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❉● ♠❡t❤♦❞s ❤❛✈❡ ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ❢♦r t❤❡ ❝♦♥✈❡❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥ ✭❈♦❝❦❜✉r♥ ❛♥❞ ❙❤✉✱ ✶✾✾✽✮✱
♠♦❞❡❧ ❡❧❧✐♣t✐❝ ❡q✉❛t✐♦♥s ✭❆r♥♦❧❞ ❡t ❛❧✳✱ ✷✵✵✷✮ ❛♥❞ t❤❡ ❍❡❧♠❤♦❧t③ ❡q✉❛t✐♦♥ ✭❋❡♥❣ ❛♥❞ ❲✉✱ ✷✵✵✾✮✲✭❋❡♥❣ ❛♥❞
❳✐♥✱ ✷✵✶✷✮✳ ❋♦r ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s✱ ❉● ♠❡t❤♦❞s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❢♦r ❜♦t❤ t✐♠❡✲tr❛♥s✐❡♥t ✭❍❡st❤❛✈❡♥
❛♥❞ ❲❛r❜✉rt♦♥✱ ✷✵✵✷✮✲✭❋❡③♦✉✐ ❡t ❛❧✳✱ ✷✵✵✺✮✲✭❈♦❤❡♥ ❡t ❛❧✳✱ ✷✵✵✻✮ ❛♥❞ t✐♠❡✲❤❛r♠♦♥✐❝ ♣r♦❜❧❡♠s ✭❍♦✉st♦♥
❛❧✳✱ ✷✵✵✹✮✲✭❍♦✉st♦♥ ❡t ❛❧✳✱ ✷✵✵✺✮✲✭❉♦❧❡❛♥ ❡t ❛❧✳✱ ✷✵✵✽✮✳ ❉❡s♣✐t❡ ♠❛♥② ❛❞✈❛♥t❛❣❡s✱ t❤❡ ❉● ♠❡t❤♦❞s ❤❛✈❡
♦♥❡ ♠❛✐♥ ❞r❛✇❜❛❝❦ ♣❛rt✐❝✉❧❛r❧② s❡♥s✐t✐✈❡ ❢♦r st❛t✐♦♥❛r② ♣r♦❜❧❡♠s✿ t❤❡ ♥✉♠❜❡r ♦❢ ❣❧♦❜❛❧❧② ❝♦✉♣❧❡❞ ❉❡❣r❡❡s
❖❢ ❋r❡❡❞♦♠ ✭❉❖❋s✮ ✐s

∑Nt

i=1 Ndofi ✇✐t❤ Nt ❜❡✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts ❛♥❞ Ndofi ❜❡✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢
❉❖❋s ♦♥ ❡❧❡♠❡♥t i✱ ✇❤✐❝❤ ✐s ❣r❡❛t❡r t❤❛♥ t❤❡ ♥✉♠❜❡r ♦❢ ❉❖❋s ✉s❡❞ ❜② ❝♦♥❢♦r♠✐♥❣ ❋❊ ♠❡t❤♦❞s ❢♦r t❤❡ s❛♠❡
❛❝❝✉r❛❝②✳ ❋♦r ✐♥st❛♥❝❡✱ ✇✐t❤ tr✐❛♥❣✉❧❛r ♠❡s❤❡s ✐♥ ✷❞ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❉❖❋s ❢♦r t❤❡ ❝♦♠♣❧❡t❡ ✜rst ♦r❞❡r
❡❞❣❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ✭◆❡❞❡❧❡❝✱ ✶✾✽✻✮ ✐s 2Nf ✇✐t❤ Nf ❜❡✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s✱ ✇❤✐❧❡ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢
❉❖❋s ♦❢ t❤❡ ✜rst ♦r❞❡r ❉● ♠❡t❤♦❞ ✐s 9Nt✳ ❙✐♥❝❡ Nt ≈

2
3Nf ✐♥ ❛ tr✐❛♥❣✉❧❛r ♠❡s❤✱ t❤❡ ♥✉♠❜❡r ♦❢ ❉❖❋s ♦❢

t❤❡ ❉● ♠❡t❤♦❞ ✐s ❛♣♣r♦①✐♠❛t❡❧② t❤r❡❡ t✐♠❡s ❛s ❧❛r❣❡ ❛s t❤❛t ♦❢ t❤❡ ❡❞❣❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ❢♦r ❛ ✜rst ♦r❞❡r
❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ❜♦t❤ ♠❡t❤♦❞s✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❉● ♠❡t❤♦❞s ❛r❡ ❡①♣❡♥s✐✈❡ ❜♦t❤ ✐♥ t❡r♠s ♦❢ ❈P❯ t✐♠❡
❛♥❞ ♠❡♠♦r② ❝♦♥s✉♠♣t✐♦♥✱ ❡s♣❡❝✐❛❧❧② ❢♦r t✐♠❡✲❤❛r♠♦♥✐❝ ♣r♦❜❧❡♠s✳ ❍②❜r✐❞✐③❛t✐♦♥ ♦❢ ❉● ♠❡t❤♦❞s ✭❈♦❝❦❜✉r♥
❡t ❛❧✳✱ ✷✵✵✾✮ ✐s ❞❡✈♦t❡❞ t♦ ❛❞❞r❡ss t❤✐s ✐ss✉❡ ✇❤✐❧❡ ❦❡❡♣✐♥❣ ❛❧❧ t❤❡ ❛❞✈❛♥t❛❣❡s ♦❢ ❉● ♠❡t❤♦❞s✳

❚❤❡ ❤②❜r✐❞✐③❛❜❧❡ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ✭❍❉●✮ ♠❡t❤♦❞s ✐♥tr♦❞✉❝❡ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❤②❜r✐❞ ✈❛r✐❛❜❧❡ ♦♥ t❤❡
❢❛❝❡s ♦❢ t❤❡ ❡❧❡♠❡♥ts✱ ✇✐t❤ ✇❤✐❝❤ t❤❡ ❧♦❝❛❧ s♦❧✉t✐♦♥s ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞✳ ❆ s♦✲❝❛❧❧❡❞ ❝♦♥s❡r✈❛t✐✈✐t② ❝♦♥❞✐t✐♦♥

✐s ✐♠♣♦s❡❞ ♦♥ t❤❡ ♥✉♠❡r✐❝❛❧ ✢✉①✱ ✇❤♦s❡ ❡①♣r❡ss✐♦♥ ✐♥✈♦❧✈❡❞ t❤❡ ❤②❜r✐❞ ✈❛r✐❛❜❧❡✱ ❛t t❤❡ ✐♥t❡r❢❛❝❡ ❜❡t✇❡❡♥
♥❡✐❣❤❜♦r✐♥❣ ❡❧❡♠❡♥ts✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ❍❉● ♠❡t❤♦❞s ♣r♦❞✉❝❡ ❛ ❧✐♥❡❛r s②st❡♠ ✐♥ t❡r♠s ♦❢ t❤❡ ❞❡❣r❡❡s
♦❢ ❢r❡❡❞♦♠ ♦❢ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❤②❜r✐❞ ✈❛r✐❛❜❧❡ ♦♥❧②✳ ■♥ t❤✐s ✇❛②✱ t❤❡ ♥✉♠❜❡r ♦❢ ❣❧♦❜❛❧❧② ❝♦✉♣❧❡❞ ❉❖❋s ✐s
❞r❛st✐❝❛❧❧② r❡❞✉❝❡❞✳ ❚❤❡ ❧♦❝❛❧ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞s ❝❛♥ t❤❡♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② s♦❧✈✐♥❣ ❧♦❝❛❧
♣r♦❜❧❡♠s ❡❧❡♠❡♥t✲❜②✲❡❧❡♠❡♥t✳ ❖♣t✐♠❛❧ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦♣❡rt✐❡s ♦❢ s♦♠❡ ❍❉● ♠❡t❤♦❞s ❤❛✈❡ ❜❡❡♥ ♦❜t❛✐♥❡❞ ♦r
❞❡♠♦♥str❛t❡❞ ♥✉♠❡r✐❝❛❧❧② ❢♦r t❤❡ ❝♦♥✈❡❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ✭◆❣✉②❡♥ ❡t ❛❧✳✱ ✷✵✵✾✮✲✭◆❣✉②❡♥ ❡t ❛❧✳✱ ✷✵✵✾✮✱
t❤❡ ❍❡❧♠❤♦❧t③ ❡q✉❛t✐♦♥ ✭●r✐❡s♠❛✐❡r ❛♥❞ ▼♦♥❦✱ ✷✵✶✶✮✱ ❛♥❞ ✷❞ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s ✭◆❣✉②❡♥ ❡t ❛❧✳✱ ✷✵✶✶✮✳
❚❤❡ ♠❡t❤♦❞ t❤❛t ✇❡ st✉❞② ✐♥ t❤✐s ♣❛♣❡r ❛❝t✉❛❧❧② ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ♠❡t❤♦❞ r❡❢❡rr❡❞ ❛s ❍❉●■■ ✐♥ ✭◆❣✉②❡♥
❡t ❛❧✳✱ ✷✵✶✶✮ ✭✉♣ t♦ ❛ s❝❛❧✐♥❣ ❢❛❝t♦r✮✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ ✐♥ ✷❞ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s ❛r❡ s✐♠✐❧❛r t♦ ❍❡❧♠❤♦❧t③✬

∗❙❝❤♦♦❧ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❙❝✐❡♥❝❡s✱ ❯♥✐✈❡rs✐t② ♦❢ ❊❧❡❝tr♦♥✐❝ ❙❝✐❡♥❝❡ ❛♥❞ ❚❡❝❤♥♦❧♦❣② ♦❢ ❈❤✐♥❛✱ ❈❤❡♥❣❞✉✱ ❈❤✐♥❛✳
†◆❛❝❤♦s Pr♦❥❡❝t✲❚❡❛♠✱ ■◆❘■❆ ❙♦♣❤✐❛ ❆♥t✐♣♦❧✐s✲▼é❞✐t❡rr❛♥é❡✱ ❙♦♣❤✐❛ ❆♥t✐♣♦❧✐s✱ ❋r❛♥❝❡✳
‡▲❆P▲❆❈❊ ✭▲❆❜♦r❛t♦✐r❡ P▲❛s♠❛ ❡t ❈♦♥✈❡rs✐♦♥ ❞✬❊♥❡r❣✐❡✮✱ ❯♥✐✈❡rs✐té ❞❡ ❚♦✉❧♦✉s❡✱ ❈◆❘❙✴■◆P❚✴❯P❙✱ ❚♦✉❧♦✉s❡✱ ❋r❛♥❝❡✳

✶



❡q✉❛t✐♦♥ ✉♣ t♦ t❤❡ r♦t❛t✐♦♥ ♦❢ t❤❡ tr❛♥s✈❡rs❡ ✜❡❧❞✱ ♦✉r ❍❉● ♠❡t❤♦❞ ✐s ❛❧s♦ ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ t❤❡ ❢♦r♠✉❧❛t✐♦♥
t❤❡♦r❡t✐❝❛❧❧② st✉❞✐❡❞ ✐♥ ✭●r✐❡s♠❛✐❡r ❛♥❞ ▼♦♥❦✱ ✷✵✶✶✮✳

■♥ ❝♦♥tr❛st ✇✐t❤ t❤❡ ✇♦r❦ ♦❢ ✭◆❣✉②❡♥ ❡t ❛❧✳✱ ✷✵✶✶✮ ✇❤❡r❡ ❛ s✐♠✐❧❛r ❢♦r♠✉❧❛t✐♦♥ ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞✱
♦✉r ♣r❡s❡♥t❛t✐♦♥ ♣✉ts ♠♦r❡ ❡♠♣❤❛s✐s ♦♥ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛s♣❡❝ts ✐♥ t❤❡ s♣✐r✐t ♦❢ ✭❑✐r❜② ❡❧ ❛❧✳✱ ✷✵✶✷✮✱
❛♥❞ ♦♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣❡r❢♦r♠❛♥❝❡ ❛ss❡ss♠❡♥t ♦❢ t❤❡ ♠❡t❤♦❞ ✐♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ❛♥ ❡q✉✐✈❛❧❡♥t ✉♣✇✐♥❞
✢✉①✲❜❛s❡❞ ❉● ❢♦r♠✉❧❛t✐♦♥✳ ❇❡s✐❞❡s✱ ✇❡ ♣r♦♣♦s❡ t✇♦ ♠❡t❤♦❞♦❧♦❣✐❝❛❧ ❡①t❡♥s✐♦♥s ✐♥ ✈✐❡✇ ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢
t❤❡ ♠❡t❤♦❞ t♦ ♠♦r❡ r❡❛❧✐st✐❝ ♣r♦♣❛❣❛t✐♦♥ ♣r♦❜❧❡♠s✳ ❋✐rst✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ❞✐r❡❝t ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❢♦r♠✉❧❛t✐♦♥
❛❞♦♣t❡❞ ✐♥ ✭◆❣✉②❡♥ ❡t ❛❧✳✱ ✷✵✶✶✮ ✐♥ ♦r❞❡r t♦ ❝♦♥s✐❞❡r ❜♦t❤ ❛♥ ❛❜s♦r❜✐♥❣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❛♥❞ ❛ ♣❡r❢❡❝t❧②
❡❧❡❝tr✐❝ ❝♦♥❞✉❝t♦r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭t❤❡ ❧❛tt❡r ❜❡✐♥❣ t❤❡ ♦♥❧② ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❝♦♥s✐❞❡r❡❞ ✐♥ ✭◆❣✉②❡♥
❡t ❛❧✳✱ ✷✵✶✶✮✮ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦r t❤❡ ✷❞ tr❛♥s✈❡rs❡ ♠❛❣♥❡t✐❝ ▼❛①✇❡❧❧
❡q✉❛t✐♦♥s✳ ❙❡❝♦♥❞✱ ✇❡ ❛❞❞r❡ss t❤❡ ✐ss✉❡ ♦❢ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❣❡♦♠❡tr✐❡s ✇✐t❤ ❝✉r✈❡❞ ❜♦✉♥❞❛r✐❡s✳ ❙❡✈❡r❛❧
❛✉t❤♦rs ❤❛✈❡ st✉❞✐❡❞ t❤✐s ❛s♣❡❝t✱ s❡❡ ✭❇❛ss✐ ❛♥❞ ❘❡❜❛②✱ ✶✾✾✼✮✲✭❋❛❤s✱ ✷✵✶✵✮✲✭❑r✐✈♦❞♦♥♦✈❛ ❛♥❞ ❇❡r❣❡r✱ ✷✵✵✻✮✲
✭❩❧á❛♠❛❧✱ ✶✾✼✸✮ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✳ ■♥ ✭▲✉♦ ❡t ❛❧✳✱ ✷✵✵✶✮✱ t❤❡ ❛✉t❤♦rs st✉❞② t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ✉s✐♥❣
♣r♦♣❡r❧② ❝✉r✈❡❞ ♠❡s❤ ❡♥t✐t✐❡s t♦ ❣❡t ❢❡❛s✐❜❧❡ ❤✐❣❤ ♦r❞❡r ❞✐s❝r❡t✐③❛t✐♦♥s ♦✈❡r ❝✉r✈❡❞ ❞♦♠❛✐♥s✳ ✭❇❛ss✐ ❛♥❞
❘❡❜❛②✱ ✶✾✾✼✮ s❤♦✇ t❤❛t✱ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❝✉r✈❡❞ ❜♦✉♥❞❛r✐❡s✱ ❛ ♠❡❛♥✐♥❣❢✉❧ ❤✐❣❤ ♦r❞❡r ❛❝❝✉r❛t❡ s♦❧✉t✐♦♥ ❝❛♥
❜❡ ♦❜t❛✐♥❡❞ ♦♥❧② ✐❢ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ❤✐❣❤ ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❣❡♦♠❡tr② ✐s ❡♠♣❧♦②❡❞✳ ✭❋❛❤s✱ ✷✵✶✵✮ ❤❛s
♣r♦♣♦s❡❞ ❛♥ ✐s♦♣❛r❛♠❡tr✐❝ t❡❝❤♥✐q✉❡ ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❤✐❣❤ ♦r❞❡r ❉● ❢♦r♠✉❧❛t✐♦♥ t♦ s♦❧✈❡ t❤❡ t✐♠❡✲tr❛♥s✐❡♥t
▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s✳ ❚❤❡ ❛✉t❤♦r ✜♥❞s t❤❛t✱ ✉♥❞❡r p✲r❡✜♥❡♠❡♥t✱ ❡①♣♦♥❡♥t✐❛❧ ❝♦♥✈❡r❣❡♥❝❡ ✐s ❛❝❤✐❡✈❡❞ ✇✐t❤
q✉❛❞r❛t✐❝ ❛♥❞ ❝✉❜✐❝ ❣❡♦♠❡tr✐❝ ❛♣♣r♦①✐♠❛t✐♦♥s ✇❤✐❧❡ t❤❡ ❧✐♥❡❛r ❛♣♣r♦①✐♠❛t✐♦♥ ❧❡❛❞s t♦ ♥♦ ✐♠♣r♦✈❡♠❡♥t ♦❢
❛❝❝✉r❛❝②✳ ❯♥s✉r♣r✐s✐♥❣❧②✱ ✇❤❡♥ ✇❡ ❞❡❛❧ ✇✐t❤ ❝✉r✈❡❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥s✱ ❛ ❧✐♥❡❛r ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢
t❤❡ ❣❡♦♠❡tr② ✇✐❧❧ ❝♦♥✜♥❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦r❞❡r ♦❢ ♦✉r ❍❉● ♠❡t❤♦❞ t♦ ✷✳ ❲❡ t❤✉s r❡s♦rt t♦ ❛ ❤✐❣❤❡r
♦r❞❡r ❣❡♦♠❡tr✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ t♦ ❣❛✐♥ ♦♣t✐♠❛❧ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❍❉● ♠❡t❤♦❞✳ ❇♦t❤ q✉❛❞r❛t✐❝ ❛♥❞ ❝✉❜✐❝
♠❛♣♣✐♥❣s ❛r❡ st✉❞✐❡❞✳

❚❤✐s ❛rt✐❝❧❡ ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ s❡❝t✐♦♥ ✷✱ ✇❡ ♣r❡s❡♥t ✷❞ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s ❛♥❞ ❣✐✈❡ s♦♠❡
♥♦t❛t✐♦♥s t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞ t❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r✳ ■♥ s❡❝t✐♦♥ ✸✱ ✇❡ ♣r♦♣♦s❡ ❛ ❍❉● ❢♦r♠✉❧❛t✐♦♥ ❛♥❞ ❞✐s❝✉ss
t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ ❝❧❛ss✐❝❛❧ ✉♣✇✐♥❞ ✢✉① ❉● ❢♦r♠✉❧❛t✐♦♥ ❛♥❞ t❤❡ ❍❉● ❢♦r♠✉❧❛t✐♦♥✳ ❙♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❧♦❝❛❧
♣r♦❜❧❡♠s ❛♥❞ ♦❢ t❤❡ ❣❧♦❜❛❧ r❡❞✉❝❡❞ ♣r♦❜❧❡♠ ❛r❡ ❛❧s♦ st❛t❡❞✳ ❙❡❝t✐♦♥ ✹ ❝♦♥s✐sts ♦❢ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❞❡t❛✐❧s
♦❢ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ♦✉r ❍❉● ❢♦r♠✉❧❛t✐♦♥✳ ❙❡❝t✐♦♥ ✺ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ tr❡❛t♠❡♥t ♦❢ ❝✉r✈❡❞ ❡❧❡♠❡♥ts✱
❡s♣❡❝✐❛❧❧② t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ✐♥t❡❣r❛❧s ♦✈❡r ❝✉r✈❡❞ ❡❧❡♠❡♥ts t❤r♦✉❣❤ ❜♦t❤ q✉❛❞r❛t✐❝ ❛♥❞ ❝✉❜✐❝ ♠❛♣♣✐♥❣s✳
◆✉♠❡r✐❝❛❧ r❡s✉❧ts ❛r❡ ❣✐✈❡♥ ✐♥ s❡❝t✐♦♥ ✻✳ ❋✐♥❛❧❧②✱ ✐♥ s❡❝t✐♦♥ ✼ ✇❡ ❞r❛✇ s♦♠❡ ❝♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s✳

