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TIME SERIES PREDICTION VIA AGGREGATION : AN ORACLE BOUND
INCLUDING NUMERICAL COST

ANDRES SANCHEZ-PEREZ

AssTrACT. We study the problem of forecasting a time series for a Causal Bernoulli Shifts
(CBS) model using a parametric family of predictors. The aggregation technique pro-
vides a forecaster of this parameter with well established and quite satisfying theoretical
properties expressed in the form of an oracle inequality for the prediction risk. The main
advantage of this result is that it does not require to specify a particular model on the data.
The numerical computation of the aggregated predictor usually relies on a Markov chain
Monte Carlo method whose performances should be evaluated. In particular, it is crucial
to bound the number of simulations needed to achieve a numerical precision of the same
order as the prediction error. In this direction we present a fairly general result which can
be seen as an oracle inequality which includes the numerical cost of the predictor compu-
tation. Again it is not required to specify a particular model on the data. The numerical
cost appears by letting the oracle inequality depend on the number of simulations required
in the MCMC approximation. Using different priors, some numerical experiments are then
carried out to support our findings.

1. INTRODUCTION

An aggregation method consists in building a new estimator or a new predictor from a col-
lection of different ones (typically via an integration), which is nearly as good as the best
among them, given a risk criterion (see [11]). The problem has been treated in different
scenarios, with a few contributions in the dependent context, see [1] or [2], on which we
shall rely in this work. The aggregated predictor is usually computed via a numerical pro-
cedure which raises an implementation issue. We will consider a widely used approach to
deal with it, namely the Markov chain Monte Carlo method.

To evaluate the performance of this approach we proceed in two steps. First we establish
an oracle inequality for the theoretical aggregated predictor in the general context of the
Causal Bernoulli Shifts. We slightly revisit the results of [2] to derive an oracle bound for
the prediction error of the theoretical aggregated predictor. Then we consider the prac-
tical predictor obtained by an MCMC approximation and derive an Oracle bound for it
expressed with the number of simulations in the MCMC method. This is obtained using
a result of Latuszynski [9], [10], jointly with other properties of the basic MCMC algo-
rithms that we use. Finally we treat the autoregressive process (with unknown order) as an
illustrative example and we present some numerical results.

2. STATEMENT OF THE PROBLEM AND MAIN ASSUMPTIONS

Let us observe (X1,...,X,) from a stationary time series X = (X;);cz valued in R" for some
r > 1. In the following we denote by m( the probability (and the expectation associated to
this probability) of the process X = (X;);ez-
Let X, be a given predictor, that is, a measurable function of the past of X,
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2 ANDRES SANCHEZ-PEREZ
X: = f((Xi—)i>1). The prediction error is evaluated by

RO =m[€(2:%)] = [ €0 @) xmo(@n
RZ

where ¢ be a loss function, which satisfies :
Assumption 1 (Lipschitz Loss). For all x,x’ e R’,
C(x,x") = gx-X),
for some convex function g which is non-negative, g(0) = 0 and K- Lipschitz :
lg()—gWI < Klx—yll.

Here and in the following, for a € R4, ||la|| denotes the Euclidean norm of a,

d
lall= | > a?
i=1

Consider a family of predictors {fp, 0 € ®}. For each 6 € © there exists a unique d = d(6) €
N* such that fp : (R” Y = (R") is a function from which we define

)A([o = fG(Xt—l,---,Xt—d) s

as a possible predictor of X; from its past.
A natural way to evaluate the performance of the predictor associated to 8 is to compute
the risk

R(0) = R(fo) = mo|£(XF.%,)] -
The main goal of this work is to build a predictor function f,, possibly in the form fa,>

inferred from a sample (X1,...,X},) such that ﬁ(ﬂ) or R(@n) is close to (i)ngR(O) with 7q-
S

probability close to 1. The only assumptions that we shall suppose on the process X are
the following :

Definition 1 (CBS). A time series is defined as Causal Bernoulli Shifts (CBS) if it satisfies
the representation

X, = H(&,6-1,6-2,..),VtEZ,

where (&) is an i.i.d. sequence of R” -valued random variables called innovations, for
J N
somer' > 1 and H : (R’ ) — R" is a function satisfying
IH@=HO)I < > a;H)lv;=vill,
j=0
_ i ’ _ ’ r - Lo
foranyv = (vj)jeN,v = (V.f)jeN €R", where ona] (H) < +o00.

