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Abstract

We propose a new probabilistic numerical scheme for fully nonlinear equation of
Hamilton-Jacobi-Bellman (HJB) type associated to stochastic control problem, which
is based on the Feynman-Kac representation in [I3] by means of control randomization
and backward stochastic differential equation with nonpositive jumps. We study a
discrete time approximation for the minimal solution to this class of BSDE when the
time step goes to zero, which provides both an approximation for the value function
and for an optimal control in feedback form. We obtained a convergence rate without
any ellipticity condition on the controlled diffusion coefficient. Explicit implementable
scheme based on Monte-Carlo simulations and empirical regressions, associated error
analysis, and numerical experiments are performed in the companion paper [I4].
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1 Introduction

Let us consider the fully nonlinear generalized Hamilton-Jacobi-Bellman (HJB) equation:

0 1
8_;) + sup [b(z,a).Dyv + §tr(0’07(x,a)D§v) + f(z,a,v,0"(z,a)Dyv)] = 0, on[0,7) x RY,
acA

v(T,z) = g, onR%
(1.1)
In the particular case where f(z,a) does not depend on v and D,v, this partial differential
equation (PDE) is the dynamic programming equation for the stochastic control problem:

T
v(t,x) = supE[/ F(X$, as)ds +g(X%)‘Xf‘ = x}, (1.2)
o t
with controlled diffusion in R%:
dXta = b(X?, Oét)dt + O'(Xta, Oét)th,

and where « is an adapted control process valued in a compact space A of R?. Numerical
methods for parabolic partial differential equations (PDEs) are largely developed in the
literature, but remain a big challenge for fully nonlinear PDEs, like the HJB equation
(L), especially in high dimensional cases. We refer to the recent paper [10] for a review
of some deterministic and probabilistic approaches.

In this paper, we propose a new probabilistic numerical scheme for HJB equation, relying
on the following Feynman-Kac formula for HJB equation obtained by randomization of the
control process a. We consider the minimal solution (Y, Z,U, K) to the backward stochastic
differential equation (BSDE) with nonpositive jumps:

Y, = g(Xr)+ [ f(Xe, 15, Ys, Zg)ds + Kp — K,
— [} Zeaw, - [ [,Ud@)ii(ds, da), 0<t<T, (1.3)
Ut(a) S 07

with a forward Markov regime-switching diffusion process (X, I) valued in R? x A given by:

t t
X, = X0+/ b(XS,IS)ds—i—/ o (X, I,)dW,
0 0

I, = Io—l—/ /(a—[s),u(ds,da).
04 /4

Here W is a standard Brownian motion, p(dt, da) is a Poisson random measure on [0, 00) x A
with finite intensity measure A(da) of full topological support on A, and compensated
measure fi(dt,da) = p(dt,da) — N(da)dt. Assumptions on the coefficients b, o, f, g will be
detailed in the next section, but we emphasize the important point that no degeneracy
condition on the controlled diffusion coefficient o is imposed. It is proved in [I3] that the
minimal solution to this class of BSDE is related to the HJB equation (II]) through the
relation Y; = v(t, Xy).

The purpose of this paper is to provide and analyze a discrete-time approximation
scheme for the minimal solution to ([.3]), and thus an approximation scheme for the HJB



equation. In the non-constrained jump case, approximations schemes for BSDE have been
studied in the papers [12], [7], which extended works in [§], [2I] for BSDEs in a Brownian
framework. The issue is now to deal with the nonpositive jump constraint in (L3]), and we
propose a discrete time approximation scheme of the form:

Y= Yi = g(X])
= = Wi, 1 —We,,
no= E[V, oA
yg]: = E }/;‘,ZJA‘E]@] + (tk-l-l - tk) f(XgIl;aItkayg]:7Zg]:)

}7;7; = esssupIE[J_/g;|.7-",g,c,Itk:a]7 k=0,...,n—1,
acA

(1.4)

where m = {tp = 0 < ... <t < ... < t, = T} is a partition of the time interval [0, 7],
with modulus |7|, and X™ is the Euler scheme of X (notice that I is perfectly simulatable
once we know how to simulate the distribution A(da)/ [, A(da) of the jump marks). The
interpretation of this scheme is the following. The first three lines in (L4 correspond to
the standard scheme (Y™, Z7) for a discretization of a BSDE with jumps (see [7]), where
we omit here the computation of the jump component. The last line in (L4 for computing
the approximation Y™ of the minimal solution Y corresponds precisely to the minimality
condition for the nonpositive jump constraint and should be understood as follows. By the
Markov property of the forward process (X, I), the solution (Y, Z,U) to the BSDE with
jumps (without constraint) is in the form )} = 9(t, Xy, I;) for some deterministic function
. Assuming that 1 is a continuous function, the jump component of the BSDE, which is
induced by a jump of the forward component I, is equal to U (a) = 9(t, Xy, a) —9(t, Xy, I,-).

Therefore, the nonpositive jump constraint means that: (¢, Xy, I,-) > esssup 9(t, Xy, a).
acA
The minimality condition is thus written as:

Y, = v(t,X;) = esssupd(t,Xy,a) = esssupE[V| Xy, [ = al,
acA acA
whose discrete time version is the last line in scheme (I4]).
In this work, we mainly consider the case where f(x,a,y) does not depend on z, and
our aim is to analyze the discrete time approximation error on Y, where we split the error
between the positive and negative parts:

1 1
Err (Y) := <k1£3§1E[(Ytk - f@:)i]) . Ern"(Y) = <kr£12§1E[(}Qk — Ytz)ﬂ) 2
We do not study directly the error on Z, and instead focus on the approximation of an op-
timal control for the HJB equation, which is more relevant in practice. It appears that the
maximization step in the scheme ([4]) provides a control in feedback form {a(tg, X{;), k<
n—1}, which approximates the optimal control with an estimated error bound. The analysis
of the error on Y proceeds as follows. We first introduce the solution (Y7,Y™, Z™ U™)
of a discretely jump-constrained BSDE. This corresponds formally to BSDEs for which
the nonpositive jump constraint operates only a finite set of times, and should be viewed
as the analog of discretely reflected BSDEs defined in [I] and [6] in the context of the
approximation for reflected BSDEs. By combining BSDE methods and PDE approach with



comparison principles, and further with the shaking coefficients method of Krylov [17] and
Barles, Jacobsen [4], we prove the monotone convergence of this discretely jump-constrained
BSDE towards the minimal solution to the BSDE with nonpositive jump constraint, and
obtained a convergence rate without any ellipticity condition on the diffusion coefficient
o. We next focus on the approximation error between the discrete time scheme in (4]
and the discretely jump-constrained BSDE. The standard argument for studying rate of
convergence of such error consists in getting an estimate of the error at time ¢;: E[|Y;T—Y;T|?]
in function of the same estimate at time t;11, and then conclude by induction together with
classical estimates for the forward Euler scheme. However, due to the supremum in the
conditional expectation in the scheme (4] for passing from Y™ to Y™, which is a nonlinear
operation violating the law of iterated conditional expectations, such argument does not
work anymore. Instead, we consider the auxiliary error control at time t:

EL(Y) = E[esssupEtl’a[. ..esssupIEt,ma[D}gc — 37&\2] ]],
acA acA
where Ey, o[.] denotes the conditional expectation E[.|F,,I;, = a], and we are able to

express £ (V) in function of £ ()). We define similarly an error control £ (X) for the
forward Euler scheme, and prove that it converges to zero with a rate |r|. Proceeding
by induction, we then obtain a rate of convergence |r| for £7()), and consequently for
E[|Y;T — Y;7|?]. This leads finally to a rate |7r|% for Err™ (Y'), |7r|1_10 for Err’ (Y'), and so |7T|%
for the global error Err™(Y') = Ert” (Y') 4+ Err” (Y). In fact, as noticed in Remark [5.2], we
believe that one can obtain a better rate at least of the order ]77]% Anyway, our result
improves the convergence rate of the mixed Monte-Carlo finite difference scheme proposed
in [I0], where the authors obtained a rate |7T|i on one side and || 10 on the other side under
a nondegeneracy condition.

We conclude this introduction by pointing out that the above discrete time scheme is
not yet directly implemented in practice, and requires the estimation and computation of
the conditional expectations together with the supremum. Actually, simulation-regression
methods on basis functions defined on R¢ x A appear to be very efficient, and provide
approximate optimal controls in feedback forms via the maximization operation in the last
step of the scheme (L4]). We postpone this analysis and illustrations with several numerical
tests arising in superreplication of options under uncertain volatility and correlation in a
companion paper [I4]. Notice that since it relies on the simulation of the forward process
(X, I), our scheme does not suffer the curse of dimensionality encountered in finite difference
scheme or controlled Markov chains methods (see [I8], [5]), and takes advantage of the high-
dimensional properties of Monte-Carlo methods.

The remainder of the paper is organized as follows. In Section 2, we state some useful
auxiliary error estimate for the Euler scheme of the regime switching forward process. We
introduce in Section 3 discretely jump-constrained BSDE and relate it to a system of integro-
partial differential equations. Section 4 is devoted to the convergence of discretely jump-
constrained BSDE to the minimal solution of BSDE with nonpositive jumps. We provide
in Section 5 the approximation error for our discrete time scheme, and as a byproduct
an estimate for the approximate optimal control in the case of classical HJB equation
associated to stochastic control problem.



