• ❋♦r ❛•• θ ∈ Θ✱ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ K θ ✐s st❛t✐♦♥❛r②✳

• ❚❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ K θ ✐s t❤r❡❡ t✐♠❡s ❞✐✛❡r❡♥t✐❛❜•❡ ✇✐t❤ r❡s♣❡❝t t♦ θ✳ ❋♦r ❛•• q ∈ {0, ..., 3}✱ i 1 , ..., i q ∈ {1, ..., p}✱ t❤❡r❡ ❡①✐sts C i1,...,iq < +∞ s♦ t❤❛t ❢♦r ❛ {y iŷi,θ (y -i )} 2 , ✭✸✮ ✺ ✇❤❡r❡✱ ❢♦r 1 ≤ i ≤ n✱ ŷi,θ (y -i ) := E θ|X (y i |y 1 , ..., y i-1 , y i+1 , ..., y n ) ✐s t❤❡ ❑r✐❣✐♥❣ ▲❡❛✈❡✲❖♥❡✲❖✉t ♣r❡❞✐❝t✐♦♥ ♦❢ y i ✇✐t❤ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs θ✳ E θ|X ❞❡♥♦t❡s t❤❡ ❡①♣❡❝t❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ Y ✇✐t❤ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ K θ ✱ ❣✐✈❡♥ X✳ ❚❤❡ ❈❱ ❡st✐♠❛t♦r s❡•❡❝ts t❤❡ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝r✐t❡r✐♦♥ ♦❢ t❤❡ ♣♦✐♥t✲ ✇✐s❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦rs✳ ❚❤✐s ❝r✐t❡r✐♦♥ ❞♦❡s ♥♦t ✐♥✈♦•✈❡ t❤❡ ❑r✐❣✐♥❣ ♣r❡❞✐❝t✐✈❡ ✈❛r✐❛♥❝❡s✳ ❍❡♥❝❡✱ t❤❡ ❈❱ ❡st✐♠❛t♦r ♦❢ ✭✸✮ ❝❛♥♥♦t ❡st✐♠❛t❡ ❛ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r ✐♠♣❛❝t✐♥❣ ♦♥

•• θ ∈ Θ✱ t ∈ R d ✱ ∂ ∂θ i1 ... ∂ ∂θ iq K θ (t) ≤ C i1,...,iq 1 + |t| d+1 , ✭✶✮ ✇❤❡r❡ |t| ✐s t❤❡ ❊✉❝•✐❞❡❛♥ ♥♦r♠ ♦❢ t✳ ❲❡ ❞❡✜♥❡ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ ❛ ❢✉♥❝t✐♦♥ h : R d → R ❜② ĥ(f ) = 1 (2π) d R d h(t)e -if •t dt✱ ✇❤❡r❡ i 2 = -1✳ ❚❤❡♥✱ ❢♦r ❛•• θ ∈ Θ✱ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ K θ ❤❛s ❛ ❋♦✉r✐❡r tr❛♥s❢♦r♠ Kθ t❤❛t ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞✳
✉♣s ♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ✇✐t❤ s♠❛•• s♣❛❝✐♥❣ ✐s ❜❡♥❡✜❝✐❛• t♦ ❡st✐♠❛t✐♦♥✱ ❝♦♠♣❛r❡❞ t♦ ❡✈❡♥•② s♣❛❝❡❞ ♣♦✐♥ts✳ ✹ ❲❡ ❞❡♥♦t❡ C S X = {t 1 -t 2 , t 1 ∈ S X , t 2 ∈ S X }✱ t❤❡ s❡t ♦❢ ❛•• ♣♦ss✐❜•❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t✇♦ ♣♦✐♥ts ✐♥ S X ✳ ❲❡ ❞❡♥♦t❡✱ ❢♦r n ∈ N * ✱ X = (X 1 , ..., X n ) t ✱ ✇❤❡r❡ ✇❡ ❞♦ ♥♦t ✇r✐t❡ ❡①♣•✐❝✐t•② t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ n ❢♦r ❝•❛r✐t②✳ X ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜•❡ ✇✐t❤ ❞✐str✐❜✉t✐♦♥ L ⊗n X ✳ ❲❡ ❛•s♦ ❞❡♥♦t❡ x = (x 1 , ..., x n ) t ✱ ❛♥ ❡•❡♠❡♥t ♦❢ (S X ) n ✱ ❛s ❛ r❡❛•✐③❛t✐♦♥ ♦❢ X✳ ❲❡ ❞❡✜♥❡ t❤❡ n × n r❛♥❞♦♠ ♠❛tr✐① R θ ❜② (R θ ) i,j = K θ (v i -v j + ǫ (X i -X j ))✳ ❲❡ ❞♦ ♥♦t ✇r✐t❡ ❡①♣•✐❝✐t•② t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ R θ ✇✐t❤ r❡s♣❡❝t t♦ X✱ ǫ ❛♥❞ n✳ ❲❡ s❤❛•• ❞❡♥♦t❡✱ ❛s ❛ s✐♠♣•✐✜❝❛t✐♦♥✱ R := R θ0 ✳ ❲❡ ❞❡✜♥❡ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r y ♦❢ s✐③❡ n ❜② y i = Y (v i + ǫX i )✳ ❲❡ ❞♦ ♥♦t ✇r✐t❡ ❡①♣•✐❝✐t•② t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ y ✇✐t❤ r❡s♣❡❝t t♦ X✱ ǫ ❛♥❞ n✳ ❲❡ ❞❡♥♦t❡ ❛s ✐♥ ❬✶✵(✱ ❢♦r ❛ r❡❛• n × n ♠❛tr✐① A✱ |A| 2 = 1 n n i,j=1 A 2 i,j ❛♥❞ ||A|| t❤❡ •❛r❣❡st s✐♥❣✉•❛r ✈❛•✉❡ ♦❢ A✳ |.| ❛♥❞ ||.|| ❛r❡ ♥♦r♠s ❛♥❞ ||.|| ✐s ❛ ♠❛tr✐① ♥♦r♠✳ ❲❡ ❞❡♥♦t❡ ❜② φ i (M )✱ 1 ≤ i ≤ n✱ t❤❡ ❡✐❣❡♥✈❛•✉❡s ♦❢ ❛ s②♠♠❡tr✐❝ ♠❛tr✐① M ✳ ❲❡ ❞❡♥♦t❡✱ ❢♦r t✇♦ s❡q✉❡♥❝❡s ♦❢ sq✉❛r❡ ♠❛tr✐❝❡s A ❛♥❞ B✱ ❞❡♣❡♥❞✐♥❣ ♦♥ n ∈ N * ✱ A ∼ B ✐❢ |A -B| → n→+∞ 0 ❛♥❞ ||A|| ❛♥❞ ||B|| ❛r❡ ❜♦✉♥❞❡❞ ✇✐t❤ r❡s♣❡❝t t♦ n✳ ❋♦r ❛ sq✉❛r❡ ♠❛tr✐① A✱ ✇❡ ❞❡♥♦t❡ ❜② diag (A) t❤❡ ♠❛tr✐① ♦❜t❛✐♥❡❞ ❜② s❡tt✐♥❣ t♦ 0 ❛•• ♥♦♥ ❞✐❛❣♦♥❛• ❡•❡♠❡♥ts ♦❢ A✳ ❋✐♥❛••②✱ ❢♦r ❛ s❡q✉❡♥❝❡ ♦❢ r❡❛• r❛♥❞♦♠ ✈❛r✐❛❜•❡s z n ✱ ✇❡ ❞❡♥♦t❡ z n → p 0 ❛♥❞ z n = o p (1) ✇❤❡♥ z n ❝♦♥✈❡r❣❡s t♦ ③❡r♦ ✐♥ ♣r♦❜❛❜✐•✐t②✳ ✷✳✷✳ ▼▲ ❛♥❞ ❈❱ ❡st✐♠❛t♦rs ❲❡ ❞❡♥♦t❡ L θ := 1 n log (det (R θ )) + y t R -1 θ y t❤❡ ♠♦❞✐✜❡❞ ♦♣♣♦s✐t❡ •♦❣✲•✐❦❡•✐❤♦♦❞✱ ✇❤❡r❡ ✇❡ ❞♦ ♥♦t ✇r✐t❡ ❡①♣•✐❝✐t•② t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ X✱ Y ✱ n ❛♥❞ ǫ✳ ❲❡ ❞❡♥♦t❡ ❜② θML t❤❡ ▼❛①✐♠✉♠ ▲✐❦❡•✐❤♦♦❞ ❡st✐♠❛t♦r✱ ❞❡✜♥❡❞ ❜② θML ∈ argmin θ∈Θ L θ , ✭✷✮ ✇❤❡r❡ ✇❡ ❞♦ ♥♦t ✇r✐t❡ ❡①♣•✐❝✐t•② t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ θML ✇✐t❤ r❡s♣❡❝t t♦ X✱ Y ✱ ǫ ❛♥❞ n✳
♦♥✈❡r❣✐♥❣ t♦ ♦♥❡✱ ❛s n → ∞ ✭s❡❡ t❤❡ ♣r♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✶✵ ✐♥ s❡❝t✐♦♥ ❆♣♣❡♥❞✐① ❉✮✱ t❤❡ •✐❦❡•✐❤♦♦❞ ❢✉♥❝t✐♦♥ ❤❛s ❛ ✉♥✐q✉❡ ❣•♦❜❛• ♠✐♥✐♠✐③❡r✳ ❚♦ ❞❡✜♥❡ ❛ ♠❡❛s✉r❛❜•❡ ❢✉♥❝t✐♦♥ θML ♦❢ Y ❛♥❞ X✱ ❜❡•♦♥❣✐♥❣ t♦ t❤❡ s❡t ♦❢ t❤❡ ♠✐♥✐♠✐③❡rs ♦❢ t❤❡ •✐❦❡•✐❤♦♦❞✱ ♦♥❡ ♣♦ss✐❜✐•✐t② ✐s t❤❡ ❢♦••♦✇✐♥❣✳ ❋♦r ❛ ❣✐✈❡♥ r❡❛•✐③❛t✐♦♥ ♦❢ Y ❛♥❞ X✱ •❡t K ❜❡ t❤❡ s❡t ♦❢ t❤❡ ♠✐♥✐♠✐③❡rs ♦❢ t❤❡ •✐❦❡•✐❤♦♦❞✳ ▲❡t K 0 = K ❛♥❞✱ ❢♦r 0 ≤ k ≤ p -1✱ K k+1 ✐s t❤❡ s✉❜s❡t ♦❢ K k ✇❤♦s❡ ❡•❡♠❡♥ts ❤❛✈❡ t❤❡✐r ❝♦♦r❞✐♥❛t❡ k + 1 ❡q✉❛• t♦ min θk+1 , θ ∈ K k ✳ ❙✐♥❝❡✱ K ✐s ❝♦♠♣❛❝t ✭❜❡❝❛✉s❡ t❤❡ •✐❦❡•✐❤♦♦❞ ❢✉♥❝t✐♦♥ ✐s ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ θ ❛♥❞ ❞❡✜♥❡❞ ♦♥ t❤❡ ❝♦♠♣❛❝t s❡t Θ✮✱ t❤❡ s❡t K p ✐s ❝♦♠♣♦s❡❞ ♦❢ ❛ ✉♥✐q✉❡ ❡•❡♠❡♥t✱ t❤❛t ✇❡ ❞❡✜♥❡ ❛s θML ✱ ✇❤✐❝❤ ✐s ❛ ♠❡❛s✉r❛❜•❡ ❢✉♥❝t✐♦♥ ♦❢ X ❛♥❞ Y ✳ ❚❤❡ s❛♠❡ r❡♠❛r❦ ❝❛♥ ❜❡ ♠❛❞❡ ❢♦
•② ♦♥ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ •❛✉ss✐❛♥ ♣r♦❝❡ss✳ ◆❡✈❡rt❤❡•❡ss✱ ❛•• t❤❡ ❝•❛ss✐❝❛• ♣❛r❛♠❡tr✐❝ ♠♦❞❡•s {K θ , θ ∈ Θ} s❛t✐s❢② t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ θ = σ 2 , θt t ❛♥❞ {K θ , θ ∈ Θ} = {σ 2 Kθ , σ 2 > 0, θ ∈ Θ}✱ ✇✐t❤ Kθ ❛ ❝♦rr❡•❛t✐♦♥ ❢✉♥❝t✐♦♥✳ ❍❡♥❝❡✱ ✐♥ t❤✐s ❝❛s❡✱ θ ✇♦✉•❞ ❜❡ ❡st✐♠❛t❡❞ ❜② ✭✸✮✱ ❛♥❞ σ 2 ✇♦✉•❞ ❜❡ ❡st✐♠❛t❡❞ ❜② t❤❡ ❡q✉❛t✐♦♥ σ2 CV ( θ) = 1 n n i=1 {yi-ŷ i, θ (y-i)} 2 c 2 i,-i, θ
✱ ✇❤❡r❡ c 2 i,-i, θ := var θ|X (y i |y 1 , ..., y i-1 , y i+1 , ..., y n ) ✐s t❤❡ ❑r✐❣✐♥❣ ▲❡❛✈❡✲❖♥❡✲❖✉t ♣r❡❞✐❝t✐✈❡ ✈❛r✐❛♥❝❡ ❢♦r y i ✇✐t❤ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs σ 2 = 1 ❛♥❞ θ✳ var θ|X ❞❡♥♦t❡s t❤❡ ✈❛r✐❛♥❝❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ Y ✇✐t❤ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ K θ ✱ θ = (1, θt ) t ✱ ❣✐✈❡♥ X✳ ❚♦ s✉♠♠❛r✐③❡✱ t❤❡ ❣❡♥❡r❛• ❈❱ ♣r♦❝❡❞✉r❡ ✇❡ st✉❞② ✐s ❛ t✇♦✲st❡♣ ♣r♦❝❡❞✉r❡✳ ■♥ ❛ ✜rst st❡♣✱ t❤❡ ❝♦rr❡•❛t✐♦♥ ♣❛r❛♠❡t❡rs ❛r❡ s❡•❡❝t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❛ ♠❡❛♥ sq✉❛r❡ ❡rr♦r ❝r✐t❡r✐♦♥✳ ■♥ ❛ s❡❝♦♥❞ st❡♣✱ t❤❡ ❣•♦❜❛• ✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r ✐s s❡•❡❝t❡❞✱ s♦ t❤❛t t❤❡ ♣r❡❞✐❝t✐✈❡ ✈❛r✐❛♥❝❡s ❛r❡ ❛❞❛♣t❡❞ t♦ t❤❡ ▲❡❛✈❡✲❖♥❡✲❖✉t ♣r❡❞✐❝t✐♦♥ ❡rr♦rs✳ ❍❡r❡✱ ✇❡ ❛❞❞r❡ss t❤❡ ✜rst st❡♣✱ s♦ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❈❱ ❡st✐♠❛t♦r ❞❡✜♥❡❞ ✐♥ ✭✸✮✳ ❚❤❡ ❝r✐t❡r✐♦♥ ✭✸✮ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✇✐t❤ ❛ s✐♥❣

•❡ ♠❛tr✐① ✐♥✈❡rs✐♦♥✱ ❜② ♠❡❛♥s ♦❢ ✈✐rt✉❛• ▲❖❖ ❢♦r♠✉•❛s ✭s❡❡ ❡✳❣ ❬✷✺✱ ❝❤✳✺✳✷( ❢♦r t❤❡ ③❡r♦✲♠❡❛♥ ❝❛s❡ ❛❞❞r❡ss❡❞ ❤❡r❡✱ ❛♥❞ ❬✾( ❢♦r t❤❡ ✉♥✐✈❡rs❛• ❑r✐❣✐♥❣ ❝❛s❡✮✳ ❚❤❡s❡ ✈✐rt✉❛• ▲❖❖ ❢♦r♠✉•❛s ②✐❡•❞ n i=1 {y i -ŷi,θ (y -i )} 2 = y t R -1 θ diag R -1 θ -2 R -1 θ y,
✇❤✐❝❤ ✐s ✉s❡❢✉• ❜♦t❤ ✐♥ ♣r❛❝t✐❝❡ ✭t♦ ❝♦♠♣✉t❡ q✉✐❝❦•② t❤❡ ▲❖❖ ❡rr♦rs✮ ❛♥❞ ✐♥ t❤❡ ♣r♦♦❢s ♦♥ ❈❱✳ ❲❡ t❤❡♥ ❞❡✜♥❡

CV θ := 1 n y t R -1 θ diag R -1 θ -2 R -1 θ y ❛s t❤❡ ❈❱ ❝r✐t❡r✐♦♥✱ ✇❤❡r❡ ✇❡ ❞♦ ♥♦t ✇r✐t❡ ❡①♣•✐❝✐t•② t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ X✱ n✱ Y ❛♥❞ ǫ✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡✱ ❡q✉✐✈❛•❡♥t•② t♦ ✭✸✮✱ θCV ∈ argmin θ∈Θ CV θ ✳ ❙✐♥❝❡ t❤❡ ❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ▼▲ ❡st✐♠❛t♦r ✐s t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ❋✐s❤❡r ✐♥❢♦r♠❛t✐♦♥ ♠❛tr✐①✱ t❤✐s ❡st✐♠❛t♦r s❤♦✉•❞ ❜❡ ✉s❡❞ ✇❤❡♥ θ 0 ∈ Θ ❤♦•❞s✱ ✇❤✐❝❤ ✐s t❤❡ ❝❛s❡ ♦❢ ✐♥t❡r❡st ❤❡r❡✳ ❍♦✇❡✈❡r✱ ✐♥ ♣r❛❝t✐❝❡✱ ✐t ✐s •✐❦❡•② t❤❛t t❤❡ tr✉❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ •❛✉ss✐❛♥ ♣r♦❝❡ss ❞♦❡s ♥♦t ❜❡•♦♥❣ t♦ t❤❡ ♣❛r❛♠❡tr✐❝ ❢❛♠✐•② ✉s❡❞ ❢♦r t❤❡ ❡st✐♠❛t✐♦♥✳ ■♥ ❬✺(✱ ✐t ✐s s❤♦✇♥ t❤❛t ❈❱ ✐s ♠♦r❡ ❡✣❝✐❡♥t t❤❛♥ ▼▲ ✐♥ t❤✐s ❝❛s❡✱ ♣r♦✈✐❞❡❞ t❤❛t t❤❡ s❛♠♣•✐♥❣ ✐s ♥♦t t♦♦ r❡❣✉•❛r✳ ❍❡♥❝❡✱ t❤❡ ❈❱ ❡st✐♠❛t♦r ✐s r❡•❡✈❛♥t ✐♥ ♣r❛❝t✐❝❡✱ ✇❤✐❝❤ ✐s ❛ r❡❛s♦♥ ❢♦r st✉❞②✐♥❣ ✐t ✐♥ t❤❡ ❝❛s❡ θ 0 ∈ Θ ❛❞❞r❡ss❡❞ ❤❡r❡✳ ■♥ t❤❡ s❡q✉❡•✱ ✇❡ ❝❛•• t❤❡ ❝❛s❡ θ 0 ∈ Θ t❤❡ ✇❡••✲s♣❡❝✐✜❡❞ ❝❛s❡✱ ❛♥❞ ✇❡ ❝❛•• t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ tr✉❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ♦❢ Y ❞♦❡s ♥♦t ❜❡•♦♥❣ t♦ {K θ , θ ∈ Θ} t❤❡ ♠✐ss♣❡❝✐✜❡❞ ❝❛s❡✱ ♦r t❤❡ ❝❛s❡ ♦❢ ♠♦❞❡• ♠✐ss♣❡❝✐✜❝❛t✐♦♥✳ ❍❡♥❝❡✱ ✇❡ ❛✐♠ ❛t st✉❞②✐♥❣ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ s♣❛t✐❛• s❛♠♣•✐♥❣ ♦♥ ❈❱ ❛s ✇❡•• ❛s ♦♥ ▼▲✱ ✐♥ t❤❡ ✇❡••✲s♣❡❝✐✜❡❞ ❝❛s❡ ❛❞❞r❡ss❡❞ ❤❡r❡✳ ❋✉rt❤❡r♠♦r❡✱ s✐♥❝❡ ✐t ✐s ❡①♣❡❝t❡❞ t❤❛t ▼▲ ♣❡r❢♦r♠s ❜❡tt❡r t❤❛♥ ❈❱ ✐♥ t❤❡ ✇❡••✲s♣❡❝✐✜❡❞ ❝❛s❡✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ q✉❛♥t✐❢②✐♥❣ t❤✐s ❢❛❝t✳ ✸✳ ❈♦♥s✐st❡♥❝② ❛♥❞ ❛s②♠♣t♦t✐❝ ♥♦r♠❛•✐t② Pr♦♣♦s✐t✐♦♥ ✸✳✶ ❛❞❞r❡ss❡s t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ▼▲ ❡st✐♠❛t♦r✳ ❚❤❡ ♦♥•② ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ♣❛r❛♠❡tr✐❝ ❢❛♠✐•② ♦❢ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥s ✐s ❛♥ ✐❞❡♥t✐✜❛❜✐•✐t② ❛ss✉♠♣t✐♦♥✳ ❇❛s✐❝❛••②✱ ❢♦r ❛ ✜①❡❞ ǫ✱ t❤❡r❡ s❤♦✉•❞ ♥♦t ❡①✐st t✇♦ ❞✐st✐♥❝t ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs s♦ t❤❛t t❤❡ t✇♦ ❛ss♦❝✐❛t❡❞ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥s ❛r❡ t❤❡ s❛♠❡✱ ♦♥ t❤❡ s❡t ♦❢ ✐♥t❡r✲♣♦✐♥t ❞✐st❛♥❝❡s ❝♦✈❡r❡❞ ❜② t❤❡ r❛♥❞♦♠ s♣❛t✐❛• s❛♠♣•✐♥❣✳ ❚❤❡ ✐❞❡♥t✐✜❛❜✐•✐t② ❛ss✉♠♣t✐♦♥ ✐s ❝•❡❛r•② ♠✐♥✐♠❛•✳ ✻ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳ ❆ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✷✳✶ ✐s s❛t✐s✜❡❞✳ ❋♦r ǫ = 0✱ ✐❢ t❤❡r❡ ❞♦❡s ♥♦t ❡①✐st θ = θ 0 s♦ t❤❛t K θ (v) = K θ0 (v) ❢♦r ❛•• v ∈ Z d ✱ t❤❡♥ t❤❡ ▼▲ ❡st✐♠❛t♦r ✐s ❝♦♥s✐st❡♥t✳ ❋♦r ǫ = 0✱ ✇❡ ❞❡♥♦t❡ D ǫ = ∪ v∈Z d \0 (v + ǫC S X )✱ ✇✐t❤ C S X = {t 1 -t 2 , t 1 ∈ S X , t 2 ∈ S X }✳ ❚❤❡♥✱ ✐❢ t❤❡r❡ ❞♦❡s ♥♦t ❡①✐st θ = θ 0 s♦ t❤❛t K θ = K θ0 ❛✳s✳ ♦♥ D ǫ ✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ D ǫ ✱ ❛♥❞ K θ (0) = K θ0 (0)✱ t❤❡♥ t❤❡ ▼▲ ❡st✐♠❛t♦r ✐s ❝♦♥s✐st❡♥t✳ ■♥ ♣r♦♣♦s✐t✐♦♥ ✸✳✷✱ ✇❡ ❛❞❞r❡ss t❤❡ ❛s②♠♣t♦t✐❝ ♥♦r♠❛•✐t② ♦❢ ▼▲✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ✐s √ n✱ ❛s ✐♥ ❛ ❝•❛ss✐❝❛• iid ❢r❛♠❡✇♦r❦✱ ❛♥❞ ✇❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❞❡t❡r♠✐♥✐st✐❝ ❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ √ n θML ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥•② ♦♥ t❤❡ r❡❣✉•❛r✐t② ♣❛r❛♠❡t❡r ǫ✳ ■♥ ♣r♦♣♦s✐t✐♦♥ ✸✳✸✱ ✇❡ ♣r♦✈❡ t❤❛t t❤✐s ❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✐s ♣♦s✐t✐✈❡✱ ❛s •♦♥❣ ❛s t❤❡ ❞✐✛❡r❡♥t ❞❡r✐✈❛t✐✈❡ ❢✉♥❝t✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ θ ❛t θ 0 ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ❛r❡ ♥♦♥ r❡❞✉♥❞❛♥t ♦♥ t❤❡ s❡t ♦❢ ✐♥t❡r✲ ♣♦✐♥t ❞✐st❛♥❝❡s ❝♦✈❡r❡❞ ❜② t❤❡ r❛♥❞♦♠ s♣❛t✐❛• s❛♠♣•✐♥❣✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ✐s ♠✐♥✐♠❛•✱ s✐♥❝❡ ✇❤❡♥ t❤❡s❡ ❞❡r✐✈❛t✐✈❡s ❛r❡ r❡❞✉♥❞❛♥t✱ t❤❡ ❋✐s❤❡r ✐♥❢♦r♠❛t✐♦♥ ♠❛tr✐① ✐s s✐♥❣✉•❛r ❢♦r ❛•• ✜♥✐t❡ s❛♠♣•❡✲ s✐③❡ n ❛♥❞ ✐ts ❦❡r♥❡• ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ n✳ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳ ❆ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✷✳✶ ✐s s❛t✐s✜❡❞✳ ❋♦r 1 ≤ i, j ≤ p✱ ❞❡✜♥❡ t❤❡ s❡q✉❡♥❝❡ ♦❢ n × n ♠❛tr✐❝❡s✱ ✐♥❞❡①❡❞ ❜② n ∈ N * ✱ M i,j M L ❜②✱ M i,j M L := 1 2 R -1 ∂R ∂θi R -1 ∂R ∂θj ✳ ❚❤❡♥✱ t❤❡ r❛♥❞♦♠ tr❛❝❡ 1 n Tr M i,j M L ❤❛s ❛♥ ❛•♠♦st s✉r❡ •✐♠✐t ❛s n → +∞✳ ❲❡ t❤✉s ❞❡✜♥❡ t❤❡ p × p ❞❡t❡r♠✐♥✐st✐❝ ♠❛tr✐① Σ M L s♦ t❤❛t (Σ M L ) i,j ✐s t❤❡ ❛•♠♦st s✉r❡ •✐♠✐t✱ ❛s n → +∞✱ ♦❢ 1 n Tr M i,j M L ✳ ❚❤❡♥✱ ✐❢ θML ✐s ❝♦♥s✐st❡♥t ❛♥❞ ✐❢ Σ M L ✐s ♣♦s✐t✐✈❡✱ t❤❡♥ √ n θML -θ 0 → L N 0, Σ -1 M L . Pr♦♣♦s✐t✐♦♥ ✸✳✸✳ ❆ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✷✳✶ ✐s s❛t✐s✜❡❞✳ ❋♦r ǫ = 0✱ ✐❢ t❤❡r❡ ❞♦❡s ♥♦t ❡①✐st v λ = (λ 1 , ..., λ p ) t ∈ R p ✱ v λ ❞✐✛❡r❡♥t ❢r♦♠ ③❡r♦✱ s♦ t❤❛t p k=1 λ k ∂ ∂θ k K θ0 (v) = 0 ❢♦r ❛•• v ∈ Z d ✱ t❤❡♥ Σ M L ✐s ♣♦s✐t✐✈❡✳ ❋♦r ǫ = 0✱ ✇❡ ❞❡♥♦t❡ D ǫ = ∪ v∈Z d \0 (v + ǫC S X )✱ ✇✐t❤ C S X = {t 1 -t 2 , t 1 ∈ S X , t 2 ∈ S X }✳ ■❢ t❤❡r❡ ❞♦❡s ♥♦t ❡①✐st v λ = (λ 1 , ..., λ p ) t ∈ R p ✱ v λ ❞✐✛❡r❡♥t ❢r♦♠ ③❡r♦✱ s♦ t❤❛t p k=1 λ k ∂ ∂θ k K θ0 (t) : R d → R ✐s ❛•♠♦st s✉r❡•② ③❡r♦ ♦♥ D ǫ ✱ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ D ǫ ✱ ❛♥❞ t❤❛t p k=1 λ k ∂ ∂θ k K θ0 (0) ✐s ♥✉••✱ t❤❡♥ Σ M L ✐s ♣♦s✐t✐✈❡✳ |❡♠❛r❦ ✸✳✶✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥ ♦❢ M ✲❡st✐♠❛t♦rs ♦❢ t❤❡ r❡❣r❡ss✐♦♥ ♣❛r❛♠❡t❡rs ✐♥ ❛ •✐♥❡❛r r❡❣r❡ss✐♦♥ ❢r❛♠❡✇♦r❦ ✇✐t❤ ❞❡♣❡♥❞❡♥t ❡rr♦rs✱ ✇✐t❤ ❛ st♦❝❤❛st✐❝ s❛♠♣•✐♥❣✱ ❤❛s ❜❡❡♥ ❛❞✲ ❞r❡ss❡❞ ✐♥ ❬✶✹(✳ ■♥ t❤✐s r❡❢❡r❡♥❝❡✱ t❤❡ ♦❜s❡r✈❛t✐♦♥ ❡rr♦rs st❡♠ ❢r♦♠ ❛ ❣❡♥❡r❛• r❛♥❞♦♠ ✜❡•❞✱ ❛♥❞ ✐♥❝r❡❛s✐♥❣✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝s ✐s ❛❞❞r❡ss❡❞✱ ❛s ✇❡•• ❛s ♠✐①❡❞ ✐♥❝r❡❛s✐♥❣✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝s✱ ✐♥ ✇❤✐❝❤ ❜♦t❤ t❤❡ ♦❜s❡r✈❛t✐♦♥ ❞♦♠❛✐♥ ❛♥❞ t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ❣♦ t♦ ✐♥✜♥✐t②✳ ■♥ ❬✶✹(✱ t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ r❡❣r❡ss✐♦♥ ♣❛r❛♠❡t❡rs ✐s ♥♦t t❤❡ sq✉❛r❡ r♦♦t ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ❛♥②♠♦r❡✱ ❜✉t t❤❡ sq✉❛r❡ r♦♦t ♦❢ t❤❡ ✈♦•✉♠❡ ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥ ❞♦♠❛✐♥✳ ❚❤✐s ✐s t❤❡ r❛t❡ ✇❡ ❛•s♦ ✜♥❞ ✐♥ ♣r♦♣♦s✐t✐♦♥ ✸✳✷ ❢♦r t❤❡ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs✱ ✐♥ t❤❡ ♣❛rt✐❝✉•❛r ❝❛s❡ ♦❢ ✐♥❝r❡❛s✐♥❣✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝s✱ ✇❤❡r❡ t❤❡ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ❣r♦✇s •✐❦❡ t❤❡ ✈♦•✉♠❡ ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥ ❞♦♠❛✐♥✳ ■t ✐s ♥❡✈❡rt❤❡•❡ss ♣♦ss✐❜•❡ t❤❛t t❤✐s ❛♥❛•♦❣② ✇♦✉•❞ ♥♦t ❤❛♣♣❡♥ ✐♥ t❤❡ ♠✐①❡❞ ❞♦♠❛✐♥✲❛s②♠♣t♦t✐❝ ❢r❛♠❡✇♦r❦✱ s✐♥❝❡ ✐t ✐s ❦♥♦✇♥ t❤❛t t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ♠✐❝r♦❡r❣♦❞✐❝ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs ❝❛♥ ❤❛✈❡ ❛ √ n r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❡✈❡♥ ✐♥ t❤❡ ✜①❡❞✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝ ❢r❛♠❡✇♦r❦ ❬✸✻(✳ ◆♦t✐❝❡ ❛•s♦ t❤❛t✱ s✐♠✐•❛r•② t♦ ✉s✱ ✐t ✐s ❡①♣•✐❝✐t ✐♥ ❬✶✹( t❤❛t t❤❡ ❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ❡st✐♠❛t♦rs ❞❡♣❡♥❞s ♦♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts✳ Pr♦♣♦s✐t✐♦♥ ✸✳✹ ❛❞❞r❡ss❡s t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ❈❱ ❡st✐♠❛t♦r✳ ❚❤❡ ✐❞❡♥t✐✜❛❜✐•✐t② ❛ss✉♠♣t✐♦♥ ✐s r❡q✉✐r❡❞✱ •✐❦❡ ✐♥ t❤❡ ▼▲ ❝❛s❡✳ ❙✐♥❝❡ t❤❡ ❈❱ ❡st✐♠❛t♦r ✐s ❞❡s✐❣♥❡❞ ❢♦r ❡st✐♠❛t✐♥❣ ❝♦rr❡•❛t✐♦♥ ♣❛r❛♠❡t❡rs✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ♣❛r❛♠❡tr✐❝ ♠♦❞❡• {K θ , θ ∈ Θ} ❝♦♥t❛✐♥s ♦♥•② ❝♦rr❡•❛t✐♦♥ ❢✉♥❝✲ t✐♦♥s✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ❤♦•❞s ✐♥ ♠♦st ❝•❛ss✐❝❛• ❝❛s❡s✱ ❛♥❞ ②✐❡•❞s r❡s✉•ts t❤❛t ❛r❡ ❡❛s② t♦ ❡①♣r❡ss ✼ ❛♥❞ ✐♥t❡r♣r❡t✳ ❚❤❡ ❝❛s❡ ♦❢ ❤②❜r✐❞ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs✱ s♣❡❝✐❢②✐♥❣ ❜♦t❤ ❛ ✈❛r✐❛♥❝❡ ❛♥❞ ❛ ❝♦rr❡✲ •❛t✐♦♥ str✉❝t✉r❡ s❤♦✉•❞ ❜❡ ❝♦♥s✐st❡♥t•② ❡st✐♠❛t❡❞ ❜② t❤❡ ❈❱ ❡st✐♠❛t♦r✳ ◆❡✈❡rt❤❡•❡ss✱ s✐♥❝❡ s✉❝❤ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs ❞♦ ♥♦t ❡①✐st ✐♥ t❤❡ ❝•❛ss✐❝❛• ❢❛♠✐•✐❡s ♦❢ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥s✱ ✇❡ ❞♦ ♥♦t ❛❞❞r❡ss t❤✐s ❝❛s❡✳ Pr♦♣♦s✐t✐♦♥ ✸✳✹✳ ❆ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✷✳✶ ✐s s❛t✐s✜❡❞ ❛♥❞ t❤❛t ❢♦r ❛•• θ ∈ Θ✱ K θ (0) = 1✳ ❋♦r ǫ = 0✱ ✐❢ t❤❡r❡ ❞♦❡s ♥♦t ❡①✐st θ = θ 0 s♦ t❤❛t K θ (v) = K θ0 (v) ❢♦r ❛•• v ∈ Z d ✱ t❤❡♥ t❤❡ ❈❱ ❡st✐♠❛t♦r ✐s ❝♦♥s✐st❡♥t✳ ❋♦r ǫ = 0✱ ✇❡ ❞❡♥♦t❡ D ǫ = ∪ v∈Z d \0 (v + ǫC S X )✱ ✇✐t❤ C S X = {t 1 -t 2 , t 1 ∈ S X , t 2 ∈ S X }✳ ❚❤❡♥✱ ✐❢ t❤❡✐r ❞♦❡s ♥♦t ❡①✐st θ = θ 0 s♦ t❤❛t K θ = K θ0 ❛✳s✳ ♦♥ D ǫ ✱ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ D ǫ ✱ t❤❡ ❈❱ ❡st✐♠❛t♦r ✐s ❝♦♥s✐st❡♥t✳ Pr♦♣♦s✐t✐♦♥ ✸✳✺ ❣✐✈❡s t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ❈❱ ❝r✐t❡r✐♦♥ CV θ ❛♥❞ ♦❢ t❤❡ ♠❡❛♥ ♠❛tr✐① ♦❢ ✐ts ❍❡ss✐❛♥✳ ❚❤❡s❡ ♠♦♠❡♥ts ❛r❡ ❝•❛ss✐❝❛••② ✉s❡❞ ✐♥ st❛t✐st✐❝s t♦ ♣r♦✈❡ ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥s ♦❢ ❝♦♥s✐st❡♥t ❡st✐♠❛t♦rs✳ ❲❡ ❛•s♦ ♣r♦✈❡ t❤❡ ❝♦♥✈❡r✲ ❣❡♥❝❡ ♦❢ t❤❡s❡ ♠♦♠❡♥ts✱ t❤❡ •✐♠✐t ♠❛tr✐❝❡s ❜❡✐♥❣ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ p × p ♠❛tr✐❝❡s Σ CV,1 ❛♥❞ Σ CV,2 ✱ ❢♦r ✇❤✐❝❤ ✇❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡✳ ❚❤❡s❡ ♠❛tr✐❝❡s ❛r❡ ❞❡t❡r♠✐♥✐st✐❝ ❛♥❞ ❞❡♣❡♥❞ ♦♥•② ♦♥ t❤❡ r❡❣✉•❛r✐t② ♣❛r❛♠❡t❡r ǫ✳ θ ∂R θ ∂θ i R -1 θ , ✇❡ ❤❛✈❡✱ ❢♦r ❛•• 1 ≤ i, j ≤ p✱ ∂ ∂θ i CV θ = 1 n 2y t M i θ y. ❲❡ ❞❡✜♥❡ t❤❡ s❡q✉❡♥❝❡ ♦❢ n × n ♠❛tr✐❝❡s✱ ✐♥❞❡①❡❞ ❜② n ∈ N * ✱ M i,j CV,1 ❜② M i,j CV,1 = 2 M i θ0 + M i θ0 t R θ0 M j θ0 + M j θ0 t R θ0 . ❚❤❡♥✱ cov √ n ∂ ∂θ i CV θ0 , √ n ∂ ∂θ j CV θ0 |X = 1 n Tr M i,j CV,1 . ✭✹✮ ❋✉rt❤❡r♠♦r❡✱ t❤❡ r❛♥❞♦♠ tr❛❝❡ 1 n Tr M i,j CV,1 ❝♦♥✈❡r❣❡s ❛✳s✳ t♦ t❤❡ ❡•❡♠❡♥t (Σ CV,1 ) i,j ♦❢ ❛ p × p ❞❡t❡r♠✐♥✐st✐❝ ♠❛tr✐① Σ CV,1 ❛s n → +∞✳ ❉❡✜♥✐♥❣ M i,j CV,2 = -8 diag R -1 θ0 -3 diag R -1 θ0 ∂R θ0 ∂θ i R -1 θ0 R -1 θ0 ∂R θ0 ∂θ j R -1 θ0 +2 diag R -1 θ0 -2 R -1 θ0 ∂R θ0 ∂θ i R -1 θ0 ∂R θ0 ∂θ j R -1 θ0 +6 diag R -1 θ0 -4 diag R -1 θ0 ∂R θ0 ∂θ i R -1 θ0 diag R -1 θ0 ∂R θ0 ∂θ j R -1 θ0 R -1 θ0 , ✇❡ ❛•s♦ ❤❛✈❡ E ∂ 2 ∂θ i ∂θ j CV θ0 |X = 1 n Tr M i,j CV,2 . ✭✺✮ ❋✉rt❤❡r♠♦r❡✱ t❤❡ r❛♥❞♦♠ tr❛❝❡ 1 n Tr M i,j CV,2 ❝♦♥✈❡r❣❡s ❛✳s✳ t♦ t❤❡ ❡•❡♠❡♥t (Σ CV,2 ) i,j ♦❢ ❛ p × p ❞❡t❡r♠✐♥✐st✐❝ ♠❛tr✐① Σ CV,2 ❛s n → +∞✳ ■♥ ♣r♦♣♦s✐t✐♦♥ ✸✳✻✱ ✇❡ ❛❞❞r❡ss t❤❡ ❛s②♠♣t♦t✐❝ ♥♦r♠❛•✐t② ♦❢ ❈❱✳ ❚❤❡ ❝♦♥❞✐t✐♦♥s ❛r❡✱ ❛s ❢♦r t❤❡ ❝♦♥s✐st❡♥❝②✱ ✐❞❡♥t✐✜❛❜✐•✐t② ❛♥❞ t❤❛t t❤❡ s❡t ♦❢ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥s ❝♦♥t❛✐♥s ♦♥•② ❝♦rr❡•❛t✐♦♥ ❢✉♥❝t✐♦♥s✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ✐s ❛•s♦ √ n✱ ❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ √ n θCV ✱ ❞❡♣❡♥❞✐♥❣ ♦♥•② ♦❢ t❤❡ ♠❛tr✐❝❡s Σ CV,1 ❛♥❞ Σ CV,2 ♦❢ ♣r♦♣♦s✐t✐♦♥ ✸✳✺✳ ■♥ ♣r♦♣♦s✐t✐♦♥ ✸✳✼✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ❛s②♠♣t♦t✐❝ ♠❛tr✐① Σ CV,2 ✐s ♣♦s✐t✐✈❡✳ ❚❤❡ ♠✐♥✐♠❛• ❛ss✉♠♣t✐♦♥ ✐s✱ ❛s ❢♦r t❤❡ ▼▲ ❝❛s❡✱ t❤❛t t❤❡ ❞✐✛❡r❡♥t ❞❡r✐✈❛t✐✈❡ ❢✉♥❝t✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ θ ❛t θ 0 ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ❛r❡ ♥♦♥ r❡❞✉♥❞❛♥t ♦♥ t❤❡ s❡t ♦❢ ✐♥t❡r✲♣♦✐♥t ❞✐st❛♥❝❡s ❝♦✈❡r❡❞ ❜② t❤❡ r❛♥❞♦♠ s♣❛t✐❛• s❛♠♣•✐♥❣✳ Pr♦♣♦s✐t✐♦♥ ✸✳✻✳ ❆ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✷✳✶ ✐s s❛t✐s✜❡❞✳ ■❢ θCV ✐s ❝♦♥s✐st❡♥t ❛♥❞ ✐❢ Σ CV,2 ✐s ♣♦s✐t✐✈❡✱ t❤❡♥ √ n θCV -θ 0 → L N 0, Σ -1 CV,2 Σ CV,1 Σ -1 CV,2
❛s n → +∞. -13 -0.85 