We denote a(H) = E aj(H),a(H) = E Jja;j(H).
j=0 j=0

Assumption 2. For the CBS defined by (£5) 47 and H, the Laplace transform of &y at a(H)
is finite, i.e. P(a(H)) = E[exp(a(H)||&l)] < .
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Let X, = H(E,,E,_l, .. .), for all ¢, where, for a fixed C > 0, & = (& A C) V (—C). We note by

X= {)_(,} and by 7, and R the risks associated to X. This thresholding will be interesting
because allows to the truncated CBS to enter in the class of weakly dependent processes.
We just introduce a couple of definition before point out what we understand by weakly
dependent process.

Definition 2. Given a probability space (Q, A,P) and a bounded variable Z in R? defined
on the probability space, we denote, for any sub o— algebra S of A

0(3.2) = su|[E[f@)IS]-E[f@D]|.
fead

where

1 (etennzg) = £ (&)

- <l
2 llzi =2l
i=1

Al = 1fiRISR,

Definition 3. We introduce the o— algebra S, = o (X;,t < p) and define the 0, (1) coef-
ficients as

ok (1) = sup{Bs(Sp.(Xjp.... Xp)) . p+ 1< ji <. < ji 1 SI<K) .

Assumption 3 (Weak Dependence). There exist finite constants B,C such that almost
surely,

IA

sup [|Z| 8,

tezZ
0y (1) < CVkeN.

Under Assumption 3, (Z;),cz will be called weakly dependent process (WDP), see [7] or
[8]. It is straightforward to see that the truncated CBS is a WDP.

The main assumptions on the family of predictors are the following ones.

Assumption 4 (Lipschitz predictor). Let 6 € @ and d = d(0). There exist b1 (0),...,bs(0) €
Ry such that for all (x1,...,x3),(V1,.--,Yd) € R",

d
Ifo(xt,....xa) = foyr,....yall - < bj(@)llx;j = yjll -
-1

J

N
Denote L = sup }, b;(0). We assume that L <log(n)- 1.
0e0 j=1

Assumption 5 (Uniform 6- Lipschitz). Define D, = supd(6). We assume that
6cO

n
D, < 3 and there exists D < +oo such that,

71'0[”fé(xr—la-~-athD,,)_fG(Xt—l,--th—D,,)] < DO+D,|p-6||. vo.6¢c0.
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3. PREDICTION VIA AGGREGATION

The predictor that we shall propose will be defined as an average of predictors fp based on
the empirical version of the risk,
1 - .
ra(0;X1,...,X,) = DL e(R0x).
n—-d®), G

For the sake of simplicity we will identify r, (0) = r,, (6; X1, ..., X,) but without forgetting
that it is a random variable which depends on n observations of the series.

We consider a probability measure x over @ is labelled as the prior. It will serve to control
the complexity of predictors associated to ® and to construct one in particular, as detailed
in the following.

3.1. Gibbs predictor. For a measure v and a measurable function £ (called “energy func-
tion”) such that v[exp(h)] = f exp(h) dv < +o0, we denote by v{h} the measure defined
by
exp (h(0))
vih}(dd) = ————=v(dh).
v[exp(h)]
It is a particular Gibbs measure where the inverse temperature is equal to —1.

