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Cramér large deviation expansions for martingales under Bernstein’s
condition

Xiequan Fan*, Ion Grama  and Quansheng Liu

Université de Bretagne-Sud, LMBA, UMR CNRS 6205, Campus de Tohannic,
56017 Vannes, France

Abstract

An expansion of large deviation probabilities for martingales is given, which extends the classical
result due to Cramér to the case of martingale differences satisfying the conditional Bernstein
condition. The upper bound of the range of validity and the remainder of our expansion is
the same as in the Cramér result and therefore are optimal. Our result implies a moderate
deviation principle for martingales.

Keywords: expansions of large deviations; Cramér type large deviations; large deviations;
moderate deviations; exponential inequality; Bernstein’s condition; central limit theorem
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1. Introduction

Consider a sequence of independent and identically distributed (i.i.d.) centered real random
variables &, ..., &, satisfying Cramér’s condition Eexp{cy|{1|} < oo, for some constant ¢y > 0.
Denote 02 = E& and X, = > | &. In 1938, Cramér [5] established an asymptotic expansion
of the probabilities of large deviations of X,,, based on the powerful technique of conjugate
distributions (see also Esscher [8]). The results of Cramér imply that, uniformly in 1 < x =

o(n'/?),

P(X, > 3

log ( royn) = O(x—> as n — oo, (1)
1—®(x) Vn

where ®(z) = \/%7 J°__exp{—t?/2}dt is the standard normal distribution. Various large de-

viation expansions for sums of independent random variables have been obtained by many

authors, see for instance Feller [10], Petrov [22], Rubin and Sethuraman [27], Statulevi¢ius [29)],

Saulis and Statulevicius [28] and Bentkus and Rackauskas [1]. We refer to the book of Petrov
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[23] and the references therein for a detailed account. Despite the fact that the case of sums of
independent random variables is well studied, there are only a few results on expansions of type
(1) for martingales: see Bose [3, 4], Rackauskas [24, 25, 26], Grama [13, 14] and Grama and
Haeusler [15, 16]. It is also worth noting that limit theorems for large and moderate deviation
principle for martingales have been proved by several authors, see e.g. Liptser and Pukhalskii
[21], Gulinsky and Veretennikov [17], Gulinsky, Liptser and Lototskii [18], Gao [12], Dembo
(6], Worms [30] and Djellout [7]. However, these theorems are less precise than large deviation
expansions of type (1).

Let (&, Fi)i—o,...n be a sequence of square integrable martingale differences defined on a
probability space (Q, F,P), where § = 0 and {0,Q} = 7o C ... € F, € F. Denote X,, =
> &. Assume that there exist absolute constants H > 0 and N > 0 such that max; [§;| < H
and |>°1" | E(&2|Fi—1) —n| < N2 Here and hereafter, the equalities and inequalities between
random variables are understood in the P-almost sure sense. From the results in Grama and
Haeusler [15], it follows that, for any constant o > 0 and av/logn <z =o (n1/6) ,

3

P(X, >xyn) x
T _1+O<(H+N)%) 2)
and, for any 0 < x =0 (@),
P(f{i;fx\;ﬁ) =1+ O((H+ N)(1 +x)10%) (3)

as n — oo (se also [14, 16] for more results in the last range). In this paper we extend
the expansions (2) and (3) to the case of martingale differences (&;, F;)i—o... , satisfying the
conditional Bernstein condition,

.....

1
IE(¢F|1F )| < ék!Hk*QE(gﬂfi,l), for k>3 and 1<i<n, (4)

where H is a positive absolute constant. Note that in the i.i.d. case Bernstein’s condition (4) is
equivalent to Cramér’s condition (see Section 8) and therefore (2) implies Cramér’s expansion
(1). It is worth stressing that the remainder in expansion (2) is of the same order as that in
(1) in the stated range and therefore cannot be improved. As to the remainder in (3), from the
rate of convergence result in Bolthausen [2] we conclude that it is also optimal.

Another objective of the paper is to find an asymptotic expansion of large deviation for
martingales in a wider range than that of (2). From Theorems 2.1 and 2.2 of the paper it
follows that, for any constant o > 0 and a/logn < z = o (n'/?) ,

P(X, > 3

lo ( rv/n) = O(x—) as n — oo. (5)
1—®(x) vn

This improves the corresponding result in [15] where (5) has been established only in the range

r € [ay/logn, an'/4] for some absolute constant o; > 0. The upper bound of the range and
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the remainder in expansion (5) cannot be improved since they are of the same order as in the
Cramér’s expansion (1).

The idea behind our approach is similar to that of Cramér for independent random variables
with corresponding adaptations to the martingale case. We make use of the conjugate multi-
plicative martingale for changing the probability measure as proposed in Grama and Haeusler
[15] (see also [9]). However, we refine [15] in two aspects. First, we relax the boundedness
condition |;| < L, replacing it by Bernstein’s condition (4). Secondly, we establish upper and
lower bounds for the large deviation probabilities in the range z € [0, a;n'/?) thus enlarging
the range x € [0, a;n'/] established in [15]. In the proof we make use of a rate of conver-
gence result for martingales under the conjugate measure. It is established under the Bernstein
condition (4), unlike [15] where it is established only for bounded martingale differences. As
a consequence, we improve the result on the rate of convergence in the central limit theorem
(CLT) due to Bolthausen [2] (see Theorem 3.1 below).

The paper is organized as follows. Our main results are stated and discussedin in Section
2. A rate of convergence in the CLT for martingales is given in Section 3. Section 4 contains
auxiliary assertions used in the proofs of the main results. Proofs are deferred to Sections 5, 6
and 7. We clarify the relations among the conditions of Bernstein, Cramér and Sakhanenko in
Section 8.

