] in 1973
found an asymptotic formula, for large n, for the location of the zeros of (,(z)
near the point z = 1. In particular, he proved that theses zeros have real part
less than 1. Voronin [27] in 1974 showed that (,(z) has zeros in £z > 1 for
infinitely many n.

A sharp result on the upper bound

b = sup {Rz : ¢u(z) = 0}

was demonstrated in 2001 by Montgomery and Vaughan in [12]. Namely, they
proved that there exists Ny such that if n > Ny then (,(z) # 0 whenever

4 log 1
?RZZI+<—1> B8R (2)
T logn

But in the opposite direction, in 1983, Montgomery [11] had already shown
that for every 0 < ¢ < 2 — 1 there exists No(c) such that ¢,(z) has zeros in the
half-plane

loglogn

Rz>14c¢ ,n
logn

> No(c). (3)
Since for any positive ¢, n sufficiently large and any 0 < € < %, one has

Cloglogn .
logn

)

Montgomery’s result implies the existence of zeros of ¢, (z) having real part much
larger than the bound 1 + n~2%¢ considered by Turén in [26, Th. I]. Hence,
this old theorem of Turan of 1948 became vacuous and consequently the hope of



proving R.H. via such hypothetical localization of the zeros of the partial sums
of the Riemann zeta function died.

The results of Montgomery and Vaughan, (1.2) and (1.3), imply that, fixed
0<c< -1, foralln > Ny := max{No, No(c)}, the upper bound b(™) satisfies
the inequalities

logl 4 logl
Ly closlosn oy (4 ) loglogn @
logn T logn
Then, since lim,,_, loil% =0, it follows that
lim o™ = 1.
n—o0

On the other hand, Balazard and Veldsquez-Castanén [2] demonstrated that the
lower bound

a™ = inf {Rz : ¢.(2) = 0}

is so that
fim
== =~ log2. (5)
Therefore
lim ¢ = —0
n—oo

Once the estimation of the bounds (™ and b("™) has been settled, our interest
is focused on the distribution of the real parts of the zeros of (,(z) in the
interior of its critical interval [a("), b(")] and, in this sense, we suggest to see
[6, 13, 14, 15, 16]. A way of knowing the distribution of the zeros of ¢, (2) is by
means of the study of the set of their real projections

P, ={Rz: (u(2) =0}

and its closure set, denoted by R(™. Indeed, the difference between R(™ and
the critical interval [a("), b(")} gives us a certain measure of the uniformity of
the distribution of the real part of the zeros of (,(z) and, consequently, the
position of those zeros with respect to vertical lines contained in the critical
strip [a(™,b(™] x R where are located all the zeros of ().
The zeros of (2(z) = 1+ 5=, or those of the function Gz (z) := 1+ 27, are of
the form
w(2k 4+ 1)i
log 2

Then a® = b® =0, so R = {0} and trivially R™ = [a(™,b(] for n = 2.
Since R™ [a(”), b(”)] for all n > 2, the best possible relation between both
sets one reaches when they are equal. Thus, whenever R — [a(”), b(”)], we
will say that the distribution of the real parts of the zeros of {,(z) is completely
uniform on its critical interval. It means that, given any vertical line contained
in [a("), b(")} X R, (,(2) possesses infinitely many zeros arbitrarily close to that

kel (6)



line. We have proved [15, Th.12] that this is exactly the case of the partial sums
Cn(z) for sufficiently large n. That is, we have demonstrated in [15, Th.12] the
existence of a positive integer N such that

R™ — [a("), b(")} for all n > N. (7)

This result points out that the distribution of the real part of the zeros of (,(z),
for all n > N, is completely uniform on its corresponding critical interval. Con-
sequently, the partial sums (,(z), n > N, in spite of the set of their frequencies
{=logk: k=2,..,n} is not linearly independent (briefly 1.i.) over the rationals
for any n > 3, share with the Dirichlet polynomials, with 1.i. frequencies and
coefficients of modulus 1, the property of having the real parts of their zeros
uniformly distributed on their critical intervals (see [16, Th. 10]).

In the present paper, by means of our Theorem 2, we have given a positive
answer to an old question, on the negativity of the real part of the zeros of the
partial sums of the Riemann zeta function, posed by Bellman and Hooke in 1963
[3, p. 439, Question 25]. It has been also proved in our Theorem 17 that for
every integer n > 2 there exists a number §,, > 0 such that [—5,“ b(")} c R™,
Then, whenever n > N, by (1.7), the Theorem 17 is improved of an optimal
form because the 8,,’s can be taken equal to —a(™ = nlog2+ o(n), noting (1.5).
Some relevant consequences are derived from Theorem 17:

a) By (1.4) and Corollary 3 of this paper, the set N ,R(™) contains an
interval of the form [—d,b] for some § > 0 and b := min {b(™) : n > 2}, which is
a positive number. Then the strip [—4,b] X R is common to all the nth partial
sums (,(z), n > 2. That is, given any vertical line contained in [—4, b] x R, there
are infinitely many zeros of every (,(z), for all n > 2, arbitrarily close to that
line.

b) In particular, we deduce that 0 is an accumulation point common to all
the sets P, = {Rz:(.(2) =0}, n > 2. Moreover, because of Lemma 1, for
every n > 2, there exist infinitely many zeros of each (,(z), with negative and
positive real parts, which are arbitrarily close to the imaginay axis. Hence,
the Theorem 17 and its consequences have applications to the stability of the
solutions of neutral functional differential equations with delays (see for instance
[10]).

¢) By regarding the partial sum of Riemann zeta function (3(z) := 1+ 2%,
noting (1.6), one has

ﬁ'?LOZQR(n) = {0}7

which proves Sepulcre and Vidal’s conjecture [20, Conjecture 15].

2 Distribution of the zeros of (,(z) on the half-
planes 1z > 0 and Rz < 0
Lemma 1 Let f(z) be an almost-periodic function not identically null on a

strip Sap = {2z 1 a < Rz < b}. If f(2) has a zero at a point zg € Sqp then it has
infinitely many zeros in Se := {z : Rzo — e < Rz < Nzo + €} for arbitrary e > 0.