✷ Pr♦❜❧❡♠ st❛t❡♠❡♥t ❛♥❞ ♥♦t❛t✐♦♥s

✷✳✶ ❚✐♠❡✲❤❛r♠♦♥✐❝ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s ✐♥ ✷❞

❲❡ ❛✐♠ ❛t s♦❧✈✐♥❣ t✐♠❡✲❤❛r♠♦♥✐❝ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s ✐♥ ✷❞ ✭❤❡r❡ ❛ tr❛♥s✈❡rs❡ ♠❛❣♥❡t✐❝ s❡tt✐♥❣ ✐s ❝♦♥s✐❞❡r❡❞✮
✇✐t❤♦✉t ✈♦❧✉♠❡ s♦✉r❝❡ t❡r♠ ❢♦r s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✶

iωεrE − curlH = 0, ✐♥ Ω ❛♥❞ iωµrH+ curlE = 0, ✐♥ Ω, ✭✶✮

✇❤❡r❡ i ✐s t❤❡ ✐♠❛❣✐♥❛r② ✉♥✐t✱ ω ✐s t❤❡ ❛♥❣✉❧❛r ❢r❡q✉❡♥❝②✱ εr ❛♥❞ µr ❛r❡ t❤❡ r❡❧❛t✐✈❡ ❡❧❡❝tr✐❝ ♣❡r♠✐tt✐✈✐t② ❛♥❞
♠❛❣♥❡t✐❝ ♣❡r♠❡❛❜✐❧✐t②✱ E = Ez ❛♥❞ H =

(
Hx Hy

)
❞❡♥♦t❡ t❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞s✳ ❚❤❡ ❜♦✉♥❞❛r②

❝♦♥❞✐t✐♦♥s ❛r❡ ❣✐✈❡♥ ❜② {
E = 0, ♦♥ Γm,

E + (n×H) = E✐♥❝ + (n×H
✐♥❝) = g✐♥❝, ♦♥ Γa,

✭✷✮

✇✐t❤ Γm ∪ Γa = ∂Ω✱ Γm ∩ Γa = ∅✱ n t❤❡ ♦✉t✇❛r❞ ✉♥✐t ♥♦r♠ ✈❡❝t♦r ♦♥ ∂Ω✱ ❛♥❞ E✐♥❝✱ H✐♥❝ ❛♥ ✐♥❝✐❞❡♥t
❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✇❛✈❡✳ ❚❤❡ ✜rst r❡❧❛t✐♦♥ ♦❢ ✭✷✮ ✐♥❞✐❝❛t❡s ❛ ♠❡t❛❧❧✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭❛❧s♦ ❝❛❧❧❡❞ ♣❡r❢❡❝t
❡❧❡❝tr✐❝ ❝♦♥❞✉❝t♦r ❝♦♥❞✐t✐♦♥✮ ♦♥ Γm✱ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ r❡❧❛t✐♦♥ st❛t❡s ❛ ❙✐❧✈❡r✲▼ü❧❧❡r ✭✜rst ♦r❞❡r ❛❜s♦r❜✐♥❣
❜♦✉♥❞❛r②✮ ❝♦♥❞✐t✐♦♥ ♦♥ Γa✳ ❚❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ✐♥ t❤✐s ✷❞ s❡tt✐♥❣ ❛r❡

curlE =
(
∂yE −∂xE

)
❛♥❞ curlH = ∂xHy − ∂yHx,

✶❆ ✈♦❧✉♠❡ s♦✉r❝❡ ❝❛♥ ❜❡ str❛✐❣❤t❢♦r✇❛r❞❧② ❛❞❞❡❞✳

✷



❛♥❞ t❤❡ ❝r♦ss✲♣r♦❞✉❝t ♦❢ t✇♦ ✈❡❝t♦rs ✐s u× v = uxvy − uyvx✳

✷✳✷ ◆♦t❛t✐♦♥s

❆ tr✐❛♥❣✉❧❛t✐♦♥ Th ♦❢ Ω ✐s ❝♦♥s✐❞❡r❡❞ ✇✐t❤ K ❞❡♥♦t✐♥❣ ❛♥ ❡❧❡♠❡♥t ✭❛ tr✐❛♥❣❧❡✮ ♦❢ t❤❡ ♠❡s❤✳ ❲❡ ❞❡♥♦t❡ ❜② FI
h

t❤❡ ✉♥✐♦♥ ♦❢ ❛❧❧ ✐♥t❡r✐♦r ✐♥t❡r❢❛❝❡s ✭❡❞❣❡s ✐♥ t❤❡ ♣r❡s❡♥t ✷❞ ❝❛s❡✱ ❛♥②❤♦✇✱ ✇❡ ❝❛❧❧ t❤❡♠ ❢❛❝❡s✮ ♦❢ Th✱ ❜② FB
h

t❤❡ ✉♥✐♦♥ ♦❢ ❛❧❧ t❤❡ ❜♦✉♥❞❛r② ✐♥t❡r❢❛❝❡s ♦❢ Th✱ ❛♥❞ ❜② Fh = FI
h ∪FB

h ✳ ❋♦r ❛♥ ✐♥t❡r❢❛❝❡ F = K+ ∩K− ∈ FI
h ✱

❧❡t (v±, v±) ❜❡ t❤❡ tr❛❝❡s ♦❢ (v, v) ♦♥ F ❢r♦♠ t❤❡ ✐♥t❡r✐♦r ♦❢ K±✳ ❖♥ t❤✐s ❢❛❝❡✱ ✇❡ ❞❡✜♥❡ ♠❡❛♥ ✭❛✈❡r❛❣❡✮
✈❛❧✉❡s { · } ❛♥❞ ❥✉♠♣s J · K ❛s ❢♦❧❧♦✇s





{v}F =
1

2
(v+ + v

−),

{v}F =
1

2
(v+ + v−),

Jn× vKF = n
+ × v

+ + n
− × v

−,

JvtKF = v+t+ + v−t−,

✇❤❡r❡ n
± ❞❡♥♦t❡s t❤❡ ♦✉t✇❛r❞ ✉♥✐t ♥♦r♠ ✈❡❝t♦r t♦ K± ❛♥❞ t

± ❞❡♥♦t❡s t❤❡ ✉♥✐t t❛♥❣❡♥t ✈❡❝t♦rs t♦ t❤❡
❜♦✉♥❞❛r✐❡s ∂K± s✉❝❤ t❤❛t t

+ × n
+ = 1 ❛♥❞ t

− × n
− = 1✳ ❋♦r t❤❡ ❜♦✉♥❞❛r② ❢❛❝❡s t❤❡s❡ ❡①♣r❡ss✐♦♥s ❛r❡

♠♦❞✐✜❡❞ ❛s ✭❛ss✉♠✐♥❣ F = ∂K+ ∩ ∂Ω✮





{v}F = v
+,

{v}F = v+,

Jn× vKF = n
+ × v

+,

JvtKF = v+t+.

▲❡t Pp(D) ❞❡♥♦t❡ t❤❡ s♣❛❝❡ ♦❢ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥s ♦❢ ❞❡❣r❡❡ ❛t ♠♦st p ♦♥ ❛ ❞♦♠❛✐♥ D✳ ❋♦r ❛♥② ❡❧❡♠❡♥t
K ∈ Th✱ ❧❡t V

p(K) ❜❡ t❤❡ s♣❛❝❡ Pp(K) ❛♥❞ V
p(K) t❤❡ s♣❛❝❡ (Pp(K))2✳ ❚❤❡ ❞✐s❝♦♥t✐♥✉♦✉s ✜♥✐t❡ ❡❧❡♠❡♥t

s♣❛❝❡s ❛r❡ t❤❡♥ ❞❡✜♥❡❞ ❜②

V p
h =

{
v ∈ L2(Ω) | v|K ∈ V p(K), ∀K ∈ Th

}
,

V
p
h =

{
v ∈ (L2(Ω))2 | v|K ∈ V

p(K), ∀K ∈ Th
}
,

✇❤❡r❡ L2(Ω) ✐s t❤❡ s♣❛❝❡ ♦❢ sq✉❛r❡ ✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥s ♦♥ t❤❡ ❞♦♠❛✐♥ Ω✳ ❲❡ ❛❧s♦ ✐♥tr♦❞✉❝❡ ❛ tr❛❝❡❞ ✜♥✐t❡
❡❧❡♠❡♥t s♣❛❝❡ ✇❤✐❝❤ t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♠❡t❛❧❧✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥

Mp
h =

{
η ∈ L2(Fh) | η|F ∈ Pp(F ), ∀F ∈ Fh ❛♥❞ η|Γm

= 0
}
.

◆♦t❡ t❤❛t Mp
h ❝♦♥s✐sts ♦❢ ❢✉♥❝t✐♦♥s ✇❤✐❝❤ ❛r❡ ❝♦♥t✐♥✉♦✉s ♦♥ ❛♥ ❡❞❣❡✱ ❜✉t ❞✐s❝♦♥t✐♥✉♦✉s ❛t ✐ts ❡♥❞s✳ ❋♦r

t✇♦ ✈❡❝t♦r✐❛❧ ❢✉♥❝t✐♦♥s u ❛♥❞ v ✐♥ (L2(D))2✱ ✇❡ ❞❡♥♦t❡ (u,v)D =

∫

D

u ·v dx ✇❤❡r❡ · ❞❡♥♦t❡s t❤❡ ❝♦♠♣❧❡①

❝♦♥❥✉❣❛t✐♦♥✱ ✇❤✐❧❡ ❢♦r ❢✉♥❝t✐♦♥s u ❛♥❞ v ✐♥ L2(D)✱ ✇❡ ❞❡♥♦t❡ (u, v)D =

∫

D

uv dx ♣r♦✈✐❞❡❞ D ✐s ❛ ❞♦♠❛✐♥ ✐♥

R2✱ ❛♥❞ ✇❡ ❞❡♥♦t❡ 〈u, v〉F =
∫
F
uv ds ✐❢ F ✐s ❛ ❝✉r✈❡✳ ❆❝❝♦r❞✐♥❣❧②✱ ❢♦r t❤❡ ✇❤♦❧❡ tr✐❛♥❣✉❧❛t✐♦♥ ✇❡ ❤❛✈❡

( · , · )Th
=

∑

K∈Th

( · , · )K , 〈 · , · 〉∂Th
=

∑

K∈Th

〈 · , · 〉∂K ,

〈 · , · 〉Fh
=

∑

F∈Fh

〈 · , · 〉F , 〈 · , · 〉Γa
=

∑

F∈Fh∩Γa

〈 · , · 〉F .

✸



✸ ❋♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❍❉● ♠❡t❤♦❞

✸✳✶ Pr✐♥❝✐♣❧❡s

❚❤❡ ❉● ♠❡t❤♦❞ s❡❡❦s ❛♥ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ (Eh,Hh) ✐♥ t❤❡ s♣❛❝❡ V p
h ×V

p
h t❤❛t s❤♦✉❧❞ s❛t✐s❢② ❢♦r ❛❧❧ K

✐♥ Th {
(iωεrEh, v)K − (curlHh, v)K = 0, ∀v ∈ V p(K),

(iωµrHh,v)K + (curlEh,v)K = 0, ∀v ∈ V
p(K).

❆♣♣❧②✐♥❣ ❛♣♣r♦♣r✐❛t❡ ●r❡❡♥✬s ❢♦r♠✉❧❛s ❛♥❞ r❡♣❧❛❝✐♥❣ t❤❡ ❜♦✉♥❞❛r② t❡r♠s ❜② ♥✉♠❡r✐❝❛❧ tr❛❝❡s Êh ❛♥❞ Ĥh✱
✇❡ ❤❛✈❡ {

(iωεrEh, v)K − (Hh, curl v)K − 〈n× Ĥh, v〉∂K = 0, ∀v ∈ V p(K),

(iωµrHh,v)K + (Eh, curlv)K − 〈Êh,n× v〉∂K = 0, ∀v ∈ V
p(K).

✭✸✮

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❣✐✈❡ ❛ ❢♦r♠✉❧❛t✐♦♥ t♦ ❞❡✜♥❡ (Eh,Hh) ✐♥ t❡r♠s ♦❢ ❛ ❤②❜r✐❞ ✉♥❦♥♦✇♥ λh ♦♥❧②✳ ❚❤❡ ♥❡✇

✈❛r✐❛❜❧❡ λh ∈Mp
h ✐s ✐♥tr♦❞✉❝❡❞ ♠❛✐♥❧② t♦ r❡♣❧❛❝❡ t❤❡ ♥✉♠❡r✐❝❛❧ tr❛❝❡ Êh ✇❤✐❝❤ ❝❛♥ ♥♦✇ ❜❡ ✇r✐tt❡♥ ❛s

Êh =

{
λh ❢♦r F ∈ FI

h ∪ {FB
h ∩ Γa}

0 ❢♦r F ∈ FB
h ∩ Γm

= λh, ∀F ∈ Fh. ✭✹✮

❚❤✉s Êh ✐s s✐♥❣❧❡✲✈❛❧✉❡❞ ♦♥ ❡❛❝❤ ❢❛❝❡✳ ❲❡ t❤❡♥ ❝♦♥s✐❞❡r ❛ ❧♦❝❛❧ ♥✉♠❡r✐❝❛❧ tr❛❝❡ Ĥh ♦❢ t❤❡ ❢♦r♠

Ĥh = Hh + τ(Eh − λh)t ♦♥ ∂K, ✭✺✮

✇❤❡r❡ τ > 0 ✐s ❛ ❧♦❝❛❧ st❛❜✐❧✐③❛t✐♦♥ ♣❛r❛♠❡t❡r ✭✐✳❡✳ t❤❛t ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❢♦r ❡❛❝❤ ❢❛❝❡ ❜❛s❡❞ ♦♥ ✈❛❧✉❡s ❛ss✐❣♥❡❞
❛t t❤❡ ❡❧❡♠❡♥t ❧❡✈❡❧✮✳ ❆❞❞✐♥❣ t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ ✭✸✮ ♦✈❡r ❛❧❧ ❡❧❡♠❡♥ts ❛♥❞ ❡♥❢♦r❝✐♥❣ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡

t❛♥❣❡♥t✐❛❧ ❝♦♠♣♦♥❡♥t ♦❢ Ĥh✱ ✇❡ ❝❛♥ ❢♦r♠✉❧❛t❡ ❛ ♣r♦❜❧❡♠ ✇❤✐❝❤ ✐s t♦ ✜♥❞ (Eh,Hh, λh) ∈ V p
h × V

p
h ×Mp

h

s✉❝❤ t❤❛t 



(iωεrEh, v)Th
− (Hh, curl v)Th

− 〈n× Ĥh, v〉∂Th
= 0, ∀v ∈ V p

h ,

(iωµrHh,v)Th
+ (Eh, curlv)Th

− 〈λh,n× v〉∂Th
= 0, ∀v ∈ V

p
h,

〈Jn× ĤhK, η〉Fh
+ 〈λh, η〉Γa

= 〈g✐♥❝, η〉Γa
, ∀η ∈Mp

h ,

✭✻✮

✇❤❡r❡ t❤❡ ❧❛st ❡q✉❛t✐♦♥ ✐s ❝❛❧❧❡❞ t❤❡ ❝♦♥s❡r✈❛t✐✈✐t② ❝♦♥❞✐t✐♦♥✳ ◆♦t❡ t❤❛t ✇❡ ❛❧s♦ t❛❦❡ t❤❡ ❛❜s♦r❜✐♥❣ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥ ✐♥ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤✐s ❝♦♥s❡r✈❛t✐✈✐t② ❝♦♥❞✐t✐♦♥✳ ❋r♦♠ t❤❡ ❡①♣r❡ss✐♦♥ ✭✺✮ ♦❢

Ĥh✱ ♦♥❝❡ λh ✐s ❦♥♦✇♥✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ t❤❡ ❧♦❝❛❧ s♦❧✉t✐♦♥ t❤r♦✉❣❤ ✭✸✮ ❞✉❡ t♦ t❤❡ ❞✐s❝♦♥t✐♥✉♦✉s ♥❛t✉r❡ ♦❢ V p
h ❛♥❞

V
p
h✳ ▼♦r❡♦✈❡r✱ ✇❡ ❝❛♥ ❡❧✐♠✐♥❛t❡ Eh ❛♥❞ Hh ✈✐❛ t❤❡ ✜rst t✇♦ ❡q✉❛t✐♦♥s ♦❢ ✭✻✮ t♦ ♦❜t❛✐♥ ❛ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥

✐♥ t❡r♠s ♦❢ λh ♦♥❧②✳ ❋♦r ❛♥ ✐♥t❡r✐♦r ❢❛❝❡ F = ∂K+ ∩ ∂K− ✇❡ ❤❛✈❡

〈Jn× ĤhK, η〉F =〈Jn× (Hh + τ(Eh − λh)t)K, η〉F

=〈n+ ×H
+
h , η〉∂K+ + 〈n− ×H

−

h , η〉∂K−

−〈τ+E+
h , η〉∂K+ − 〈τ−E−

h , η〉∂K−

+〈τ+λh, η〉∂K+ + 〈τ−λh, η〉∂K− ,

t❤✉s
〈Jn× ĤhK, η〉Fh

= 〈n×Hh, η〉∂Th
− 〈τ(Eh − λh), η〉∂Th

. ✭✼✮

■♥s❡rt✐♥❣ ✭✼✮ ✐♥t♦ ✭✻✮ ❛♥❞ ❛♣♣❧②✐♥❣ ❛♥ ❛♣♣r♦♣r✐❛t❡ ●r❡❡♥ ❢♦r♠✉❧❛ ❛❣❛✐♥ t♦ t❤❡ ✜rst ❡q✉❛t✐♦♥ ♦❢ ✭✻✮✱ ✇❡ ♦❜t❛✐♥
❛♥♦t❤❡r ❡q✉✐✈❛❧❡♥t ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✭✻✮ ✇❤✐❝❤ ✐s t♦ s❡❛r❝❤ ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ (Eh,Hh, λh) ∈
V p
h ×V

p
h ×Mp

h s✉❝❤ t❤❛t





(iωεrEh, v)Th
− (curlHh, v)Th

+ 〈τ(Eh − λh), v〉∂Th
= 0, ∀v ∈ V p

h ,

(iωµrHh,v)Th
+ (Eh, curlv)Th

− 〈λh,n× v〉∂Th
= 0, ∀v ∈ V

p
h,

〈n×Hh, η〉∂Th
− 〈τ(Eh − λh), η〉∂Th

+ 〈λh − g✐♥❝, η〉Γa
= 0, ∀η ∈Mp

h .

✭✽✮

✹



◆♦t❡ t❤❛t t❤❡ ✜rst t✇♦ ❡q✉❛t✐♦♥s ❞❡✜♥❡ t❤❡ ❧♦❝❛❧ ♣r♦❜❧❡♠s✱ ✇❤✐❝❤ ❛r❡ s♦❧✈❡❞ ❡❧❡♠❡♥t✲❜②✲❡❧❡♠❡♥t✳ ❚❤❡ t❤✐r❞
❡q✉❛t✐♦♥ ❞❡✜♥❡s t❤❡ ❤②❜r✐❞ ✈❛r✐❛❜❧❡ λh✳

✸✳✷ ❘❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❍❉● ❛♥❞ ✉♣✇✐♥❞ ✢✉① ❉●

❚❤❡ ❝♦♥s❡r✈❛t✐✈✐t② ❝♦♥❞✐t✐♦♥ ❤♦❧❞s ♦♥ ❛❧❧ t❤❡ ✐♥t❡r✐♦r ❢❛❝❡s✱ ✇❤✐❝❤ ♠❡❛♥s

〈Jn× ĤhK, η〉FI
h
= 0, ∀η ∈Mp

h .

❋r♦♠ t❤❡ ❢♦r♠✉❧❛t✐♦♥✱ ✇❡ ❝❛♥ ✐♥❢❡r t❤❛t Jn×ĤhK = 0 ♦♥ ❡✈❡r② ✐♥t❡r✐♦r ❢❛❝❡ ♦♥ ❝♦♥❢♦r♠✐♥❣ ♠❡s❤❡s ✭❈♦❝❦❜✉r♥

❡t ❛❧✳✱ ✷✵✵✾✮✲✭◆❣✉②❡♥ ❡t ❛❧✳✱ ✷✵✵✾✮✲✭◆❣✉②❡♥ ❡t ❛❧✳✱ ✷✵✶✶✮✳ ❙✉❜st✐t✉t✐♥❣ Ĥh ✇✐t❤ t❤❡ ❡①♣r❡ss✐♦♥ ✐♥ ✭✺✮✱ ✇❡
❤❛✈❡

Jn× (Hh + τ(Eh − λh)t)K = Jn×HhK − Jτ(Eh − λh)K

= 0, ∀F ∈ FI
h .

❋♦r ❛♥ ✐♥t❡r✐♦r ❢❛❝❡ F = ∂K+ ∩ ∂K− ✐t ❤♦❧❞s t❤❛t

Jn×HhK − τ+E+
h − τ−E−

h + (τ+ + τ−)λh = 0 ♦♥ F.