Throughout the paper, ¢ and ¢,, probably supplied with some indices, denote respectively
a generic positive absolute constant and a generic positive constant depending only on «.
Moreover, 6;’s stand for values satisfying |0;] < 1.

2. Main results

2.1. Main theorems
Assume that we are given a sequence of martingale differences (&;, F;)io, . n, defined on

some probability space (2, F,P), where § = 0, {0,Q} = Fo C ... C F, C F are increasing
o-fields and (&;);=1....» are allowed to depend on n. Set

k
Xo=0, Xp=) & k=1..n (6)
i=1

Let (X) be the quadratic characteristic of the martingale X = (Xy, Fr)k—o,..n :

(X0g=0, (X), =S EE@F 1), k=1..n (7)

i=1

In the sequel we shall use the following conditions:

(A1) There exists a number € € (0, 3] such that

1
IE(&FFi))| < ak!ek*QE(fﬂﬂ_l), for k>3 and 1 <17 < mn;



(A2) There exists a number § € [0, 3] such that [(X), — 1| < §%

Note that in the case of normalized sums of i.i.d. random variables conditions (Al) and
(A2) are satisfied with € = U—\l/ﬁ and 6 = 0 (see conditions (A1’) and (A2') below). In the case
of martingales € and ¢ usually depend on n such that e =¢, — 0 and § = 9,, — 0.

The following two theorems give upper and lower bounds for large deviation probabilities.

Theorem 2.1. Assume conditions (A1) and (A2). Then, for any constant o € (0,1) and all
0<z<ael, wehave

% < exp {ca (:::36 + :,:252) } ( 1+ co (14 ) (e[loge| + 5)) (8)
" % SeXp{ca<x3€+x252>}<1+0a(1+$) (¢|log e] +5)), (9)

where the constant ¢, does not depend on (&, F;)i=o....n, N and .

.....

Theorem 2.2. Assume conditions (A1) and (A2). Then there is an absolute constant oy > 0
such that, for all 0 <z < age ! and § < ap,

% Zexp{ —ca0<x36+$252+(1+x) (€ [log €| +5)>} (10)
and
% > exp { B cao(xge + 2202 + (1 + 2) (e |log €| + 9) ) }, (11)

where the constants ag and co, do not depend on (&§;, F;)i=o...n, 7 and x.

Using the inequality |e” — 1| < e®|z| valid for |z| < a, from Theorems 2.1 and 2.2, we obtain

the following improvement of the main result of [15].

Corollary 2.1. Assume conditions (A1) and (A2). Then there is an absolute constant ag > 0
such that, for all 0 < z < ap min{(e|loge|)~*, 671},

% = exp{fico 2’} ( 1+ 03¢0, (1 + x)(e|loge| + 5)) (12)
and
P(X, < —x) 5
W = exp{lscq,r €} ( 1+ 04c0,(1 + x)(e|loge| + 5)) , (13)

where cq, does not depend on n,x but 0; possibly depend on (&;, Fi)i=o....n, 7 and x.

-----

For bounded martingale differences |¢;| < € under condition (A2), Grama and Haeusler [15]
proved the asymptotic expansions (12) and (13) for x € [0, @y min{e~'/2,6~!}] and some small
absolute constant a;y € (0, é] Thus Corollary 2.1 extends the asymptotic expansions of [15] to
a larger range x € [0, ap min{(e|loge|)™*,67'}) and non bounded martingale differences.
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2.2. Remarks on the main theorems

Combining the inequalities (8) and (10), we conclude that under (A1) and (A2) there is an
absolute constant ag > 0 such that, for all 0 < z < o e ! and § < ay,

P(X, > x)

1 s 7
T (2)

' < Cap (SL’3€ + 2252 + (1 + 2) (e|log €| + 5)) (14)

We show that this result can be regarded as a refinement of the moderate deviation principle
(MDP) in the framework where (A1) and (A2) hold. Assume that (A1) and (A2) are satisfied
with e =¢, — 0 and 6 = d,, — 0 as n — oco. Let a, be any sequence of real numbers satisfying
a, — o0 and a,€e, — 0 as n — oo. Then inequality (14) implies the MDP for (X,,),>1 with the
speed a,, and rate function 22 /2. Indeed, using the inequalities

1
V27 (1 + )

we deduce that, for any = > 0,

e~ /2 <1—9(x) < ;675’32/2 x>0,

S Valto)©

lim L log P(X, > apr) = &
lim a2 og n > anT) =~
By a similar argument, we also have, for any = > 0,
. 1 x?
nh_)Igo po logP(X,, < —anz) = 5

The last two equalities are equivalent to the statement that: for each Borel set B,

1 1
—inf & < liminf — logP <—Xn S B)

teBe 2 n—oo  (n n

1 1 2
< limsup — logP <—Xn € B) < —inf x—,
a

n—oo Ay n teB

where B° and B denote the interior and the closure of B respectively, see Lemma 4.4 of [20].
Similar results can be found in Gao [12] for the martingale differences satisfying the conditional
Cramér condition ||E(exp{co|&|}Fi-1)|]loo < 00.

To show that our results are sharp, assume that & = n;/y/n, where (n;, F;)i=1
sequence of martingale differences satisfying the following conditions:

(A1") (Bernstein’s condition) There exists a positive absolute constant H such that
1
IE(nF| Fii1)| < ak!Hk_QE(nﬂ}"i_l), for k>3 and 1 <17 <n;

(A2') There exists an absolute constant N > 0 such that |>""  E(n?|Fi—1) — n| < N2.
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These conditions are satisfied with some H > 0 and N = 0 if, for instance, 1y, o, ..., n, are i.i.d.
random variables with finite exponential moments (see Section 8 for an explicit expression of
the positive absolute constant H).