2 The forward regime switching process

Let (2, F,P) be a probability space supporting d-dimensional Brownian motion W, and a
Poisson random measure p(dt, da) with intensity measure A(da)dt on [0,00) x A, where A
is a compact set of R?, endowed with its Borel tribe B(A), and X is a finite measure on
(A, B(A)) with full topological support. We denote by F = (F;):>0 the completion of the
natural filtration generated by (W, i), and by P the o-algebra of F-predictable subsets of
QO xRy

We fix a finite time horizon 7" > 0, and consider the solution (X,I) on [0,7] of the
regime-switching diffusion model:

(2.1)

X, = Xo+ [30(Xs, L)ds + [ o(X,, I,)dW,
Iy = I+ f(O,t] fA(a — I )/L(dS, da)a

where (Xo, 1)) € R¥x A, b:RYx A — R% and 0 : R x A — R¥9, are measurable functions,
satisfying the Lipschitz condition:

(H1) There exists a constant L; such that
b(z,a) —b(z',d")| + |o(z,a) — o(a’,a")] < Li(lz—a'|+ |a —d|),

for all 2,2’ € R and a,a’ € A. The assumption (H1) stands in force throughout the paper,
and in this section, we shall denote by C] a generic positive constant which depends only
on Ly, T, (Xo,Ip) and A(A) < oo, and may vary from lines to lines. Under (H1), we have
the existence and uniqueness of a solution to (Z1), and in the sequel, we shall denote by
(Xtwa [4a) the solution to (1)) starting from (z,a) at time t.

Remark 2.1 We do not make any ellipticity assumption on ¢. In particular, some lines
and columns of o may be equal to zero, and so there is no loss of generality by considering
that the dimension d of X and W are equal. O

We first study the discrete-time approximation of the forward process. Denoting by
(T}, tn)n the jump times and marks associated to p, we observe that I is explicitly written
as:

It = 10]1[07T1)(t) + Z Ln]].[Tan+1)(t), 0 <t< ,_T7

n>1

where the jump times (7},), evolve according to a Poisson distribution of parameter \ :=
J4 Mda) < oo, and the i.i.d. marks (i), follow a probability distribution A(da) := A(da)/A.
Assuming that one can simulate the probability distribution A, we then see that the pure
jump process [ is perfectly simulated. Given a partition 7 = {tc =0 < ... <t < ...t, =
T} of [0,T], we shall use the natural Euler scheme X™ for X, defined by:

o= X,
Xg:Hl = th + b(XZ;v Itk)(tk-i-l - tk) + O-(ch71tk)(Wtk+l - Wtk)’



for k =0,...,n—1. We denote as usual by |7| = maxy<y,_1(tx+1—1tx) the modulus of 7, and
assume that n|7| is bounded by a constant independent of n, which holds for instance when
the grid is regular, i.e. (tgy1—1tx) = || for all £ < n—1. We also define the continuous-time
version of X7 by setting:

X7 = X[ +b(X] L)t —te) + o(X] Iy, )Wy — W), t € [tr,trg], k <n.

By standard arguments, see e.g. [15], one can obtain under (H1) the L?-error estimate
for the above Euler scheme:

E{ sup ‘Xt—Xg;ﬂ < Ci|n], k<n.

tety trr1]

For our purpose, we shall need a stronger result, and introduce the following error control
for the Euler scheme:

EL(X) = E[esssupEtl,a[...esssupIEtk’a[ sup |Xt—Xg;|2]...H, (2.2)
acA acA tE[tk,tk+1]

where Ey, ,[.] denotes the conditional expectation E[.|F3, , I, = a]. We also denote by Ey, [.]
the conditional expectation E[.|F,]. Since Iy, is F;, -measurable, and by the law of iterated
conditional expectations, we notice that

E| sw [X-X7["] < &), k<n
te|

trotryi]

Lemma 2.1 We have

s < .
max & (X) < Cilr|

Proof. From the definition of the Euler scheme, and under the growth linear condition in
(H1), we easily see that

B, 1%, 1] < e+ X)), k<n. (2.3)

From the definition of the continuous-time Euler scheme, and by Burkholder-Davis-Gundy
inequality, it is also clear that

Etk[ sup | XT — X 2] < C(1+ |XT 2)|7T|, k<n. (2.4)
tE[tk7tk+1]

We also have the standard estimate for the pure jump process I (recall that A is assumed
to be compact and A(A) < c0):

Etk[ sup |Is_Itk|2:| < Cylnl. (2.5)
t€[thstrs1]



Let us denote by AX; = X; — X7, and apply [t6’s formula to |AX;|? so that for all ¢ €
[k, tit]:

t
IAX)2 = |AX, |2 +/ 2(b(Xs, Is) — b(XT, 11,))-AXs + |0(Xs, I,) — o(XF, I, )| *ds

g

Lo / (AKX (0(Xo, 1) = 0(XT 1))V,

ty

t
IAX, [P+ Cr | |AX + |XT — XT )P+ |1 — I, |°ds

ty

+ Z/t(AXs)’(a(Xs, I,) — o(X] Iy, ) dWs,

ty

IN

from the Lipschitz condition on b, o in (H1). By taking conditional expectation in the
above inequality, we then get:

t
By [JAXP] < 18X, P+ Cr [ By [IAX 4 |XT - XL 4|1 - 1, Plds
tr
k i ) .
< JAX, P+ i1+ KT )|7r|2+01/ By, [|AXA[2]ds, t € [ty e,
g

by 2:4)-(235). From Gronwall’s lemma, we thus deduce that
E,, “AthH 12} < ClAX, P+ (1 + | X P) AP, K <n. (2.6)
Since the right hand side of (2.6l does not depend on I, , this shows that

esssupEy, , []AthH ]2] < “mlAX, |24+ 011 + | X7 |2)]7T]2.
acA

By taking conditional expectation w.r.t. F;, | in the above inequality, using again estimate
(26]) together with (23] at step k—1, and iterating this backward procedure until the initial
time tg = 0, we obtain:

E[esssupEtl,a[...esssupEtk’a“AthHm ]]
acA acA

c 2 oy e —1
eMA X + Ci (1 + | Xo?) P~
eCrlrl — 1

< Cylml, (2.7)

IN

since AXy = 0 and n|x| is bounded.
Moreover, the process X satisfies the standard conditional estimate similarly as for the
Euler scheme:

By, “thﬂ ‘2] < Cl(l + ‘thf)v

Ey, [ sup ‘Xt — th‘z] < Ci(1+ ‘th|2)|7r|, k <n,
t€ty trr1]

from which we deduce by backward induction on the conditional expectations:

E[esssupEtl,a[...esssXpE%a[ sup ‘Xt—thm...]] < Ciln|. (2.8)
ac

acA tE[tp,tpt1]

7



Finally, by writing that sup,p, ¢, | Xt — XTP < 28UPsefry b ) [ Xt — X 2 + 2AXy,,
taking successive condition expectations w.r.t to F;, and essential supremum over I;, = a,
for £ going recursively from k to 0, we get:

Etk[ sup th—Xg;ﬂ < 2E{esssupEt17a[...esssupEtk,a[ sup !Xt—thﬁ...]]

L€ty tp11] acA acA L€ty tpi1]

+ 2E [ess supEy, o [ ...esssuplEy, | 4 UAth \2] . ]]
acA acA

< Cl|ﬂ-|7

by 27)-(2.8]), which ends the proof. O

3 Discretely jump-constrained BSDE

Given the forward regime switching process (X,I) defined in the previous section, we
consider the minimal quadruple solution (Y, Z, U, K) to the BSDE with nonpositive jumps:

Y, = g(Xp)+ [ F(Xe, L, Ys, Z)ds + Kr — K,
— [ Zaw, — [T [, Us(a)i(ds,da), 0<t<T. (3.1)
Ut(a) < 07

By solution to ([B.), we mean a quadruple (Y, Z,U, K) € 82 x L2 (W) x L?(j1) x K2, where
S? is the space of cad-lag or cag-lad F-progressively measurable processes Y satisfying ||Y||?
= E[supse(o1 [V;|?] < oo, L2(W) is the space of R-valued P-measurable processes such
that ||Z||2L2(W) = E[fOT |Z;|2dt] < oo, L?(f1) is the space of real-valued P ® B(A)-measurable
processes U such that ||U||2L2(;1) = E[f(;r [ [Ut(a)]*A(da) dt] < oo, and K? is the subspace
of 8? consisting of nondecreasing predictable processes such that Ky = 0, P-a.s., and the
equation in (3] holds P-a.s., while the nonpositive jump constraint holds on Q x [0,7] x A
a.e. with respect to the measure dP ® dt ® A(da). By minimal solution to the BSDE (L3)),
we mean a quadruple solution (Y, Z,U, K) € S? x L*(W) x L?(ji) x K? such that for any
other solution (Y',Z’,U’, K') to the same BSDE, we have P-a.s.: Y; <Y/, t € [0,T].