❙♦❧✈✐♥❣ ❢♦r λh✱ ✇❡ ♦❜t❛✐♥ ✭s✐♥❝❡ τ+ + τ− 6= 0✮

Êh = λh =
1

τ+ + τ−
(τ+E+

h + τ−E−

h )−
1

τ+ + τ−
Jn×HhK ♦♥ F, ✭✾✮

❜② r❡❝❛❧❧✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ✭✹✮ ♦❢ λh✳ ■♥s❡rt✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r λh ✐♥t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡♥t✐t②

n
± × Ĥ

±

h = n
± ×H

±

h + n
± ×

(
τ±(E±

h − λh)t
±
)
,

✇❡ ❣❡t n± × Ĥ
±

h = n
± × H̃h

✷ ✇✐t❤

H̃h =
1

τ+ + τ−
(τ−H+

h + τ+H−

h ) +
τ+τ−

τ+ + τ−
JEhtK ♦♥ F. ✭✶✵✮

❚❤✐s ✢✉① H̃h ✐s s✐♥❣❧❡✲✈❛❧✉❡❞ ♦♥ F ✳ ❚❤❡ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ ✢✉①❡s Êh ✭✾✮ ❛♥❞ H̃h ✭✶✵✮ s✉❣❣❡st ❛
❝❧♦s❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ❍❉● ♠❡t❤♦❞ ❛♥❞ t❤❡ ✉♣✇✐♥❞ ✢✉①✲❜❛s❡❞ ❉● ♠❡t❤♦❞✳ ■♥ ❢❛❝t✱ t❤❡ ♣r♦♣♦s❡❞
❍❉● ♠❡t❤♦❞ ✐s ♠❛t❤❡♠❛t✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ✉♣✇✐♥❞ ✢✉①✲❜❛s❡❞ s❝❤❡♠❡ ✉s❡❞ ✐♥ ✭❉♦❧❡❛♥ ❡t ❛❧✳✱ ✷✵✵✽✮
✇❤❡♥ t❤❡ ♣❛r❛♠❡t❡r τ ✐s ✉♥✐❢♦r♠❧② ✶ ❛♥❞ ❛❜s♦r❜✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ❝♦♥s✐❞❡r❡❞ ♦♥ t❤❡ ✇❤♦❧❡ ❜♦✉♥❞❛r②✳ ❚❤❡
❡①♣r❡ss✐♦♥ ✭✶✵✮ ♦❢ H̃h ❛❧s♦ s❤♦✇s t❤❛t t❤❡ ❍❉● ♠❡t❤♦❞ ✭✽✮ ✐s ❧♦❝❛❧❧② ❝♦♥s❡r✈❛t✐✈❡ ❛s ❞❡✜♥❡❞ ✐♥ ✭❆r♥♦❧❞ ❡t

❛❧✳✱ ✷✵✵✷✮ ❜❡❝❛✉s❡ H̃h ✐s s✐♥❣❧❡✲✈❛❧✉❡❞ ❛❝r♦ss ✐♥t❡r✲❡❧❡♠❡♥t ❜♦✉♥❞❛r✐❡s ✭❈♦❝❦❜✉r♥ ❡t ❛❧✳✱ ✷✵✵✾✮✲✭◆❣✉②❡♥ ❡t

❛❧✳✱ ✷✵✶✶✮✳

✸✳✸ ❲❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ❧♦❝❛❧ ♣r♦❜❧❡♠s

❚❤❡ ♣r♦❜❧❡♠ ♦♥ ❛♥ ❡❧❡♠❡♥t K ✐s t❤❡ ❧♦❝❛❧ ✈❡rs✐♦♥ ♦❢ t❤❡ ✜rst t✇♦ ❡q✉❛t✐♦♥s ♦❢ ✭✽✮
{
(iωεrEh, v)K − (curlHh, v)K + 〈τ(Eh − λh), v〉∂K = 0, ∀v ∈ V p(K),

(iωµrHh,v)K + (Eh, curlv)K − 〈λh,n× v〉∂K = 0, ∀v ∈ V
p(K).

✭✶✶✮

❚♦ ♣r♦✈❡ t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤✐s ♣r♦❜❧❡♠✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ♣r♦✈❡ t❤❛t t❤❡ s♦❧✉t✐♦♥ (Eh,Hh) ✐s ✉♥✐q✉❡ ❢♦r
❛ ❣✐✈❡♥ λh✳ ■♥ ✭✶✶✮✱ ✇❡ ❝♦♥s✐❞❡r v = Eh ❛♥❞ v = Hh ❛♥❞ ✇❡ ♦❜t❛✐♥ ❜② ❛❞❞✐♥❣ ❜♦t❤ r❡❧❛t✐♦♥s

(iωεrEh, Eh)K − (curlHh, Eh)K + τK〈(Eh − λh), Eh〉∂K

+(iωµrHh,Hh)K + (Eh, curlHh)K − τK〈λh, Eh〉∂K = 0.

✷❚❤❡ ♥♦r♠❛❧ ❝♦♠♣♦♥❡♥ts n
± · Ĥ±

h
❛♥❞ n

± · H̃h ❝❛♥ ❜❡ ❞✐✛❡r❡♥t ❜✉t ♦♥❧② t❤❡ t❛♥❣❡♥t✐❛❧ ❝♦♠♣♦♥❡♥ts ❛r❡ r❡❧❡✈❛♥t ✐♥ t❤❡
♣r♦❜❧❡♠ ❝♦♥s✐❞❡r❡❞ ❤❡r❡✳ ❚❤✐s ♣♦✐♥t ✐s ♥♦t ♦❜✈✐♦✉s ✐♥ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ❝♦♥s✐❞❡r❡❞ ✐♥ ✭◆❣✉②❡♥ ❡t ❛❧✳✱ ✷✵✶✶✮✳

✺



✇❤✐❝❤✱ ✇✐t❤ λh = 0✱ ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t②

(iωεrEh, Eh)K + (iωµrHh,Hh)K + 2ℑ((Eh, curlHh)K) + τK〈Eh, Eh〉∂K = 0, ✭✶✷✮

✇❤❡r❡ t❤❡ ♦♣❡r❛t♦r ℑ ✐s ✉s❡❞ t♦ ❞❡♥♦t❡ t❤❡ ✐♠❛❣✐♥❛r② ♣❛rt✳ ❲❡ ❛ss✉♠❡ t❤❛t ❜♦t❤ εr✱ µr ❛♥❞ τK ❛r❡ str✐❝t❧②
♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs✸✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ r❡❛❧ ♣❛rt ♦❢ ✭✶✷✮✱ ✇❡ ❤❛✈❡ τK〈Eh, Eh〉∂K = 0✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t
Eh = 0 ♦♥ ∂K✳ ❲❡ ❝❛♥♥♦t t❤❡♥ ❝♦♥❝❧✉❞❡ ♦♥ t❤❡ ❣❡♥❡r❛❧ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ❧♦❝❛❧ ♣r♦❜❧❡♠s ❜❡❝❛✉s❡ ✐t
✐s ♣♦ss✐❜❧❡ t♦ ❤❛✈❡ r❡s♦♥❛♥t ❢r❡q✉❡♥❝② ✐♥ t❤❡ r❡❧❛t✐♦♥ ✭✶✷✮✱ s✐♥❝❡ ✇❡ ❛r❡ s♦❧✈✐♥❣ ❛ ❉✐r✐❝❤❧❡t✲❧✐❦❡ ❜♦✉♥❞❛r②
♣r♦❜❧❡♠ ♦♥ ❡❛❝❤ ❡❧❡♠❡♥t✳ ◆♦t❡ ❤♦✇❡✈❡r t❤❛t t❤✐s ♣r♦❜❧❡♠ ♥❡✈❡r s❤♦✇❡❞ ✉♣ ✐♥ ♦✉r ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts✳

■♥ t❤❡ s❡q✉❡❧ t❤❡ ❍❉● ♠❡t❤♦❞ ❡♠♣❧♦②✐♥❣ t❤❡ s♣❛❝❡s V p
h ✱ V

p
h ❛♥❞ Mp

h ✐s ❞❡♥♦t❡❞ ❜② ❜② ❍❉●✲Pp✳ ■♥ t❤❡
❍❉●✲P1 ❛♥❞ ❍❉●✲P2 ❝❛s❡s✱ ❛❧❧ t❤❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ❛r❡ ♦♥ ∂K✱ ❛♥❞ t❤✉s Eh = 0 ♦♥ t❤❡ ❡♥t✐r❡ ❡❧❡♠❡♥t K✳
❚❤✉s ✇❡ ❤❛✈❡ Hh = 0 ♦♥ K✱ ❜② ❝♦♠♣❛r✐♥❣ t❤❡ ✐♠❛❣✐♥❛r② ♣❛rts ♦❢ ✭✶✷✮ ♦♥ ❜♦t❤ s✐❞❡s✳ ❆s ❛ r❡s✉❧t✱ ✇❡ ❝❛♥
❡♥s✉r❡ ❛t ❧❡❛st t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ❧♦❝❛❧ ♣r♦❜❧❡♠s ❢♦r t❤❡ ❍❉●✲P1 ❛♥❞ ❍❉●✲P2 ❝❛s❡✳ ■t ✐s ❝♦❤❡r❡♥t
✇✐t❤ t❤❡ r❡s✉❧ts st❛t❡❞ ✐♥ ✭❋❡♥❣ ❛♥❞ ❳✐♥✱ ✷✵✶✷✮ ❢♦r t❤❡ ❍❉●✲P1 ♠❡t❤♦❞✹✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❧♦❝❛❧ ♣r♦❜❧❡♠s ❛r❡ ❛❧✇❛②s ✇❡❧❧✲♣♦s❡❞ ❡✈❡♥ ✐❢ t❤❡ ♣♦❧②♥♦♠✐❛❧
❞❡❣r❡❡ ✐s ❣r❡❛t❡r t❤❛♥ ✷✳ ▼♦r❡♦✈❡r✱ ❛s t❤❡ ❧♦❝❛❧ ♣r♦❜❧❡♠ ♠❛tr✐❝❡s ❤❛✈❡ t♦ ❜❡ ❛ss❡♠❜❧❡❞ ❛♥❞ ✐♥✈❡rt❡❞ ❢♦r t❤❡
❛ss❡♠❜❧② ♦❢ t❤❡ ❣❧♦❜❛❧ ♠❛tr✐① ✭❞❡t❛✐❧s ❛r❡ ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✹✮ s✉❝❤ ❛ ✐❧❧✲♣♦s❡❞ ❧♦❝❛❧ ♣r♦❜❧❡♠ ❝♦✉❧❞ ❜❡ ❧♦❝❛❧❧②
❞❡t❡❝t❡❞ ❞✉r✐♥❣ t❤❡ ❛ss❡♠❜❧② ♣r♦❝❡ss ❛♥❞ t❤❡ ♣r♦❜❧❡♠❛t✐❝ ❧♦❝❛❧ ❡❧❡♠❡♥t r❡✜♥❡❞ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ✇❡❧❧✲♣♦s❡❞
♣r♦❜❧❡♠s ♦♥ t❤❡ ♥❡✇❧② ❝r❡❛t❡❞ ❡❧❡♠❡♥ts ❛♥❞ t♦ ♣✉rs✉❡ t❤❡ ❛ss❡♠❜❧② ♦❢ t❤❡ ❣❧♦❜❛❧ ♠❛tr✐①✳

✸✳✹ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ r❡❞✉❝❡❞ ♣r♦❜❧❡♠

❋♦r ❛♥② η ∈ Mp
h ✱ ✇❡ ❞❡♥♦t❡ ❜② (Eη

h,H
η
h) t❤❡ ✈❡❝t♦r ✜❡❧❞s ✇❤♦s❡ r❡str✐❝t✐♦♥ t♦ ❛♥ ❡❧❡♠❡♥t K ♦❢ Th ✐s t❤❡

s♦❧✉t✐♦♥ t♦ t❤❡ ❧♦❝❛❧ ♣r♦❜❧❡♠

{
(iωεrE

η
h, v)K − (curlHη

h, v)K − 〈n× (Ĥη
h −H

η
h), v〉∂K = 0, ∀v ∈ V p(K),

(iωµrH
η
h,v)K + (Eη

h, curlv)K − 〈η,n× v〉∂K = 0, ∀v ∈ V
p(K),

✭✶✸✮

✇❤❡r❡ t❤❡ r❡❧❛t✐♦♥ ✭✺✮ ✐s ✉s❡❞ ✐♥ t❤❡ ✜rst ❡q✉❛t✐♦♥✳ ❲❡ ❡①♣❧✐❝✐t❧② r❡✇r✐t❡ t❤❡ r❡❞✉❝❡❞ ♣r♦❜❧❡♠ ❛s

ah(λh, η) = bh(η), ∀η ∈Mp
h , ✭✶✹✮

✇✐t❤ {
ah(λh, η) = 〈Jn× Ĥ

λ
hK, η〉Fh

+ 〈λh, η〉Γa
,

bh(η) = 〈g✐♥❝, η〉Γa
,

✇❤❡r❡ t❤❡ s✉❜s❝r✐♣t h ♦❢ λ ✐s t❛❦❡♥ ♦✉t ❢♦r s✐♠♣❧✐❝✐t②✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❡①♣❧♦r❡ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡
s❡sq✉✐❧✐♥❡❛r ❢♦r♠ ah✳ ❙✉♠♠✐♥❣ ✭✶✸✮ ♦✈❡r ❛❧❧ t❤❡ ❡❧❡♠❡♥ts ♦❢ Th✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s ❜② r❡❝❛❧❧✐♥❣
t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ J · K

{
(iωεrE

η
h, v)Th

− (curlHη
h, v)Th

− 〈Jn× (Ĥη
h −H

η
h)K, v〉Fh

= 0, ∀v ∈ V p
h ,

(−iωµrv,H
η
h)Th

+ (curlv, Eη
h)Th

− 〈Jn× vK, η〉Fh
= 0, ∀v ∈ V

p
h.

✭✶✺✮

✸■♥ ❛ ❧♦ss② ♠❡❞✐✉♠✱ εr ♦r✴❛♥❞ µr ❝♦✉❧❞ ❤❛✈❡ ❛ ♥❡❣❛t✐✈❡ ✐♠❛❣✐♥❛r② ♣❛rt✳ ■♥ t❤✐s ❝❛s❡ t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ✐s ❡❛s✐❡r t♦ ♣r♦✈❡
❛♥❞ ♥♦t st✉❞✐❡❞ ❤❡r❡✳

✹❆s ♠❡♥t✐♦♥❡❞ ✐♥ s✉❜s❡❝t✐♦♥ ✸✳✷✱ t❤❡r❡ ✐s ❛ ❝❧♦s❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ❍❉● ❛♥❞ ✉♣✇✐♥❞ ✢✉①✲❜❛s❡❞ ❉● ♠❡t❤♦❞s✳
▼♦r❡♦✈❡r✱ t❤❡r❡ ✐s ❛❧s♦ ❛ s✐♠✐❧❛r✐t② ❜❡t✇❡❡♥ ✷❞ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥ ❛♥❞ ❍❡❧♠❤♦❧t③✬ ❡q✉❛t✐♦♥✳ ❯s✐♥❣ ❜♦t❤ s✐♠✐❧❛r✐t✐❡s✱ ✐t ❝❛♥ ❜❡
s❤♦✇♥ t❤❛t t❤❡ ♠❡t❤♦❞ ❝♦♥s✐❞❡r❡❞ ❤❡r❡ ✐s s✐♠✐❧❛r ✭❢♦r s♦♠❡ ♣❛r❛♠❡t❡r ❝❤♦✐❝❡s✮ t♦ t❤❡ ♠❡t❤♦❞ st✉❞✐❡❞ ✐♥ ✭❋❡♥❣ ❛♥❞ ❳✐♥✱ ✷✵✶✷✮
❛♥❞ t❤❡♥ ✇❡❧❧✲♣♦s❡❞♥❡ss r❡s✉❧ts ❤❛✈❡ t♦ ❜❡ ❝♦❤❡r❡♥t✳

✻



◆♦t❡ t❤❛t t❤❡ s❡❝♦♥❞ r❡❧❛t✐♦♥ ♦❢ ✭✶✺✮ ✐s ♦❜t❛✐♥❡❞ ❜② t❛❦✐♥❣ t❤❡ s✉♠♠❛t✐♦♥ ✐♥ t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t✐♦♥ ♦❢
t❤❡ s❡❝♦♥❞ r❡❧❛t✐♦♥ ♦❢ ✭✶✸✮✳ ❚❤❡ s❡sq✉✐❧✐♥❡❛r ❢♦r♠ ✐♥ ✭✶✹✮ ❝❛♥ ♥♦✇ ❜❡ ♦❜t❛✐♥❡❞

ah(λh, η) = 〈Jn× Ĥ
λ
hK, η〉Fh

+ 〈λh, η〉Γa

= 〈Jn×H
λ
hK, η〉Fh

+ 〈Jn× (Ĥλ
h −H

λ
h)K, η〉Fh

+ 〈λh, η〉Γa

= (−iωµrH
λ
h,H

η
h)Th

+ (curlHλ
h, E

η
h)Th

+ 〈Jn× (Ĥλ
h −H

λ
h)K, η〉Fh

+ 〈λh, η〉Γa

(❜② t❤❡ s❡❝♦♥❞ r❡❧❛t✐♦♥ ♦❢ ✭✶✺✮✱ t❛❦✐♥❣ v = H
λ
h)

= (−iωµrH
λ
h,H

η
h)Th

+ (iωεrE
λ
h , E

η
h)Th

+ 〈Jn× (Ĥλ
h −H

λ
h)K, (η − Eη

h)〉Fh

+ 〈λh, η〉Γa
(❜② t❤❡ ✜rst r❡❧❛t✐♦♥ ♦❢ ✭✶✺✮).

❈♦♥s✐❞❡r✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ✭✺✮ ♦❢ Ĥλ
h✱ ✇❡ ❤❛✈❡✿

ah(λh, η) = (−iωµrH
λ
h,H

η
h)Th

+ (iωεrE
λ
h , E

η
h)Th

+ 〈τ(λh − Eλ
h), (η − Eη

h)〉∂Th
+ 〈λh, η〉Γa

. ✭✶✻✮

❲❤❡♥ εr ❛♥❞ µr ❛r❡ r❡❛❧✲✈❛❧✉❡❞✱ ✇❡ ❝❛♥ ✐♥❢❡r t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦❡✣❝✐❡♥t ♠❛tr✐① K✱ ✇❤♦s❡ ❛ss❡♠❜❧②
✐s ❞❡t❛✐❧❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✐s ❝♦♠♣❧❡① s②♠♠❡tr✐❝ ❛♥❞ ❛❧❧ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❧✐❡ ✐♥ t❤❡ r✐❣❤t ❤❛❧❢✲♣❧❛♥❡ ♦❢
t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ t❤✐r❞ ❛♥❞ ❢♦✉rt❤ t❡r♠ ♦❢ ✭✶✻✮✳ ▼♦r❡♦✈❡r✱ t❤❡ ✜rst t✇♦ t❡r♠s ❞❡✜♥❡ t❤❡
✐♠❛❣✐♥❛r② ♣❛rt ♦❢ K ✐❢ εr ❛♥❞ µr ❛r❡ r❡❛❧✲✈❛❧✉❡❞✳ ❚❤✐s ♠❛tr✐① ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡
❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥✿ ✐t ✐s s②♠♠❡tr✐❝ ❜✉t ✐♥❞❡✜♥✐t❡ ❛s s♦♦♥ ❛s ω ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡ ✭t❤✐s ♣♦✐♥t
✇✐❧❧ ❜❡ ❛ss❡ss❡❞ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts✮✳ ■t ✐s ♣r♦❜❛❜❧② ♠♦r❡ ❝❧❛ss✐❝❛❧ ✐❢ ✇❡ ♠✉❧t✐♣❧② ✭✶✻✮ ❜② iω ✐♥
♦r❞❡r t♦ ♦❜t❛✐♥

iωah(λh, η) = (µr(−iωHλ
h), (−iωHη

h))Th
− ω2(εrE

λ
h , E

η
h)Th

+ iω〈τ(λh − Eλ
h), (η − Eη

h)〉∂Th
+ iω〈λh, η〉Γa

.