Definition 4 (Gibbs predictor). Given a 1> 0, called the temperature parameter, we define
the Gibbs predictor as the expectation of fg, where @ is drawn under n{—Ary}, that is

(1) ﬁ,nzn{—/lr,,}[f,]zfﬁ, exp(A @) )
(€]

n[exp(=Ar, (0))]

So far we have presented a quite general framework : a time series that we aim to predict
using a parameter 6, and a generic setting for aggregating in a set where “good” candi-
dates of @ are supposed to lie. All the needed assumptions are listed above (Assumption
1 to 5). We will only require one additional assumption below on ® and the prior 7 (see
Assumption 6).

3.2. Theoretical oracle bounds on CBS. The proof of main result of this section is based
on the same tools as those used by [2] up to a point (Lemma 3). For a sake of completeness
we quote the essensial lemmas.

The first one can be found in [6].

Lemma 1. (Legendre transform of the Kullback divergence function). For any v € M}r (E),
Sfor any measurable function h : E — R such that v[exp (h)] < +o0 we have,

vlexp(h)] = exp[ﬂ sup (p[h]-K(o,v) ]|,
eML(E)
with convention co — oo = —oo. M}r (E) is the space of probability measures on E. Moreover,
as soon as h is upper-bounded on the support of v, the supremum with respect to p in the
right-hand side is reached for the Gibbs measure v {h}.
K stands for the Kullback-Leibler divergence.

dp .
Koy = | Jlog @po) . ifp<v
+oo , otherwise
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A Hoeflding type inequality introduced in [15] leads to :

Lemma 2 (Laplace transform of the risk). Under CBS and Assumptions 1, 2 and 4, for
any truncation level C >0, 1> 0 and 0 € ® we have,

2,2
2) 7o [exp(/l(R(G)—Fn(a)))] < exP(%) ’
and

2,2
3) o [exp(A(7a(6) - R@)))] < Xp(%) ’

where k,(C) = V2CK(1 + L) (a(H) + a(H)).
The following lemma is quoted from [2].

Lemma 3. Under CBS and Assumptions 1, 2 and 4, for any truncation level C > 0 and any

0<A< 4(1’:”, we have,
) [CXP (/lsuplrn(G) —7(0)| —/1¢(C,/1)) < 1,
6e®
where
_ a(H)C 4K(1+L)
o(C,) = 2K( +L)‘I‘(a(H))(exp(a(H)C)_1 +A . ) .

We have the following result on the aggregated predictor defined in (1).

Lemma 4. Under CBS and Assumptions 1, 2 and 4, for any truncation level C > 0 and any

0<A< ﬁ, with probability at least 1 — ¢,

1
) 210g(—)
27((,0,71)} N 164k, (C) N _ 2e +44(C.20).

R(fin) < inf {p[R]+ ; n

peML(©)
See the Appendix for the proof.
We make an additional assumption on the prior 7 defined on ® in order to obtain the main
result of the section.

Assumption 6 (Balls of a minimizing sequence). There exists a sequence {ay},>; and a
constant C such that a,, € ® (which depends on n),

. log* (n)
<
R(a,) < érel(f)R(HH N
1
and n[B(a,,6)NO] > C”V6<6;=—,

S

where B(a,,0) is the Euclidean ball centred at a,, with radius 6.

Last assumption requires the prior to allocate a sufficiently large mass to low dimensional

subsets of ®. This is at the origin of the intuition of last condition. Imagine that the set ®
V(n)

can be expressed as ® = | J ®; with ®; c RP* for all k and {Dy };>; an increasing sequence.
k=1
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Here for simplicity we identify RP* with the subspace {(x,0,...,0),x € RPx} of DV®,
—_———

Dy(n)—=Dy.
V(n)
Suppose that ® is endowed with the prior probability measure mx and that 7 = 3 cxmy.
k=1

Given a € O, and such that its last Dy — Dy_; coordinates are not all zero (it does not
“belong” to ®4_1), we define a ball centred at a with radius ¢ as

V(n)
B(a,8) = U ueRP :lu-(a,0,...,007| <5},
\ S——
J=k Dj-Dy
and we set
V(n)
7[B(@,,0)N0] = " cilo, (@) m[B(@n,0) N6 .
k=1

Thanks to this decomposition, it will be possible to meet the condition of Assumption 6.
See subsection 4.3 for a precise example.