Corollary 2.2. Assume conditions (A1') and (A2'). Then there is an absolute constant ag > 0
such that for any absolute constant ay > 0 and all ay+/logn < x < asn'’?, we have

log P(E?:lm > x\/ﬁ) -0 ((H+N)x—3) (15>

1—®(x) vn
and
log P(Zz:i;(z_z)_x\/ﬁ) =0 ((H + N)%) (16)
as n — oQ.

It is worth noting that the remainders of the expansions (15) and (16) are of the same order
as in (1) and therefore are optimal.

Corollary 2.3. Assume conditions (A1) and (A2 ). Then, for all 0 < z = O (y/logn),

PO i mi>xyn) logn
- () —1+O<(H+N)(1+ )\/ﬁ) (17)
and
PO oimi < —ayn) . logn
B (—z) —1+O((H+N)(1+ )\/ﬁ) (18)
as n — o00.

Notice that (17) extends expansion (3) proved in Grama and Haeusler [15] to the case of
martingale differences satisfying the conditional Bernstein condition (A1"). The Remark 2.1 of
[15] and the sharp rate of convergence in the CLT due to Bolthausen [2] hint that the remainders
of the expansions (17) and (18) are sharp.

Corollary 2.4. Assume conditions (A1) and (A2'). Then, for any absolute constant ov > 0
and a/logn < z = o (n'/9),
3

PQ i m > zv/n) x
e _1+O((H+N)%) (19)
and
P> m < —w/n) z’
- —1+ O((H + N)\/—ﬁ> (20)
as n — 0.

The remainders of the expansions (19) and (20) are of the same order as in (1) in the stated
range and therefore cannot be improved.

Remark 2.1. The results formulated above are proved under Bernstein’s condition (A1'). But
they are also valid under some equivalent conditions which are stated in Section 8.



3. Rates of convergence in the CLT

.....
-----

.....

Zk()\) :Hm, k‘zl,,n, ZQ()\) =1.

i
=1

For each k = 1, ..., n, the random variable Z(\) defines a probability density on (€2, F,P). This
allows us to introduce, for |A| < €', the conjugate probability measure Py on (£, F) defined by

dPy = Z,(\)dP. (21)
Denote by E, the expectation with respect to Py. For alli =1,...,n, let
mi(A) =& — bi(A) and bi(A) = Ex(&Fi-1)-
We thus obtain the well-known semimartingale decomposition:
Xk = Yi(A) + Be(N), k=1, ..n, (22)

where Y (A) = (Y (), Fr)g=1...n is the conjugate martingale defined as

.....

k
YD) =D mi(\), k=1,..,n, (23)

and B(\) = (Bk(\), Fi)k=1...n is the drift process defined as

.....

In the proofs of Theorems 2.1 and 2.2, we make use of the following assertion, which gives us
a rate of convergence in the central limit theorem for the conjugate martingale Y (A) under the
probability measure Py.

Lemma 3.1. Assume conditions (A1) and (A2). Then, for all0 < X\ < e !,
sup [Py (Y,(\) <z) — ®(x)] < c(Ae+elloge| +0) .
If A=0, then Y,,(\) = X,, and P, = P. So Lemma 3.1 implies the following theorem.
Theorem 3.1. Assume conditions (A1) and (A2). Then
sup |P(X,, <z) — @ (x)| < c(e|loge| + 9). (24)



Remark 3.1. By inspecting the proof of Lemma 3.1, we can see that Theorem 3.1 holds true
when condition (A1) is replaced by the following weaker one:

(C1) There exists a number € € (0, 3] depending on n such that
IE(EF| Fish)| < € 2R(E2| Fiz1), fork=3,5and1<i<n.

Remark 3.2. Bolthausen (see Theorem 2 of [2]) showed that if |&;]| < € and condition (A2)
holds, then
sup [P(X, <) —® ()| < c1 (®nlogn +6). (25)

We note that Theorem 3.1 implies Bolthausen’s inequality (25) under the less restrictive condi-
tion (A1). Indeed, by condition (A2), we have 3/4 < (X),, < ne* and then € > \/3/(4n). For
€ < 1/2, it is easy to see that enlogn > 3¢|loge|/4. Thus, inequality (24) implies (25) with
¢ =4c/3.

4. Auxiliary results

In this section, we establish some auxiliary lemmas which will be used in the proofs of
Theorems 2.1 and 2.2. We first prove upper bounds for the conditional moments.

Lemma 4.1. Assume condition (A1). Then
[E(&F|Fim1)| < 6klF,  for k > 2,

and

E(|&|*[Fi1) < K PR(ENFinn),  fork > 2.
Proof. By Jensen’s inequality and condition (A1),
E(&F|Fi-1)? < E(&[Fimr) < 12€°E(E7|Fim),

from which we get
E(¢Fi1) < 126

We obtain the first assertion. Again by condition (A1), for k > 3,
1
[B(HF )] < JHAR(EIF ) < R

If k£ is even, the second assertion holds obviously. If & = 2l + 1, [ > 1, is odd, by Holder’s
inequality and condition (A1), it follows that

E(j&I"|Fia) < E(|£z\l|£z\”l\}"z1)§\/E(§§l|f-1)E(£i2(l+1)|f¢1)

< % (2012 + 2)l " E(¢|Fy)
< (20 + DIETR(E Fimy).
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This completes the proof of Lemma 4.1. O
The following lemma establishes a two sided bound for the drift process B, ().

Lemma 4.2. Assume conditions (A1) and (A2). Then for any constant o € (0,1) and all
0< A< ael,

|B,(A) — Al < A2 + o\ 2e. (26)
Proof. By the relation between E and E, on F;, we have

_ E(Ge | Fi) .
bz<)\)—m, ’l—l,...,n.