Pr♦♣♦s✐t✐♦♥ ✸✳✼✳ ❆ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✷✳✶ ✐s s❛t✐s✜❡❞ ❛♥❞ t❤❛t ❢♦r ❛•• θ ∈ Θ✱ K θ (0) = 1✳ ❋♦r ǫ = 0✱ ✐❢ t❤❡r❡ ❞♦❡s ♥♦t ❡①✐st v λ = (λ 1 , ..., λ p ) t ∈ R p ✱ v λ ❞✐✛❡r❡♥t ❢r♦♠ ③❡r♦✱ s♦ t❤❛t p k=1 λ k ∂ ∂θ k K θ0 (v) = 0 ❢♦r ❛•• v ∈ Z d ✱ t❤❡♥ Σ CV,2 ✐s ♣♦s✐t✐✈❡✳ ❋♦r ǫ = 0✱ ✇❡ ❞❡♥♦t❡ D ǫ = ∪ v∈Z d \0 (v + ǫC S X )✱ ✇✐t❤ C S X = {t 1 -t 2 , t 1 ∈ S X , t 2 ∈ S X }✳ ■❢ t❤❡r❡ ❞♦❡s ♥♦t ❡①✐st v λ = (λ 1 , ..., λ p ) t ∈ R p ✱ v λ ❞✐✛❡r❡♥t ❢r♦♠ ③❡r♦✱ s♦ t❤❛t p k=1 λ k ∂ ∂θ k K θ0 (t) : R d → R ✐s ❛•♠♦st s✉r❡•② ③❡r♦ ♦♥ D ǫ ✱ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ D ǫ ✱ t❤❡♥ Σ CV,2 ✐s ♣♦s✐t✐✈❡✳ ❚❤❡ ❝♦♥❝•✉s✐♦♥ ❢♦r ▼▲ ❛♥❞ ❈❱ ✐s t❤❛t✱ ❢♦r ❛•• t❤❡ ♠♦st ❝•❛ss✐❝❛• ♣❛r❛♠❡tr✐❝ ❢❛♠✐•✐❡s ♦❢ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥s✱ ❝♦♥s✐st❡♥❝② ❛♥❞ ❛s②♠♣t♦t✐❝ ♥♦r♠❛•✐t② ❤♦•❞✱ ✇✐t❤ ❞❡t❡r♠✐♥✐st✐❝ ♣♦s✐t✐✈❡ ❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ❞❡♣❡♥❞✐♥❣ ♦♥•② ♦♥ t❤❡ r❡❣✉•❛r✐t② ♣❛r❛♠❡t❡r ǫ✳ ❚❤❡r❡❢♦r❡✱ t❤❡s❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ❛r❡ ❛♥❛•②③❡❞ ✐♥ s❡❝t✐♦♥ ✹✱ t♦ ❛❞❞r❡ss t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ✐rr❡❣✉•❛r✐t② ♦❢ t❤❡ s♣❛t✐❛• s❛♠♣•✐♥❣ ♦♥ t❤❡ ▼▲ ❛♥❞ ❈❱ ❡st✐♠❛t✐♦♥✳ ✹✳ ❆♥❛•②s✐s ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ❚❤❡ •✐♠✐t ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ▼▲ ❛♥❞ ❈❱ ❡st✐♠❛t♦rs ♦♥•② ❞❡♣❡♥❞ ♦♥ t❤❡ r❡❣✉•❛r✐t② ♣❛r❛♠❡t❡r ǫ t❤r♦✉❣❤ t❤❡ ❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ✐♥ ♣r♦♣♦s✐t✐♦♥s ✸✳✷ ❛♥❞ ✸✳✻✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ♥✉♠❡r✐❝❛••② st✉❞② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ǫ ♦♥ t❤❡s❡ ❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s✳ ❲❡ ❛❞❞r❡ss t❤❡ ❝❛s❡ d = 1✱ ✇✐t❤ p = 1 ✐♥ s✉❜s❡❝t✐♦♥s ✹✳✷ ❛♥❞ ✹✳✸ ❛♥❞ p = 2 ✐♥ s✉❜s❡❝t✐♦♥ ✹✳✹✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ♦❢ ♣r♦♣♦s✐t✐♦♥s ✸✳✷ ❛♥❞ ✸✳✻ ❛r❡ ❡①♣r❡ss❡❞ ❛s ❢✉♥❝t✐♦♥s ♦❢ ❛✳s✳ •✐♠✐ts ♦❢ tr❛❝❡s ♦❢ s✉♠s✱ ♣r♦❞✉❝ts ❛♥❞ ✐♥✈❡rs❡s ♦❢ r❛♥❞♦♠ ♠❛tr✐❝❡s✳ ■♥ t❤❡ ❝❛s❡ ǫ = 0✱ ❢♦r d = 1✱ t❤❡s❡ ♠❛tr✐❝❡s ❛r❡ ❞❡t❡r♠✐♥✐st✐❝ ❚♦❡♣•✐t③ ♠❛tr✐❝❡s✱ s♦ t❤❛t t❤❡ •✐♠✐ts ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✉s✐♥❣ ❋♦✉r✐❡r tr❛♥s❢♦r♠ t❡❝❤♥✐q✉❡s ✭s❡❡ ❬✶✵(✮✳ ■♥ s❡❝t✐♦♥ ❆♣♣❡♥❞✐① ❊✱ ✇❡ ❣✐✈❡ t❤❡ ❝•♦s❡❞ ❢♦r♠ ❡①♣r❡ss✐♦♥ ♦❢ Σ M L ✱ Σ CV,1 ❛♥❞ Σ CV,2 ❢♦r ǫ = 0 ❛♥❞ d = 1✳ ■♥ t❤❡ ❝❛s❡ ǫ = 0✱ t❤❡r❡ ❞♦❡s ♥♦t ❡①✐st✱ t♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇•❡❞❣❡✱ ❛♥② r❛♥❞♦♠ ♠❛tr✐① t❡❝❤♥✐q✉❡ t❤❛t ✇♦✉•❞ ❣✐✈❡ ❛ ❝•♦s❡❞ ❢♦r♠ ❡①♣r❡ss✐♦♥ ♦❢ Σ M L ✱ Σ CV,1 ❛♥❞ Σ CV,2 ✳ ❚❤❡r❡❢♦r❡✱ ❢♦r t❤❡ ♥✉♠❡r✐❝❛• st✉❞② ✇✐t❤ ǫ = 0✱ t❤❡s❡ ♠❛tr✐❝❡s ✇✐•• ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② t❤❡ r❛♥❞♦♠ tr❛❝❡s ❢♦r •❛r❣❡ n✳ ✹✳✶✳ ❚❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ Σ M L ✱ Σ CV,1 ❛♥❞ Σ CV,2 ■♥ ♣r♦♣♦s✐t✐♦♥ ✹✳✷ ✇❡ s❤♦✇ t❤❛t✱ ✉♥❞❡r t❤❡ ♠✐•❞ ❝♦♥❞✐t✐♦♥ ✹✳✶✱ t❤❡ ❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛✲ tr✐❝❡s ♦❜t❛✐♥❡❞ ❢r♦♠ Σ M L ✱ Σ CV,1 ❛♥❞ Σ CV,2 ✱ ♦❢ ♣r♦♣♦s✐t✐♦♥s ✸✳✷ ❛♥❞ ✸✳✻✱ ❛r❡ t✇✐❝❡ ❞✐✛❡r❡♥t✐❛❜•❡ ✇✐t❤ r❡s♣❡❝t t♦ ǫ✳ ❚❤✐s r❡s✉•t ✐s ✉s❡❢✉• ❢♦r t❤❡ ♥✉♠❡r✐❝❛• st✉❞② ♦❢ s✉❜s❡❝t✐♦♥ ✹✳✷✳ ❈♦♥❞✐t✐♦♥ ✹✳✶✳ • ❈♦♥❞✐t✐♦♥ ✷✳✶ ✐s s❛t✐s✜❡❞✳ • K θ (t) ❛♥❞ ∂ ∂θi K θ (t)✱ ❢♦r 1 ≤ i ≤ p✱ ❛r❡ t❤r❡❡ t✐♠❡s ❞✐✛❡r❡♥t✐❛❜•❡ ✐♥ t ❢♦r t = 0✳ ✾ • ❋♦r ❛•• T > 0✱ θ ∈ Θ✱ 1 ≤ i ≤ p✱ k ∈ {1, 2, 3}✱ i 1 , ..., i k ∈ {1, ..., d} k ✱ t❤❡r❡ ❡①✐sts C T < +∞ s♦ t❤❛t ❢♦r |t| ≥ T ✱ ∂ ∂t i1 , ..., ∂ ∂t i k K θ (t) ≤ C T 1 + |t| d+1 , ✭✻✮ ∂ ∂t i1 , ..., ∂ ∂t i k ∂ ∂θ i K θ (t) ≤ C T 1 + |t| d+1 . Pr♦♣♦s✐t✐♦♥ ✹✳✷✳ ❆ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✹✳✶ ✐s s❛t✐s✜❡❞✳ ▲❡t ✉s ✜① 1 ≤ i, j ≤ p✳ ❚❤❡ ❡•❡♠❡♥ts (Σ M L ) i,j ✱ (Σ CV,1 ) i,j ❛♥❞ (Σ CV,2 ) i,j ✭❛s ❞❡✜♥❡❞ ✐♥ ♣r♦♣♦s✐t✐♦♥s ✸✳✷ ❛♥❞ ✸✳✺✮ ❛r❡ C 2 ✐♥ ǫ ♦♥ [0, 1 2 )✳ ❋✉rt❤❡r♠♦r❡✱ ✇✐t❤ 1 n Tr M i,j M L → a.s. (Σ M L ) i,j ✱ 1 n Tr M i,j CV,1 → a.s. (Σ CV,1 ) i,j ❛♥❞ 1 n Tr M i,j CV,2 → a.s. (Σ CV,2 ) i,j ✭♣r♦♣♦s✐t✐♦♥s ✸✳✷ ❛♥❞ ✸✳✺✮✱ ✇❡ ❤❛✈❡✱ ❢♦r (Σ) i,j ❜❡✐♥❣ (Σ M L ) i,j ✱ (Σ CV,1 ) i,j ♦r (Σ CV,2 ) i,j ❛♥❞ M i,j ❜❡✐♥❣ M i,j M L ✱ M i,j CV,1 ♦r M i,j CV,2 ✱ ∂ 2 ∂ǫ 2 (Σ) i,j = lim n→+∞ 1 n E ∂ 2 ∂ǫ 2 Tr M i,j . Pr♦♣♦s✐t✐♦♥ ✹✳✷ s❤♦✇s t❤❛t ✇❡ ❝❛♥ ❝♦♠♣✉t❡ ♥✉♠❡r✐❝❛••② t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ (Σ M L ) i,j ✱ (Σ CV,k ) i,j ✱ k = 1, 2✱ ✇✐t❤ r❡s♣❡❝t t♦ ǫ ❜② ❝♦♠♣✉t✐♥❣ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ M i,j M L ✱ M i,j CV,k ✱ k = 1, 2✱ ❢♦r n •❛r❣❡✳ ❚❤❡ ❢❛❝t t❤❛t ✐t ✐s ♣♦ss✐❜•❡ t♦ ❡①❝❤❛♥❣❡ t❤❡ •✐♠✐t ✐♥ n ❛♥❞ t❤❡ ❞❡r✐✈❛t✐✈❡ ✐♥ ǫ ✇❛s ♥♦t ❛ ♣r✐♦r✐ ♦❜✈✐♦✉s✳ ■♥ t❤❡ r❡st ♦❢ t❤❡ s❡❝t✐♦♥✱ ✇❡ ❛❞❞r❡ss s♣❡❝✐✜❝❛••② t❤❡ ❝❛s❡ ✇❤❡r❡ d = 1✱ ❛♥❞ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ X i ✱ 1 ≤ i ≤ n✱ ✐s ✉♥✐❢♦r♠ ♦♥ [-1, 1]✳ ❲❡ ❢♦❝✉s ♦♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ▼❛tér♥ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥✳ ■♥ ❞✐♠❡♥s✐♦♥ ♦♥❡✱ t❤✐s ❝♦✈❛r✐❛♥❝❡ ♠♦❞❡• ✐s ♣❛r❛♠❡t❡r✐③❡❞ ❜② t❤❡ ❝♦rr❡•❛t✐♦♥ •❡♥❣t❤ ℓ ❛♥❞ t❤❡ s♠♦♦t❤♥❡ss ♣❛r❛♠❡t❡r ν✳ ❚❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ K ℓ,ν ✐s ▼❛tér♥ (ℓ, ν) ✇❤❡r❡ K ℓ,ν (t) = 1 Γ (ν) 2 ν-1 2 √ ν |t| ℓ ν K ν 2 √ ν |t| ℓ , ✭✼✮ ✇✐t❤ Γ t❤❡ •❛♠♠❛ ❢✉♥❝t✐♦♥ ❛♥❞ K ν t❤❡ ♠♦❞✐✜❡❞ ❇❡ss❡• ❢✉♥❝t✐♦♥ ♦❢ s❡❝♦♥❞ ♦r❞❡r✳ ❙❡❡ ❡✳❣ ❬✸✶✱ ♣✳✸✶( ❢♦r ❛ ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ▼❛tér♥ ❝♦rr❡•❛t✐♦♥ ❢✉♥❝t✐♦♥✳ ■♥ s✉❜s❡❝t✐♦♥s ✹✳✷ ❛♥❞ ✹✳✸✱ ✇❡ ❡st✐♠❛t❡ ν ✇❤❡♥ ℓ ✐s ❦♥♦✇♥ ❛♥❞ ❝♦♥✈❡rs❡•②✳ ❚❤✐s ❝❛s❡ p = 1 ❡♥❛❜•❡s ✉s t♦ ❞❡❛• ✇✐t❤ ❛ s❝❛•❛r ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡✱ ✇❤✐❝❤ ✐s ❛♥ ✉♥❛♠❜✐❣✉♦✉s ❝r✐t❡r✐♦♥ ❢♦r ❛❞❞r❡ss✐♥❣ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ✐rr❡❣✉•❛r✐t② ♦❢ t❤❡ s♣❛t✐❛• s❛♠♣•✐♥❣✳ ■♥ s✉❜s❡❝t✐♦♥ ✹✳✹✱ ✇❡ ❛❞❞r❡ss t❤❡ ❝❛s❡ p = 2✱ ✇❤❡r❡ ℓ ❛♥❞ ν ❛r❡ •♦✐♥t•② ❡st✐♠❛t❡❞✳ ✹✳✷✳ ❙♠❛•• r❛♥❞♦♠ ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ r❡❣✉•❛r ❣r✐❞ ■♥ ♦✉r st✉❞②✱ t❤❡ t✇♦ tr✉❡ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs ℓ 0 , ν 0 ✈❛r② ♦✈❡r 0.3 ≤ ℓ 0 ≤ 3 ❛♥❞ 0.5 ≤ ν 0 ≤ 5✳ ❲❡ ✇✐•• s✉❝❝❡ss✐✈❡•② ❛❞❞r❡ss t❤❡ t✇♦ ❝❛s❡s ✇❤❡r❡ ℓ ✐s ❡st✐♠❛t❡❞ ❛♥❞ ν ✐s ❦♥♦✇♥✱ ❛♥❞ ✇❤❡r❡ ν ✐s ❡st✐♠❛t❡❞ ❛♥❞ ℓ ✐s ❦♥♦✇♥✳ ■t ✐s s❤♦✇♥ ✐♥ s❡❝t✐♦♥ ✹✳✶ t❤❛t ❢♦r ❜♦t❤ ▼▲ ❛♥❞ ❈❱✱ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡s ❛r❡ s♠♦♦t❤ ❢✉♥❝t✐♦♥s ♦❢ ǫ✳ ❚❤❡ q✉❛♥t✐t② ♦❢ ✐♥t❡r❡st ✐s t❤❡ r❛t✐♦ ♦❢ t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ ǫ ❛t ǫ = 0 ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ♦✈❡r ✐ts ✈❛•✉❡ ❛t ǫ = 0✳ ❲❤❡♥ t❤✐s q✉❛♥t✐t② ✐s ♥❡❣❛t✐✈❡✱ t❤✐s ♠❡❛♥s t❤❛t t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t♦r ❞❡❝r❡❛s❡s ✇✐t❤ ǫ✱ ❛♥❞ t❤❡r❡❢♦r❡ t❤❛t ❛ s♠❛•• ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ r❡❣✉•❛r ❣r✐❞ ✐♠♣r♦✈❡s t❤❡ ❡st✐♠❛t✐♦♥✳ ❚❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ✐s ❝❛•❝✉•❛t❡❞ ❡①❛❝t•② ❢♦r ▼▲✱ ✉s✐♥❣ t❤❡ r❡s✉•ts ♦❢ s❡❝t✐♦♥ ❆♣♣❡♥❞✐① ❊✱ ❛♥❞ ✐s ❛♣♣r♦①✐♠❛t❡❞ ❜② ✜♥✐t❡ ❞✐✛❡r❡♥❝❡s ❢♦r n •❛r❣❡ ❢♦r ❈❱✳ Pr♦♣♦s✐t✐♦♥ ✹✳✷ ❡♥s✉r❡s t❤❛t t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ♥✉♠❡r✐❝❛••② ❝♦♥s✐st❡♥t ✭❜❡❝❛✉s❡ t❤❡ •✐♠✐ts ✐♥ n ❛♥❞ t❤❡ ❞❡r✐✈❛t✐✈❡s ✐♥ ǫ ❛r❡ ❡①❝❤❛♥❣❡❛❜•❡✮✳ ❖♥ ✜❣✉r❡ ✷✱ ✇❡ s❤♦✇ t❤❡ ♥✉♠❡r✐❝❛• r❡s✉•ts ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ℓ✳ ❋✐rst ✇❡ s❡❡ t❤❛t t❤❡ r❡•❛t✐✈❡ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ❞✉❡ t♦ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ✐s ♠❛①✐♠✉♠ ✇❤❡♥ t❤❡ tr✉❡ ❝♦rr❡•❛t✐♦♥ •❡♥❣t❤ ℓ 0 ✐s s♠❛••✳ ■♥❞❡❡❞✱ t❤❡ ✐♥t❡r✲♦❜s❡r✈❛t✐♦♥ ❞✐st❛♥❝❡ ❜❡✐♥❣ 1✱ ❛ ❝♦rr❡•❛t✐♦♥ •❡♥❣t❤ ♦❢ ❛♣♣r♦①✐♠❛t✐✈❡•② 0.3 ♠❡❛♥s t❤❛t t❤❡ ♦❜s❡r✈❛t✐♦♥s ❛r❡ ❛•♠♦st ✐♥❞❡♣❡♥❞❡♥t✱ ♠❛❦✐♥❣ t❤❡ ✶✵
2 ❋✐❣✉r❡ ✷✿ ❊st✐♠❛t✐♦♥ ♦❢ ℓ✳ P•♦t ♦❢ t❤❡ r❛t✐♦ ♦❢ t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ♦✈❡r ✐ts ✈❛•✉❡ ❛t ǫ = 0✱ ❢♦r ▼▲ ✭•❡❢t✮ ❛♥❞ ❈❱ ✭r✐❣❤t✮✳ ❚❤❡ tr✉❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ✐s ▼❛tér♥ ✇✐t❤ ✈❛r②✐♥❣ ℓ 0 ❛♥❞ ν 0 ✳ ❲❡ r❡t❛✐♥ t❤❡ t✇♦ ♣❛rt✐❝✉•❛r ♣♦✐♥ts (ℓ 0 = 0.5, ν 0 = 5) ❛♥❞ (ℓ 0 = 2.7, ν 0 = 1) ❢♦r ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥ ✐♥ s✉❜s❡❝t✐♦♥ ✹✳✸ ✭t❤❡s❡ ❛r❡ t❤❡ ❜•❛❝❦ ❞♦ts✮✳ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ✈❡r② ❤❛r❞✳ ❍❡♥❝❡✱ t❤❡ ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ ❣r✐❞ ❝r❡❛t❡ ♣❛✐rs ♦❢ ♦❜s❡r✈❛t✐♦♥s t❤❛t ❛r❡ •❡ss ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ s✉❜s❡q✉❡♥t•② ❢❛❝✐•✐t❛t❡ t❤❡ ❡st✐♠❛t✐♦♥✳ ❋♦r •❛r❣❡ ℓ 0 ✱ t❤✐s ♣❤❡♥♦♠❡♥♦♥ ❞♦❡s ♥♦t t❛❦❡ ♣•❛❝❡ ❛♥②♠♦r❡✱ ❛♥❞ t❤✉s t❤❡ r❡•❛t✐✈❡ ❡✛❡❝t ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥s ✐s s♠❛••❡r✳ ❙❡❝♦♥❞✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ❢♦r ▼▲ t❤❡ s♠❛•• ♣❡rt✉r❜❛t✐♦♥s ❛r❡ ❛•✇❛②s ❛♥ ❛❞✈❛♥t❛❣❡ ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ℓ✳ ❚❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ❢♦r ❈❱✱ ✇❤❡r❡ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ❝❛♥ ✐♥❝r❡❛s❡ ✇✐t❤ ǫ✳ ❋✐♥❛••②✱ ✇❡ ❝❛♥ s❡❡ t❤❛t t❤❡ t✇♦ ♣❛rt✐❝✉•❛r ♣♦✐♥ts (ℓ 0 = 0.5, ν 0 = 5) ❛♥❞ (ℓ 0 = 2.7, ν 0 = 1) ❛r❡ ♣❛rt✐❝✉•❛r•② ✐♥t❡r❡st✐♥❣ ❛♥❞ r❡♣r❡s❡♥t❛t✐✈❡✳ ■♥❞❡❡❞✱ (ℓ 0 = 0.5, ν 0 = 5) ❝♦rr❡s♣♦♥❞s t♦ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs ❢♦r ✇❤✐❝❤ t❤❡ s♠❛•• ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ r❡❣✉•❛r ❣r✐❞ ❤❛✈❡ ❛ str♦♥❣ ❛♥❞ ❢❛✈♦r❛❜•❡ ✐♠♣❛❝t ♦♥ t❤❡ ❡st✐♠❛t✐♦♥ ❢♦r ▼▲ ❛♥❞ ❈❱✱ ✇❤✐•❡ (ℓ 0 = 2.7, ν 0 = 1) ❝♦rr❡s♣♦♥❞s t♦ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs ❢♦r ✇❤✐❝❤ t❤❡② ❤❛✈❡ ❛♥ ✉♥❢❛✈♦r❛❜•❡ ✐♠♣❛❝t ♦♥ t❤❡ ❡st✐♠❛t✐♦♥ ❢♦r ❈❱✳ ❲❡ r❡t❛✐♥ t❤❡s❡ t✇♦ ♣♦✐♥ts ❢♦r ❛ ❢✉rt❤❡r ❣•♦❜❛• ✐♥✈❡st✐❣❛t✐♦♥ ❢♦r 0 ≤ ǫ ≤ 0.45 ✐♥ s✉❜s❡❝t✐♦♥ ✹✳✸✳ ❖♥ ✜❣✉r❡ ✸✱ ✇❡ s❤♦✇ t❤❡ ♥✉♠❡r✐❝❛• r❡s✉•ts ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ν✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ❢♦r ℓ 0 r❡•❛t✐✈❡•② s♠❛••✱ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ ǫ ✭❢♦r s♠❛•• ǫ✮✳ ❚❤✐s ❤❛♣♣❡♥s ❛♣♣r♦①✐♠❛t✐✈❡•② ✐♥ t❤❡ ❜❛♥❞ 0.4 ≤ ℓ 0 ≤ 0.6✱ ❛♥❞ ❢♦r ❜♦t❤ ▼▲ ❛♥❞ ❈❱✳ ❚❤❡r❡ ✐s ❛ ♣•❛✉s✐❜•❡ ❡①♣•❛♥❛t✐♦♥ ❢r♦♠ t❤✐s ❢❛❝t✱ ✇❤✐❝❤ ✐s ♥♦t ❡❛s② t♦ ✐♥t❡r♣r❡t ❛t ✜rst s✐❣❤t✳ ■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t ❢♦r ℓ ≈ 0.73✱ t❤❡ ✈❛•✉❡ ♦❢ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛• ▼❛tér♥ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ❛t t = 1 ✐s ❛•♠♦st ✐♥❞❡♣❡♥❞❡♥t ♦❢ ν ❢♦r ν ∈ [1, 5]✳ ❆s ❛♥ ✐••✉str❛t✐♦♥✱ ❢♦r ν = 2.5✱ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤✐s ✈❛•✉❡ ✇✐t❤ r❡s♣❡❝t t♦ ν ✐s -3.7 × 10 -5 ❢♦r ❛ ✈❛•✉❡ ♦❢ 0.15✳ ❲❤❡♥ 0.4 ≤ ℓ 0 ≤ 0.6✱ ℓ 0 ✐s s♠❛•• s♦ t❤❛t ♠♦st ♦❢ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❢♦r ❡st✐♠❛t✐♥❣ ν ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ♣❛✐rs ♦❢ s✉❝❝❡ss✐✈❡ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts✳ P❡rt✉r❜✐♥❣ t❤❡ r❡❣✉•❛r ❣r✐❞ ❝r❡❛t❡s ♣❛✐rs ♦❢ s✉❝❝❡ss✐✈❡ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts i + ǫx i , i + 1 + ǫx i+1 ✈❡r✐❢②✐♥❣ |1+ǫ(xi+1-xi)| ℓ0 ≈ 1 0.73 ✱ s♦ t❤❛t t❤❡ ❝♦rr❡•❛t✐♦♥ ♦❢ t❤❡ t✇♦ ♦❜s❡r✈❛t✐♦♥s ❜❡❝♦♠❡s ❛•♠♦st ✐♥❞❡♣❡♥❞❡♥t ♦❢ ν✳ ❚❤✉s✱ ❞✉❡ t♦ ❛ s♣❡❝✐✜❝✐t② ♦❢ t❤❡ ▼❛tér♥ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥✱ ❞❡❝r❡❛s✐♥❣ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ s✉❝❝❡ss✐✈❡ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ✉♥✐♥t✉✐t✐✈❡•② r❡♠♦✈❡s ✐♥❢♦r♠❛t✐♦♥ ♦♥ ν✳ ❋♦r 0.6 ≤ ℓ 0 ≤ 0.8 ❛♥❞ ν 0 ≥ 2✱ t❤❡ r❡•❛t✐✈❡ ✐♠♣r♦✈❡♠❡♥t ✐s ♠❛①✐♠✉♠✳ ❚❤✐s ✐s ❡①♣•❛✐♥❡❞ t❤❡ s❛♠❡ ✇❛② ❛s ❛❜♦✈❡✱ t❤✐s t✐♠❡ t❤❡ ❝❛s❡ ǫ = 0 ②✐❡•❞s s✉❝❝❡ss✐✈❡ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ❢♦r ✇❤✐❝❤ t❤❡ ❝♦rr❡•❛t✐♦♥ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ ν✱ ❛♥❞ ✐♥❝r❡❛s✐♥❣ ǫ ❝❤❛♥❣❡s t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ s✉❝❝❡ss✐✈❡ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts✱ ♠❛❦✐♥❣ t❤❡ ❝♦rr❡•❛t✐♦♥ ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥s ❞❡♣❡♥❞❡♥t ♦❢ ν✳ ■♥ t❤❡ ❝❛s❡ ℓ 0 ≥ 0.8✱ t❤❡r❡ ✐s ♥♦ ♠♦r❡ ✐♠♣❛❝t ♦❢ t❤❡ s♣❡❝✐✜❝✐t② ♦❢ t❤❡ ❝❛s❡ ℓ 0 ≈ 0.73 ❛♥❞ t❤❡ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ✇❤❡♥ ǫ ✐♥❝r❡❛s❡s r❡♠❛✐♥s s✐❣♥✐✜❝❛♥t✱ t❤♦✉❣❤ s♠❛••❡r✳ ❋✐♥❛••②✱ ✇❡ ✶✶ 0.5 1.0 1.5 2.0 2.
❋✐❣✉r❡ ✸✿ ❙❛♠❡ s❡tt✐♥❣ ❛s ✜❣✉r❡ ✷✱ ❜✉t ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ν✳ ❲❡ r❡t❛✐♥ t❤❡ t❤r❡❡ ♣❛rt✐❝✉•❛r ♣♦✐♥ts (ℓ 0 = 0.5, ν 0 = 2.5)✱ (ℓ 0 = 0.7, ν 0 = 2.5) ❛♥❞ (ℓ 0 = 2.7, ν 0 = 2.5) ❢♦r ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥ ✐♥ s✉❜s❡❝t✐♦♥ ✹✳✸✳ s❡❡ t❤❡ t❤r❡❡ ♣❛rt✐❝✉•❛r ♣♦✐♥ts (ℓ 0 = 0.5, ν 0 = 2.5)✱ (ℓ 0 = 0.7, ν 0 = 2.5) ❛♥❞ (ℓ 0 = 2.7, ν 0 = 2.5) ❛s r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ t❤❡ ❞✐s❝✉ss✐♦♥ ❛❜♦✈❡✱ ❛♥❞ ✇❡ r❡t❛✐♥ t❤❡♠ ❢♦r ❢✉rt❤❡r ❣•♦❜❛• ✐♥✈❡st✐❣❛t✐♦♥ ❢♦r 0 ≤ ǫ ≤ 0.45 ✐♥ s✉❜s❡❝t✐♦♥ ✹✳✸✳ ✹✳✸✳ ▲❛r❣❡ r❛♥❞♦♠ ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ r❡❣✉•❛r ❣r✐❞ ❖♥ ✜❣✉r❡s ✹ ❛♥❞ ✺✱ ✇❡ ♣•♦t t❤❡ r❛t✐♦ ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ❢♦r ǫ = 0 ♦✈❡r t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ❢♦r ǫ = 0.45✱ ✇✐t❤ ✈❛r②✐♥❣ ℓ 0 ❛♥❞ ν 0 ✱ ❢♦r ▼▲ ❛♥❞ ❈❱ ❛♥❞ ✐♥ t❤❡ t✇♦ ❝❛s❡s ✇❤❡r❡ ℓ ✐s ❡st✐♠❛t❡❞ ❛♥❞ ν ❦♥♦✇♥ ❛♥❞ ❝♦♥✈❡rs❡•②✳ ❲❡ ♦❜s❡r✈❡ t❤❛t t❤✐s r❛t✐♦ ✐s ❛•✇❛②s •❛r❣❡r t❤❛♥ ♦♥❡ ❢♦r ▼▲✱ t❤❛t ✐s str♦♥❣ ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ r❡❣✉•❛r ❣r✐❞ ❛r❡ ❛•✇❛②s ❜❡♥❡✜❝✐❛• t♦ ▼▲ ❡st✐♠❛t✐♦♥✳ ❚❤✐s ✐s t❤❡ ♠♦st ✐♠♣♦rt❛♥t ♥✉♠❡r✐❝❛• ❝♦♥❝•✉s✐♦♥ ♦❢ t❤✐s s❡❝t✐♦♥ ✹✳ ❆s ▼▲ ✐s t❤❡ ♣r❡❢❡r❛❜•❡ ♠❡t❤♦❞ t♦ ✉s❡ ✐♥ t❤❡ ✇❡••✲s♣❡❝✐✜❡❞ ❝❛s❡ ❛❞❞r❡ss❡❞ ❤❡r❡✱ ✇❡ r❡❢♦r♠✉•❛t❡ t❤✐s ❝♦♥❝•✉s✐♦♥ ❜② s❛②✐♥❣ t❤❛t✱ ✐♥ ♦✉r ❡①♣❡r✐♠❡♥ts✱ ✉s✐♥❣ ♣❛✐rs ♦❢ ❝•♦s❡•② s♣❛❝❡❞ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ✐s ❛•✇❛②s ❜❡♥❡✜❝✐❛• ❢♦r ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ❝♦♠♣❛r❡❞ t♦ ❡✈❡♥•② s♣❛❝❡❞ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts✳ ❚❤✐s ✐s ❛♥ ✐♠♣♦rt❛♥t ♣r❛❝t✐❝❛• ❝♦♥❝•✉s✐♦♥✱ t❤❛t ✐s ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ r❡❢❡r❡♥❝❡s ❬✸✶( ❛♥❞ ❬✹✵( ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✶✳ ❋♦r ❈❱✱ ♦♥ t❤❡ ❝♦♥tr❛r②✱ ✇❡ ❡①❤✐❜✐t ❝❛s❡s ❢♦r ✇❤✐❝❤ str♦♥❣ ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ r❡❣✉•❛r ❣r✐❞ ❞❡❝r❡❛s❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❡st✐♠❛t✐♦♥✱ ♣❛rt✐❝✉•❛r•② ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ℓ✳ ❚❤✐s ❝❛♥ ❜❡ ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ▲❡❛✈❡✲❖♥❡✲❖✉t ❡rr♦rs ✐♥ t❤❡ ❈❱ ❢✉♥❝t✐♦♥❛• ✭✸✮ ❛r❡ ✉♥♥♦r♠❛•✐③❡❞✳ ❍❡♥❝❡✱ ✇❤❡♥ t❤❡ r❡❣✉•❛r ❣r✐❞ ✐s ♣❡rt✉r❜❡❞✱ r♦✉❣❤•② s♣❡❛❦✐♥❣✱ ❡rr♦r t❡r♠s ❝♦♥❝❡r♥✐♥❣ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ✇✐t❤ ❝•♦s❡ ♥❡✐❣❤❜♦rs ❛r❡ s♠❛••✱ ✇❤✐•❡ ❡rr♦r t❡r♠s ❝♦♥❝❡r♥✐♥❣ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ✇✐t❤♦✉t ❝•♦s❡ ♥❡✐❣❤❜♦rs ❛r❡ •❛r❣❡✳ ❍❡♥❝❡✱ t❤❡ ❈❱ ❢✉♥❝t✐♦♥❛• ♠❛✐♥•② ❞❡♣❡♥❞s ♦♥ t❤❡ •❛r❣❡ ❡rr♦r t❡r♠s ❛♥❞ ❤❡♥❝❡ ❤❛s ❛ •❛r❣❡r ✈❛r✐❛♥❝❡✳ ❚❤✐s ✐♥❝r❡❛s❡s t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❈❱ ❡st✐♠❛t♦r ♠✐♥✐♠✐③✐♥❣ ✐t✳ ❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ✜✈❡ ♣❛rt✐❝✉•❛r ♣♦✐♥ts t❤❛t ✇❡ ❤❛✈❡ ❞✐s❝✉ss❡❞ ✐♥ s✉❜s❡❝t✐♦♥ ✹✳✷✿ (ℓ 0 = 0.5, ν 0 = 5) ❛♥❞ (ℓ 0 = 2.7, ν 0 = 1) ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ℓ ❛♥❞ (ℓ 0 = 0.5, ν 0 = 2.5)✱ (ℓ 0 = 0.7, ν 0 = 2.5) ❛♥❞ (ℓ 0 = 2.7, ν 0 = 2.5) ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ν✳ ❋♦r t❤❡s❡ ♣❛rt✐❝✉•❛r ♣♦✐♥ts✱ ✇❡ ♣•♦t t❤❡ ❛s②♠♣✲ t♦t✐❝ ✈❛r✐❛♥❝❡s ♦❢ ♣r♦♣♦s✐t✐♦♥s ✸✳✷ ❛♥❞ ✸✳✻ ❛s ❢✉♥❝t✐♦♥s ♦❢ ǫ ❢♦r -0.45 ≤ ǫ ≤ 0.45✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡s ❛r❡ ❡✈❡♥ ❢✉♥❝t✐♦♥s ♦❢ ǫ s✐♥❝❡ (ǫX i ) 1≤i≤n ❤❛s t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥ ❛s (-ǫX i ) 1≤i≤n ✳ ◆❡✈❡rt❤❡•❡ss✱ t❤❡② ❛r❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② ❡♠♣✐r✐❝❛• ♠❡❛♥s ♦❢ iid r❡❛•✐③❛t✐♦♥s ♦❢ t❤❡ r❛♥❞♦♠ tr❛❝❡s ✐♥ ♣r♦♣♦s✐t✐♦♥s ✸✳✷ ❛♥❞ ✸✳✺✱ ❢♦r n •❛r❣❡ ❡♥♦✉❣❤✳ ❍❡♥❝❡✱ t❤❡ ❢✉♥❝t✐♦♥s ✇❡ ♣•♦t ❛r❡ ♥♦t ❡①❛❝t•② ❡✈❡♥✳ ❚❤❡ ❢❛❝t t❤❛t t❤❡② ❛r❡ ❛•♠♦st ❡✈❡♥ ✐s ❛ ❣r❛♣❤✐❝❛• ✈❡r✐✜❝❛t✐♦♥ t❤❛t t❤❡ r❛♥❞♦♠ ✢✉❝t✉❛✲ t✐♦♥s ♦❢ t❤❡ r❡s✉•ts ♦❢ t❤❡ ❝❛•❝✉•❛t✐♦♥s✱ ❢♦r ✜♥✐t❡ ✭❜✉t •❛r❣❡✮ n✱ ❛r❡ ✈❡r② s♠❛••✳ ❲❡ ❛•s♦ ♣•♦t t❤❡ ✶✷ 0.5 1.0 1.5 2.0 2.
❋✐❣✉r❡ ✹✿ ❊st✐♠❛t✐♦♥ ♦❢ ℓ✳ P•♦t ♦❢ t❤❡ r❛t✐♦ ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ❢♦r ǫ = 0 ♦✈❡r t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ❢♦r ǫ = 0.45 ❢♦r ▼▲ ✭•❡❢t✮ ❛♥❞ ❈❱ ✭r✐❣❤t✮✳ ❚❤❡ tr✉❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ✐s ▼❛tér♥ ✇✐t❤ ✈❛r②✐♥❣ ℓ 0 ❛♥❞ ν 0 ✳ ❲❡ r❡t❛✐♥ t❤❡ t✇♦ ♣❛rt✐❝✉•❛r ♣♦✐♥ts (ℓ 0 = 0.5, ν 0 = 5) ❛♥❞ (ℓ 0 = 2.7, ν 0 = 1) ❢♦r ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥ ❜❡•♦✇ ✐♥
❋✐❣✉r❡ ✺✿ ❙❛♠❡ s❡tt✐♥❣ ❛s ✐♥ ✜❣✉r❡ ✹✱ ❜✉t ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ν✳ ❲❡ r❡t❛✐♥ t❤❡ t❤r❡❡ ♣❛rt✐❝✉•❛r ♣♦✐♥ts (ℓ 0 = 0.5, ν 0 = 2.5)✱ (ℓ 0 = 0.7, ν 0 = 2.5) ❛♥❞ (ℓ 0 = 2.7, ν 0 = 2.5) ❢♦r ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥ ❜❡•♦✇ ✐♥
❋✐❣✉r❡ ✻✿ ••♦❜❛• ✐♥✢✉❡♥❝❡ ♦❢ ǫ ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❝♦rr❡•❛t✐♦♥ •❡♥❣t❤ ℓ✳ P•♦t ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ❢♦r ▼▲ ✭•❡❢t✮ ❛♥❞ ❈❱ ✭r✐❣❤t✮✱ ❝❛•❝✉•❛t❡❞ ✇✐t❤ ✈❛r②✐♥❣ n✱ ❛♥❞ ♦❢ t❤❡ s❡❝♦♥❞ ♦r❞❡r ❚❛②•♦r s❡r✐❡s ❡①♣❛♥s✐♦♥ ❣✐✈❡♥ ❜② t❤❡ ✈❛•✉❡ ❛t ǫ = 0 ❛♥❞ t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ❛t ǫ = 0✳ ❚❤❡ tr✉❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ✐s ▼❛tér♥ ✇✐t❤ ℓ 0 = 0.5 ❛♥❞ ν 0 = 5✳ s❡❝♦♥❞✲♦r❞❡r ❚❛②•♦r✲s❡r✐❡s ❡①♣❛♥s✐♦♥ ❣✐✈❡♥ ❜② t❤❡ ✈❛•✉❡ ❛t ǫ = 0 ❛♥❞ t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ❛t ǫ = 0✳ ❖♥ ✜❣✉r❡ ✻✱ ✇❡ s❤♦✇ t❤❡ ♥✉♠❡r✐❝❛• r❡s✉•ts ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ℓ ✇✐t❤ (ℓ 0 = 0.5, ν 0 = 5)✳ ❚❤❡ ✜rst ♦❜s❡r✈❛t✐♦♥ ✐s t❤❛t t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ✐s s•✐❣❤t•② •❛r❣❡r ❢♦r ❈❱ t❤❛♥ ❢♦r ▼▲✳ ❚❤✐s ✐s ❡①♣❡❝t❡❞✿ ✐♥❞❡❡❞ ✇❡ ❛❞❞r❡ss ❛ ✇❡••✲s♣❡❝✐✜❡❞ ❝❛s❡✱ s♦ t❤❛t t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ♦❢ ▼▲ ✐s t❤❡ ❛•♠♦st s✉r❡ •✐♠✐t ♦❢ t❤❡ ❈r❛♠❡r✲|❛♦ ❜♦✉♥❞✳ ❚❤❡r❡❢♦r❡✱ t❤✐s ♦❜s❡r✈❛t✐♦♥ t✉r♥s ♦✉t t♦ ❜❡ tr✉❡ ✐♥ ❛•• t❤❡ s✉❜s❡❝t✐♦♥✱ ❛♥❞ ✇❡ ✇✐•• ♥♦t ❝♦♠♠❡♥t ♦♥ ✐t ❛♥②♠♦r❡✳ ❲❡ s❡❡ t❤❛t✱ ❢♦r ❜♦t❤ ▼▲ ❛♥❞ ❈❱✱ t❤❡ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ❣✐✈❡♥ ❜② t❤❡ ✐rr❡❣✉•❛r✐t② ♦❢ t❤❡ s♣❛t✐❛• s❛♠♣•✐♥❣ ✐s tr✉❡ ❢♦r ❛•• ✈❛•✉❡s ♦❢ ǫ✳ ❖♥❡ ❝❛♥ ✐♥❞❡❡❞ ❣❛✐♥ ✉♣ t♦ ❛ ❢❛❝t♦r s✐① ❢♦r t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡s✳ ❚❤✐s ✐s ❡①♣•❛✐♥❡❞ ❜② t❤❡ r❡❛s♦♥ ♠❡♥t✐♦♥❡❞ ✐♥ s✉❜s❡❝t✐♦♥ ✹✳✷✱ ❢♦r ℓ 0 s♠❛••✱ ✐♥❝r❡❛s✐♥❣ ǫ ②✐❡•❞s ♣❛✐rs ♦❢ ♦❜s❡r✈❛t✐♦♥s t❤❛t ❜❡❝♦♠❡ ❞❡♣❡♥❞❡♥t✱ ❛♥❞ ❤❡♥❝❡ ❣✐✈❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❝♦✈❛r✐❛♥❝❡ str✉❝t✉r❡✳ ❖♥ ✜❣✉r❡ ✼✱ ✇❡ s❤♦✇ t❤❡ ♥✉♠❡r✐❝❛• r❡s✉•ts ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ℓ ✇✐t❤ (ℓ 0 = 2.7, ν 0 = 1)✳ ❋♦r ▼▲✱ t❤❡r❡ ✐s ❛ s•✐❣❤t ❣•♦❜❛• ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ✇✐t❤ t❤❡ ✐rr❡❣✉•❛r✐t② ♦❢ t❤❡ s♣❛t✐❛• s❛♠♣•✐♥❣✳ ❍♦✇❡✈❡r✱ ❢♦r ❈❱✱ t❤❡r❡ ✐s ❛ s✐❣♥✐✜❝❛♥t ❞❡❣r❛❞❛t✐♦♥ ♦❢ t❤❡ ❡st✐♠❛t✐♦♥✳ ❍❡♥❝❡ t❤❡ ✐rr❡❣✉•❛r✐t② ♦❢ t❤❡ s♣❛t✐❛• s❛♠♣•✐♥❣ ❤❛s ♠♦r❡ r❡•❛t✐✈❡ ✐♥✢✉❡♥❝❡ ♦♥ ❈❱ t❤❛♥ ♦♥ ▼▲✳ ❋✐♥❛••②✱ t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ▼▲ ♦✈❡r ❈❱ ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ✐s ❜② ❛ ❢❛❝t♦r s❡✈❡♥✱ ❝♦♥tr❛r② t♦ t❤❡ ❝❛s❡ ℓ 0 = 0.5✱ ✇❤❡r❡ t❤✐s ❢❛❝t♦r ✇❛s ❝•♦s❡ t♦ ♦♥❡✳ ❖♥ ✜❣✉r❡ ✽✱ ✇❡ s❤♦✇ t❤❡ ♥✉♠❡r✐❝❛• r❡s✉•ts ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ν ✇✐t❤ (ℓ 0 = 0.5, ν 0 = 2.5)✳ ❚❤❡ ♥✉♠❡r✐❝❛• r❡s✉•ts ❛r❡ s✐♠✐•❛r ❢♦r ▼▲ ❛♥❞ ❈❱✳ ❋♦r ǫ s♠❛••✱ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ✐s ✈❡r② •❛r❣❡✱ ❜❡❝❛✉s❡✱ ℓ 0 ❜❡✐♥❣ s♠❛••✱ t❤❡ ♦❜s❡r✈❛t✐♦♥s ❛r❡ ❛•♠♦st ✐♥❞❡♣❡♥❞❡♥t✱ ❛s t❤❡ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ❛r❡ ❢✉rt❤❡r ❛♣❛rt t❤❛♥ t❤❡ ❝♦rr❡•❛t✐♦♥ •❡♥❣t❤✱ ♠❛❦✐♥❣ ✐♥❢❡r❡♥❝❡ ♦♥ t❤❡ ❞❡♣❡♥❞❡♥❝❡ str✉❝t✉r❡ ✈❡r② ❞✐✣❝✉•t✳ ❲❡ s❡❡ t❤❛t✱ ❢♦r ǫ = 0✱ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ✐s s❡✈❡r❛• ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ •❛r❣❡r t❤❛♥ ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ℓ ✐♥ ✜❣✉r❡ ✻✱ ✇❤❡r❡ ℓ 0 ❤❛s t❤❡ s❛♠❡ ✈❛•✉❡✳ ■♥❞❡❡❞✱ ✐♥ t❤❡ ▼❛tér♥ ♠♦❞❡•✱ ν ✐s ❛ s♠♦♦t❤♥❡ss ♣❛r❛♠❡t❡r✱ ❛♥❞ ✐ts ❡st✐♠❛t✐♦♥ ✐s ✈❡r② s❡♥s✐t✐✈❡ t♦ t❤❡ ❛❜s❡♥❝❡ ♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ✇✐t❤ s♠❛•• s♣❛❝✐♥❣✳ ❲❡ ♦❜s❡r✈❡✱ ❛s ❞✐s❝✉ss❡❞ ✐♥ ✜❣✉r❡ ✸✱ t❤❛t ❢♦r ǫ ∈ [0, 0.2]✱ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ✐♥❝r❡❛s❡s ✇✐t❤ ǫ ❜❡❝❛✉s❡ ♣❛✐rs ♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ❝❛♥ r❡❛❝❤ t❤❡ st❛t❡ ✇❤❡r❡ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♦❢ t❤❡ t✇♦ ♦❜s❡r✈❛t✐♦♥s ✐s ❛•♠♦st ✐♥❞❡♣❡♥❞❡♥t ♦❢ ν✳ ❋♦r ǫ ∈ [0.2, 0.5)✱ ❛ t❤r❡s❤♦•❞ ✐s r❡❛❝❤❡❞ ✇❤❡r❡ ♣❛✐rs ♦❢ s✉❜s❡q✉❡♥t•② ❞❡♣❡♥❞❡♥t ♦❜s❡r✈❛t✐♦♥s st❛rt t♦ ❛♣♣❡❛r✱ ❣r❡❛t•② r❡❞✉❝✐♥❣ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ν✳
❋✐❣✉r❡ ✾✿ ❙❛♠❡ s❡tt✐♥❣ ❛s ✐♥ ✜❣✉r❡ ✻ ❜✉t ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ν ❛♥❞ ✇✐t❤ ℓ 0 = 0.7 ❛♥❞ ν 0 = 2.5✳ ❖♥ ✜❣✉r❡ ✾✱ ✇❡ s❤♦✇ t❤❡ ♥✉♠❡r✐❝❛• r❡s✉•ts ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ν ✇✐t❤ (ℓ 0 = 0.7, ν 0 = 2.5)✳ ❚❤❡ ♥✉♠❡r✐❝❛• r❡s✉•ts ❛r❡ s✐♠✐•❛r ❢♦r ▼▲ ❛♥❞ ❈❱✳ ❙✐♠✐•❛r•② t♦ ✜❣✉r❡ ✽✱ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ✐s ✈❡r② •❛r❣❡✱ ❜❡❝❛✉s❡ t❤❡ ♦❜s❡r✈❛t✐♦♥s ❛r❡ ❛•♠♦st ✐♥❞❡♣❡♥❞❡♥t✳ ❋♦r ǫ = 0✱ ✐t ✐s ❡✈❡♥ •❛r❣❡r t❤❛♥ ✐♥ ✜❣✉r❡ ✻ ❜❡❝❛✉s❡ ✇❡ ❛r❡ ✐♥ t❤❡ st❛t❡ ✇❤❡r❡ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ s✉❝❝❡ss✐✈❡ ♦❜s❡r✈❛t✐♦♥s ✐s ❛•♠♦st ✐♥❞❡♣❡♥❞❡♥t ♦❢ ν✳ ❆s ❛♥ ✐••✉str❛t✐♦♥✱ ❢♦r ℓ = 0.7 ❛♥❞ ν = 2.5✱ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤✐s ❝♦✈❛r✐❛♥❝❡ ✇✐t❤ r❡s♣❡❝t t♦ ν ✐s -1.3 × 10 -3 ❢♦r ❛ ✈❛•✉❡ ♦❢ 0.13 ✭1% r❡•❛t✐✈❡ ✈❛r✐❛t✐♦♥✮✱ ✇❤✐•❡ ❢♦r ℓ = 0.5 ❛♥❞ ν = 2.5✱ t❤✐s ❞❡r✐✈❛t✐✈❡ ✐s -5 × 10 -3 ❢♦r ❛ ✈❛•✉❡ ♦❢ 0.037 ✭13% r❡•❛t✐✈❡ ✈❛r✐❛t✐♦♥✮✳ ❍❡♥❝❡✱ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ✐s ❣•♦❜❛••② ❞❡❝r❡❛s✐♥❣ ✇✐t❤ ǫ ❛♥❞ t❤❡ ❞❡❝r❡❛s❡ ✐s ✈❡r② str♦♥❣ ❢♦r s♠❛•• ǫ✳ ❚❤❡ ✈❛r✐❛♥❝❡ ✐s s❡✈❡r❛• ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ s♠❛••❡r ❢♦r •❛r❣❡ ǫ✱ ✇❤❡r❡ ♣❛✐rs ♦❢ ❞❡♣❡♥❞❡♥t ♦❜s❡r✈❛t✐♦♥s st❛rt t♦ ❛♣♣❡❛r✳ ❖♥ ✜❣✉r❡ ✶✵✱ ✇❡ s❤♦✇ t❤❡ ♥✉♠❡r✐❝❛• r❡s✉•ts ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ν ✇✐t❤ (ℓ 0 = 2.7, ν 0 = 2.5)✳ ❋♦r ❜♦t❤ ▼▲ ❛♥❞ ❈❱✱ t❤❡r❡ ✐s ❛ ❣•♦❜❛• ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ✇✐t❤ t❤❡ ✐rr❡❣✉•❛r✐t② ♦❢ t❤❡ s♣❛t✐❛• s❛♠♣•✐♥❣✳ ▼♦r❡♦✈❡r✱ t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ▼▲ ♦✈❡r ❈❱ ❢♦r t❤❡ ❡st✐♠❛t✐♦♥✱ ✐s ❜② ❛ ❢❛❝t♦r s❡✈❡♥✱ ❝♦♥tr❛r② t♦ ✜❣✉r❡s ✽ ❛♥❞ ✾✱ ✇❤❡r❡ t❤✐s ❢❛❝t♦r ✇❛s ❝•♦s❡ t♦ ♦♥❡✳ ✹✳✹✳ ❊st✐♠❛t✐♥❣ ❜♦t❤ t❤❡ ❝♦rr❡•❛t✐♦♥ •❡♥❣t❤ ❛♥❞ t❤❡ s♠♦♦t❤♥❡ss ♣❛r❛♠❡t❡r ■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✹✳✹✱ t❤❡ ❝❛s❡ ♦❢ t❤❡ •♦✐♥t ❡st✐♠❛t✐♦♥ ♦❢ ℓ ❛♥❞ ν ✐s ❛❞❞r❡ss❡❞✳ ❲❡ ❞❡♥♦t❡✱ ❢♦r ▼▲ ❛♥❞ ❈❱✱ V ℓ ✱ V ν ❛♥❞ C ℓ,ν ✱ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡s ♦❢ √ n l ❛♥❞ √ nν ❛♥❞ t❤❡ ❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ♦❢ √ n l ❛♥❞ √ nν ✭♣r♦♣♦s✐t✐♦♥s ✸✳✷ ❛♥❞ ✸✳✻✮✳ ❙✐♥❝❡ ✇❡ ❤❡r❡ ❛❞❞r❡ss 2 × 2 ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s✱ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ✐rr❡❣✉•❛r✐t② ♣❛r❛♠❡t❡r ǫ ♦♥ t❤❡ ❡st✐♠❛t✐♦♥ ✐s ♥♦✇ ♠♦r❡ ❝♦♠♣•❡① t♦ ❛ss❡ss✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥❝r❡❛s✐♥❣ ǫ ❝♦✉•❞ ✐♥❝r❡❛s❡ V ℓ ❛♥❞ ❛t t❤❡ s❛♠❡ t✐♠❡ ❞❡❝r❡❛s❡ V ν ✳ ❚❤✉s✱ ✐t ✐s ❞❡s✐r❛❜•❡ t♦ ❜✉✐•❞ s❝❛•❛r ❝r✐t❡r✐❛✱ ❞❡✜♥❡❞ ✐♥ t❡r♠s ♦❢ V ℓ ✱ V ν ❛♥❞ C ℓ,ν ✱ ♠❡❛s✉r✐♥❣ t❤❡ q✉❛•✐t② ♦❢ t❤❡ ❡st✐♠❛t✐♦♥✳ ■♥ ❬✹✵(✱ t❤❡ ❝r✐t❡r✐♦♥ ✉s❡❞ ✐s t❤❡ ❛✈❡r❛❣❡✱ ♦✈❡r ❛ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ♦♥ (ℓ 0 , ν 0 )✱ ♦❢ log (V ℓ V ν -C 2 ℓ,ν )✱ t❤❛t ✐s t❤❡ ❛✈❡r❛❣❡❞ •♦❣❛r✐t❤♠ ♦❢ t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✳ ❚❤✐s ❝r✐t❡r✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ D✲♦♣t✐♠❛•✐t② ✐♥ st❛♥❞❛r❞ •✐♥❡❛r r❡❣r❡ss✐♦♥ ✇✐t❤ ✉♥❝♦rr❡•❛t❡❞ ❡rr♦rs✱ ❛s ♥♦t❡❞ ✐♥ ❬✹✵(✳ ■♥ ♦✉r ❝❛s❡✱ ✇❡ ❦♥♦✇ t❤❡ tr✉❡ (ℓ 0 , ν 0 )✱ s♦ t❤❛t t❤❡ ❇❛②❡s✐❛♥ ❛✈❡r❛❣❡ ✐s ♥♦t ♥❡❡❞❡❞✳ ❚❤❡ ✜rst s❝❛•❛r ❝r✐t❡r✐♦♥ ✇❡ st✉❞② ✐s t❤✉s D ℓ,ν := V ℓ V ν -C 2 ℓ,ν ✳ ❚❤✐s ❝r✐t❡r✐♦♥ ✐s ✐♥t❡r♣r❡t❡❞ ❛s ❛ ❣❡♥❡r❛• ♦❜•❡❝t✐✈❡✲❢r❡❡ ❡st✐♠❛t✐♦♥ ❝r✐t❡r✐♦♥✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ♦♥ ❑r✐❣✐♥❣ ♣r❡❞✐❝t✐♦♥s t❤❛t ✇♦✉•❞ ❜❡ ♠❛❞❡ ❛❢t❡r✇❛r❞✱ ♦♥ ♥❡✇ ✐♥♣✉t ♣♦✐♥ts✱ ✐s ♥♦t ❞✐r❡❝t•② ❛❞❞r❡ss❡❞ ✐♥ D ℓ,
❋✐❣✉r❡ ✶✵✿ ❙❛♠❡ s❡tt✐♥❣ ❛s ✐♥ ✜❣✉r❡ ✻ ❜✉t ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ν ❛♥❞ ✇✐t❤ ℓ 0 = 2.7 ❛♥❞ ν 0 = 2.5✳ ❖♥❡ ❝♦✉•❞ ❜✉✐•❞ ♦t❤❡r s❝❛•❛r ❝r✐t❡r✐❛✱ ❡①♣•✐❝✐t•② ❛❞❞r❡ss✐♥❣ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ❡st✐♠❛t✐♦♥ ❡rr♦r✱ ♦♥ t❤❡ q✉❛•✐t② ♦❢ t❤❡ ❑r✐❣✐♥❣ ♣r❡❞✐❝t✐♦♥s t❤❛t ❛r❡ ♠❛❞❡ ❛❢t❡r✇❛r❞✳ ■♥ ❬✹✵(✱ t❤❡ ❝r✐t❡r✐♦♥ st✉❞✐❡❞ ❢♦r t❤❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r ✐s t❤❡ ✐♥t❡❣r❛• ♦✈❡r t❤❡ ♣r❡❞✐❝t✐♦♥ ❞♦♠❛✐♥ ♦❢ E Ŷθ0 (t) -Ŷθ (t) 2 ✱ ✇❤❡r❡ Ŷθ (t) ✐s t❤❡ ♣r❡❞✐❝t✐♦♥ ♦❢ Y (t)✱ ❢r♦♠ t❤❡ ♦❜s❡r✈❛t✐♦♥ ✈❡❝t♦r✱ ❛♥❞ ✉♥❞❡r ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ K θ ✳ ❚❤✐s ❝r✐t❡r✐♦♥ ✐s t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ ✐♥t❡❣r❛t❡❞ ♣r❡❞✐❝t✐♦♥ ♠❡❛♥ sq✉❛r❡ ❡rr♦r✱ ❜❡t✇❡❡♥ t❤❡ ❡st✐♠❛t❡❞ ❛♥❞ tr✉❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥s✳ ■♥ ❬✷( ❛♥❞ ✐♥ ❬✹✵(✱ t✇♦ ❞✐✛❡r❡♥t ❛s②♠♣t♦t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤✐s ❝r✐t❡r✐♦♥ ❛r❡ st✉❞✐❡❞✳ ■♥ ❬✹✵(✱ ❛♥♦t❤❡r ❝r✐t❡r✐♦♥✱ ❢♦❝✉s✐♥❣ ♦♥ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❑r✐❣✐♥❣ ♣r❡❞✐❝t✐✈❡ ✈❛r✐❛♥❝❡s ❜✉✐•t ❢r♦♠ θ✱ ✐s ❛•s♦ tr❡❛t❡❞✱ t♦❣❡t❤❡r ✇✐t❤ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ❛s②♠♣t♦t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥✳ ■♥ ❬✺(✱ ❛ ❝r✐t❡r✐♦♥ ❢♦r t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❑r✐❣✐♥❣ ♣r❡❞✐❝t✐✈❡ ✈❛r✐❛♥❝❡s✱ ♦❜t❛✐♥❡❞ ❢r♦♠ ❛♥ ❡st✐♠❛t♦r ♦❢ t❤❡ ✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r✱ ✐s st✉❞✐❡❞✱ ✇❤❡♥ t❤❡ ❝♦rr❡•❛t✐♦♥ ❢✉♥❝t✐♦♥ ✐s ✜①❡❞ ❛♥❞ ♠✐ss♣❡❝✐✜❡❞✳ ❙✐♥❝❡ ✇❡ s♣❡❝✐✜❝❛••② ❛❞❞r❡ss t❤❡ ❝❛s❡ ♦❢ ❑r✐❣✐♥❣ ♣r❡❞✐❝t✐♦♥ ✐♥ t❤❡ ❛s②♠♣t♦t✐❝ ❢r❛♠❡✇♦r❦ ❛❞❞r❡ss❡❞ ❤❡r❡ ✐♥ s❡❝t✐♦♥ ✺✳✷✱ ✇❡ r❡❢❡r t♦ ❬✷✱ ✹✵✱ ✺( ❢♦r ❞❡t❛✐•s ♦♥ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❝r✐t❡r✐❛✳ ■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✹✳✹✱ ✇❡ st✉❞② t❤❡ ❡st✐♠❛t✐♦♥ ❝r✐t❡r✐❛ V ℓ ✱ V ν ✱ C ℓ,ν ❛♥❞ D ℓ,ν ✳ ■♥ ✜❣✉r❡ ✶✶✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ▼▲ ❡st✐♠❛t✐♦♥✱ ✇✐t❤ ✈❛r②✐♥❣ (ℓ 0 , ν 0 )✳ ❲❡ st✉❞② t❤❡ r❛t✐♦ ♦❢ V ℓ ✱ V ν ❛♥❞ D ℓ,ν ✱ ❜❡t✇❡❡♥ ǫ = 0 ❛♥❞ ǫ = 0.45✳ ❲❡ ✜rst ♦❜s❡r✈❡ t❤❛t V ν ✐s ❛•✇❛②s s♠❛••❡r ❢♦r ǫ = 0.45 t❤❛♥ ❢♦r ǫ = 0✱ t❤❛t ✐s t♦ s❛② t❤❡r❡ ✐s ❛♥ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ν ✇❤❡♥ ✉s✐♥❣ ❛ str♦♥❣•② ✐rr❡❣✉•❛r s❛♠♣•✐♥❣✳ ❋♦r V ℓ ✱ t❤✐s ✐s t❤❡ s❛♠❡✱ ❡①❝❡♣t ✐♥ ❛ t❤✐♥ ❜❛♥❞ ❛r♦✉♥❞ ℓ 0 ≈ 0.73✳ ❖✉r ❡①♣•❛♥❛t✐♦♥ ❢♦r t❤✐s ❢❛❝t ✐s t❤❡ s❛♠❡ ❛s ❢♦r ❛ s✐♠✐•❛r s✐♥❣✉•❛r✐t② ✐♥ ✜❣✉r❡ ✸✳ ❋♦r ℓ 0 = 0.73 ❛♥❞ ǫ = 0✱ t❤❡ ❝♦rr❡•❛t✐♦♥ ❜❡t✇❡❡♥ t✇♦ s✉❝❝❡ss✐✈❡ ♣♦✐♥ts ✐s ❛♣♣r♦①✐♠❛t✐✈❡•② ♦♥•② ❛ ❢✉♥❝t✐♦♥ ♦❢ ℓ✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤✐s ❝♦rr❡•❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ν ❛t ℓ = 0.73, ν = 2.5 ✐s -3.7 × 10 -5 ❢♦r ❛ ❝♦rr❡•❛t✐♦♥ ♦❢ 0.15✳ ❚❤✉s✱ t❤❡ ✈❡r② •❛r❣❡ ✉♥❝❡rt❛✐♥t② ♦♥ ν ❤❛s ♥♦ ♥❡❣❛t✐✈❡ ✐♠♣❛❝t ♦♥ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❜r♦✉❣❤t ❜② t❤❡ ♣❛✐rs ♦❢ s✉❝❝❡ss✐✈❡ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ♦♥ ℓ ❢♦r ǫ = 0✳ ❚❤❡s❡ ♣❛✐rs ♦❢ s✉❝❝❡ss✐✈❡ ♣♦✐♥ts ❜r✐♥❣ ♠♦st ♦❢ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥✱ s✐♥❝❡ ℓ 0 ✐s s♠❛••✳ ❲❤❡♥ ǫ = 0.45✱ t❤✐s ❢❛✈♦r❛❜•❡ ❝❛s❡ ✐s ❜r♦❦❡♥ ❜② t❤❡ r❛♥❞♦♠ ♣❡rt✉r❜❛t✐♦♥s✱ ❛♥❞ t❤❡ •❛r❣❡ ✉♥❝❡rt❛✐♥t② ♦♥ ν ❤❛s ❛ ♥❡❣❛t✐✈❡ ✐♠♣❛❝t ♦♥ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ℓ✱ ❡✈❡♥ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♣❛✐rs ♦❢ s✉❝❝❡ss✐✈❡ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts✳ ◆❡✈❡rt❤❡•❡ss✱ ✐♥ t❤❡ ❜❛♥❞ ❛r♦✉♥❞ ℓ 0 ≈ 0.73✱ ✇❤❡♥ ❣♦✐♥❣ ❢r♦♠ ǫ = 0 t♦ ǫ = 0.45✱ t❤❡ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ν ✐s ♠✉❝❤ str♦♥❣❡r t❤❛♥ t❤❡ ❞❡❣r❛❞❛t✐♦♥ ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ℓ✳ ❚❤✐s ✐s ❝♦♥✜r♠❡❞ ❜② t❤❡ ♣•♦t ♦❢ D ℓ,ν ✱ ✇❤✐❝❤ ❛•✇❛②s ❞❡❝r❡❛s❡s ✇❤❡♥ ❣♦✐♥❣ ❢r♦♠ ǫ = 0 t♦ ✶✼ 0.5 1.0 1.5 2.0 2.
❋✐❣✉r❡ ✶✶✿ ❋♦r ▼▲✱ ♣•♦t ♦❢ t❤❡ r❛t✐♦✱ ❜❡t✇❡❡♥ ǫ = 0 ❛♥❞ ǫ = 0.45✱ ♦❢ V ℓ ✭•❡❢t✮✱ Vν ✭❝❡♥t❡r✮ ❛♥❞ D ℓ,ν ✭r✐❣❤t✮✳ ❚❤❡ tr✉❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ✐s ▼❛tér♥ ✇✐t❤ ✈❛r②✐♥❣ ℓ 0 ❛♥❞ ν 0 ✳ ❲❡ •♦✐♥t•② ❡st✐♠❛t❡ ℓ ❛♥❞ ν✳ ❲❡ r❡t❛✐♥ t❤❡ ♣❛rt✐❝✉•❛r ♣♦✐♥t (ℓ 0 = 0.73, ν 0 = 2.5) ❢♦r ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥ ❜❡•♦✇ ✐♥ t❤✐s s✉❜s❡❝t✐♦♥ ✹✳✹✳
❋✐❣✉r❡ ✶✷✿ ❙❛♠❡ s❡tt✐♥❣ ❛s ✐♥ ✜❣✉r❡ ✶✶ ❜✉t ❢♦r ❈❱✳ ❲❡ r❡t❛✐♥ t❤❡ ♣❛rt✐❝✉•❛r ♣♦✐♥t (ℓ 0 = 1.7, ν 0 = 5) ❢♦r ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥ ❜❡•♦✇ ✐♥ t❤✐s s✉❜s❡❝t✐♦♥ ✹✳✹✳ ǫ = 0.45✳ ❚❤✉s✱ ✇❡ ❝♦♥✜r♠ ♦✉r ❣•♦❜❛• ❝♦♥❝•✉s✐♦♥ ♦❢ s✉❜s❡❝t✐♦♥ ✹✳✸✿ str♦♥❣ ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ r❡❣✉•❛r ❣r✐❞ ❝r❡❛t❡ ♣❛✐rs ♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ✇✐t❤ s♠❛•• s♣❛❝✐♥❣✱ ✇❤✐❝❤ ✐s ❛•✇❛②s ❜❡♥❡✜❝✐❛• ❢♦r ▼▲ ✐♥ t❤❡ ❝❛s❡s ✇❡ ❛❞❞r❡ss✳ ❋✐♥❛••②✱ ♥♦t✐❝❡ t❤❛t ✇❡ ❤❛✈❡ ❞✐s❝✉ss❡❞ ❛ ❝❛s❡ ✇❤❡r❡ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ❛ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r ✐s ❞❡❣r❛❞❡❞✱ ✇❤✐•❡ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ♦t❤❡r ♦♥❡ ✐s ✐♠♣r♦✈❡❞✳ ❚❤✐s •✉st✐✜❡s t❤❡ ✉s❡ ♦❢ s❝❛•❛r ❝r✐t❡r✐❛ ♦❢ t❤❡ ❡st✐♠❛t✐♦♥✱ s✉❝❤ ❛s D ℓ,ν ✱ ♦r t❤❡ ♦♥❡s r❡•❛t❡❞ ✇✐t❤ ♣r❡❞✐❝t✐♦♥ ❞✐s❝✉ss❡❞ ❛❜♦✈❡✳ ❲❡ r❡t❛✐♥ t❤❡ ♣❛rt✐❝✉•❛r ♣♦✐♥t (ℓ 0 = 0.73, ν 0 = 2.5)✱ t❤❛t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ ❣♦✐♥❣ ❢r♦♠ ǫ = 0 t♦ ǫ = 0.45 ❞❡❝r❡❛s❡s V ν ❛♥❞ ✐♥❝r❡❛s❡s V ℓ ✱ ❢♦r ❢✉rt❤❡r ❣•♦❜❛• ✐♥✈❡st✐❣❛t✐♦♥ ✐♥ ✜❣✉r❡ ✶✸✳ ■♥ ✜❣✉r❡ ✶✷✱ ✇❡ ❛❞❞r❡ss t❤❡ s❛♠❡ s❡tt✐♥❣ ❛s ✐♥ ✜❣✉r❡ ✶✶✱ ❜✉t ❢♦r t❤❡ ❈❱ ❡st✐♠❛t✐♦♥✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ❣♦✐♥❣ ❢r♦♠ ǫ = 0 t♦ ǫ = 0.45 ❝❛♥ ✐♥❝r❡❛s❡ D ℓ,ν ✳ ❚❤✐s ✐s ❛ ❝♦♥✜r♠❛t✐♦♥ ♦❢ ✇❤❛t ✇❛s ♦❜s❡r✈❡❞ ✐♥ ✜❣✉r❡ ✹✿ str♦♥❣ ✐rr❡❣✉•❛r✐t✐❡s ♦❢ t❤❡ s♣❛t✐❛• s❛♠♣•✐♥❣ ❝❛♥ ❣•♦❜❛••② ❞❛♠❛❣❡ t❤❡ ❈❱ ❡st✐♠❛t✐♦♥✳ ❚❤❡ •✉st✐✜❝❛t✐♦♥ ✐s t❤❡ s❛♠❡ ❛s ❜❡❢♦r❡✿ t❤❡ ▲❖❖ ❡rr♦r ✈❛r✐❛♥❝❡s ❜❡❝♦♠❡ ❤❡t❡r♦❣❡♥❡♦✉s ✇❤❡♥ t❤❡ r❡❣✉•❛r ❣r✐❞ ✐s ♣❡rt✉r❜❡❞✳ ❲❡ ❛•s♦ ♦❜s❡r✈❡ ❛♥ ❤②❜r✐❞ ❝❛s❡✱ ✐♥ ✇❤✐❝❤ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ℓ ❛♥❞ ν ✐s ✐♠♣r♦✈❡❞ ❜② t❤❡ ✐rr❡❣✉•❛r✐t②✱ ❜✉t t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡✐r ❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✐♥❝r❡❛s❡s✱ ❜❡❝❛✉s❡ t❤❡ ❛❜s♦•✉t❡ ✈❛•✉❡ ♦❢ t❤❡✐r ❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ❞❡❝r❡❛s❡s✳ ❚❤✐s ❝❛s❡ ❤❛♣♣❡♥s ❢♦r ✐♥st❛♥❝❡ ❛r♦✉♥❞ t❤❡ ♣♦✐♥t (ℓ 0 = 1.7, ν 0 = 5)✱ t❤❛t ✇❡ r❡t❛✐♥ ❢♦r ❛ ❢✉rt❤❡r ❣•♦❜❛• ✐♥✈❡st✐❣❛t✐♦♥ ✐♥ ✜❣✉r❡ ✶✹✳ ■♥ ✜❣✉r❡ ✶✸✱ ❢♦r ℓ 0 = 0.73, ν 0 = 2.5 ❛♥❞ ❢♦r ▼▲✱ ✇❡ ♣•♦t V ℓ ✱ V ν ❛♥❞ D ℓ,ν ✇✐t❤ r❡s♣❡❝t t♦ ǫ✱ ❢♦r ǫ ∈ [0, 0.45]✳ ❲❡ ❝♦♥✜r♠ t❤❛t ✇❤❡♥ ǫ ✐♥❝r❡❛s❡s✱ t❤❡ ❞❡❝r❡❛s❡ ♦❢ V ν ✐s ♠✉❝❤ str♦♥❣❡r t❤❛♥ t❤❡ ✐♥❝r❡❛s❡ ♦❢ V ℓ ✳ ❆s ❛ r❡s✉•t✱ t❤❡r❡ ✐s ❛ str♦♥❣ ❞❡❝r❡❛s❡ ♦❢ D ℓ,ν ✳ ❚❤✐s ✐s ❛ ❝♦♥✜r♠❛t✐♦♥ ♦❢ ♦
❋✐❣✉r❡ ✶✸✿ ❏♦✐♥t ❡st✐♠❛t✐♦♥ ♦❢ ℓ ❛♥❞ ν ❜② ▼▲✳ ℓ 0 = 0.73 ❛♥❞ ν 0 = 2.5✳ P•♦t ♦❢ V ℓ ✭•❡❢t✮✱ Vν ✭❝❡♥t❡r✮ ❛♥❞ D ℓ,ν ✭r✐❣❤t✮ ✇✐t❤ r❡s♣❡❝t t♦ ǫ✳ ♠❛✐♥ ❝♦♥❝•✉s✐♦♥ ♦♥ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ s♣❛t✐❛• s❛♠♣•✐♥❣ ♦♥ t❤❡ ❡st✐♠❛t✐♦♥✿ ✉s✐♥❣ ♣❛✐rs ♦❢ ❝•♦s❡•② s♣❛❝❡❞ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ✐♠♣r♦✈❡s t❤❡ ▼▲ ❡st✐♠❛t✐♦♥✳ ■♥ ✜❣✉r❡ ✶✹✱ ❢♦r ℓ 0 = 1.7, ν 0 = 5 ❛♥❞ ❢♦r ❈❱✱ ✇❡ ♣•♦t V ℓ ✱ V ν ✱ C ℓ,ν ❛♥❞ D ℓ,ν ✇✐t❤ r❡s♣❡❝t t♦ ǫ✱ ❢♦r ǫ ∈ [0, 0.45]✳ ❲❡ ♦❜s❡r✈❡ t❤❡ ♣❛rt✐❝✉•❛r ❝❛s❡ ♠❡♥t✐♦♥❡❞ ✐♥ ✜❣✉r❡ ✶✷✱ ✐♥ ✇❤✐❝❤ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ℓ ❛♥❞ ν ✐s ✐♠♣r♦✈❡❞ ❜② t❤❡ ✐rr❡❣✉•❛r✐t②✱ ❜✉t t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡✐r ❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✐♥❝r❡❛s❡s✱ ❜❡❝❛✉s❡ t❤❡ ❛❜s♦•✉t❡ ✈❛•✉❡ ♦❢ t❤❡✐r ❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ❞❡❝r❡❛s❡s✳ ❚❤✐s ♣❛rt✐❝✉•❛r ❝❛s❡ ✐s ❛❣❛✐♥ ❛ ❝♦♥✜r♠❛t✐♦♥ t❤❛t t❤❡ ❝r✐t❡r✐❛ V ℓ ❛♥❞ V ν ❝❛♥ ❜❡ ✐♥s✉✣❝✐❡♥t ❢♦r ❡✈❛•✉❛t✐♥❣ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ✐rr❡❣✉•❛r✐t② ♦♥ t❤❡ ❡st✐♠❛t✐♦♥✱ ✐♥ ❛ ❝❛s❡ ♦❢ •♦✐♥t ❡st✐♠❛t✐♦♥✳ ✹✳✺✳ ❉✐s❝✉ss✐♦♥ ❲❡ ❤❛✈❡ s❡❡♥ t❤❛t •♦❝❛• ♣❡rt✉r❜❛t✐♦♥s ♦❢
♥ ✭✸✮✱ ✐♥❝r❡❛s✐♥❣ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❈❱ ❡st✐♠❛t♦r ♠✐♥✐♠✐③✐♥❣ t❤❡✐r s✉♠ ♦❢ sq✉❛r❡s✳ ❖✉r ♠❛✐♥ ❝♦♥❝•✉s✐♦♥ ✐s t❤❛t str♦♥❣ ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ r❡❣✉•❛r ❣r✐❞ ✭ǫ = 0.45✮ ❛r❡ ❜❡♥❡✜❝✐❛• t♦ t❤❡ ▼▲ ❡st✐♠❛t✐♦♥ ✐♥ ❛•• t❤❡ ❝❛s❡s ✇❡ ❤❛✈❡ ❛❞❞r❡ss❡❞ ✭✜❣✉r❡s ✹✱ ✺✱ ✶✶✮✳ ❋✉rt❤❡r♠♦r❡✱ ▼▲ ✐s s❤♦✇♥ t♦ ❜❡ t❤❡ ♣r❡❢❡r❛❜•❡ ❡st✐♠❛t♦r ✐♥ t❤❡ ✇❡••✲s♣❡❝✐✜❡❞ ❝❛s❡ ❛❞❞r❡ss❡❞ ❤❡r❡✳ ❚❤✐s ♠❛✐♥ r❡s✉•t ✐s ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ r❡❢❡r❡♥❝❡s ❬✸✶✱ ✹✵✱ ✶✶( ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✶✳ ❚❤❡ ❣•♦❜❛• ❝♦♥❝•✉s✐♦♥ ✐s t❤❛t ✉s✐♥❣ ❣r♦✉♣s ♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ✇✐t❤ s♠❛•• s♣❛❝✐♥❣✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥t ❞❡♥s✐t② ✐♥ t❤❡ ♣r❡❞✐❝t✐♦♥ ❞♦♠❛✐♥✱ ✐s ❜❡♥❡✜❝✐❛• ❢♦r ❡st✐♠❛t✐♦♥✳ ◆♦t✐❝❡ ❛•s♦ t❤❛t✱ ✐♥ t❤❡ r❡❢❡r❡♥❝❡ ❬✺( ❛❞❞r❡ss✐♥❣ t❤❡ ♠✐ss♣❡❝✐✜❡❞ ❝❛s❡✱ ✐t ✐s s❤♦✇♥ t❤❛t ✉s✐♥❣ ❛ s♣❛rs❡ r❡❣✉•❛r ❣r✐❞ ♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts✱ ❝♦♠♣❛r❡❞ t♦ ❛ s❛♠♣•✐♥❣ ✇✐t❤ iid ✉♥✐❢♦r♠ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts✱ str♦♥❣•② ❞❛♠❛❣❡s t❤❡ ❈❱ ❡st✐♠❛t✐♦♥✱ ❛♥❞ ❤❛s ❝♦♥s✐❞❡r❛❜•② •❡ss ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ▼▲ ❡st✐♠❛t✐♦♥✳ ❚❤✐s r❡s✉•t ✐s ❛•s♦ ❛♥ ❛r❣✉♠❡♥t ❛❣❛✐♥st ✉s✐♥❣ ♦♥•② ❡✈❡♥•② s♣❛❝❡❞ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts✱ ❢r♦♠ ❛♥ ❡st✐♠❛t✐♦♥ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ✺✳ ❆♥❛•②s✐s ♦❢ t❤❡ ❑r✐❣✐♥❣ ♣r❡❞✐❝t✐♦♥ ❚❤❡ ❛s②♠♣t♦t✐❝ ❛♥❛•②s✐s ♦❢ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ s♣❛t✐❛• s❛♠♣•✐♥❣ ♦♥ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ❜❡✐♥❣ ❝♦♠♣•❡t❡✱ ✇❡ ♥♦✇ ❛❞❞r❡ss t❤❡ ❝❛s❡ ♦❢ t❤❡ ❑r✐❣✐♥❣ ♣r❡❞✐❝t✐♦♥ ❡rr♦r✱ ❛♥❞ ✐ts ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ❡st✐♠❛t✐♦♥✳ ■♥ s❤♦rt ✇♦r❞s✱ ✇❡ st✉❞② ❑r✐❣✐♥❣ ♣r❡❞✐❝t✐♦♥ ✇✐t❤ ❡st✐♠❛t❡❞ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs ❬✸✶(✳ ■♥ s✉❜s❡❝t✐♦♥ ✺✳✶✱ ✇❡ s❤♦✇ t❤❛t ❛♥② ✜①❡❞✱ ❝♦♥st❛♥t✱ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ❡rr♦r ❤❛s ❛ ♥♦♥✲ ③❡r♦ ❛s②♠♣t♦t✐❝ ✐♠♣❛❝t ♦♥ t❤❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r✳ ❚❤✐s ❢❛❝t ✐s ✐♥t❡r❡st✐♥❣ ✐♥ t❤❛t t❤❡ ❝♦♥❝•✉s✐♦♥ ✐s ❞✐✛❡r❡♥t ✐♥ ❛ ✜①❡❞✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝ ❝♦♥t❡①t✱ ❢♦r ✇❤✐❝❤ ✇❡ ❤❛✈❡ ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✶ t❤❛t t❤❡r❡ ❡①✐st ♥♦♥✲♠✐❝r♦❡r❣♦❞✐❝ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs t❤❛t ❤❛✈❡ ♥♦ ❛s②♠♣t♦t✐❝ ✐♥✢✉❡♥❝❡ ♦♥ ✶✾ -0.
❋✐❣✉r❡ ✶✹✿ ❏♦✐♥t ❡st✐♠❛t✐♦♥ ♦❢ ℓ ❛♥❞ ν ❜② ❈❱✳ ℓ 0 = 1.7 ❛♥❞ ν 0 = 5✳ P•♦t ♦❢ V ℓ ✭t♦♣✲•❡❢t✮✱ Vν ✭t♦♣✲r✐❣❤t✮✱ C ℓ,ν ✭❜♦tt♦♠✲•❡❢t✮ ❛♥❞ D ℓ,ν ✭❜♦tt♦♠✲r✐❣❤t✮ ✇✐t❤ r❡s♣❡❝t t♦ ǫ✳ ✷✵ ♣r❡❞✐❝t✐♦♥✳ ■♥ s✉❜s❡❝t✐♦♥ ✺✳✷✱ ✇❡ s❤♦✇ t❤❛t✱ ✐♥ t❤❡ ❡①♣❛♥s✐♦♥✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝ ❝♦♥t❡①t ✇❡ ❛❞❞r❡ss✱ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❤❛s✱ ❤♦✇❡✈❡r✱ ♥♦ ✐♠♣❛❝t ♦♥ t❤❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r✱ ❛s •♦♥❣ ❛s ✐t ✐s ❝♦♥s✐st❡♥t✳ ❚❤✉s✱ t❤❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r ✐s ❛ ♥❡✇ ❝r✐t❡r✐♦♥ ❢♦r t❤❡ s♣❛t✐❛• s❛♠♣•✐♥❣✱ t❤❛t ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ❝r✐t❡r✐❛ ✇❡ ❛❞❞r❡ss ✐♥ s❡❝t✐♦♥ ✹✳ ■♥ s✉❜s❡❝t✐♦♥ ✺✳✸✱ ✇❡ st✉❞② ♥✉♠❡r✐❝❛••②✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ▼❛tér♥ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥✱ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ r❡❣✉•❛r✐t② ♣❛r❛♠❡t❡r ǫ ♦♥ t❤❡ ♠❡❛♥ sq✉❛r❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r ♦♥ t❤❡ ♣r❡❞✐❝t✐♦♥ ❞♦♠❛✐♥✳ ✺✳✶✳ ■♥✢✉❡♥❝❡ ♦❢ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r ♠✐ss♣❡❝✐✜❝❛t✐♦♥ ♦♥ ♣r❡❞✐❝t✐♦♥ ■♥ ♣r♦♣♦s✐t✐♦♥ ✺✳✶✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ♠✐ss♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❝♦rr❡•❛t✐♦♥ ♣❛r❛♠❡t❡rs ❤❛s ❛♥ ❛s②♠♣✲ t♦t✐❝ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦rs✳ ■♥❞❡❡❞✱ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ▲❡❛✈❡✲❖♥❡✲❖✉t ♠❡❛♥ sq✉❛r❡ ❡rr♦rs✱ ❜❡t✇❡❡♥ ✐♥❝♦rr❡❝t ❛♥❞ ❝♦rr❡❝t ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs✱ ✐s •♦✇❡r ❛♥❞ ✉♣♣❡r ❜♦✉♥❞❡❞ ❜② ✜♥✐t❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts t✐♠❡s t❤❡ ✐♥t❡❣r❛t❡❞ sq✉❛r❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❝♦rr❡•❛t✐♦♥ ❢✉♥❝t✐♦♥s✳ Pr♦♣♦s✐t✐♦♥ ✺✳✶✳ ❆ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✷✳✶ ✐s s❛t✐s✜❡❞ ❛♥❞ t❤❛t ❢♦r ❛•• θ ∈ Θ✱ K θ (0) = 1✳ ▲❡t✱ ❢♦r 1 ≤ i ≤ n✱ ŷi,θ (y -i ) := E θ|X (y i |y 1 , ..., y i-1 , y i+1 , ..., y n ) ❜❡ t❤❡ ❑r✐❣✐♥❣ ▲❡❛✈❡✲❖♥❡✲ ❖✉t ♣r❡❞✐❝t✐♦♥ ♦❢ y i ✇✐t❤ ❝♦✈❛r✐❛♥❝❡✲♣❛r❛♠❡t❡r θ✳ ❲❡ t❤❡♥ ❞❡♥♦t❡ D p (θ, θ 0 ) := E 1 n n i=1 {y i -ŷi,θ (y -i )} 2 -E 1 n n i=1 {y i -ŷi,θ0 (y -i )} 2 . ❚❤❡♥ t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts 0 < A < B < +∞ s♦ t❤❛t✱ ❢♦r ǫ = 0✱ A v∈Z d {K θ (v) -K θ0 (v)} 2 ≤ lim n→+∞ D p (θ, θ 0 ) ❛♥❞ lim n→+∞ D p (θ, θ 0 ) ≤ B v∈Z d {K θ (v) -K θ0 (v)} 2 . ❋♦r ǫ = 0✱ ✇❡ ❞❡♥♦t❡ D ǫ = ∪ v∈Z d \0 (v + ǫC S X )✱ ✇✐t❤ C S X = {t 1 -t 2 , t 1 ∈ S X , t 2 ∈ S X }✳ ❚❤❡♥ A Dǫ {K θ (t) -K θ0 (t)} 2 dt ≤ lim n→+∞ D p (θ, θ 0 ) ❛♥❞ lim n→+∞ D p (θ, θ 0 ) ≤ B Dǫ {K θ (t) -K θ0 (t)} 2 dt. Pr♦♦❢✳ ❚❤❡ ♠✐♥♦r❛t✐♦♥ ✐s ♣r♦✈❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✸✳✹✳ ❚❤❡ ♠❛•♦r❛t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ✇✐t❤ s✐♠✐•❛r t❡❝❤♥✐q✉❡s✳ ✺✳✷✳ ■♥✢✉❡♥❝❡ ♦❢ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ♦♥ ♣r❡❞✐❝t✐♦♥ ■♥ ♣r♦♣♦s✐t✐♦♥ ✺✳✷✱ ♣r♦✈❡❞ ✐♥ s❡❝t✐♦♥ ❆♣♣❡♥❞✐① ❈✱ ✇❡ ❛❞❞r❡ss t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ♦♥ ♣r❡❞✐❝t✐♦♥✳ Pr♦♣♦s✐t✐♦♥ ✺✳✷✳ ❆ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✷✳✶ ✐s s❛t✐s✜❡❞ ❛♥❞ t❤❛t t❤❡ •❛✉ss✐❛♥ ♣r♦❝❡ss Y ✱ ✇✐t❤ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ K θ0 (t)✱ ②✐❡•❞s ❛•♠♦st s✉r❡•② ❝♦♥t✐♥✉♦✉s tr❛•❡❝t♦r✐❡s✳ ❆ss✉♠❡ ❛•s♦ t❤❛t ❢♦r ❡✈❡r② θ ∈ Θ✱ 1 ≤ i ≤ p✱ ∂ ∂θi K θ (t) ✐s ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t✳ ▲❡t Ŷθ (t) ❜❡ t❤❡ ❑r✐❣✐♥❣ ♣r❡❞✐❝✲ t✐♦♥ ♦❢ t❤❡ •❛✉ss✐❛♥ ♣r♦❝❡ss Y ❛t t✱ ✉♥❞❡r ❝♦rr❡•❛t✐♦♥ ❢✉♥❝t✐♦♥ K θ ❛♥❞ ❣✐✈❡♥ t❤❡ ♦❜s❡r✈❛t✐♦♥s y 1 , ..., y n ✳ ❋♦r ❛♥② n✱ •❡t N 1,n s♦ t❤❛t N d 1,n ≤ n < (N 1,n + 1) d ✳ ❉❡✜♥❡ E ǫ,θ := 1 N d 1,n [0,N1,n] d Ŷθ (t) -Y (t) 2 dt. ✭✽✮ ❈♦♥s✐❞❡r ❛ ❝♦♥s✐st❡♥t ❡st✐♠❛t♦r θ ♦❢ θ 0 ✳ ❚❤❡♥ |E ǫ,θ0 -E ǫ, θ | = o p (1). ✭✾✮ ❋✉rt❤❡r♠♦r❡✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t A > 0 s♦ t❤❛t ❢♦r ❛•• n✱ E (E ǫ,θ0 ) ≥ A. ✭✶✵✮ ✷✶ ■♥ ♣r♦♣♦s✐t✐♦♥ ✺✳✷✱ t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t t❤❡ •❛✉ss✐❛♥ ♣r♦❝❡ss Y ②✐❡•❞s ❝♦♥t✐♥✉♦✉s tr❛•❡❝t♦r✐❡s ✐s ♥♦t r❡str✐❝t✐✈❡ ✐♥ ♣r❛❝t✐❝❡✱ ❛♥❞ ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ ✉s✐♥❣ ❡✳❣✳ ❬✸(✳ ■♥ ♣r♦♣♦s✐t✐♦♥ ✺✳✷✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ♠❡❛♥ sq✉❛r❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r✱ ♦✈❡r t❤❡ ♦❜s❡r✈❛t✐♦♥ ❞♦♠❛✐♥✱ ✇✐t❤ ❛ ❝♦♥s✐st❡♥t•② ❡st✐♠❛t❡❞ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r✱ ✐s ❛s②♠♣t♦t✐❝❛••② ❡q✉✐✈❛•❡♥t t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡rr♦r ✇❤❡♥ t❤❡ tr✉❡ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r ✐s ❦♥♦✇♥✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ♠❡❛♥ ✈❛•✉❡ ♦❢ t❤✐s ♣r❡❞✐❝t✐♦♥ ❡rr♦r ✇✐t❤ t❤❡ tr✉❡ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r ❞♦❡s ♥♦t ✈❛♥✐s❤ ✇❤❡♥ n → +∞✳ ❚❤✐s ✐s ✐♥t✉✐t✐✈❡ ❜❡❝❛✉s❡ t❤❡ ❞❡♥s✐t② ♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ✐♥ t❤❡ ❞♦♠❛✐♥ ✐s ❝♦♥st❛♥t✳ ❍❡♥❝❡✱ ❡①♣❛♥s✐♦♥✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝s ②✐❡•❞s ❛ s✐t✉❛t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ ❡st✐♠❛t✐♦♥ ❡rr♦r ❣♦❡s t♦ ③❡r♦✱ ❜✉t t❤❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r ❞♦❡s ♥♦t✱ ❜❡❝❛✉s❡ t❤❡ ♣r❡❞✐❝t✐♦♥ ❞♦♠❛✐♥ ✐♥❝r❡❛s❡s ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts✳ ❚❤✉s✱ ✐♥❝r❡❛s✐♥❣✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝ ❝♦♥t❡①t ❡♥❛❜•❡s ✉s t♦ ❛❞❞r❡ss t❤❡ ♣r❡❞✐❝t✐♦♥ ❛♥❞ ❡st✐♠❛t✐♦♥ ♣r♦❜•❡♠s s❡♣❛r❛t❡•②✱ ❛♥❞ t❤❡ ❝♦♥❝•✉s✐♦♥s ♦♥ t❤❡ ❡st✐♠❛t✐♦♥ ♣r♦❜•❡♠ ❛r❡ ❢r✉✐t❢✉•✱ ❛s ✇❡ ❤❛✈❡ s❡❡♥ ✐♥ s❡❝t✐♦♥s ✸ ❛♥❞ ✹✳ ❍♦✇❡✈❡r✱ t❤✐s ❝♦♥t❡①t ❞♦❡s ♥♦t ❡♥❛❜•❡ ✉s t♦ st✉❞② t❤❡♦r❡t✐❝❛••② ❛•• t❤❡ ♣r❛❝t✐❝❛• ❛s♣❡❝ts ♦❢ t❤❡ •♦✐♥t ♣r♦❜•❡♠ ♦❢ ♣r❡❞✐❝t✐♦♥ ✇✐t❤ ❡st✐♠❛t❡❞ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ♠❡t❤♦❞ ♦♥ t❤❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r ✐s ❛s②♠♣t♦t✐❝❛••② ③❡r♦ ✉♥❞❡r t❤✐s t❤❡♦r❡t✐❝❛• ❢r❛♠❡✇♦r❦✱ ❛♥❞ ✉s✐♥❣ ❛ ❝♦♥st❛♥t ♣r♦♣♦rt✐♦♥ ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ❢♦r ❡st✐♠❛t✐♦♥ r❛t❤❡r t❤❛♥ ♣r❡❞✐❝t✐♦♥ ❝❛♥♥♦t ❞❡❝r❡❛s❡ t❤❡ ❛s②♠♣t♦t✐❝ ♣r❡❞✐❝t✐♦♥ ❡rr♦r ✇✐t❤ ❡st✐♠❛t❡❞ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs✳ ❚❤❡ t✇♦ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ♣r❛❝t✐❝❛• ♣r♦❜•❡♠s ✇♦✉•❞ ❜❡♥❡✜t ❢r♦♠ ❛♥ ❛s②♠♣t♦t✐❝ ❢r❛♠❡✇♦r❦ t❤❛t ✇♦✉•❞ ❢✉••② r❡♣r♦❞✉❝❡ t❤❡♠✱ ❜② ❣✐✈✐♥❣ ❛ str♦♥❣❡r ✐♠♣❛❝t t♦ t❤❡ ❡st✐♠❛t✐♦♥ ♦♥ t❤❡ ♣r❡❞✐❝t✐♦♥✳ P♦ss✐❜•❡ ❝❛♥❞✐❞❛t❡s ❢♦r t❤✐s ❢r❛♠❡✇♦r❦ ❛r❡ t❤❡ ♠✐①❡❞ ✐♥❝r❡❛s✐♥❣✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝ ❢r❛♠❡✇♦r❦✱ ❛❞❞r❡ss❡❞ ❢♦r ✐♥st❛♥❝❡ ✐♥ ❬✶✸( ❛♥❞ ❬✶✹(✱ ❛♥❞ ❞✐s❝✉ss❡❞ ✐♥ r❡♠❛r❦ ✸✳✶✱ ❛♥❞ ✜①❡❞✲❞♦♠❛✐♥ ❛s②♠♣✲ t♦t✐❝s✳ ■♥ ❜♦t❤ ❢r❛♠❡✇♦r❦s✱ t❤❡ ❡st✐♠❛t✐♦♥ ❡rr♦r✱ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts✱ ✐s •❛r❣❡r ❛♥❞ t❤❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r ✐s s♠❛••❡r✱ t❤✉s ❣✐✈✐♥❣ ❤♦♣❡ ❢♦r ♠♦r❡ ✐♠♣❛❝t ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ♦♥ t❤❡ ♣r❡❞✐❝t✐♦♥✳ ◆❡✈❡rt❤❡•❡ss✱ ❡✈❡♥ ✐♥ ✜①❡❞✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝s✱ ♥♦t✐❝❡ t❤❛t ✐♥ ❬✷✸( ❛♥❞ r❡❢❡rr✐♥❣ t♦ ❬✸✹(✱ ✐t ✐s s❤♦✇♥ t❤❛t✱ ❢♦r t❤❡ ♣❛rt✐❝✉•❛r ❝❛s❡ ♦❢ t❤❡ t❡♥s♦r ♣r♦❞✉❝t ❡①♣♦♥❡♥✲ t✐❛• ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ✐♥ t✇♦ ❞✐♠❡♥s✐♦♥s✱ t❤❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r✱ ✉♥❞❡r ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs ❡st✐♠❛t❡❞ ❜② ▼▲✱ ✐s ❛s②♠♣t♦t✐❝❛••② ❡q✉❛• t♦ t❤❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r ✉♥❞❡r t❤❡ tr✉❡ ❝♦✈❛r✐❛♥❝❡ ♣❛✲ r❛♠❡t❡rs✳ ❚❤✐s ✐s ❛ ♣❛rt✐❝✉•❛r ❝❛s❡ ✐♥ ✇❤✐❝❤ ❡st✐♠❛t✐♦♥ ❤❛s ♥♦ ✐♠♣❛❝t ♦♥ ♣r❡❞✐❝t✐♦♥✱ ❡✈❡♥ ✉♥❞❡r ✜①❡❞✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝s✳ ✺✳✸✳ ❆♥❛•②s✐s ♦❢ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ s♣❛t✐❛• s❛♠♣•✐♥❣ ♦♥ t❤❡ ❑r✐❣✐♥❣ ♣r❡❞✐❝t✐♦♥ ■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✺✳✸✱ ✇❡ st✉❞② t❤❡ ♣r❡❞✐❝t✐♦♥ ♠❡❛♥ sq✉❛r❡ ❡rr♦r E (E ǫ,ℓ0,ν0 ) ♦❢ ♣r♦♣♦s✐t✐♦♥ ✺✳✷✱ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ǫ✱ ℓ 0 ❛♥❞ ν 0 ✱ ❢♦r t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛• ▼❛tér♥ ♠♦❞❡•✱ ❛♥❞ ❢♦r •❛r❣❡ n✳ ❚❤✐s ❢✉♥❝t✐♦♥ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❡st✐♠❛t✐♦♥✱ ❛s ✇❡ ❤❛✈❡ s❡❡♥✱ s♦ t❤❡r❡ ✐s ♥♦✇ ♥♦ ♣♦✐♥t ✐♥ ❞✐st✐♥✲ ❣✉✐s❤✐♥❣ ❜❡t✇❡❡♥ ▼▲ ❛♥❞ ❈❱✳ ■♥ t❤❡ ❢♦••♦✇✐♥❣ ✜❣✉r❡s✱ t❤❡ ❢✉♥❝t✐♦♥ E (E ǫ,ℓ0,ν0 ) ✐s ❛♣♣r♦①✐♠❛t❡❞ ❜② t❤❡ ❛✈❡r❛❣❡ ♦❢ iid r❡❛•✐③❛t✐♦♥s ♦❢ ✐ts ❝♦♥❞✐t✐♦♥❛• ♠❡❛♥ ✈❛•✉❡ ❣✐✈❡♥ X = x✱ 1 n n 0 1 -r t ℓ0,ν0 (t)R -1 ℓ0,ν0 r ℓ0,ν0 (t) dt, ✇❤❡r❡ (r ℓ0,ν0 (t)) i = K ℓ0,ν0 (i + ǫx i -t) ❛♥❞ (R ℓ0,ν0 ) i,j = K ℓ0,ν0 (i -j + ǫ[x i -x j ])✳ ❖♥ ✜❣✉r❡ ✶✺✱ ✇❡ ♣•♦t t❤❡ r❛t✐♦ ♦❢ t❤❡ ♠❡❛♥ sq✉❛r❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r E (E ǫ,ℓ0,ν0 )✱ ❜❡t✇❡❡♥ ǫ = 0 ❛♥❞ ǫ = 0.45✱ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ℓ 0 ❛♥❞ ν 0 ✱ ❢♦r n = 100 ✭✇❡ ♦❜s❡r✈❡❞ t❤❡ s❛♠❡ r❡s✉•ts ❢♦r n = 50✮✳ ❲❡ s❡❡ t❤❛t t❤✐s r❛t✐♦ ✐s ❛•✇❛②s s♠❛••❡r t❤❛♥ ♦♥❡✱ ♠❡❛♥✐♥❣ t❤❛t str♦♥❣•② ♣❡rt✉r❜✐♥❣ t❤❡ r❡❣✉•❛r ❣r✐❞ ❛•✇❛②s ✐♥❝r❡❛s❡s t❤❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r✳ ❚❤✐s r❡s✉•t ✐s ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ❝♦♠♠♦♥ ♣r❛❝t✐❝❡s ♦❢ ✉s✐♥❣ r❡❣✉•❛r✱ ❛•s♦ ❝❛••❡❞ s♣❛❝❡ ✜••✐♥❣✱ s❛♠♣•✐♥❣s ❢♦r ♦♣t✐♠✐③✐♥❣ t❤❡ ❑r✐❣✐♥❣ ♣r❡❞✐❝t✐♦♥s ✇✐t❤ ❦♥♦✇♥ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs✱ ❛s ✐••✉str❛t❡❞ ✐♥ ✜❣✉r❡ 3 ♦❢ ❬✹✵(✳ ❙✐♠✐•❛r•②✱ t❤❡ ✇✐❞❡•② ✉s❡❞ ♣r❡❞✐❝t✐♦♥✲♦r✐❡♥t❡❞ ♠❛①✐♠✐♥ ❛♥❞ ♠✐♥✐♠❛① ❞❡s✐❣♥s ✭s❡❡ ❡✳❣ ❝❤❛♣t❡r ✺ ✐♥ ❬✷✼(✮ ②✐❡•❞ ❡✈❡♥•② s♣❛❝❡❞ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts✳ ■♥ ✜❣✉r❡ ✶✻✱ ✇❡ ✜① t❤❡ tr✉❡ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs ℓ 0 = 0.5✱ ν 0 = 2.5✱ ❛♥❞ ✇❡ st✉❞② t❤❡ ✈❛r✐❛t✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ ǫ ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ▼▲ ❡st✐♠❛t✐♦♥ ♦❢ ν✱ ✇❤❡♥ ℓ 0 ✐s ❦♥♦✇♥ ✭✜❣✉r❡ ✽✮✱ ❛♥❞ ♦❢ t❤❡ ♣r❡❞✐❝t✐♦♥ ♠❡❛♥ sq✉❛r❡ ❡rr♦r E (E ǫ,ℓ0,ν0 )✱ ❢♦r n = 50 ❛♥❞ n = 100✳ ❚❤❡ r❡s✉•ts ❛r❡ t❤❡ s❛♠❡ ❢♦r n = 50 ❛♥❞ n = 100✳ ❲❡ ✜rst ♦❜s❡r✈❡ t❤❛t E (E ǫ,ℓ0,ν0 ) ✐s ❣•♦❜❛••② ❛♥ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ ǫ✳ ■♥ ❢❛❝t✱ ✇❡ ♦❜s❡r✈❡ t❤❡ s❛♠❡ ❣•♦❜❛• ✐♥❝r❡❛s❡ ♦❢ E (E ǫ,ℓ0,ν0 )✱ ❢♦r ✷✷ 0.5 1.0 1.5 2.0 2.5 1 2 3 4 5 l 0 ν 0 0.5 0.6 0.7 0.8 0.9 ❋✐❣✉r❡ ✶✺✿ |❛t✐♦ ♦❢ t❤❡ ♠❡❛♥ sq✉❛r❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r E E ǫ,ℓ 0 ,ν 0 ✐♥ ♣r♦♣♦s✐t✐♦♥ ✺✳✷✱ ❜❡t✇❡❡♥ ǫ = 0 ❛♥❞ ǫ = 0.45✱ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ℓ 0 ❛♥❞ ν 0 ✱ ❢♦r n = 100✳ n = 50 ❛♥❞ n = 100✱ ✇✐t❤ r❡s♣❡❝t t♦ ǫ✱ ❢♦r ❛•• t❤❡ ✈❛•✉❡s (0.5, 5
)✱ (2.7, 1)✱ (0.5, 2.5)✱ (0.7, 2.5)✱ (2.7, 2.5)✱ (0.73, 2.5) ❛♥❞ (1.7, 5)✱ ❢♦r (ℓ 0 , ν 0 )✱ t❤❛t ✇❡ ❤❛✈❡ st✉❞✐❡❞ ✐♥ s❡❝t✐♦♥ ✹✳ ❚❤✐s ✐s ❛❣❛✐♥ ❛ . .., x n ∈ S X ✱ t❤❡ ❡✐❣❡♥✈❛•✉❡s ♦❢ t❤❡ s②♠♠❡tr✐❝ ♠❛tr✐❝❡s (h [a {v iv j + ǫ (x ix j )}]) 1≤i,j≤n ❜❡•♦♥❣ t♦ t❤❡ ❜❛••s ✇✐t❤ ❝❡♥t❡r h(0) ❛♥❞ r❛❞✐✉s 1≤j≤n,j =i |h [a {v i -v j + ǫ (x i -x j )}]|✳ ❚❤✉s✱ ❜❡❝❛✉s❡ ♦❢ ✭❉✳✷✮✱ t❤❡s❡ ❡✐❣❡♥✈❛•✉❡s ❜❡•♦♥❣ t♦ t❤❡ s❡❣♠❡♥t [h(0) -1 2 h(0), h(0) + 1 2 h(0)] ❛♥❞ ❛r❡ •❛r❣❡r t❤❛♥ 1 2 h(0)✳ ❍❡♥❝❡✱ ❢♦r ❛ ❍❡♥❝❡✱ ❛s Kθ (f ) : 