Proof. We firstly note that, since the almost-periodicity implies analyticity
[5, p.101], f(2) is analytic on S, . Secondly, by [5, p.102], f(z) is bounded on
any closed sub-strip So 5: = {z:a <a <Rz < < b} of Sy Now, let z1 be
a point on the line © = Rz such that f(z1) # 0. Thus we claim that there
exist positive numbers § and [ such that on any segment of length [ of the line
x = Rz there is a point z1 + ¢T" verifying

|f(z1 4 iT)| > 6. (8)

Indeed, by taking § = @ > 0, the almost-periodicity of f(z) involves the
existence of a real number [ = [(§) such that every interval of length [ on the
imaginary axis contains at least a number 77 = T3 (0), called translation number,
satisfying

|f(z+iT1) — f(2)| < b for all z € Sy p. 9)
Then, by setting z = z; in (2.2) and according to the choice of §, the inequality
(2.1) follows, as claimed. By reiterating this process for every ¢, = %, n>1,
the almost-periodicity of f(z) assures the existence of a real number I,, = [,,(4,,)
such that every interval of length [,, contains at least a translation number
Ty, = Ty (65) which, without loss of generality, can be chosen in such a way that
(Th)n=1,2,.. be an increasing sequence of positive numbers with T}, — T, > 1,
for all n, satisfying

|f(z+iT,) — f(2)] <6, for all z € Sgp. (10)
Then, by just making z = zp in (2.3), we have
lim f(z0 +iTy) = 0. (11)
We now consider the sequence of analytic functions on S,
gn(z) = f(z+1iTy), 2 € Sep, n=1,2, ..., (12)

which are uniformly bounded on the compacts of S, by virtue of the bound-
edness of f(z) on any substrip of S, . Hence, by Montel’s theorem [1, p. 165],
there exists a uniformly convergent subsequence {gn,(2) : k = 1,2, } to an ana-
lytic function, say g(z), on S, . The function g(z), by (2.1), is not identically
0 on S, and, because of (2.5) and (2.4), has a zero at the point 2y which, by
analyticity, is not isolated. Then we can determine a positive number

1
r<min{$0—a,b—x0, €, 5}

such that |g(z)| # 0 for all z on the circle |z — 29| = 7, so the number
m :=min{|g(z)|: |z — 20| =7} > 0.

Noticing |z — zg| = r is a compact set in the strip S, p and limy_ oo gn, (2) = g(2)
is uniform on the compacts of S, 3, there exists a positive integer kg such that

|9(2) — gn, (2)] <m < g(z)| for all |z — 29| = and for all k& > k.



This means, by Rouché’s theorem [1, p. 88|, that every function gy, (z), for all
k > ko, has in the disk |z — 2| < r as many zeros as g(z) does, so at least one,
say zn,. Then, from (2.5), one has

f(zn, + 1Ty, ) =0 for all k> k.

Finally, since |z,, — 20| < r < 1 for all k > ko and T}, ,, — Ty, > 1 for all k,
the points z,, + 9Ty, are distinct for all k& > ky. Hence, the function f(z) has a
zero at each point z,, + Ty, for any k > ko. Consequently, f(z) has infinitely
many zeros in the strip S.. This completes the proof. m

Since the partial sums of the Riemann zeta function are almost-periodic
functions, from the previous lemma, we deduce a relevant property on the dis-
tribution of their zeros with respect to the imaginary axis.

Theorem 2 Every partial sum of the Riemann zeta function, ¢, (2) == Y 1_; 7=,
n > 2, possesses infinitely many zeros in each half-plane {z: Rz < 0} and
{z : Rz > 0} except for n = 2 whose zeros are all on the imaginary axis.

Proof. For any n > 2, by regarding the functions
Gn(z) :=C(n(—2),n > 2,

the sets of zeros of G,(2) and (,(2), denoted by Zg, (») and Z, (. respectively,
are related by Zg, (o) = —Z¢, (). Then the bounds

ap, :=1nf {Nz : G,,(z) =0}, by :=sup{Nz: G,,(2) =0}

and
a'™ = inf {Rz : ¢, (2) = 0}, b™ = sup {Rz : ¢, (2) = 0},

satisfy
al™ = —b,, b = —q, for all n > 2. (13)

Concerning the sets Zg .y it is needed to remind that in [13, Propositions 1,2,3]
was proved:

a) For any n > 2, Zg, (2 is infinite.

b) For every n > 2, there exist real numbers ry, s,, such that Zg (. is
contained in the vertical strip {z € C: r, < Rz < s, }.

c) For any n > 2, Zg, (. is not contained in the imaginary axis, except for
n =2.

As we have seen in (1.6) the zeros of (2(z) are all imaginary, then the last
part of the theorem follows. Hence, from now on, we assume that n > 2. Let
suppose that there exists an integer m > 2 such that the corresponding function
Gm(z) has its zeros, say (@m,1)i>1, of the form

Ram, #0forl =1,...,p, Ram,; = 0if | > p, for some integer p > 1. (14)

Noticing G,,(Z) = Gp(z) for all z € C, (am,1)i>1 are conjugate. Then p is
necessarily even, so p = 2¢ > 2, and the zeros a,,; with { > p are of the form



+iy; with y; > 0. Let denote by P(z) the polynomial with leader coefficient 1
and zeros (um,1)i=1,2,...p- Then

P(2) = (2* = 2112 + |ama|*) -+ (2° = 2002 + am,q|), (15)

where a; := Rayy, 1, | =1, ..., q. Therefore the function

Gn(2)
H,, =
is entire of order 1 with zeros (iiyj)j:1,27,,, . By Hadamard’s factorization

theorem [1, Th. 4.4.3] we can write

oo 2
H,,(z) = eA*+B H (1 + %) , (16)
j=1 J

where the constants B and A, because of (2.8), satisfy
€B — Hm(o) — %,
1]

/ |
R ]

e? m .1 |t q”

By (2.9) the function H,,(z)e”4% is even, then
H,,(2)e % = H,,(—=z)e?* for all z € C.