❲❡ t❤❡♥ ✜♥❞ t❤❡ ❡q✉✐✈❛❧❡♥t ♦❢ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ ❣✐✈❡♥ ✐♥ ✭◆❣✉②❡♥ ❡t ❛❧✳✱ ✷✵✶✶✱ ❊q✳ ✭✹✺✮✮ ✇❤❡r❡ t❤❡② ❝♦♥s✐❞❡r
W

λ
j = −iωHλ

h ❛s ❛♥ ✉♥❦♥♦✇♥ ✐♥st❡❛❞ ♦❢ Hλ
h✳

✹ ■♠♣❧❡♠❡♥t❛t✐♦♥

■♥ t❤❡ s❡❝t✐♦♥ ✇❡ ❞✐s❝✉ss ❛❜♦✉t t❤❡ ♠❛✐♥ ❛s♣❡❝ts ♦❢ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s❧② ✐♥tr♦❞✉❝❡❞ ❍❉●
♠❡t❤♦❞ ❛♥❞ ✇❡ ❡ss❡♥t✐❛❧❧② ❢♦❧❧♦✇ t❤❡ s❡tt✐♥❣ ❛♥❞ ♥♦t❛t✐♦♥s ❛❞♦♣t❡❞ ✐♥ ✭❑✐r❜② ❡❧ ❛❧✳✱ ✷✵✶✷✮✳ ❋♦r s❛❦❡ ♦❢
s✐♠♣❧✐❝✐t②✱ t❤❡ ♣r♦♣♦s❡❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐♥s✉r❡s ❛♥ ❛❞♠✐ss✐❜❧❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡s❤ ✇✐t❤ ♣♦ss✐❜❧② ❝✉r✈❡❞
❜♦✉♥❞❛r✐❡s✳ ❋♦r ❛♥ ❡❧❡♠❡♥t Ke ♦❢ ✐♥❞❡① e ∈ [1, Nt] ✇❤❡r❡ Nt ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts ♦❢ Th✱ ❧❡t ✉s ✇r✐t❡
t❤❡ ❧♦❝❛❧ s♦❧✉t✐♦♥ r❡str✐❝t❡❞ t♦ Ke ❛s ❢♦❧❧♦✇s

Ee =

ne
p∑

j=1

Ee
jϕ

e
j ,

H
e =

(
He

x He
y

)
✇✐t❤ He

u =

Ne
p∑

j=1

He
u,jϕ

e
j , u ∈ {x, y},

✭✶✼✮

✇❤❡r❡ Ne
p ✐s t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ Pp(Ke) ❛♥❞ ϕ

e
j ✬s ❛r❡ t❤❡ ✭r❡❛❧✲✈❛❧✉❡❞✮ ❧♦❝❛❧ ❜❛s✐s ❢✉♥❝t✐♦♥s✳ ❙✐♠✐❧❛r❧②✱ ❢♦r ❛

❢❛❝❡ Ff ♦❢ ✐♥❞❡① f ∈ [1, Nf ] ✇❤❡r❡ Nf ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❢❛❝❡s ♦❢ Th ✭✐✳❡✳ t❤❡ ❝❛r❞✐♥❛❧ ♦❢ Fh✮✱ λ ✐s r❡♣r❡s❡♥t❡❞
❜②

λf =

Nf
p∑

j=1

λfjψ
f
j ,

✇❤❡r❡Nf
p ✐s t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ Pp(Ff ) ❛♥❞ ψ

f
j ✬s ❛r❡ t❤❡ ✭r❡❛❧✲✈❛❧✉❡❞✮ ❧♦❝❛❧ ❜❛s✐s ❢✉♥❝t✐♦♥s✳ ▼♦r❡♦✈❡r✱ ✇❡ ❞❡♥♦t❡

❜② σ(e, l) t❤❡ ✐♥❞❡① f ♦❢ t❤❡ ❢❛❝❡ Ff ∈ Fh ✇❤✐❝❤ ✐s t❤❡ l✲t❤ ❢❛❝❡ ♦❢ ❡❧❡♠❡♥t Ke ∈ Th ✭✇✐t❤ l = 1, . . . , 3✮✳

✼



✹✳✶ ❉✐s❝r❡t✐③❛t✐♦♥ ♦❢ ❧♦❝❛❧ ♣r♦❜❧❡♠s

❉✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ✜rst ❡q✉❛t✐♦♥ ♦❢ ✭✶✶✮ ♦♥ t❤❡ ❡❧❡♠❡♥t Ke ❧❡❛❞s t♦

iωεrM
eEe + (De

y)
THe

x − (De
x)

THe
y +

3∑

l=1

τ (e,l)Ee
lE

e −
3∑

l=1

τ (e,l)Fe
l λ

σ(e,l) = 0,

✇❤❡r❡ · T ✐s ✉s❡❞ t♦ ❞❡♥♦t❡ t❤❡ ♠❛tr✐① tr❛♥s♣♦s✐t✐♦♥✳ ❚❤❡ ❡♥tr✐❡s ♦❢ t❤❡ ❧♦❝❛❧ ♠❛tr✐❝❡s ❛r❡ ❞❡✜♥❡❞ ❜②





Me[i, j] = (ϕe
j , ϕ

e
i )Ke

=

∫

Ke

ϕe
iϕ

e
j dx,

De
u[i, j] = (ϕe

j , ∂uϕ
e
i )Ke

=

∫

Ke

(∂uϕ
e
i )ϕ

e
j dx, ✇✐t❤ u ∈ {x, y},

Ee
l [i, j] = 〈ϕe

j , ϕ
e
i 〉∂Kl

e
=

∫

∂Kl
e

ϕe
iϕ

e
j ds,

Fe
l [i, j] = 〈ψ

σ(e,l)
j , ϕe

i 〉∂Kl
e
=

∫

∂Kl
e

ϕe
iψ

σ(e,l)
j ds,

✭✶✽✮

✇❤❡r❡ ∂Kl
e st❛♥❞s ❢♦r t❤❡ l✲t❤ ❢❛❝❡ ♦❢ ❡❧❡♠❡♥t Ke✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ♦❢ ✭✶✶✮

✐s 



iωµrM
eHe

x − De
yE

e +

3∑

l=1

Qe
ylλ

σ(e,l) = 0,

iωµrM
eHe

y + De
xE

e −
3∑

l=1

Qe
xlλ

σ(e,l) = 0,

✇❤❡r❡ t❤❡ ♠❛tr✐❝❡s Me ❛♥❞ De
u ❛r❡ ❞❡✜♥❡❞ ✐♥ ✭✶✽✮✱ ❛♥❞

Qe
ul[i, j] = 〈ϕe

i , n
e
uψ

σ(e,l)
j 〉∂Kl

e
=

∫

∂Kl
e

ne
uϕ

e
iψ

σ(e,l)
j ds, u ∈ {x, y}, ✭✶✾✮

✇✐t❤ n
e =

(
ne
x ne

y

)
t❤❡ ♦✉t✇❛r❞ ✉♥✐t ♥♦r♠ ✈❡❝t♦r t♦ Ke✳ ❚❤❡ ❧♦❝❛❧ ❧✐♥❡❛r s②st❡♠ ♦♥ t❤❡ ❡❧❡♠❡♥t Ke ❝❛♥

t❤❡♥ ❜❡ ✇r✐tt❡♥ ❛s

Ae



He

x

He
y

Ee


+ Ce



λσ(e,1)

λσ(e,2)

λσ(e,3)


 = 0, ✭✷✵✮

✇✐t❤

Ae =




iωµrM
e 0 −De

y

0 iωµrM
e De

x

(De
y)

T −(De
x)

T iωεrM
e +

3∑

l=1

τ (e,l)Ee
l



,

❛♥❞

Ce =




Qe
y1 Qe

y2 Qe
y3

−Qe
x1 −Qe

x2 −Qe
x3

−τ (e,1)Fe
1 −τ (e,2)Fe

2 −τ (e,3)Fe
3



.

✽



✹✳✷ ●❧♦❜❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ❢♦r λ

❙✉♣♣♦s❡ t❤❛t t❤❡ ✐♥t❡r✐♦r ❢❛❝❡ Ff ♦❢ ✐♥❞❡① f ✐s s❤❛r❡❞ ❜② ❡❧❡♠❡♥ts Ke ❛♥❞ Kg ✇✐t❤ ❧♦❝❛❧ ✐♥❞❡① l ❛♥❞ k✱ ✐✳❡✳

f = σ(e, l) = σ(g, k)✳ ❚❤❡ ❝♦♥s❡r✈❛t✐✈✐t② ❝♦♥❞✐t✐♦♥ ♦♥ Ff ✇r✐t❡s ❛s

〈ne ×H
e
h, η〉∂Kl

e
+ 〈ng ×H

g
h, η〉∂Kk

g

− τ (e,l)〈Ee
h, η〉∂Kl

e
− τ (g,k)〈Eg

h, η〉∂Kk
g

+ τ (e,l)〈λ, η〉∂Kl
e
+ τ (g,k)〈λ, η〉∂Kk

g
= 0, ∀η ∈ V p(Ff ).

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✐s❝r❡t✐③❛t✐♦♥ ✐s

(Qe
xl)

THe
y − (Qe

yl)
THe

x − τ (e,l)(Fe
l )

TEe + τ (e,l)Gfλf

+ (Qg
xk)

THg
y − (Qg

yk)
THg

x − τ (g,k)(Fg
k)

TEg + τ (g,k)Gfλf = 0,
✭✷✶✮

✇❤❡r❡

Gf [i, j] = 〈ψf
j , ψ

f
i 〉Ff

=

∫

Ff

ψf
i ψ

f
j ds.

❋♦r ❛ ❜♦✉♥❞❛r② ❢❛❝❡ ♦♥ Γa✱ ✭✷✶✮ ✐s r❡♣❧❛❝❡❞ ❜②

(Qe
xl)

THe
y − (Qe

yl)
THe

x − τ (e,l)(Fe
l )

TEe + (1 + τ (e,l))Gfλf = ginc,f , ✭✷✷✮

✇❤❡r❡

ginc,f
i

= 〈ginc, ψf
i 〉Ff

=

∫

Ff

gincψf
i ds, i = 1, · · · , nfp .

❚♦ ❣❡t ❛♥ ❡①♣❧✐❝✐t ❣❧♦❜❛❧ s②st❡♠ ❢♦r λ✱ ❧❡t ✉s r❡♣❧✐❝❛t❡ s♦♠❡ ♥♦t❛t✐♦♥s ❢r♦♠ ✭❑✐r❜② ❡❧ ❛❧✳✱ ✷✵✶✷✮✳ ▲❡t N
(e,l)
λ

❞❡♥♦t❡ t❤❡ ♥✉♠❜❡r ♦❢ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ♦❢ λ ♦♥ t❤❡ ❢❛❝❡ ✇✐t❤ ❧♦❝❛❧ ✐♥❞❡① l ♦❢ ❡❧❡♠❡♥t Ke✱ ❛♥❞ ❧❡t Nλ ❞❡♥♦t❡
t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ♦❢ λ✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ tr❛❝❡ s♣❛❝❡ s♣r❡❛❞✐♥❣ ♦♣❡r❛t♦r Ae

HDG ❛s ❛

♠❛tr✐① ♦❢ s✐③❡ N
(e,l)
λ × Nλ ✇❤✐❝❤ s❝❛tt❡rs t❤❡ ❣❧♦❜❛❧ tr❛❝❡ s♣❛❝❡ ✈❛❧✉❡s t♦ t❤❡ ❧♦❝❛❧ ✈❡❝t♦r ♦♥ Ke ✭❑✐r❜② ❡❧

❛❧✳✱ ✷✵✶✷✮✳ ❲✐t❤ t❤❡s❡ ♥♦t❛t✐♦♥s✱ ✇❡ ❝❛♥ r❡✇r✐t❡ t❤❡ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❧♦❝❛❧ s♦❧✈❡r ✭✷✵✮ ❛s

AeW e + CAe
HDGΛ = 0 ✇✐t❤ W e =



He

x

He
y

Ee


 , ✭✷✸✮

✇❤❡r❡ Λ ✐s t❤❡ ✈❡❝t♦r ❣❛t❤❡r✐♥❣ ❛❧❧ t❤❡ ❣❧♦❜❛❧ tr❛❝❡ s♣❛❝❡ ✐♥❢♦r♠❛t✐♦♥✳ ❆❞❞✐♥❣ ❛❧❧ t❤❡ ❡q✉❛t✐♦♥s ✐♥✈♦❧✈✐♥❣
❡✈❡r② ✐♥t❡r✐♦r ❢❛❝❡ ✭✷✶✮ ❛♥❞ ❡✈❡r② ❜♦✉♥❞❛r② ❢❛❝❡ ✭✷✷✮ ❡❧❡♠❡♥t ❜② ❡❧❡♠❡♥t ✇❡ ❤❛✈❡

Nt∑

e=1

(Ae
HDG)

T [BeW e + LeAe
HDGΛ] =

Nt∑

e=1

(Ae
HDG)

T ge = g,

✇❤❡r❡ t❤❡ s✉♠ ♦✈❡r ❡❧❡♠❡♥ts ❛❧♦♥❣ ✇✐t❤ t❤❡ ❧❡❢t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ tr❛♥s♣♦s❡ ♦❢ Ae
HDG ❛❧❧♦✇s t♦ ❣❛t❤❡r t❤❡

❡❧❡♠❡♥t✲✇✐s❡ ❝♦♥tr✐❜✉t✐♦♥s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❢❛❝❡s ❛♥❞

ge =



ginc,σ(e,1)

ginc,σ(e,2)

ginc,σ(e,3)


 ,

ginc,σ(e,l) (l = 1, 2, 3) ✐s ♥♦♥tr✐✈✐❛❧ ♦♥❧② ♦♥ t❤❡ ❢❛❝❡s ❧②✐♥❣ ♦♥ t❤❡ ❜♦✉♥❞❛r② Γa✳ ❋r♦♠ ✭✷✶✮✱ Be ❛♥❞ Le ❛r❡
❞❡✜♥❡❞ ❜②

Be =



−(Qe

y1)
T (Qe

x1)
T −τ (e,1)(Fe

1)
T

−(Qe
y2)

T (Qe
x2)

T −τ (e,2)(Fe
2)

T

−(Qe
y3)

T (Qe
x3)

T −τ (e,3)(Fe
3)

T


 ,

✾



❛♥❞

Le =



τ (e,1)Gσ(e,1) 0 0

0 τ (e,2)Gσ(e,2) 0
0 0 τ (e,3)Gσ(e,3)


 .

◆♦t❡ t❤❛t ❢♦r ❛ ❜♦✉♥❞❛r② ❢❛❝❡ f = σ(e, l)✱ ❢r♦♠ ✭✷✷✮✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✐❛❣♦♥❛❧ ❜❧♦❝❦ ♦❢ Le t✉r♥s ♦✉t t♦ ❜❡
(1 + τ (e,l))Gσ(e,l)✱ l ♠❛② ❜❡ ✶✱ ✷ ♦r ✸✳

❚❤✉s✱ r❡♣❧❛❝✐♥❣ W e ✇✐t❤ ✐ts s♦❧✉t✐♦♥ ❢r♦♠ t❤❡ ❧♦❝❛❧ s②st❡♠ ✭✷✸✮✱ ✇❡ ❣❡t

Nt∑

e=1

(Ae
HDG)

T [−Be(Ae)−1CeAe
HDGΛ + LeAe

HDGΛ] = g,

✇✐t❤ ✇❤✐❝❤ ✇❡ ♦❜t❛✐♥ ❛ ❣❧♦❜❛❧ ❡q✉❛t✐♦♥ ❢♦r Λ✿

KΛ = g, ✭✷✹✮

❲❤❡r❡

K =

Nt∑

e=1

(Ae
HDG)

TKeAe
HDG =

Nt∑

e=1

(Ae
HDG)

T [Le − Be(Ae)−1Ce]Ae
HDG.

❚❤✉s✱ t❤❡ ❛ss❡♠❜❧② ♦❢ ✭✷✹✮ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❛s ❛ ❝❧❛ss✐❝❛❧ ✜♥✐t❡ ❡❧❡♠❡♥t ❛ss❡♠❜❧② ♣r♦❝❡ss ✇✐t❤ ❛ s❡q✉❡♥❝❡
♦❢ ❝♦♠♣✉t❛t✐♦♥s ♦❢ ❡❧❡♠❡♥t❛r② ♠❛tr✐❝❡s Ke✳

✺ ❈✉r✈✐❧✐♥❡❛r ❡❧❡♠❡♥ts

❚❤❡ ♠♦st ✐♠♣♦rt❛♥t t❤✐♥❣ r❡❧❛t❡❞ t♦ ❝✉r✈✐❧✐♥❡❛r ❡❧❡♠❡♥ts ✐s t❤❡ ✇❛② t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ✐♥t❡❣r❛❧s ✐♥ ✭✶✽✮ ❛♥❞
✭✶✾✮✳ ■♥ ♦r❞❡r t♦ s❛✈❡ ❝♦♠♣✉t✐♥❣ t✐♠❡✱ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦♥ t❤❡ ✉♥❞❡r❧②✐♥❣ ❡❧❡♠❡♥t ✐s tr❛♥s❢❡rr❡❞ t♦ t❤❡
✐♥t❡❣r❛t✐♦♥ ♦✈❡r t❤❡ r❡❢❡r❡♥❝❡ ❡❧❡♠❡♥t t❤r♦✉❣❤ ✐♥t❡❣r❛t✐♦♥ ❜② s✉❜st✐t✉t✐♦♥✱ ✐✳❡✳

IKe =

∫

Ke

f(x)❞x =

∫

Kr

f(Ψ(ξ))❞Ψ(ξ) =

∫

Kr

f(Ψ(ξ))‖JΨ‖❞ξ, ✭✷✺✮

✇❤❡r❡ Ψ ✐s t❤❡ ♠❛♣♣✐♥❣ ❢r♦♠ t❤❡ r❡❢❡r❡♥❝❡ ❡❧❡♠❡♥t Kr t♦ t❤❡ ❝✉rr❡♥t ❡❧❡♠❡♥t Ke ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❞❡✜♥❡❞
❧❛t❡r✱ ‖JΨ‖ ❞❡♥♦t❡s t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ♦❢ t❤❡ ♠❛♣♣✐♥❣ Ψ✳ ❋♦r ❛ st❛♥❞❛r❞ ❡❧❡♠❡♥t ✇✐t❤
str❛✐❣❤t ❡❞❣❡s ♦♥❧②✱ ❛♥ ❛✣♥❡ ♠❛♣♣✐♥❣ ✐s ❛❝❝✉r❛t❡ ❡♥♦✉❣❤✳ ❚❤❡♥ t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐①
‖JΨ‖ ✐s ❛ ❝♦♥st❛♥t ❢♦r ❡❛❝❤ ❡❧❡♠❡♥t ❛♥❞ ❝❛♥ ❜❡ t❛❦❡♥ ♦✉t ♦❢ t❤❡ ✐♥t❡❣r❛t✐♦♥ s②♠❜♦❧✳ ❍♦✇❡✈❡r ❢♦r ❛ ❝✉r✈❡❞
❡❧❡♠❡♥t✱ t❤❡ ❛✣♥❡ ♠❛♣♣✐♥❣ ✐s ♥♦t ❛❝❝✉r❛t❡ ❡♥♦✉❣❤ ❛♥❞ ❤✐❣❤❡r ♦r❞❡r ♠❛♣♣✐♥❣s ❛r❡ ♥❡❡❞❡❞✳ ❲❡ ❝♦♥s✐❞❡r
t❤❡ s❡❝♦♥❞ ♦r❞❡r ✭q✉❛❞r❛t✐❝✮ ❛♥❞ t❤❡ t❤✐r❞ ♦r❞❡r ✭❝✉❜✐❝✮ ♠❛♣♣✐♥❣s ✐♥ t❤✐s ♣❛♣❡r✳ ■♥ t❤✐s ❝❛s❡ ‖JΨ‖ ✐s ♥♦
❧♦♥❣❡r ❝♦♥st❛♥t ❛♥❞ ❝❛♥♥♦t ❜❡ t❛❦❡♥ ♦✉t ♦❢ t❤❡ ✐♥t❡❣r❛t✐♦♥✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ tr❡❛t♠❡♥t ♦❢ ❝✉r✈❡❞ ❜♦✉♥❞❛r✐❡s
✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❝❧❛ss✐❝❛❧ ✭❝♦♥t✐♥✉♦✉s✮ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s ✐s ❞❡s❝r✐❜❡❞ ✐♥ ♥✉♠❡r♦✉s t❡①t❜♦♦❦s s✉❝❤ ❛s
✭❙♦❧✐♥ ❡t ❛❧✳✱ ✷✵✵✹✮✳ ❚❤❡ ❞❡s✐❣♥ ♦❢ ❛ ❉● ♠❡t❤♦❞ ♦♥ ❝✉r✈✐❧✐♥❡❛r ❞♦♠❛✐♥s ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ t✐♠❡✲tr❛♥s✐❡♥t
▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s ✐s ❞❡s❝r✐❜❡❞ ✐♥ ✭❋❛❤s✱ ✷✵✶✵✮✳ ❍❡r❡✱ ✇❡ ♦✉t❧✐♥❡ t❤❡ ♠❛✐♥ ✐♥❣r❡❞✐❡♥ts ♦❢ t❤❡ ❛❞❛♣t❛t✐♦♥ ♦❢
t❤❡ ♣r♦♣♦s❡❞ ❍❉● ♠❡t❤♦❞ t♦ ❝✉r✈✐❧✐♥❡❛r ❞♦♠❛✐♥s ❛♥❞ ✇❡ r❡❢❡r t♦ ✭▲❛♥t❡r✐ ❡t ❛❧✳✱ ✷✵✶✶✮ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳
■♥❞❡❡❞✱ ✐♥ t❤❡ s♣✐r✐t ♦❢ ✇❤❛t ✐s ❞♦♥❡ ❢♦r ❛ ❉● ♠❡t❤♦❞ ✭❋❛❤s✱ ✷✵✶✵✮✱ t❤❡ ♥✉♠❡r✐❝❛❧ tr❡❛t♠❡♥t ♦❢ ❝✉r✈❡❞
❜♦✉♥❞❛r✐❡s r❡❧✐❡s ♦♥ t✇♦ ♠❛✐♥ ✐♥❣r❡❞✐❡♥ts✿