❝♦♥✜r♠❛t✐♦♥ t❤❛t✱ ✐♥ t❤❡ ✐♥❝r❡❛s✐♥❣✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝ ❢r❛♠❡✇♦r❦ tr❡❛t❡❞ ❤❡r❡✱ ❡✈❡♥•② s♣❛❝❡❞ ♦❜s❡r✈❛t✐♦♥s ♣❡r❢♦r♠ ❜❡st ❢♦r ♣r❡❞✐❝t✐♦♥✳ ❚❤✐s ❝♦♥❝•✉s✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝♦♠♠♦♥ ♣r❛❝t✐❝❡ ♦❢ ✉s✐♥❣ s♣❛❝❡ ✜••✐♥❣ s❛♠♣•✐♥❣s ❢♦r ❑r✐❣✐♥❣ ♣r❡❞✐❝t✐♦♥ ✇✐t❤ ❦♥♦✇♥ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs✳ ❚❤❡ s❡❝♦♥❞ ❝♦♥❝•✉s✐♦♥ t❤❛♥ ❝❛♥ ❜❡ ❞r❛✇♥ ❢♦r ✜❣✉r❡ ✶✻ ✐s t❤❛t t❤❡r❡ ✐s ✐♥❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❡st✐♠❛t✐♦♥ ✭▼▲ ✐♥ t❤✐s ❝❛s❡✮ ❛♥❞ ♣r❡❞✐❝t✐♦♥✳ ■♥❞❡❡❞✱ t❤❡ ❡st✐♠❛t✐♦♥ ❡rr♦r ✜rst ✐♥❝r❡❛s❡s ❛♥❞ t❤❡♥ ❞❡❝r❡❛s❡s ✇✐t❤ r❡s♣❡❝t t♦ ǫ✱ ✇❤✐•❡ t❤❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r ❣•♦❜❛••② ❞❡❝r❡❛s❡s✳ ❍❡♥❝❡✱ ✐♥ ✜❣✉r❡ ✶✻✱ t❤❡ r❡❣✉•❛r ❣r✐❞ st✐•• ❣✐✈❡s ❜❡tt❡r ♣r❡❞✐❝t✐♦♥✱ ❛•t❤♦✉❣❤ ✐t •❡❛❞s t♦ •❡ss ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ t❤❛♥ ♠✐•❞•② ✐rr❡❣✉•❛r s❛♠♣•✐♥❣s✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ✐s ♥♦ s✐♠♣•❡ ❛♥t❛❣♦♥✐st✐❝ r❡•❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ✐rr❡❣✉•❛r✐t② ♦❢ t❤❡ s♣❛t✐❛• s❛♠♣•✐♥❣ ♦♥ ❡st✐♠❛t✐♦♥ ❛♥❞ ♦♥ ♣r❡❞✐❝t✐♦♥✳ ✷✸
❋✐❣✉r❡ ✶✻✿ ℓ 0 = 0.5✱ ν 0 = 2.5✳ ▲❡❢t✿ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ❢♦r t❤❡ ▼▲ ❡st✐♠❛t✐♦♥ ♦❢ ν✱ ✇❤❡♥ ℓ ✐s ❦♥♦✇♥✱ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ǫ ✭s❛♠❡ s❡tt✐♥❣ ❛s ✐♥ ✜❣✉r❡ ✽✮✳ |✐❣❤t✿ ♣r❡❞✐❝t✐♦♥ ♠❡❛♥ sq✉❛r❡ ❡rr♦r E E ǫ,ℓ 0 ,ν 0 ✐♥ ♣r♦♣♦s✐t✐♦♥ ✺✳✷ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ǫ✳ ✻✳ ❈♦♥❝•✉s✐♦♥ ❲❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ ❛♥ ✐♥❝r❡❛s✐♥❣✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝ ❢r❛♠❡✇♦r❦ t♦ ❛❞❞r❡ss t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ✐rr❡❣✉•❛r✐t② ♦❢ t❤❡ s♣❛t✐❛• s❛♠♣•✐♥❣ ♦♥ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs✳ ❚❤✐s ❢r❛♠❡✇♦r❦ ✐s ❜❛s❡❞ ♦♥ ❛ r❛♥❞♦♠ s❡q✉❡♥❝❡ ♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts✱ ❢♦r ✇❤✐❝❤ t❤❡ ❞❡✈✐❛t✐♦♥ ❢r♦♠ t❤❡ r❡❣✉•❛r ❣r✐❞ ✐s ❝♦♥tr♦••❡❞ ❜② ❛ s✐♥❣•❡ s❝❛•❛r r❡❣✉•❛r✐t② ♣❛r❛♠❡t❡r ǫ✳ ❲❡ ❤❛✈❡ ♣r♦✈❡❞ ❝♦♥s✐st❡♥❝② ❛♥❞ ❛s②♠♣t♦t✐❝ ♥♦r♠❛•✐t② ❢♦r t❤❡ ▼▲ ❛♥❞ ❈❱ ❡st✐♠❛t♦rs✱ ✉♥❞❡r r❛t❤❡r ♠✐♥✐♠❛• ❝♦♥❞✐t✐♦♥s✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ❛r❡ ❞❡t❡r♠✐♥✐st✐❝ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ r❡❣✉•❛r✐t② ♣❛r❛♠❡t❡r ♦♥•②✳ ❍❡♥❝❡✱ t❤❡② ❛r❡ t❤❡ ♥❛t✉r❛• t♦♦• t♦ ❛ss❡ss t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ✐rr❡❣✉•❛r✐t② ♦❢ t❤❡ s♣❛t✐❛• s❛♠♣•✐♥❣ ♦♥ t❤❡ ▼▲ ❛♥❞ ❈❱ ❡st✐♠❛t♦rs✳ ❚❤✐s ✐s ❝❛rr✐❡❞ ♦✉t ❜② ♠❡❛♥s ♦❢ ❛♥ ❡①❤❛✉st✐✈❡ st✉❞② ♦❢ t❤❡ ▼❛tér♥ ♠♦❞❡•✳ ■t ✐s s❤♦✇♥ t❤❛t ♠✐•❞•② ♣❡rt✉r❜✐♥❣ t❤❡ r❡❣✉•❛r ❣r✐❞ ❝❛♥ ❞❛♠❛❣❡ ❜♦t❤ ▼▲ ❛♥❞ ❈❱ ❡st✐♠❛t✐♦♥✱ ❛♥❞ t❤❛t ❈❱ ❡st✐♠❛t✐♦♥ ❝❛♥ ❛•s♦ ❜❡ ❞❛♠❛❣❡❞ ✇❤❡♥ str♦♥❣•② ♣❡rt✉r❜✐♥❣ t❤❡ r❡❣✉•❛r ❣r✐❞✳ ❍♦✇❡✈❡r✱ ✇❡ ♣✉t ✐♥t♦ ❡✈✐❞❡♥❝❡ t❤❛t str♦♥❣•② ♣❡rt✉r❜✐♥❣ t❤❡ r❡❣✉•❛r ❣r✐❞ ❛•✇❛②s ✐♠♣r♦✈❡s t❤❡ ▼▲ ❡st✐♠❛t✐♦♥✱ ✇❤✐❝❤ ✐s ❛ ♠♦r❡ ❡✣❝✐❡♥t ❡st✐♠❛t♦r t❤❛♥ ❈❱✱ ✐♥ t❤❡ ✇❡••✲s♣❡❝✐✜❡❞ ❝❛s❡ ❛❞❞r❡ss❡❞ ❤❡r❡✳ ❍❡♥❝❡✱ ✇❡ ❝♦♥✜r♠ t❤❡ ❝♦♥❝•✉s✐♦♥ ♦❢ ❬✸✶( ❛♥❞ ❬✹✵( t❤❛t ✉s✐♥❣ ❣r♦✉♣s ♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ✇✐t❤ s♠❛•• s♣❛❝✐♥❣✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♦❜s❡r✈❛t✐♦♥ ❞❡♥s✐t② ✐♥ t❤❡ ♦❜s❡r✈❛t✐♦♥ ❞♦♠❛✐♥✱ ✐♠♣r♦✈❡s t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ❡st✐♠❛t✐♦♥✳ ■♥ ❣❡♦st❛t✐st✐❝s✱ s✉❝❤ ❣r♦✉♣s ♦❢ ♣♦✐♥ts ❛r❡ ❛•s♦ ❛❞❞❡❞ t♦ r❡❣✉•❛r s❛♠♣•✐♥❣s ✐♥ ♣r❛❝t✐❝❡ ❬✶✶(✳ ❲❡ ❤❛✈❡ ❛•s♦ st✉❞✐❡❞ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ s♣❛t✐❛• s❛♠♣•✐♥❣ ♦♥ t❤❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r✳ |❡❣✉•❛r s❛♠♣•✐♥❣s ✇❡r❡ s❤♦✇♥ t♦ ❜❡ t❤❡ ♠♦st ❡✣❝✐❡♥t ❛s r❡❣❛r❞s t♦ t❤✐s ❝r✐t❡r✐♦♥✳ ❚❤✐s ✐s ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤✱ ❡✳❣✳ ❬✹✵( ❛♥❞ ✇✐t❤ ❬✷✷( ✇❤❡r❡ s❛♠♣•✐♥❣s ❢♦r ❑r✐❣✐♥❣ ♣r❡❞✐❝t✐♦♥ ✇✐t❤ ❦♥♦✇♥ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs ❛r❡ s❡•❡❝t❡❞ ❜② ♦♣t✐♠✐③✐♥❣ ❛ s♣❛❝❡ ✜••✐♥❣ ❝r✐t❡r✐♦♥✳ ❚❤❡ ✉•t✐♠❛t❡ ❣♦❛• ♦❢ ❛ ❑r✐❣✐♥❣ ♠♦❞❡• ✐s ♣r❡❞✐❝t✐♦♥ ✇✐t❤ ❡st✐♠❛t❡❞ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs✳ ❍❡♥❝❡✱ ❡✣❝✐❡♥t s❛♠♣•✐♥❣s ❢♦r t❤✐s ❝r✐t❡r✐♦♥ ♠✉st ❛❞❞r❡ss t✇♦ ❝r✐t❡r✐❛ t❤❛t ❤❛✈❡ ❜❡❡♥ s❤♦✇♥ t♦ ❜❡ ❛♥t❛❣♦♥✐st✐❝✳ ■♥ t❤❡ •✐t❡r❛t✉r❡✱ t❤❡r❡ s❡❡♠s t♦ ❜❡ ❛ ❝♦♠♠♦♥•② ❛❞♠✐tt❡❞ ♣r❛❝t✐❝❡ ❢♦r s♦•✈✐♥❣ t❤✐s ✐ss✉❡ ❬✹✵✱ ✷✷(✳ |♦✉❣❤•② s♣❡❛❦✐♥❣✱ ❢♦r s❡•❡❝t✐♥❣ ❛♥ ❡✣❝✐❡♥t s❛♠♣•✐♥❣ ❢♦r ♣r❡❞✐❝t✐♦♥ ✇✐t❤ ❡st✐♠❛t❡❞ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs✱ ♦♥❡ ♠❛② s❡•❡❝t ❛ r❡❣✉•❛r s❛♠♣•✐♥❣ ❢♦r ♣r❡❞✐❝t✐♦♥ ✇✐t❤ ❦♥♦✇♥ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs ❛♥❞ ❛✉❣♠❡♥t ✐t ✇✐t❤ ❛ s❛♠♣•✐♥❣ ❢♦r ❡st✐♠❛t✐♦♥ ✭✇✐t❤ ❝•♦s❡•② s♣❛❝❡❞ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts✮✳ ❚❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ ♣♦✐♥ts ❢♦r t❤❡ t✇♦ s❛♠♣•✐♥❣s ✐s ♦♣t✐♠✐③❡❞ ✐♥ t❤❡ t✇♦ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ✷✹ r❡❢❡r❡♥❝❡s ❜② ♦♣t✐♠✐③✐♥❣ ❛ ❝r✐t❡r✐♦♥ ❢♦r ♣r❡❞✐❝t✐♦♥ ✇✐t❤ ❡st✐♠❛t❡❞ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs✳ ❚❤✐s ❝r✐t❡r✐♦♥ ✐s ♠♦r❡ ❡①♣❡♥s✐✈❡ t♦ ❝♦♠♣✉t❡✱ ❜✉t ✐s ♥♦t ♦♣t✐♠✐③❡❞ ✐♥ ❛ •❛r❣❡ ❞✐♠❡♥s✐♦♥❛• s♣❛❝❡✳ ■♥ ❬✹✵✱ ✷✷(✱ t❤❡ ♠❛•♦r✐t② ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ❜❡•♦♥❣ t♦ t❤❡ r❡❣✉•❛r s❛♠♣•✐♥❣ ❢♦r ♣r❡❞✐❝t✐♦♥ ✇✐t❤ ❦♥♦✇♥ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥✳ ❚❤✐s ✐s s✐♠✐•❛r ✐♥ t❤❡ ❣❡♦st❛t✐st✐❝❛• ❝♦♠♠✉♥✐t② ❬✶✶(✱ ✇❤❡r❡ r❡❣✉•❛r s❛♠♣•✐♥❣s✱ ❛✉❣♠❡♥t❡❞ ✇✐t❤ ❢❡✇ ❝•♦s❡•② s♣❛❝❡❞ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts✱ ♠❛❦✐♥❣ t❤❡ ✐♥♣✉ts ✈❛r② ♠✐•❞•②✱ ❛r❡ ✉s❡❞✳ ■♥ ✈✐❡✇ ♦❢ ♦✉r t❤❡♦r❡t✐❝❛• ❛♥❞ ♣r❛❝t✐❝❛• r❡s✉•ts ♦❢ s❡❝t✐♦♥s ✹ ❛♥❞ ✺✱ ✇❡ ❛r❡ ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤✐s ♠❡t❤♦❞ ❢♦r ❜✉✐•❞✐♥❣ s❛♠♣•✐♥❣s ❢♦r ♣r❡❞✐❝t✐♦♥ ✇✐t❤ ❡st✐♠❛t❡❞ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs✳ ❆♥ ✐♠♣♦rt❛♥t •✐♠✐t❛t✐♦♥ ✇❡ s❡❡✱ t❤♦✉❣❤✱ ✐♥ t❤❡ ❡①♣❛♥s✐♦♥✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝ ❢r❛♠❡✇♦r❦ ✇❡ ❛❞❞r❡ss✱ ✐s t❤❛t ♣r❡❞✐❝t✐♦♥ ✇✐t❤ ❡st✐♠❛t❡❞ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs ❝♦rr❡s♣♦♥❞s ❛s②♠♣t♦t✐❝❛••② t♦ ♣r❡❞✐❝t✐♦♥ ✇✐t❤ ❦♥♦✇♥ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥✳ ❙❛✐❞ ❞✐✛❡r❡♥t•②✱ t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ❛❞❞r❡ss✐♥❣ ❡st✐♠❛t✐♦♥✱ ✐♥ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ tr❛❞❡✲♦✛✱ ✇♦✉•❞ ❣♦ t♦ ③❡r♦✳ ❆s ✇❡ ❞✐s❝✉ss ❛❢t❡r ♣r♦♣♦s✐t✐♦♥ ✺✳✷✱ ♠✐①❡❞ ✐♥❝r❡❛s✐♥❣✲❞♦♠❛✐♥ ♦r ✜①❡❞✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝s ❝♦✉•❞ ❣✐✈❡ ♠♦r❡ ✐♠♣♦rt❛♥❝❡ t♦ t❤❡ ❡st✐♠❛t✐♦♥ ♣r♦❜•❡♠✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♣r♦❜•❡♠ ♦❢ ♣r❡❞✐❝t✐♥❣ ✇✐t❤ ❦♥♦✇♥ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥✳ ❙✐♥❝❡ ♦✉r s❛♠♣•✐♥❣ ✐s ❜✉✐•t ❜② ♣❡rt✉r❜✐♥❣ ❛ r❡❣✉•❛r ❣r✐❞✱ ✐t ♠❛② ♥♦t ❡♥❛❜•❡ ✉s t♦ ❛❞❞r❡ss ✈❡r② ❤✐❣❤ ❞❡❣r❡❡ ♦❢ ✐rr❡❣✉•❛r✐t②✱ s✉❝❤ ❛s t❤❡ ♦♥❡ ♦❜t❛✐♥❡❞ ❢r♦♠ iid r❛♥❞♦♠ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ✇✐t❤ ♥♦♥✲✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ❬✶✸✱ ✶✹(✳ ◆❡✈❡rt❤❡•❡ss✱ ✉s✐♥❣ ❞✐r❡❝t•② iid r❛♥❞♦♠ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ♠❛❦❡s ✐t ❞✐✣❝✉•t t♦ ♣❛r❛♠❡t❡r✐③❡ t❤❡ ✐rr❡❣✉•❛r✐t② ♦❢ t❤❡ s❛♠♣•✐♥❣✱ ✇❤✐❝❤ ❤❛✈❡ ❡♥❛❜•❡❞ ✉s t♦ ♣❡r❢♦r♠ ❡①❤❛✉st✐✈❡ ♥✉♠❡r✐❝❛• st✉❞✐❡s✱ ✐♥ ✇❤✐❝❤ ❝♦♠♣❛r✐♥❣ t❤❡ ✐rr❡❣✉•❛r✐t② ♦❢ t✇♦ s❛♠♣•✐♥❣s ✇❛s ✉♥❛♠❜✐❣✉♦✉s✳ ❆ ♣❛r❛♠❡t❡r✐③❡❞ s❛♠♣•✐♥❣ ❢❛♠✐•② ✇❡ s❡❡ ❛s ✐♥t❡r❡st✐♥❣ ✇♦✉•❞ ❜❡ s❛♠♣•✐♥❣s ✐♥ ✇❤✐❝❤ t❤❡ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ❛r❡ iid r❡❛•✐③❛t✐♦♥s st❡♠♠✐♥❣ ❢r♦♠ ❛ ❣✐✈❡♥ ❞✐str✐❜✉t✐♦♥✱ ❜✉t ❝♦♥❞✐t✐♦♥❛••② t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ♠✐♥✐♠✉♠ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ ❞✐✛❡r❡♥t ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ✐s •❛r❣❡r t❤❛♥ ❛ r❡❣✉•❛r✐t② ♣❛r❛♠❡t❡r ǫ ′ ✳ ■♥ t❤✐s ❢r❛♠❡✇♦r❦✱ ǫ ′ = 0 ✇♦✉•❞ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♠♦st ✐rr❡❣✉•❛r s❛♠♣•✐♥❣✳ ■♥❝r❡❛s✐♥❣ ǫ ′ ✇♦✉•❞ ❝♦rr❡s♣♦♥❞ t♦ ✐♥❝r❡❛s❡ t❤❡ r❡❣✉•❛r✐t② ♦❢ t❤❡ s❛♠♣•✐♥❣✳ ■t s❡❡♠s t♦ ✉s t❤❛t ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❞✐str✐❜✉t✐♦♥ s✐♠✐•❛r t♦ ♣r♦♣♦s✐t✐♦♥s ✸✳✷ ❛♥❞ ✸✳✻ ❝♦✉•❞ ❜❡ ♦❜t❛✐♥❡❞ ✐♥ t❤✐s s❡tt✐♥❣✱ ✉s✐♥❣ s✐♠✐•❛r ♠❡t❤♦❞s✱ t❤♦✉❣❤ t❡❝❤♥✐❝❛• ❛s♣❡❝ts ♠❛② ❜❡ ❛❞❞r❡ss❡❞ ❞✐✛❡r❡♥t•②✳ ❚❤❡ ❈❱ ❝r✐t❡r✐♦♥ ✇❡ ❤❛✈❡ st✉❞✐❡❞ ✐s ❛ ♠❡❛♥ sq✉❛r❡ ❡rr♦r ❝r✐t❡r✐♦♥✳ ❚❤✐s ✐s ❛ ❝•❛ss✐❝❛• ❈❱ ❝r✐t❡r✐♦♥ t❤❛t ✐s ✉s❡❞✱ ❢♦r ✐♥st❛♥❝❡✱ ✐♥ ❬✷✼( ✇❤❡♥ t❤❡ ❈❱ ❛♥❞ ▼▲ ❡st✐♠❛t✐♦♥s ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs ❛r❡ ❝♦♠♣❛r❡❞✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤✐s ❈❱ ❡st✐♠❛t♦r ❝❛♥ ❤❛✈❡ ❛ ❝♦♥s✐❞❡r❛❜•② •❛r❣❡r ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ t❤❛♥ t❤❡ ▼▲ ❡st✐♠❛t♦r✱ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❛♥❞ ❝❛♥ ❜❡ s❡♥s✐t✐✈❡ t♦ t❤❡ ✐rr❡❣✉•❛r✐t② ♦❢ t❤❡ s♣❛t✐❛• s❛♠♣•✐♥❣✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✳ ❆•t❤♦✉❣❤ t❤✐s ❡st✐♠❛t♦r ♣❡r❢♦r♠s ❜❡tt❡r t❤❛♥ ▼▲ ✐♥ ❝❛s❡s ♦❢ ♠♦❞❡• ♠✐ss♣❡❝✐✜❝❛t✐♦♥ ❬✺(✱ ❢✉rt❤❡r r❡s❡❛r❝❤ ♠❛② ❛✐♠ ❛t st✉❞②✐♥❣ ❛•t❡r♥❛t✐✈❡ ❈❱ ❝r✐t❡r✐❛ t❤❛t ✇♦✉•❞ ❤❛✈❡ ❛ ❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡ ✐♥ t❤❡ ✇❡••✲s♣❡❝✐✜❡❞ ❝❛s❡✳ ❖t❤❡r ❈❱ ❝r✐t❡r✐❛ ❛r❡ ♣r♦♣♦s❡❞ ✐♥ t❤❡ •✐t❡r❛t✉r❡✱ ❢♦r ✐♥st❛♥❝❡ t❤❡ ▲❖❖ •♦❣✲♣r❡❞✐❝t✐✈❡ ♣r♦❜✲ ❛❜✐•✐t② ✐♥ ❬✷✹( ❛♥❞ t❤❡ •❡✐ss❡r✬s ♣r❡❞✐❝t✐✈❡ ♠❡❛♥ sq✉❛r❡ ❡rr♦r ✐♥ ❬✸✷(✳ ■t ✇♦✉•❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ st✉❞②✱ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤✐s ♣❛♣❡r✱ t❤❡ ✐♥❝r❡❛s✐♥❣✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝s ❢♦r t❤❡s❡ ❡st✐♠❛t♦rs ❛♥❞ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ✐rr❡❣✉•❛r✐t② ♦❢ t❤❡ s♣❛t✐❛• s❛♠♣•✐♥❣✳ ■♥ s❡❝t✐♦♥ ✹✱ ✇❡ ♣♦✐♥t❡❞ ♦✉t t❤❛t✱ ✇❤❡♥ t❤❡ s♣❛t✐❛• s❛♠♣•✐♥❣ ✐s ✐rr❡❣✉•❛r✱ t❤❡ ♠❡❛♥ sq✉❛r❡ ❡r✲ r♦r ❈❱ ❝r✐t❡r✐♦♥ ❝♦✉•❞ ❜❡ ❝♦♠♣♦s❡❞ ♦❢ ▲❖❖ ❡rr♦rs ✇✐t❤ ❤❡t❡r♦❣❡♥❡♦✉s ✈❛r✐❛♥❝❡s✱ ✇❤✐❝❤ ✐♥❝r❡❛s❡s t❤❡ ❈❱ ❡st✐♠❛t✐♦♥ ✈❛r✐❛♥❝❡✳ ▼❡t❤♦❞s t♦ ♥♦r♠❛•✐③❡ t❤❡ ▲❖❖ ❡rr♦rs ✇♦✉•❞ ❜❡ ❛♥ ✐♥t❡r❡st✐♥❣ r❡✲ s❡❛r❝❤ ❞✐r❡❝t✐♦♥ t♦ ❡①♣•♦r❡✳ ❆❝❦♥♦✇•❡❞❣♠❡♥ts ❚❤❡ ❛✉t❤♦r ✇♦✉•❞ •✐❦❡ t♦ t❤❛♥❦ ❤✐s ❛❞✈✐s♦rs ❏♦ss❡•✐♥ •❛r♥✐❡r ✭❯♥✐✈❡rs✐t② P❛r✐s ❉✐❞❡r♦t✮ ❛♥❞ ❏❡❛♥✲▼❛r❝ ▼❛rt✐♥❡③ ✭❋r❡♥❝❤ ❆•t❡r♥❛t✐✈❡ ❊♥❡r❣✐❡s ❛♥❞ ❆t♦♠✐❝ ❊♥❡r❣② ❈♦♠♠✐ss✐♦♥ ✲ ◆✉❝•❡❛r ❊♥❡r❣② ❉✐✈✐s✐♦♥ ❛t ❈❊❆✲❙❛❝•❛②✱ ❉❊◆✱ ❉▼✷❙✱ ❙❚▼❋✱ ▲•▲❙✮ ❢♦r t❤❡✐r ❛❞✈✐❝❡s ❛♥❞ s✉❣❣❡st✐♦♥s✳ ❚❤❡ ❛✉t❤♦r ❛❝❦♥♦✇•❡❞❣❡s ❢r✉✐t❢✉• r❡♣♦rts ❢r♦♠ t❤❡ t✇♦ ❛♥♦♥②♠♦✉s r❡✈✐❡✇❡rs✱ t❤❛t ❤❡•♣❡❞ t♦ ✐♠✲ ♣r♦✈❡ ❛♥ ❡❛r•✐❡r ✈❡rs✐♦♥ ♦❢ t❤❡ ♠❛♥✉s❝r✐♣t✳ ❚❤❡ ❛✉t❤♦r ♣r❡s❡♥t❡❞ t❤❡ ❝♦♥t❡♥ts ♦❢ t❤❡ ♠❛♥✉s❝r✐♣t ❛t t✇♦ ✇♦r❦s❤♦♣s ♦❢ t❤❡ |❡❉■❈❊ ❝♦♥s♦rt✐✉♠✱ ✇❤❡r❡ ❤❡ ❜❡♥❡✜t❡❞ ❢r♦♠ ❝♦♥str✉❝t✐✈❡ ❝♦♠♠❡♥ts ❛♥❞ s✉❣❣❡st✐♦♥s✳ ✷✺ ❆♣♣❡♥❞✐① ❆✳ Pr♦♦❢s ❢♦r s❡❝t✐♦♥ ✸ ■♥ t❤❡ ♣r♦♦❢s✱ ✇❡ ❞✐st✐♥❣✉✐s❤ t❤r❡❡ ♣r♦❜❛❜✐•✐t② s♣❛❝❡s✳ (Ω X , F X , P X ) ✐s t❤❡ ♣r♦❜❛❜✐•✐t② s♣❛❝❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ r❛♥❞♦♠ ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ r❡❣✉•❛r ❣r✐❞✳ (X i ) i∈N * ✐s ❛ s❡q✉❡♥❝❡ ♦❢ iid S X ✲✈❛•✉❡❞ r❛♥❞♦♠ ✈❛r✐❛❜•❡s ❞❡✜♥❡❞ ♦♥ (Ω X , F X , P X )✱ ✇✐t❤ ❞✐str✐❜✉t✐♦♥ L X ✳ ❲❡ ❞❡♥♦t❡ ❜② ω X ❛♥ ❡•❡♠❡♥t ♦❢ Ω X ✳ (Ω Y , F Y , P Y ) ✐s t❤❡ ♣r♦❜❛❜✐•✐t② s♣❛❝❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ •❛✉ss✐❛♥ ♣r♦❝❡ss✳ Y ✐s ❛ ❝❡♥t❡r❡❞ •❛✉ss✐❛♥ ♣r♦❝❡ss ✇✐t❤ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ K θ0 ❞❡✜♥❡❞ ♦♥ (Ω Y , F Y , P Y )✳ ❲❡ ❞❡♥♦t❡ ❜② ω Y ❛♥ ❡•❡♠❡♥t ♦❢ Ω Y ✳ (Ω, F, P) ✐s t❤❡ ♣r♦❞✉❝t s♣❛❝❡ (Ω X × Ω Y , F X ⊗ F Y , P X × P Y )✳ ❲❡ ❞❡♥♦t❡ ❜② ω ❛♥ ❡•❡♠❡♥t ♦❢ Ω✳ ❆•• t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜•❡s ✐♥ t❤❡ ♣r♦♦❢s ❝❛♥ ❜❡ ❞❡✜♥❡❞ r❡•❛t✐✈❡•② t♦ t❤❡ ♣r♦❞✉❝t s♣❛❝❡ (Ω, F, P)✳ ❍❡♥❝❡✱ ❛•• t❤❡ ♣r♦❜❛❜✐•✐st✐❝ st❛t❡♠❡♥ts ✐♥ t❤❡ ♣r♦♦❢s ❤♦•❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤✐s ♣r♦❞✉❝t s♣❛❝❡✱ ✉♥•❡ss ✐t ✐s st❛t❡❞ ♦t❤❡r✇✐s❡✳ ■♥ t❤❡ ♣r♦♦❢s✱ ✇❤❡♥ (f n ) n∈N * ✐s ❛ s❡q✉❡♥❝❡ ♦❢ r❡❛• ❢✉♥❝t✐♦♥s ♦❢ X = (X i ) n i=1 ✱ f n ✐s ❛•s♦ ❛ s❡q✉❡♥❝❡ ♦❢ r❡❛• r❛♥❞♦♠ ✈❛r✐❛❜•❡s ♦♥ (Ω X , F X , P X )✳ ❲❤❡♥ ✇❡ ✇r✐t❡ t❤❛t f n ✐s ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠•② ✐♥ n ❛♥❞ x✱ ✇❡ ♠❡❛♥ t❤❛t t❤❡r❡ ❡①✐sts ❛ ✜♥✐t❡ ❝♦♥st❛♥t K s♦ t❤❛t sup n sup x∈S n X |f n (x)| ≤ K✳ ❲❡ t❤❡♥ ❤❛✈❡ t❤❛t f n ✐s ❜♦✉♥❞❡❞ P X ✲❛✳s✳✱ ✐✳❡✳ sup n f n ≤ K ❢♦r ❛✳❡✳ ω X ∈ Ω X ✳ ❲❡ ♠❛② ❛•s♦ ✇r✐t❡ t❤❛t f n ✐s •♦✇❡r✲❜♦✉♥❞❡❞ ✉♥✐❢♦r♠•② ✐♥ n ❛♥❞ x ✇❤❡♥ t❤❡r❡ ❡①✐sts a > 0 s♦ t❤❛t inf n inf x∈S n X f n (x) ≥ a✳ ❲❤❡♥ f n ❛•s♦ ❞❡♣❡♥❞s ♦♥ θ✱ ✇❡ s❛② t❤❛t f n ✐s ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠•② ✐♥ n✱ x ❛♥❞ θ ✇❤❡♥ sup θ∈Θ f n ✐s ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠•② ✐♥ n ❛♥❞ x✳ ❲❡ ❛•s♦ s❛② t❤❛t f n ✐s •♦✇❡r✲❜♦✉♥❞❡❞ ✉♥✐❢♦r♠•② ✐♥ n✱ x ❛♥❞ θ ✇❤❡♥ inf θ∈Θ f n ✐s •♦✇❡r✲❜♦✉♥❞❡❞ ✉♥✐❢♦r♠•② ✐♥ n ❛♥❞ x✳ ❲❤❡♥ ✇❡ ✇r✐t❡ t❤❛t f n ❝♦♥✈❡r❣❡s t♦ ③❡r♦ ✉♥✐❢♦r♠•② ✐♥ x✱ ✇❡ ♠❡❛♥ t❤❛t sup x∈S n X |f n (x)| → n→+∞ 0✳ ❖♥❡ t❤❡♥ ❤❛✈❡ t❤❛t f n ❝♦♥✈❡r❣❡s t♦ ③❡r♦ P X ✲❛✳s✳ ❲❤❡♥ f n ❛•s♦ ❞❡♣❡♥❞s ♦♥ θ✱ ✇❡ s❛② t❤❛t f n ❝♦♥✈❡r❣❡s t♦ ③❡r♦ ✉♥✐❢♦r♠•② ✐♥ n✱ x ❛♥❞ θ ✇❤❡♥ sup θ∈Θ f n ❝♦♥✈❡r❣❡s t♦ ③❡r♦ ✉♥✐❢♦r♠•② ✐♥ n ❛♥❞ x✳ ❲❤❡♥ f n ✐s ❛ s❡q✉❡♥❝❡ ♦❢ r❡❛• ❢✉♥❝t✐♦♥s ♦❢ X ❛♥❞ Y ✱ f n ✐s ❛•s♦ ❛ s❡q✉❡♥❝❡ ♦❢ r❡❛• r❛♥❞♦♠ ✈❛r✐❛❜•❡s ♦♥ (Ω, F, P)✳ ❲❤❡♥ ✇❡ s❛② t❤❛t f n ✐s ❜♦✉♥❞❡❞ ✐♥ ♣r♦❜❛❜✐•✐t② ❝♦♥❞✐t✐♦♥❛••② t♦ X = x ❛♥❞ ✉♥✐❢♦r♠•② ✐♥ x✱ ✇❡ ♠❡❛♥ t❤❛t✱ ❢♦r ❡✈❡r② δ > 0✱ t❤❡r❡ ❡①✐st M ✱ N s♦ t❤❛t sup n≥N sup x∈S n X P(|f n | ≥ M |X = x) ≤ δ✳ ❖♥❡ t❤❡♥ ❤❛✈❡ t❤❛t f n ✐s ❜♦✉♥❞❡❞ ✐♥ ♣r♦❜❛❜✐•✐t② ✭❞❡✜♥❡❞ ♦♥ t❤❡ ♣r♦❞✉❝t s♣❛❝❡✮✳ ❆♣♣❡♥❞✐① ❆✳✶✳ Pr♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✸✳✶ Pr♦♦❢✳ ❲❡ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐st s❡q✉❡♥❝❡s ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜•❡s✱ ❞❡✜♥❡❞ ♦♥ (Ω X , F X , P X )✱ D θ,θ0 ❛♥❞ D 2,θ,θ0 ✭❢✉♥❝t✐♦♥s ♦❢ n ❛♥❞ X✮✱ s♦ t❤❛t sup θ |(L θ -L θ0 ) -D θ,θ0 | → p 0 ✭✐♥ ♣r♦❜❛✲ ❜✐•✐t② ♦❢ t❤❡ ♣r♦❞✉❝t s♣❛❝❡✮ ❛♥❞ D θ,θ0 ≥ BD 2,θ,θ0 P X ✲❛✳s✳ ❢♦r ❛ ❝♦♥st❛♥t B > 0✳ ❲❡ t❤❡♥ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts D ∞,θ,θ0 ✱ ❛ ❞❡t❡r♠✐♥✐st✐❝ ♥♦♥✲♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥ ♦❢ θ, θ 0 ♦♥•②✱ s♦ t❤❛t sup θ |D 2,θ,θ0 -D ∞,θ,θ0 | = o p (1) ❛♥❞ ❢♦r ❛♥② α > 0✱ inf |θ-θ0|≥α D ∞,θ,θ0 > 0. ✭❆✳✶✮ ❚❤✐s ✐♠♣•✐❡s ❝♦♥s✐st❡♥❝②✳ ❲❡ ❤❛✈❡ L θ = 1 n log {det (R θ )} + 1 n y t R -1 θ y✳ ❚❤❡ ❡✐❣❡♥✈❛•✉❡s ♦❢ R θ ❛♥❞ R -1 θ ❜❡✐♥❣ ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠•② ✐♥ n ❛♥❞ x ✭•❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✺✮✱ var (L θ |X = x) ❝♦♥✈❡r❣❡s t♦ 0 ✉♥✐❢♦r♠•② ✐♥ x✱ ❛♥❞ s♦ L θ -E (L θ |X) ❝♦♥✈❡r❣❡s ✐♥ ♣r♦❜❛❜✐•✐t② P t♦ ③❡r♦✳ ❚❤❡♥✱ ✇✐t❤ z = R -1 2 θ0 y✱ sup k∈{1,...,p},θ∈Θ ∂L θ ∂θ k = sup k∈{1,...,p},θ∈Θ 1 n Tr R -1 θ ∂R θ ∂θ k + z t R 1 2 θ0 R -1 θ ∂R θ ∂θ k R -1 θ R 1 2 θ0 z ≤ sup k∈{1,...,p},θ∈Θ max R -1 θ ∂R θ ∂θ k , ||R θ0 || R -2 θ ∂R θ ∂θ k 1 + 1 n |z| 2 , ❛♥❞ ✐s ❤❡♥❝❡ ❜♦✉♥❞❡❞ ✐♥ ♣r♦❜❛❜✐•✐t② ❝♦♥❞✐t✐♦♥❛••② t♦ X = x✱ ✉♥✐❢♦r♠•② ✐♥ x✱ ❜❡❝❛✉s❡ ♦❢ •❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✺ ❛♥❞ t❤❡ ❢❛❝t t❤❛t z ∼ N (0, I n ) ❣✐✈❡♥ X = x✳ ✷✻ ❇❡❝❛✉s❡ ♦❢ t❤❡ s✐♠♣•❡ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡s✱ sup θ |L θ -E (L θ |X) | → p 0✳ ❲❡ t❤❡♥ ❞❡♥♦t❡ D θ,θ0 := E (L θ |X)-E (L θ0 |X)✳ ❲❡ t❤❡♥ ❤❛✈❡ sup θ | (L θ -L θ0 )-D θ,θ0 | → p 0✳ ❲❡ ❤❛✈❡ E (L θ |X) = 1 n log {det (R θ )} + 1 n Tr R -1 θ R θ0 ❛♥❞ ❤❡♥❝❡✱ P X ✲❛✳s✳ D θ,θ0 = 1 n log {det (R θ )} + 1 n Tr R -1 θ R θ0 - 1 n log {det (R θ0 )} -1 = 1 n n i=1 -log φ i R 1 2 θ0 R -1 θ R 1 2 θ0 + φ i R 1 2 θ0 R -1 θ R 1 2 θ0 -1 . ❯s✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✹ ❛♥❞ •❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✺✱ t❤❡r❡ ❡①✐st 0 < a < b < +∞ s♦ t❤❛t ❢♦r ❛•• x✱ n✱ θ✱ a < φ i R 1 2 θ0 R -1 θ R 1 2 θ0 < b✳ ❲❡ ❞❡♥♦t❡ f (t) = -log (t) + t -1✳ ❆s f ✐s ♠✐♥✐♠❛• ✐♥ 1✱ f ′ (1) = 0 ❛♥❞ f ′′ (1) = 1✱ t❤❡r❡ ❡①✐sts A > 0 s♦ t❤❛t✱ ❢♦r t ∈ [a, b]✱ f (t) ✐s •❛r❣❡r t❤❛♥ A (t -1) 2 ✳ ❚❤❡♥✱ D θ,θ0 ≥ A 1 n n i=1 1 -φ i R 1 2 θ0 R -1 θ R 1 2 θ0 2 = A 1 n Tr I -R 1 2 θ0 R -1 θ R 1 2 θ0 2 = A R -1 2 θ (R θ -R θ0 ) R -1 2 θ 2 . ❚❤❡♥✱ ❛s t❤❡ ❡✐❣❡♥✈❛•✉❡s ♦❢ R -1 2 θ ❛r❡ •❛r❣❡r t❤❛♥ c > 0✱ ✉♥✐❢♦r♠•② ✐♥ n✱ x ❛♥❞ θ✱ ❛♥❞ ✇✐t❤ |M N | 2 ≥ inf i φ 2 i (M ) |N | 2 ❢♦r M s②♠♠❡tr✐❝ ♣♦s✐t✐✈❡✱ ✇❡ ♦❜t❛✐♥✱ ❢♦r s♦♠❡ B > 0✱ ❛♥❞ ✉♥✐❢♦r♠•② ✐♥ n✱ x ❛♥❞ θ✱ D θ,θ0 ≥ B|R θ -R θ0 | 2 := BD 2,θ,θ0 . ❋♦r ǫ = 0✱ D 2,θ,θ0 ✐s ❞❡t❡r♠✐♥✐st✐❝ ❛♥❞ ✇❡ s❤♦✇ t❤❛t ✐t ❝♦♥✈❡r❣❡s ✉♥✐❢♦r♠•② ✐♥ θ t♦ D ∞,θ,θ0 := v∈Z d {K θ (v) -K θ0 (v)} 2 . ✭❆✳✷✮ ■♥❞❡❡❞✱ |R θ -R θ0 | 2 -D ∞,θ,θ0 ≤ 1 n n i=1 n j=1 {K θ (v i -v j ) -K θ0 (v i -v j )} 2 - v∈Z d {K θ (v) -K θ0 (v)} 2 . ◆♦✇✱ ✉s✐♥❣ •❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✶ ❛♥❞ ✭✶✮✱ sup θ∈Θ,1≤i≤n v∈(N * ) d {K θ (v i -v) -K θ0 (v i -v)} 2 ✐s ❜♦✉♥❞❡❞ ❜② C < +∞✱ ✐♥❞❡♣❡♥❞❡♥t•② ♦❢ n✳ ▲❡t δ > 0✳ ❯s✐♥❣ •❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✸ ❛♥❞ ✭✶✮✱ t❤❡r❡ ❡①✐sts T < +∞ s♦ t❤❛t sup θ∈Θ,1≤i≤n v∈(N * ) d ,|v-vi|∞≥T {K θ (v i -v) -K θ0 (v i -v)} 2 ✐s ❜♦✉♥❞❡❞ ❜② δ ✐♥❞❡♣❡♥❞❡♥t•② ♦❢ n✳ ❋✐♥❛••②✱ ❢♦r ❛♥② n✱ •❡t E n ❜❡ t❤❡ s❡t ♦❢ ♣♦✐♥ts v i ✱ 1 ≤ i ≤ n✱ s♦ t❤❛t d k=1 {(v i ) k -T, ..., (v i ) k + T } ⊂ {v i , 1 ≤ i ≤ n}✳ ❚❤❡ ❝❛r❞✐♥❛•✐t② ♦❢ E n ✐s ❞❡♥♦t❡❞ ❜② n 1,n ❛♥❞ ✐s s♦ t❤❛t n1,n n → n→+∞ 0✳ t❤❡♥✱ |R θ -R θ0 | 2 -D ∞,θ,θ0 ≤ 1 n 1≤i≤n,vi∈En n j=1 {K θ (v i -v j ) -K θ0 (v i -v j )} 2 - v∈Z d {K θ (v) -K θ0 (v)} 2 + 1 n 1≤i≤n,vi ∈En n j=1 {K θ (v i -v j ) -K θ0 (v i -v j )} 2 - v∈Z d {K θ (v) -K θ0 (v)} 2 ≤ n 1,n n (2C) + 1 n 1≤i≤n,vi ∈En v∈(N * ) d ,|v-vi|∞≥T {K θ (v i -v) -K θ0 (v i -v)} 2 ≤ n 1 n (2C) + δ. ❚❤✉s✱ |R θ -R θ0 | 2 -D ∞,θ,θ0 ✐s s♠❛••❡r t❤❛♥ 2δ ❢♦r n •❛r❣❡ ❡♥♦✉❣❤✳ ❋♦r ǫ = 0✱ D ∞,θ,θ0 ✐s ❝♦♥t✐♥✉♦✉s ✐♥ θ ❜❡❝❛✉s❡ t❤❡ s❡r✐❡s ♦❢ t❡r♠ sup θ |K θ (v) | 2 ✱ v ∈ Z d ✐s s✉♠♠❛❜•❡ ✉s✐♥❣ ✭✶✮ ❛♥❞ •❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✶✳ ❍❡♥❝❡✱ ✐❢ t❤❡r❡ ❡①✐sts α > 0 s♦ t❤❛t inf |θ-θ0|≥α D ∞,θ,θ0 = 0✱ ✇❡ ❝❛♥✱ ✉s✐♥❣ ❛ ❝♦♠♣❛❝✐t② ❛♥❞ ❝♦♥t✐♥✉✐t② ❛r❣✉♠❡♥t✱ ❤❛✈❡ θ ∞ = θ 0 s♦ t❤❛t ✭❆✳✷✮ ✐s ♥✉••✳ ❍❡♥❝❡ ✇❡ s❤♦✇❡❞ ✭❆✳✶✮ ❜② ❝♦♥tr❛❞✐❝t✐♦♥✱ ✇❤✐❝❤ s❤♦✇s t❤❡ ♣r♦♣♦s✐t✐♦♥ ❢♦r ǫ = 0✳ ❋♦r ǫ = 0✱ D 2,θ,θ0 = 1 n Tr (R θ -R θ0 ) 2 ✳ ❲✐t❤ ✜①❡❞ θ✱ ✉s✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✼✱ D 2,θ,θ0 ❝♦♥✈❡r❣❡s ✐♥ P X ✲♣r♦❜❛❜✐•✐t② t♦ D ∞,θ,θ0 := lim n→∞ E X (D 2,θ,θ0 )✳ ❚❤❡ ❡✐❣❡♥✈❛•✉❡s ♦❢ t❤❡ ∂R θ ∂θi ✱ 1 ≤ i ≤ n✱ ❜❡✐♥❣ ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠•② ✐♥ n✱ θ✱ x✱ t❤❡ ♣❛rt✐❛• ❞❡r✐✈❛t✐✈❡s ✇✐t❤ r❡s♣❡❝t t♦ θ ♦❢ D 2,θ,θ0 ❛r❡ ✉♥✐❢♦r♠•② ❜♦✉♥❞❡❞ ✐♥ n✱ θ ❛♥❞ x✳ ❍❡♥❝❡ sup θ |D 2,θ,θ0 -D ∞,θ,θ0 | = o p (1)✳ ❚❤❡♥ D ∞,θ,θ0 = lim n→+∞ 1 n 1≤i,j≤n,i =j ǫC S X {K θ (v i -v j + t) -K θ0 (v i -v j + t)} 2 f T (t) dt +{K θ (0) -K θ0 (0)} 2 , ✇✐t❤ f T (t) t❤❡ ♣r♦❜❛❜✐•✐t② ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ♦❢ ǫ (X i -X j )✱ i = j✳ ❲❡ t❤❡♥ s❤♦✇✱ D ∞,θ,θ0 = v∈Z d \0 ǫC S X {K θ (v + t) -K θ0 (v + t)} 2 f T (t) dt + {K θ (0) -K θ0 (0)} 2 = Dǫ {K θ (t) -K θ0 (t)} 2 fT (t) dt + {K θ (0) -K θ0 (0)} 2 , ✭❆✳✸✮ ✇❤❡r❡ fT ✐s ❛ ♣♦s✐t✐✈❡✲✈❛•✉❡❞ ❢✉♥❝t✐♦♥✱ ❛•♠♦st s✉r❡•② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ D ǫ ✳ ❆s sup θ |K θ (t) | 2 ✐s s✉♠♠❛❜•❡ ♦♥ D ǫ ✱ ✉s✐♥❣ ✭✶✮✱ D ∞,θ,θ0 ✐s ❝♦♥t✐♥✉♦✉s✳ ❍❡♥❝❡✱ ✐❢ t❤❡r❡ ❡①✐sts α > 0 s♦ t❤❛t inf |θ-θ0|≥α D ∞,θ,θ0 = 0✱ ✇❡ ❝❛♥✱ ✉s✐♥❣ ❛ ❝♦♠♣❛❝✐t② ❛♥❞ ❝♦♥t✐♥✉✐t② ❛r❣✉♠❡♥t✱ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts θ ∞ = θ 0 s♦ t❤❛t ✭❆✳✸✮ ✐s ♥✉••✳ ❍❡♥❝❡ ✇❡ ♣r♦✈❡❞ ✭❆✳✶✮ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ ✇❤✐❝❤ ♣r♦✈❡s t❤❡ ♣r♦♣♦s✐t✐♦♥ ❢♦r ǫ = 0✳ ❆♣♣❡♥❞✐① ❆✳✷✳ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✷ Pr♦♦❢✳ ❋♦r 1 ≤ i, j ≤ p✱ ✇❡ ✉s❡ ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✼ t♦ s❤♦✇ t❤❛t 1 n Tr R -1 ∂R ∂θi R -1 ∂R ∂θj ❤❛s ❛ P X ✲❛•♠♦st s✉r❡ •✐♠✐t ❛s n → +∞✳ ❲❡ ❝❛•❝✉•❛t❡ ∂ ∂θi L θ = 1 n Tr R -1 θ ∂R θ ∂θi -y t R -1 θ ∂R θ ∂θi R -1 θ y ✳ ❲❡ ✉s❡ ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✾ ✇✐t❤ M i = R -1 θ ∂R θ ∂θi ❛♥❞ N i = -R -1 θ ∂R θ ∂θi R -1 θ ✱ t♦❣❡t❤❡r ✇✐t❤ ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✼✱ t♦ s❤♦✇ t❤❛t √ n ∂ ∂θ L θ0 → L N (0, 4Σ M L ) . ❲❡ ❝❛•❝✉•❛t❡ ∂ 2 ∂θ i ∂θ j L θ0 = 1 n Tr -R -1 ∂R ∂θ i R -1 ∂R ∂θ j + R -1 ∂ 2 R ∂θ i ∂θ j + 1 n y t 2R -1 ∂R ∂θ i R -1 ∂R ∂θ j R -1 -R -1 ∂ 2 R ∂θ i ∂θ j R -1 y. ❍❡♥❝❡✱ ✉s✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✽✱ ∂ 2 ∂θ 2 L θ0 ❝♦♥✈❡r❣❡s t♦ 2Σ M L ✐♥ t❤❡ ♠❡❛♥ sq✉❛r❡ s❡♥s❡ ✭♦♥ t❤❡ ♣r♦❞✉❝t s♣❛❝❡✮✳ ❋✐♥❛••②✱ ∂ 3 ∂θi∂θj ∂θ k L θ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s 1 n Tr M θ + z t N θ z ✱ ✇❤❡r❡ M θ ❛♥❞ N θ ❛r❡ s✉♠s ♦❢ ♠❛tr✐❝❡s ♦❢ M θ ✭♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✼✮ ❛♥❞ ✇❤❡r❡ z ❞❡♣❡♥❞s ♦♥ X ❛♥❞ Y ❛♥❞ L (z|X) = N (0, I n )✳ ❍❡♥❝❡✱ t❤❡ s✐♥❣✉•❛r ✈❛•✉❡s ♦❢ M θ ❛♥❞ N θ ❛r❡ ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠•② ✐♥ θ✱ n ❛♥❞ x✱ ❛♥❞ s♦ sup i,j,k θ ∂ 3 ∂θi∂θj ∂θ k L θ ✐s ❜♦✉♥❞❡❞ ❜② a + b 1 n |z| 2 ✱ ✇✐t❤ ❝♦♥st❛♥t a, b < +∞ ❛♥❞ ✐s ❤❡♥❝❡ ❜♦✉♥❞❡❞ ✐♥ ♣r♦❜❛❜✐•✐t②✳ ❍❡♥❝❡ ✇❡ ❛♣♣•② ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✶✵ t♦ ❝♦♥❝•✉❞❡✳ ✷✽ ❆♣♣❡♥❞✐① ❆✳✸✳ Pr♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✸✳✸ Pr♦♦❢✳ ❲❡ ✜rst•② ♣r♦✈❡ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✐♥ t❤❡ ❝❛s❡ p = 1✱ ✇❤❡♥ Σ M L ✐s ❛ s❝❛•❛r✳ ❲❡ t❤❡♥ s❤♦✇ ❤♦✇ t♦ ❣❡♥❡r❛•✐③❡ t❤❡ ♣r♦♣♦s✐t✐♦♥ t♦ t❤❡ ❝❛s❡ p > 1✳ ❋♦r p = 1 ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t 1 n Tr R -1 θ0 ∂R θ 0 ∂θ R -1 θ0 ∂R θ 0 ∂θ → P X 2Σ M L ✳ ❚❤❡♥ 1 n Tr R -1 θ0 ∂R θ0 ∂θ R -1 θ0 ∂R θ0 ∂θ = 1 n Tr R -1 2 θ0 ∂R θ0 ∂θ R -1 2 θ0 R -1 2 θ0 ∂R θ0 ∂θ R -1 2 θ0 = R -1 2 θ0 ∂R θ0 ∂θ R -1 2 θ0 2 ≥ inf i,n,x φ i R -1 2 θ0 4 ∂R θ0 ∂θ 2 . ❇② •❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✺✱ t❤❡r❡ ❡①✐sts a > 0 s♦ t❤❛t inf i,n,x φ i R -1 2 θ0 4 ≥ a✳ ❲❡ t❤❡♥ s❤♦✇✱ s✐♠✐•❛r•② t♦ t❤❡ ♣r♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✸✳✶✱ t❤❛t t❤❡ •✐♠✐t ♦❢ ∂R θ 0 ∂θ 2 ✐s ♣♦s✐t✐✈❡✳ ❲❡ ♥♦✇ ❛❞❞r❡ss t❤❡ ❝❛s❡ p > 1✳ ▲❡t v λ = (λ 1 , ..., λ p ) t ∈ R p ✱ v λ ❞✐✛❡r❡♥t ❢r♦♠ ③❡r♦✳ ❲❡ ❞❡✜♥❡ t❤❡ ♠♦❞❡• {K δ , δ ∈ [δ inf , δ sup ]}✱ ✇✐t❤ δ inf < 0 < δ sup ❜② K δ = K (θ0) 1 +δλ1,...,(θ0) p +δλp ✳ ❚❤❡♥ K δ=0 = K θ0 ✳ ❲❡ ❤❛✈❡ ∂ ∂δ K δ=0 (t) = p k=1 λ k ∂ ∂θ k K θ0 (t)✱ s♦ t❤❡ ♠♦❞❡• {K δ , δ ∈ [δ inf , δ sup ]} ✈❡r✐✜❡s t❤❡ ❤②♣♦t❤❡s❡s ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥ ❢♦r p = 1✳ ❍❡♥❝❡✱ t❤❡ P✲♠❡❛♥ sq✉❛r❡ •✐♠✐t ♦❢ ∂ 2 ∂δ 2 L δ=0 ✐s ♣♦s✐t✐✈❡✳ ❲❡ ❝♦♥❝•✉❞❡ ✇✐t❤ ∂ 2 ∂δ 2 L δ=0 = v t λ ∂ 2 ∂θ 2 L θ0 v λ ✳ ❆♣♣❡♥❞✐① ❆✳✹✳ Pr♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✸✳✹ Pr♦♦❢✳ ❲❡ ✇✐•• s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜•❡s ❞❡✜♥❡❞ ♦♥ (Ω X , F X , P X ) D θ,θ0 s♦ t❤❛t sup θ | (CV θ -CV θ0 ) -D θ,θ0 | → p 0 ❛♥❞ C > 0 s♦ t❤❛t P X ✲❛✳s✳ D θ,θ0 ≥ C|R θ -R θ0 | 2 . ✭❆✳✹✮ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✐s t❤❡♥ ❝❛rr✐❡❞ ♦✉t s✐♠✐•❛r•② t♦ t❤❡ ♣r♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✸✳✶✳ ❙✐♠✐•❛r•② t♦ t❤❡ ♣r♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✸✳✶✱ ✇❡ ✜rst•② s❤♦✇ t❤❛t sup θ |CV θ -E (CV θ |X) | → p 0✳ ❲❡ t❤❡♥ ❞❡♥♦t❡ D θ,θ0 = E (CV θ |X) -E (CV θ0 |X)✳ ❲❡ ❞❡❝♦♠♣♦s❡✱ ❢♦r ❛•• i ∈ {1, ..., n}✱ ✇✐t❤ P i t❤❡ ♠❛tr✐① t❤❛t ❡①❝❤❛♥❣❡s •✐♥❡s 1 ❛♥❞ i ♦❢ ❛ ♠❛tr✐①✱ P i R θ P t i = 1 r t i,θ r i,θ R -i,θ . ❚❤❡ ❝♦♥❞✐t✐♦♥❛• ❞✐str✐❜✉t✐♦♥s ❜❡✐♥❣ ✐♥❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ♥✉♠❜❡r✐♥❣ ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥s✱ ✇❡ ❤❛✈❡✱ ✉s✐♥❣ t❤❡ ❑r✐❣✐♥❣ ❡q✉❛t✐♦♥s D θ,θ0 = 1 n n i=1 E r t i,θ R -1 -i,θ y -i -r t i,θ0 R -1 -i,θ0 y -i 2 |X = 1 n n i=1 r t i,θ R -1 -i,θ -r t i,θ0 R -1 -i,θ0 R -i,θ0 R -1 -i,θ r i,θ -R -1 -i,θ0 r i,θ0 . ❙✐♠✐•❛r•② t♦ •❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✺✱ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t t❤❡ ❡✐❣❡♥✈❛•✉❡s ♦❢ R -i,θ0 ❛r❡ •❛r❣❡r t❤❛♥ ❛ ❝♦♥st❛♥t A > 0✱ ✉♥✐❢♦r♠•② ✐♥ n ❛♥❞ x✳ ❚❤❡♥ D θ,θ0 ≥ A 1 n n i=1 r t i,θ R -1 -i,θ -r t i,θ0 R -1 -i,θ0 2 . ✷✾ ❯s✐♥❣ t❤❡ ✈✐rt✉❛• ❈r♦ss ❱❛•✐❞❛t✐♦♥ ❡q✉❛t✐♦♥s ❬✷✺✱ ❝❤✳✺✳✷(✱ t❤❡ ✈❡❝t♦r R -1 -i,θ r i,θ ✐s t❤❡ ✈❡❝t♦r ♦❢ t❤❡ (R -1 θ ) i,j (R -1 θ ) i,i ❢♦r 1 ≤ j ≤ n✱ j = i✳ ❍❡♥❝❡ P X ✲❛✳s✳ D θ,θ0 ≥ A 1 n n i=1 j =i R -1 θ i,j R -1 θ i,i - R -1 θ0 i,j R -1 θ0 i,i 2 = A 1 n diag R -1 θ -1 R -1 θ -diag R -1 θ0 -1 R -1 θ0 2 ≥ AB 1 n diag R -1 θ0 diag R -1 θ -1 R -1 θ -R -1 θ0 2 , ✇✐t❤ B = inf i,n,x φ 2 i diag R -1 θ0 -1 ✱ B > 0✳ ❚❤❡ ❡✐❣❡♥✈❛•✉❡s ♦❢ diag R -1 θ0 diag R -1 θ -1 ❛r❡ ❜♦✉♥❞❡❞ ❜❡t✇❡❡♥ a > 0 ❛♥❞ b < ∞ ✉♥✐❢♦r♠•② ✐♥ n ❛♥❞ x✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡✱ ✇✐t❤ D λ t❤❡ ❞✐❛❣♦♥❛• ♠❛tr✐① ✇✐t❤ ✈❛•✉❡s λ 1 , ..., λ n ✱ D θ,θ0 ≥ AB inf a≤λ1,...,λn≤b D λ R -1 θ -R -1 θ0 2 ≥ ABC inf a≤λ1,...,λn≤b |D 1 λ R θ -R θ0 | 2 , ✉s✐♥❣ ❬✶✵( t❤❡♦r❡♠ ✶✱ ≥ ABC inf λ1,...,λn |D λ R θ -R θ0 | 2 , ✇✐t❤ C = 1 b inf n,x,θ 1 ||R θ || 2 1 ||R θ 0 || 2 ✱ C > 0✳ ❚❤❡♥ D θ,θ0 ≥ ABC 1 n inf λ1,...,λn n i,j=1 (λ i R θ,i,j -R θ0,i,j ) 2 = ABC 1 n n i=1 inf λ n j=1 (λR θ,i,j -R θ0,i,j ) 2 = ABC 1 n n i=1 inf λ    (λ -1) 2 + j =i (λR θ,i,j -R θ0,i,j ) 2    . ▲❡♠♠❛ ❆♣♣❡♥❞✐① ❆✳✶✳ ❋♦r ❛♥② a 1 , ..., a n ❛♥❞ b 1 , ..., b n ∈ R✱ inf λ (λ -1) 2 + n i=1 (a i -λb i ) 2 ≥ n i=1 (a i -b i ) 2 1 + n i=1 b 2 i . Pr♦♦❢✳ (λ -1) 2 + n i=1 (a i -λb i ) 2 = λ 2 1 + n i=1 b 2 i -2λ 1 + n i=1 a i b i + 1 + n i=1 a 2 i . ❚❤❡ ♠✐♥✐♠✉♠ ✐♥ x ♦❢ ax 2 -2bx + c✱ ✐s -b 2 a + c✱ ❤❡♥❝❡ (λ -1) 2 + n i=1 (a i -λb i ) 2 ≥ 1 + n i=1 a 2 i - (1 + n i=1 a i b i ) 2 (1 + n i=1 b 2 i ) = n i=1 (a i -b i ) 2 -( n i=1 a i b i ) 2 + n i=1 a 2 i n i=1 b 2 i 1 + n i=1 b 2 i ≥ n i=1 (a i -b i ) 2 1 + n i=1 b 2 i , ✉s✐♥❣ ❈❛✉❝❤②✲❙❝❤✇❛rt③ ✐♥❡q✉❛•✐t②✳ ✸✵ ❯s✐♥❣ •❡♠♠❛ ❆♣♣❡♥❞✐① ❆✳✶✱ t♦❣❡t❤❡r ✇✐t❤ ✭✶✮ ❛♥❞ •❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✶ ✇❤✐❝❤ ❡♥s✉r❡s t❤❛t j =i (R θ,i,j ) 2 ≤ c < +∞ ✉♥✐❢♦r♠•② ✐♥ i✱ θ ❛♥❞ x✱ ✇❡ ♦❜t❛✐♥ D θ,θ0 ≥ ABC 1 1 + c 1 n n i=1 j =i (R θ,i,j -R θ0,i,j ) 2 = ABC 1 1 + c |R θ -R θ0 | 2 , ❜❡❝❛✉s❡ R θ,i,i = 1 = R θ0,i,i ✱ ✇❤✐❝❤ ♣r♦✈❡s ✭❆✳✹✮ ❛♥❞ ❡♥❞s t❤❡ ♣r♦♦❢✳ ❆♣♣❡♥❞✐① ❆✳✺✳ Pr♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✸✳✺ Pr♦♦❢✳ ■t ✐s s❤♦✇♥ ✐♥ ❬✺( t❤❛t ∂ 2 R θ ∂θ i ∂θ j R -1 θ y. ❲❡ t❤❡♥ ❤❛✈❡✱ ✉s✐♥❣ E (y t Ay|X) = Tr (AR θ0 ) ❛♥❞ ❢♦r ♠❛tr✐❝❡s D✱ M 1 ❛♥❞ M 2 ✱ ✇✐t❤ D ❞✐❛❣♦♥❛•✱ Tr {M 1 D diag (M 2 )} = Tr {M 2 D diag (M 1 )} ❛♥❞ Tr (DM 1 ) = Tr (DM t 1 )✱ ✸✶ E ∂ 2 ∂θ i ∂θ j CV θ0 |X = -8 1 n Tr ∂R θ0 ∂θ j R -1 θ0 diag R -1 θ0 -3 diag R -1 θ0 ∂R θ0 ∂θ i R -1 θ0 R -1 θ0 ✭❆✳✺✮ +2 1 n Tr ∂R θ0 ∂θ j R -1 θ0 diag R -1 θ0 -2 R -1 θ0 ∂R θ0 ∂θ i R -1 θ0 +6 1 n Tr diag R -1 θ0 -4 diag R -1 θ0 ∂R θ0 ∂θ j R -1 θ0 diag R -1 θ0 ∂R θ0 ∂θ i R -1 θ0 R -1 θ0 -4 1 n Tr diag R -1 θ0 -3 diag R -1 θ0 ∂R θ0 ∂θ i R -1 θ0 ∂R θ0 ∂θ j R -1 θ0 R -1 θ0 +2 1 n Tr diag R -1 θ0 -3 diag R -1 θ0 ∂ 2 R θ0 ∂θ i ∂θ j R -1 θ0 R -1 θ0 +4 1 n Tr diag R -1 θ0 -2 R -1 θ0 ∂R θ0 ∂θ i R -1 θ0 ∂R θ0 ∂θ j R -1 θ0 -2 1 n Tr diag R -1 θ0 -2 R -1 θ0 ∂ 2 R θ0 ∂θ i ∂θ j R -1 θ0 . ❚❤❡ ❢♦✉rt❤ ❛♥❞ s✐①t❤ t❡r♠s ♦❢ ✭❆✳✺✮ ❛r❡ ♦♣♣♦s✐t❡ ❛♥❞ ❤❡♥❝❡ ❝❛♥❝❡• ❡❛❝❤ ♦t❤❡r✳ ■♥❞❡❡❞✱ Tr diag R -1 θ0 -3 diag R -1 θ0 ∂R θ0 ∂θ i R -1 θ0 ∂R θ0 ∂θ j R -1 θ0 R -1 θ0 = n i=1 R -1 θ0 -3 i,i R -1 θ0 ∂R θ0 ∂θ i R -1 θ0 ∂R θ0 ∂θ j R -1 θ0 i,i R -1 θ0 i,i = n i=1 R -1 θ0 -2 i,i R -1 θ0 ∂R θ0 ∂θ i R -1 θ0 ∂R θ0 ∂θ j R -1 θ0 i,i = Tr diag R -1 θ0 -2 R -1 θ0 ∂R θ0 ∂θ i R -1 θ0 ∂R θ0 ∂θ j R -1 θ0 . ❙✐♠✐•❛r•② t❤❡ ✜❢t❤ ❛♥❞ s❡✈❡♥t❤ t❡r♠s ♦❢ ✭❆✳✺✮ ❝❛♥❝❡• ❡❛❝❤ ♦t❤❡r✳ ❍❡♥❝❡✱ ✇❡ s❤♦✇ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ E ∂ 2 ∂θi∂θj CV θ0 |X ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✳ ❲❡ ✉s❡ ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✼ t♦ s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ♦❢ Σ CV,1 ❛♥❞ Σ CV,2 ✳ ❆♣♣❡♥❞✐① ❆✳✻✳ Pr♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✸✳✻ Pr♦♦❢✳ ❲❡ ✉s❡ ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✾✱ ✇✐t❤ M i θ0 t❤❡ ♥♦t❛t✐♦♥ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✸✳✺ ❛♥❞ N i = -M i θ0 + M i θ0 t , t♦❣❡t❤❡r ✇✐t❤ ♣r♦♣♦s✐t✐♦♥s ❆♣♣❡♥❞✐① ❉✳✼ ❛♥❞ ✸✳✺ t♦ s❤♦✇ t❤❛t √ n ∂ ∂θ CV θ0 → L N (0, Σ CV,1 ) . ❲❡ ❤❛✈❡ s❡❡♥ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✸✳✺ t❤❛t t❤❡r❡ ❡①✐st ♠❛tr✐❝❡s P i,j ✐♥ M θ0 ✭♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✼✮✱ s♦ t❤❛t ∂ 2 ∂θi∂θj CV θ0 = 1 n y t P i,j y✱ ✇✐t❤ 1 n Tr (P i,j R) → (Σ CV,2 ) i,j P X ✲❛•♠♦st s✉r❡•②✳ ❍❡♥❝❡✱ ✉s✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✽✱ ∂ 2 ∂θ 2 L θ0 ❝♦♥✈❡r❣❡s t♦ Σ CV,2 ✐♥ t❤❡ ♠❡❛♥ sq✉❛r❡ s❡♥s❡ ✭♦♥ t❤❡ ♣r♦❞✉❝t s♣❛❝❡✮✳ ❋✐♥❛••②✱ ∂ 3 ∂θi∂θj ∂θ k CV θ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s 1 n z t N i,j,k θ z ✱ ✇❤❡r❡ N i,j,k θ ❛r❡ s✉♠s ♦❢ ♠❛tr✐❝❡s ♦❢ M θ ✭♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✼✮ ❛♥❞ z ❞❡♣❡♥❞✐♥❣ ♦♥ X ❛♥❞ Y ✇✐t❤ L (z|X) = N (0, I n )✳ ❚❤❡ s✐♥❣✉•❛r ✈❛•✉❡s ♦❢ N i,j,k θ ❛r❡ ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠•② ✐♥ θ✱ n ❛♥❞ x ❛♥❞ s♦ sup i,j,k, θ ∂ 3 ∂θi∂θj ∂θ k CV θ ✐s ❜♦✉♥❞❡❞ ❜② b 1 n z t z✱ b < +∞✱ ❛♥❞ ✐s ❤❡♥❝❡ ❜♦✉♥❞❡❞ ✐♥ ♣r♦❜❛❜✐•✐t②✳ ❲❡ ❛♣♣•② ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✶✵ t♦ ❝♦♥❝•✉❞❡✳ ✸✷ ❆♣♣❡♥❞✐① ❆✳✼✳ Pr♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✸✳✼ Pr♦♦❢✳ ❲❡ s❤♦✇ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✐♥ t❤❡ ❝❛s❡ p = 1✱ t❤❡ ❣❡♥❡r❛•✐③❛t✐♦♥ t♦ t❤❡ ❝❛s❡ p > 1 ❜❡✐♥❣ t❤❡ s❛♠❡ ❛s ✐♥ ♣r♦♣♦s✐t✐♦♥ ✸✳✸✳ ❙✐♠✐•❛r•② t♦ t❤❡ ♣r♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✸✳✶✱ ✇❡ s❤♦✇ t❤❛t ∂ 2 ∂θ 2 CV θ0 -E ∂ 2 ∂θ 2 CV θ0 |X → p 0✳ ❲❡ ✇✐•• t❤❡♥ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts C > 0 s♦ t❤❛t P X ✲❛✳s✳✱ E ∂ 2 ∂θ 2 CV θ0 |X ≥ C ∂R θ ∂θ 2 . ✭❆✳✻✮ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✇✐•• ❤❡♥❝❡ ❜❡ ❝❛rr✐❡❞ ♦✉t s✐♠✐•❛r•② ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✸✳✶✳ ∂ 2 ∂θ 2 CV θ0 ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s z t M z ✇✐t❤ z ❞❡♣❡♥❞✐♥❣ ♦♥ X ❛♥❞ Y ❛♥❞ L (z|X) = N (0, I n )✱ ❛♥❞ M ❛ s✉♠ ♦❢ ♠❛tr✐❝❡s ♦❢ M θ0 ✭♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✼✮✳ ❍❡♥❝❡✱ ✉s✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✼✱ ✉♥✐❢♦r♠•② ✐♥ n✱ sup θ ∂ 2 ∂θ 2 CV θ ≤ a 1 n z t z ✇✐t❤ a < +∞✳ ❍❡♥❝❡✱ ❢♦r ✜①❡❞ n✱ ✇❡ ❝❛♥ ❡①❝❤❛♥❣❡ ❞❡r✐✈❛t✐✈❡s ❛♥❞ ♠❡❛♥s ❝♦♥❞✐t✐♦♥❛••② t♦ X ❛♥❞ s♦ E ∂ 2 ∂θ 2 CV θ0 |X = ∂ 2 ∂θ 2 E (CV θ0 |X) . ❚❤❡♥✱ ✇✐t❤ r i,θ ✱ R -i,θ ❛♥❞ y -i t❤❡ ♥♦t❛t✐♦♥ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✸✳✹✱ E (CV θ |X) = 1 n n i=1 1 -r t i,θ0 R -1 -i,θ0 r i,θ0 + E r t i,θ0 R -1 -i,θ0 y -i -r t i,θ R -1 -i,θ y -i 2 |X = 1 n n i=1 1 -r t i,θ0 R -1 -i,θ0 r i,θ0 + 1 n n i=1 r t i,θ R -1 -i,θ -r t i,θ0 R -1 -i,θ0 R -i,θ0 R -1 -i,θ r i,θ -R -1 -i,θ0 r i,θ0 . ❇② ❞✐✛❡r❡♥t✐❛t✐♥❣ t✇✐❝❡ ✇✐t❤ r❡s♣❡❝t t♦ θ ❛♥❞ t❛❦✐♥❣ t❤❡ ✈❛•✉❡ ❛t θ 0 ✇❡ ♦❜t❛✐♥ E ∂ 2 ∂θ 2 CV θ0 |X = 1 n n i=1 ∂ ∂θ R -1 -i,θ0 r t i,θ0 t R -i,θ0 ∂ ∂θ R -1 -i,θ0 r t i,θ0 ≥ A 1 n n i=1 ∂ ∂θ R -1 -i,θ0 r t i,θ0 2 ✇✐t❤ A = inf n,i,x φ 2 i (R -i,θ0 )✱ A > 0, t❤❡♥✱ ✉s✐♥❣ t❤❡ ✈✐rt✉❛• ❈❱ ❢♦r♠✉•❛s ❬✷✺✱ ✾(✱ E ∂ 2 ∂θ 2 CV θ0 |X ≥ A 1 n n i=1 j =i ∂ ∂θ R -1 θ0 i,j R -1 θ0 i,i 2 = A ∂ ∂θ diag R -1 θ0 -1 R -1 θ0 2 = A diag R -1 θ0 -1 diag R -1 θ0 ∂R θ0 ∂θ R -1 θ0 diag R -1 θ0 -1 R -1 θ0 -diag R -1 θ0 -1 R -1 θ0 ∂R θ0 ∂θ R -1 θ0 2 ≥ A 2 B diag R -1 θ0 ∂R θ0 ∂θ R -1 θ0 diag R -1 θ0 -1 -R -1 θ0 ∂R θ0 ∂θ 2 ✇✐t❤ B = inf i,n,x φ i R -1 θ0 ✱ B > 0 ≥ A 2 B inf λ1,...,λn D λ -R -1 θ0 ∂R θ0 ∂θ 2 ≥ A 2 B 2 inf λ1,...,λn R θ0 D λ - ∂R θ0 ∂θ 2 . ✸✸ ❚❤❡♥✱ ❛s K θ (0) = 1 ❢♦r ❛•• θ✱ ❛♥❞ ❤❡♥❝❡ ∂ ∂θ K θ0 (0) = 0✱ E ∂ 2 ∂θ 2 CV θ0 |X ≥ A 2 B 2 inf λ1,...,λn 1 n n i=1   λ 2 i + j =i λ i (R θ0 ) i,j - ∂R θ0 ∂θ i,j 2   = A 2 B 2 1 n n i=1 inf λ   λ 2 + j =i λ (R θ0 ) i,j - ∂R θ0 ∂θ i,j 2   . ❲❡ t❤❡♥ s❤♦✇✱ s✐♠✐•❛r•② t♦ •❡♠♠❛ ❆♣♣❡♥❞✐① ❆✳✶✱ t❤❛t λ 2 + n i=1 (a i -λb i ) 2 ≥ n i=1 a 2 i 1 + n i=1 b 2 i . ✭❆✳✼✮ ❍❡♥❝❡✱ ✇✐t❤ C ∈ [1, +∞)✱ ❜② ✉s✐♥❣ ✭✶✮ ❛♥❞ •❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✶✱ E ∂ 2 ∂θ 2 CV θ0 |X ≥ A 2 B 2 C 1 n n i=1 j =i ∂R θ0 ∂θ i,j 2 = A 2 B 2 C ∂R θ0 ∂θ 2 ❜❡❝❛✉s❡ ∂ ∂θ K θ0(0) = 0. ❲❡ t❤❡♥ s❤♦✇❡❞ ✭❆✳✻✮✱ ✇❤✐❝❤ ❝♦♥❝•✉❞❡s t❤❡ ♣r♦♦❢ ✐♥ t❤❡ ❝❛s❡ p = 1✳ ❆♣♣❡♥❞✐① ❇✳ Pr♦♦❢s ❢♦r s❡❝t✐♦♥ ✹ ❆♣♣❡♥❞✐① ❇✳✶✳ Pr♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✹✳✷ Pr♦♦❢✳ ■t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❡ ♣r♦♣♦s✐t✐♦♥ ❢♦r ǫ ∈ [0, α] ❢♦r ❛•• α < 1 2 ✳ ❲❡ ✉s❡ t❤❡ ❢♦••♦✇✐♥❣ •❡♠♠❛✳ ▲❡♠♠❛ ❆♣♣❡♥❞✐① ❇✳✶✳ ▲❡t f n ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ C 2 ❢✉♥❝t✐♦♥s ♦♥ ❛ s❡❣♠❡♥t ♦❢ R✳ ❲❡ ❛ss✉♠❡ f n → unif f ✱ f ′ n → unif g✱ f ′′ n → unif h✳ ❚❤❡♥✱ f ✐s C 2 ✱ f ′ = g✱ ❛♥❞ f ′′ = h✳ ❲❡ ❞❡♥♦t❡ f n (ǫ) = 1 n E Tr M i,j ✇❤❡r❡ (M i,j ) n∈N * ✐s ❛ r❛♥❞♦♠ ♠❛tr✐① s❡q✉❡♥❝❡ ❞❡✜♥❡❞ ♦♥ (Ω X , F X , P X ) ✇❤✐❝❤ ❜❡•♦♥❣s t♦ M θ ✭♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✼✮✳ ❲❡ s❤♦✇❡❞ ✐♥ ♣r♦♣♦s✐✲ t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✼ t❤❛t f n ❝♦♥✈❡r❣❡s s✐♠♣•② t♦ Σ i,j ♦♥ [0, α]✳ ❲❡ ✜rst•② ✉s❡ t❤❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠ t♦ s❤♦✇ t❤❛t f n ✐s C 2 ❛♥❞ t❤❛t f ′ n ❛♥❞ f ′′ n ❛r❡ ♦❢ t❤❡ ❢♦r♠ E 1 n Tr N i,j , ✭❇✳✶✮ ✇✐t❤ N i,j ❛ s✉♠ ♦❢ r❛♥❞♦♠ ♠❛tr✐① s❡q✉❡♥❝❡s ♦❢ Mθ0 ✳ Mθ0 ✐s s✐♠✐•❛r t♦ M θ0 ✭♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✼✮✱ ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥ ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡ ♠❛tr✐❝❡s ✇✐t❤ r❡s♣❡❝t t♦ ǫ✳ ❲❡ ❝❛♥ t❤❡♥✱ ✉s✐♥❣ ✭✻✮✱ ❛❞❛♣t ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✼ t♦ s❤♦✇ t❤❛t f ′ n ❛♥❞ f ′′ n ❝♦♥✈❡r❣❡ s✐♠♣•② t♦ s♦♠❡ ❢✉♥❝t✐♦♥s g ❛♥❞ h ♦♥ [0, α]✳ ❋✐♥❛••②✱ st✐•• ❛❞❛♣t✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✼✱ t❤❡ s✐♥❣✉•❛r ✈❛•✉❡s ♦❢ N i,j ❛r❡ ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠•② ✐♥ x ❛♥❞ n✳ ❍❡♥❝❡✱ ✉s✐♥❣ Tr (A) ≤ n||A||✱ ❢♦r ❛ s②♠♠❡tr✐❝ ♠❛tr✐① A✱ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ f n ✱ f ′ n ❛♥❞ f ′′ n ❛r❡ ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠•② ✐♥ n✱ s♦ t❤❛t t❤❡ s✐♠♣•❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♠♣•✐❡s t❤❡ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡✳ ❚❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ •❡♠♠❛ ❆♣♣❡♥❞✐① ❇✳✶ ❛r❡ ❤❡♥❝❡ ❢✉•✜••❡❞✳ ✸✹ ❆♣♣❡♥❞✐① ❈✳ Pr♦♦❢s ❢♦r s❡❝t✐♦♥ ✺ ❆♣♣❡♥❞✐① ❈✳✶✳ Pr♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✺✳✷ Pr♦♦❢✳ ▲❡t ✉s ✜rst s❤♦✇ ✭✾✮✳ ❈♦♥s✐❞❡r ❛ ❝♦♥s✐st❡♥t ❡st✐♠❛t♦r θ ♦❢ θ 0 ✳ ❙✐♥❝❡ | θ -θ 0 | = o p (1)✱ ✐t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t sup 1≤i≤p,θ∈Θ | ∂ ∂θi E ǫ,θ | = O p (1)✳ ❈♦♥s✐❞❡r ❛ ✜①❡❞ n✳ ❇❡❝❛✉s❡ t❤❡ tr❛•❡❝t♦r② Y (t) ✐s ❛•♠♦st s✉r❡•② ❝♦♥t✐♥✉♦✉s ♦♥ [0, N 1,n ] d ✱ ❜❡❝❛✉s❡ ❢♦r ❡✈❡r② θ ∈ Θ✱ 1 ≤ i ≤ p✱ ∂ ∂θi K θ (t) ✐s ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t ❛♥❞ ❜❡❝❛✉s❡✱ ❢r♦♠ ✭✶✮✱ sup θ∈Θ,1≤i≤p ∂ ∂θi K θ (t) ✐s ❜♦✉♥❞❡❞✱ ✇❡ ❝❛♥ ❛•♠♦st s✉r❡•② ❡①❝❤❛♥❣❡ ✐♥t❡❣r❛t✐♦♥ ❛♥❞ ❞❡r✐✈❛t✐♦♥ ✇✳r✳t✳ θ i ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ E ǫ,θ ✳ ❚❤✉s✱ ✇❡ ❤❛✈❡ ❛•♠♦st s✉r❡•② ∂ ∂θ i E ǫ,θ = 1 N d 1,n [0,N1,n] d ∂ ∂θ i Y (t) -Ŷθ (t) 2 dt = 2 N d 1,n [0,N1,n] d Y (t) -Ŷθ (t) - ∂r t θ (t) ∂θ i R -1 θ + r t θ (t)R -1 θ ∂R θ ∂θ i R -1 θ ydt, ✇✐t❤ (r θ (t)) j = K θ (v j + ǫx j -t)✳ ❚❤❡♥ E sup θ∈Θ ∂ ∂θ i E ǫ,θ ≤ 2 N d 1,n [0,N1,n] d E sup θ∈Θ Y (t) -Ŷθ (t) ∂r t θ (t) ∂θ i R -1 θ -r t θ (t)R -1 θ ∂R θ ∂θ i R -1 θ y dt ≤ 2 N d 1,n [0,N1,n] d E sup θ∈Θ Y (t) -Ŷθ (t) 2 × [0,N1,n] d E sup θ∈Θ ∂r t θ (t) ∂θ i R -1 θ -r t θ (t)R -1 θ ∂R θ ∂θ i R -1 θ y 2 dt ≤ 2 N d 1,n 2 [0,N1,n] d E ({Y (t) 2 }) + 2 [0,N1,n] d E sup θ∈Θ Ŷθ (t) 2 × [0,N1,n] d E sup θ∈Θ ∂r t θ (t) ∂θ i R -1 θ -r t θ (t)R -1 θ ∂R θ ∂θ i R -1 θ y 2 dt = 2 N d 1,n 2K θ0 (0)N d 1,n + 2 [0,N1,n] d E sup θ∈Θ Ŷθ (t) 2 × [0,N1,n] d E sup θ∈Θ ∂r t θ (t) ∂θ i R -1 θ -r t θ (t)R -1 θ ∂R θ ∂θ i R -1 θ y 2 dt. ✭❈✳✶✮ ■♥ ✭❈✳✶✮✱ t❤❡ t✇♦ s✉♣r❡♠✉♠s ❝❛♥ ❜❡ ✇r✐tt❡♥ E sup θ∈Θ w θ (t) t y 2 , ✇✐t❤ w θ (t) ❛ ❝♦•✉♠♥ ✈❡❝t♦r ♦❢ s✐③❡ n✱ ♥♦t ❞❡♣❡♥❞✐♥❣ ♦♥ y✳ ❋✐① t ∈ [0, N 1,n ] d ✳ ❲❡ ♥♦✇ ✉s❡ ❙♦❜♦•❡✈ ❡♠❜❡❞❞✐♥❣ t❤❡♦r❡♠ ♦♥ t❤❡ s♣❛❝❡ Θ✱ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳ ❚❤✐s t❤❡♦r❡♠ ✐♠♣•✐❡s t❤❛t ❢♦r f : Θ → R✱ sup θ∈Θ |f (θ)| ≤ C p Θ |f (θ)| p + p j=1 ∂ ∂θj f (θ) p dθ✱ ✇✐t❤ C p ❛ ✜♥✐t❡ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥•② ♦♥ p ❛♥❞ Θ✳ ✸✺ ❇② ❛♣♣•②✐♥❣ t❤✐s ✐♥❡q✉❛•✐t② t♦ t❤❡ C 1 ❢✉♥❝t✐♦♥ ♦❢ θ✱ (w θ (t) t y) 2 ✱ ✇❡ ♦❜t❛✐♥ E sup θ∈Θ w θ (t) t y 2 ≤ E C p Θ p i=1 ∂ ∂θ i w θ (t) t y 2 p dθ + E C p Θ w θ (t) t y 2 p dθ = 2C p p i=1 Θ E w θ (t) t y ∂ ∂θ i w θ (t) t y p dθ + C p Θ E w θ (t) t y 2p dθ ≤ 2C p p i=1 Θ E {(w θ (t) t y)} 2p dθ Θ E ∂ ∂θ i (w θ (t) t ) y 2p dθ +C p Θ E w θ (t) t y 2p dθ. ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C ′ p ✱ ❞❡♣❡♥❞✐♥❣ ♦♥•② ♦♥ p s♦ t❤❛t✱ ❢♦r Z ❛ ❝❡♥t❡r❡❞ •❛✉ss✐❛♥ ✈❛r✐❛❜•❡✱ E(Z 2p ) = C ′ p var(Z) p ✳ ❚❤✉s✱ ✇❡ ♦❜t❛✐♥ E sup θ∈Θ w θ (t) t y 2 ≤ 2C p C ′ p p i=1 Θ E {w θ (t) t y} 2 p dθ Θ E ∂ ∂θ i (w θ (t) t ) y 2 p dθ + C p C ′ p Θ E w θ (t) t y 2 p dθ. ✭❈✳✷✮ ❋✐① 1 ≤ i ≤ p ✐♥ ✭❈✳✷✮✳ ❇② ✉s✐♥❣ ✭✶✮✱ ❛ s•✐❣❤t ♠♦❞✐✜❝❛t✐♦♥ ♦❢ •❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✶ ❛♥❞ •❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✺✱ sup θ∈Θ,t∈[0,N1,n] d |w θ (t)| 2 ≤ A ❛♥❞ sup θ∈Θ,t∈[0,N1,n] d | ∂ ∂θi w θ (t)| 2 ≤ A✱ ✐♥❞❡♣❡♥❞❡♥t•② ♦❢ n ❛♥❞ x ❛♥❞ ❢♦r ❛ ❝♦♥st❛♥t A < +∞✳ ❚❤✉s✱ ✐♥ ✭❈✳✷✮✱ E {w θ (t) t y} 2 = E X (w θ (t) t R θ0 w θ (t) t ) ≤ AB✱ ✇✐t❤ B = sup n,x ||R θ0 ||✳ ❲❡ s❤♦✇ ✐♥ t❤❡ s❛♠❡ ✇❛② E ∂ ∂θi (w θ (t) t ) y 2 ≤ AB✳ ❍❡♥❝❡✱ ❢r♦♠ ✭❈✳✶✮ ❛♥❞ ✭❈✳✷✮✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t✱ ❢♦r 1 ≤ i ≤ p✱ E sup θ∈Θ ∂ ∂θ i E ǫ,θ ✐s ❜♦✉♥❞❡❞ ✐♥♣❡♥❞❡♥t•② ♦❢ n✳ ❍❡♥❝❡ sup θ∈Θ,1≤i≤p | ∂ ∂θi E ǫ,θ | = O p (1)✱ ✇❤✐❝❤ ♣r♦✈❡s ✭✾✮✳ ▲❡t ✉s ♥♦✇ ♣r♦✈❡ ✭✶✵✮✳ E (E ǫ,θ0 ) = E 1 (N 1,n ) d [0,N1,n] d Y (t) -Ŷθ0 (t) 2 dt = 1 (N 1,n ) d [0,N1,n] d E X 1 -r t θ0 (t)R -1 θ0 r θ0 (t) dt. ◆♦✇✱ •❡t Rθ0 (t) ❜❡ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ (Y (t), y 1 , ..., y n ) t ✱ ✉♥❞❡r ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ K θ0 ✳ ❚❤❡♥✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ✈✐rt✉❛• ▲❡❛✈❡✲❖♥❡✲❖✉t ❢♦r♠✉•❛s ❬✷✺✱ ❝❤✳✺✳✷(✱ E (E ǫ,θ0 ) = 1 (N 1,n ) d [0,N1,n] d E X 1 ( R-1 θ0 (t)) 1,1 dt ≥ 1 N d 1,n n i=1 d k=1 [(vi) k +ǫ+ 1 2 ( 1 2 -ǫ),(vi) k +1-ǫ-1 2 ( 1 2 -ǫ)] E X 1 ( R-1 θ0 (t)) 1,1 dt ✸✻ ◆♦✇✱ ❢♦r t ∈ d k=1 [(v i ) k + ǫ + 1 2 ( 1 2 -ǫ), (v i ) k + 1 -ǫ -1 2 ( 1 2 -ǫ)]✱ inf n,1≤j≤n,x∈S n X |t -v j -ǫx j | ∞ ≥ 1 2 1 2 -ǫ ✳ ❚❤✉s✱ ✇❡ ❝❛♥ ❛❞❛♣t ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✹ t♦ s❤♦✇ t❤❛t t❤❡ ❡✐❣❡♥✈❛•✉❡s ♦❢ Rθ0 (t) ❛r❡ •❛r❣❡r t❤❛♥ A > 0✱ ✐♥❞❡♣❡♥❞❡♥t•② ♦❢ n✱ x ❛♥❞ t ∈ ∪ 1≤i≤n d k=1 [(v i ) k + ǫ + 1 2 ( 1 2 -ǫ), (v i ) k + 1 -ǫ -1 2 ( 1 2 -ǫ)]✳ ❚❤✐s ②✐❡•❞s E (E ǫ,θ0 ) ≥ A N d 1,n N d 1,n 1 2 -ǫ d , ✇❤✐❝❤ ❝♦♥❝•✉❞❡s t❤❡ ♣r♦♦❢✳ ❆♣♣❡♥❞✐① ❉✳ ❚❡❝❤♥✐❝❛• r❡s✉•ts ■♥ s✉❜s❡❝t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✶ ✇❡ st❛t❡ s❡✈❡r❛• t❡❝❤♥✐❝❛• r❡s✉•ts t❤❛t ❛r❡ ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢s ♦❢ t❤❡ r❡s✉•ts ♦❢ s❡❝t✐♦♥s ✸✱ ✹ ❛♥❞ ✺✳ Pr♦♦❢s ❛r❡ ❣✐✈❡♥ ✐♥ s✉❜s❡❝t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✷✳ ❆♣♣❡♥❞✐① ❉✳✶✳ ❙t❛t❡♠❡♥t ♦❢ t❤❡ t❡❝❤♥✐❝❛• r❡s✉•ts ▲❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✶✳ ▲❡t f : R d → R + ✱ s♦ t❤❛t f (t) ≤ 1 1+|t| d+1 ∞ ✳ ❚❤❡♥✱ ❢♦r ❛•• i ∈ N * ✱ ǫ ∈ (-1 2 , 1 2 ) ❛♥❞ (x i ) i∈N * ∈ S N * X ✱ j∈N * ,j =i f {v i -v j + ǫ (x i -x j )} ≤ 2 d d j∈N j + 3 2 d-1 1 + j d+1 . ▲❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✷✳ ▲❡t f : R d → R + ✱ s♦ t❤❛t f (t) ≤ 1 1+|t| d+1 ∞ ✳ ❲❡ ❝♦♥s✐❞❡r δ < 1 2 ✳ ❚❤❡♥✱ ❢♦r ❛•• i ∈ N * ✱ a > 0✱ ǫ ∈ [-δ, δ] ❛♥❞ (x i ) i∈N * ∈ S N * X ✱ j∈N * ,j =i f [a {v i -v j + ǫ (x i -x j )}] ≤ 2 d d j∈N j + 3 2 d-1 1 + a d+1 (j + 1 -2δ) d+1 . Pr♦♦❢✳ ❙✐♠✐•❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ •❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✶✳ ▲❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✸✳ ▲❡t f : R d → R + ✱ s♦ t❤❛t f (t) ≤ 1 1+|t| d+1 ∞ ✳ ❚❤❡♥✱ ❢♦r ❛•• i ∈ N * ✱ N ∈ N * ❛♥❞ (x i ) i∈N * ∈ S N * X ✱ j∈N * ,|vi-vj |∞≥N f {v i -v j + ǫ (x i -x j )} ≤ 2 d d j∈N,j≥N -1 j + 3 2 d-1 1 + j d+1 . Pr♦♦❢✳ ❙✐♠✐•❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ •❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✶✳ Pr♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✹✳ ❆ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✷✳✶ ✐s s❛t✐s✜❡❞✳ ❋♦r ❛•• 0 ≤ δ < 1 2 ✱ t❤❡r❡ ❡①✐sts C δ > 0 s♦ t❤❛t ❢♦r ❛•• |ǫ| ≤ δ✱ ❢♦r ❛•• θ ∈ Θ✱ ❢♦r ❛•• n ∈ N * ❛♥❞ ❢♦r ❛•• x ∈ (S X ) n ✱ t❤❡ ❡✐❣❡♥✈❛•✉❡s ♦❢ R θ ❛r❡ •❛r❣❡r t❤❛♥ C δ ✳ ▲❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✺✳ ❆ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✷✳✶ ✐s s❛t✐s✜❡❞✳ ❋♦r ❛•• |ǫ| < 1 2 ❛♥❞ ❢♦r ❛•• K ∈ N✱ t❤❡r❡ ❡①✐sts C ǫ,K s♦ t❤❛t t❤❡ ❡✐❣❡♥✈❛•✉❡s ♦❢ R -1 θ ❛♥❞ ♦❢ ∂ q R θ ∂θi 1 ,...,∂θi q ✱ 0 ≤ q ≤ K✱ 1 ≤ i 1 , ..., i q ≤ p✱ ❛r❡ ❜♦✉♥❞❡❞ ❜② C ǫ,K ✱ ✉♥✐❢♦r♠•② ✐♥ n ∈ N✱ x ∈ (S X ) n ❛♥❞ θ ∈ Θ✳ Pr♦♦❢✳ ❯s✐♥❣✱ ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✹✱ ✇❡ ❝♦♥tr♦• t❤❡ ❡✐❣❡♥✈❛•✉❡s ♦❢ R -1 θ ✉♥✐❢♦r♠•② ✐♥ x ❛♥❞ θ✳ ❲✐t❤ ✭✶✮ ❛♥❞ •❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✶✱ ❛♥❞ ✉s✐♥❣ •❡rs❤❣♦r✐♥ ❝✐r❝•❡ t❤❡♦r❡♠✱ ✇❡ ❝♦♥tr♦• t❤❡ ❡✐❣❡♥✈❛•✉❡s ♦❢ ∂ q R θ ∂θi 1 ,...,∂θi q ✳ ✸✼ ▲❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✻✳ ❋♦r M s②♠♠❡tr✐❝ r❡❛• ♥♦♥✲♥❡❣❛t✐✈❡ ♠❛tr✐①✱ inf i φ i (diag(M )) ≥ inf i φ i (M ) ❛♥❞ sup i φ i (diag(M )) ≤ sup i φ i (M )✳ ❋✉rt❤❡r♠♦r❡✱ ✐❢ ❢♦r t✇♦ s❡q✉❡♥❝❡s ♦❢ s②♠♠❡tr✐❝ ♠❛tr✐❝❡s M n ❛♥❞ N n ✱ M n ∼ N n ✱ t❤❡♥ diag (M n ) ∼ diag (N n )✳ Pr♦♦❢✳ ❲❡ ✉s❡ M i,i = e t i M e i ✱ ✇❤❡r❡ (e i ) i=1...n ✐s t❤❡ st❛♥❞❛r❞ ❜❛s✐s ♦❢ R n ✳ ❍❡♥❝❡ inf i φ i (M ) ≤ M i,i ≤ sup i φ i (M ) ❢♦r ❛ s②♠♠❡tr✐❝ r❡❛• ♥♦♥✲♥❡❣❛t✐✈❡ ♠❛tr✐① M ✳ ❲❡ ❛•s♦ ✉s❡ |diag (M )| ≤ |M |✳ ❚❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ ❣✐✈❡s ❛ •❛✇ ♦❢ •❛r❣❡ ♥✉♠❜❡rs ❢♦r t❤❡ ♠❛tr✐❝❡s t❤❛t ❝❛♥ ❜❡ ✇r✐tt❡♥ ✉s✐♥❣ ♦♥•② ♠❛tr✐① ♠✉•t✐♣•✐❝❛t✐♦♥s✱ t❤❡ ♠❛tr✐① R -1 θ ✱ t❤❡ ♠❛tr✐❝❡s ∂ k ∂θi 1 ,...,∂θi k R θ ✱ ❢♦r i 1 , ..., i k ∈ {1, ..., p}✱ t❤❡ diag ♦♣❡r❛t♦r ❛♣♣•✐❡❞ t♦ t❤❡ s②♠♠❡tr✐❝ ♣r♦❞✉❝ts ♦❢ ♠❛tr✐❝❡s R θ ✱ R -1 θ ❛♥❞ ∂ k ∂θi 1 ,...,∂θi k R θ ✱ ❛♥❞ t❤❡ ♠❛tr✐① diag R -1 θ -1 ✳ ❊①❛♠♣•❡s ♦❢ s✉♠s ♦❢ t❤❡s❡ ♠❛tr✐❝❡s ❛r❡ t❤❡ ♠❛tr✐❝❡s M i,j M L ✱ M i,j CV,1 ❛♥❞ M i,j CV,2 ♦❢ ♣r♦♣♦s✐t✐♦♥s ✸✳✷ ❛♥❞ ✸✳✺✳ Pr♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✼✳ ❆ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✷✳✶ ✐s s❛t✐s✜❡❞✳ ▲❡t θ ∈ Θ✳ ❲❡ ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ♠✉•t✐✲✐♥❞❡①❡s S p := ∪ k∈{0,1,2,3} {1, ..., p} k ✳ ❋♦r I = (i 1 , ..., i k ) ∈ S p ✱ ✇❡ ❞❡♥♦t❡ m (I) = k✳ ❚❤❡♥✱ ✇❡ ❞❡♥♦t❡ ❢♦r I ∈ S p ∪ {-1}✱ R I θ := ∂ m(I) ∂θi 1 ,...,∂θi m(I) R θ ✐❢ I ∈ S p R -1 θ ✐❢ I = -1 . ❲❡ t❤❡♥ ❞❡♥♦t❡ • M I nd = R I θ ❢♦r I ∈ S nd := (S p ∪ {-1}) • M 1 sd = diag R -1 θ -1 • M I bd = diag R I1 θ ...R I m(I) θ ❢♦r I ∈ S bd := ∪ k∈N * S k nd ❲❡ t❤❡♥ ❞❡✜♥❡ M θ ❛s t❤❡ s❡t ♦❢ s❡q✉❡♥❝❡s ♦❢ r❛♥❞♦♠ ♠❛tr✐❝❡s ✭❞❡✜♥❡❞ ♦♥ (Ω X , F X , P X )✮✱ ✐♥✲ ❞❡①❡❞ ❜② n ∈ N * ✱ ❞❡♣❡♥❞❡♥t ♦♥ X✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✇r✐tt❡♥ M I1 d1 ...M I K d K ✇✐t❤ {d 1 , I 1 }, ..., {d K , I K } ∈ ({nd} × S nd ) ∪ ({sd} × {1}) ∪ ({bd} × S bd )✱ ❛♥❞ s♦ t❤❛t✱ ❢♦r t❤❡ ♠❛tr✐❝❡s M Ij dj ✱ s♦ t❤❛t d j = bd✱ t❤❡ ♠❛tr✐① R (Ij ) 1 θ ...R (Ij ) m(I j ) θ ✐s s②♠♠❡tr✐❝✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② ♠❛tr✐① M I1 d1 ...M I K d K ♦❢ M θ ✱ t❤❡ s✐♥❣✉•❛r ✈❛•✉❡s ♦❢ M I1 d1 ...M I K d K ❛r❡ ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠•② ✐♥ θ✱ n ❛♥❞ x ∈ (S X ) n ✳ ❚❤❡♥✱ ❞❡♥♦t✐♥❣ S n := 1 n Tr M I1 d1 ...M I K d K ✱ t❤❡r❡ ❡①✐sts ❛ ❞❡t❡r♠✐♥✐st✐❝ •✐♠✐t S✱ ✇❤✐❝❤ ♦♥•② ❞❡♣❡♥❞s ♦♥ ǫ✱ θ ❛♥❞ (d 1 , I 1 ) , ..., (d K , I K )✱ s♦ t❤❛t S n → S P X ✲❛•♠♦st s✉r❡•②✳ ❍❡♥❝❡ S n → S ✐♥ q✉❛❞r❛t✐❝ ♠❡❛♥ ❛♥❞ var (S n ) → 0 ❛s n → +∞✳ Pr♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✽✳ ❆ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✷✳✶ ✐s s❛t✐s✜❡❞✳ ▲❡t M ∈ M θ ✭♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✼✮✳ ❚❤❡♥✱ 1 n y t M y ❝♦♥✈❡r❣❡s t♦ Σ := lim n→+∞ 1 n Tr (M R θ0 )✱ ✐♥ t❤❡ ♠❡❛♥ sq✉❛r❡ s❡♥s❡ ✭♦♥ t❤❡ ♣r♦❞✉❝t s♣❛❝❡✮✳ Pr♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✾✳ ❆ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✷✳✶ ✐s s❛t✐s✜❡❞✳ ❲❡ r❡❝❛•• X ∼ L ⊗n X ❛♥❞ y i = Y (i + ǫX i )✱ 1 ≤ i ≤ n✳ ❲❡ ❝♦♥s✐❞❡r s②♠♠❡tr✐❝ ♠❛tr✐① s❡q✉❡♥❝❡s M 1 , ..., M p ❛♥❞ N 1 , ..., N p ✭❞❡✜♥❡❞ ♦♥ (Ω X , F X , P X )✮✱ ❢✉♥❝t✐♦♥s ♦❢ X✱ s♦ t❤❛t t❤❡ ❡✐❣❡♥✈❛•✉❡s ♦❢ N 1 , ..., N p ❛r❡ ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠•② ✐♥ n ❛♥❞ x ∈ (S X ) n ✱ Tr (M i + N i R) = 0 ❢♦r 1 ≤ i ≤ p ❛♥❞ t❤❡r❡ ❡①✐sts ❛ p × p ♠❛tr✐① Σ s♦ t❤❛t 1 n Tr (N i RN j R) → (Σ) i,j P X ✲❛•♠♦st s✉r❡•②✳ ❚❤❡♥ t❤❡ s❡q✉❡♥❝❡ ♦❢ p✲❞✐♠❡♥s✐♦♥❛• r❛♥❞♦♠ ✈❡❝t♦rs ✭❞❡✜♥❡❞ ♦♥ t❤❡ ♣r♦❞✉❝t s♣❛❝❡✮ 1 √ n {Tr (M i ) + y t N i y} i=1...p ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ ❛ •❛✉ss✐❛♥ r❛♥❞♦♠ ✈❡❝t♦r ✇✐t❤ ♠❡❛♥ ③❡r♦ ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① 2Σ✳ Pr♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✶✵✳ ❲❡ r❡❝❛•• X ∼ L ⊗n X ❛♥❞ y i = Y (i + ǫX i )✱ 1 ≤ i ≤ n✳ ❲❡ ❝♦♥s✐❞❡r ❛ ❝♦♥s✐st❡♥t ❡st✐♠❛t♦r θ ∈ R p s♦ t❤❛t P c θ = 0 → 1✱ ❢♦r ❛ ❢✉♥❝t✐♦♥ c : Θ → R p ✱ ❞❡♣❡♥❞❡♥t ♦♥ X ❛♥❞ Y ✱ ❛♥❞ t✇✐❝❡ ❞✐✛❡r❡♥t✐❛❜•❡ ✐♥ θ✳ ❲❡ ❛ss✉♠❡ t❤❛t √ nc (θ 0 ) → L N (0, Σ 1 )✱ ❢♦r ❛ p×p ♠❛tr✐① Σ 1 ❛♥❞ t❤❛t
❍❡♥❝❡ j∈N f {v i -v j + ǫ (x i -x j )} ≤ j∈N 2 d d j + 3 2 d-1 1 1 + j d+1 . Pr♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✹✳ Pr♦♦❢✳ ▲❡t h : R d → R s♦ t❤❛t ĥ(f ) = d i=1 ĥi (f i )✱ ✇✐t❤ ĥi (f i ) = 1 f 2 i ∈[0,1] exp -1 1-f 2 i ✳ ❋♦r 1 ≤ i ≤ n✱ ĥi : R → R ✐s C ∞ ✱ ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt✱ s♦ t❤❡r❡ ❡①✐sts C > 0 s♦ t❤❛t |h i (t i )| ≤ C 1 d 1+|ti| d+1 ✳ ◆♦✇✱ s✐♥❝❡ t❤❡ ✐♥✈❡rs❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ d i=1 ĥi (f i ) ✐s d i=1 h i (t i )✱ ✇❡ ❤❛✈❡ |h(t)| ≤ C d i=1 1 1 + |t i | d+1 ≤ C 1 + |t| d+1 ∞ . ❍❡♥❝❡✱ ❢r♦♠ •❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✷✱ ❢♦r ❛•• i ∈ N ❛♥❞ a > 0✱ j∈N,j =i
(Θ × R d ) → R ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ♣♦s✐t✐✈❡✱ ✉s✐♥❣ ❛ ❝♦♠♣❛❝✐t② ❛r❣✉♠❡♥t✱ t❤❡r❡ ❡①✐sts C 2 > 0 s♦ t❤❛t ❢♦r ❛•• θ ∈ Θ✱ f ∈ [-a, a] d ✱ Kθ (f ) ≥ C 2 ĥ f a ✳ ❍❡♥❝❡✱ 1 2 h (0) n i=1 t 2 i ≤ 1 a d C 2 R d Kθ (f ) n i=1 t i e if •(vi+ǫxi) 2 df, = 1 a d C 2 n i,j=1 t i t j K θ {v i -v j + ǫ (x i -x j )} .
→ n→+∞ v t λ (2Σ) v λ ❢♦r ❛✳❡✳ ω X . ❍❡♥❝❡✱ ❢♦r ❛•♠♦st ❡✈❡r② ω X ✱ ✇❡ ❝❛♥ ❛♣♣•② ▲✐♥❞❡❜❡r❣✲❋❡••❡r ❝r✐t❡r✐♦♥ t♦ t❤❡ Ω Y ✲♠❡❛s✉r❛❜•❡ ✈❛r✐✲ ❛❜•❡s 1 √ n φ i p k=1 λ k R 1 2 N k R 1 2 (z x ) 2 i -1 ✱ 1 ≤ i ≤ n✱ t♦ s❤♦✇ t❤❛t p k=1 λ k 1 √ n {Tr (M k ) + y t N k y} ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ N (0, v t λ (2Σ) v λ )✳ ❍❡♥❝❡✱ E exp i p k=1 λ k 1 √ n {Tr (M k ) + y t N k y} X ❝♦♥✈❡r❣❡s ❢♦r ❛•♠♦st ❡✈❡r② ω X t♦ exp -1 2 v t λ (2Σ) v λ ✳ ❯s✐♥❣ t❤❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ♦♥ (Ω X , F X , P X )✱ E exp i p k=1 λ k 1 √ n {Tr (M k ) + y t N k y} ❝♦♥✈❡r❣❡s t♦ exp -1 2 v t λ (2Σ) v λ ✳ Pr♦♦❢ ♦❢ ♣
(i)✱ ∂ ∂θ K θ0 (i)✱ ∂ ∂t K θ0 (i) 1 i =0 ✱ ∂ ∂t ∂ ∂θ K θ0 (i) 1 i =0 ✱ ∂ 2 ∂t 2 K θ0 (i) 1 i =0 ✱ ∂ 2 ∂t 2 ∂ ∂θ K θ0 (i) 1 i =0 ✱ i ∈ Z✱ ❛r❡ ❜♦✉♥❞❡❞ ❜② Ce -a|i| ✳ ❋♦r ❛ 2π✲♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥ f ♦♥ [-π, π]✱ ✇❡ ❞❡♥♦t❡ ❜② M (f ) t❤❡ ♠❡❛♥ ✈❛•✉❡ ♦❢ f ♦♥ [-π, π]✳ ❚❤❡♥✱ ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❊✳✷ ❣✐✈❡s t❤❡ ❝•♦s❡❞ ❢♦r♠ ❡①♣r❡ss✐♦♥s ♦❢ Σ M L ✱ Σ CV,1 ✱ Σ CV,2 ❛♥❞ ∂ 2

