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Local rapid stabilization for a Korteweg-de
Vries equation with a Neumann boundary
control on the right

Jean-Michel Coron* and Qi Liif

Abstract

This paper is devoted to the study of the rapid exponential stabilization problem
for a controlled Korteweg-de Vries equation on a bounded interval with homogeneous
Dirichlet boundary conditions and Neumann boundary control at the right endpoint
of the interval. For every noncritical length, we build a feedback control law to force
the solution of the closed-loop system to decay exponentially to zero with arbitrarily
prescribed decay rates, provided that the initial datum is small enough. Our approach
relies on the construction of a suitable integral transform and can be applied to many
other equations.

2010 Mathematics Subject Classification. 93D15, 35Q53.

Key Words. Korteweg-de Vries equation, stabilization, integral transform.

1 Introduction

Let L > 0. Consider the following controlled Korteweg-de Vries (KdV) equation on (0, L)
Vp 4 U + Ugge + 00, =0 in (0, +00) x (0, L),
v(t,0) =v(t,L) =0 on (0, +00), (1.1)
ve(t, L) = f(¢) on (0, +00).

This is a control system, where, at time ¢ € [0, +00), the state is v(¢,-) € L?(0, L) and the
control is f(t) € R.
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We are concerned with the following stabilization problem for the system (LTI).

Problem (S): Let A > 0. Does there exist a linear feedback control F' : L?(0,L) — R
such that, for some d > 0, every solution v of (1) with f(t) = F(v(t,-)) satisfies

w(t, )| 20,0y < Ce™M[0(0, )| 12(0,1), (1.2)

for some C' > 0, provided that [v(0, -)[12(0,) < 67

Let us point out that, for every continuous linear map F : L?(0,L) — R, the Cauchy
problem associated with (LI]) and f(¢) = F(v(t,-)) is locally well-posed in the sense of the
following theorem, which is proved in the appendix of this paper.

Theorem 1.1 Let F : L*(0,L) — R be continuous linear map and let Ty € (0,
Then, for every v° € L?(0, L), there exists at most one solution v € C°([0, Tp]; L*(0, L)
L*(0,Ty; Hy(0, L)) of ([@TI) with f(t) = F(v(t,-)) satisfying the initial condition v(0,-)
v0(4).

Moreover, there exists an ro > 0 such that, for every v° € L*(0, L) with

+o00
L

)

).
N

|0°] 20,y < 7o, (1.3)

there exists one solution v € C°([0, To]; L*(0, L)) N L*(0, To; HY(0, L)) of (L) with f(t) =
F(v(t,-)) satisfying the initial condition v(0,-) = v°(-).

Let F : L?(0,L) — R be continuous linear map and let ry be as in Theorem [ for

Ty 2 1. Let o° € L?(0, L) be such that (L3) holds. From Theorem [T, we get that there
exists a unique 7" € (0, +o0] such that

N

(i) There exists v € C°([0,T); L*(0, L))NL
satisfying the initial condition v(0, -)

oc(o[(Oa)T); H'(0, L)) of (LT) with f(t) = F(v(t,))

(ii) For every T" € (T, +o0) there is no v € C°([0,7"); L*(0, L)) N L2 ([0, T"); H'(0, L)) of

-~

loc

(I with f(t) = F(v(t,-)) satisfying the initial condition v(0,-) = v°(-).

From now on, the v as in (i) will be called the solution of (LIl) with f(t) = F(v(t,"))
satisfying the initial condition v(0,-) = v°. (In fact (L3)) is not needed: see Remark
below.)

It follows from [2I, Lemma 3.5] that Problem (S) has a negative answer for the linearized
system of (LI)) at 0 (i.e. the control system (L) below) for every A > 0 and every L € N

with A/ defined by
21+ 52
Né{zm/%; l,jez+}, (1.4)

where ZT denote the set of positive integers: Z* 2 {1,2,3,...}. (Note, however, that it has
been proved in [6] that, for L = 27 € A/, 0 € L?(0, L) is locally asymptotically stable for our
KdV equation (L)) with f(-) = 0, even if this property is not true for the linearized system
at 0 of our KAV equation (ILT]) with f(-) = 0.) In this paper, unless otherwise specified, we
always keep the assumption that L ¢ N.



The stabilization problems for both linear and nonlinear systems were studied extensively
in the literature. There are too many related works to list them comprehensively here. As
a result, we restrict ourselves to KdV equations. For KdV equations with internal feedback
controls, we refer to [14, 18, [19] 20l 23| 24, 25| 26] and the rich references therein, as well
as the self-contained survey paper [3]. For KdV equations with boundary feedback controls,
we refer to [4, 5l BI] and the numerous references therein.

In this paper, we focus on the boundary feedback stabilization problems. This issue was
first studied in [31], where the author proved that the system (LIJ) is locally exponentially
stable in H}(0, L) for L = 1 and for the feedback control f(t) = au,(0,t) where a € (0,1).
In that work, the exponential decay rate depends on « but cannot be arbitrarily large.

There are three natural methods to study Problem (S). The first one is the so called
“Gramian approach”. It works well for time reversible linear systems (see [13, 27, 29] for
example). This method was used in [5] to get the rapid stabilization for the following
linearized system of ([L.TJ)

Vg + Vg + Ugpw = 0 in (0, +o00) x (0, L),
0(t,0) =o(t,L) =0 on (0,+00), (1.5)

O (t, L) = f(t) on (0, +00).

For every given A, by solving a suitable linear quadratic regulator problem, a feedback control
law f(t) = F((t,-)) was constructed in [5] which makes (L5) exponentially stable with an
exponential decay rate at least equal to A. However, one does not know how to apply this
result to treat the nonlinear system (L).

The second one is the control Lyapunov function method. It is well known that Lyapunov
functions are very useful for the study the asymptotic stability of dynamical systems. For a
control system, with the aid of a suitable choice of feedback laws, there are more “chances”
for a given function to be a Lyapunov function. Thus, Lyapunov functions are even more
useful for the stabilization of control systems than for the stability of dynamical systems
without control (see [7, Section 12.1] for example). This method can be used to get rapid
stabilization for some partial differential equations (see, for example, [8]). However this
method is difficult to use here, as well as for many other control systems, to get rapid
stabilization. The reason is that the “natural” control Lyapunov functions do not lead to
arbitrarily large exponential decay rate. See, for example, [T, Remark 12.9, p. 318].

The third one is the backstepping method. It is now a standard method for finite di-
mensional control systems (see, e.g., [15], [28, pages 242-246] and [7, Section 12.5]). The
first adaptations of this method to control systems modeled by partial differential equations
were given in [I0] and [I7]. This method has been used on the discretization of partial
differential equations in [I]. A key modification of the method by using a Volterra trans-
formation is introduced in [2]. This last article has been the starting point of many works.
See, in particular, the references given in [16], where a systematic and clear introduction
to this method is given. Note that this method can be useful to handle nonlinearities as it
was shown in [4, 12]. In [4], the authors studied the rapid stabilization problem with a left
Dirichlet boundary control by the backstepping method (in that case the assumption L ¢ N



is no longer required). They consider the following system

O + Uy + Vgge + 00, =0 in (0,+00) x (0, L),
5(t,0) = f(£),5(t,L) =0 on (0, +00), (1.6)
0,(t, L) =0 on (0, 400),
and proved that, for every A > 0, there exists a continuous linear feedback control f (t) =
fOL k(0,y)o(t,y)dy, an 7 > 0 and a C' > 0 such that

for every solution of (LG) satisfying |0(0, -)|z2(o,y < 7. Here the function

k:{(z,y): z€]0,L],y €[z, L]} - R

is the solution to

( Fwwe + ko + Eyyy +ky+ X =0 in {(z,y): 2 €[0,L], y € [z, L]},
k(z,L) =0 in [0, L],
k(z,x) =0 in [0, L], (1.7)
k(2 2) = %(L — 1) in [0, L],

\

as in the backstepping approach.