Now, substituting H,,(z) by G];"('S), we get

P(-2) _ Gm(—2) 24z
P(z) Gm(2)

9

for all z € C. (17)

If we assume that any zero of P(z) is a zero of P(—z), the polynomials P(z)

and P(—z) are equal and their zeros (am,l)l:m,___p are conjugate and opposite.
Hence ¢ = £ is even,

a a
L
|tm 1 |,

=0

and then A = %. But this leads us to the following contradiction: noticing
(n!)? > n™ for all n > 2, the right side of (2.10) tends to +cc as z € R does,
whereas its left side is identically 1. Consequently, at least one zero of P(z)
cannot be a zero of P(—z). Thus the left side of (2.10) is a meromorphic
function having at least a pole. On the other hand, the right side of (2.10) is a
quotient of exponential polynomials with a finite number of poles (the zeros of
P(z) that are not cancelled with the zeros of P(—z)). Then Shields’s theorem

2Az
[21] asserts that % is an exponential polynomial, which represents a



new contradiction because PP((_ZZ)) has at least a pole. As consequence, there

is no function G,,(z), m > 2, having its zeros of the form (2.7). Therefore,
taking into account c), every function G, (z), n > 2, has infinitely many zeros in
at least one of the half-planes {z: Rz < 0} and {z: Rz > 0}. However G,(z),
n > 2, cannot have all its zeros, say (zn7l)l:172,___, with real part of the same
sign. Indeed, by expressing G,,(z) = 1+ 2% + ... + n* of the form

zlog 2 zlogn
1+ e . e

by Ritt’s formula [19, formula (9)], we have
> Rzp, = 0(1). (18)
=1

Now, by assuming, for instance, Rz, ; > 0 for all [ > 1, from c), there exists at
least a zero of Gy, (z), say zn.,, such that Rz, ;, > 0. By taking € = Rz, ;, and
noting that G, (z) is an almost-periodic function, because of Lemma 1, G, (z)
has infinitely many zeros in the strip

€ 3e
Sg.—{z.§<%z<§}.

This implies that
Z Rzp,1 = +00,
1=1

contradicting (2.11). Hence, G, (2) has at least a zero in {z : Rz < 0} and again
by using Lemma 1, G, (z) has infinitely many zeros with negative real part.
Then the theorem follows for the functions G,(z) and, taking into account
(2.6), it is also true for the partial sums (,(z). ®

The next result is an easy consequence of the above theorem.

Corollary 3 The bounds a,, b, and a'™, b corresponding to the functions
Gn(2) and ¢, (z), respectively, satisfy

an:bn:a("):b("):Oifn:2

and
an <0, b, >0,a™ <0, 5™ >0 for all m > 2.

3 The level curves |G} (2)| =p;°, n > 2, 79 € R

The curves |f(z)| =constant, where f(z) is an analytic function on a given region
of the complex plane, are defined as level curves (see for instance Titchmarsh’s
book [25, p.121]). This concept will be crucial for attaining the main objective of
our paper, namely, to prove the existence of non-degenerate intervals contained
in the sets

R, :={Rz:Gy,(2) =0} (19)



and

R™ .= {Rz: (u(2) = 0}, (20)

for all integer n > 2.
From the definition of the bounds corresponding to the functions G, (z),
¢n(2), and (3.1), (3.2), it follows

Un, by € Ry, C [an, by

and
a™, b ¢ R {am)’b(n)} ,

for all n > 2. By Corollary 3, the set R,, = R™ = {0} if and only if n = 2.

Therefore n = 2 is the trivial case and whether n > 2, the sets R,,, R("") have at

least two distinct points, namely, the bounds ay, b, and a(™, b(™ | respectively.
For every n > 2 we define the function

Gn(2) 7= Gn(2) = Pk,

where G, (2) := 14 2%+ ... + n® and py,, is the last prime not exceeding n. The
goal is to study properties of the level curves

G (2)| = P, (21)

for each integer n > 2 and a given real number zy.

In order to emphasize the importance of the level curves, we recall that the
sets R, defined in (3.1), were characterized in [6] in terms of such curves as
follows.

Theorem 4 (Dubon, Mora, Sepulcre, Ubeda, Vidal [6, Th. 2]) A real number
xg belongs to R,, n > 2, if and only if the vertical line x = x¢ intersects the
level curve |G, (2)| = p? -

By defining the real functions
An(z,y) = |G (= +iy)| —pi; o,y €R, n > 2,
the above result was completed in [15] under the form:

Theorem 5 (Mora [15, Th. 2]) For every integer n > 2, a real number x be-
longs to R, if and only if there exists some y € R such that A,(z,y) = 0.
Furthermore, A,(x,0) >0 for all x € [an,by].

By squaring (3.3) we obtain the cartesian equation of the level curve for a
given real number xy,

2z 2z T - x m T = T m
1424+ .. +n""+2.1 Zm cos(ylog(T))JrQ.Q Zm cos(ylog(;))Jr

m=2 m=3



n—1

+..+2(n—1)" Z m” cos <y10g(L>> :piioa (22)
where in the left side of (3.4) the integer variables do not take the value py, .
Since, for any value of y, the limit of the left side of (3.4) is 400 when
x — 400 and the rigth side of (3.4) is fixed, the range of x is always upper
bounded for every z. However, as the limit of the left side of (3.4) is 1 when
x — —o0, if g # 0, the range of the variable z must be lower bounded. Finally,
from equation (3.4), it is immediate that the level curve neither contains a
vertical segment nor has a vertical asymptote. Thus, fixed n > 2 and zg € R,
the variable z in the equation (3.4) either runs on a finite interval

[b;,zoa bnymo] ) if Zo # Oa
or on the infinite interval
(=00, bnge] s if zg =0,

where the extremes b,, , , by o, are defined as follows.

Definition 6 Fized an integer n > 2 and a real number xo, we define by z,,
called upper extreme associated to xg, as the marimum value that we can assign
to the variable x to have, for at least a value of y, a point (bng,,y) of the
level curve |G}, (2)| = pi°. When xo # 0, we define by, ,,, called lower extreme
associated to xg, as the minimum value that we can assign to the variable x to

have, for at least a value of y, a point (b;,wo, y) of the level curve |G} ()| = Pro-

To illustrate the above definition we determine in the next example the
points extremes corresponding to the level curve |Gy, (2)| = p;® for n = 3.

Example 7 The level curve |G5(2)| = pj2, zo € R.