  ♠♣•❡s ♦❢ t❤r❡❡ ♣❡rt✉r❜❡❞ ❣r✐❞s✳ ❚❤❡ ❞✐♠❡♥s✐♦♥ ✐s d = 2 ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ✐s n = 8 2 ✳ ❋r♦♠ •❡❢t t♦ r✐❣❤t✱ t❤❡ ✈❛•✉❡s ♦❢ t❤❡ r❡❣✉•❛r✐t② ♣❛r❛♠❡t❡r ❛r❡ 0✱ 1 ◆❛t✉r❛••②✱ t❤❡ ♣❛r❛♠❡t❡r✐③❡❞ ✐rr❡❣✉•❛r✐t② t❤❛t ✇❡ ❝♦♥s✐❞❡r ❤❡r❡ ✐s ❣♦✈❡r♥❡❞ ❜② ❛ s✐♥❣•❡ s❝❛•❛r ♣❛r❛♠❡t❡r✱ ❛♥❞ t❤✉s ❝❛♥♥♦t ❜❡ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ❛•• t❤❡ ♥♦t✐♦♥s ♦❢ s♣❛t✐❛• s❛♠♣•✐♥❣ ✐rr❡❣✉•❛r✐t② t❤❛t ❡①✐st✳ ❲❡ ❝❛♥ ❛•r❡❛❞② ❞✐s❝✉ss t✇♦ ❡①❛♠♣•❡s ❢♦r t❤✐s✳ ❋✐rst✱ ❜❡❝❛✉s❡ t❤❡ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ❛r❡ •✐♥❦❡❞ t♦ ❛ r❡❣✉•❛r ❣r✐❞✱ t❤❡r❡ ✐s ❛ •✐♠✐t ❢♦r t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts t❤❛t ❝❛♥ ❢♦r♠ ❛ ❝•✉st❡r ✇✐t❤ ✈❡r② s♠❛•• s♣❛❝✐♥❣✳ ❋♦r ✐♥st❛♥❝❡ ✐♥ ❞✐♠❡♥s✐♦♥ ✷✱ t❤✐s •✐♠✐t ♥✉♠❜❡r ✐s 4 ✭❢♦r 4 ♣♦✐♥ts st❡♠♠✐♥❣ ❢r♦♠ ♣❡rt✉r❜❛t✐♦♥s ♦❢ ❡•❡♠❡♥t❛r② sq✉❛r❡s ♦❢ t❤❡ ❢♦r♠ (i, j), (i + 1, j), (i, j + 1), (i + 1, j + 1)✮✳ ❙❡❝♦♥❞✱ st✐•• ❜❡❝❛✉s❡ t❤❡ r❛♥❞♦♠ s❛♠♣•✐♥❣ r❡•✐❡s ♦♥ ❛ r❡❣✉•❛r ❣r✐❞✱ ✐t r❡♠❛✐♥s r❛t❤❡r r❡❣✉•❛r ❛t ❛ ❣•♦❜❛• •❡✈❡•✱ ❛s ♦♥❡ ❝❛♥ ♦❜s❡r✈❡ ✐♥ ✜❣✉r❡ ✶✳ ■♥ ❬✶✸( ❛♥❞ ❬✶✹(✱ ❛♥ ❛s②♠♣t♦t✐❝ ❢r❛♠❡✇♦r❦ ✐s st✉❞✐❡❞ ✐♥ ✇❤✐❝❤ t❤❡ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ❛r❡ iid r❡❛•✐③❛t✐♦♥s st❡♠♠✐♥❣ ❢r♦♠ ❛ ❝♦♠♠♦♥ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥✱ ♥♦t ♥❡❝❡ss❛r✐•② ✉♥✐❢♦r♠✳ ❚❤✐s ♣✉r❡•② r❛♥❞♦♠ s❛♠♣•✐♥❣ s♦•✈❡s t❤❡ t✇♦ •✐♠✐t❛t✐♦♥s ✇❡ ❤❛✈❡ ♠❡♥t✐♦♥❡❞✿ t❤❡ s❛♠♣•✐♥❣ ✐s ❣•♦❜❛••② ♥♦t ✉♥✐❢♦r♠✱ ❛♥❞ ❝•✉st❡rs ♦❢ ❛r❜✐tr❛r② ♥✉♠❜❡rs ♦❢ ♣♦✐♥ts ❝❛♥ ❛♣♣❡❛r✳ ◆❡✈❡rt❤❡•❡ss✱ t❤❡ s♣❛t✐❛• s❛♠♣•✐♥❣ ❢❛♠✐•② ✇❡ ♣r♦♣♦s❡ ✐s s✐♠♣•❡ t♦ ✐♥t❡r♣r❡t✱ ❛♥❞ ✐s ♣❛r❛♠❡t❡r✐③❡❞ ❜② ❛ s❝❛•❛r r❡❣✉•❛r✐t② ♣❛r❛♠❡t❡r✱ ✇❤✐❝❤ ❡♥❛❜•❡s ✉s t♦ ❝♦♠♣❛r❡ t❤❡ ✐rr❡❣✉•❛r✐t✐❡s ♦❢ t✇♦ s❛♠♣•✐♥❣s st❡♠♠✐♥❣ ❢r♦♠ ✐t ✇✐t❤ ♥♦ ❛♠❜✐❣✉✐t②✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❝♦♥❝•✉s✐♦♥s ♦❢ s❡❝t✐♦♥ ✹ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ♣❡rt✉r❜❡❞ r❡❣✉•❛r ❣r✐❞ ❛r❡ ♦❢ ✐♥t❡r❡st✱ s✐♥❝❡ t❤❡② ❝♦♥✜r♠ t❤❛t ✉s✐♥❣ ❣r♦