The main difference between the system (.I]) and the system (I.0) is the position where
the control is acting. It is well known that the control properties of KAV equations depend
in a crucial way on the location of the controls. For instance, the system is only null
controllable if the control acts on the left Dirichlet boundary condition and homogeneous
data is considered at the right end point of the interval (see [22]). On the other hand, if
the system is controlled from the right boundary condition, then it is exactly controllable
(see [21]). In [4], the authors also pointed out the difficulties for employing the backstepping
method to solve our rapid stabilization problem for (LTI).

In this paper, in order to stabilize the solutions of (LI]), we use a more general integral
transform on the state v than the one allowed by the backstepping method. In fact, no
restriction is put on the integral transform which is a priori considered: it takes the following
form

w(z) 2 v(z) - /0 k(z,y)v(y)dy = v(x) - (Kv)(2). (1.8)

Note that no assumption is made on the support of k(-,-). This is in contrast with the
backstepping approach where the support of k£ is assumed to be included in one of the
following triangles

{(z,y) €[0,L)* x€[0,L],y€[0,z]}, {(z,y)€0,L]* yel[0,L], ze€[0,y]}.
4



Now let us briefly explain the idea for the linearized KdV equation (LH]).
One can check that (the computations are similar but simpler than the ones for the KdV
equation (LI]) given in Section ] we omit them), if

Ky + Ky + kawe + ko + Nk = \o(z — ) in (0, L) x (0, L),

k(x,0) = k(z,L) =0 on (0, L), (1.9)
ky(x,0) = ky(z,L) =0 on (0, L), ’
k(0,y) = k(L,y) =0 on (0, L),
where 0(z — y) denotes the Dirac measure on the diagonal of the square [0,L] x [0, L],
has a solution k& which is smooth enough, then, for every solution v of (LH), w(t,z) 2
o(t,z) — fOL k(x,y)o(t,y)dy is a solution of
Wy + Wy + Wapy + A0 =0 in (0,400) x (0, L),
w(t,0) =w(t, L) = OL on (0, +00), (1.10)
@(t,1) = Ft) = [ halLeg)it.g)dy  on (0, +20).
0
If we define the feedback law F'(-) by
o) = F0) 2 [ k(Lo (111
0

then the last equation of (LI0) becomes w,(t, L) = 0. Multiplying the first equation of
(LI0) by w and integrating on [0, L] we get, using integration by parts together with the
boundary conditions of (LI0) and w, (¢, L) = 0,

d L

L
— w(t, z)2dr < —)\/ w(t, r)*dz, (1.12)

which shows the exponential decay of the L?-norm of %0. In order to get the same exponential
decay of the L?-norm of ¥, it suffices to prove that

L. |v]r2(0,1) < Clv — Kvlp2(o,1) for some C' > 0 independent of v € L*(0, L).
Furthermore, in order to show that (L.2)) holds, we also need to prove that

2. k(-,-) is smooth enough so that the nonlinearity vv, will not be a problem provided
that |v(0,-)|r2(0,z) is small enough.

We will check these two points together with the existence of k(-,-) satisfying (L9) and
therefore we prove the following local rapid stabilization result.

Theorem 1.2 For every A > 0, there exist a continuous linear feedback control law F :
L*(0,L) - R, an r € (0,+00) and a C > 0 such that, for every v° € L*(0,L) satisfying

09 120,y < 7, the solution v of (L) with f(t) 2 F(v(t,-)) satisfying the initial condition
v(0,-) = v°(-) is defined on [0,+00) and satisfies

[0(t, )| 20,) < Ce_%t\v(o, 20,0y,  for every t > 0. (1.13)
5



To show the existence and uniqueness of k(+,-), we have to utilize the fact that the linear
KdV equation is exact controllable by Neumann boundary control on the right end point
of the interval. This is different from the backstepping method, which does not use any
controllability result.

Although the aim of this paper is to study the rapid stabilization of KdV equations,
the method introduced here can be applied to many other partial differential equations on
one dimensional bounded domains, such as heat equations, Schrédinger equations, beam
equations and Kuramoto-Sivashinsky equations. In particular, we have applied it in [11] to
the following Kuramoto-Sivashinsky control system

Ut + Upgzz + AUpe + 00, =0 in (0,400) x (0, 1),
v(t,0) =v(t,1) =0 on (0, +00), (1.14)
V22 (t,0) = f(t), 022(¢,1) =0  on (0, +00),

where, at time ¢ € [0, +00), the state is v(¢,+) € L*(0,1) and the control is f(f) € R. In
those cases, the main difference is that the equations satisfied by the kernel k are different
from (L9). However, one can follow the same strategy to show the existence and regularity
of the kernel and the invertibility of the transform.

The rest of this paper is organized as follows

e in Section 2 we establish the well-posedness of (L9) and study the regularity of its
solution,

e in Section [3] we prove the invertibility of I — K,

e in Section [ we conclude the proof of Theorem by using the results established in
Section 2l and Section

2 Well-posedness of (L.9)

This section is devoted to the study of the equation (L.9). We first introduce the definition
of the (transposition) solution to (L9). Let

€2 {peC™(0.L] x[0,L]) : p(0,y) = p(L.y) = p(z,0) = p(z, L) =0,
p=(0,y) = ps(0, L) = 0}
and let G be the set of k € H}((0,L) x (0,L)) such that
(z €(0,L) = ky(,-) € L*(0, L)) € C°([0, L]; L*(0, L)),
(y € (0,L) — ky(-,y) € L*(0,L)) € C°([0, L]; L*(0, L)), :
ky(-,0) = k,(-,L) = 0 in L*(0, L). (2.4)
We call k(-,-) € G a solution to (LJ) if

/0 /0 [y (,9) + Py (,9) + Paae (@, 9) + pa(,y) = Ap(a, )| k(z, y)dedy

(2.1)

f (2.5)
+/ Ap(x,x)dr =0, for every p € £.
0
6



We have the following well-posedness result for (IL9).
Lemma 2.1 Let A # 0. Equation (IL9) has one and only one solution in G.
Proof of Lemma[2.1]: The proof is divided into two steps:

e Step 1: proof of the uniqueness of the solution to (.9);

e Step 2: proof of the existence of a solution to (L9) with the required regularity.

Step 1: proof of the uniqueness of the solution to (L)

Assume that ki(+,-) and ks(-, -) are two solutions of (L9). Let k3(-,-) 2 ki(-, ) — ka(+, ).
Then k3(-,-) is a (transposition: (2.5) holds without the last integral term) solution of

ks yyy + k3y + k3 goe + ks +Ak3 =0 1in (0,L) x (0, L),

k3(x,0) = ks(x, L) =0 on (0, L), (26)
ks y(2,0) = ks (x,L) =0 on (0, L),
k3(0,y) = k3(L,y) =0 on (0, L).