• ❆ ♠❛♣♣✐♥❣✳ ❲❡ ❝♦♥s✐❞❡r ❛ r❡❣✉❧❛r tr✐❛♥❣✉❧❛t✐♦♥ Th ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ Ω = ∪Ke∈Th
Ke s✉❝❤

t❤❛t ❡❛❝❤ ✐♥t❡r✐♦r ❡❧❡♠❡♥t ❤❛s ♦♥❧② str❛✐❣❤t ❡❞❣❡s✱ ❛♥❞ ❡❛❝❤ ❝✉r✈❡❞ ❡❧❡♠❡♥t ❤❛s ❛t ♠♦st ♦♥❡ ❡❞❣❡ ♦♥
t❤❡ ❝✉r✈❡❞ ❜♦✉♥❞❛r②✳ ❊❛❝❤ ✐♥t❡r✐♦r ❡❧❡♠❡♥t ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❛ st❛♥❞❛r❞ ❡❧❡♠❡♥t✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❜②
❛♥ ❛✣♥❡ ♠❛♣ ❢r♦♠ t❤❡ r❡❢❡r❡♥❝❡ ❡❧❡♠❡♥t Kr✳ ❚❤❡ ❝✉r✈❡❞ ❡❧❡♠❡♥ts ❛r❡ ❞❡✜♥❡❞ ❛s t❤❡ ✐♠❛❣❡s ♦❢ Kr

t❤r♦✉❣❤ ✐s♦♣❛r❛♠❡tr✐❝ ♠❛♣♣✐♥❣s✳ ❙✉♣♣♦s❡ t❤❛t Kr = {(ξ, ζ) ∈ R2 : ξ, ζ > 0, ξ + ζ 6 1} ✐s t❤❡ r❡❢❡r❡♥❝❡
tr✐❛♥❣❧❡ ✇✐t❤ ✈❡rt✐❝❡s A1, A2 ❛♥❞ A3 ✐♥ (ξ, ζ) ❝♦♦r❞✐♥❛t❡s✳ ❚❤❡ ❝✉r✈❡❞ ❡❧❡♠❡♥t Ke s♣❛♥♥❡❞ ❜② t❤r❡❡
❝♦✉♥t❡r✲❝❧♦❝❦✇✐s❡ ❝♦✉♥t❡❞ ✈❡rt✐❝❡s ✭n1, n2, n3✮ ✐s ❞❡✜♥❡❞ ❜② t❤❡ ♠❛♣♣✐♥❣

Ke ∋ (x, y) = Ψ(ξ, ζ) : Kr → R2.
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❚❤❡ t❤r❡❡ ✈❡rt✐❝❡s ✭n1, n2 ❛♥❞ n3✮ ❛r❡ ❡♥♦✉❣❤ t♦ ❞❡✜♥❡ ❛♥ ❛✣♥❡ ♠❛♣♣✐♥❣✳ ❲❡ ♥❡❡❞ ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥
t♦ ❞❡✜♥❡ t❤❡ q✉❛❞r❛t✐❝ ♦r ❝✉❜✐❝ ♠❛♣♣✐♥❣ ✭s❡❡ ✭▲❛♥t❡r✐ ❡t ❛❧✳✱ ✷✵✶✶✮ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✮✳

• ■♥t❡❣r❛t✐♦♥ r✉❧❡s✳ ■♥t❡❣r❛t✐♦♥ ❜② s✉❜st✐t✉t✐♦♥ ❧❡❛❞s t♦ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ ‖JΨ(ξ)‖✱ ✇❤✐❝❤ ✐s ❛ ♣♦❧②♥♦♠✐❛❧
♦❢ t♦t❛❧ ❞❡❣r❡❡ ✶ ❢♦r ❛ q✉❛❞r❛t✐❝ ♠❛♣♣✐♥❣✱ ❛♥❞ ♦❢ t♦t❛❧ ❞❡❣r❡❡ ✹ ❢♦r ❛ ❝✉❜✐❝ ♠❛♣♣✐♥❣

‖JΨ(ξ)‖ =
∑

i,j

J
(m)
ij (ñ)ξiζj . ✭✷✻✮

❚❤❡ ❝♦❡✣❝✐❡♥ts J
(m)
ij (ñ) ✐♥ ✭✷✻✮ ❛r❡ ❧✐st❡❞ ❜❡❧♦✇✿

✕ ◗✉❛❞r❛t✐❝ ❝❛s❡✿

J
(2)
00 = D(e2,1, e3,1), J

(2)
10 = 4D(e2,1, e5,5∗), J

(2)
01 = 4D(e5,5∗ , e3,1).

✕ ❈✉❜✐❝ ❝❛s❡✿

J
(3)
00 = D(e2,1, e3,1), J

(3)
10 = −

9

2
(L1 + L2), J

(3)
01 =

9

2
(L3 + L4),

J
(3)
11 = 27(L2 − L3), J

(3)
20 =

27

2
L1, J

(3)
02 = −

27

2
L4,

J
(3)
21 =

243

4
D(e7,7∗ , e6,6∗), J

(3)
12 = J

(3)
21 , J

(3)
22 = −9J

(3)
21 ,

✇❤❡r❡

L1 = D(e2,1, e6,6∗), L2 = D(e2,1, e7,7∗), L3 = D(e3,1, e6,6∗), L4 = D(e3,1, e7,7∗).

◆♦t❡ t❤❛t ✇❡ ✉s❡ D(w1,w2) t♦ ❞❡♥♦t❡ t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ (w1,w2) ✇✐t❤ w1,w2 ∈ R2✳ ❚❤❡ s②♠♠❡tr✐❝
❉✉♥❛✈❛♥t ❝✉❜❛t✉r❡ ❢♦r♠✉❧❛s ✭❈♦♦❧s✱ ✷✵✵✸✮ ❛r❡ ✉s❡❞ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ✐♥t❡❣r❛t✐♦♥s ✭✷✺✮✳ ❚❤❡ ✐♥t❡❣r❛t✐♦♥s
♦✈❡r t❤❡ ❝✉r✈❡❞ ❡❞❣❡s ❛r❡ ❛❧s♦ ❝♦♠♣✉t❡❞ t❤r♦✉❣❤ ✐♥t❡❣r❛t✐♦♥ ❜② s✉❜st✐t✉t✐♦♥

IFf =

∫

Ff

f(x)❞x =

∫

Ff

f(Φ(t))❞Φ(t) =

∫

Ir

f(Φ(t))‖JΦ(t)‖❞t,

✇❤❡r❡ ‖JΦ(t)‖ ❞❡♥♦t❡s t❤❡ ♥♦r♠ ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦❢ t❤❡ q✉❛❞r❛t✐❝ ♦r ❝✉❜✐❝ ♠❛♣♣✐♥❣ Φ ❡✈❛❧✉❛t❡❞ ✐♥
t✳ ❆ ●❛✉ss✲▲❡❣❡♥❞r❡ q✉❛❞r❛t✉r❡ ✐s ✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡s❡ ❧✐♥❡ ✐♥t❡❣r❛❧s✳

✻ ◆✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❣✐✈❡ s♦♠❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts t♦ s❤♦✇ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ❍❉● ♠❡t❤♦❞✳
❚❤❡ ❍❉● ❛♥❞ ❉● ♠❡t❤♦❞s ❤❛✈❡ ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❛ ❋♦rtr❛♥ ✾✵ ❝♦❞❡✳ ❙✐♠✉❧❛t✐♦♥s ❛r❡ ❝♦♥❞✉❝t❡❞ ♦♥ ❛
✇♦r❦st❛t✐♦♥ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛♥ ■♥t❡❧ ❳❡♦♥ 2.67GHz ❈P❯✳ ❖✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❤✐❣❤ ♦r❞❡r ❞✐s❝♦♥t✐♥✉♦✉s
●❛❧❡r❦✐♥ ✭❉● ❛♥❞ ❍❉●✮ ♠❡t❤♦❞s ♠❛❦❡s ✉s❡ ♦❢ ♥♦❞❛❧ ❜❛s✐s ❢✉♥❝t✐♦♥s ✇✐t❤ ❡q✉✐s♣❛❝❡❞ ♥♦❞❡s ✉♣ t♦ ♦r❞❡r ✹✳
▼❯▼P❙ ✭❛ ▼❯❧t✐❢r♦♥t❛❧ ▼❛ss✐✈❡❧② P❛r❛❧❧❡❧ s♣❛rs❡ ❞✐r❡❝t ❙♦❧✈❡r✮ ✭❆♠❡st♦② ❡t ❛❧✳✱ ✷✵✵✵✮ ✐s ✉s❡❞ t♦ s♦❧✈❡ t❤❡
r❡❞✉❝❡❞ ❧✐♥❡❛r s②st❡♠ ✭✷✹✮✳ ❚✇♦ t❡st ♣r♦❜❧❡♠s ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ♦r❞❡r t♦ ❡✈❛❧✉❛t❡ t❤❡ ♠❡t❤♦❞✳

✻✳✶ P❧❛♥❡ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ✈❛❝✉✉♠

❲❡ ✜rst ❝♦♥s✐❞❡r ❛ s✐♠♣❧❡ ♣r♦❜❧❡♠ ❝♦♥s✐st✐♥❣ ♦❢ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❛ ♣❧❛♥❡ ✇❛✈❡ ✐♥ ✈❛❝✉✉♠✳ ❚❤❡ ❝♦♠♣✉t❛✲
t✐♦♥❛❧ ❞♦♠❛✐♥ ✐s ❝❤♦s❡♥ t♦ ❜❡ t❤❡ ✉♥✐t sq✉❛r❡ Ω =]0; 1[2 ❛♥❞ t❤❡ ❙✐❧✈❡r ▼ü❧❧❡r ❛❜s♦r❜✐♥❣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥
✐s ✐♠♣♦s❡❞ ♦♥ t❤❡ ✇❤♦❧❡ ❜♦✉♥❞❛r②✳ ❚❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ♣❛r❛♠❡t❡rs εr ❛♥❞ µr ❛r❡ s❡t t♦ ❜❡ ✶ ❡✈❡r②✇❤❡r❡✱
❛♥❞ ✉♥❧❡ss ♦t❤❡r✇✐s❡ st❛t❡❞ t❤❡ ❛♥❣✉❧❛r ❢r❡q✉❡♥❝② ✐s ω = 4π ❛♥❞ τ = 1 ✐♥ t❤❡ ❍❉● ❢♦r♠✉❧❛t✐♦♥✳
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✻✳✶✳✶ ❯♥✐❢♦r♠ ♠❡s❤❡s

❯♥✐❢♦r♠ tr✐❛♥❣✉❧❛r ♠❡s❤❡s ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s s✉❜s❡❝t✐♦♥✳ ❲❡ t❡st❡❞ ❜♦t❤ t❤❡ ✉♣✇✐♥❞ ✢✉① ❉● ♠❡t❤♦❞
✭❯❋✲Pp ❞❡♥♦t❡s t❤❡ ✉♣✇✐♥❞ ✢✉① ❉● ♠❡t❤♦❞ ♦❢ ♦r❞❡r p✮ ❛♥❞ t❤❡ ❍❉● ♠❡t❤♦❞ ✭❍❉●✲Pp ❞❡♥♦t❡s t❤❡ ❍❉●
♠❡t❤♦❞ ♦❢ ♦r❞❡r p✮✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✶✳ ❈♦♠♣❛r❡❞ t♦ t❤❡ ✉♣✇✐♥❞
✢✉① ❉● ♠❡t❤♦❞✱ t❤❡ ❍❉● ♠❡t❤♦❞ ❝❛♥ ❛❝❤✐❡✈❡ t❤❡ s❛♠❡ ❛❝❝✉r❛❝② ❜✉t ✇✐t❤ ❧❡ss ❣❧♦❜❛❧❧② ❝♦✉♣❧❡❞ ❞❡❣r❡❡s ♦❢
❢r❡❡❞♦♠✳ ❋♦r ✷❞ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s✱ t❤❡ ♥✉♠❜❡r ♦❢ ✉♥❦♥♦✇♥s ♦❢ t❤❡ ❍❉● ♠❡t❤♦❞ ✐s NHDG = Nf ·ndf ✱
♣r♦✈✐❞❡❞ Nf t❤❡ ♥✉♠❜❡r ♦❢ ❢❛❝❡s ✭❡❞❣❡s ✐♥ t❤❡ ✷❞ ❝❛s❡✮✱ ❛♥❞ ndf t❤❡ ♥✉♠❜❡r ♦❢ ❉❖❋s ♦♥ ❡❛❝❤ ❢❛❝❡✱ ✇❤✐❧❡✱
t❤❡ ♥✉♠❜❡r ♦❢ ✉♥❦♥♦✇♥s ♦❢ t❤❡ ✉♣✇✐♥❞ ✢✉① s❝❤❡♠❡ ✐s NUF = 3Ne ·nde✱ ✇✐t❤ Ne t❤❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts
✭tr✐❛♥❣❧❡s ✐♥ t❤✐s ❝❛s❡✮✱ nde t❤❡ ♥✉♠❜❡r ♦❢ ❉❖❋s ♦♥ ❡❛❝❤ ❡❧❡♠❡♥t✳ ■♥ ♦r❞❡r t♦ ❝♦♠♣❛r❡✱ Nf ≈ 3/2Ne✱
ndf = p+1✱ ❛♥❞ nde = (p+1)(p+2)/2✱ s♦ ✇✐t❤ t❤❡ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ♣♦❧②♥♦♠✐❛❧s✱
t❤❡ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❉❖❋s ❜② t❤❡ ❍❉● ♠❡t❤♦❞ ❝❛♥ ❜❡ s❡❡♥ ♠♦r❡ ❛♥❞ ♠♦r❡ ❡✈✐❞❡♥t❧②✳ ❲❡ ❝❛♥
❛❧s♦ ♦❜s❡r✈❡ ✐♥ ❋✐❣✉r❡ ✶ t❤❡ ✐♥t❡r❡st ♦❢ ❤✐❣❤❡r ♦r❞❡r ♣♦❧②♥♦♠✐❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s ✇❤✐❝❤ ❛❧❧♦✇s ❛ ❝♦♥s✐❞❡r❛❜❧❡
r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❉❖❋s✳ ❚❤❡ ♥✉♠❡r✐❝❛❧❧② ❡st✐♠❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ ♦r❞❡r ✭✉s✐♥❣ ❛ ❧✐♥❡❛r r❡❣r❡ss✐♦♥
♠❡t❤♦❞✮ ♦❢ t❤❡ ❍❉● ♠❡t❤♦❞ ✐s ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✶✳ ❆ ❞❡t❛✐❧❡❞ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡
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HDG-P1

UF-P1

HDG-P2

UF-P2

HDG-P3

UF-P3

HDG-P4

UF-P4

❋✐❣✉r❡ ✶✿ L2✲❡rr♦r ❢♦r ❜♦t❤ E ❛♥❞ H ✜❡❧❞s ❢♦r s❡✈❡r❛❧ ♣♦❧②♥♦♠✐❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s✳ Ndof ✐s t❤❡ ♥✉♠❜❡r ♦❢
❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✳ ❍❉●✲Pp ❛♥❞ ❯❋✲Pp , i = 1, 2, 3, 4 ❞❡♠♦♥str❛t❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ❢♦r ❍❉● ♠❡t❤♦❞
❛♥❞ ✉♣✇✐♥❞ ✢✉① s❝❤❡♠❡ r❡s♣❡❝t✐✈❡❧②✳

❚❛❜❧❡ ✶✿ ◆✉♠❡r✐❝❛❧ ❝♦♥✈❡r❣❡♥❝❡ ♦r❞❡r ✉s✐♥❣ t❤❡ ❍❉● ♠❡t❤♦❞ ♦♥ ✉♥✐❢♦r♠ ♠❡s❤❡s✳

P1 P2 P3 P4

E ✜❡❧❞ ✶✳✽ ✸✳✵ ✹✳✵ ✺✳✵
H ✜❡❧❞ ✶✳✾ ✸✳✵ ✹✳✵ ✺✳✵

❍❉● ♠❡t❤♦❞ ❛♥❞ t❤❡ ✉♣✇✐♥❞ ✢✉① ❉● ♠❡t❤♦❞ ✐s ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✷✳ ■♥ ❚❛❜❧❡ ✷✱ ✏▼❙✑ ❞❡♥♦t❡s t❤❡ ♠❡s❤
s✐③❡✱ ✏▼❡♠♦r②✑ ❞❡♥♦t❡s t❤❡ ♠❡♠♦r② ♠❡❛s✉r❡❞ ✐♥ MB ❝♦♥s✉♠❡❞ ✇❤❡♥ s♦❧✈✐♥❣ t❤❡ ❣❧♦❜❛❧ ❧✐♥❡❛r s②st❡♠ ❜② t❤❡
❞✐r❡❝t s♦❧✈❡r ▼❯▼P❙✱ ✏Tconstruction✑ ❞❡♥♦t❡s t❤❡ ❈P❯ t✐♠❡ ♠❡❛s✉r❡❞ ✐♥ s❡❝♦♥❞s ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡
❣❧♦❜❛❧ ❧✐♥❡❛r s②st❡♠ ❛♥❞ ✏Tsolution✑ ❞❡♥♦t❡s t❤❡ ❈P❯ t✐♠❡ ♠❡❛s✉r❡❞ ✐♥ s❡❝♦♥❞s ❢♦r s♦❧✈✐♥❣ t❤❡ r❡s✉❧t✐♥❣ ❧✐♥❡❛r
s②st❡♠✳ ■t ✐s s❡❡♥ ✐♥ ❚❛❜❧❡ ✷ t❤❛t t❤❡ ❍❉● ♠❡t❤♦❞ s❛✈❡s t❤❡ ♠❡♠♦r② ❝♦st ❛s ✇❡❧❧ ❛s t❤❡ r❡q✉✐r❡❞ ❈P❯ t✐♠❡
t♦ ②✐❡❧❞ ❛ ❣✐✈❡♥ ❛❝❝✉r❛❝② ❧❡✈❡❧✳ ❚❤❡ ❈P❯ t✐♠❡ ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❣❧♦❜❛❧ ♠❛tr✐① ♦❢ t❤❡ ❍❉● ♠❡t❤♦❞
✐s ❤✐❣❤❡r t❤❛♥ t❤❛t ♦❢ t❤❡ ✉♣✇✐♥❞ ✢✉① ❉● ♠❡t❤♦❞✱ ❜❡❝❛✉s❡ ✐♥ t❤❡ ❍❉● ♠❡t❤♦❞ ✇❡ ❛r❡ r❡q✉✐r❡❞ t♦ ❝♦♠♣✉t❡
Ke = Be(Ae)−1Ce ♦♥ ❡❛❝❤ ❡❧❡♠❡♥t✳ ◆♦t❡ t❤❛t ✐t ✐s ♥♦t ♥❡❝❡ss❛r② t♦ ❡①♣❧✐❝✐t❧② ❝♦♠♣✉t❡ t❤❡ ❡♥tr✐❡s ♦❢ (Ae)−1✱
❛♥❞ t❤❛t t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ Ke ❢♦r ❡❛❝❤ ❡❧❡♠❡♥t ❝❛♥ ❜❡ ❞♦♥❡ ✐♥ ♣❛r❛❧❧❡❧✱ ✇❤✐❝❤ ♠❡❛♥s t❤❡ ❝♦♥str✉❝t✐♦♥ t✐♠❡
❝❛♥ ❜❡ r❡❞✉❝❡❞ ✐♥ ❛ ♣❛r❛❧❧❡❧ ✈❡rs✐♦♥ ♦❢ t❤❡ ❝♦❞❡✳ ❍♦✇❡✈❡r t❤❡ ❈P❯ t✐♠❡ ❢♦r s♦❧✈✐♥❣ t❤❡ ❣❧♦❜❛❧ ❧✐♥❡❛r s②st❡♠
❛♥❞ t❤❡ t♦t❛❧ ❈P❯ t✐♠❡ ❝♦♥s✉♠❡❞ ❜② t❤❡ ❍❉● ♠❡t❤♦❞ ❛r❡ ♠✉❝❤ ❧❡ss t❤❛♥ t❤♦s❡ ♦❢ t❤❡ ✉♣✇✐♥❞ ✢✉① ❉●