Jensen’s inequality and E(&|F;_1) = 0 imply that E(e*|F;_;) > 1. Since
E(&e | Fim1) = E (&(e —1)|Fimy) >0, for A >0,

by Taylor’s expansion for e*, we find that

B,(\) < ZE(&eMim_l

=ZE (X = 1)IFi)
n  +oo

_ +ZZE<€Z o ’}} 1). (27)

=1 k=2

Using condition (A1), we obtain, for any constant a € (0,1) and all 0 < X\ < ace™ 1,

n +oo gl )\gl n +oo
ZZ( “)SZZ@“W

i=1 k=2 1=1 k=2

+oo

< % Ne(X)n Y (k+1)(Ae)

k=2
< e N2e( X)) (28)

Using condition (A2), we get (X), <2 and, for any constant « € (0,1) and all 0 < XA < ae™?,

(é} AG)F

n oo

2D E

i=1 k=2

Fi_ 1)' < 2N\ (29)

Condition (A2) together with (27) and (29) imply the upper bound of B,,(A): for any constant
€(0,1)and all 0 < A < el

Bno(A) < A+ M2+ 2¢, Ve

9



Using Lemma 4.1, we have, for any constant o € (0,1) and all 0 < A < e !,

=(G7)

+o0
E(*|F) < 1+Z
k=2

< 146) (A
< 1+c, (Ae)2. (30)

This inequality together with condition (A2) and (29) imply the lower bound of B, (\): for any
constant o € (0,1) and all 0 < X\ < e},

Ba(A) = <Zzn; E(&e |E—1)> (1 FCla ()\6)2) B
> ()\(X>n _ g:i: B (5i(2§i)k -Fil) D (1 e ()\6)2>1
> (A=A - 2¢0%) (14 1 <A6)2>_1

> A= A% — (2¢o + acg) e,

where the last line follows from the following inequality, for any constant a € (0,1) and all
0< A< el

A=A —2c, A% > A= A% — (2¢ + acra) Ve + cra\E
> <)\ — A% — (2¢a +acia) )\26) (1 + cl,a()\e)Z).

The proof of Lemma 4.2 is finished. O
Now, consider the predictable cumulant process ¥(A) = (Vi (\), Fi)k=o....n related with the
martingale X as follows:

.....

Up(A) =) logE (M| Fiy) . (31)

We establish a two sided bound for the process W(\).

Lemma 4.3. Assume conditions (A1) and (A2). Then, for any constant a € (0,1) and all
0< A< el

252
< e N3+ 5

g

\I'nO‘) - ?

10



Proof. Since E(&;|F;_1) = 0, it is easy to see that
. A2 A2
() = 3 (log B 1) ~ AB(IF0) ~ FEEIFA) ) + 5 (X,
i=1
Using a two-term Taylor’s expansion of log(1 + x),x > 0, we obtain
A2 - A2
-3 00, = 3 (B4R -1 - B - TEER))
i=1

n

"oy —n) &

2 (1+ 10] (B(e|Fiy) = 1)

Since E(e*|F;_1) > 1, we find that

n

<y

i=1

+3 Z( P4\ 1)
n +oo n +00 \k 2
ZZHIESW )+ Z(Z [B(&F|Fi- >|>.

i=1 k=3 i=1 k=2

2
E(SFir) — 1 - AB(GIF) — S B(E1F)

IA

In the same way as in the proof of (28), using condition (A1) and the inequality E(£?|F; 1) <
12 €? (cf. Lemma 4.1), we have, for any constant o € (0,1) and all 0 < A < ae™?,

)\2

WAM—;%@nS%Vdﬂw

Combining this inequality with condition (A2), we get, for any constant a € (0,1) and all

0< A< el
2

W) -

252
S 200{)\36 + T,

which completes the proof of Lemma 4.3. O

5. Proof of Theorem 2.1

For 0 < z < 1, the assertion follows from Theorem 3.1. It remains to prove Theorem 2.1
for any o € (0,1) and all 1 < 2 < ae !, Changing the probability measure according to (21),
we have, for all 0 < A < €1,

P(X, >xz) = Ex(Z.(N) " Lx,50})
= E, (exp {—)\Yn(A) - )\Bn(A) + \Dn(A)} 1{Yn()\)+Bn(>\)>x}) . (32)

11



Let A = A(z) be the largest solution of the equation
A+ A2+ cohle =, (33)

where ¢, is given by inequality (26). The definition of X implies that there exist cq.0,Ca.1 > 0
such that, for all 1 <z < ae !,

Ca0® = A= \/(1 + 02)2 +2:1Ucaxe + 1+ 62 =7 (34)
and
A =2 — co1|b|(z%€ + 26%) € [cap, e ] (35)
From (32), using Lemmas 4.2, 4.3 and equality (33), we obtain, for all 1 <z < ae™!,
P(X, > 1) < o2 NN AIX 2R (00D o). (36)
It is easy to see that
Ex (efxyn(x)l{yn(xbo}) = /0 ) AeMPR(0 < Yo (X) < y)dy. (37)
Similarly, for a standard gaussian random variable A/, we have
E (e’wl{/\/w}) = /000 e NP0 < N < y)dy. (38)
From (37) and (38), it follows
’Ex (e,mml {yn<x>>0}) _E (efwl { N>0})’ < 25up ’IP’X(Yn(X) <y) - q)(y)’.
Using Lemma 3.1, we obtain the following bound: for all 1 < x < ave™ !,
’EX (e_XY”(X)l{Yn(XbO}) —E (e_wl{/\/>0}> ’ <c (Xe + e |loge| + 5) . (39)
From (36) and (39) we find that, for all 1 <z < ae !,
P(X, > x) < 2 (ReX'oh)-X"/2 (E (e_XNl{NW}) + ¢ (Xe + € |loge| + ) ) .
Since 2 . - 2
e M PE (e M ppsgy) = Nor /0 e WIN 20y =1 — d(\) (40)