In the rest of this paper, we shall make the standing Lipschitz assumption on the
functions f : R x A x R x R — R and ¢ : R — R.

(H2) There exists a constant Lo such that
’f(ﬂf,a,y,z) - f(xlva/vy/azl)’ + ‘g(ﬂ?) - g(x/)‘ < LQ("T - JZ‘/’ + ’CL - a/’ + ’y - y/’ + ’Z - Z/’)a

for all z, 2’ € RY, v,y € R, 2,2 € R% a,d’ € A. In the sequel, we shall denote by C a
generic positive constant which depends only on Ly, Lo, T, (Xo,Iy) and A(A) < oo, and
may vary from lines to lines.

Under (H1)-(H2), it is proved in [I3] the existence and uniqueness of a minimal solution
(Y, Z,U,K) to (B). Moreover, the minimal solution Y is in the form

Y, = u(t,Xy), 0<t<T, (3.2)



where v : [0,T] x R? — R is a viscosity solution with linear growth to the fully nonlinear
HJB type equation:

— SUPgea [E“v + f(x,a,v,aT(x,a)va)] = 0, on[0,7) X R, (3.3)
v(T,z) = g, on RY ’
where
“ ov 1 9
L% = 5 + b(z,a).Dyv + §tr(00’T(:17, a)D;v).

We shall make the standing assumption that comparison principle holds for ([B3]).

(HC) Let w (resp. w) be a lower-semicontinuous (resp. upper-semicontinuous) viscosity
supersolution (resp. subsolution) with linear growth condition to [B3]). Then, w > w.

When f does not depend on y, z, i.e. (B3] is the usual HJB equation for a stochastic
control problem, Assumption (HC) holds true, see [I1I] or [I9]. In the general case, we
refer to [9] for sufficient conditions to comparison principles. Under (HC), the function v
in ([:2) is the unique viscosity solution to ([B.3)), and is in particular continuous. Actually,
we have the standard Holder and Lipschitz property (see Appendix in [I7] or [4]):

o(t,z) —o(t,a)| < C(t—F|2+]z—2'), (tt)e0,T],z,2' eR:  (3.4)

This implies that the process Y is continuous, and thus the jump component U = 0. In
the sequel, we shall focus on the approximation of the remaining components Y and Z of
the minimal solution to (B3I).

We introduce in this section discretely jump-constrained BSDE. The nonpositive jump
constraint operates only at the times of the grid m = {tp =0<t; < ... <t, =T} of [0,T],
and we look for a quadruple (Y™, Y™, Z™ U™) € S? x 8? x L?(W) x L?(fi) satisfying:

Vi o= VF = o(Xn) (35)
and
tht+1
yro— ytgﬂju/ F(Xo I, VT, 25)ds (3.6)
t
tei1 Tt
—/ Z;rdWS—/ /L{g(a)ﬂ(ds,da),
t t A
AR yf]l(tmtkﬂ)(t)—i—esssXpE[yﬂXt,It = |1y, (3.7)
ac

for all t € [tg,tg+1) and all 0 < k <n — 1.

Notice that at each time ¢ of the grid, the condition is not known a priori to be
square integrable since it involves a supremum over A, and the well-posedness of the BSDE
BR)-B0)-B1) is not a direct and standard issue. We shall use a PDE approach for
proving the existence and uniqueness of a solution. Let us consider the system of integro-
partial differential equations (IPDEs) for the functions v™ and 9™ defined recursively on
[0, 7] x R? x A by:



e A terminal condition for v™ and ¥™:
v (T,z,a) = O°(T,x,0) = g(x), (r,a)cRIxA, (3.8)
e A sequence of IPDEs for 9™

— L9 — f(a;, a, 9", o7 (x, a)Dxﬁ“)
- fA (ﬁﬂ(taxa a/) - ﬁﬂ(taxa a)))‘(da/) = 0, (t,x,a) S [tkvtk-l—l) x R% x A7 (39)
U™ (115 %,a) = SuPgeq V" (tht1, 2, a) (z,a) €R? x A
fork=0...,n—1,
e the relation between v™ and J™:
vt a) = OT(txa) g, g, ) () + suP4 O™ (t,z,a )Ly (1) (3.10)
a'e

for all t € [tg,tgr1) and kK = 0...,n — 1. The rest of this section is devoted to the proof
of existence and uniqueness of a solution to (3.8])-(B.9)-(BI0), together with some uniform
Lipschitz properties, and its connection to the discretely jump-constrained BSDE (B.5])-

B.6)-@B.2).
For any L-Lipschitz continuous function ¢ on R% x A, and k < n — 1, we denote:

Tﬁ-[@](t,$,&) = w(t7$aa)7 (t,x,a) S [tkytk-l-l) X Rd X A7 (311)

where w is the unique continuous viscosity solution on [ty, tx11] X R% x A with linear growth
condition in x to the integro partial differential equation (IPDE):

— L%y — f(x7 a,w, O-Twa)
— [ (w(t,z,d) —w(t,z,a))A(dd) = 0, (t,2,a) € [ty ty1) xR x A, (3.12)
w(ty, . 2,a) = ¢(z,a), (r,a) eRIx A,

and we extend by continuity T [¢](tx41,2,a) = @(x,a). The existence and uniqueness of
such a solution w to the semi linear IPDE (B.12]), and its nonlinear Feynman-Kac repre-
sentation in terms of BSDE with jumps, is obtained e.g. from Theorems 3.4 and 3.5 in

3].

Lemma 3.1 There exists a constant C' such that for any L-Lipschitz continuous function
@ onRYx A, and k < n —1, we have

|Tﬁ[90](t7x7a) - Tfr[(p](tv$l7a/)| < maX(Lv 1) \% 1+ |7T|eC|7r‘(|$ - $l| + |CL - a/|) ’
for all t € [ty,trs1), and (z,a), (z',a') € RY x A.

Proof. Fixt € [t;,tjr1), k <n—1, (z,a),(2/,a’) € R¥x A, and ¢ an L-Lipschitz continuous
function on R? x A. Let (Y, Z%,U%) and (Y¥',Z#',U?") be the solutions on [t,t;41] to

10



the BSDEs

tet1
e = (kaif,lfk‘il) / F(Xboe b Y9 Z9)dr
tet1 tet1
— / Z2dW, — / / Uf(e)p(dr,de), t<s<tgy1,
@, t,a'a’ yt,a’ bt t,x'a' rta e, 7o)
Y = (th“ ’Itk+1) f(X VS /A )d?‘

tet1 tet1
— / Z“D’ dW, — / / U“O’ a(dr,de), t<s<tpi

From Theorems 3.4 and 3.5 in [3], we have the identification:
VP = TEgl(t,z,a) and Y® = TE[Q|(ta,d). (3.13)

We now estimate the difference between the processes Y ¥and Y“D’/, and set Y = YQO—YW,
629 = 79 — 7% §X = Xtwa _ xtahd' §7 — ha _ Jha’ By 1t5’s formula, the Lipschitz
condition of f and ¢, and Young inequality, we have

E[MY;”\Q] +E[/k 62| ds] < L2E[15XT12+15[T1 +C/ \Wﬂ ]

S

1 Lot
4 / (16X, + |81, 2 + 627 )dr ],

for any s € [t, tx11]. Now, from classical estimates on jump-diffusion processes we have

sup IE[|5X,1|2 + |5Ir|2} < ec‘”|(|:17 —2')? + |a—d|?),
rE€[ttr11]

and thus:
tet+1
E[lov#?] < (224 n)e (jo - 2/ + |a - o') + c/ E[|6v,# 2] dr
for all s € [t,tg4+1]. By Gronwall’s Lemma, this yields

sup E|0VEP] < (124 |a)e® (jo = o' + o — o),
s€[t,tpq1]

which proves the required result from the identification (BI3]):

|Tfr[90](tv$v a) - Tﬁ[@](tl‘/’a/ﬂ < V L? + |7T|€C|7r‘(|33 - l‘/| + |a — CZ/|)
< max(L,1)\/1+ [x[e“"(jz — 2'| + |a — d/]).

|

Proposition 3.1 There exists a unique viscosity solution U™ with linear growth condition
to the IPDE B3)-B9), and this solution satisfies:

|97 (t,z,a) — 9™ (t, 2", a’)|
n—k
< max(Lg,l)\/(e2C7T|(1+ \ﬂ\)) (Jz — 2’|+ |a — d']), (3.14)

forallk =0,...,n—1, t € [tp,trr1), (z,0a),(z',d') € R x A.