✶✷



❚❛❜❧❡ ✷✿ ❈♦♠♣❛r✐s♦♥s ❜❡t✇❡❡♥ ❍❉● ❛♥❞ ✉♣✇✐♥❞ ✢✉① ✭❯❋✮ ❉● ♠❡t❤♦❞s ♦♥ ♠❡♠♦r② ❛♥❞ ❈P❯ t✐♠❡✳

▼❙ ▼❡♠♦r② ✭MB✮ Tconstruction ✭s✮ Tsolution ✭s✮
❍❉● ❯❋ ❍❉● ❯❋ ❍❉● ❯❋

P1

✵✳✶✹✵ ✷ ✺ ✵✳✵✵ ✵✳✵✵ ✵✳✵✶ ✵✳✵✸
✵✳✵✼✶ ✺ ✶✾ ✵✳✵✶ ✵✳✵✵ ✵✳✵✷ ✵✳✶✵
✵✳✵✸✺ ✷✵ ✽✺ ✵✳✵✸ ✵✳✵✶ ✵✳✵✹ ✵✳✻✹
✵✳✵✶✽ ✽✻ ✸✽✾ ✵✳✵✾ ✵✳✵✸ ✵✳✺✷ ✸✳✽✼

P2

✵✳✶✹✵ ✸ ✶✶ ✵✳✵✶ ✵✳✵✵ ✵✳✵✶ ✵✳✵✼
✵✳✵✼✶ ✾ ✹✽ ✵✳✵✸ ✵✳✵✶ ✵✳✵✹ ✵✳✸✺
✵✳✵✸✺ ✹✶ ✷✷✶ ✵✳✵✾ ✵✳✵✷ ✵✳✷✷ ✷✳✵✻
✵✳✵✶✽ ✶✽✼ ✶✵✷✹ ✵✳✸✼ ✵✳✵✽ ✶✳✷✼ ✶✸✳✸✸

P3

✵✳✶✹ ✹ ✷✶ ✵✳✵✷ ✵✳✵✶ ✵✳✵✶ ✵✳✶✹
✵✳✵✼✶ ✶✺ ✾✻ ✵✳✵✽ ✵✳✵✷ ✵✳✵✽ ✵✳✼✼
✵✳✵✸✺ ✼✶ ✹✸✺ ✵✳✷✾ ✵✳✵✺ ✵✳✷✾ ✹✳✻✸
✵✳✵✶✽ ✸✷✼ ✶✾✺✺ ✶✳✶✻ ✵✳✶✾ ✷✳✺✹ ✸✶✳✶✹

P4

✵✳✶✹✵ ✺ ✸✻ ✵✳✵✺ ✵✳✵✶ ✵✳✵✷ ✵✳✸✵
✵✳✵✼✶ ✷✹ ✶✻✵ ✵✳✷✶ ✵✳✵✸ ✵✳✶✷ ✶✳✹✺
✵✳✵✸✺ ✶✵✻ ✼✷✵ ✵✳✽✵ ✵✳✶✶ ✵✳✻✼ ✽✳✷✾
✵✳✵✶✽ ✹✾✾ ✸✷✺✽ ✸✳✶✼ ✵✳✹✵ ✹✳✺✹ ✺✶✳✹✶

♠❡t❤♦❞ ❞✉❡ ❡s♣❡❝✐❛❧❧② t♦ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❣❧♦❜❛❧ ❝♦✉♣❧❡❞ ✉♥❦♥♦✇♥s✺

■♥ ♦r❞❡r t♦ st✉❞② ❤♦✇ t❤❡ ♣❛r❛♠❡t❡r τ ❛✛❡❝ts t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❍❉● ♠❡t❤♦❞✱ ✇❡ ❣✐✈❡ t❤❡ ❡rr♦rs
♦❢ ❜♦t❤ t❤❡ E ✜❡❧❞ ❛♥❞ H ✜❡❧❞ ✈❡rs✉s ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ τ ✐♥ ❋✐❣✉r❡ ✷✳ ❚❤❡ r❡s✉❧ts ❛r❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣
t❤❡ ❍❉●✲P3 s❝❤❡♠❡ ♦♥ t❤❡ ♠❡s❤ ✇✐t❤ ♠❡s❤ s✐③❡ ✵✳✵✼✶✳ ❋✐❣✉r❡ ✷ s❤♦✇s t❤❛t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❍❉●
♠❡t❤♦❞ s❡❡♠s t♦ ✇❡❛❦❧② ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ τ ✳ ■t ✐s ❡❛s✐❧② ♦❜s❡r✈❡❞ t❤❛t ✇✐t❤ t❤❡ ✐♥❝r❡❛s❡ ♦❢ τ ✇❡
❤❛✈❡ ❛ ❧✐tt❧❡ ♠♦r❡ ❛❝❝✉r❛t❡ s♦❧✉t✐♦♥ ❢♦r E✱ ❜✉t ✇❡ ❧♦s❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ s♦❧✉t✐♦♥ ❢♦r H✳ ❚❤❡ ✈❛❧✉❡ ♦❢
t❤❡ ♣❛r❛♠❡t❡r τ ❝❛♥ ❜❡ ❝❤♦s❡♥ ❛r♦✉♥❞ ✶✳ ■♥ ❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts✱ ✇❡ s❡t τ = 1✳ ❚❤❡
❝♦♥❞✐t✐♦♥ ♥✉♠❜❡rs ♦❢ t❤❡ ❝♦❡✣❝✐❡♥t ♠❛tr✐❝❡s ♦❢ t❤❡ r❡s✉❧t✐♥❣ ❣❧♦❜❛❧ ❧✐♥❡❛r s②st❡♠s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❚❛❜❧❡ ✸✳
❚❤❡ r❡s✉❧ts ❢♦r ❍❉●✲P1 ❛♥❞ ❍❉●✲P3 ❛r❡ ❣✐✈❡♥ ❤❡r❡✱ ❜✉t s✐♠✐❧❛r ♦❜s❡r✈❛t✐♦♥s ❝❛♥ ❜❡ ❞♦♥❡ ❢♦r t❤❡ ❍❉●✲P2

❛♥❞ ❍❉●✲P4 ♠❡t❤♦❞s✳ ❲❡ ✜♥❞ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡rs ♦♥ t❤❡ s❛♠❡ ♠❡s❤ ❞❡❝r❡❛s❡ ❛s t❤❡ ❢r❡q✉❡♥❝②
♦❢ t❤❡ ✐♥❝✐❞❡♥t ✇❛✈❡ ❣r♦✇s✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡r ✐s ♠♦r❡ ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ♠❡s❤ s✐③❡ ❛♥❞ t❤❡ s✐③❡ ♦❢ t❤❡
♠❛tr✐①✳ ❚❤✐s ♣r♦✈✐❞❡s ❛ ❣♦♦❞ ❝❤❛♥❝❡ t♦ ❞❡✈❡❧♦♣ ❡✣❝✐❡♥t ✐t❡r❛t✐✈❡ s♦❧✈❡rs ❢♦r t❤❡ r❡s✉❧t✐♥❣ ❧✐♥❡❛r s②st❡♠s✳
❆ s✐♠✐❧❛r ❝♦♥❝❧✉s✐♦♥ ❤❛s ❛❧s♦ ❜❡❡♥ ♠❛❞❡ ❜② ●r✐❡s♠❛✐❡r ❛♥❞ ▼♦♥❦ ✐♥ ✭●r✐❡s♠❛✐❡r ❛♥❞ ▼♦♥❦✱ ✷✵✶✶✮✱ ✇❤❡r❡
t❤❡② ❡♠♣❧♦② ❛♥ ❍❉● ♠❡t❤♦❞ t♦ s♦❧✈❡ ❍❡❧♠❤♦❧t③ ❡q✉❛t✐♦♥✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❣❧♦❜❛❧
♠❛tr✐① K ♦❢ ✭✷✹✮ ❢♦r t❤❡ ❝♦❛rs❡st ♠❡s❤✱ ✐✳❡✳ h = 0.14✱ ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳ ❆❧❧ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❤❛✈❡
♥♦♥♥❡❣❛t✐✈❡ ✭♣♦s✐t✐✈❡ ✐♥ t❤✐s ❝❛s❡✮ r❡❛❧ ♣❛rts✱ ✇❤✐❝❤ ✐s ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ❝♦♥❝❧✉s✐♦♥ ♠❛❞❡ ✐♥ s✉❜s❡❝t✐♦♥
✸✳✹✳ ❋r♦♠ ❋✐❣✉r❡ ✸✱ ✇❡ ❝❛♥ ❛❧s♦ ♦❜s❡r✈❡ t❤❛t ♦♥ t❤❡ s❛♠❡ ♠❡s❤ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❜❡❝♦♠❡ ❝❧✉st❡r❡❞ ❛s t❤❡
❢r❡q✉❡♥❝② ✐♥❝r❡❛s❡s✱ ✇❤✐❝❤ ❛❣r❡❡s ✇✐t❤ t❤❡ ♦❜s❡r✈❛t✐♦♥s ❢r♦♠ ❚❛❜❧❡ ✸✳ ❋✐♥❛❧❧②✱ ✐t ❝❛♥ ❜❡ ♥♦t✐❝❡❞ t❤❛t t❤❡
♥✉♠❜❡r ♦❢ ❡✐❣❡♥✈❛❧✉❡s ✇✐t❤ ❛ ♣♦s✐t✐✈❡ ✐♠❛❣✐♥❛r② ♣❛rt ✐♥❝r❡❛s❡s ✇❤❡♥ ω ✐♥❝r❡❛s❡s ❢♦r ❛ ✜①❡❞ ❞✐s❝r❡t✐③❛t✐♦♥❀
t❤✐s ✐s ❞✉❡ t♦ t❤❡ ✐♥❞❡✜♥✐t❡ ❛♥❞ ✇❛✈❡ ❡q✉❛t✐♦♥✲❧✐❦❡ ♥❛t✉r❡ ♦❢ t❤❡ ✐♠❛❣✐♥❛r② ♣❛rt ♦❢ t❤❡ ♠❛tr✐① ❛s ✉♥❞❡r❧✐♥❡❞
✐♥ s✉❜s❡❝t✐♦♥ ✸✳✹✳

✺Pr♦❜❛❜❧② ♦t❤❡r ♣r♦♣❡rt✐❡s ♦❢ t❤❡ r❡s✉❧t✐♥❣ ❧✐♥❡❛r s②st❡♠s ❤❛✈❡ ❛♥ ✐♠♣❛❝t ♦♥ t❤❡ ❝♦♠♣✉t✐♥❣ ❝♦sts ❜✉t t❤✐s ✐s ♥♦t ❞✐s❝✉ss❡❞
❤❡r❡ ❛♥❞ ✐s ❛❝t✉❛❧❧② t❤❡ s✉❜❥❡❝t ♦❢ ❛♥ ♦♥❣♦✐♥❣ r❡s❡❛r❝❤✳
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❋✐❣✉r❡ ✷✿ ❊rr♦rs ♦❢ ❜♦t❤ E ❛♥❞ H ✜❡❧❞ ✈❡rs✉s τ ❢♦r t❤❡ ❍❉●✲P3 ♠❡t❤♦❞✳

❚❛❜❧❡ ✸✿ ❈♦♥❞✐t✐♦♥ ♥✉♠❜❡rs ♦❢ t❤❡ ❝♦❡✣❝✐❡♥t ♠❛tr✐❝❡s K ✭✷✹✮ ♦❢ t❤❡ r❡❞✉❝❡❞ s②st❡♠ ✇✐t❤ r❡s♣❡❝t t♦ ω✳

❍❉●✲P1

▼❡s❤ s✐③❡ h ✵✳✶✹ ✵✳✵✼✶ ✵✳✵✸✺ ✵✳✵✶✽

ω = 2π ✶✳✵✺❡✰✵✸ ✹✳✵✼❡✰✵✸ ✶✳✺✾❡✰✵✹ ✻✳✷✶❡✰✵✹
ω = 4π ✽✳✶✸❡✰✵✷ ✷✳✾✻❡✰✵✸ ✶✳✵✻❡✰✵✹ ✹✳✶✾❡✰✵✹
ω = 8π ✹✳✸✽❡✰✵✷ ✷✳✵✼❡✰✵✸ ✽✳✸✻❡✰✵✸ ✷✳✽✾❡✰✵✹
ω = 16π ✽✳✼✼❡✰✵✶ ✼✳✸✾❡✰✵✷ ✺✳✹✷❡✰✵✸ ✷✳✶✽❡✰✵✹

❍❉●✲P3

▼❡s❤ s✐③❡ h ✵✳✶✹ ✵✳✵✼✶ ✵✳✵✸✺ ✵✳✵✶✽

ω = 2π ✸✳✶✽❡✰✵✸ ✶✳✷✸❡✰✵✹ ✹✳✾✶❡✰✵✹ ✶✳✾✺❡✰✵✺
ω = 4π ✷✳✶✷❡✰✵✸ ✽✳✷✼❡✰✵✸ ✸✳✷✻❡✰✵✹ ✶✳✸✺❡✰✵✺
ω = 8π ✶✳✺✼❡✰✵✸ ✻✳✶✻❡✰✵✸ ✷✳✺✵❡✰✵✹ ✶✳✵✶❡✰✵✺
ω = 16π ✶✳✷✺❡✰✵✸ ✹✳✵✵❡✰✵✸ ✶✳✼✼❡✰✵✹ ✻✳✼✸❡✰✵✹

✶✹
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✭❢✮ ❍❉●✲P3✱ ω = 8π

❋✐❣✉r❡ ✸✿ ❉✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❣❧♦❜❛❧ ♠❛tr✐① ❢♦r s❡✈❡r❛❧ ❛♥❣✉❧❛r ❢r❡q✉❡♥❝✐❡s✳

✻✳✶✳✷ ■♥❞❡♣❡♥❞❡♥t❧② r❡✜♥❡❞ ♥♦♥✲✉♥✐❢♦r♠ ♠❡s❤❡s

■♥❞❡♣❡♥❞❡♥t❧② r❡✜♥❡❞ ♥♦♥✲✉♥✐❢♦r♠ ♠❡s❤❡s ❛r❡ ✉s❡❞ ✐♥ t❤✐s s✉❜s❡❝t✐♦♥✳ ❋♦✉r ♠❡s❤❡s ❛r❡ ✐♥✈♦❧✈❡❞✱ ❛♥❞ t❤❡
♠❡s❤ s✐③❡s ❛r❡ ✵✳✶✽✹✱ ✵✳✶✷✸✱ ✵✳✵✺✼✽ ❛♥❞ ✵✳✵✷✽✾✱ r❡s♣❡❝t✐✈❡❧②✳ ❍❡r❡ ✏▼❡s❤ s✐③❡✑ r❡❢❡rs t♦ t❤❡ ❧❛r❣❡st ❡❞❣❡ ❧❡♥❣t❤
♦❢ t❤❡ ♠❡s❤ Th✳ ❚❤❡ ✜rst t❤r❡❡ ♠❡s❤❡s ❛r❡ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✹✳ ◆✉♠❡r✐❝❛❧ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥
❋✐❣✉r❡ ✺✳ ❚❤❡ ❡st✐♠❛t❡❞ ♥✉♠❡r✐❝❛❧ ❝♦♥✈❡r❣❡♥❝❡ ♦r❞❡rs ❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✹✳ ❖♣t✐♠❛❧ ❝♦♥✈❡r❣❡♥❝❡ ♦r❞❡rs

❚❛❜❧❡ ✹✿ ◆✉♠❡r✐❝❛❧ ❝♦♥✈❡r❣❡♥❝❡ ♦r❞❡r ✉s✐♥❣ t❤❡ ❍❉● ♠❡t❤♦❞ ♦♥ ✐♥❞❡♣❡♥❞❡♥t❧② r❡✜♥❡❞ ♠❡s❤❡s✳

P1 P2 P3 P4

E ✜❡❧❞ ✷✳✵ ✸✳✶ ✹✳✷ ✺✳✷
H ✜❡❧❞ ✷✳✵ ✸✳✶ ✹✳✷ ✺✳✷

❛r❡ ❛❣❛✐♥ ♦❜t❛✐♥❡❞ ❢♦r ❜♦t❤ ✜❡❧❞s E ❛♥❞ H ♦♥ ♥♦♥✲✉♥✐❢♦r♠ ♠❡s❤❡s✱ ❝♦♥❝❧✉❞❡❞ ❢r♦♠ ❋✐❣✉r❡ ✶✱ ❋✐❣✉r❡ ✺✱ ❚❛❜❧❡
✶ ❛♥❞ ❚❛❜❧❡ ✹✳ ❚❤❡s❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s ❛r❡ ❛❧s♦ t❤❡♦r❡t✐❝❛❧❧② ♣r♦✈❡❞ ✐♥ ✭●r✐❡s♠❛✐❡r ❛♥❞ ▼♦♥❦✱ ✷✵✶✶✮✳

✻✳✷ ❙❝❛tt❡r✐♥❣ ♦❢ ❛ ♣❧❛♥❡ ✇❛✈❡ ❜② ❛ ♠❡t❛❧❧✐❝ ❝②❧✐♥❞❡r

❚❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ s❝❛tt❡r✐♥❣ ♦❢ ❛ ♣❧❛♥❡ ✇❛✈❡ ❜② ❛♥ ✐♥✜♥✐t❡ ♠❡t❛❧❧✐❝ ❝②❧✐♥❞❡r ✐s ♥♦✇ ❝♦♥s✐❞❡r❡❞✳ ❚❤❡ r❛❞✐✉s
♦❢ t❤❡ ❝②❧✐♥❞❡r ✐s t❛❦❡♥ t♦ ❜❡ λ0✱ ✇❤❡r❡ λ0 ❞❡♥♦t❡s t❤❡ ✇❛✈❡❧❡♥❣t❤ ♦❢ t❤❡ ✐♥❝✐❞❡♥t ✇❛✈❡ ✐♥ t❤❡ ✈❛❝✉✉♠✳ ❚❤❡
❛rt✐✜❝✐❛❧ ❛❜s♦r❜✐♥❣ ❜♦✉♥❞❛r② ✐s s❡t t♦ ❜❡ ❛ ❝♦♥❝❡♥tr✐❝ ❝✐r❝❧❡ ✇✐t❤ r❛❞✐✉s ❜❡✐♥❣ 3λ0✳ ❚❤❡ ❛♥❣✉❧❛r ❢r❡q✉❡♥❝② ✐s
ω = 2π✳ ❲❡ ✉s❡ ❢♦✉r ✐♥❞❡♣❡♥❞❡♥t❧② r❡✜♥❡❞ ♠❡s❤❡s ✇❤♦s❡ ❝❤❛r❛❝t❡r✐st✐❝s ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ✺✱ ✇❤❡r❡
Nt ❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts✱ Nsf ❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r ♦❢ str❛✐❣❤t ❢❛❝❡s ❛♥❞ Ncf ❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r
♦❢ ❝✉r✈❡❞ ❢❛❝❡s✳ ❚❤❡ ✜rst t❤r❡❡ ♠❡s❤❡s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✻✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❤✐st♦r② ♦❢ t❤❡ ❍❉● ♠❡t❤♦❞
❜❛s❡❞ ♦♥ t❤❡ ❛✣♥❡ ♠❛♣♣✐♥❣ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✼✳ ❲❡ ❝❛♥ s❡❡ t❤❛t t❤❡ ❛s②♠♣t♦t✐❝ ❝♦♥✈❡r❣❡♥❝❡ ♦r❞❡r ❢♦r
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❋✐❣✉r❡ ✺✿ ❈♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ♦❢ ❜♦t❤ E ❛♥❞ H ✜❡❧❞s ♦♥ ✐♥❞❡♣❡♥❞❡♥t❧② r❡✜♥❡❞ ♠❡s❤❡s✳