Theorem 3.1. In the context of CBS, if assumptions 1, 2, 4, 5 and 6 hold, with D, =
O(I_log3 (n)]). Then there exists a constant &, such that for all € > 0, with probability at
least 1 —¢,

i Sy Jlogtn) 2 1
R(f\/;’n) < (i92(£R(f9)+8 g\/é ) + $log(2—€) .
The proof can be found in the Appendix.
Here however we shall focus on the fact that this inequality applies to a theoretical aggre-
gated predictor f\/z,n. One should indeed investigate how these predictors are computed
in practice and how practical numerical approximations performs in comparison with the
theoretical estimator.

4. COMPUTATION OF THE ESTIMATOR

We use the Metropolis - Hastings algorithm in order to compute the mean of a target
probability whose density p, possibly unnormalised, is relatively easy to calculate. We will
work over X € R" equipped with 77, the Borel o- algebra. We will consider probability
measures which are absolutely continuous, and have a known density with respect to the
Lebesgue measure.

4.1. Metropolis - Hastings algorithm. The Metropolis-Hastings algorithm generates a
Markov chain @ = {®;};. with the target distribution as a unique invariant measure, based
on another Markov chain which serves as a proposal (see [13] and [16]). We shall consider
the two following classical setups for the proposal :

e The independent Hastings algorithm where the proposal is i.i.d. with density g
such that for some 5> 0

inf@ >p

4 .
©@ yeXp(y)
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e The Metropolis-Hastings algorithm where the proposal is a Markov chain with
conditional density kernel g on ® X ® such that

5) B= inf pQ) inf g(x,y)>0.

(x XXX P (x) (x,y)eXxX

In both cases we can affirm that algorithm is uniformly ergodic (see [12]), i.e. forallm e N
IP" (x,)=pll < A=-p)".

4.2. Theoretical bounds for the computation. Theorem 4.1 from [10] allows to bound
the amount of iterations needed by some ergodic Markov chains (included those generated
by the MCMC method that we use) in order to control the error that we make in approx-
imating the first moment of the stationary distribution by the empirical estimate obtained
from the successive samples of the chain. Applying this result in our context (see the
Appendix) we obtain the following result.

Corollary 1 (Confidence Estimation). Let {®;};»( be the chain generated by the indepen-
dence Hastings algorithm under hypothesis (4) or by the Metropolis-Hastings algorithm
under (5). Denote by

1m—l
By = =S @
m mzml’

i=0
o = plf].

Let @ >0 and 0 < € < 1 be arbitraty. For any m > M (a,f,€,X), with probability at least
1—¢

where :

M (a,B,€,X)

2 (diam (X))? (diam(X))*  (diam(X))?
a? Be (1/4[32 e a? ,82 €

sup [lx—yll.
x,yeX

diam(X)

By setting a appropriately, this result says how many iterations of the MCMC method are
required in order to be reach a precisions of the same order as the prediction error enjoyed
by the target Gibbs predictor.

Theorem 4.1. Under the hypothesis of Theorem 3.1, using a numerical method described
by Corollary 1, we conclude that there exists a constant & such that for all

3
m> M(log\/én)

B Vi e,X), with probability at least (1 — 6)2,

+_

Vn
We have noted by f\/ﬁ,n,m the MCMC approximation of f\/z’n after m iterations. In par-
ticular, and as specified also in Theorem 3.1, A = 4/n. Remark that, when we target the
distribution 7 {—Ar,} with a suitable MCMC method, the convergence rate depends on a 8

which is specific of that distribution, i.e., it is a function of A and n. That is why parameter
3 has two sub-indexes: one corresponding to A and the other to 7.

