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Abstract

In this supplementary material, we address the one-dimensional case with p = 1. We provide
the exact expression of the asymptotic variances of ML and CV, for ¢ = 0, and of the second
derivative w.r.t. €, at ¢ = 0 for ML. We recall the notations, restate the exact expressions in
proposition 2, and give the proof.

We recall the expression of Xjsr,, Yoy and Yoy o:

1 1 0R,_0R
with
My = Ry 'diag (Ry") ™ {diag (R 186};93 )diag (R, =R, 188120}1% ,
1
2-Tr HMao + (Meo)t} Ry, {M90 + (Meo)t} Reo} Wt Zovis (2)
and
1 . 13 . _10Ry _10Ry
8nTr{dwg(R901) diag <R ! 890R )R901 890R } (3)
1 . =2 (9R90 _ 6R90 _
—|—2nTr{dzag (o) ™ Ray =55 Ra, =g Reol}
1 . —1\—4 . —19Rgy 1,1 . —19Rgy 1,1 -1
+6nTr{dzag (Reo) diag (Rao 50 Ry ) diag | Ry, 20 Ry | Ry,
n—)—+>oo ECV72.

The observation points v; + €X;, 1 < i < n, n € N*, are i + €¢X;, where X; is uniform on
[—1,1], and © = [0in s, Osup)-

All the covariance matrices are considered at 6y and so we do not Write explicitly this
dependence. We denote Op R = %R, O.R = %R, OcoR = 5, aeR Oc e R = 5, 2R and O coR =
66622 (989R

We define the Fourier transform function 2 (.) of a sequence s,, of Z by 2 (f) = 3oy sne™*"f
as in |1]. This function is 27 periodic on [—m, 7]. Then
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e The sequence of the Ky, (i), i € Z, has Fourier transform f which is even and non negative
on [—m, 7).

e The sequence of the %Kgo (@), i € Z, has Fourier transform fy which is even on [—, 7.

e The sequence of the %K@O (2) 1;20, @ € Z, has Fourier transform i f; which is odd and
imaginary on [—m, 7].

e The sequence of the 2
imaginary on [—m, 7].

570 K@O () Li0, @ € Z, has Fourier transform i f; 9 which is odd and

e The sequence of the gTZQK(,O (1) Lizo, % € Z, has Fourier transform f;, which is even on
[—7, 7.

e The sequence of the %%K@O (2) Liz0, @ € Z, has Fourier transform f; ; 9 which is even on
[—m, 7).
We recall the condition on the sequences above in condition 1.

Condition 1. There emz’st C < oo and a > 0 so that the sequences of general terms Ky, (i),

2 . .
%K‘% ( )7 atKGO ( ) i#05 i 39K00 ( ) i#0 %KGO (Z) 11‘7&0; 82 39K00 ( ) i#0, 1 € Z, are bounded
by Ce—alil,

For a sequence (z;);cz on Z, or equivalently its 27-périodic Fourier transform function f
on [—m, 7], we denote by T (f) the associated Toeplitz matrix sequence, where we do not write
explicitly the dependence on n. The Toeplitz matrix sequence is defined by T'(f); ; 1= zi—; =
J7_ f(t)e"(=Dtdt. We denote by M (f) the mean value of f on [—m,7]. Notice that M (f) =

T (f)o,o

., . . . 2
Then, proposition 2 gives the closed form expressions of X /1, cv,1, Xcv,2 and %EML
€=

Proposition 2. Assume that f is positive on [—m, 7] and that condition 1 is verified.