For n = 3 one has pg, = 3, then G5(2) := G3(2) — pj, = 1 +2°. Hence the
level curve is |1 4+ 27| = 3. By squaring we obtain its cartesian equation,

1+ 227 4 27T cos(y log 2) = 3270, (23)
The lower extreme associated to xg # 0 is

log(1—3%0) .
. { loel=8%0) if 2y < 0
3,x0

002
Mifago>0

log 2
and the upper extreme associated to any xg is

I log(1 + 3%0)
3,20 = log 2 '

If 29 = 0, by dividing (3.5) by 2**!, the equation of the level curve is

2771 4 cos(ylog?2) = 0

10



and then x runs on (—oo, 1].

Thus, for g < 0, (3.5) represents an infinite family of closed curves con-
taining each of them one zero of G%(z), so the level curve has infinitely many
arc-connected components. For zy = 0, the above equation represents an in-
finite family of open curves having horizontal asymptotes oriented to —oo of
equations y = (2k + 1) ﬁ, k € Z, so the level curve has infinitely many arc-
connected components. Finally, for 2o > 0, (3.5) is the equation of a unique

open curve, that is the level curve has only one arc-connected component. The
log(3%0—1)

curve meets to the real axis at the point bs , = =55

takes all real numbers.
The next result proves that the level curve |G}, (z)] = p;° for n > 3 is
essentially the same as the case n = 3.

, and the variable y

Proposition 8 Fired an integer n > 2 and a real number xq, let us consider
the level curve |Gy, (2)| = pi°. Then, if zo < 0, the level curve has infinitely
many arc-connected components which are closed curves; if xg = 0, the level
curve has infinitely many arc-connected components which are open curves with
horizontal asymptotes, as v — —oo, of equations y = (2k+ 1) #gQ’ k e Z.
Moreover, the level curve only meets to the real axis at a point, say Cn g, if
and only if xo > 0; in this case the lower extreme b, , = cp .z, and the level
curve has only one arc-connected component which is an open curve where the
variable y takes all real values.

Proof. Because of the function of the left side of (3.4) is even with respect to
the variable y, we will assume that y > 0. For a given a real number zo < 0 we
write (3.4) as

22T 4 4+ n% 4217 Z m® cos (ylog(?)) +2.2% Z m® cos (y log(%)) +

m=2 m=3

" m 9
e +2(n—1)" m” log(——) | = °—1 24
+..4+2(n—-1) E oS <y og(n — 1)> Dier (24)

m=n

and, since pif“ — 1 <0, the variable y satisfies either

g < ylogn, if n is a composite number, (25)

or
g < ylog(n — 1), if n is prime. (26)

(Otherwise the left side of (3.6) would be positive). Hence, by (3.7), or (3.8),
the level curve |G}, (2)| = pi.?, for a given a real number zy < 0, has no point in

the strip {(:I:, y):0<y < ﬁ}, when n is composite, and it has no point in

the strip {(:c,y) 0<y < m}, if n is prime.
Now assume that xo < 0. By writing |G}, (2)| = p;? as |1 + w| = ry,, where

w 1= 2% +...4+n” (this expression does not contain the term pin) and rg, 1= pi:,

11



the equation (3.6) describes the continuous motion of each zero z = (x,y) of the
function

Ff () = Gia) — 1 - w

when w runs on the circle |1 + w| = r,,. Indeed, fixed n > 2, for each w of the
circle [1 4+ w| = 74, the function F , (z) has infinitely many zeros on the half-
plane {z: 3z > 0} situated on a vertical strip. These zeros will be supposed
lexicografically ordered. That is, given a point w of the circle |1 + w| = ry,
a zero z, = (z,y) of F) ,(z) precedes to other zero z,, = (2',y') if and only
if either y < ¢’ or < a/, if y = ¢y'. Then, by taking the interval (0,27] as a
determination of the argument (the domain corresponding to the log function
is :=C\ [0, +00)), let us define the map

01(Ww) = 21w,

that assigns to each w of the circle |1 4 w| = 7, the first zero, 21 ., of Fj; ,(2)
with respect to the order defined. Because of 0 < r,, < 1, the circle |1 + w| =
Tz, 18 in © and the argument of w varies on a certain interval [1 — ag,, ™ + Q]
for some oy, such that 0 < oz, < F, 50 [T — gy, T + g, C (0,27]. Thus,
the function ¢; transforms the circle |1+ w| = 7, on a closed curve whose
equation is given by (3.6) and it constitutes the first arc-connected component
of the level curve. By analogy, the function

pj(w) == 2jw, j > 1,

where z; ., is the jth zero of F; , () with respect to the order defined, transforms
the circle |1 + w| = r, on a closed curve, whose equation is given by (3.6), and
it is the jth arc-connected component of the level curve, and so on. Finally, as
the function of the left side of equation (3.6) is even with respect to the variable
y, we obtain by simmetry with respect to the real axis the closed arc-connected
components of the level curve in the half-plane {z : 3z < 0}.

If 29 = 0, the right side of (3.6) is 0. Then dividing (3.6) by 22! the
equation of the level curve is

r—1 n 2 z—1 z Y o
2 ++(§) 27" + cos(ylog2) + 1 Z( ) COS(ylog(T))JF

m=3
+2% i (%)Z cos (y log(%)) + ..+
m=3
+(n—1)" i (%)ZCOS (ylog(n—ml)) =0. (27)

By taking the limit as # — —oo, all the terms of the left side of (3.9), except
cos (ylog2), tend to 0. Then the equation cos (ylog2) = 0 gives us the horizontal
asymptotes of the level curve. Consequently, the level curve has infinitely many
arc-connected components which are open curves (closed on the right) having

asymptotes of equations y = (2k + 1) Tioga: K € Z, oriented to —oo

12



For studying the case z¢o > 0, let yo be a fixed real number. By substituting
it in (3.4), we have an expression of the form

14 a22® +as3” + ... + apn_n) (n(n — 1)) + ap2n?® = pi:", (28)

where the a’s are real numbers (the left side of (3.10) does not contain the
term a,, pp ). Because the left side of (3.10) has been obtained from (3.3)
as the sum of the squares of the real and imaginary parts of G%(z), for z =
x + Yo, the number of changes of the sign of its coefficients is a nonnegative
even integer. Hence, since pii” > 1, the number, say W, of changes of the sign
of the coefficients of the equation, equivalent to (3.10),