€

o y log* 2 1
R(Finm) < infR(G+T 2 ,i”) 1og( )
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Proof of Theorem 4.1
Considering that assumptions | and 5 hold we get

IR(62)—R(01)] < KD+Dyll2-61ll .

Our bounds for the convergence of MCMC algorithm are independent of the observations.
In consequence, the probability of having the risk of the computed predictor as near as
needed of the Gibbs predictor and also that the risk of Gibbs predictor be as near as needed
of the infimum, is the product of both probabilities. Finally, using Corallary | and plugging
last inequality in Theorem 3.1, we get the result.

4.3. The example of the autoregressive process. We study the autoregressive model of
order p or simply the AR(p), defined as the stationary solution of

P
Xi = D 0Xj+0k,
j=1
where the &; are i.i.d. with E& = 0.

d
We denote s4(0) = {(91,...,0d) : 1= Y 6k # 0 for |z <p‘1} the set of @s for which the
k=1

d
autoregressive polynomial 8(z) = 1 — 3 6z has all its roots outside the circle of radius p~!.
k=1

In this context, the CBS assumption implies that the true parameter 6= (01,...,9,,) € sp(1)
and the process is stable (see [5]).
Llog(n)]
Let®= |J O, Suppose that ®; c RP¢ for all d where a prior 7y is considered.
d=1
Regarding the predictors of the form
T
fo(Xiots - Xecptoginy)) = 0" (Xt Xicptoginy)) -
remark that, the Gibbs predictor can be expressed as fy, = fy,, Where 91,,, is the Gibbs
estimator defined as ’
A —Arn (0
B0 = m{—Ar,}[1d] = fa exp (2 ()
e}

n[exp(=1r, (0))] 7(d6) .

The MCMC conditions are easier verified on ®, thus we develop in this subsection the
estimation, but knowing that it does not change any previous result. All are straightforward
applicable.

Without any information about the order of the process (i.e. p) it would be convenient to
favor those 6 € ®, with d small. Let

Llog(n)]
@) = ) calo,®)ma(d0) .
d=1

where (cl,...,cUOg(,,)J) is the prior on the order and 7y is the prior on @y, for 1 < d <
[log(n)].
In the following we moreover assume that :
o r=1.
e The innovations {&;} have compact support and denote by B a constant such that
X; € [-8,8] for all t. Assumption 2 is then satisfied.
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04 c R? = R? x {0)lloe]=d  Rllog] They are open and bounded by B.
¢ is the square, thus assumption | holds because X; and € are bounded.
g & 1@‘1.

()
fo(x1,...,%40) = '21 0;x;.

=
Assumption 5 holds because (Using Cauchy-Schwarz and Jensen’s)

Llog(n)]

ol 35

7o [“fg (Xr—la - er—I_log(n)J) —fo (Xr—la - aXr—I_log(n)J)H] 0~ 9[) X|log(n))-i

i=1

|

Liog(m)]
s no[zxf jo-ol
i=1
< Byllogm)]||#-9|| .

Also assumption 6 holds because 0= arginf R (@), then we could take a, = 0, and
6cO

for n big enough B, (a,,6) C Oy, and Y0 < 6, = n‘% we have

n[B(an8)NO1 2 cpmy|By(@no)
14
= c,,—;rz oF
riz+1
(5+1)
> gpllo)

withC = ¢, and I' the gamma function.

P
r(5+1)
> +

1
Since Bd(%) C sq(1) C Bd(Zd— 1), (see [14]), the prior m could be defined on ® =

Llog(n)] 1
U ©, with, for example, Oy = Bd(—), @y = sq(1) or B4(2~1). Clearly O, =
d=1 Vd

1
Bd(%) is a more restrictive setting. If p is unknown and ®; = s4(1) or By (Zd - 1) we

would face the problem of the size of set ® because assumption 4 would not be verified.
On the contrary, if ®; C B;(B), for all 1 <d <[log(n)], itis easy to see that assumption 4
holds.