  |❡♠❛r❦ ✷✳✶✳ ❚❤❡ ▼▲ ❡st✐♠❛t♦r ✐♥ ✭✷✮ ✐s ❛❝t✉❛••② ♥♦t ✉♥✐q✉❡•② ❞❡✜♥❡❞✱ s✐♥❝❡ t❤❡ •✐❦❡•✐❤♦♦❞ ❢✉♥❝t✐♦♥ ♦❢ ✭✷✮ ❝❛♥ ❤❛✈❡ ♠♦r❡ t❤❛♥ ♦♥❡ ❣•♦❜❛• ♠✐♥✐♠✐③❡r✳ ◆❡✈❡rt❤❡•❡ss✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉•ts ♦❢ θML ✱ ❛s n → +∞✱ ❤♦•❞ ✇❤❡♥ θML ✐s ❛♥② r❛♥❞♦♠ ✈❛r✐❛❜•❡ ❜❡•♦♥❣✐♥❣ t♦ t❤❡ s❡t ♦❢ t❤❡ ❣•♦❜❛• ♠✐♥✐♠✐③❡rs ♦❢ t❤❡ •✐❦❡•✐❤♦♦❞ ♦❢ ✭✷✮✱ r❡❣❛r❞•❡ss ♦❢ t❤❡ ✈❛•✉❡ ❝❤♦s❡♥ ✐♥ t❤✐s s❡t✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t✱ ✇✐t❤ ♣r♦❜❛❜✐•✐t② ❝