12



and, for all A > ¢,,
lma) 2t ey _Can Loep (41)
V214 A) ~V21(1+ cap) A

(see Feller [11]), we obtain the following upper bound on tail probabilities: forall 1 < x < ae™?,

P(X, > )

Ca,2 (X3E+X252) ( 1 2 )
— 7 e +cas3(Ne+ Nellogel +X0) ). 42

Next, we would like to compare 1 — ®(\) with 1 — ®(x). By (34), (35) and (41), we get

L < 5 exp{—t?/2}dt _ [5 exp{—t?/2}dt
= [ exp{—t?/2}dt [ exp{—t?/2}dt
< 1+ cqur(z — N) exp{(a? — XQ)/Q}
< exp{cas (P + 2°6%)}. (43)
So, we find that
1-®(N) = (1 - cp(x)) exp {[01]cas (z + 226%)} . (44)

Implementing (44) in (42) and using (34), we obtain, for all 1 <z < ae™ !,

P(X, > x)
1—®(2)

IN

exp{ca (e + 2°6%)} ( 1+ Coy7 (26 + ze|loge| + x5))
< exp{cas(rie + 226%)} ( 1+ cCar :c26> ( 1+ carx(e|loge| + 5))

< exp{cag(rie + 226%)} ( 1+ corx(e|loge| + 5)) :
Taking ¢, = max{c, 7, Cas}, we prove the first assertion of Theorem 2.1. The second assertion
follows from the first one applied to the martingale (—Xj)k—o,. n-

6. Proof of Theorem 2.2

For 0 < z < 1, the assertion follows from Theorem 3.1. It remains to prove Theorem 2.2
for 1 <z < ape !, where o > 0 is an absolute constant. Let A = A(z) be the smallest solution
of the equation

A =A% — ¢y o\ = 1, (45)

where ¢, is given by inequality (26). The definition of A implies that, forall 1 <z < 0.016;/126_1,

it holds 9
r<\A= x <2z (46)
1— 824 /(1 —02)% — deyjpue
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and
A =z + cold| (%€ + 26%) € [1,0.02 01’/126’1]. (47)

From (32), using Lemmas 4.2, 4.3 and equality (45), we obtain, for all 1 <z < 0.0101726_1,
P(X, > z) > ¢ @ GXDNE, (W1, ). (48)

In the subsequent we distinguish two cases. First, let 1 < A < o) min{e""/2,57'}, where
a1 > 0 is a small absolute constant whose value will be given later. Note that inequality (39)
can be established with A replaced by A, which, in turn, implies

P(X,>x)>e ™ (A3t A262) -2 /2 (E (G_Ml{/\bo}) —¢o (Ae + €|loge| + 0) )

By (40) and (41), we obtain the following lower bound on tail probabilities:

% > 01 () (1 — ¢y (A%e+ Ae|loge| + Aé)) . (49)
Taking a; = (8¢2)~!, we deduce that, for all 1 < A < ay min{e™1/2 571},

1—cy (Me+ Ae|loge| + A0) > exp{—2c> (A% + Ae|loge| + A5) } . (50)
Implementing (50) in (49), we obtain

P(X, > z)

3 252
N exp{—cg(A6+Ae|loge\+35+35)} (51)

which is valid for all 1 < A < oy min{e~"/2 5§71},
Next, we consider the case of a; min{e /2, 671} < A < ape ! and § < ag. Let K > 1 be an
absolute constant, whose exact value will be chosen later. It is easy to see that

Ey (e N1y 0sgy) > EA(G—AYn(A)1{0<Yn(A) sm})

> e‘AKVIP’A(O <Y,(\) < Kfy), (52)

where v = Ae + €| loge| + < 4045/2, if g < 1. From Lemma 3.1, we have

]P’A(O <Y,(\) < Kfy) > IP’(O <N < Kfy) — ey

KW*K%Q/Q — C57
(Ke’gKQQO — 05) 7.

AVARY]

Taking ap = 1/(16K?), we find that

IP’A(O <Y,(\) < Kfy) > (%K - 05) 7.

14



Letting K > 8cs, it follows that

3
IP’(O Y, (A <K)>—K > 2K
A0 <Y,(A) < 7) 2 K2 3

—2
Choosing K = max {805, %} and taking into account that oy min{e 2,671} < A\ < ape™ !,
we deduce that

PA<O <Yn(d) < Kv) > ﬁ

Since the inequality ﬁe*)‘gﬂ > 1—®()\) is valid for A > 1 (see Feller [11]), it follows that,
for all oy min{e 12,571} <\ < ape?,

IP’A<O <Y,(\) < K7> > (1 — D)) )ef/?. (53)

From (48), (52) and (53), we obtain

P(X, > z)

R 77 o 3 2¢2
e 2 exp { = Cays (Ae + Aellog e| + A9 + X26?) | (54)

which is valid for all a; min{e /2, 671} < X < ape™t.
Putting (51) and (54) together, we obtain, for all 1 <\ < apge™! and § < «y,

P(X, > )

_ 3 252
o 2 exp { = Capz (A'e + Ae log e] + A3 + X26%) | (55)

As in the proof of Theorem 2.1, we now compare 1 —®()\) with 1 —®(z). By a similar argument
as in (43), we have

1-d()) = (1 . q)(x)) exp {—[0]cs (z%€ + 226%)} . (56)

Combining (46), (55) and (56), we obtain, for all 1 <z < apge! and § < ay,

P(X, > )

_ 3 252
-3 () Zexp{ Caps (z°€ + ze |loge| + 26 + o 5)} (57)

which gives the first conclusion of Theorem 2.2. The second conclusion follows from the first
one applied to the martingale (—Xj)x=o.. n- O
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7. Proof of Lemma 3.1

The proof of Lemma 3.1 is a refinement of Lemma 3.3 of Grama and Haeusler [15] where it
is assumed that |n;| < 2¢, which is a particular case of condition (Al). Compared to the case
where 7; are bounded, the main challenge of our proof comes from the control of I; defined in
(64) below.