Let us define an unbounded linear operator A : D(A) C L*(0, L) — L*(0, L) as follows.

D(A) 2 {p: p e HY0,L), p(0) = p(L) = 0, ¢.(0) = ¢, (L)},

K (2.7)

The operator A is a skew-adjoint operator with compact resolvent. Furthermore, since
L ¢ N, we have L ¢ 2xZ%, which, as one easily checks, implies that 0 is not an eigenvalue of
A. Denote by {ip;}en foy, 1t € R, the eigenvalues of A, which are organized in the following
way:

e S S <0<y Spg <eee (2.8)

Let us point out that all these eigenvalues are simple. Indeed, assume that p; is of multiplicity
at least 2 and ¢y ; and 9 ; are two linear independent eigenfunctions corresponding to i/;.
Let

80/2j(0) o
A opa;— ——=p1; it ¢ .(0) #0,
28 g )

P15 if ¢} ;(0) = 0.
Since ¢1,; and ¢, ; are linearly independent, we conclude that ¢; # 0. Then ¢, is a nonzero
eigenfunction for this eigenvalue iu; such that

;(0) = ¢; (L) = ¢;(0) = (L) = 0. (2.10)

By [21, Lemma 3.5], our assumption L ¢ N implies that, for every a nonzero eigenfunction
pj of A,

(2.9)

#(0) 0, (2.11)
7



which is in contradiction with (2I0). Hence all these eigenvalues are simple and all the
inequalities in (2.8)) are strict inequalities. Let us write {¢;};cz\foy for the corresponding
eigenfunctions with |¢;|r20.0) = 1 (j € Z\{0}). It is well known that {¢;};cz\ (0} constitutes
an orthonormal basis of LZ(0, L).

In what follows, for simplicity, in LZ(0, L), L¥ (0, L) etc., when no confusion is possible,
we omit the index C.

Next, we analyze the asymptotic behavior of u; as |j| — +oo. This is done in [3].
However, we present it also here since we need similar information for other sequences of
numbers which will be introduced later on. To this end, we first consider the following
boundary problem, with p given in R,

"+ +iup =0 in |0, L],

p(0) = ¢(L) =0, (2.12)

To solve the equation (2.12), we study the following algebraic equation in C
s*+s+iu=0. (2.13)

Denote by s, s3 and s3 the three roots of (2.I3]). These roots are distinct if and only if
4 # 272, which we assume from now on. For the special case 4 = 2742, the arguments given
below can be adapted and we omit this adaptation.

Since the function € R + 2z(42? — 1) € R is a surjective map from R to R, we get
that there always exists at least one 7 € R such that

p=2r(4r* —1). (2.14)
By this, the three roots of (Z.I3)) are
s1=V312—1—ir, s = —V372 —1—1ir, s3 = 2ir.

Since we want to analyze the asymptotic behavior of yi; as |j| — +00, we may assume that
|7| is large enough. Thus, we only consider the case 37* > 1. Now the eigenfunction is

¢(z) = e [ry cosh(V/372 — 1) + ro sinh (V372 — 1z)] + rze*™

for some suitable complex numbers 71, 79 and r3 which are not all equal to 0 . The boundary
conditions of (2.12)) are fulfilled if and only if these three complex numbers satisfy that

(11 +15=0,
e L [71 cosh(v372 — 1L) 4 7, sinh(mL)} +rye?™ =0,
—iTr] + 2iTrs + 1oV 372 — 1
= —ite """ [ry cosh(V312 — 1L) + rysinh (V372 — 1L)] + 2irrse*™"
| +e V372 — 1[ry sinh (V372 — 1L) + ry cosh(V372 — 1L)].
8




Thus, we have that

V312—1cos(27L)—37sin(rL) sinh(v372—1L)— V312 —1cos(rL) cosh(v312—1L) = 0.

(2.15)
As |1| = 400,
1 1
sinh(v/372 — 1L) ~ cosh(v372 — 1L) ~ iemL -~ 5e\/§\T|L_
Hence, we find that
V3T 27L
eV3Te 1L _ M +O(1) as T — +oo,
2cos(TL — %)
(2.16)

27 L
VIl _ _COSCTL) oy s o
2cos(TL + %)

For j € Z with |j| large enough, one checks that there exists a unique solution 7 = 7; of

(ZI5) in each interval [T, U JFLI)W), and one has that

_gm b

1 .
T; L+6L+O<}> as j — +o0,

(2.17)

From this and (2.14)) we can see that

2jm\3 407 , ,
Hj = <T) + sz +0(j) as j— +o0,

2jm\3 8713 , ,
i = (T) + ?32 + O(j) as J — —0OQ.

The corresponding eigenfunction ¢; with |¢;|r2(0,1) = 1 reads

el — cosh (/312—1L
2
(2.19)

where a; € (0, +00) is a suitable chosen positive real number such that |;]z2(0,r) = 1.
Let us analyze the asymptotic behavior of «; as |j| — +o00. For this, with some simple
computations, we see that

cosh(, /372 —1x) sinh(y /372 —1L)—sinh(, /372 —1x) cosh(, /372 —1L
=] (37 1) s 2ot 1)

sinh (/377 — 1L)

J

il sinh (/372 — 1z) ' }
e iTiT _ 622zj )
sinh (/377 — 1L)

(2.18)

_|_

(2.20)



Then, we find that, as |j| — 400,

L 2¢%m L sinh (/372 — 1) + eV?7 1E 4 4
</ (,0](113') —qj [ e—zrjx _ e2zrjx]
0 2sinh (/377 — 1L)
— Ofaye VI,

which, using |@;[z2(0,) = 1, gives us

dx) ’
(2.21)

a; — as |j| — +o0. (2.22)

L
VI

We now estimate ¢, ,. From (ZI9), we obtain that

¥l — cosh (/377 —1L)
Soj,:v(x) _ Oéj{ _ Z»Tje—irjw [COSh (\ / 37'].2—1x) - (\/HL) smh , /37-j2—1g;)]
sin ’7'

€317 —cosh( 3r2—1L

| ) ]
+e "7 |\ /372—1sinh (4/372—1x) + ’ 372 —1cosh(y/372—1x
[\/7 (y/373-12) (i =10 V37— Leosh(y /37— 1)

—2T; e%iTi® } .

From (2.22) and (2.23)), we get that, for |j| large enough,

(2.23)

|90j7:c|L°°(O,L)

2632‘er sinh ( /37'-2—13:) + e /317 —1L—y/377 1z _ e /372 —1L+,/377 — 1z
J

2sinh (/377 — 1L)

263irj LSiIlh ( /3Tj_2_ 11,)_ e /3TJ2—1L—w /3T]»2—1:E_ e /37]2—1L+w /37']21m]

< max
x€[0,L]

+ max am/37'j2—1[
rel 2sinh (/317 — 1L)
< Ol

(2.24)

From (2.I7) and (2.24)), one gets, for every j € Z*,
|5l L0,y < Cljl- (2.25)

From ([223), as |j| — 400,
¥k — cosh (/372 — 1L)
2 .
©j(0) = oy /37 — 1 —3i7;

sinh (/372 — 1L) (2.26)

10



and

ja(L) = aj{ = 3imet T e [\/?ﬂfi—lsmh (y/372 - 1L)

el — cosh ( 372 — 1L)

\/372 — d cosh (/372 — (2.27)
et sinh ( /377 — 1L) by ’ 1L)] }

:Oéj<—3i7j+ 3’7‘2—1) 2iT; L —I-OéO( \/37'J2——1L)

J

Let us write
> wi(a)e;() (2.28)
jez\{0}

for the solution to (2.6]). Then, we get that 1; solves

{ VI P+ My —dpp; =0 in (0, L),

¥;(0) = ¢;(L) = 0. (2.29)

Let ¢; 2 Y 0(L) —;.(0) (7 € Z\ {0}). We consider the following equation:

P 4 My —ipgah; =0 in (0, L),
)i(0) = 45(L) =0, (2.30)

JH(L) — 50 =1.