With the aim of applying the oracle inequality given by Theorem 4.1 that applies to 6 V>
the numerical approximation of the estimator, we will see different priors combined with a
proposal in the Metropolis-Hasting algorithm. As proposal chain we will use the uniform
distribution over the entire ®, (independent of current state).

See that
a®) d
Xi= 10Xl < IXd+ ) [oi][Xi | < Va+ T8N+ B2 =
Jj=1 j=1
(@ X1,..,Xy) < Vd+18V1+B2,
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and then

Llog(n)] Llog(m)]
cale,® Z < @f exp (=Ary (z:X1,..., Xa))dz
d

q@® =
p@) — logm)] Llog(n)]
ca [dz Y cale, @) exp(—Ary (6;X1,....Xn))
=1 g, d=1
< dngllgl ) {ca} Llog(n)]
> W > cdexp(—/l\/d+le/l+Bz)V(®d)
ERZAZCH I
> min  {eg)n ABVI+B
1<d<|log(n)]

This bound of 8, maybe pessimistic, guaranties anyway that given ¢4 > 0 for all d, the inde-
pendent Hastings algorithm converges and also allows to compute the number of iterations
needed in order to reach the theoretical rate.

5. NUMERICAL WORK

Concretely two types of sets ®; were considered :

ol

In order to generate uniform random vectors over the d- ball of radius R we use
following algorithm from [17]:
(1) Generate a random vector Y = (Y1,...,Yy) with i.i.d. N (0, 1) components

(2) Generate r = Ui ,with U ~U(0,1)
Y
(3) Return Z = Rr—

g
o Oy =s4(1).
In [4] it is described a method for sampling uniformly from s, (1) using Levinson-
Durbin recursion algorithm. It was numerically improved by [3].

And for each one we run experiments as if :

e p would be known: ® =0, and ¢, =1,

0 LIOg(n)J® d e d J |
ornot: ®= an =—2>¢" - 1).
. dL:Jl aand cq = o e (e—-1)

e
k=1

We iterate the algorithm with m = 1000 times for the four schemes at
ne{64,128,256,512,1024,2048,4096} with p € {2,4,6,8}. Twenty realisations of autore-
gressive processes were simulated for each order. The following graphs resume the behav-
ior of the algorithm these time series in each case.
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5.1. Known order.
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posal, p =8, ®@ = sg(1). proposal, p =8, ® = sg(1).

5.2. Unknown order.

* T
-13 + 054 N !
T E T
1 _ - | h
“14 | i | 05k 1 E| |
? | i_:L| E| ‘ 2 L ! H T
r08g, .
| T T - 3 ! | :
: .
- ! <0 B T
|
* | T E i Q
L 1 0.46 <
5 |
| | |
-18 R | 044 - :
€ .
64 128 256 512 1024 2048 4096 64 128 256 512 1024 2048 4096
n n
Figure 3: Prediction error. Uniform pro- Figure 4: Estimation error. Uniform
Llog(m)] Llog(n)]
posal, p=8,0= |J sg(1). proposal, p=8,®= |J sg(1).

d=1 d=1
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6. CONCLUSION

The use of aggregated techniques determining a forecaster with almost minimal prediction
risk has been considered in this work in the context of stationary time series. An approx-
imation of the Gibbs predictor can be computed using the Metropolis Hastings algorithm.
This allows us to obtain guaranties on the numerical approximation, that we expressed by
a new oracle inequality. We have illustrated this approach through simulations in the case
where AR predictor with weighted order are aggregated.
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APPENDIX
Proof of Lemma 4
We use the relationship :
(6) R—r,=(R=F)+ (R=1) = (R=F2) .