In this section, o denotes a positive absolute number satisfying « € (0, 1), ¥ denotes a real
number satisfying 0 < ¢ < 1, which is different from 6, and (t) denotes the density function
of the standard normal distribution. For the sake of simplicity, we also denote Y (), Y, () and
n(A) by Y, Y, and 7, respectively. We want to obtain a rate of convergence in the central limit
theorem for the conjugate martingale Y = (Yi, Fi)g=1,. n, where Yy = Zle n;. Denote the
quadratic characteristic of the conjugate martingale Y by (Y), = 3., Ex(n?|Fi—1), and set
A(Y), = Ex(n|Fr—1). It is easy to see that, for k=1,...,n -

AY), = Ex((& — be(N)*|Fia)
E(&er | Fior) B | Fior)®

a E(e s | Fry)  E(eX[Foq)? (58)

Since E(e*|F;,_1) > 1 and |n;|* < 28 1(|&]F + Ex(|&]|Fio1)¥), using condition (A1) and
Lemma 4.1, we obtain, for all kK > 3 and all 0 < A < ie‘

Ex (|77i|k|]:i—1)

Y

2Ry (161" + Ea(|& ]| Fimt) ¥ Fi)
2"Ey (|&[FFiz1)

2°E (6" exp{ A&} Fimn)

2" k1" K (& Fimr) -

VAN VAN VAR VAN

Using Taylor’s expansion for e* and Lemma 1, we have, for all 0 < A < 1 e,

E(&2e k| Fr-) E(&pe | Fi_1)?
E(eAer|Fp 1) E(eAk|F—1)?

[A YD) = A(X), — E(&|Fe-1)| +

< |E(Ge | Fior) — E(G | Feo1)E( | Froa)|
+E(€k6)\§k|-’rk 1)?
< Z“E (&2 Fra) —+A >kZ|E(€fg\]‘—k71)\f
=1 ’
)\l
(Z\E (&6 |1 Frmn) )
< e A(X)y. (59)

Therefore,

(V) = 1] < ¥ )0 = (XDl + [{X)0 = 1] < Ae(X),, + 6.
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Thus the martingale Y satisfies the following conditions (analogous to conditions (A1) and
(A2)): forall 0 < X < el

(B1) Ex(Imil*|Fi-1) < cue" E(EF|Fir), 52>k >3
(B2) [(Y), — 1] <c(Ae+d2).
We first prove Lemma 3.1 for 1 < A < e~!. Without loss of generality, we can assume that
1 <A< iefl, otherwise we take ¢ > 4 in the assertion of the lemma. Set 7' = 1 + §% and
introduce a modification of the quadratic characteristic (X) as follows:
Vi = <X>k 1{k<n} + Tl{k:n}. (60)

Note that Vy = 0, V,, = T  and that (V, Fi)r—o... » is a predictable process. Set v = Ae+d, where
A€ [l,eh). Let ¢, > 4 be a “free” absolute constant, whose exact value will be chosen later.
Consider the non-increasing discrete time predictable process Ay = 242 +T — Vi, k=1,...,n.
For any fixed v € R and any x € R and y > 0, set for brevity,

Ou(z,y) = @ ((u—1)/Vy). (61)
In the proof we make use of the following two assertions, which can be found in Bolthausen’s
paper [2].
Lemma 7.1. [2] Let X and Y be random variables. Then

sup [P (X <u) — @ (u)| < cysup |P(X +Y <u) — @ (u)| + 2 ||E (Y2|X)Hié2.

Lemma 7.2. [2] Let G(x) be an integrable function of bounded variation, X be a random
variable and a, b > 0 are real numbers. Then

X
EG( Z—CL) < ¢ sup |P(X <u)—®(u)|+cob.

Let NV2,2 = N(0, ¢,y) be a normal random variable independent of Y;,. Using a well-known
smoothing procedure (which employs Lemma 7.1), we get

sup [Py (Y, < u) — ®(u)| < crsup [Ex@, (Y, Ay) — ®(u)| + ey
' < sgp |Ex®. (Y, Ay) — Ex®, (Yo, Ao)|
+ clusgp |Ex®, (Yo, Ag) — ®(u)| + coy
= ¢ sgp [Ex®,(Y,, A,) — Ex®, (Yo, Ao)|

u
+cisup || ——— | — P(u)| +c
1sup (m) W+ e
< cpsup [Ex®, (Yo, Ay) — Ex®, (Yo, Ao)| + €37, (62)
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where

Er®, (Y, An) = Py(Y, + Nizpp <) and Ea®,(Yp, Ag) = Pa(Nozyopr < w).

By simple telescoping, we find that

En@u(Yas An) = Ea@u(Yo, Ao) = Bx Y (@ulYi A) = @u(Yeo1, Apoa) ).

=1

e

From this, taking into account that (n;, F;)i=o... » is a Py-martingale and that

.....

2
aax Oy (,y) = 282@“(1:,3;),
we obtain
E\®, (Y, Ay) — Ex®, (Yo, Ag) = 11 + I, — I,
where

Ip:mZ( (Ve Ap) = Pu(Vi1, Ar)

—gcb (Yi_1, Ap) _10_2(1) (Y1, Ap)np
&r ul\ k-1, Ak )1k 9 0p2 u\k=L k) |
L = —EAZ WY, A (A (V) = AVR),
0
Iy = EAZ( (Yio1, Ag—1) — ‘Pu(Yk—l,Ak)—a—y‘bu(Yk—l,Ak)AVk)-

We now give estimates of I;, Iy and I3. To shorten notations, set

Tyor = (u— Yi1)/\/As.

a) Control of I;. Using a three-term Taylor’s expansion, we have

1 Ul \ 3
Il — —E)\ Z TSO” (Tk_l _ 'f}k .
1 6Ak/ VA

In order to bound ¢”(-) we distinguish two cases as follows.