Since A — ip; is not an eigenvalue of A (recall that A\ # 0), the equation (Z30) has one and
only one solution. Moreover

Y, = cya; for every j € Z\ {0}. (2.31)
(2 3)
Denote by r] , 7; and r;” the roots of
==X+ (2.32)

Let 0; € R be such that

—1/)\2“—#?, 1fuj>(),

20;(407 — 1) = (2.33)
1/)\24—,&?, 1f,uj<0
Then, there exists C' > 0 such that
< d |02, -7} C _vjez\ {0 2.34
oy =5l € and oy = < o VA €20 {0), (234)

11



Let 6; € C be such that
26;(467 — 1) = —iX — p;. (2.35)

Roughly speaking, there are three complex numbers which satisfy (2.35). For a good choice
of 6, we have
lim |O'j — (3')‘ =0.

|j[—+oc
In this case, it is easy to see that there is a constant C' > 0 such that
5| < ¢ VjeZ
|0 — 0] < Tt j € Z\{0}. (2.36)
The solutions to (2.32]) read

1 _ - A (2 _ - A B) _ o9
ri) =1/367 =1 —ig;, v = —1\/367 — 1 —id;, v = 2i6;.

For every j € Z \ {0}, let us define

—za]+\/3a—1—\/3a—1 -
= /ﬁf 2 ﬁ, (2.37)
—10; of

HJ(LU) é e(—iéj—1/3o -1z 203+1/302—1 2,/30 -1z 1€ [O,L] (238)
Let J € Z™" be such that
(j€Zand |j| > J)= (307 —1>1and [367 —1] > 1). (2.39)
(The existence of such a J follows from (2.17), (2.34) and (2.3€])). From (2.36) and (2.38),
one gets the existence of C; > 0 and C' > 0 such that, for every x € [0, L] and every
j €2\ {0} with |j| > J.
—iGj /365 1+ /305~1)x _ e(—z‘&j+w/3&§.—1— 305 1)z e—,/3aj2.—1x

—+/30%2 -1z
e VI (2.40)

6;(2)] < e

(—i6j—/365 =14 /307 —1)z 1

367 —1—y /302 —1)z

<1 Cl 2_ _ 2_
<C1€J \/30 lx 26 w/3<7j lw'

J? J

Similarly, there exists C' > 0 such that, for every = € [0, L] and all integer j with [j| > J,

C 30 -1 ,
10 (2)] < ——5——e VI (2.41)

,]2

From (2.40) and (2.41I)), one gets the existence of C' > 0 such that, for all integer j with
il =,
10;(L)| < Ce VA7 10L(L)| < /302 — 1e V7L, (2.42)

12



Similar to the argument for the analysis of p; and ¢;, we can get that, if 30']2- <1,

i) = con (T 303) 4 60 s (1) + e
+(8,” = 8,)05 (),

and, if 307 > 1,

QL]‘ (I) = e—ingl)ajx [ﬁ;l) cosh (\/30-]27—1:(;) + B](z) sinh (\/30.]27_1&:)] + ﬁ](_3)€2m;-2)ajx
+(8" = 87)03(x).

From now on, we assume that [j| is large enough so that 30? > 1. From the boundary
conditions satisfied by 1), -see ([Z30)-, we get

( ﬁ§1) + 5;3) =0,

et [0 ot (B = 1) + s o =12 | 4 0o

+(8,"=87)05(1) =0,

—mjajﬁ](-l) + 2mjajﬁ](-3) + 55»2)\ /30]2- —1+1
= —ingoye 5 conh (1~ 12) 5 s (307 — 1) [P 0
—iMoyL a2 1] g g 2 @) 2 (1)_ 3@\ g
+e " 307 1Bj smh( 307 1L)+Bj cosh( 307 1L) +(ﬁj ﬁj )Hj(L)_

(2.43)

§ T 5 il 2oL coqh (y/307—1L) —ei"””gl)"ﬂ'LHj(L)
Y(x)=pF4e " 7% | cosh (\ /307 —1:17)+ 5
sinh (, /30]2- — 1L) — €™ 770;(L)

X (sinh (\/3%27—1;5) — 7T (a:))] _ 62il€§-2)crjx}’
(2.44)

where (3, is a suitable chosen complex number such that the third equality in (2.43]) holds.

\

Then, we know

13



From (Z44)), we have, as |j| — 400,

el 42 oil _ gy (y/302—1L)— iy 71, (L)
Via(0) =85 | — infVo;— 2P o+

ZK 05— —
24/362 — 1 302 — 1 (2.45)
=B (— in oy — 2in0; — 2,307 — 1+ \/30—]27_1) N %O(e—ﬁc@—_u)

and

QLj,m(L> =0; {—my)ajesz)"j];—2im§2)aj62i";2)ajL+e_i“;1)UjL[ /3(7]2_ —1sinh ( /30]2 _ 1L)
ei(n;1)+2f;§_2))cfjlz_cosh( /30_J2_1L) m cr] 9. (L)
o) (,/30?—lcosh( 302—1L)
1 2 K O'jL .
sinh (/302 — 1L) + €' 7120,(L)
M) _ixMo; Ly (I, - ikM o Loy
—ir; o T00;(L) —ie 70 (L)

Since ¢;,(0) = ¢;,(L), from (Z26) and [227), we get

— 3Ty — /377 — 1+ O(e_vsTJ?_lL) = ( — 30T+ /377 — 1>62iTjL- (2.47)

This, together with the choice of o}, /€§-1) and /{5»2), implies that

_l_

(2.46)

—inVo; = 2inP oy =2, /307 — 1+ /367 -1

(2.48)
= (—mgl)aj - 2i/{§-2)aj + /307 — 1) 2ir; ;L +O( >, as |j| = +oo0.
Thus, we see
Bj=0(%) as|j| = +oo. (2.49)
Let, for j € Z\ {0},
o | Eie),  welo, L] if302>1,
Vi) = j (2.50)

)
Yi(z), zel0,L] if30? <L

Now, we are going to prove that {@Ej}jez\{o} is a Riesz basis of L*(0, L).
14



First, we analyze the asymptotic behavior of ¢;(-) as |j| — +oo. It is clear that

e ei(nﬁ»”wﬂﬁ”wsinh(\/30—2.7_1;5) e cosh (/302 = 11)0;(x)
’ I)aj{sinh(\/i’)ajzi—lL) e oLy (L )e J +sinh(\/&t]2-7—1L)—em§l)UjL9j(L)
cosh(y/302 1) sinh (/302 —1L) = sinh(, /303 —17) cosh (/302 —1L) _
sinh (/302 — 11) = ¢ 20,(1) o
cosh(y /302 — 1) 7=, (L) 4 1057 +206500s L ()
sinh (/307 — 1L) = ¢ 729,(1)

M, (1) (sinh (/307 — 1) — e a) }

sinh (/307 — 1L) — " 0,(L) '

Then, using also (2.22)), we get that

9eilk;”+2x7)o, L sinh (y /307 —1x) + eV soj—l(l-z) o @
/ — e OiT_ €2mj 0T
2sinh(y/30?—1L) — 2¢" %"6;(L)

1
:O<ﬁ) as |j| — +oo.