Fore=0,
=1 ()

o =) )
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Proof. We only give the proof of the expression of (%222 M L’ , since the proofs of the expres-

€E—=
sions of X1, Bov,1 and Yoy 2 are simpler and essentially follow from the results in [1].
Using proposition 3,

n | Oe2

1 1
= 2T (R'ORR ' 99RR ' 0.R R %R) — 4-Tr (R 0e9R R 0.R R™' OpR)

1 {82Tr (R 9sR R %R)} )

1 1
+4-Tr (R'0OpRR ' ORR ' O.RR " %R) — 2-Tr (R %R R " 0. .RR ' OR)
1
+2-Tr (R 9c9R R™" 0. 9R)
n
1 1
—4-Tr (R" %R R O.R R 0c9R) + 2-Tr (R 0sR R O e9R) ,
1 1
= 2T ORR"%RR'ORR " HRR') - 4-Tr (0 oRR'ORR ™ 9RR™")
1 1
+A-Tr (0RR'O.RR " 99RR " 99RR™") — 2-Tr (R R %R R 9%9R R™)
1
+2-Tr (0eoR R 0. oR R™V)
1 1
—4-Tr (0.RR'0pR R R R') + 2~ Tr (OccoR R™Y 0pR R7Y).

We denote as in [1], for a real n x n matrix A, [A[*> = L 370 | A?; and [|A|| the largest
singular value of A. |.| and ||.|| are norms and ||.|| is a matrix norm. We denote, for two sequences
of square matrices A and B, indexed by n € N*; A ~ B if |A — B| =100 0 and ||A4]| and || B
are bounded with respect to n.

Using [1], theorems 11 and 12, we have R~ &R R~ = T (f) ' T (fo) T (f)™" ~nosoo
T (%) because f and gf are C° and f is positive. Hence, as the eigenvalues of J.R are
uniformly bounded, we obtain, using [1] theorem 1

ORR'HYRR 'O.RR "R R ' ~pyeo O.RT <f@> d.RT (f@) ,

f? f?

and hence

1 - - - _ 1 fo fo
ETr(&RR Y9R R O.RR' R R7Y) nTr{&RT(fg) 8€RT(f2)}+o(1).
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The equivalence is uniform in = = (x4, ...,xn)t € [-1,1]™. Applying this method for all the
terms of (4), we obtain

{ngr(R QR R~ agR)} o(1)

- :L {aRT(JJj‘;> 8€RT( )} 4= Tr{ngT(Jlt> ( )}
cinfonr (L) onr(B)) st fo.nr (%))
+2iTr{669RT( ) 69RT< )}

—4;ﬁ{8ERT<f) aegRT(;2>}+2 Tr{ “QRT(J{Z)}JFO(U.

For a matrix A, we define A, by (A,); ; = Aij (X; — X;) and Ay o by (As ), ; = Aij (Xi — X;)%,
where the X;’s are the random perturbations.
We then have, since € = 0,

R = T(f),
aQR = T (f@) )
O R T (i fi),
ae,OR T:c (1 ft,G) 5
ae,eR Tac,x ( ft,t)
and
ae,e,QR Tx,m ( ft,t,G) .

With these notations,

32
= {GQTr (R' %R R~ aeR)}

i fean () (8]} s () o (1)
+4;Tr{Tx (fe) T(}) Ty (ft) T<j})2> T
+2iTr{T$ (fr0) T(}) T: (ft0) %

T
—4iTr{Tm(ft)T(ch> = (fro) T (ﬁ)

Hence, using propositions 4 and 6, we obtain
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‘ 1 82
lim E E 72 R a&RR 393

n—-+oo €

[ ()0 () (1) (44

{5 (42)- () ()
O )

1 1 fro fro 1 1 feo fro
w2 (7)o (B) + gar (7) e (B22)}

1 1 It fro fo fo ft [to
o (7)o (B )+ 3 (3w (272)}

feo fe fo 8 fo fro fi
M< 72 > 3M(?>M< / )

3 f>
() (5 (£ ()
_gM (ﬁ;gf&)

(%)
+§M (ft“ o

Proposition 3.
P e (R 05R R 94R)
Oe 2
= 2Tt (R'"O.RR ' OpR R' O.R R™' 0pR) —4Tr (R™' 0eyR R™' O.R R™' OyR)
+4Tr (R R R O.R R 0.R R™" 9%R) —2Tx (R™! 9pR R™" 0..R R™' 0yR)
+2Tr (R 0c9R R™" 0. 9R)
—ATr (R 9%R R 0.R R 9. 9R) +2Tr (R™' 0pR R™" Oc,coR) .