  r t❤❡ ❈r♦ss ❱❛•✐❞❛t✐♦♥ ❡st✐♠❛t♦r ♦❢ ✭✸✮✳ ❲❤❡♥ t❤❡ ✐♥❝r❡❛s✐♥❣✲❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝ s❡q✉❡♥❝❡ ♦❢ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts ✐s ❞❡t❡r♠✐♥✐st✐❝✱ ✐t ✐s s❤♦✇♥ ✐♥ ❬✶✼( t❤❛t θML ❝♦♥✈❡r❣❡s t♦ ❛ ❝❡♥t❡r❡❞ •❛✉ss✐❛♥ r❛♥❞♦♠ ✈❡❝t♦r✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✐s t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ❋✐s❤❡r ✐♥❢♦r♠❛t✐♦♥ ♠❛tr✐①✳ ❋♦r ✜①❡❞ n✱ t❤❡ ❋✐s❤❡r ✐♥❢♦r♠❛t✐♦♥ ♠❛tr✐① ✐s t❤❡ p × p ♠❛tr✐① ✇✐t❤ ❡•❡♠❡♥t (i, j) ❡q✉❛• tt❤❡ •✐t❡r❛t✉r❡ ❤❛s ♥♦t ❛❞❞r❡ss❡❞ ②❡t t❤❡ ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥ ♦❢ θML ✐♥ ✐♥❝r❡❛s✐♥❣✲ ❞♦♠❛✐♥ ❛s②♠♣t♦t✐❝s ✇✐t❤ r❛♥❞♦♠ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts✱ ✇❡ ❣✐✈❡ ❝♦♠♣•❡t❡ ♣r♦♦❢s ❛❜♦✉t ✐t ✐♥ s❡❝t✐♦♥ ❆♣♣❡♥❞✐① ❆✳ ❖✉r t❡❝❤♥✐q✉❡s ❛r❡ ♦r✐❣✐♥❛• ❛♥❞ ♥♦t s♣❡❝✐✜❝❛••② ♦r✐❡♥t❡❞ t♦✇❛r❞s ▼▲ ❝♦♥tr❛r② t♦ ❬✸✸✱ ✶✼✱ ✼(✱ s♦ t❤❛t t❤❡② ❛••♦✇ ✉s t♦ ❛❞❞r❡ss t❤❡ ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❈❱ ❡st✐♠❛t♦r ✐♥ t❤❡ s❛♠❡❢❛s❤✐♦♥✳ ❚❤❡ ❈❱ ❡st✐♠❛t♦r ✐s ❞❡✜♥❡❞ ❜② θCV ∈ argmin θ∈Θ n i=1