+

(2.51)

2
d:c)

(2.52)

[NIES

)=asy|

Now, we prove that

~

2
,lvb—j - SDJ'}LZ(QL) < Q. (253)

2

jeZ\{0}

Utilizing (2.42) and straightforward computations, one can show that

[263”1']“ sinh ( /377 — lz) 4 eV 37y —1(L—x) ]
—iTjT 2iT;T
% e Vit — eV
2sinh (/377 — 1L)
i 12y /307 —1(L—

26155 +255) 75 L iy (y/302%; — 1) +e B i) P PCO RPN S

—Q (1) e T —emy T
2sinh (y/30%, — 1L) — 2" 71%0,(L)

< C’ozjol _ WBT - —w/3027j—1)x‘ +- e(,ﬂgﬂaﬂ._fj)x‘ +1- 6(,{;2)07j_7j)x‘ e 3o2j—1L)

(2.54)
Hence, using (221), 234) and ([Z52), we see that there exists C' > 0 such that for every

15



j € Z\ {0},

L ~
/ [_j — | d
0

2 1
< C(‘,/?)Tf —1—4/30%, — 1‘ + |7 — kMo |+ |7 — kP e VIR j_ﬁ)

1
< C’j—4.
(2.55)
Since
400 1
Z — < 400,
=
we have (2.53).
Let T > 0. Consider the following control system:
Oy + Dz + U2 =0 in (0,7) x (0,L),
9(t,0) =v¥(t, L) =0 in (0,7, (2.56)

Ua(t, L) = 0(t,0) = n(t) in (0,7),

where 7(-) € L?(0,T) is the control. Let ¥ = A~ (recall (Z7) for the definition of A).

Then, we know 9 solves

o) = AV — n(t)b, (2.57)
where b(-) is the solution to
bxxx + b:c =0 in (O, L),
(2.58)
b(0) =b(L) =0, b,(L) —b,(0) = 1.

Clearly, b € L?(0,L). Let b = > jemfoy biwj- Since the system (2.56) is exactly control-
lable in L*(0, L) (see [21, Theorem 1.2]), we get that (2.56) is also exactly controllable in
A7Y(L*(0,L)). In particular, b; # 0 for every j € Z \ {0}.

For j € Z\ {0}, let ¢); € D(A) be the solution of

A+ (A4 i)y = = A+ )b (2:59)
Then, for every j € Z \ {0}, we have
ATHy = (N i) = AT (2.60)
J
and R Al
by = ¥; + —7b. (2.61)

16



Assume that there exists {a;};ez (01 € (*(Z) such that

a;th; = 0. (2.62)
Z J¥i

JE€Z\{0}

From (2.61)) and (2.62), we obtain that

> (v + ) = (2.63)

J€Z\{0} &
Applying A~! to (Z.63), and using (2.60), one gets that
Y ai(=A+ip) T =0, (2.64)
JeZ\{0}
which, together with (2.60), implies that
{ > a; =2 5 (A +ipi)” 1]b = > ai(=Atip) T =0, (2.65)
jezvoy Y JEZ\{0}

Applying A~! to (Z.64) and using (Z.60) again, we get

[ Z aj ﬁ (A +ipj)” 1}A_1b+ Z a; (= + i) " = 0, (2.66)

jezZ\{0} JEZ\{0}

which indicates that

{ Z aj (—A+ip;) 1} [ Z a] (—=A+ip;)” 2]1?—1— Z a;(=Atip;) ;= 0.

jez\{0} jEZ\{0} JEZ\{0}
(2.67)

By induction, one gets that, for every positive integer p,

( Z a] ﬁ (=X +ipy) 1)A‘%+Z( Z a] 5 )\—l—l,uj)_k(_l)P-‘rl—k)Ap-l—l—kb

JEZ\(0) k=2 \ je7\{0}
-y azaﬁ (A i) PP o+ ST @A i) P (1P = 0.
jen{oy FEZ\{0}
(2.68)
If
> a; 2L (=X i)t £ 0, (2.69)
JEZ\{0) 6 7
we get from (2.68) that
{A7Pb}pe oozt C span {0} ez 0} (2.70)

17



If span {1); }iemgor # L*(0, L), then we can find a nonzero function

> dip; € L*(0,L) (2.71)
JEZ\{0}
such that
(h,d)r20,) = 0, for every h € span {Q&j}jEZ\{O}- (2.72)

From (2.70) and ([2.72)), we obtain that (A™"b, d)2(,) = 0 for every p € {0}UZ". Therefore,
we get
> by(ipy)Pd; =0 for all p € {0} UZT. (2.73)
jez\{0}

Let us define a complex variable function G(-) : C — C as

D dbel) 7z e (2.74)
Jjez\{0}
Then, it is clear that G(-) is a holomorphic function. From (2.73]), we see that
G®(0) =0 for every p € {0} UZ".

Thus, we find that G(-) = 0, which educes that d;b; = 0 for all integer j. Since b; # 0 for
every j € Z\ {0}, we know that d; = 0 for all integer j. Therefore, we get d = 0, which
leads to a contradiction with that d # 0. Hence, (2.69) implies that

span {1, } ez 0y = L*(0, L). (2.75)
If
Z a] 5 (=X +ip;) =0
FEZ\{0} J
and

Z a] ﬁ —X +ip;) "2 £ 0,
jez\{o} I

then by using (2.68) again, we obtain that

{A_pb}pe{o}uz+ C span {QZJ] }jEZ\{O}‘

Then, by a similar argument, we find that (2.75]) again holds. Similarly, we can get that, if
there is a p € Z" such that

> a; =1 6 (=X +ip) P #0, (2.76)

JE€Z\{0}
then (2.73) holds.
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On the other hand, if

Z aj —X\—+ip;)"P =0 for every p € Z*, (2.77)
jez\{o}

we define a function

Z a] ﬁ X+ ip) LMD T for every z € C,
jezoy

and it is clear that G(-) is a holomorphic function and
G®)(0) = 0 for every p € {0} UZ™,

which implies that G(-) = 0. Therefore, we conclude that a; = 0 for every j € Z\ {0}.
By the above argument, we know that either {¢;};cz\ (0} is w-independent or is complete
in L?(0, L). Before proceeding our proof, we recall the following two known results.

Lemma 2.2 [30, Page 45, Theorem 15] Let H be a separable Hilbert space and let {e;}jez+
be an orthonormal basis for H. If {f;}jcz+ is an w-independent sequence such that

> 1fi = elh < 4o,

jez+
then {f;};ez+ is a Riesz basis for H.

Lemma 2.3 [30, Page 40, Theorem 12] Let {e;}jez+ be a basis of a Banach space X and
let {f;}jez+ be the associated sequence of coefficient functionals. If {b;};ez+ is complete in
X and if

> e = bylxlfilxr < +oo,

JEZT

then {b;}jcz+ is a basis for X which is equivalent to {e;};cz+.