1 —pif“ +a22® +a33" 4+ ...+ apm_1) (n(n — 1)) + a,2n?* =0,

is odd. Then, by Pdlya and Szégo’s formula [18, p. 46], W — N is an even
nonnegative integer, where N denotes the number of real zeros (counting mul-
tiplicities) of the preceding equation. Therefore, N must be positive, which
implies that equation (3.10) has solution. Consequently, as yo is arbitrary, the
variable y takes all the real values. On the other hand, by making y = 0 in
(3.4), one has

1+2"+ ...+ n" =p°

(the left side of this equation does not contain the term py ) and we then claim
that the above equation has real solution if and only if 29 > 0. Indeed, clearly
the equation has no real solution if zg < 0. Then if the equation has solution,
xo must be positive. Conversely, by assuming xg > 0, the number piz is greater
than 1 and W, the number of changes of the sign of the equation

L—pi° +2"+..+ n" =0,

is 1. Thus, by Pélya and Szégo’s formula [18], the number, N, of real solutions
of the above equation is necessarily 1. Hence the above equation has only a
real solution, say ¢y 4,, and the claim follows. Furthermore, since (¢ 4,,0) is a
point of the level curve, from Definition 6, one has

bn,xg S cnymo'

n,xro

But, if we suppose that b < Cp,zy, again from Definition 6, for some y, the

point (b, ., y) belongs to the level curve and then |G}, (b,, ., +iy)| = p;°. Now,

because G (z) is strictely increasing on the real axis, we obtain
Py, = |Ga oy + )| < |G (b0 20| <1 (0o = PR

a contradiction. Therefore,
b

Finally, since the variable y takes all real numbers, the unique point that the
level curve meets to the real axis is (b;%, 0) and there is no vertical asymptote,
the level curve |G}, ()| = pj,? has only one arc-connected component. The proof
is now completed. m

From Example 7 and Proposition 8 we obtain the following consequence.

n,ro Cn,xg-

13



Corollary 9 For a given integer n > 2 and a real number xo, let |G, (2)| = py’
be the corresponding level curve. If a point 2’ = (2',y") satisfies |G}, (2")| < pi?,
then there exists a point z = (x,y) of the level curve such that x > .

Proof. By Example 7 and Proposition 8, if zy < 0, the level curve |G}, (2)| = pi°
has infinitely many arc-connected components which are closed curves. Thus,
the level curve divides to the complex plane in two regions {w : |G}, (w)| < pi° }
and {w : |G} (w)| > pi° }, defined by the interior and the exterior points of its
arc-connected components, respectively. Thus, if 2z’ = (2/,y’) is a point satisfy-
ing |G, (2")] < pi°, 2’ is in the interior of a closed arc-connected component and
consequently it must have a point z = (z,y) of the level curve situated on the
right of 2/, so z > z’. The case z¢ = 0 is analogous to the previous one because
the arc-connected components (open curves) are closed on the right side and
open on the left side with asymptotes oriented to —oo. Finally, if zg > 0, the
variable y take all real values and x runs on the interval [b;mo, bn,zo}- Then,
since for any n > 2,

max {|G},(w)| : Rw < b, , + =G (b,

n,mo)v

the set {w : |G} (w)| < pp°} coincides exactly with the region situated on the
left of the level curve. Hence, if 2’ = (2',3') satisfies |G}, (2")| < p°, there exists
a point z = (x,y) of the level curve on the right of 2’ and, consequently, = > .
The proof is now completed. m

The next result shows that the set R, := {Rz: G\,(z) = 0} contains inter-
vals.

Theorem 10 Let [ay by] be the critical interval of G, (2), n > 2, g € R,, and
bn,zo its upper extreme associated with respect to the level curve |G}, (2)| = p?.
Then

[0, Dn,z0] N [an,bn] C Ry,

Proof. Since xg € R,,, because of Theorem 4, there exists a value yg such that
the point (xo,yo) lies on the level curve |G}, (2)| = pi°. From Definition 6, if
xg # 0, then zg € [b;m,bn@o} and zg € (—00, by 4], if o = 0. Therefore, for
any o € Ry, one has xg < by, 4,. Thus, if zg = by 4,, since Ry, C [an,by], the
theorem trivially follows. Let us assume that z¢ < by, 4, and let 1 € [ay, by] be
a point such that zo < #1 < bn 4, Then z1 € [by ., bn,zo |5 OF T1 € (=00, by ],
so the line of equation x = z; intersects to the level curve |Gy (2)| = pi° at
least at a point, say z; = @1 + iy;. Consequently |G}, (z1)| = p).°. Now, by the
definition of A, (x,y), we obtain

An(z1,91) = |GL(21)] = Pk, = P, — Py, < 0.

On the other hand, since z1 € [ap, by], by Theorem 5, one has A,,(z1,0) > 0.
Then, the continuity of A, (z1,y) as function of y implies the existence of a
value, say ya, such that A, (z1,y2) = 0. Now, because of Theorem 5, it follows
that z; € R,, and then

[0, bn.zo) N [an,bn] C Ry. (29)
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By supposing by, », > by, from (3.11), we get
[SC(), bn,zo] N [an,bn] = [1'0; bn,xg) N [an,bn] C Rn

and then the theorem follows. If by, 5z, < by, since xg € R,, C [an,by], again by
(3.11), one has
[-TOa bn,mo) N [an,bn] = [-TOa bn,mo) C Rn;

but, as R, is closed, the point b, 4, also belongs to R,,. Then, [zo, by »,] C Rx
and hence, in this case, we also get

[5505 bn,zo] N [an,bn] = [-TOa bn,mo] C Rn;

which proves completely the theorem. =
An important conclusion on the sets Rs and R®) is deduced from Theorem
10.

Corollary 11 The sets Rz and R®) are equal to [az,bs] and [a(g),b(g)], respec-
tively.