For any measure yu € M} (R” X ®), (6) and the Cauchy-Schwarz inequality lead to

ulewo(S®R=r)| = ulexo(SR=r)exp(5 (R=r-®-7))
< Julexp (AR =) ]ulexp(A(R - 1)~ R -7))]
™ < \/u [exp(AR~7))|u exp(ﬁ;u@pl(R—rn)(e)—(R—fn)(9)|)J.

Jensen’s Inequality for the exponential function and Lemma 3 give that

exp (/l sup|R(6) - R (0)|) exp (/l sup|mo [1 () — Fu (9)]|)
0O 0O

IA

i) [exp (/l sup|r, (8) — 7, (H)I)]
0e®
exp(A¢(C, ) ,

IA

and thanks to Lemma 3

\//,z [exp (/l sup |(rn = R)(O) — (P — R)(G)I)]

ulexp(1¢(C, )]
with u = 7o ® and any 7 € ML (©).

IA
—_

®)

Lemma 2 implies that

272
® Vrorfen{aar] < oo Q).
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Multiplying (7), (8) and (9) with u = 7o ® m we obtain

222K%(C)

7ro®7r[exp(§(R—r,,)— —ﬂ(ﬁ(C,/l))} < 1.

Changing A by 21 and thanks to Lemma | we get

8A%K2(C)
molexp| sup (Ap[R—r,] —K(p,1)— —————— —21¢(C,22) < 1
eML(@) n
Then, Markov’s Inequality implies that for all € > 0,
8A%k2(C) 1
mo| sup (/lp[R —rp] - (]((p,ﬂp’[)) - —22¢(C,21) —log p <0 > 1-e€

eM(©)

Hence with 7o- probability at least 1 — ¢, for all p € M}r (C))

1 8AK2(C
(10 p[R—rn]—f((p,ﬂ)— ,’;( )

1 1
=2¢(C,21) — — log(—) < 0.
A €
Setting p = n{—Ar,} and relying on Lemma 1, we have

K (n{-Ar,},m)

m{—Ary} [log M}

dr
_ ) exp( Ary)
B ) 7 [exp(—Ary)]
n} [—Arn] —log(m [exp (—=Ary)])
[Ar,]+ 1nf {o[Ar,]+ K (o,7)}
peML(@)

+

= { }

From (10) it follows that, with mg- probability at least 1 — €,

1
2 log(—)
W(ﬁ’”) } 4 36©) - L 126(C20) .

n{-Ary}[R] < inf {p [ra]+ »

peML(©)

We also have that with mp- probability at least 1 — ¢,

Kpm)| 82O log(é)
/l’ }+ 4 . +2¢(C,24) .

m{=Arp}lra] < inf {p[R]+ -

PEML(©)

13

Similarly to (10), but using (3) instead of (2), we obtain the same inequality with p[R — ;]

replaced by p[r, — R] and hence, from a union bound, with mo- probability at least 1 — ¢,

+4¢(C,2) .

1
2log( —
2K (p.m)| | 162(C) o8 (25)
A n A

a{=Ar}[R] < mf {p[R]+
ML(®)
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Using Tonelli’s Theorem and Jensen’s Inequality with the convex function g

m{=Ara}[R]

f fg(fe(xn—bizo)—xn)ﬂo(x) m{=Ar,}(d6)

0 IrRZ

f fg(fe(xn—biz0)—xn)7r{—/lrn}(d0) 7o (x)

rz Lo
> fg[f(fa(xn-1,i20)—xn)ﬂ{—/lrn}(d0) 7o (x)
RZ (C]
= mo [g (X/l,n+1 - Xn+1)]
= R(X/l,rwl) .