Now we continue the proof. We first deal with the case where {1@ }jez\foy is w-independent.
Let us take H = L*(0, L) and put

{ 62j_1 = SO‘] fOl”j - Z+, { f2j—1 = 1&_‘7 fOl"j S Z+,

€2 = P—j fOI'j S Z+> fgj = Q&j fOI'j - Z+.

Then, by (Z53), the conditions of Lemma 22 are fulfilled. Thus, we get that {1;};ez (o) is
a Riesz basis of L*(0, L). A

Next, we consider the case that {1;};ez oy is complete in L*(0,L). Let us set X =
L*(0, L),

€2j—1 = @j fOl"j € Z+, f2j—1 = Yj fOI"j S Z+, bgj_l = @E—j fOI'j c Z+,
e9; = _; for j € Z*, foj = ¢_j for j € 77, by = 1h; for j € Z*.
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Then, using (Z55) once more, it is easy to see that the conditions of Lemma 2.3 are fulfilled.
Therefore, we get that {t;};ez (o} is a Riesz basis of L*(0, L).
Now we give an estimate of {¢;};ez oy. From ([2.I7) and (224), we get that

1. L .
532 < / lpi(y)Pdy < Cj2.
0

This, together with the fact that {@Ej}jez\{o} is a Riesz basis of L*(0,L) and ks(-,-) €
H}((0,L) x (0,L)), implies that

+oo>/ / ks (2, ) 2d:cdy>/ / S ilpj 2)piy(y )‘ dxdy

J€Z\{0}

2 ﬁ .2

o0 % | e CIRTE I SN v
JEZ\{0} JEZ\{0} -

Hence, we find that

{cj%j} € (*(Z\ {0}). (2.78)
) jenvoy
From (2.11), (21I7), [222)) and (2.26), we get the existence of C' > 0 such that

CHil < lgu(0)| < Cljl, V5 € Z\ {0} (2.79)
From ([278) and (Z79), we find that

B
{ —-;y(0) € ((Z\ {0}). (2.80)
- JEZ\{0}
Using (2.28)), k3 4(x,0) = 0 and the second inequality of (2.79)), we find that

Z ¥;(1)¢iy(0) Z C] %y Q;():0 in L*(0, L).

J€z\{0} jenioy
Using that {dj}jez is a Riesz basis of L*(0, L), we get

cjﬁgpj,y(()) =0 for every j € Z \ {0}.
—Jj
Then, we see ¢;,(0) = 0 if ¢; # 0. However, by [21, Lemma 3.5], this is impossible since
L ¢ N. Thus, we get that ¢; = 0 for every j € Z \ {0}, which implies that the equation
(2.6) admits a unique solution k3 = 0. Therefore, we obtain that the equation (L9) admits
at most one solution. This concludes Step 1.

Step 2: proof of the existence of a solution to (L9) with the required regularity
20



Denote by D(A)’ the dual space of D(A) with respect to the pivot space L*(0,L). Let
2

h(-) = 2jemoy awi() € D(A), iews [h()[p 4

> |hj803(0)\§< > ‘hjﬂj‘2)%< PBREAT _1\2) < +0o0.

j€Z\{0} j€Z\{0} j€Z\{0}

Hence
lo

Z ©;(0)p;(+) is converging in D(A)" as I; and Iy tend to 400,
j==h
which allows us to define

7 A / 7 /
b)= > #(0)p;() € D(AY.
JEZ\{0}
Further, it is clear that
(h D) peaypay = Y hi@h(0) = 1'(0) = =& (h),

JEZ\{0}
which implies that R
b= —0, inD(A).
Let

£ <p)(\ 0)’ gb] S %+ (—A—ipj+ N Hah — Ag,) for j € Z\ {0}.

From (2I8), (Z79) and ([2.:84]), we have that
L 2
| e - a
L 5 2
:/ [(—A =i+ A) (a0 — Ap;)|da

2/ > (i =g+ A IAQP,;“(O)%( )| d

a; =

KEZ\{0,5) #5(0)
o @ (0))2
> ‘(Z:uk_%uj"‘)‘) ' (p/k(g))‘
keZ\{0,5} J
<ox ST R -7 forall j e 2\ {0},

keZ\{0,5}
From (2:85)), we obtain, for j > 0,

’

]{72 /{32 /{32
SC(Z%z.QﬂL e —

2

dx

i) = 0;()

k>2j ‘]‘73 _93‘ J j<k<2j ‘ks —J?" J —j<k<j, k0 ‘k?’ —93‘ 72
X )
k;] |k —33\ 52

21
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(2.81)

(2.82)

(2.83)

(2.84)

(2.85)

(2.86)



Now we estimate the terms in the right hand side of (2.86]). First, we have that

k2 1
Z 312 9 < Z 71{:4 7]4 Z k2 < _5 (2.87)

k>275 }kg - 33} J k>2j k>2j

Next,

K <4 1 =4 L
Z W— Z 1.3 _ 432 Z : 3—j3‘2

j<k<2j j<k<2j ‘k‘g —J ‘ 1<I<j }(] +1)

<4y — 1‘ zgé > %W%Z%E(%—]—iﬂr

1<I<j }3]2l + 3512 + 13| 9 _j<i<—1 1<I<j

—‘Z ( '—11)2)§82—7T72ji4'

1<i<j
(2.88)
Similarly, we can get that
k2 872 1
> ars S (2:89)
j<k<j, k#0 k3 — 3752~ 27 ]
and 12 <
< r (2.90)

k<—j ‘k3+]3‘ ]

From (2.86) to (Z90), we know that there is a constant C' > 0 such that for all positive
integer 7, it holds that

Pi@ - 630 do < . (291)

Similarly, we can prove that there is a constant C' > 0 such that for all negative integer j, it
holds that

L 2 C
/ 2i(@) = 05(a)| dx < = (2.92)
0
Further, by similar arguments, we can obtain that
L 2 C
/ Pral@) — ¢j7x(x)) de <= forall j €2\ {0}. (2.93)
0 J

With the same strategy to prove that {@j}jez\{o} is a Riesz basis of L?(0, L), we also can
show that
{ — (A= i,uj)A_lgbj} is a Riesz basis of L*(0, L). (2.94)

jez\{0}
From ([21I8) and (Z79), we get that
Z ©;(0)(ipr;) "' @; is converging in L*(0, L).

JEZ\{0}
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From (294)), there is {¢;};en oy € [*(Z\ {0}) such that
= > G —ip)A e = > 0, (0)(p) " e in L*(0,L),
jEn\{0} jen\{0}
which, together with (2.82]) and (2.83), implies that
= > G —im)di= Y 0(0)p; =—8, in D(A).
jEn\{0} jEn\{0}

Since ¢; € D(A), from (2953]), we find that
L

(N — i) / o@)os@dr— 3 ah—im) / o3(@)bu(2)dz = 3,(0).

keZ\{0,5} 0

For j # k, we get, using (Z82)) and (2.84)),
L
= i) [ @@
0

— eu(A — i) / 3@ {Pn@) + (—A — i + N [arb(x) — Npn(@) | Ve

Ce(A — i) /0 0 () (= A =i+ N) " ar;(0) 0 () da

= Cp(A — i) (igeg — g + N) " e (0)
A=, ¢5(0)

ity — i + A} (0)

This, together with (2.96)), implies that

= CkA

) . . A—ip,  5(0) .
— (N — i) — A J = f 11 7 .
¢i(A —ipy) E Cr i — i+ Al (0) ©;(0) for all j € Z\ {0}

keZ\{0,5}
For j € Z\ {0} and k € Z \ {0}, let
& (A —ipy) 1
cj=— y Gk = = . :
’ gp0) T iy — i+ A

From (2.97) and (2.98), we get that
¢+ A Z a;icr = 1.

keZ\{0,5}

(2.95)

(2.96)

(2.97)

(2.98)

(2.99)

Let us now estimate ¢;. From (2.I8)), (2.79) and (2.99), we have, for every j € Z \ {0},

Z ajkck’:’ Z Cr A i !