Proof. The bound a3 := inf {Rz : G3(z) = 0} belongs to R3 and, by Corollary
3, as is negative. Its upper extreme associated, with respect to the level curve
|G5(2)| = p2, determined in Example 7, is

b _ log(1+3) 50
3,05 = log 2 '

Then, by taking xg = a3 in Theorem 10, we have

log(1 as
{as, og(1l + 3%3)

log 2 :| n [agﬁbg] C R3. (30)

Hence, the corollary follows, if % > bz, because R3 C [ag,bs]. Let us

assume % < bs. Then, since az < 0 and % > 0, from (3.12), it

deduces in particular that 0 € R3. But, as we have just seen in Example 7, the
upper extreme associated to 0 is 1, so, again from Theorem 10, we get

[0,1) N [as,bs] C Rs. (31)
From Corollary 3 and [6, Lemma 1], we know that
0<bg <sup{z:1+4+2*>3"}=1.
Then, by (3.13), one has
[0,1]) N [as,bs] = [0,b3] C Rs,
which, jointly with (3.12), involves that

R3 = [ag, b3] .
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Now, taking into account (2.6), one has R®) = [—b3, —as] = [a®,b®]. Then
the proof is completed. m

From the above corollary it follows that the functions G3(z) and (3(z) have
infinitely many zeros arbitrarily near any vertical line contained in [ag, b3] X R
and [a(g), b(g)} x R, respectively. Therefore, the distribution of the real parts of
the zeros of G3(z) and (3(z) is completely uniform on their critical intervals.

Lemma 12 For every n > 2, let us denote by f, the function that assigns to
each real number xo its upper extreme associated by, », with respect to the level
curve |G, (2)] = p?. Then f, is a strictely increasing function.

Proof. Let us consider two real numbers x; < xg. Then, since py, > 2 for
all n > 2, one has p;’ < p;°. From Definition 6, given f,, (1) := bnz,, there
exists some y; such that the point z; = (by 4,,y1) belongs to the level curve
|Gy, (2)] = pi}. Then, since py! < pi°, the point z; satisfies |G}, (21)] < pj? .
By applying Corollary 9, there exists a point zo = (z2,y2) of the level curve
|Gy, (2)] = pi° such that b, ., < 2. Now, as zp belongs to the level curve
|G, (2)] = Py’ again from Definition 6, we have x2 < by, 2, = fn(w0). Thus

fn(xl) = bn,ml < w9 < bn,mo = fn(xO)a

S0 fp is strictely increasing. m
In the next result we find, for each integer n > 2, a lower bound of the set
of upper extremes b, 5, when g € R.

Lemma 13 For every n > 2, let us denote b}, = sup {Rz : G} (2) = 0}. Then
by < bpz, for all xop € R.

Proof. Let us assume that G%(z) has a zero, say w, on the vertical line x = b.
Then Rw = bY. Now, let 2y be a real number. Then, since G, (w) = 0, one has
|Gy, (w)| < pi?. From Corollary 9, there exists a point 21 = (z1,y1) of the level
curve |Gy, (2)| = py? such that b}, < x1. By Definition 6 it follows that z; <
bn,z, and then

b; <z S bn,zoa

which proves the lemma under the above assumption.

If G (z) has no zero on the line x = b, according to the definition of
by, there exists a sequence of zeros (2p,),, of G (z) with Rz, < b, such that
lim,,, Rz, = b%. Let us consider a real number z; < 9. Then, as G% (z,,) = 0,
we get |G, (2)| < pi! for all m. This implies, from Corollary 9, the existence
of a sequence of points of the level curve |G}, (2)| = pi}, say (wm),,, such that
Rz, < Rw,y, for all m. On the other hand, since every w,, is on the level curve
|G, (2)] = pi}, from Definition 6, one has Rw., < by, for all m. Hence, we
have Rz,, < Rw,, < by, for all m and, taking the limit when m — oo, we
obtain

by, < bpa- (32)
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Now, by Lemma 12, since z; < ¢, it follows that b, ;, < b, z, and, noting
inequality (3.14), we get

b;; S bn,zl < bn,moa
which completes the proof. m

The above lemma, jointly with Theorem 10, allows us to determine the sets
R,, and R™ in the case n = 4.

Theorem 14 The sets R4 and R® gre equal to [a4,b4] and [a(4),b(4)}, respec-
tively.

Proof. The last prime not exceeding 4 is 3, so pr, = 3. Then G}(z) = 1427447,
and its zeros are

273k + 1)i 2mw(3k + 2)i
3log2 ’  3log2
Hence, b} := sup{Rz: G}(z) = 0} = 0. By applying Theorem 10 to z¢ = ay,
which is negative by Corollary 3, one has

kel

las,0] C Ra, (33)

because by > 0 by virtue of Corollary 3 and b4 4, > b} = 0 by Lemma 13. From
(3.4), the equation of the level curve |G} (z)| = 3%° is

1+ 2% 4+ 427 12,27 cos(ylog 2) + 2.4% cos (ylog4)) +

42.2%.4% cos (y log 2)) = 3%, (34)
Since cos (ylog4)) = 2cos?(ylog2) — 1, from (3.16), we obtain

—(L4+47) £4/(2.3%)7 — (VB4 - 1))?
4.2%

cos(ylog2) = (35)

and then the variable 2 must satisfy (v/3(4°—1))? < (2.3%0)?, which is equivalent
to say that

47 e [1 — 937078 1 4 2.3%—%} . (36)

Now, for g > 0,is 1 — 2.3%073 < (. Thus, noting that 4* > 0 for any z, from
(3.18) it follows that the variable x satisfies

log (1 + 2.310*%)
log 4

r <

1
log(142.3"072
Then, by taking z = z1 := % in (3.17) (observe that (2.3%0)% —

(v3(4*1 —1))? = 0), there exists a value for y, given by

1+ 3%0~3

cos(ylog2) = — ) (37)

N

2 (1 4 2.310*%)
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T -1 © _1
provided that 1437 “—| < 1. But 0 < % < 1 if and
2(1+2.3IU*E) 2 2(1+2.3IU*§) 2
. log(6+3v3) :
only if z¢g < g3 Then, we claim that any xo € [0,b4), where by :=

sup {Rz : G4(z) = 0}, satisfies the above condition. Indeed, because of [6, Lemma 1],
one has by <sup{x: 14 2% + 3% > 47} and, on the other hand, it is immediate
to check that

log (6 + 3v3
sup{z:1+2"4+3" >4} <2< M,
log 3
soxg < by <2< log(ﬁ)%\/g), and the claim follows. Consequently, for each

xo € [0,b4), by making x = ;1 in (3.17), there exists a value of y, say y1, given
by (3.19), determining a point (z1,y1) of the level curve |G} (z)| = 3%°. Thus,
by Definition 6, b;xo < 21 < byg,. On the other hand, from the definition of
x1, one has

x1 > x0 if and only if 47 < 14 2.3%07 3, (38)