(67)

Case 1: |/ Ag| < |Tx_1]/2. In this case, by the inequality ¢”(t) < o(t)(1 + t?), it follows

i i ) ( i ) ?
Ll | T, — 14 (1, — 2
@(k1 le)‘ = @(kl . + | Lk T

< sup o) (1+1%)
[t—Tk—1]<ITk—11/2

< @o(Te1/2)(1 +4T).
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Define g1(t) = supy,_, <3 f1(2), where fi(t) = @(t/2)(1 + 4t*). It is easy to see that gi(t) is a
symmetric integrable function of bounded variation, non-increasing in ¢ > 0. Therefore,

Ui
90// <Tk1 \/——>’ {|77k/\/7|<\T1,€ 1|/2} < 91<Tk 1) (68)

Case 2: |ng// Ag| > |Tk—1|/2. Since |¢"(t)| < 2, it follows that

Ve Anyy
4 (Tk v A ) | iAoy S 2\ Mt T Himeze (69)
Now we bound the conditional expectation of |n|*. Using condition (B1), we have
Ex(Imel*|Fi-1) < ceA(X), and  Ex(Inel’|Fie-1) < cA(X),

where A(X), = (X)r — (X)x—1. From the definition of the process V (see (60)), it follows that
A(X), <AV, = Vi = Vi,

E)\(|’f]k|3|fk_1) S CAVkG and E)\(|T]k|5|fk_1) S CAVk 63. (70)

Thus, from (68), we obtain

Ui
"
E\ ( (Tkl - —ﬁ) 77k‘ {lnk/F|<\Tk 1|/2}

From (69), by (70) and the inequality 2— > ¢, we find

Fk 1) < C4g1(Tk 1)AVk€ (71)

" Urn
Ex (’90 <Tk—1 - \/k——k> m) {im VAR Tl /2} | T h 1) < 92(Ti-1)AVice, (72)

where g2(t) = 2 (12 + 45 1(y>23). Set G(t) = csg1(t) + go(t). Then G(¢) is a symmetric
integrable function of bounded variation, non-increasing in ¢ > 0. Returning to (67), by (71)

and (72), we get
, ¥
’ (Tkl - —jZ—Z) 77/?;‘ - )] < Ji, (73)

1
Jl = CEE}‘ZT/QG (kal)AVk (74)
k=1 Ak

|| <E,

"1
YLk (
3/2
6AY

k=1

where

Let us introduce the time change 7; as follows: for any real ¢ € [0, T],

7 =min{k <n:V; >t}, where min() =n. (75)

19



It is clear that, for any ¢ € [0, 7], the stopping time 7; is predictable. Let (oy)g=1

increasing sequence of moments when the increasing stepwise function 7, t € [0, 7], has jumps.
It is clear that AV}, = f[ok ors1) dt and that k = 7, for ¢ € [0}, 0x11). Since 77 = n, we have

1
Z A3/2 G (Tk 1) Avk = Z / A3/2 (Tthl) dt
k=1 k Uk Uk+1 Tt

1
= —— G (Ty,_1) dt.
/o AP
Set, for brevity, a; = ¢2y? + T — t. Since AV;, < 1292, we see that
t< Vo SV + AV, <t 4+129%, t€[0,7].

Taking into account that c, > 4, we have

1
Zat<An—C’72+T V,, <a;, te€l0,T)]

Since G/(z) is symmetric and is non-increasing in z > 0, the last bound implies that

T -Y,
J1§C€/ 3—/2E)\G UT dt.

By Lemma 7.2, it is easy to see that

-Y.
BiG (05 ) < s BV £ - 20)] +

Since V,, 1 =V, — AV,,, V,, >t (cf. (76)) and AV,, < 12+?% we get

Vn_‘/;'t—lgvn_‘/’rt+A‘/;t31272+T_t§a’t’

Thus
Ex (Yo = Yot | Fr) = (;EA Ml Fiom1) | Fri- )
< (Sawfr)
= cE, (&) — (XD [Frma)

CE)\ (Vn - ‘/;'tfl‘FTt*ﬁ

CQayg.

IA A
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Then, by Lemma 7.1, we find that, for any ¢ € [0, T7,
sup IPA(Yr—1 < 2) — @(2)] < ¢q sup |PA(Yn < 2) — O(2)| + c2v/ar. (81)

From (78), (79) and (81), we obtain

T dt Tdt
Ji<ce sup IPA(Y, < 2) —®(2)| + c2¢ | —. (82)
) 3/2 .
By elementary computations, we see that (since A > 1)
T T
dt dt
/ 5 < —— c < ° and / — < clloge|. (83)
0 at CeAE T Cy€ 0 Qi
Then .
|| < J; < —sup|P(Y, < z) — D(2)| + coe|loge]. (84)
Cx =z

b) Control of I. Set G(z) = Sup|, <o (2 + v), where 1(z) = ¢(2)(1 4 22)*?. Then G(z2) is
a symmetric integrable function of bounded variation, non-increasing in ¢t > 0. Since AA; =
—AVy, we have |I] < Iy + I, where

I, = ,\Z “P Ti1 (AVk—A<X>k)‘7
12,2 = E)‘ZQAk (A<Y>k_A<X>k)|'

We first deal with Ip;. Since |¢/(2)| < ¢(z) < G(2), for any real z, we have

¢/ (Ti1)| < G (Tia). (85)

Note that 0 < AV, — A(X), < 20°1—pny, A, = ¢27* and ¢, > 4. Then, using (85), we get the
estimations

I, < ? E\G (Th-1) ,

*

and, by (79) with G = G and (81) with t = T,

&
|21 < = sup[PA(Y,, < 2) — @(2)] + 2.