-

  ♠❡ s❡tt✐♥❣ ❛s ✐♥ ✜❣✉r❡ ✻ ❜✉t ✇✐t❤ ℓ 0 = 2.7 ❛♥❞ ν 0 = 1✳ ✽✿ ❙❛♠❡ s❡tt✐♥❣ ❛s ✐♥ ✜❣✉r❡ ✻ ❜✉t ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ν ❛♥❞ ✇✐t❤ ℓ 0 = 0.5 ❛♥❞ ν 0 = 2.5✳✶✺

  t❤❡ r❡❣✉•❛r ❣r✐❞ ❝❛♥ ❞❛♠❛❣❡ ❜♦t❤ t❤❡ ▼▲ ❛♥❞ t❤❡ ❈❱ ❡st✐♠❛t✐♦♥ ✭✜❣✉r❡ ✸✮✳ ❚❤❡ ❈❱ ❡st✐♠❛t✐♦♥ ❝❛♥ ❡✈❡♥ ❜❡ ❞❛♠❛❣❡❞ ❢♦r str♦♥❣ ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ r❡❣✉•❛r ❣r✐❞ ✭✜❣✉r❡ ✹✮✳ ❆s ✇❡ ❤❛✈❡ ❞✐s❝✉ss❡❞✱ ♦✉r ✐♥t❡r♣r❡t❛t✐♦♥ ✐s t❤❛t ♣❡rt✉r❜✐♥❣ t❤❡ r❡❣✉•❛r ❣r✐❞ ❝r❡❛t❡s ▲❖❖ ❡rr♦rs ✇✐t❤ ❤❡t❡r♦❣❡♥❡♦✉s ✈❛r✐❛♥❝❡s ✐

2 .

 2 t❤❡ ♠❛tr✐①∂c(θ0) ∂θ❝♦♥✈❡r❣❡s ✐♥ ♣r♦❜❛❜✐•✐t② t♦ ❛ p×p ♣♦s✐t✐✈❡ ♠❛tr✐① Σ 2 ✭❝♦♥✈❡r❣❡♥❝❡s ❛r❡ ❞❡✜♥❡❞ ♦♥ t❤❡ ♣r♦❞✉❝t s♣❛❝❡✮✳ ❋✐♥❛••② ✇❡ ❛ss✉♠❡ t❤❛t sup θ,i,j,k ∂ 2 ∂θi∂θj c k θ ✐s ❜♦✉♥❞❡❞ ✐♥ ♣r♦❜❛❜✐•✐t②✳ ❚❤❡♥ √ n θθ 0 → L N 0, Σ -1 2 Σ 1 Σ -1 Pr♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✶✵ ❝❛♥ ❜❡ ♣r♦✈❡❞ ✉s✐♥❣ st❛♥❞❛r❞ M ✲❡st✐♠❛t♦r t❡❝❤♥✐q✉❡s✳ ■♥ s✉❜s❡❝t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✷ ✇❡ ❣✐✈❡ ❛ s❤♦rt ♣r♦♦❢ ❢♦r ❝♦♥s✐st❡♥❝②✳ ❆♣♣❡♥❞✐① ❉✳✷✳ Pr♦♦❢ ♦❢ t❤❡ t❡❝❤♥✐❝❛• r❡s✉•ts Pr♦♦❢ ♦❢ •❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✶✳ Pr♦♦❢✳ j∈N,j =i f {v iv j + ǫ (x ix j )} ≤ v∈Z d ,v =0 sup δv∈[-1,1] d f (v + δ v ) = j∈N v∈{-j-1,...,j+1} d \{-j,...,j} d sup δv∈[-1,1] d f (v + δ v ) . ❋♦r v ∈ {-j -1, ..., j + 1} d \{-j, ..., j} d ✱ |v + δ v | ∞ ≥ j✳ ❚❤❡ ❝❛r❞✐♥❛•✐t② ♦❢ t❤❡ s❡t {-j-1, ..., j + 1} d \{-j, ..., j} d ✐s

  |h [a {v iv j + ǫ (x ix j )}]| ≤ C2 d d j∈N a d+1 (j + 1 -2δ) d+1 . ✭❉✳✶✮ ❚❤❡ r✐❣❤t✲❤❛♥❞ t❡r♠ ✐♥ ✭❉✳✶✮ ❣♦❡s t♦ ③❡r♦ ✇❤❡♥ a → +∞✳ ❆•s♦✱ h(0) ✐s ♣♦s✐t✐✈❡✱ ❜❡❝❛✉s❡ ĥ ✐s ♥♦♥✲♥❡❣❛t✐✈❡ ❛♥❞ ✐s ♥♦t ❛•♠♦st s✉r❡•② ③❡r♦ ♦♥ R d ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳ ❚❤✉s✱ t❤❡r❡ ❡①✐sts 0 < a < ∞ s♦ t❤❛t ❢♦r ❛•• i ∈ N✱ j∈N,j =i |h [a {v iv j + ǫ (x ix j )}]•❡rs❤❣♦r✐♥ ❝✐r❝•❡ t❤❡♦r❡♠✱ ❢♦r ❛♥② n ∈ N * ✱ x 1 , .

2 →

 2 Pr♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✼✳ Pr♦♦❢✳ ▲❡t M I1 d1 ...M I K d K ∈ M θ ❜❡ ✜①❡❞ ✐♥ t❤❡ ♣r♦♦❢✳ ❚❤❡ ❡✐❣❡♥✈❛•✉❡s ♦❢ R I θ ✱ I ∈ S nd ✱ ❛r❡ ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠•② ✇✐t❤ r❡s♣❡❝t t♦ n✱ θ ❛♥❞ x ✭•❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✺✮✳ ❚❤❡♥✱ ✉s✐♥❣ •❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✺ ♦♥ R θ ❛♥❞ R -1 θ ❛♥❞ ✉s✐♥❣ •❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✻✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ❡✐❣❡♥✈❛•✉❡s ♦❢ diag R -1 θ -1 ❛r❡ ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠•② ✐♥ x✱ n ❛♥❞ θ✳ ❚❤❡♥✱ ❢♦r M I bd = diag R I1 θ ...R I m(I) θ ✱ t❤❡ ❡✐❣❡♥✈❛•✉❡s ♦❢ R I1 θ ...R I m(I) θ ❛r❡ ❜♦✉♥❞❡❞ ❜② t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ♠❛①✐♠✉♠ ❡✐❣❡♥✈❛•✉❡s ♦❢ R I1 θ , ..., R I m(I) θ ✳ ❆s t❤❡ ♥✉♠❜❡r ♦❢ t❡r♠ ✐♥ t❤✐s ♣r♦❞✉❝t ✐s ✜①❡❞ ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ♦❢ n✱ t❤❡ r❡s✉•t✐♥❣ ❜♦✉♥❞ ✐s ✜♥✐t❡ ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ♦❢ n✳ ❍❡♥❝❡ ✇❡ ✉s❡ •❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✻ t♦ s❤♦✇ t❤❛t t❤❡ ❡✐❣❡♥✈❛•✉❡s ♦❢ M I bd ❛r❡ ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠•② ✐♥ n✱ θ ❛♥❞ x✳ ❋✐♥❛••② ✇❡ ✉s❡ ||A 1 ...A K || ≤ ||A 1 ||...||A K || t♦ s❤♦✇ t❤❛t ||M I1 d1 ...M I K d K || ✐s ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠•② ✐♥ n✱ θ ❛♥❞ x✳ ❲❡ ❞❡❝♦♠♣♦s❡ n ✐♥t♦ n = N d 1 n 2 + r ✇✐t❤ N 1 , n 2 , r ∈ N ❛♥❞ r < N d 1 ✳ ❲❡ ❞❡✜♥❡ C (v i ) ❛s t❤❡ ✉♥✐q✉❡ u ∈ N d s♦ t❤❛t v i ∈ E u := d k=1 {N 1 u k + 1, ..., N 1 (u k + 1)}✳ ❲❡ t❤❡♥ ❞❡✜♥❡ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♠❛tr✐❝❡s Rθ ❜② Rθ i,j = (R θ ) i,j 1 C(vi)=C(vj ) ✳ ❲❡ ❞❡♥♦t❡ M I1 d1 ... M I K d K t❤❡ ♠❛tr✐① ❜✉✐•t ❜② r❡♣•❛❝✐♥❣ R θ ❜② Rθ ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ M I1 d1 ...M I K d K ✭✇❡ ❛•s♦ ♠❛❦❡ t❤❡ s✉❜st✐t✉t✐♦♥ ❢♦r t❤❡ ✐♥✈❡rs❡ ❛♥❞ t❤❡ ♣❛rt✐❛• ❞❡r✐✈❛t✐✈❡s✮✳ ▲❡♠♠❛ ❆♣♣❡♥❞✐① ❉✳✶✶✳ M I1 d1 ... M I K d K -M I1 d1 ...M I K d K 0✱ ✉♥✐❢♦r♠•② ✐♥ x ∈ (S X ) n ✱ ✇❤❡♥ N 1 , n 2 → ∞✳✹✵Pr♦♦❢✳ ▲❡t δ > 0 ❛♥❞ N s♦ t❤❛t T N :l Tr (RN k RN l )

  r♦♣♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❉✳✶✵✳ Pr♦♦❢✳ ■t ✐s ❡♥♦✉❣❤ t♦ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ c θ = 0✱ t❤❡ ❝❛s❡ P c θ = 0 → 1 ❜❡✐♥❣ ❞❡❞✉❝❡❞ ❢r♦♠ ✐t ❜② ♠♦❞✐❢②✐♥❣ c ♦♥ ❛ s❡t ✇✐t❤ ✈❛♥✐s❤✐♥❣ ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡✱ ✇❤✐❝❤ ❞♦❡s ♥♦t ❛✛❡❝t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❞✐str✐❜✉t✐♦♥✳ ❋♦r ❛•• 1 ≤ k ≤ p 0 = c k θ = c k (θ 0 ) + ∂ ∂θ c k (θ 0 ) t θθ 0 + r, ✇✐t❤ r❛♥❞♦♠ r✱ s♦ t❤❛t |r| ≤ sup θ,i,j,k ∂ 2 ∂θi∂θj c k θ × | θ -θ 0 | 2 ✳ ❍❡♥❝❡ r = o p | θ -θ 0 | ✳ ❲❡ t❤❡♥ ❤❛✈❡ -c k (θ 0 ) = ∂ ∂θ c k (θ 0 ) t + o p (1) θθ 0 , ❛♥❞ s♦ θθ 0 = -∂ ∂θ c (θ 0 ) + o p (1) ♥❝•✉❞❡ ✉s✐♥❣ ❙•✉ts❦② •❡♠♠❛✳ |❡♠❛r❦✳ ❖♥❡ ❝❛♥ s❤♦✇ t❤❛t✱ ✇✐t❤ ♣r♦❜❛❜✐•✐t② ❣♦✐♥❣ t♦ ♦♥❡ ❛s n → +∞✱ t❤❡ •✐❦❡•✐❤♦♦❞ ❤❛s ❛ ✉♥✐q✉❡ ❣•♦❜❛• ♠✐♥✐♠✐③❡r✳ ■♥❞❡❡❞✱ ✇❡ ✜rst ♥♦t✐❝❡ t❤❛t t❤❡ s❡t ♦❢ t❤❡ ♠✐♥✐♠✐③❡rs ✐s ❛ s✉❜s❡t ♦❢ ❛♥② ♦♣❡♥ ❜❛•• ♦❢ ❝❡♥t❡r θ 0 ✇✐t❤ ♣r♦❜❛❜✐•✐t② ❣♦✐♥❣ t♦ ♦♥❡✳ ❋♦r ❛ s♠❛•• ❡♥♦✉❣❤ ♦♣❡♥ ❜❛••✱ t❤❡ ♣r♦❜❛❜✐•✐t② t❤❛t t❤❡ •✐❦❡•✐❤♦♦❞ ❢✉♥❝t✐♦♥ ✐s str✐❝t•② ❝♦♥✈❡① ✐♥ t❤✐s ♦♣❡♥ ❜❛•• ❝♦♥✈❡r❣❡s t♦ ♦♥❡✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ♦❢ t❤❡ t❤✐r❞✲♦r❞❡r r❡❣✉•❛r✐t② ♦❢ t❤❡ •✐❦❡•✐❤♦♦❞ ✇✐t❤ r❡s♣❡❝t t♦ θ✱ ❛♥❞ ❜❡❝❛✉s❡ t❤❡ •✐♠✐t ♦❢ t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ♠❛tr✐① ♦❢ t❤❡ ▲✐❦❡•✐❤♦♦❞ ❛t θ 0 ✐s ♣♦s✐t✐✈❡✳ ❆♣♣❡♥❞✐① ❊✳ ❊①❛❝t ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡s ❛t ǫ = 0 ❢♦r d = 1 ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♦♥•② ❛❞❞r❡ss t❤❡ ❝❛s❡ d = 1 ❛♥❞ p = 1✱ ✇❤❡r❡ t❤❡ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts v i + ǫX i ✱ 1 ≤ i ≤ n✱ n ∈ N * ✱ ❛r❡ t❤❡ i + ǫX i ✱ ✇❤❡r❡ X i ✐s ✉♥✐❢♦r♠ ♦♥ [-1, 1]✱ ❛♥❞ Θ = [θ inf , θ sup ]✳ ❲❡ ❞❡✜♥❡ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ❢✉♥❝t✐♦♥ ŝ (.) ♦❢ ❛ s❡q✉❡♥❝❡ s n ♦❢ Z ❜② ŝ (f ) = n∈Z s n e isnf ❛s ✐♥ ❬✶✵(✳ ❚❤✐s ❢✉♥❝t✐♦♥ ✐s 2π ♣❡r✐♦❞✐❝ ♦♥ [-π, π]✳ ❚❤❡♥ • ❚❤❡ s❡q✉❡♥❝❡ ♦❢ t❤❡ K θ0 (i)✱ i ∈ Z✱ ❤❛s ❋♦✉r✐❡r tr❛♥s❢♦r♠ f ✇❤✐❝❤ ✐s ❡✈❡♥ ❛♥❞ ♥♦♥✲♥❡❣❛t✐✈❡ ♦♥ [-π, π]✳ ✹✸ • ❚❤❡ s❡q✉❡♥❝❡ ♦❢ t❤❡ ∂ ∂θ K θ0 (i)✱ i ∈ Z✱ ❤❛s ❋♦✉r✐❡r tr❛♥s❢♦r♠ f θ ✇❤✐❝❤ ✐s ❡✈❡♥ ♦♥ [-π, π]✳ • ❚❤❡ s❡q✉❡♥❝❡ ♦❢ t❤❡ ∂ ∂t K θ0 (i) 1 i =0 ✱ i ∈ Z✱ ❤❛s ❋♦✉r✐❡r tr❛♥s❢♦r♠ if t ✇❤✐❝❤ ✐s ♦❞❞ ❛♥❞ ✐♠❛❣✐♥❛r② ♦♥ [-π, π]✳ • ❚❤❡ s❡q✉❡♥❝❡ ♦❢ t❤❡ ∂ ∂t ∂ ∂θ K θ0 (i) 1 i =0 ✱ i ∈ Z✱ ❤❛s ❋♦✉r✐❡r tr❛♥s❢♦r♠ if t,θ ✇❤✐❝❤ ✐s ♦❞❞ ❛♥❞ ✐♠❛❣✐♥❛r② ♦♥ [-π, π]✳ • ❚❤❡ s❡q✉❡♥❝❡ ♦❢ t❤❡ ∂ 2 ∂t 2 K θ0 (i) 1 i =0 ✱ i ∈ Z✱ ❤❛s ❋♦✉r✐❡r tr❛♥s❢♦r♠ f t,t ✇❤✐❝❤ ✐s ❡✈❡♥ ♦♥ [-π, π]✳ • ❚❤❡ s❡q✉❡♥❝❡ ♦❢ t❤❡ ∂ 2 ∂t 2 ∂ ∂θ K θ0 (i) 1 i =0 ✱ i ∈ Z✱ ❤❛s ❋♦✉r✐❡r tr❛♥s❢♦r♠ f t,t,θ ✇❤✐❝❤ ✐s ❡✈❡♥ ♦♥ [-π, π]✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❛ss✉♠❡ ✐♥ ❝♦♥❞✐t✐♦♥ ❆♣♣❡♥❞✐① ❊✳✶ t❤❛t ❛•• t❤❡s❡ s❡q✉❡♥❝❡s ❛r❡ ❞♦♠✐♥❛t❡❞ ❜② ❛ ❞❡❝r❡❛s✐♥❣ ❡①♣♦♥❡♥t✐❛• ❢✉♥❝t✐♦♥✱ s♦ t❤❛t t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠s ❛r❡ C ∞ ✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ❝♦✉•❞ ❜❡ ✇❡❛❦❡♥❡❞✱ ❜✉t ✐t s✐♠♣•✐✜❡s t❤❡ ♣r♦♦❢s✱ ❛♥❞ ✐t ✐s s❛t✐s✜❡❞ ✐♥ ♦✉r ❢r❛♠❡✇♦r❦✳ ❈♦♥❞✐t✐♦♥ ❆♣♣❡♥❞✐① ❊✳✶✳ ❚❤❡r❡ ❡①✐st C < ∞ ❛♥❞ a > 0 s♦ t❤❛t t❤❡ s❡q✉❡♥❝❡s ♦❢ ❣❡♥❡r❛• t❡r♠s K θ0

  ♦s✐t✐♦♥ ❆♣♣❡♥❞✐① ❊✳✷✳ ❆ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥s ✷✳✶ ❛♥❞ ❆♣♣❡♥❞✐① ❊✳✶ ❛r❡ ✈❡r✐✜❡❞✳ ❋♦r ǫ = 0✱

  •• n✱ t 1 , ..., t n ∈ R✱ x 1 , ..., x n ∈ S X ✱ i t j h [a {v iv j + ǫ (x ix j )}]

	1 2	h (0)	n i=1	t 2 i	≤	n i,j=1		
					=	n i,j=1	t i t j	1 a d	R d	ĥ f a	e if •{vi-vj +ǫ(xi-xj )} df
					=	1 a d	R d	ĥ f a	n i=1	t i e if •(vi+ǫxi)	2	df.

t

Pr♦♣♦s✐t✐♦♥ ✸✳✺✳ ❆ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✷✳✶ ✐s s❛t✐s✜❡❞✳ ❲✐t❤✱ ❢♦r 1 ≤ i ≤ p✱

❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ a s♦ t❤❛t (aN 1 ) d ≤ n < {(a + 1)

❯s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ❜❡❢♦r❡✱ ✇❡ s❤♦✇ t❤❛t✱