11



Proof. We prove by a backward induction on k that the IPDE (B.8))-([39) admits a unique
solution on [ty, T] x R? x A, which satisfies (B14).

e For k = n—1, we directly get the existence and uniqueness of 9™ on [t,,_1,T] x R?x A from
Theorems 3.4 and 3.5 in [3], and we have 9™ = T?[g] on [t,_1,T) x R? x A. Moreover,
we also get by Lemma 3.1t

|07 (t,z,a) — 97 (t,2’,a’)| < max(La,1)1/e217I(1 + |x|) (|2 — 2| + |a — d'|)

for all t € [tp_1,tn), (z,a), (2',a’) € R? x A.

e Suppose that the result holds true at step k + 1 i.e. there exists a unique function ¥™ on
[tri1, T] x RY x A with linear growth and satisfying B:8)-@3) and [BI4). It remains to
prove that 97 is uniquely determined by B3) on [tg,trs1) x R x A and that it satisfies
BI) on [t tre1) x R x A. Since 9™ satisfies (B.14) at time 5, we deduce that the
function

¢k+1(3§‘) = Supﬁﬂ(tkﬁ-l)x)a)v T € Rda
acA

is also Lipschitz continuous, and satisfies by the induction hypothesis:

[Yk+1(2) = Yrpa ()] < max(Lo, 1)\/(€2C”|(1 + \ﬂ))n_k_l\x —a,  (3.15)

for all 2,2’ € R?. Under (H1) and (H2), we can apply Theorems 3.4 and 3.5 in [3], and we
get that ¥ is the unique viscosity solution with linear growth to 3) on [ty, tpp1) x R? x A,
with 9™ = TF[¢.,1]. Thus it exists and is unique on [ty, 7] x R? x A. From Lemma B.1]

and ([BI5), we then get
|197T(t7 €, a) - 197T(t7 ‘/Elv a/)| = |T£ W)k-i-l](tv T, a) - Tﬁ [¢k+1](tv ‘/Elv a/)|
n—k—1
max(La, 1)\/(62C7T|(1 + |7T|)>

A/ (L + [x)eXCl|(|z — 2| + |a — d|)

IN

IN

max(La, 1)\/<€20ﬂ|(1 + |7T|)>n_k(|:17 — |+ |a—dl)

for any t € [tg,tpy1) and (z,a),(2',a’) € R? x A, which proves the required induction
inequality at step k. O

Remark 3.1 The function a — 9™ (¢,z,.) is continuous on A, for each (t,z), and so the
function v™ is well-defined by [BI0). Moreover, the function 9™ may be written recursively

as:
9(T,.,.) = R x A,
@) =9 on . (3.16)
9T = Tﬂ[v”(tk_i_l, )], on [tkytk-i-l) x R% x A,
for k =0,...,n — 1. In particular, 97 is continuous on (t,tpr1) x R¥ x A, k <n—1. O

As a consequence of the above proposition, we obtain the uniform Lipschitz property
of 9™ and v™, with a Lipschitz constant independent of .
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Corollary 3.1 There exists a constant C' (independent of |7|) such that
|07 (t,z,a) — " (t, 2", d")| + V" (t,z,a) — 0" (¢, 2", d)] < C(lz—2|+ |a—d),
for allt € [0,T], z,2' € R?, a,a’ € RY.

Proof. Recalling that n|r| is bounded, we see that the sequence appearing in (B.I4]):
((€2C‘W|(1 + ]ﬂ]))n_k>0<k< is bounded uniformly in |7| (or n), which shows the required
Lipschitz property of ﬁ%._éliilce A is assumed to be compact, this shows in particular that
the function v™ defined by the relation (BI0) is well-defined and finite. Moreover, by noting

that

|sup 9" (t, 2, a) —sup V" (t,2’,a)] < sup |07 (t,x,a) — I"(t,2’, a)
acA a€A acA

for all (t,z) € [0,T] x R%, we also obtain the required Lipschitz property for v™. O

We now turn to the existence of a solution to the discretely jump-constrained BSDE.

Proposition 3.2 The BSDE BA)-@B0)-B1) admits a unique solution (Y™, Y™, Z™ U™)
in 8% x 82 x L>(W) x L%(j1). Moreover we have

yzr = lgw(t,Xt,It), and Y;ﬂ = 'Uﬂ—(t,Xt,It) (317)
for all t € [0,T].

Proof. We prove by backward induction on k that (Y7, Y™, Z™,U™) is well defined and
satisfies (BI7) on [tg, T
e Suppose that k = n — 1. From Corollary 2.3 in [3], we know that (Y™, Z™,U™), exists

and is unique on [t,—1,T]. Moreover, from Theorems 3.4 and 3.5 in [3], we get VJ =
Trg](t, X¢, Iy) = 97 (t, X¢, I;) on [t,_1,T]. By @), we then have for all t € [t,_1,T):

Y = A, (@) 97t X, It) + 1y, (t) ess s{141p V" (t, Xty a)
ac

= L, )@) 97, Xe, I) + 1y, (2) Slelgﬁ“(t,Xt,a) = 0" (t, Xy, Iy),
a

since the essential supremum and supremum coincide by continuity of a — 9™ (¢, Xy, a) on
the compact set A.

e Suppose that the result holds true for some k& < n — 1. Then, we see that (Y™, Z™,U™) is
defined on [t;_1, tx) as the solution to a BSDE driven by W and fi with a terminal condition
v” (tg, X, ). Since v™ satisfies a linear growth condition, we know again by Corollary 2.3
in [3] that (Y™, Z™,U™), thus also Y™, exists and is unique on [tx_1,t;). Moreover, using
again Theorems 3.4 and 3.5 in [3], we get (BIT) on [ti—1, k). O

We end this section with a conditional regularity result for the discretely jump-constrained
BSDE.
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Proposition 3.3 There exists some constant C' such that

sup By [[VF = V5Pl + swp By [|V7 -V, 7] < CO+[Xy ),
te(te tir1) te(tr tet1]

forallk =0,...,n—1.

Proof. Fix k < n — 1. By Ito’s formula, we have for all ¢ € [t, tx11):

t
By (07 —VEP] = 2By [ [ F(Xo T, V7, 2D — V0)ds]

g

e[ [z v [ [ pe@paos)

IN

Etk[ t:\yg_y;;\?]Jrcywy(HEtk[ sup !Xs!2]>

S€[tthy1]

+ClrfBy [ swp (D7P+ 12 + [ @A),

S€[t,thy1]
by the linear growth condition on f (recall also that A is compact), and Young inequality.

Now, by standard estimate for X under growth linear condition on b and o, we have:

Etk[ sup |Xs|2} < C(1+ X ). (3.18)

Se[tk,tk+1}

We also know from Proposition 4.2 in [7], under (H1) and (H2), that there exists a
constant C' depending only on the Lipschitz constants of b, o f and v™ (tx11,.) (which does
not depend on 7w by Corollary B1]), such that

By s (WP izP s [ @PA@W)] < cO+IXP).  (319)

S€ [t thy1]

We deduce that
t
B 0F VP < Bl [ 7 - VEP]+ Clrl+ X ),
k
and we conclude for the regularity of Y™ by Gronwall’s lemma. Finally, from the definition

Ba)-B.7) of Y™ and Y™, Ito isometry for stochastic integrals, and growth linear condition
on f, we have for all t € (t,tr11):

tet+1
< ag, [ [ (01 E ZDP + 12T+ [ @A) )as]
tr A

< Ol [t+ swp (IXP+IP+IZTP+ [ U @P )]
S€ [t thy1] A

< Olrl(1+ Xy, ),

where we used again (BI8) and (BI9). This ends the proof. O
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4 Convergence of discretely jump-constrained BSDE

This section is devoted to the convergence of the discretely jump-constrained BSDE towards
the minimal solution to the BSDE with nonpositive jump.

4.1 Convergence result

Lemma 4.1 We have the following assertions:
1) The familly (9™); is nondecreasing and upper bounded by v: for any grids © and @' such
that # C 7, we have

O (t,x,a) < O (t,x,a) < o(t,x), (tx,a) €0, T] xR x A .

2) The familly (97), satisfies a uniform linear growth condition: there exists a constant C
such that

07 (t,2,0)] < C(A+ |z]),
for any (t,z,a) € [0,T] x R x A and any grid .

Proof. 1) Let us first prove that 9™ < v. Since v is a (continuous) viscosity solution to the
HJB equation B3], and v does not depend on a, we see that v is a viscosity supersolution
to the IPDE in (0) satisfied by 9™ on each interval [ty,txy1). Now, since v(T,z) =
9"(T,x,a), we deduce by comparison principle for this IPDE (see e.g. Theorem 3.4 in
[B]) on [t,_1,T) x R? x A that v(t,x) > 9™(t,x,a) for all t € [t,_1,T], (v,a) € R? x A.
In particular, v(t, _;,2) = v(th—1,2) > supyeq 9" (th—1,2,a) = V" (t,_;,z,a). Again, by
comparison principle for the IPDE B3) on [t,_o,t,_1) X R? x A, it follows that v(t,z)
> 97 (t,x,a) for all t € [t,_o,t, 1], (x,a) € R? x A. By backward induction on time, we
conclude that v > 9™ on [0,7] x R¢ x A.