We define B4 := sup {z 47 <1+ 2.39“%}. Then, from Poélya and Szégo’s

formula [18, p. 46], the equation 4* =1+ 2.37~3 has a unique real solution, so
equal to B4. Now we claim that

by < Ba. (39)

Indeed, if z = © + iy a zero of G4(z), one has 1 + 2% + 4% = —3%. Then the real
and imaginary parts are equal,

1+ 2% cos(y log2) + 4% cos(ylog4) = —3% cos(y log 3),

2% sin(y log 2) 4+ 4% sin(y log 4) = —3% sin(y log 3).
By squaring and adding, we obtain the same expression that in (3.9), but the
right side term which is equal to 32%. That means that x = Rz, y = 3z
satisfy equation (3.16), with x¢ replaced by z, so necessarily 4* < 1+ 2.377 3,
Therefore (3.21) follows, as claimed. In consequence, if zg € [0,by4), by (3.21)
one has xy < B4 which implies that 470 < 1 + 2.370=3_ That is, xo satisfies
(3.20) and then we have

Ty < a1 < b41z0, for all zg € [0, b4) . (40)

Let o be an arbitrary point such that 0 < xzo < bs. The point b, , , by
Proposition 8, is obtained by making y = 0 in equation (3.16), so by ., 1s the
real solution of the equation

1427 + 4% = 3. (41)

Then we claim that b, , < z¢. Indeed, if by, > xo, from (3.23), we would
have B -
370 =1 4 2%400 4 4bme0 > 1 4 270 4 4%0 > 3o,
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a contradiction. Then, it follows, according to (3.22) that by, < zo < by z,,
which means that the line = x¢ meets to the level curve |G%(z)| = 3%, and,
by Theorem 4, z9 € Ry. As consequence, (0,bs) C Ry. Now, noting that Ry is
closed, one deduces that [0,b4] C Ry4. Finally, taking into account (3.15), one
has [a4,bs4] C R4 and since Ry C [a4, by], we definitively get [aq, bs] = R4. Now,
by using (2.6), the set R*) corresponding to the partial sum (4(z) also satisfies

R = [—by, —a4] = [a(4), b(4)] .

The proof is now completed. m

4 Distribution of the zeros of G (z) on the half-
planes Rz > 0 and Rz < 0

Now it is needed to prove a similar result to that of Theorem 2 for the functions

Theorem 15 Every function G (z), n > 2, possesses infinitely many zeros in
each half-plane {z : Rz < 0} and {z : Rz > 0} except for n = 3, 4, whose zeros
are all imaginary.

Proof. For n = 3 one has pi, = 3. Then G%(z) = 1+ 2%, whose zeros are

im(2k 4+ 1)

k€ Z.
log2 <

For n =4, pr, = 3, so Gj(z) = 1+ 2% + 4% and then its zeros are

273k + 1) i2m(3k + 2)

, , ke
3log?2 3log?2

Hence, for n = 3, 4, the zeros of G%(z) are all imaginary and, consequently, the
theorem follows in both cases.

Assume that, for some m > 4, there exists a function G}, (z) whose zeros
(Qm,1)1=1,2,... are of the form

Ropy #0if 1 <p, Roy =01if 1 > p, (42)
for some positive integer p. By noting that G}, (Z) = G%,(z) for all z € C, the
zeros of G¥, (z) are conjugate and then necessarily p is even. Hence, for some
integer ¢, the number p = 2¢ > 2 and the zeros a,, , if { > p, are of the form
+iy; with y; > 0 for all j > 1. Let us denote by P(z) the polynomial with
leader coefficient 1 and zeros (qm,1)i=1,2,...,- Then

P(2) = (2* = 2112 + |ama|*) -+ (2° = 2002 + am,q|), (43)
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where a; := Ray, 1, | =1, ..., ¢. By considering the function

()= S,

entire of order 1 with zeros a,y,; for [ > p, by Hadamard’s factorization theorem
[1, Th. 4.4.3], we have

0 2
H:;l(z) — eAmz-i-Bm (1 + Z_2> . (44)

j=1 Yj

The constants B,,, and A,, are given by the relations
m—1

efim = H;,(0) = 2
|Oém,1...04m,q|

Am:(H;>'<o>:10g<pT—i>+2( L, )

‘m
e? m—1 v | v ql”

where py, . denotes, as usual, the last prime not exceeding m. Noticing (4.3),
H? (2)e~4m% is an even function, then

H (z)e”4m* = H* (—z)e”™* for all z € C.

Hence, substituting H}, (z) by %i%, we get

P(-=2) _ e2Amz
P(2)Gh(=2)  Gi(2)

, for all z € C. (45)

Now, if we assume that any zero of P(z) is a zero of P(—z), then (tm.1)i=1,2,..p

are conjugate and opposite, so ¢ is even, and P(z) coincides with P(—z). Thus
= e s =0, 50

‘Oém,1|2 |04m,q|

log ()
Am = =020 (46)

By writing G}, (2) = 1+2% 4 ... 4 (m*)” (it does not have the term pj, ), where

3

S 1, if m is prime
’ m, otherwise.

we claim that 24,, —logm* > 0 for all m > 4. Indeed, by assuming that m is

prime, m = pg, , so m* = m — 1 and, by (4.5), one has

log((m — 1)!)
m—1

m?

24,, —logm™* =2 —log(m — 1). (47)
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But, 210g(7(;n7_—11)!) — log(m — 1) is positive by virtue of the inequality
(k1? > k¥ for all integer k > 2, (48)

which can be easily proved by induction and by the mean value theorem applied
on the log function. Hence the claim follows provided that m be a prime number.
Let us suppose that m is a composite number greater than 5. From (4.5) and
the definition of m*, we get

m!