] — 7 /
kezZ\{0,5} keZ\{0,5} iy — i + A @ (0)

A —ik31
<C Z j3 — k3 k
keZ)\{0,5}

<o ¥ |ék|2)%( 3 )j;_—“,ji%

kez\{0,5} kezZ\{0,5}

Cr

1
2)5

(2.100)



For positive integer j,

Z ‘ —Zkl

keZ\{0,5}

‘ —zkl ‘)\—ik?’l?

S R
—k312 A =ik 1

DY ‘ R Z‘ :

—j<k<j,k#0
We now estimate the four terms in the right hand side of (ZI0T]). First, we have that

(2.101)

—ik*1 8 1+X _C
< —. 2.102
Z‘ 3k —7 jkz = (2.102)
Second,
A — k312 452 2 2
<c ‘ ) <C ‘—
> il sox T [l =0 Tl
j<k< j< 1<I<j
e ) 16 (2.103)
J
<C+Z‘ §C+—Z—§C
1<i<j 7%+ 350 + 1P 9 1<I<j 2
With similar arguments, we can obtain that
A — k312
3 ‘37— <C (2.104)
—j<k<j, k#0
and 15102
—1
<C. 2.105
p> \j —5i < (2.105)

From (ZI00) to (ZI05), we find that there is a constant C' > 0 such that for all positive
integer 7,

> ajkck) <C. (2.106)
keZ\{0,5}

Similarly, we can prove that for all negative integer j,
3 ajkck‘ <c. (2.107)
keZ\{0,5}

Combining (2.99), (2.106) and (2.I07), we get that there is a constant C' > 0 such that for
all j € Z\ {0},
le;] < C. (2.108)

We now estimate |¢;| for |j| large. From (2.18) and (2.98), we get that for j > 0,

1 1 C
Z'“J"f'zzm<z ‘7< 2 7 ¥

keZ\{0,5} keZ\{0,5} keZ\{0,5} ol keZ\{0,5}

+
];2] ‘j N J;QJ ‘ —K;k;ﬁo ‘j - ks k;] ‘J - ks

24
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We estimate the terms in the last line of (|2:|II9|) one by one. First,

81 2
ZU —k3_7zk3_7zkk k—1) ?(2]+1) <7_‘

k>27

Second,

1 1
— <
R D

j<k<2j 1<I<j 1<1<j
1 1 1 1 1
LY e Y ()
< 5 -5 = 5353 .
31<1Sjj [+ 7l 3J et J+10 1
21n|j]|
352

Similarly, we can obtain that

}j?’ _ k3} - 352

—j<k<j, k0

1
Z‘] —k3 S_2

k<—j

and

(2.110)

(2.111)

(2.112)

(2.113)

From (2.109) to (2.I113), we know there is a constant C' > 0 such that for all positive integer

J;

Clnlj
S Japl < jJ‘.

keZ\{0,j}

By similar arguments, we also can show that for all negative integer j,

C'ln|j|

keZ\{0,5}
Combining (2.99)), (2.108), (2.114) and (2Z.115), we obtain that
{1 Cliljl <o <1+ Cl{f;bl.
J J

We now turn to the definition of k(-,-). From (291]) and (2116]), one has

/ |0,(2) — ¢j(x)*d

jez\{o} "
2
<2 Z / (1—c¢j)pi(z ‘dx—i—Q Z / |c;]? }ap] ](:c)} dx
jez\{0} JEZ\{0}
1 2
<o Y (B D) <
JEZ\{0}
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(2.114)

(2.115)

(2.116)

(2.117)



Inequality (ZIIT) allows us to define k(-,-) € L*((0,L) x (0, L

k(z,y) £

JE€Z\{0}

> fpi(@) — cios()]ei(y), 0<zy<L. (2.118)

Let us prove that k(-,-) € H*((0,L) x (0, L)). Thanks to ([2.25)), (Z.93) and 2.I16), we find

that

[ [ T &0 - selow)| wy

jezn{o}
- ¥ [1F@- sl
jezn{0}
Z / ‘1_CJ901 ‘dx_l' Z /|C]| ‘SOJ
jezZ\{0} JEZ\{0}
<C Z 1 ) < 400,
je{0} TP

which shows that
k:x('a ) € L2((O>L) X (Oa L))
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(2.119)
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Utilizing (218), (Z84) and (2.108)), we get

/OL/OL) Z q[%’(:ﬂ—qﬁj(x)]ap;(y)’zdxdy

JE€Z\{0}

:/o / > cerlpi(@) = 05(0)] [enlx) — dul@) ] (y)ei(y)dady

J,keZ\{0}

- /0 /0 > el —A—ip+ )" a;0—N5) (2)(— A—ip+ A) ~H (arb— A ()

J,keZ\{0}

x5 (y) @, (y)dady

= /OL /OL Z cjck[ Z (tpy — ipy + >\)_1 );?2((00)) Sol(x)]

J,keZ\{0} 1leZ\{0,5}

X[ > (im —z’uk+A)‘IA%(((;)))W(SC)}w}(y)%(y)dxdy

1€2\{0,k} Yk

<SON Y Y [l — i+ N) T (0) (i — i+ X)) (0)]
J,k€Z\{0} 1€Z\{0,5,k}

<[00 o)y

<ON DY Y G =i NG O] Y |G — i+ M) T (0)].

1€Z\{0} j€Z\{0,} KeZ\{0,1}
(2.121)
Similar to the proof of (2114, we can obtain that
. : _ C'ln |1]]g;(0 Clnl|l
> i - i + ) )] < SO < S,
JEZ\{0,1}
(2.122)
. : _ C'ln |l]]¢;(0 Clnl|l
> =i+ N (0] < SHEAOL < ER
KeZ\{0,1}

Combining (2121]) and (2.122]), one has that

/OL /OL’ > e - ¢j($)}<ﬂ}(y)‘2dwdy <ON Y m;'l' < +oo. (2.123)

jez\{0} lez\{0}

27



From (2.25), (2116) and (Z123)

[ ]S (56 -cowdo)

]eZ\{O}
<2// Z (1 —¢;)p;(x) ()‘dxdy
Jjez\{0}
2
2 [ ] 2 ale@ - o@le |
Jjez\{0}
2
<2 ) / ¢)ei(y)]| dy+2/ / ‘ )—@(@}w}(y)’ dady
jez\{0} eZ\{O}
<C Z
jez\{0}
(2.124)
From (2117), (Z119) and (Z124), we see that
ky(-,-) € L*((0, L) x (0, L)), (2.125)

which, together with (ZI20), shows that k(-,-) € H*((0,L) x (0, L)). Clearly, k(-,-) = 0 on
the boundary of (0, L) x (0, L). Thus, we conclude that k(-,-) € H3((0,L) x (0, L)).
Let us define