Let us next consider two partitions m = (tx)o<k<n and 7’ = (¢} )o<kp<n’ of [0,7] with 7
C 7', and denote by m = max{k < n’ : ¢/, ¢ w}. Thus, all the points of the grid = and

7' coincide after time ¢/, and since 9™ and 9™ are viscosity solution to the same IPDE

ms
B9) starting from the same terminal data g, we deduce by uniqueness that 9™ = 9™ on
[t1,,T] x RY x A. Then, we have 97 (-, x,a) = supgeq 0™ (th,, x,a) = supyeq 9" (th,, T, a)
> 97(t,,x,a) since Y7 is continuous outside of the points of the grid = (recall Remark
B). Now, since 9™ and 9™ are viscosity solution to the same IPDE @3) on [t 1, tm),
we deduce by comparison principle that 9™ > 97 on [t 1, th,] % R? x A. Proceeding by

backward induction, we conclude that 9™ > 9™ on [0, 7] x R? x A.
2) Denote by my = {top = 0,t; = T'} the trivial grid of [0,7]. Since ¥™ < ¢™ < v and Y™
and v satisfy a linear growth condition, we get (recall that A is compact):

(07t z,0)] < 97t 2, 0) + (ot z)] < C(1+ |z)),
for any (t,z,a) € [0,T] x R? x A and any grid =. O

In the sequel, we denote by ¥ the increasing limit of the sequence (97), when the grid
increases by becoming finer, i.e. its modulus |7| goes to zero. The next result shows that
1 does not depend on the variable a in A.
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Proposition 4.1 The function ¥ is l.s.c. and does not depend on the variable a € A:

It ,z,a) = I(t,xd), (tz)el0,T]xR a,d € A.

To prove this result we use the following lemma. Observe by definition ([B.I0) of v™ that
the function v™ does not depend on a on the grid times 7, and we shall denote by misuse
of notation: v™(t,x), for k < n, x € R%

Lemma 4.2 There exists a constant C' (not depending on ) such that
97 (t,2,0) — v (tps1,2)| < C(+|z|)|x|2
forallk =0,...,n—1,t¢€ [ty,tpr1), (r,a) € R? x A.

Proof. Fix k=0,...,n—1,t € [ty, t;r1) and (z,a) € R?x A. Let (), Z,U) be the solution
to the BSDE

tet1 o
Vs = Uﬂ—(tk—i-laXt’x’a)"i'/ f(Xg’w’an’a,ys,Zs)dS
s

tet1

tr1 trt1 _
_ / 2w, — / / U, (d)ji(ds, da’), s € [t,tpa] .
s A

s

From Proposition B.2] Markov property and uniqueness of a solution to the BSDE (B.5])-
@B8)-B2) we have: Vs = 97 (s, X0 IL%), for s € [t, t;11], and so:

97 (t,2,0) — 0" (tep1, @) = |Vt — 0" (g, )|
< E’Uﬂ(tk-i-l? XZ/;;??) - Uﬂ(tk-l-lv ‘T)’
tht+1 o
+E[/ [P I, 9y 2 |ds| (@)
t

From Corollary Bl we have

E|o (tr1, X5, 00) = 0" (ter, @) < C\EIXS —2?] < CV/lal. (4.2)

Moreover, by the growth linear condition on f in (H2), and on 9" in Lemma [} we have

tr te
E[/m ‘f(stIS,j/S,’ZS)Ms] < CE[/W (1+\X§7x,a‘+‘z~s‘)d8}
t t
By classical estimates, we have

sup B[ XL2P] < O+ |z]?).
s€[t,T)

Moreover, under (H1) and (H2), we know from Proposition 4.2 in [7] that there exists a
constant C' depending only on the Lipschitz constants of b, o f and v™ ({341, .) such that

E[ sup [Z] < C(+][zP).

Se[tk,tk+ﬂ
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This proves that

E[/ttk“ |f(Xs,Is,37$,z~s)\ds} < O +|a|)|n] .

Combining this last estimate with (1)) and (£2), we get the result 0

Proof of Proposition 4.1l The function # is l.s.c. as the supremum of the l.s.c. functions
I, Fix (t,x) € [0,T) x R? and a,a’ € A. Let (P), be a sequence of subdivisions of [0, 7]
such that |7P| | 0 as p T co. We define the sequence (t,), of [0,T] by

tp, = min{ser’ : s>t}, p>0.

Since |7P| — 0 as p — oo we get t, — t as p — +oo. We then have from the previous
lemma:

0™ (t,z,a) — 9™ (t,z,a)] < 97 (t,x,a) — o™ (tp,x)| + [0 (ty,x) — 9™ (t,z,d)]
1
2C| 7P|z .

A

Sending p to oo we obtain that (¢, z,a) = I(¢t,z,d’). |

Corollary 4.1 We have the identification: ¥ = v, and the sequence (v™), also converges
to v.

Proof. We proceed in two steps.
Step 1. The function ¥ is a supersolution to [B3]). Since ¥+ (T,.) = g for all k > 1, we
first notice that ¥(7,.) = g. Next, since ¥ does not depend on the variable a, we have

I (t,z,a) 1+ I(t,z) as |n| | O

for any (t,z,a) € [0,T] x R x A. Moreover, since the function ¥ is l.s.c, we have

¥ = ¥, = liminf, 97", (4.3)
|7|—0
where
liminf 9™ (¢, 2,a) = lim inf I (t, 2 d)), (t,z,a) € [0,T] x R x RY .
0 || — 0
‘T(l_) (t’,x’,a/’) — (t,z,a)
tt < T

Fix now some (t,x) € [0,7] x RY and a € A and (p,q, M) € J>~9(t,r), the limiting
parabolic subjet of ¥ at (¢, z) (see definition in [9]). From standard stability results, there
exists a sequence (g, tg, Tk, Ak, Pk, @k, My )i such that

(Pr> Qs Mi) € T 0™ (g, ap, ag)
for all £ > 1 and

(tg, Tk, ag, V" (tg, 2k, ar)) — (L, a,9(t,x,a))  as k — oo, |mg| — 0.
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From the viscosity supersolution property of 9™+ to ([B.9) in terms of subjets, we have
—pr — b(z, ag).qr — %tr(UUT(xk, ag) M) — f(xr, ar, 9™ (tg, Tx, ap), 07 (x, ax)qr)
— /A (ﬁ”k(tk,mk, a') — 9™ (tk,a;k,ak)))\(da') > 0
for all £ > 1. Sending k to infinity and using ([{3]), we get
—p—"b(z,a).q — %tr(acﬂ(aﬁ, a)M) — f(z,a,9(t,x),07(z,a)g) > O.
Since a is arbitrary in A, this shows

—p —sup [b($7 a)'q + %tr(UJT ($7 a)M) + f(l‘, a, 19(757 l‘), o’ ($7 a)Q)] > 07
acA

i.e. the viscosity supersolution property of ¢ to (3.3)).

Step 2. Comparison. Since the PDE (B.3]) satisfies a comparison principle, we have from
the previous step ¥ > v, and we conclude with Lemma Tl that ¢ = v. Finally, by definition
BI0) of v™ and from Lemma 1] we clearly have 9™ < v™ < v, which also proves that
(v™),; converges to v. O

In terms of the discretely jump-constrained BSDE, the convergence result is formulated
as follows:

Proposition 4.2 We have Y] <Y,/ <Y, 0<¢t < T, and

T
E| sup |Yt—yf|2] —I-E[ sup |Yt—Yt7r|2] +E[/ |Z, — ZT|)?dt| — 0,
te[0,T te[0,T 0

as || goes to zero.

Proof. Recall from ([3.2) and (3I7) that we have the representation:
Y;g = ’U(t,Xt), Y;ﬂ == ’Uﬂ(t,Xt,It), yf == ﬁ(t,Xt,It), (44)

and the first assertion of Lemma ({Il), we clearly have: Y[ <Y <VY;,, 0 <t < T.
The convergence in S? for Y™ to Y and Y™ to Y comes from the above representation
([@4]), the pointwise convergence of ¥™ and v™ to v in Corollary Il and the dominated
convergence theorem by recalling that 0 < (v —v™)(t,x,a) < (v —97)(t,z,a) < v(t,z) <
C(1 + |x|). Let us now turn to the component Z. By definition (B.35)-(B.6)-(B.1) of the
discretely jump-constrained BSDE we notice that )™ can be written on [0,7] as:

T T T
Vi g(Xr) + / (X, L,V 2T) / ZTaw, - / / U™ (a)ids, da) + K — KT,
t t t A

where K7 is the nondecreasing process defined by: Kf = >, (Y7 — V), for t € [0,T].
Denote by Y =Y — Y™, 0Z =72 —Z", U = U — U™ and 6K = K — K™. From Ito’s
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formula, Young Inequality and (H2), there exists a constant C' such that

E|[lsvi] + %E[/tT 62, %ds] + %E[/tT 18U (@) A(da)ds]

< c/tTE[!mﬂds + %ELSEPT] \Wsy?} + EE“M{T - 5Kt|2] (4.5)

for all t € [0,7T], with ¢ a constant to be chosen later. From the definition of K we have
T
K~ 0Ky = 0%~ [ (F(Xa Y )~ F(Xe L VT 2))ds
t

T T
—I-/ 5stWs+/ /5Us(a),&(ds,da).
0 t A

Therefore, by (H2), we get the existence of a constant C’ such that

E[\aKT —5Kt\2] < C’(ELEE%]MY;F] +E[/tT|5ZS|2ds} +E[/tT|5Us(a)|2)\(da)ds])

Taking € = % and plugging this last inequality in (£3]), we get the existence of a constant
C" such that

E[[wzﬁds]+E[/tT|5Us(a)|2A(da)ds} < C”<EL§}$%|M|2]>’ (4.6)

which shows the L?(W) convergence of Z™ to Z from the S? convergence of Y™ to Y. O

4.2 Rate of convergence

We next provide an error estimate for the convergence of the discretely jump-constrained
BSDE. We shall combine BSDE methods and PDE arguments adapted from the shaking co-
efficients approach of Krylov [I7] and switching systems approximation of Barles, Jacobsen
[4]. We make further assumptions:

(H1’) The functions b and o are uniformly bounded:

sup |b(z,a)| + |o(x,a)] < oo.
zER4 . a€A

(H2’) The function f does not depend on z: f(z,a,y,z) = f(x,a,y) for all (z,a,y,z) €
R? x A x R x R% and

(i) the functions f(.,.,0) and g are uniformly bounded:

sup | f(z,a,0)| + |g(z)] < oo,
zER4 . a€A

(ii) for all (z,a) € R% x A, y > f(z,a,y) is convex.
Under these assumptions, we obtain the rate of convergence for v™ and 9™ towards v.
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Theorem 4.1 Under (H1’) and (H2’), there exists a constant C' such that
0 < w(t,x)—v"(t,z,a) < o(t,z)—9"(t,x,a) < C‘ﬂ"%
for all (t,z,a) € [0,T] x R x A and all grid .