0og
24,, —logm* = 2—2m " _Jogm.
m—1
Then 2A4,, —logm* is positive if and only if (m!)2 > m™ 1 (py, ). But this last
inequality, taking into account that pr,, < m — 1, can be immediately deduced
from the inequality, sharpest than (4.7),

(N2 > E*=1(k — 1) for all integer k > 5,

which can be also demonstrated by using induction and by the mean value
theorem applied on the log function. Hence,

24,, —logm™* > 0 for any m > 4, (49)

as we claimed. Now, by making z = z > 0 in (4.4) and by taking the limit when
x — 400, because of (4.8), the left side of (4.4) tends to 1 whereas the right
side tends to 400, a contradiction. Therefore, there is at least one zero of P(z)
which is not a zero of P(—z). Then, by writing (4.4) of the form

P(=z) Gy (=2)

o) = G for all z € C, (50)

the left side of (4.9) is a meromorphic function with at least a pole, whereas the
right side is a quotient of exponential polynomials with a finite number of poles.
It means, by Shields’s theorem [21], that the right side of (4.9) is an exponential
polynomial and then we are led to a new contradiction. Therefore, there is no
integer m > 4 for which the function G7,(z) have its zeros of the form (4.1)
and, in particular, are not all of them situated on the imaginary axis. Indeed,
if this were so, by defining the polynomial P(z) as identically 1, we would be
led to the following contradiction: by taking the limit when z = x — 400 in
(4.4), the left side of (4.4) tends to 1 whereas the right side one tends to +oc.
Consequently, all the functions G} (z), n > 4, have infinitely many zeros in at
least one of the half-planes {z : Rz < 0}, {2z : Rz > 0}. Let (2% )i=1,2,... be all
the zeros of G (z) for a fixed n > 4. Suppose, for example, that Repp >0
for all I > 1 and let z; ; be a zero of G},(z) such that Rz ; > 0. Then if we
take e = Rz}, ., noticing Gy,(z) is an almost-periodic function, because Lemma
1, G (z) has infinitely many zeros in the strip

€ 3e
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which implies that
> Rz = foo. (51)
=1

On the other hand, since G};(z) is an exponential polynomial with all its coef-
ficients equal to 1, by Ritt’s formula [19, formula (9)], we have

Z §R’Z:;,l = 0(1)7
=1

contradicting (4.10). Then G}, (z) has at least a zero in the half-plane {z : Rz < 0}
and again, by Lemma 1, G7, (2) has infinitely many zeros with negative real part.
This completes the proof. m

The next result is obtained directly from the above theorem.

Corollary 16 The bounds corresponding to the functions G (z)
ay :=1inf {Rz: G} (z) =0}, by, :=sup{Rz: G}, (z) =0}

satisfy
al=b=01in=3,4

n n

and
a, <0,by >0 for alln > 4.

Now we are ready to prove the main result of this paper.

Theorem 17 For each n > 2, there exists §, > 0 such that [an,0n] C R, and
[—5n,b(”)] c R,

Proof. From Corollary 3 we have a, < 0 and b, > 0, for all n > 2. By
Lemma 13, b}, < by, 4, for every integer n > 2 and for arbitrary real zy. Then,
in particular, for o = a,, we have

by < bp,q, for every n > 2. (52)
Since a,, € Ry, by Theorem 10,
[@ns b, ] N [an,by] C Ry, (53)

Because of Corollary 16, 0 < b% for every n > 2. Then by (4.11), 0 < by, 4, for

every n > 2. Hence,
0p == min{b, 4., bn}

is a positive number for every n > 2. Thus, by (4.12), we get
[@n, bn.a, ] N [an,bn] = [an,dn] C Ry for every n > 2.

Finally, from (2.6), we obtain
[—0n, —an] = [7571, b(")} c R™ for every n > 2,

and then the theorem follows. m
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Remark 18 Observe that the proof of Theorem 17, valid for all n > 2, is
essentially based on the old notion of level curve. Nevertheless (1.7) follows for
all n > N, for some positive integer N whose existence depends of the Prime
Number Theorem (see [15, Lemma 7]). Then [15, Th.12] improves the Theorem
17 of an optimal form, provided that n > N, because the 8,’s are equal to
b, = —a™ =nlog2+o(n), n — oo, by virtue of (1.5). The same occurs when
n =3, 4, by virtue of Corollary 11 and Theorem 14, respectively.

An important conclusion is deduced from Theorem 17, namely, each set
N2 R, N3 R™ contains a non-degenerated closed interval.

Corollary 19 There exist § > 0 and a < 0 such that N\0L3R, D [a,d] and
N ,RM >[4, —al.

Proof. By virtue of Theorem 17, we define 6 := inf {d,, : n > 2} and then, since
0n > 0 for all n > 2, necessarily 6 > 0. By (1.4), all the terms of the sequence
(b(”))n>2, except at most a finite quantity of them, are arbitrarily close to 1.
By Corollary 3, b > 0 for all n > 2, then b := min {b(") in > 2} is a positive
number. On the other hand, by (2.6), one has —a,, = b™ for all n > 2, so
a :=max{a, : n > 2} = —b < 0. Now the proof is completed. m

Corollary 20 For all n > 2, there exist infinitely many zeros, having positive
and negative real part, of G,(z) and (,(z) arbitrarily close to the imaginary
axis. In particular, the point 0 is an accumulation point common to the sets

Pg, ={Rz:Gn(2) =0} and P, = {RNz: (u(2) =0} for all n > 2.

Proof. From Theorem 17, it is enough to take into account that 0 is an interior
point to each set R, := Pg, , R™M .= P_Cn, foralln >2. =m

In [20, Conjecture 15] Sepulcre and Vidal conjectured that the point 0 € R,
for all n > 2. Now, as an easy consequence of Theorem 17, we can give a positive
answer to such question.

Corollary 21 The conjecture of Sepulcre and Vidal is true.

Proof. By Corollary 19, N?23R,, D [a,d], where a < 0 and 6 > 0. Then, in
particular, 0 € R, for all n > 2. Noting (1.6), the set Ry = {0}, therefore it
follows that 0 € R,, for all n > 2. Consequently Sepulcre and Vidal’s conjecture
is true. m
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