This, with the previous bound, concludes the proof.
[ |

Proof of Theorem 3.1

We consider the set of probability measures {p4, 5,7 € N,0 <6 < 6*} ¢ Ml (@), where
Pay.s (9) o (0) 1{ée3<a,,,5)m®}-

The result above guarantees that

1
log(—)
) 2
(K(p"”’b’ﬂ)}+ 16/UC”(C)+2 /126 +4¢4(C,22) .

an  R(f) < Oglggfé*{pan,g[km 4 :

1
log(Z)

2 1 +4¢(C,24) .

7<(,o‘3,,5,7r)}+ 16212(C) .

(12 R(f) < inf {pan,(;[R]+2
n

0<5<6*
Thanks to assumptions 1 and 5, for any n € N and 0 € B(ay,,0)
R(é)—R(a,,) < Kn [“fé(xr_l,...,X,_Dn(,,))—fan (X[—lw"?Xf*Dn)H] SKD\/D_nﬁ.

Clearly

1
K(ogs,m) = log(ﬂ[

m) < —D,log(6)—log(C)
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Plugging these two expressions into (12)

1
‘K(pamg,n)ﬂog(i)

16Ak2(C)
+
n

R(F) < ot f R(O)pa, 5(d6) + 2 . +4¢(C,2)
®
< inf {R@)+8 VDL &A01+1°C?
= ososs, (@n)+ &1 yDnd+ n i
1
—Dylog(6)—1log(C) +log| —
" nlog (9) ~log (€) Og(ze) E(+1)C  &(1+L72A
A exp(a(H)C)—-1 n
B 2 0 210g(—)
s log (1) EA(1+L2C2 2log(C) %] &0+IL)C
< 1nfR(X )+ + - +
06 Van+l N n A pl exp(a(H)C)—-1

E(A+L02*2 2D, log (8)
= ° f Do 2o
* n * Ogltlslgs; {81 nd A ’

where & = KD, & = 32K?(a(H) + a(H))?, E; = 8KY(a(H))a(H) and
&4 = 64K*Y(a(H)).

1
2log (—)

2¢) &(1+LYA log®

At a fixed €, the rate of convergence of € + 11+ D) is at best L(n), and
n n

2D, log (s

we get it doing A = v/n. Regarding & VD,,6 — %g()’ if we don’t want to lose the rate
1 1
—— (up to a power of log(n)) we should pick D, = O(Llog3 (n)J). Finally we do 6 = —
Vn Vn
and C = log(n) and the result follows.
a(H)
|

Proof of Corollary 1

Let us first introduce some additional notation. Given the functions2: X > Rand V: X —
[1,c0),

sup |h(x)| ,

xex V(X)

he(x) = h(x)—n[h],

and for any signed measure u the V- norm is defined as

f g

|hly

lllly = sup
lgl<V

Conditions of the cited theorem are satisfied under both circumstances because
(1) Xis (1,8,7)- small.
(2) Foster-Lyapunov drift condition holds with V(x) = 1,Vx,K =1 and 4 € [0, 1).
(3) Strong aperiodicity follows from the fact that the whole set X is small.

See that

17" e =l

sup

sup f h(3) P" (x,dy) — f h(y)p(dy)\
(1" .

IA
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If the initial distribution is & = ¢, (i.e. we start always at @y = x),

6Vl = V=1,
lox—plly = ;,l\ni fh(y)éx(dy)—fh(y)p(dy)'ﬂ,

= min {0 [V], 6 =pllv} = 1, then we can take M = 1 and y = 1 =3 i the relation
IEP" —plly < min{€[V],lIE—pliv) My™ .

Taking also into account that
5P, = su)g(x—p[f])z < (diam (X))* ,
XE

we can bound the quantities

pVI|IfeP, (1 . 2My? ] _ 4(diam (X))®

a’e 1—'}/% QZ'BE
M2 min{é[V1,1iE —pliv |11, - 2My?) _ 4(diam (X))*
c = - .
ae(l-v) 1 —7% a’pre
b+ Vb2 +4
Then M (e,, €, X) corresponds to the upper bound of %
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