*

We next consider I5. By (59), we easily obtain the bound

IA(Y), — A(X),| < cAeA(X), < cAeAV.
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With this bound, we get
1
Irs| < cheE —— | (Th—1)| AV
|2,2\_C€ A;QA;JQO(RI” k

Since |¢/(z)| < ¥(2) < G(z), the right-hand side can be bounded exactly in the same way as
Jy in (74), with Ay replacing Ai/z. What we get is (cf. (82))

Tdt T oat
122 < c1e —sup |Py(Y, < 2) — ®(2)| + c2\e 75
0o a4t = 0 at/
By elementary computations, we see that
/T dt _ /T dt
Tq9 = > Co,
o o " Jo VT —1
and, taking into account that a, > 24?2,
T dt C1 T dt Co
— = 1/2 = :
0 @ GAeJy g Ci A€
Then c
|Iy0| < C—l sup [Py (Y, < 2) — ®(2)] + eahe,
Collecting the bounds for I5; and I, we get
c
L) < C—l sup [PA(Y;, < 2) — ®(2)] + ca. (86)

c) Control of I3. By Taylor’s expansion,

1« 1 u—Y,_
Since |AAg| = AV, <1292 and ¢, > 4, we have
Ap < Ap — 0 AA <3V T — Vi + 1297 < 24, (87)
Using (87) and the inequalities |¢"”(2)| < ¥(z) < G(z), we obtain

Th—1

n 1 .
| < ’EyY — G ( ) AV
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Proceeding in the same way as for estimating .J; in (74), we get
c
;] < C—l sup [PA(Y;, < 2) — ®(2)] + cay. (88)

We are now in a position to end the proof of Lemma 3.1. From (63), using (84), (86) and
(88), we find

IEA®, (Y, An) — Ex®y (Yo, Ao)| < %sup P, (Y, < 2) — ®(2)] + ca(e + €|log e] + 9).
Implementing the last bound in (62), we come to

sup |Py(Y, < z) — &(2)] < %sup IPA(Y, < 2) — ®(2)| + ca(Ae + € |log €| + 9),

* z

from which, choosing ¢, = max{2¢;,4}, we get

sup |P(Y, < 2) — @(2)| < 2c2(Ae + € |loge| + 0), (89)

which proves Lemma 3.1 for 1 < X\ < e
For 0 < X\ < 1, we can prove Lemma 3.1 similarly by taking v = ¢|loge| + 6. We only need
to note that in this case, instead of (83),

T T
dt c dt
/ 7z < and / - < cl|loge|. (90)
0 0

a c€| Ine| ¢

8. Equivalent conditions

In the following we give several equivalent conditions to the Bernstein condition (A1l’). In
the independent case equivalent conditions can be found in Saulis and Statulevicius [28]. For
the convenience of the readers and motivated by the fact that in [28] the conditions are rather
different from those used here, we decided to include independent proofs.

Proposition 8.1. The following three conditions are equivalent:
(I) Bernstein’s condition (A1").
(IT) (Sakhanenko’s condition) There ezists some positive absolute constant K such that

K E(|ni|* exp{K|mi|}| Fi-1) < E(nf|Fier),  for1<i<n.

(III) There exists some positive absolute constant p such that

1
E(|m:|*| Fi1) < ék!pk_QE(nﬂﬂ_l), fork>3 and 1<i<n.
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Proof. First we prove that (I) implies (II). Let ¢ € (0,1). By condition (I) and Lemma 4.1,
we find that

B(nPer™ iz = 3 B

A
()¢
8
=
S
+
N}
Sy
B
£
&
So
5

< HE(m|Fi-1) Z

= [(OHE@|Fi-1). (91)
Since g(t) = tf(t) is a continuous function in [0, 3] and satisfies g(0) = 0 and g(3) > 3, there
exists ¢y € (0, 3) such that g(to) = 1. Taking K = toH ', we obtain condition (II) from (91).
Next we show that (II) implies (III). By the elementary inequality ¥ < k!e®, for k > 0 and
x > 0, it follows that, for k > 3,

E(|ni|"|Ficr) = E(ni> K> *[Kni|* | Fia)
< (k=3 KP°E(Imil” exp{ | K|} Fima)-
Using condition (II), for k& > 3,
1
E(|mil*|Fi-1) < (k = 3)! K* PE(n?| Fiy) < §k!pk*2E(m2\Fz71),
where p = %, which proves condition (IIT).
It is obvious that (III) implies (I) with H = p. O

Proposition 8.2. If ny,...,n, are i.i.d., then Bernstein’s condition, Cramér’s condition and
Sakhanenko’s condition are all equivalent.

Proof. According to Theorem 8.1, we only need to prove that Cramér’s condition and Bern-
stein’s condition are equivalent. We can assume that, a.s., n; # 0.
First, from (30), we find that Bernstein’s condition (A1l’) implies Cramér’s condition:

1gr7—1
Ee2?™ M < 0.

Second, we show that Cramér’s condition, i.e. Ee Tml = o < 0o, implies Bernstein’s
condition (A1’). By the inequality 2% < k!e®, for k > 0 and x > 0, it follows that

Ent| < 5 Eleg'm|* < kleg Ee Iml = kleg e
Then, it is easy to see that, for k£ > 3,

2
2c5c1

1 1
[Eni| < 5 kg > =5 B < o kLH 2 Enp,

o2

where 0? = En? and H = max {co, 21 }, which proves that condition (A1’) is satisfied. [

o2
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