Before proving this result, we give as corollary the rate of convergence for the discretely
jump-constrained BSDE.

Corollary 4.2 Under (H1’) and (H2’), there exists a constant C' such that

1
5

T
E[ sup [Vi— V7P| +E[ sup [¥i - ¥7?] +E[/ 2~ 27 Pdt] < Cir
te[0,7 te[0,7 0

for all grid m.

Proof. From the representation ([@4]), and Theorem [L1] we immediately have

E[ sup |Yt—yf|2] —I—E[ sup |Yt—Yt7r|2} < C|7T|%. (4.7)
t€[0,T] t€[0,T7]
Finally, the convergence rate for Z follows from the inequality (4.6]). O

Remark 4.1 The above convergence rate |7T|% is the optimal rate that one can prove
in our generalized stochastic control context with fully nonlinear HJB equation by PDE
approach and shaking coefficients technique, see [17], [4], [10] or [20]. However, this rate
may not be the sharpest one. In the case of continuously reflected BSDEs, i.e. BSDEs
with upper or lower constraint on Y, it is known that Y can be approximated by discretely
reflected BSDEs, i.e. BSDEs where reflection on Y operates a finite set of times on the
grid m, with a rate \71\% (see [1]). The standard arguments for proving this rate is based
on the representation of the continuously (resp. discretely) reflected BSDE as optimal
stopping problems where stopping is possible over the whole interval time (resp. only on
the grid times). In our jump-constrained case, we know from [I3] that the minimal solution
to the BSDE with nonpositive jumps has the stochastic control representation (L2]) when
f(x,a) does not depend on y and z. It is also possible to prove an analog representation
for discretely jump-constrained BSDESs, and we believe that this can be used for improving
the rate of convergence, see Remark O

The rest of this section is devoted to the proof of Theorem Il Recalling that A is
compact and since o, b and f are Lipschitz in (z,a), we are allowed to apply the switching
system method of Barles and Jacobsen [4], which is a variation of the shaken coefficients
method and smoothing technique used in Krylov [I7], in order to obtain approximate
smooth subsolution to (3.3]). By Lemmas 3.3 and 3.4 in [4], one can find a family of smooth
functions (we)o<e<1 on [0,7] x R? such that:

sup |we| < C, (4.8)
[0,T] x R4
sup Jwe —w| < Ces, (4.9)
[0,T] x R4
sup ]E?fngwE] < 051_250_2?:1 ﬁia BO € N7 /8 = (517 75[1) € Nd7 (410)
[0,T] x R4



for some positive constant C' independent of ¢, and by convexity of f in (H2?)(ii), for any
e € (0,1], (t,x) € [0,T] x R%, there exists a; . € A such that:

—Lmcwe(t @) — (2, e, welt, 7)) > 0. (4.11)

Recalling the definition of the operator T in (BI1)), we define for any function ¢ on
[0, 7] x R x A, Lipschitz in (z,a):

Trlol(t,z,a) = Tfr[gp(tkﬂ, SOt x,a),  tE [tk tgr1), (z,a) € R? x A,

for k=0,...,n—1, and

Sll(ta) = et - Tt
it = (L% (@) + fla,0,0(t,2)) .
for (t,x,a) € [ty tpr1) X R x A, k <n— 1.
We have the following key error bound on S;.
Lemma 4.3 Let (H1’) and (H2’) (i) hold. There exists a constant C' such that
Selel b)) < C(IrlEA+e) +Imle™), (ta,a) € [0,T] x R x 4,

for any family (¢.)e of smooth functions on [0,T] x RY satisfying @ER) and @EI0).

Proof. Fix (t,z,a) € [0,T] x R? x A. If t = T, we have |S;[¢.](t,z,a)| = 0. Suppose that
t < T and fix kK < n such that t € [tg,tx11). Given a smooth function ¢, satisfying (48]

and ([{I0), we split:

Seleel(t,z,0)] < Aclt, 2, a) + Be(t, 2, a),

where
HUEDNES % Talipel (¢, @) = E[fpe (b, X0270] = (et =D f (0, 02(8,2) |
and
Beftw,0) = o [Eln(tion, XET] - pelt3) = (ths — DLu(0,3)].

and we study each term A. and B. separately.

1. Estimate on A.(t,z,a).
Define (Y'¥<, Z%<,U%<) as the solution to the BSDE on [t, tj1]:
tet1

Ve = et XD+ [ OO 1 Y

S

trt1 tet1
- / 2824w, — / / U (@)ji(dr,da) , s € [tter].  (4.12)
s A

S
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From Theorems 3.4 and 3.5 in [3], we have Y;”* = T, [p:](¢, z,a), and by taking expectation
in (£I2), we thus get:

th+1

th+1
Y = Talp(t@,0) = Elpe(tin, Xi50] +E| / FXEm, 10, Y 2% ds|
t

and so:

1 tet1
Aa(tuxua) < WE[/ |f(X£7x7a7[§7a7§/5¢5) _f(xuau Qoa(th))‘ds}
0 t
< C(E[ sup |X0% —af + |1 —a] +E[ sup [VF" — gelt2)]).
SE[t,t41] s€[t,tk+1]
by the Lipschitz continuity of f. From standard estimate for SDE, we have (recall that the
coefficients b and o are bounded under (H1’) and A is compact):
E[ sup |X0%%—z|+ [l —a|] < Clrl2. (4.13)
s€[t,try1]
Moreover, by ([@I2]), the boundedness condition in (H2’)(i) together with the Lipschitz
condition of f, and Burkholder-Davis-Gundy inequality, we have:

E| swp [V —utd)| < Ellpalton, X550 - po(t,)]]
s€[t,ty1]

—|—C’|7T|E[1+ sup |Y.f€|]

s€[ttp11]
+ Ol (B[ swp 1281 +E[ sup / [UF* (@)*A(da))).
Se[t,tk+1} Se[t tk+1

From standard estimate for the BSDE (412, we have:

E[ sup ]YS%P] < C,
s€[t,tgq1]
for some positive constant C' depending only on the Lipschitz constant of f, the upper
bound of |f(z,a,0,0)] in (H2”)(i), and the upper bound of |¢.| in ([@8]). Moreover, from
the estimate in Proposition 4.2 in 7] about the coefficients Z¥< and U%¥< of the BSDE with
jumps ([@I2)), there exists some constant C' depending only on the Lipschitz constant of
b,o, f, and of the Lipschitz constant of ¢, (tx11,.) (which does not depend on e by (@I0])),
such that:
E[ sup |Z¢]+ sup / |U#2(a)]*\(da)] < C.

Se[t,tk+1} Se[t tk+1

From (I0), we then have:

E| sup |V — gpe(t,x)\] < C(|thsr — tle~t +E[[kaif —a|] + |=|)
s€[t,thy1]

IN

C|7T|% (1+ 6_1),
by ([@I3]). This leads to the error bound for A.(¢,z,a):

A(t,w,a) < Clrlp(1+eh).
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2. Estimate on B:(t,x,a).
From Ito’s formula we have

1 trt1 ta
B.(t,x,a) = W‘E[/t (ﬁjs gog(S,Xg’x’“)—£“<,0€(t,:17))ds”

< Bal(t,m,a)—l—Bf(t,x,a)
where
1 1 bt t,x,a 71t,Q t,x,a
Bl(t,x,a) = WE[/ (b(XE™ I0") — bz, a)).Dape (s, X 5™
t
1
+ itr[(aaT(Xz’x’“, ") — O'UT(ﬂj,a))Dggog(t,:E)] ‘ds}
and
2 1 Pt ~a t,z,a ra
Bs(t7x7a) = HE[/ “Ct,gcQDE(‘S?X; ’ )—Emcpa(t,x)‘ds} ’
t

with ﬁ?x defined by

O
ot

Under (H1), (H1’), and by (4I0), we have

N 1
Zx‘:pa(tla x/) = (t/7 x,) + b(x7 a)'D:c(Pa(t/7 x,) + §tr(O'O'T(x7 a)D?c‘PE(t,a x/))

Bel(ta$7 (1) < C(l + 6_1)E sup |X§,ﬂc,a - $| + |I§,a _ a|]
Se[t,tk+1]

< O +ebalz,

where we used again (£I3). On the other hand, since ¢, is smooth, we have from Itd’s
formula

1 tet1 S ta s
B(t,z,a) = —E[/ / L2 o, Xﬁvmva)dr‘ds} .
|| t t ’
Under (H1’) and by (£I0]), we then see that
Blt,e,a) < Clrle,
and so:
Bi(t.w,a) < O(Imf3(147) +[nle™?).