❜♦t❤ E ❛♥❞ H ✐s ❧✐♠✐t❡❞ t♦ ✷✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❤✐st♦r✐❡s ♦❢ t❤❡ ❍❉● ♠❡t❤♦❞ ✇✐t❤ ❛ q✉❛❞r❛t✐❝ ❛♥❞ ❛ ❝✉❜✐❝
♠❛♣♣✐♥❣s ❛r❡ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✽✳ ■♥ ❋✐❣✉r❡ ✽✱ ♦♥❡ ❝❛♥ s❡❡ t❤❛t ❛♥ ♦♣t✐♠❛❧ ❝♦♥✈❡r❣❡♥❝❡ ♦r❞❡r ✐s ♦❜t❛✐♥❡❞✳ ❚❤❡
❡st✐♠❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ ♦r❞❡rs ♦❢ t❤❡ ❍❉● ♠❡t❤♦❞ ✇✐t❤ ❛♥ ❛✣♥❡ ♠❛♣♣✐♥❣✱ ❛ q✉❛❞r❛t✐❝ ♠❛♣♣✐♥❣ ❛♥❞ ❛ ❝✉❜✐❝
♠❛♣♣✐♥❣ ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ✻✳ ❚❤❡ ❝♦♥t♦✉r ❧✐♥❡s ♦❢ Ez ❛♥❞ Hx ❛r❡ ❞✐s♣❧❛②❡❞ ✐♥ ❋✐❣✉r❡ ✾✳ ❋r♦♠
❋✐❣✉r❡ ✾✱ ✇❡ ✜♥❞ t❤❛t ❢♦r t❤❡ ❛✣♥❡ ♠❛♣♣✐♥❣✱ t❤❡ ❧❛r❣❡st ❡rr♦rs ❛r❡ ❧♦❝❛t❡❞ ♦♥ t❤❡ ❡❧❡♠❡♥ts ♥❡❛r t❤❡ ❝✉r✈❡❞
❜♦✉♥❞❛r②✱ ❛♥❞ t❤❡♥ s♣r❡❛❞ ❛❧❧ ♦✈❡r t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✳ ❋♦r ❤✐❣❤ ♦r❞❡r ♠❛♣♣✐♥❣s✱ ✇❡ ❞♦ ♥♦t ❤❛✈❡
t❤✐s ♦❜s❡r✈❛t✐♦♥✳ ❚❤❡ ✉s❡ ♦❢ ❛♥ ❤✐❣❤ ♦r❞❡r ✐s♦♣❛r❛♠❡tr✐❝ ♠❛♣♣✐♥❣ ✐s t❤❡ ❦❡② t♦ t❤❡ s✉❝❝❡ss ♦❢ ❤✐❣❤ ♦r❞❡r
❍❉● s❝❤❡♠❡s ✇❤❡♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ❤❛s ❝✉r✈❡❞ ❜♦✉♥❞❛r✐❡s✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛✣♥❡ ♠❛♣♣✐♥❣✱ t❤❡
❣❡♦♠❡tr✐❝ ❡rr♦r ❞♦♠✐♥❛t❡s✱ ✇❤✐❝❤ ♠❛❦❡s t❤❡ ❛s②♠♣t♦t✐❝ ❝♦♥✈❡r❣❡♥❝❡ ♦r❞❡r ❜♦✉♥❞❡❞ ❜② ✷✳

❆ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❍❉● ♠❡t❤♦❞ ❛♥❞ t❤❡ ✉♣✇✐♥❞ ✢✉① ❉● ♠❡t❤♦❞ ✐s ❣✐✈❡♥
✐♥ ❚❛❜❧❡ ✼✳ ❲❡ ✉s❡ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥s ❛s ✐♥ ❚❛❜❧❡ ✷✳ ■♥ ❛❞❞✐t✐♦♥✱ ❢♦r ✏T❝♦♥str✉❝t✐♦♥✑✱ ✏✲❆✑ ❞❡♥♦t❡s t❤❡
❈P❯ t✐♠❡ s♣❡♥t ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r s②st❡♠ ✇✐t❤ ❛✣♥❡ ♠❛♣♣✐♥❣✱ ✇❤✐❧❡ ✏✲❈✑ ❞❡♥♦t❡s t❤❛t ✇✐t❤

❚❛❜❧❡ ✺✿ ❚r✐❛♥❣✉❧❛r ♠❡s❤❡s ✉s❡❞ ❢♦r t❤❡ s❝❛tt❡r✐♥❣ ♦❢ ❛ ♣❧❛♥❡ ✇❛✈❡ ❜② ❛ ♠❡t❛❧❧✐❝ ❝②❧✐♥❞❡r✳

▼❡s❤ ▼❡s❤ s✐③❡ h Nt Nsf Ncf

▼✶ ✵✳✻✻✵ ✸✶✹ ✹✸✾ ✻✹
▼✷ ✵✳✸✼✷ ✶✷✼✽ ✶✽✺✸ ✶✷✽
▼✸ ✵✳✶✾✶ ✺✵✹✵ ✼✹✸✷ ✷✺✻
▼✹ ✵✳✵✾✻ ✷✵✷✸✹ ✸✵✵✾✺ ✺✶✷

✶✻
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❋✐❣✉r❡ ✻✿ ❚r❛✐♥❛❣✉❧❛r ♠❡s❤❡s ❢♦r t❤❡ s❝❛tt❡r✐♥❣ ♦❢ ❛ ♣❧❛♥❡ ✇❛✈❡ ❜② ❛ ♠❡t❛❧❧✐❝ ❝②❧✐♥❞❡r✳
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(a) Quadratic map
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(b) Cubic map

❋✐❣✉r❡ ✽✿ ❈♦♥✈❡r❣❡♥❝❡ ❤✐st♦r② ♦❢ t❤❡ ❍❉● ♠❡t❤♦❞ ✇✐t❤ ❤✐❣❤ ♦r❞❡r ♠❛♣♣✐♥❣s✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦♣❡rt✐❡s
❛r❡ ♥❡❛r❧② t❤❡ s❛♠❡ ✇✐t❤ ❜♦t❤ q✉❛❞r❛t✐❝ ❛♥❞ ❝✉❜✐❝ ♠❛♣♣✐♥❣s ❢♦r P✷✱ P✸ ❛♥❞ P✹ s❝❤❡♠❡s✳ ❚❤✐s ✐s ♣r♦❜❛❜❧②
❜❡❝❛✉s❡ ✐♥ t❤✐s t❡st ❝❛s❡ ❜♦t❤ q✉❛❞r❛t✐❝ ♠❛♣♣✐♥❣ ❛♥❞ ❝✉❜✐❝ ♠❛♣♣✐♥❣ ❝❛♥ ✇❡❧❧ r❡♣r❡s❡♥t t❤❡ ❜♦✉♥❞❛r② ❛r❝s✳
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-1.62 0.0656 1.75

Exact solution of Ez
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Z

✭❛✮ Ez ✲ ❡①❛❝t✳

3.25e-08 0.00419 0.00838
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Exact solution of Hx
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✭❞✮ Hx ✲ ❡①❛❝t

2.43e-08 0.0477 0.0953

Error of Hx
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Z

✭❡✮ Hx ✲ ❡rr♦r ✲ ❛✣♥❡ ♠❛♣✳

1e-10 2.64e-05 5.28e-05

Error of Hx
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Z

✭❢✮ Hx ✲ ❡rr♦r ✲ q✉❛❞r❛t✐❝ ♠❛♣✳

❋✐❣✉r❡ ✾✿ ❈♦♥t♦✉r ❧✐♥❡s ♦❢ t❤❡ ✜❡❧❞s ❛♥❞ ❡rr♦rs ❢♦r t❤❡ s❝❛tt❡r✐♥❣ ♦❢ ❛ ♣❧❛♥❡ ✇❛✈❡ ❜② ❛ ♠❡t❛❧❧✐❝ ❝②❧✐♥❞❡r✳
❙✐♠✉❧❛t✐♦♥s ❛r❡ ♣❡r❢♦r♠❡❞ ✉s✐♥❣ t❤❡ ❍❉●✲P4 ♠❡t❤♦❞ ✇✐t❤ ❛✣♥❡ ♠❛♣ ❛♥❞ q✉❛❞r❛t✐❝ ♠❛♣ ♦♥ ♠❡s❤ ▼✸✳

✶✽



❚❛❜❧❡ ✻✿ ◆✉♠❡r✐❝❛❧ ❝♦♥✈❡r❣❡♥❝❡ ♦r❞❡r ♦❢ t❤❡ ❍❉● ♠❡t❤♦❞ ❢♦r t❤❡ s❝❛tt❡r✐♥❣ ♦❢ ❛ ♣❧❛♥❡ ✇❛✈❡ ❜② ❛ ♠❡t❛❧❧✐❝
❝②❧✐♥❞❡r✳

❆✣♥❡ ♠❛♣ ◗✉❛❞r❛t✐❝ ♠❛♣ ❈✉❜✐❝ ♠❛♣
E H E H E H

P✷ ✷✳✹ ✷✳✹ ✸✳✷ ✸✳✷ ✸✳✷ ✸✳✷
P✸ ✷✳✶ ✷✳✶ ✹✳✷ ✹✳✷ ✹✳✷ ✹✳✶
P✹ ✷✳✶ ✷✳✶ ✺✳✶ ✺✳✶ ✺✳✶ ✺✳✵

❝✉❜✐❝ ♠❛♣♣✐♥❣✳ ❚❤❡ ♠❡♠♦r② ❛♥❞ ❈P❯ t✐♠❡ ❝♦st ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r s②st❡♠s ❛r❡ t❤❡ s❛♠❡ ✇✐t❤
❞✐✛❡r❡♥t ✐s♦♣❛r❛♠❡tr✐❝ ♠❛♣♣✐♥❣s✳ ❈♦♠♣❛r❡❞ t♦ t❤❡ t♦t❛❧ ❈P❯ t✐♠❡ s♣❡♥t ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❣❧♦❜❛❧❧②
❝♦✉♣❧❡❞ ❧✐♥❡❛r s②st❡♠✱ t❤❡ ❡①tr❛ ❈P❯ t✐♠❡ s♣❡♥t ♦♥ ❤✐❣❤ ♦r❞❡r ♠❛♣♣✐♥❣s ✐s ✈❡r② s♠❛❧❧✳ ❲❡ ❝❛♥ ♠❛❦❡ s✐♠✐❧❛r
♦❜s❡r✈❛t✐♦♥s ❢r♦♠ ❚❛❜❧❡ ✼ ❛s ❢r♦♠ ❚❛❜❧❡ ✷✳ ▼♦r❡♦✈❡r✱ ♦♥ t❤❡ ✜♥❡st ♠❡s❤✱ t❤❡ ❧✐♥❡❛r s②st❡♠s ♦❜t❛✐♥❡❞ ❢r♦♠
❯❋✲P3 ❛♥❞ ❯❋✲P4 ❝❛♥♥♦t ❜❡ s♦❧✈❡❞ ❜② ▼❯▼P❙ ❞✉❡ t♦ t❤❡ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❣❧♦❜❛❧❧② ❝♦✉♣❧❡❞ ❉❖❋s✱ s♦ ✇❡
✉s❡ ✏✕✑ t♦ ❞❡♥♦t❡ t❤❡ ✉♥❦♥♦✇♥ ♠❡♠♦r② ❛♥❞ ❈P❯ t✐♠❡ ❝♦sts✳

❚❛❜❧❡ ✼✿ ❈♦♠♣❛r✐s♦♥s ❜❡t✇❡❡♥ ❍❉● ❛♥❞ ✉♣✇✐♥❞ ✢✉① ❉● ♠❡t❤♦❞s ♦♥ ♠❡♠♦r② ❛♥❞ ❈P❯ t✐♠❡✳

▼❡s❤ ▼❡♠♦r② ✭MB✮ T❝♦♥str✉❝t✐♦♥ ✭s✮ Ts♦❧✉t✐♦♥ ✭s✮
❍❉● ❯❋ ❍❉●✲❆ ❍❉●✲❈ ❯❋✲❆ ❯❋✲❈ ❍❉● ❯❋

P1

▼✶ ✷ ✾ ✵✳✵✵ ✵✳✵✵ ✵✳✵✵ ✵✳✵✵ ✵✳✵✶ ✵✳✵✹
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▼✸ ✷✾ ✶✾✼ ✵✳✵✹ ✵✳✵✸ ✵✳✵✶ ✵✳✵✶ ✵✳✶✺ ✶✳✺
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▼✹ ✼✼✶ ✕ ✺✳✶✸ ✺✳✷✵ ✵✳✻✷ ✵✳✻✽ ✼✳✸✾ ✕

✻✳✸ ❙❝❛tt❡r✐♥❣ ♦❢ ❛ ♣❧❛♥❡ ✇❛✈❡ ❜② ❛ ❞✐❡❧❡❝tr✐❝ ❝②❧✐♥❞❡r

❲❡ ✜♥❛❧❧② ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠ ♦❢ t❤❡ s❝❛tt❡r✐♥❣ ♦❢ ❛ ♣❧❛♥❡ ✇❛✈❡ ❜② ❛ ❞✐❡❧❡❝tr✐❝ ❝②❧✐♥❞❡r✳ ❚❤❡ ✐♥❝✐❞❡♥t
❢r❡q✉❡♥❝② ✐s ✸✵✵ ▼❍③✳ ❚❤❡ r❡❧❛t✐✈❡ ♣❡r♠✐tt✐✈✐t② ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❝②❧✐♥❞❡r ✐s ✷✳✷✺✳ ❚❤❡ r❛❞✐✉s ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝
❝②❧✐♥❞❡r ✐s ✶✳ ❚❤❡ ❛rt✐✜❝✐❛❧ ❛❜s♦r❜✐♥❣ ❜♦✉♥❞❛r② ✐s s❡t t♦ ❜❡ ❛ ❝♦♥❝❡♥tr✐❝ ❝✐r❝❧❡ ✇✐t❤ r❛❞✐✉s ✸✳ ❆ q✉❛❞r❛t✐❝
♠❛♣♣✐♥❣ ✐s ❡♠♣❧♦②❡❞ t♦ ❞❡❛❧ ✇✐t❤ t❤❡ ❝✉r✈❡❞ ❜♦✉♥❞❛r✐❡s ❡✳❣✳ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ❝②❧✐♥❞❡r ❛♥❞ t❤❛t
♦❢ t❤❡ ❛rt✐✜❝✐❛❧ ❜♦✉♥❞❛r②✳ ❲❡ ✉s❡ ❢♦✉r ✐♥❞❡♣❡♥❞❡♥t❧② r❡✜♥❡❞ ♠❡s❤❡s ✇❤♦s❡ ❝❤❛r❛❝t❡r✐st✐❝s ❛r❡ s✉♠♠❛r✐③❡❞
✐♥ ❚❛❜❧❡ ✽✱ ✇❤❡r❡ Nv✱ Nt ❛♥❞ Nf r❡s♣❡❝t✐✈❡❧② ❞❡♥♦t❡ t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s✱ ❡❧❡♠❡♥ts ❛♥❞ ❢❛❝❡s ✭str❛✐❣❤t

✶✾



❛♥❞ ❝✉r✈❡❞✮✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❚❛❜❧❡ ✾✳ ❲❡ ✜♥❞ t❤❛t t❤❡ ♦♣t✐♠❛❧ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ✐s
♦❜t❛✐♥❡❞ ♦♥ r❡✜♥❡❞ ♠❡s❤❡s ❢♦r ❛❧❧ t❤❡ ❍❉●✲Pi✱ i = 1, 2, 3, 4 ♠❡t❤♦❞s✳ ❇✉t ✐❢ ❛♥ ❛✣♥❡ ♠❛♣♣✐♥❣ ✐s ❡♠♣❧♦②❡❞
♦♥ t❤❡ ❡♥t✐r❡ ♠❡s❤✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ✐s ❝♦♥✜♥❡❞ t♦ ✷✳ ❚❤❡ ❧❛st t❤r❡❡ ♠❡s❤❡s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✵✳

❚❛❜❧❡ ✽✿ ❚r✐❛♥❣✉❧❛r ♠❡s❤❡s ✉s❡❞ ❢♦r t❤❡ s❝❛tt❡r✐♥❣ ♦❢ ❛ ♣❧❛♥❡ ✇❛✈❡ ❜② ❛ ❞✐❡❧❡❝tr✐❝ ❝②❧✐♥❞❡r✳

▼❡s❤ ▼❡s❤ s✐③❡ h Nv Nt Nf

▼✶ ✶✳✶✻✼ ✺✾ ✾✷ ✶✺✵
▼✷ ✵✳✻✽✹ ✷✵✶ ✸✺✷ ✺✺✷
▼✸ ✵✳✸✽✹ ✼✾✺ ✶✹✸✷ ✷✶✾✻
▼✹ ✵✳✶✽✺ ✷✾✹✺ ✺✻✾✻ ✽✻✹✵

!3 !2 !1 0 1 2 3
!3

!2

!1

0

1

2

3

✭❛✮ ▼❡s❤ ▼✶

!3 !2 !1 0 1 2 3
!3

!2

!1

0

1

2

3

✭❜✮ ▼❡s❤ ▼✷

!3 !2 !1 0 1 2 3
!3

!2

!1

0

1

2

3

✭❝✮ ▼❡s❤ ▼✸

❋✐❣✉r❡ ✶✵✿ ❚r✐❛♥❣✉❧❛r ♠❡s❤❡s ❢♦r t❤❡ s❝❛tt❡r✐♥❣ ♦❢ ❛ ♣❧❛♥❡ ✇❛✈❡ ❜② ❛ ❞✐❡❧❡❝tr✐❝ ❝②❧✐♥❞❡r✳

✼ ❈♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s ❛♥❞ ❢✉t✉r❡ ✇♦r❦s

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❤❛✈❡ st✉❞✐❡❞ ❛ ❤②❜r✐❞✐③❛❜❧❡ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢
t❤❡ t✐♠❡✲❤❛r♠♦♥✐❝ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s ✐♥ ✷❞✳ ❚❤❡ ❍❉● ♠❡t❤♦❞ ✐s ❞❡✈❡❧♦♣❡❞ ❞✐r❡❝t❧② ❢♦r t❤❡ ✜rst ♦r❞❡r
✭♠✐①❡❞✮ ❢♦r♠ ♦❢ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s✱ ❢r♦♠ ✇❤✐❝❤ ✇❡ ❝❛♥ ♦❜t❛✐♥ t❤❡ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s t♦ ❜♦t❤ ❡❧❡❝tr✐❝
❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞s✳ ■♥ t❤✐s ❍❉● ♠❡t❤♦❞✱ ✇❡ ❛r❡ r❡q✉✐r❡❞ t♦ s♦❧✈❡ ❧♦❝❛❧ ♣r♦❜❧❡♠s ♦♥ ❡✈❡r② ❡❧❡♠❡♥t t♦ ❣❡t
t❤❡ s♦❧✉t✐♦♥s ❢♦r t❤❡ ✜❡❧❞s ❛♥❞ ❛ ❣❧♦❜❛❧ s②st❡♠ t♦ ♦❜t❛✐♥ t❤❡ s♦❧✉t✐♦♥ ❢♦r t❤❡ ❤②❜r✐❞ ✈❛r✐❛❜❧❡✳ ❚❤❡ ♣r♦♣♦s❡❞
♠❡t❤♦❞ ❤❛s ❜❡❡♥ s❤♦✇♥ t♦ ❜❡ ❧♦❝❛❧❧② ❝♦♥s❡r✈❛t✐✈❡✳ ❚❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ❧♦❝❛❧ ♣r♦❜❧❡♠s ❢♦r t❤❡ ❍❉●✲P1

✷✵



❚❛❜❧❡ ✾✿ ◆✉♠❡r✐❝❛❧ ❝♦♥✈❡r❣❡♥❝❡ ♦r❞❡r ♦❢ t❤❡ ❍❉● ♠❡t❤♦❞ ❢♦r t❤❡ s❝❛tt❡r✐♥❣ ♦❢ ❛ ♣❧❛♥❡ ✇❛✈❡ ❜② ❛ ❞✐❡❧❡❝tr✐❝
❝②❧✐♥❞❡r✳