Proof. We use £Tr (M?) =2Tr (M 2 M). Then:

%Tr (R'"0RR " 0R) = 2Tr (R %R(-R " 0.RR " 0pR+ R~ " 0. 9R)) (5)

= 2Tr (R %R R ' 9.RR " OpR)+2Tr (R 99R R™" 0. 9R).

We use 2Tr (ABCDEF) =Tt (4ABCDEF+..4+ABC D E £F). Then
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Oy (R"' 0pR R™' 0.R R™" 9yR) (6)

Oe
= -Tr(R'"ORR ' %RR ' 9.RR " OpR)+Tr (R ' 0oR R' 0.R R™' 0gR)
~Tr(R' OpRR ' O.RR " 0.RR " O%R)+ (R ' 0pRR "' 0. R R "' OpR)

~Tr(R'OpRR ' O.RR " 0.RR " OR)+ (R ' 0pR R 0.RR™" 0. 9R),

= -Tr(R'"ORR ' %RR ' 9.RR " OpR)+Tr (R ' 0oR R™' 0.R R™' OgR)
—2Tr (R %R R ORR " O.R R 99R) + (R R R™' 0. .R R 9yR)
+ (R 9pR R 8.R R™" OcoR)

+ o+ o+

and

%T& (R™" 9%9R R™' 0cyR) (7)
= -Tr(R"9RR "R R " 9.9R)+Tr (R .9R R OcyR)

~Tr (R 9%9R R 0.R R 9. 9R) + Tr (R~ 99yR R~ O coR).

Using (5), (6) and (7), and using Tr (AB) = Tr (BA) we obtain

g—;Tr (R™" 0sR R™' OR)
= 2Tt (R'O.RR 'R R "' 0.RR " OR)—2Tr (R™' 0. pR R™' O.R R™' OyR)
+4Tr (R %R R 0.R R 0.RR™' 0pR) —2Tr (R R R 0..R R OpR)
—2{R™' OpR R™" .R R™" 0. ¢R}
—2Tr (R 0.R R™" 99R R~ 9. 9R) +2Tr (R™' e 9R R™' OcyR)
—2Tr (R 9%9R R~ O.R R 9. 9R) +2Tr (R™" 9yR R™" Occ9R),
= 2Tt (R'O.RR 'R R "' 0.RR " OR) —ATr (R™' 0.oR R™' O.R R™" OyR)
+4Tr (R %R R 0.R R 0.RR™' 0pR) —2Tr (R~ R R 0..R R OsR)
+2Tr (R 99R R™' Oc9R)
—ATr (R 9%9R R~ O.R R 9. 9R) +2Tr (R™" 9gR R™" Occ9R).

O

Proposition 4. Let f1, f2, f3 and fi some 2w-périodic and C> functions on [—m,w|. Further-
more we suppose that fi and f3 are odd and that fo and f4 are even. Then

B | 2T (T ) T ) To GA) T —bus 50 () M (i fafi) 4 30 ()M (i faf).