Together with the estimate for A.(t,x,a), this proves the error bound for [S;[p:]|(¢,z,a)|.
O

We next state a maximum principle type result for the operator T..

Lemma 4.4 Let ¢ and v be two functions on [0,T] x R x A, Lipschitz in (x,a). Then,
there exists some positive constant C' independent of ™ such that

sup (Tﬂ' [(10] - Tw[w])(t z, a) < ec‘ﬂl sup (90 - Tp)(tk-‘rlv z, a) >
(t,w,a)e[tk,tk+1]XRdxA (w,a)ERdXA

forallk =0,...,n—1.
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Proof. Fix kK < n —1, and set

M = sup (¢ — ) (tgr1,x,a).
(z,a)ERIx A

We can assume w.l.o.g. that M < oo since otherwise the required inequality is trivial. Let
us denote by Av the function

Av(t,z,a) = Trlpl(t,z,a) — T[]t x,a),

for all (t,z,a) € [t,txr1] x R x A. By definition of Ty, and from the Lipschitz condition
of f, we see that Aw is a viscosity subsolution to

—LAv(t,z,a) — C(|Av(t, z,a)| + |[DAv(t, z,a)])
— [, (Av(t,z,d’) — Av(t,z,a))N(da') =0, for (t,z,a) € [tg, tys1) X RE x A,
Av(tgsr,x,a) < M, for (z,a) € R¥ x A.
(4.14)
Then, we easily check that the function ® defined by

O(t,x,a) = MeCltr1=t) (t,z,a) € [tp, tre1] X REx A,

is a solution to

—Lo®(t,z,a) — C(|®(t, z,a)| + |[DO(t, z,a)|)
— [, (®(t,z,d) — ®(t,x,a))A(da') = 0, for (t,z,a) € [tp, tps1) X RY x A, (4.15)
O(tyr1,x,0) = M, for (r,a) €eR? x A.

From the comparison theorem in [3] for viscosity solutions of semi-linear IPDEs, we get
that Av < ® on [ty, try1] x R? x A, which proves the required inequality. O

Proof of Theorem 4.1l By ([B.10) and (3.16]), we observe that v™ is a fixed point of Ty,

1.e.

On the other hand, by ([I1]), and the estimate of Lemma 3] applied to w., we have:
we(t,z) — Trlw)(t,z,a00:) < |7|Selwe](t, 2, a2.) < Clw|S(m,e)

where we set: S(m,¢) = (]77]%(1 +e 1+ |7[2e73). Fix k < n — 1. By Lemma 4], we then
have for all t € [ty tp41], 2 € R%:

We (t7 .Z') - /Uﬂ. (t7 x, at,xya) = We (t7 .Z') - TT( [wa] (t7 x, at75075) + (TW [’U)g] - TW [UW])(t7 z, at,x,a)
< Cln|S(m,e) + e sup  (wo — ") (tpyr, w,0). (4.16)
(z,a)ERIX A

Recalling by its very definition that v™ does not depend on a € A on the grid times of 7,
and denoting then M}, := sup,cpd(we — v™)(tg, z), we have by (£I0) the relation:

M, < C|r|S(me) + 1My .
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By induction, this yields:

Cnlr| _ 1 _
sup (we — ") (1, 7)< Ozl S(m, ) + ¥ sup (we — )T, )
zeRd € -1 zeR?
< O8(me) + C sup (we — v)(T, ),

zcRd

since n|m| is bounded and v(7T,x) = v™ (T, x) (= g(z)). From (49, we then get:
1
3+

sup (v —v")(ty,z) < Cfe

Flrlz(l+e )+ Imle™).
z€R4

By minimizing the r.h.s of this estimate with respect to e, this leads to the error bound
when taking ¢ = |7r|% <1

sup (v — v™)(ty,x) < Cla|b.
z€ERI

Finally, by combining with the estimate in Lemmal[4.2] which gives actually under (H2”)(i):
07 (t,2,0) — v (tp1,2)| < Clml2, t€ [t tar), (2,0) € RY x A,
together with the 1/2-Holder property of v in time (see (B.4))), we obtain:

sup  (v—97)(t,z,a) < CO(lx|D +|x]2) < Clx|m.
(t,z,a)€[0,T]xRIx A

This ends the proof. O

5 Approximation scheme for jump-constrained BSDE and
stochastic control problem
We consider the discrete time approximation of the discretely jump-constrained BSDE in

the case where f(z,a,y) does not depend on z, and define the scheme (Y™, )™ Z™) by
induction on the grid m = {tc =0< ... <ty <...<t, =T} by:

= Vi = g(X7)
372;2 = Etk[ tk+1]+f( tk,Itk,ytk)Atk (51)
Y = esssupEtk, (Vr], k=0,...,n—1,
acA

where Aty = tgy1 — tg, Ey, [] stands for E[.|F, |, and Ey, ,[.] for E[.|F, , I, = al.

By induction argument, we easily see that 37;: is a deterministic function of (Xg,[tk),
while Y;7 is a deterministic function of Xy, for k = 0,...,n, and by the Markov pro-
perty of the process (X™, ), the conditional expectations in (51]) can be replaced by the
corresponding regressions:

Etk [}/tk:Jrl] [ tk+1| t Itk] and Etk,“ [j)g;] = ED};; ‘ch’ Itk = a] :
We then have:

ytk - (thvltk) }/t: = z_}l:(XZZ%
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for some sequence of functions (J7)x and (o)), defined respectively on R? x A and R? by
backward induction:

up(w,a) = If(z) = g(x)
192(:177&) = E 617;-1-1(Xg;+17Itk+1)|(Xz‘17[tk) = (m,a) + f(x,a,z?ﬁ(:n,a))Atk
7(z) = SsupgeaV5(z,a), k=0,...,n—1.

(5.2)
There are well-known different methods (Longstaff-Schwartz least square regression, quan-
tization, Malliavin integration by parts, see e.g. [I, [12], [§]) for computing the above
conditional expectations, and so the functions 52 and 7. It appears that in our context,
the simulation-regression method on basis functions defined on R? x A, is quite suitable
since it allows us to derive at each time step k < n — 1, a functional form ag(x), which
attains the supremum over A in 97 (z,a). We shall see later in this section that the feedback
control (ag(z))x provides an approximation of the optimal control for the HJB equation
associated to a stochastic control problem when f(z,a) does not depend on y. We refer to
our companion paper [14] for the details about the computation of functions 97, vp, ag by
simulation-regression methods, and the associated error analysis.

5.1 Error estimate for the discrete time scheme

The main result of this section is to state an error bound between the component Y™ of
the discretely jump-constrained BSDE and the solution (Y™, ™) to the above discrete time
scheme.

Theorem 5.1 There exists some constant C such that:
— 12 - 2 — 12
E[|vy -¥il’|+ sw B[y ¥ |+ sw B[ -Yif’| < Clnl.
te(tk,tk+1} tE[tk,thrl)

forallk =0,...,n—1.

The above convergence rate |7T|% in the L2—norm for the discretization of the discretely
jump-constrained BSDE is the same as for standard BSDE, see [§], [2I]. By combining
with the convergence result in Section 4, we finally obtain an estimate on the error due to
the discrete time approximation of the minimal solution Y to the BSDE with nonpositive
jumps. We split the error between the positive and negative parts:

Err(Y) := max E[Yt —Y’T2]—|— sup IE[Yt—Y’T 2]—1— sup  E[(v; - V)

+ kgn—1< ( k tk)—f- te(terte] ( tk+1)+ telturtisn) ( tk)—i—

Ern™(Y) := max (E[(Y}k - 37;:)2_] + sup E[(Y} — YZZH)z_] + sup E|(Y;— 371;;)2_
k<n—1 tE (L trr] L[ty tht1)

Corollary 5.1 We have:

En™(Y) < Clrlz.
Moreover, under (H1%) and (H2?),

Er (V) < C|7T|%.
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Proof. Recall from Proposition that Y <Y/ <Y, 0 <t <T. Then, we have:
Ve, —Y0)- < Y7 =Yl =Y, )- < Y7 =Y, |, and (Vg — Vi )- < [Yif = Y] |, for
all k <n—1,and t € [0,7]. The error bound on Err™ (V) follows then from the estimation

in Theorem [B.1l The error bound on Err”™ (Y') follows from Corollary A.2] and Theorem B.11
O