P1 P2

▼❡s❤ ‖E − Eh‖L2 ‖H−Hh‖L2 ‖E − Eh‖L2 ‖H−Hh‖L2

❊rr♦r ❖r❞❡r ❊rr♦r ❖r❞❡r ❊rr♦r ❖r❞❡r ❊rr♦r ❖r❞❡r
▼✶ ✸✳✾✻❡✰✵✵ ✕ ✹✳✸✵❡✰✵✵ ✕ ✸✳✵✼❡✰✵✵ ✕ ✸✳✹✺❡✰✵✵ ✕
▼✷ ✷✳✺✷❡✰✵✵ ✵✳✽ ✷✳✼✽❡✰✵✵ ✵✳✽ ✶✳✸✹❡✰✵✵ ✶✳✺ ✶✳✺✻❡✰✵✵ ✶✳✺
▼✸ ✶✳✹✻❡✰✵✵ ✵✳✾ ✶✳✻✹❡✰✵✵ ✵✳✾ ✶✳✷✼❡✲✵✶ ✹✳✶ ✶✳✻✸❡✲✵✶ ✸✳✾
▼✹ ✷✳✾✼❡✲✵✶ ✷✳✷ ✸✳✹✵❡✲✵✶ ✷✳✷ ✶✳✶✶❡✲✵✷ ✸✳✸ ✶✳✻✹❡✲✵✷ ✸✳✷

P3 P4

▼❡s❤ ‖E − Eh‖L2 ‖H−Hh‖L2 ‖E − Eh‖L2 ‖H−Hh‖L2

❊rr♦r ❖r❞❡r ❊rr♦r ❖r❞❡r ❊rr♦r ❖r❞❡r ❊rr♦r ❖r❞❡r
▼✶ ✶✳✾✽❡✰✵✵ ✕ ✷✳✸✽❡✰✵✵ ✕ ✻✳✹✾❡✲✵✶ ✕ ✼✳✸✼❡✲✵✶ ✕
▼✷ ✷✳✷✸❡✲✵✶ ✹✳✶ ✷✳✽✼❡✲✵✶ ✸✳✾ ✷✳✾✽❡✲✵✷ ✺✳✽ ✹✳✹✺❡✲✵✷ ✺✳✸
▼✸ ✶✳✵✾❡✲✵✷ ✺✳✷ ✶✳✼✷❡✲✵✷ ✹✳✾ ✶✳✶✽❡✲✵✸ ✺✳✻ ✷✳✶✺❡✲✵✸ ✺✳✸
▼✹ ✺✳✼✾❡✲✵✹ ✹✳✵ ✾✳✺✷❡✲✵✹ ✹✳✵ ✸✳✶✵❡✲✵✺ ✺✳✵ ✺✳✷✸❡✲✵✺ ✺✳✶

❛♥❞ ❍❉●✲P2 ♠❡t❤♦❞s ✐s ❛ss✉r❡❞✳ ❚❤❡ ❛ss❡♠❜❧② ♦❢ t❤❡ r❡❞✉❝❡❞ s②st❡♠ ✐s s✐♠✐❧❛r t♦ ❛ ❝❧❛ss✐❝❛❧ ✜♥✐t❡ ❡❧❡♠❡♥t
❛ss❡♠❜❧② ❛♥❞ t❤❡ r❡❞✉❝❡❞ s②st❡♠ ❤❛s ❛ ✇❛✈❡ ❡q✉❛t✐♦♥✲❧✐❦❡ ♥❛t✉r❡ ✇❤✐❝❤ r❡s✉❧ts ✐♥ ❛♥ ✐♥❞❡✜♥✐t❡ ❣❧♦❜❛❧ ❧✐♥❡❛r
s②st❡♠✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts s❤♦✇ t❤❛t t❤❡ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s ❢♦r ❜♦t❤ E ❛♥❞ H ✜❡❧❞s ❤❛✈❡ ♦♣t✐♠❛❧
❝♦♥✈❡r❣❡♥❝❡ ♦r❞❡r✳ ❈♦♠♣❛r❡❞ t♦ ❛ st❛♥❞❛r❞ ✉♣✇✐♥❞ ✢✉①✲❜❛s❡❞ ❉● ♠❡t❤♦❞✱ t❤❡ ❍❉● ♠❡t❤♦❞ ❝❛♥ r❡❞✉❝❡
t❤❡ ♠❡♠♦r② ❝♦st ❛♥❞ t❤❡ ❝♦♠♣✉t✐♥❣ ❈P❯ t✐♠❡✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❣❧♦❜❛❧❧② ❝♦✉♣❧❡❞
❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✳

■♥ ❛❞❞✐t✐♦♥✱ ❛♥ ✐s♦♣❛r❛♠❡tr✐❝ ♠❛♣♣✐♥❣ t❡❝❤♥✐q✉❡ ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ♣r♦♣♦s❡❞ ❤✐❣❤ ♦r❞❡r ❍❉● ❢♦r♠✉❧❛✲
t✐♦♥ ❤❛s ❜❡❡♥ ❞✐s❝✉ss❡❞ ❢♦r ❤❛♥❞❧✐♥❣ ❝✉r✈✐❧✐♥❡❛r ❣❡♦♠❡tr✐❡s✳ ◆✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ❤❛✈❡ s❤♦✇♥ t❤❛t ❤✐❣❤
♦r❞❡r ✐s♦♣❛r❛♠❡tr✐❝ ♠❛♣♣✐♥❣s ♣❧❛② ❛♥ ❡ss❡♥t✐❛❧ r♦❧❡ ❢♦r t❤❡ ❤✐❣❤ ♦r❞❡r ❛❝❝✉r❛❝② ♦❢ t❤❡ ❍❉● ♠❡t❤♦❞s✳ ❲✐t❤
❛♥ ❛✣♥❡ ❣❡♦♠❡tr✐❝ ❛♣♣r♦①✐♠❛t✐♦♥✱ ✇❡ ❝❛♥ ♦♥❧② ❤❛✈❡ s❡❝♦♥❞ ♦r❞❡r ❛❝❝✉r❛❝② ❢♦r ❤✐❣❤ ♦r❞❡r ❍❉● ♠❡t❤♦❞s✳
❲✐t❤ q✉❛❞r❛t✐❝ ♦r ❝✉❜✐❝ ♠❛♣♣✐♥❣s✱ t❤❡ ♦♣t✐♠❛❧ ❝♦♥✈❡r❣❡♥❝❡ ♦r❞❡r ♦❢ ❤✐❣❤ ♦r❞❡r ❍❉● ♠❡t❤♦❞ ❝❛♥ ❜❡ r❡t❛✐♥❡❞✳

❚❤❡ ❡♥❝♦✉r❛❣✐♥❣ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❤❡r❡ ✐♥ ✷❞ ♥❛t✉r❛❧❧② ♠♦t✐✈❛t❡ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛ ❤✐❣❤ ♦r❞❡r ❍❉●
♠❡t❤♦❞ ❢♦r t❤❡ s②st❡♠ ♦❢ ✸❞ t✐♠❡✲❤❛r♠♦♥✐❝ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s✳ ■♥❞❡❡❞✱ t❤✐s ✐s t❤❡ ✉❧t✐♠❛t❡ ♦❜❥❡❝t✐✈❡ ♦❢
♦✉r ✐♥✈❡st♠❡♥t ✐♥ ❤②❜r✐❞✐③❛❜❧❡ ❉● ♠❡t❤♦❞s ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t✐♠❡✲❤❛r♠♦♥✐❝ ❡❧❡❝tr♦♠❛❣♥❡t✐❝
✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥✈♦❧✈✐♥❣ ✐rr❡❣✉❧❛r❧② s❤❛♣❡❞ ♦❜❥❡❝ts ❛♥❞ ❝♦♠♣❧❡① ♠❡❞✐❛✳ ■♥ t❤❡ ✸❞ ❝❛s❡✱ s❡✈❡r❛❧ ✐ss✉❡s
❤❛✈❡ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ s✐♠✉❧t❛♥❡♦✉s❧②✿ t❤❡ ❞❡s✐❣♥ ♦❢ ❛ ❧♦❝❛❧❧② ✇❡❧❧✲♣♦s❡❞ ❍❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ s②st❡♠
♦❢ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❛t ❤❛♥❞❀ t❤❡ ❝❤♦✐❝❡ ♦❢ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❤✐❣❤ ♦r❞❡r ✐♥t❡r♣♦❧❛t✐♦♥ ♠❡t❤♦❞ ✐♥
✈✐❡✇ ♦❢ hp✲❛❞❛♣t✐✈✐t②❀ t❤❡ ♥✉♠❡r✐❝❛❧ tr❡❛t♠❡♥t ♦❢ ❝✉r✈❡❞ ❜♦✉♥❞❛r✐❡s❀ t❤❡ ❞❡s✐❣♥ ♦❢ ❛♥ ❛♣♣r♦♣r✐❛t❡✱ ✐❞❡❛❧❧②
♣❛r❛❧❧❡❧✱ s♦❧✉t✐♦♥ str❛t❡❣② ❢♦r t❤❡ r❡s✉❧t✐♥❣ ❣❧♦❜❛❧ ❧✐♥❡❛r s②st❡♠ ❢♦r t❤❡ ❤②❜r✐❞ ✈❛r✐❛❜❧❡❀ ❛♥❞✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢
❛ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ str❛t❡❣② ❢♦r t❛❦✐♥❣ ❢✉❧❧ ❜❡♥❡✜t ♦❢ t❤❡ ❧♦❝❛❧ ❝❤❛r❛❝t❡r ♦❢ t❤❡ ❍❉● ♠❡t❤♦❞✳ ❈♦♥❝❡r♥✐♥❣ t❤❡
❧❛st ♣♦✐♥t✱ ❛ ✈❡r② ❛♣♣❡❛❧✐♥❣ ❛♣♣r♦❛❝❤ ✐s t♦ ❝♦♠❜✐♥❡ ❛ ❙■▼❉ ✭❙✐♥❣❧❡ ■♥str✉❝t✐♦♥ ▼✉❧t✐♣❧❡ ❉❛t❛✮ ✜♥❡ ❣r❛✐♥
♣❛r❛❧❧❡❧✐s♠ ✇✐t❤ ❛ ▼■▼❉ ✭▼✉❧t✐♣❧❡ ■♥str✉❝t✐♦♥ ▼✉❧t✐♣❧❡ ❉❛t❛✮ ❝♦❛rs❡ ❣r❛✐♥ ♣❛r❛❧❧❡❧ ♠♦❞❡❧✱ ✐♥ ♣❛rt✐❝✉❧❛r ❢♦r
❡①♣❧♦✐t✐♥❣ ♠♦❞❡r♥ ❤❡t❡r♦❣❡♥❡♦✉s ♠✉❧t✐❝♦r❡ ♣❛r❛❧❧❡❧ s②st❡♠s✳

❚❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ s✉❝❤ ❛ ❤✐❣❤ ♦r❞❡r ❍❉●♠❡t❤♦❞ ❢♦r t❤❡ s②st❡♠ ♦❢ ✸❞ t✐♠❡✲❤❛r♠♦♥✐❝ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s
✐s ❛s ❛ ♠❛tt❡r ♦❢ ❢❛❝t ✉♥❞❡r✇❛②✳ ❋♦r ❧❛r❣❡✲s❝❛❧❡ ♣r♦❜❧❡♠s✱ t❤❡ s♦❧✉t✐♦♥ str❛t❡❣② t❤❛t ✇❡ ✇✐❧❧ ❛❞♦♣t ✐s
❜❛s❡❞ ♦♥ ❞♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ♣r✐♥❝✐♣❧❡s ❜✉✐❧❞✐♥❣ ✉♣♦♥ ♣r❡✈✐♦✉s ✇♦r❦s ♦♥ ❙❝❤✇❛r③ ❛❧❣♦r✐t❤♠s ✭❉♦❧❡❛♥
❡t ❛❧✳✱ ✷✵✵✽✮✳ ❚♦ ❝♦♥❝❧✉❞❡✱ ❛♥❞ t♦ ❣✐✈❡ ❛ ✜rst ✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❝❛♣❛❜✐❧✐t✐❡s ♦❢ t❤❡ ♠❡t❤♦❞ ✐♥ ✸❞✱ ✇❡
♣r♦✈✐❞❡ ❤❡r❡ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts✱ ❝♦♥s✐❞❡r✐♥❣ ❛❣❛✐♥ t❤❡ ♠♦❞❡❧ ♣r♦❜❧❡♠ ♦❢ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❛ ♣❧❛♥❡ ✇❛✈❡
✐♥ t❤❡ ✈❛❝✉✉♠✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✐s ❝❤♦s❡♥ t♦ ❜❡ t❤❡ ✉♥✐t ❝✉❜❡ Ω =] − 0.5; 0.5[3 ❛♥❞ t❤❡ ❙✐❧✈❡r
▼ü❧❧❡r ❛❜s♦r❜✐♥❣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐s ✐♠♣♦s❡❞ ♦♥ t❤❡ ✇❤♦❧❡ ∂Ω✳ ❋♦r t❤✐s t❡st ♣r♦❜❧❡♠✱ ✇❡ ❡♠♣❧♦② ❛
▼❛t❧❛❜ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❍❉●✲P1 ❛♥❞ ❍❉●✲P2 ♠❡t❤♦❞s ✇✐t❤ ♥♦❞❛❧ ▲❛❣r❛♥❣❡ ❜❛s✐s ❡①♣❛♥s✐♦♥s ♦♥
t❡tr❛❤❡❞r❛❧ ❡❧❡♠❡♥ts✳ ❆ s❡q✉❡♥❝❡ ♦❢ r❡❣✉❧❛r t❡tr❛❤❡❞r❛❧ ♠❡s❤❡s ❛r❡ ❡♠♣❧♦②❡❞✱ ✇❤✐❝❤ ❞✐✈✐❞❡ t❤❡ ✉♥✐t ❝✉❜❡
✐♥t♦ (Nx − 1)× (Ny − 1)× (Nz − 1) ❧✐tt❧❡ ❝✉❜❡s✱ ✇❤❡r❡ Nx✱ Ny ❛♥❞ Nz ❛r❡ t❤❡ ♥✉♠❜❡r ♦❢ ❣r✐❞ ♣♦✐♥ts ♦♥ t❤❡

✷✶



❡❞❣❡s ♦❢ t❤❡ ✉♥✐t ❝✉❜❡✱ ❛♥❞ t❤❡♥ ❡❛❝❤ ❧✐tt❧❡ ❝✉❜❡ ✐s ❞✐✈✐❞❡❞ ✐♥t♦ ✻ t❡tr❛❤❡❞r♦♥s✳ ❚❛❜❧❡ ✶✵ s✉♠♠❛r✐③❡s t❤❡ ❡rr♦r
❛♥❞ ❝♦♥✈❡r❣❡♥❝❡ ❜❡❤❛✈✐♦rs ♦❢ ❜♦t❤ t❤❡ ❍❉●✲P1 ❛♥❞ ❍❉●✲P2 ♠❡t❤♦❞s✳ ■♥ ❚❛❜❧❡ ✶✵✱ ✓▼❡s❤ s✐③❡✔❞❡♥♦t❡s t❤❡
❡❞❣❡ ❧❡♥❣t❤ ♦❢ t❤❡ t❡tr❛❤❡❞r♦♥s ♦♥ t❤❡ ❡❞❣❡ ♦❢ t❤❡ ✉♥✐t ❝✉❜❡ ✭✇❡ s❡t Nx = Ny = Nz ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢
t❤❡ t❡tr❛❤❡❞r❛❧ ♠❡s❤❡s✮ ❛♥❞ Ndof st❛♥❞ ❢♦r t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✳ ❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡
❝♦♥✈❡r❣❡♥❝❡ ♦r❞❡rs ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s ❢♦r ❜♦t❤ E ❛♥❞ H s❡❡♠s t♦ ❜❡ ♦♣t✐♠❛❧ ❛s ✐t ✇❛s t❤❡ ❝❛s❡ ✐♥
✷❞✳ ❚❤❡s❡ r❡s✉❧ts ✇✐t❤ ♠♦r❡ ❞❡t❛✐❧s ♦♥ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ✭▲✐ ❡t ❛❧✳✱ ✷✵✶✶✮✳

❚❛❜❧❡ ✶✵✿ Pr♦♣❛❣❛t✐♦♥ ♦❢ ❛ ♣❧❛♥❡ ✇❛✈❡ ✐♥ ✈❛❝✉✉♠✿ ♥✉♠❡r✐❝❛❧ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❍❉●✲P1 ❛♥❞ ❍❉●✲P2

♠❡t❤♦❞s✳

▼❡s❤ s✐③❡ h ‖E−Eh‖2 ‖H−Hh‖2
Ndof ❊rr♦r ❖r❞❡r ❊rr♦r ❖r❞❡r

❍❉●✲P1

✶✴✷ ✼✷✵ ✷✳✷✼❡✲✵✶ ✲ ✷✳✸✺❡✲✵✶ ✲
✶✴✹ ✺✶✽✹ ✻✳✵✷❡✲✵✷ ✶✳✾ ✻✳✻✽❡✲✵✷ ✶✳✽
✶✴✽ ✸✾✶✻✽ ✶✳✺✹❡✲✵✷ ✷✳✵ ✶✳✼✽❡✲✵✷ ✶✳✾

❍❉●✲P2

✶✴✷ ✶✹✹✵ ✸✳✶✸❡✲✵✷ ✲ ✸✳✸✻❡✲✵✷ ✲
✶✴✹ ✶✵✸✻✽ ✹✳✵✵❡✲✵✸ ✸✳✵ ✹✳✹✹❡✲✵✸ ✷✳✾
✶✴✽ ✼✽✸✸✻ ✹✳✾✸❡✲✵✹ ✸✳✵ ✺✳✺✸❡✲✵✹ ✸✳✵

❘❡❢❡r❡♥❝❡s

❆♠❡st♦②✱ P✳✱ ❉✉✛✱ ■✳ ❛♥❞ ▲✬❊①❝❡❧❧❡♥t ❏✳❨✳ ✭✷✵✵✵✮✱ ✓▼✉❧t✐❢r♦♥t❛❧ ♣❛r❛❧❧❡❧ ❞✐str✐❜✉t❡❞ s②♠♠❡tr✐❝ ❛♥❞ ✉♥s②♠✲
♠❡tr✐❝ s♦❧✈❡rs ✔✱ ❈♦♠♣✉t✳ ▼❡t❤✳ ❆♣♣❧✳ ▼❡❝❤✳ ❊♥❣✳✱ ❱♦❧✳ ✶✽✹✱ ✺✵✶✲✺✷✵✳

❆r♥♦❧❞✱ ❉✳◆✳✱ ❇r❡③③✐✱ ❇✳✱ ❈♦❝❦❜✉r♥✱ ❇✳ ❛♥❞ ▼❛r✐♥✐✱ ▲✳❉✳ ✭✷✵✵✷✮✱ ✓❯♥✐✜❡❞ ❛♥❛❧②s✐s ♦❢ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥
♠❡t❤♦❞s ❢♦r ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠s ✔✱ ❙■❆▼ ❏✳ ◆✉♠❡r✳ ❆♥❛❧✳✱ ❱♦❧✳ ✸✾✱ ◆♦✳ ✺✱ ✶✼✹✾✲✶✼✼✾✳

❇❛ss✐✱ ❋✳ ❛♥❞ ❘❡❜❛②✱ ❙✳ ✭✶✾✾✼✮✱ ✓❍✐❣❤ ♦r❞❡r ❛❝❝✉r❛t❡ ❞✐s❝♦♥t✐♥✉♦✉s ✜♥✐t❡ ❡❧❡♠❡♥t s♦❧✉t✐♦♥ ♦❢ t❤❡ ✷❞ ❊✉❧❡r
❡q✉❛t✐♦♥s ✔✱ ❏✳ ❈♦♠♣✉t✳ P❤②s✳✱ ❱♦❧✳ ✶✸✽✱ ◆♦✳ ✷✱ ✷✺✶✲✷✽✺✳

❈♦❝❦❜✉r♥✱ ❇✳ ❛♥❞ ❙❤✉✱ ❈✳✲❲✳ ✭✶✾✽✾✮✱ ✓❚❱❇ ❘✉♥❣❡✲❑✉tt❛ ❧♦❝❛❧ ♣r♦❥❡❝t✐♦♥ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ✜♥✐t❡
❡❧❡♠❡♥t ♠❡t❤♦❞ ❢♦r ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s ■■✿ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦ ✔✱ ▼❛t❤✳ ❈♦♠♣✳✱ ❱♦❧✳ ✺✷✱ ✹✶✶✲✹✸✺✳
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