Proof. We calculate

n

Z (AB)i,j (CD)j,i )

i,j=1

= Z ( Ai,kBk,i> (ch,lDl,i>v
k=1 =1

i,5=1

Tr (ABCD)

= Z Ai 1B jCi.1Dy ;.

ijkl=1
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*]E[ v {T: (if1) T (f2) Te(ifs) T (f1)}] (8)

(Xi - Xk)T(ifl)LkT(fZ)k,j (Xj - XZ)T(ifL%)j,l T(f4)z7i} )

T(f1); T (f2)p,; T (f3);, T (fa); (XX — X X; — XiXo + Xsz)} ;

= Y TGAT (e TR T s~ 50 S0 TR T (), T (), T (i
i,k,l=1 i,7,l=1
D0 AT o)y TG T )+ D0 TOA) T o)y T i), T (),

% Z T (lfl)zk T

ik,l=1

Lemma 5. For|A], —
& i (AL), (B,

Proof.

i,7,k=1

(f2)i T (if3); ) T (fa)y; = % DT T (fo)s {ZT(if3)i,zT(f4)l,i}7
ik=1 —
— % Z T (if1); 0 T (f2)p: (T (fs) T (f4));s
ik=1
— % {TGf3) T (f4)}is {ZT(ifl)i’kT(fﬂk,i} ;
=1 k=1

- %Z{T ifs) T (f)}ii AT ()T (f2)}s

An| =0, |B,—By,| — 0, SUp; (A, ) < 00,

)i,i - %Z:‘L:l (An)i,i (Bn)i,i

(B

i=1
1 - / !/ 2
S g Z {(An)z,j (Bn)zg - (An)zj (Bn>1]} )
ij=1
1 n , , , 2 1 n , 2
< 20 3 {, B — (A (B} 22 D7 {(An),y (Bl = (Aa),, (Ba), ) s
i,j=1 4,j=1
!/ 1 - / 1 < / 2
< 2?1]12 (Bn)i,j n Z {(An)i,j - (An)i,j} +2?1]113L (A, )z,j n Z {(Bn)z] - (Bn)i,j} )
b i,j=1 ij=1
< 2sup ((By), ;| -14% — Anl +2sup ((An), ;| 1By, — Bal.
ij,mn ’ i,m ’
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We use lemma 5 with A;L = T(lfl)T(fg), An = T(lflfg), B,:L = T(1f3)T(f4) and Bn =
T (ifsfs). It is shown in [1] theorem 12 that |A), — A,| — 0 and |B], — B,| — 0. As
ififs is C°, the coefficients of T'(if1 f2) are uniformly bounded. Finally {T'(if1)T (f2)};; <

sup; jn | T (Lf1); 5| 2orez ‘T (fg)kvj‘ which is uniformly bounded because if; and f, are C*°.
Hence
1 O : :
n Z T(lfl)i,kT(fQ)k,iT(1f3)i,lT(f4)l,i (9)
i,k =1

- *Z{T ifs) T (fa)} s AT Af1) T (f2)}is

= EZ{T (ifsfa)t AT (fifo)}i +o(1),
=1

— M (ifsfa) M (if1f2),
= 0, because f3f4 is odd.

We show similarly

LS TG T (e, T )0 T ()i = 0. (10)
i,5,k=1
Then
LS TR T (), T ) T (il ()
3,7,0=1
= M) 3 TG, T () T (e
i,7,l=1
= M(fz)%ZTlfl {ZT%” }’
ij=1
= M(f) 3 TG, TG T ()
i,5=1
= M) THTGR) T ()T (f)}
— M (fo) M (if1ifsfs), using [1] theorem 12,
= —M(f2) M (f1fsfs)-
We show similarly
— Z T(f); 0 T (f2)gy T (fs)i s T (fa)s; = —M (fa) M (fifafs) . (12)

z]k 1

We conclude with (8), (9), (10), (11) and (12).
O

Proposition 6. Let f1 and fy be 2m-périodic, C™°, functions on [—m,«|, with f1 odd. Then

E |20 (T ()T (1)) > M (fo).
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Proof.

= E{i T(fl)Z](Xz_X')ZT(fQ)j,i )
ij=1
= %; i’jZIT(fl)MT(fz)jﬂ,, because T(fl)m =M (f1) =0,
— %%Tr{T(fl)T(b)},
2

3M (f1f2) ,using [1] theorem 12.
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