Remark 5.1 Recall that in the particular case where f depends only on (z,a), our discrete
time approximation scheme is a probabilistic scheme for the fully nonlinear HJB equation.
As in [I7], [4] or [10], we have non symmetric bounds on the rate of convergence. For
instance, in [I0], the authors obtained a convergence rate \ﬂ\i on one side and ]77]% on
the other side, while we improve the rate to |7T|% for one side, although the global error is
similar equal to |7T|% However, we point out again that our rate of convergence is derived
without any non degeneracy condition on the controlled diffusion coefficient, and we believe
that this can be improved, see Remark O

Proof of Theorem [B.11

Let us introduce the continuous time version of (5.1J). By the martingale representation
theorem, there exists Z7 € L*(W) and U™ € L?(f1) such that

. . tet1 - trt1 - ~
Ve, = BV [ Fra [ ] drntda), b <n,
k k

and we can then define the continuous-time processes Y™ and Y™ by:

VI = YZEH + (tkrr — 0 f(X] 1y, , VT) (5.3)
thvr1 tet1 "
_ / Zraw, — / /A Ur()i(dt, da),  t€ [tetir),
¢ ¢
" = Y]+ e —OfXE Iy VE) (5.4)

thr1 tet1 B ~
- / Zraw, - / /A U ()i(dt, da),  t€ (b trol,
t t
for k = 0,...,n — 1. Denote by Y/ — Y7 — V7%, §YF — V& — Y& 628 — 25 — 27, 6UF

=UT —UF and 6f, = f( Xy, I;, VT) — S(XT 1, VL) for t € [tg, tyy1). Recalling (3.6) and
(53), we have by It6’s formula:

thet1 tet1
Ay = Ey [|5ygf|2 + / |5Z;r|2d8 + / / |5Z/{;T(a)|2)\(da)ds]
t t A

. 12 le+1 -
= Ey[loYs,,| |]+Etk[/t 253255]’3}(15

for all t € [tg,tr11). By the Lipschitz continuity of f in (H2) and Young inequality, we
then have:

2 Bt 2 c 2
A < By 0V P+ B[ [ alav7 s + Crlsg ]

¢ Bt v |2 2 T T |2
T o A A e ALt
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From Gronwall’s lemma, and by taking n large enough, this yields for all k£ < n — 1:
By [[0V512] < eIy, [I6Y,7,, 7)) + CBy (5.5)

where
Pt G 12 2 2
Be = By [ (X- XEP 4L - P+ 7 - Y P)ds]
ti

< Olrl(By[ sup X, — X7 ) +|ml(1+ X)), (5.6)

Se[tk,tk+1]

by (23] and Proposition Now, by definition of ;7  and Y;i , we have

oV [P < esssupEr, o (167, ] (5.7)
a

By plugging (5.6), (5.7) into (5.3]), taking conditional expectation with respect to I;, = a,
and taking essential supremum over a, we obtain:

esssupEy, 4 [\53@: ]2} < CImlesssup E, q [ess supEy, | o [\532;:“ \2]
acA acA acA
+ C|7T|<ess SjlqlpEtk’a[ sup | Xs — X;Uz] + || (1 + |th|))
ac

SE[tk,tk+1}

By taking conditional expectation with respect to F;, |, and I;, , = a, taking essential
supremum over a in the above inequality, and iterating this backward procedure until time
to = 0, we obtain:

EFY) < MER (V) + Clrl(EF(X) + [7](1 + E[| Xy, 1))
< Omler )+ Ot E<n—1, (5.8)

where we recall the auxiliary error control £7(X) on X in (Z2)) and its estimate in Lemma

21 and set:

EL(Y) = E[eSS:’XPEtw['"eSSESXPEtk,a“‘;yﬂZ]"']]'

By a direct induction on (5.8)), and recalling that n|x| is bounded, we get

& () C(E (V) + Inl)

<
< CEE) +Inl) < Clal,

since g is Lipschitz, and using again the estimate in Lemma 2Tl Observing that E[|§Y;7|?],
E[|0VF 2] < EF(Y), we get the estimate:

maxE[|Y7 - V7] +E[V], - Vi P] < Clal.

Moreover, by Proposition B3] we have

s E|D7F -V + sw B[V YT, P < CO+E[X )
tE[tk,tk+1) tE(tk,thrl]

< O+ [Xo|)|x].
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This implies finally that:
s E[lV7 -V P < 2 sw B[y -y Pl +om[v, - YR

Se(tk,tk+1} Se(tk,tk+1}
< Cfnl,
as well as
s B[y -ViP| < 2 sw B[y - VP +2E[v; - VP
SE[tk,tk+1) SE[tk7tk+1)
< Cln|.

5.2 Approximate optimal control

We now consider the special case where f(z,a) does not depend on y, so that the discrete
time scheme ([4) is an approximation for the value function of the stochastic control

problem:
Vo = supJ(a) = Yp, (5.9)
acA
T
Ho) = B[ [ e+ o(xp)].

where A is the set of G-adapted control processes « valued in A, and X is the controlled
diffusion in R%:

t t
Xy = Xo+/ b(X;x,as)ds—i—/ o(Xg, as)dWs, 0<t<T.
0 0

(Here G = (Gt)o<t<T denotes some filtration under which W is a standard Brownian mo-
tion). Let us now define the discrete time version of (5.9]). We introduce the set A”™ of
discrete time processes a = (ay, ), with oy, Gy, -measurable, and valued in A. For each «
€ A", we consider the controlled discrete time process (XZ; "“) of Euler type defined by:

ty

k k
XY = Xo + Z b(XZ;’a,Oétj)Atj + ZU(XZ;’a,atj)AWtj, k <n,
=0 =0

where AWy, = Wy, ., — W;,, and the gain functional:

j+1
JM(a) = E{Zf(Xﬁ’aﬂtk)Atk+9(XZ:£OC) :

Given any a € A™, we define its continuous time piecewise-constant interpolation a € A
by setting: oy = oy,, for t € [ty,t11) (by misuse of notation, we keep the same notation
a for the discrete time and continuous time interpolation). By standard arguments similar
to those for Euler scheme of SDE, there exists some positive constant C' such that for all «
ceA™ kE<n-1:

E{ sup | X — X[ 2] < Cln|,

te(tk tier1]
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from which we easily deduce by Lipschitz property of f and g:
|J(a) = J™(a)] < Clr|2, Yae A" (5.10)

Let us now consider at each time step k& < n — 1, the function a(z) which attains the
supremum over a € A of 97 (z,a) in the scheme (5.2)), so that:

() = Vf(z,ak(x)), k=0,....,n—1.
Let us define the process (Xg;)k by: Xg = Xy,
Xr . = XTI +b(X],an(X])) Aty + o(X],, an(X]))AW,,, k <n,
and notice that X™ = X™% where & € A" is a feedback control defined by:
qy, = w(XF) = a(X2Y), k=0,...,n

Next, we observe that the conditional law of XZ;H given (X[ =z, I, = ap(X]) = ag(x))

is the same than the conditional law of ch’fl given XZL’& =z, for kK < n —1, and thus the

induction step in the scheme (&) or (5.2]) reads as:
OGS = B (GG + FOG% au )M, k<n—1
By induction, and law of iterated conditional expectations, we then get:
Yy = 95(Xo) = J'(&). (5.11)

Consider the continuous time piecewise-constant interpolation & € A defined by: &; = d, ,

for ¢t € [ty, tg+1). By (3), (oII), (5I0), and Corollary Bl we finally obtain:
0 < Vo—J(@) = Yo-Y+J(a)-J(a)

< Clr|® +Clx|z < Cla|7,

for |w| < 1. In other words, for any small € > 0, we obtain an e-approximate control & for

the stochastic control problem (5.9) by taking || of order £'.

Remark 5.2 In the case where f(x,a) does not depend on y, z, by (linear) Feynman-Kac
formula for ¥™ solution to ([B.9)), and by definition of v™ in (BI0]), we have:

trt1
v (tg, ) = supE[/ F(XE0 TR ds 4 v”(tkH,th’x’a)], k=0,...,n—1.

L1
acA tr +

This relation corresponds formally to the dynamic programming principle associated to the
following stochastic control problem with piecewise constant policies:

T ~ ~ ~
0.%0) = swp B[ [ AR )+ 0(%7)],

acAf
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where Af is the set of discrete time processes o = (a4, )x<n—1, With oy, Fi, -measurable,
valued in A, and

Xy

t t
X0+/ b(Xg,Ig)ds+/ o (X2, )W,
0 0

n—1
Iy = Z atkﬂ[tkytk+1)(t) + Z L”]I[Tn,Tnﬂ)(t)’ 0<t<T.
k=0 n>1

From this stochastic control representation of v™, we believe that Y = v™ (0, Xj), and thus
Y, converges to Yy = Vp with a better rate than |7T|%, as also suggested by numerical
tests in [I4]. Actually, we expect a rate at least of the same order |7|s as in [16], where
value functions of controlled diffusion processes are approximated by using constant control
policies. Here, we have in addition to the approximation by piecewise constant control in
X a randomization via the marked point process (T tn)n in I*, which may improve the
convergence rate. We left this investigation for future research. O
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