A

Ky) = ) (o) = ¢o5(0)]es(y) in (0,L) x (0,L). (2.126)

0<|jl<n
Simple estimates show that
(z € (0,L) = k{"(x,-) € L*(0, L)) is in C°([0, L]; L*(0, L)). (2.127)

For any m,n € Z*, m < n, we have that

2
/ S [F@ - 6@ i) dy
m<ljl<n
2
= Y |#@) - ¢id)(@)] (2.128)
m<|j|<n
2 N 2
<2 Y |[U=-epe@] +2 Y lePleie) — ¢i(@)]”
m<|j|<n m<ljl<n
By means of (2.25]) and (2.I16]), we find that
2 In® J
max Y |(1-¢)gl(x)] <C Y 2' 3 (2.129)
z€[0,L] - - i
m<ljl<n m<ljl<n
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From (284)) and (2.24), similarly to the proof of (ZI14]), we obtain that

max Z |cj|2}m — Cb;(x)}z

z€[0,L)] -
m<|j|<n
o 1 A¢;(0) 2
= max Z |cj|2’ Z (ip — gy + A) 7! ,l @)
z€[0,L] - . 90](0)
m<|j|<n lezZ\{0,5}

) (2.130)

l2
<C > > ’m

m<|j|<n1€Z\{0,j}

In® |j
<oy il

m<ljl<n I

Combining (ZI29) and (ZI30), we get that

e € 0.1) 0 K09 ) € 120, 1))

=1

is a Cauchy sequence in C°([0, L]; L*(0, L)),

(2.131)
which shows that (2:2)) holds. Proceeding as in the proofs of (Z125) and of (ZI31)), one gets
that

{y€(0,L)— k:é")(-,y) € L*(0, L)}:: is a Cauchy sequence in C°([0, L]; L*(0, L)),

(2.132)
which also gives (2.3)). Moreover (2.93), (2.98)), (2.1206) and (2.132) imply that
ky(-,0) = lim k{(-,0)=0 in L*(0, L). (2.133)
n——+00
Similarly, one can show that
ky(-.L) = lim k{™(-,L)=0 in L*(0, L). (2.134)
n——+00
From (2I33) and (ZI34), one has (2.4).
Let us finally prove that k(-,-) satisfies (2.3]).
First, it is clear that
Opex + Op + Oyyy + 0y + N (1 — ;)i ()i (y
( yyy Y ) 1)e;(@)e;(y) (2.135)

= (1 —¢j)(ipy —ipg + N ()0 (y) = (1 — ;) Apj(2)p;(y)-
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From (2.82) to (2.84]), one has
(Orae + O + Dyyy + 9y + A)jl; (2) = 6;(2)l;(y)
A1, (0) k()

( yyy Yy )kez\%]’]} ]@j(o)(zﬂk _ ZIU/j + >\) J( )
<Pk
= —¢jA J(?/)
kEZ\{0,5} SDJ(O) (2.136)

CjiA ,

= ehe,(@)esv) ~ > o (0)e(z)e;(y)

©j kez\{0}

CiA ) ,

= c;\p;(2)@;(y) + SO(]—(())(Sx:O ®¢i(y) in D(A) ® L*(0, L).
J

From (2.126), (2135) and ([2I36), we get in D(A) @ L*(0, L),

K, (2, y) + KO (2, ) + K () + K (2, ) + MO (2 y) — O © Y

0<|j|<n J
=A Z WS@J(Z/)

0<|jl<n

)

Therefore, for any p € £ C D(A) ® L*(0, L) (recall (2.I)) for the definition of £), we have
L /L
0= / / (K0 (2, y) + K (2, ) + k() (2, ) +k;§f><x,y) AR (2, y)
o Jo

X D ei(@)eiw)]ple,y)dady - /0 . 5; o(p(z, ) @;(y)dy

0<|jl<n 0<\]|<n

- /0 /0 [paaa(,y) + po(@,y) + pyyy (@, ) + py(2,y) + Ap(z,y) | K™ (2, y)dxdy

- / " k() (@, L) p(a, L)da + / ’ kS (,0)p(x, 0)d

A / / o) 3 P @es(y)dady.

0<|j|<n
(2.137)
By ([2133)), (2I34) and letting n — +oc in (2I37), we obtain that
[ [ sl + e9) + punl) + pf9) + Mol )] g}y
o Jo (2.138)

L
+/ p(y,y)dy = 0.
0

This concludes Step 2 and therefore the proof of Lemma 2.1]
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Remark 2.1 Note that k(-,-) is a real valued function since k(-,-) is also a solution of (L9)
in G and therefore, by the uniqueness proved in Step 1, we must have k(-,-) = k(-,-).

3 Invertibility of [ — K

We define a bounded linear operator K : L*(0, L) — L?(0, L) by

K(v)(x) 2 /0 k(z,y)v(y)dy for every v € L*(0, L).

Note that, by Remark 211 if v is a real valued function, then Kv is also a real valued function.
The goal of this section is to prove the following lemma.

Lemma 3.1 [ — K s an tnvertible operator.

Proof of Lemma [31): Since k(-,-) € L*((0,L) x (0,L)), we get that K is a compact
operator. Further, since k € H}((0, L) x (0, L)), we know that K is a continuous linear map
from L?(0, L) into H}(0, L). Denote by K* the adjoint operator of K. Then, it is easy to
see that

L
K'0)@) = [ Ky forany ve (0.L),
0
where k* is defined by
. A
k*(z,y) = k(y, @), (z,y) € (0,L) x (0, L). (3.1)

From (.9) and (B1)), one gets
ky 4k Ky A Ky AR = Ao(y —x)  in (0, L) x (0, L),

yyy
k(0,y) = k*(L,y) = 0 on (0, L), (32)
k(0,y) = K (L,y) =0 on (0, L), '
k*(x,0) = k*(z,L) =0 on (0, L).
Further, from ([B.1]) again, we have the following regularity for £*(-,-):
y € (0,1) = k(- y) € L2(0, 1) is in C°([0, L}, L%(0, 1), (33)

x € (0,L) — ki(z,-) € L*(0, L) is in C°([0, L]; L*(0, L)).

Let us point out that, from the (3.2]) and (3.4), we know
ve K*(L*0,L)) = (ve C'([0,L]), v(0) =v(L) = v,(0) = vy (L) =0). (3.5)
We claim that the spectral radius r(K™*) of K* equals 0. Otherwise, since K* : L?(0, L) —

L?(0,L) is as K a compact linear operator, there is a nonzero eigenvalue o of K*. Then,
there exists a positive integer ng such that

Ker(K* — al)™* = Ker(K* — al)™. (3.6)
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Let A
F = Ker(K* — al)™.

It is a finite dimensional space.
Since o # 0, F C K*(L?*(0, L)), and, with (3.5),
F c CY(Jo, L)) and v(0) = v,(0) = v(L) = v,(L) =0, Vv € F. (3.7)
Note that, by the fact that k* € H}((0, L) x (0, L)),
K* can be extended to be a continuous linear map from H~'(0, L) into L*(0,L). (3.8)

Let us denote by K* this extension and remark that, if u € H=Y(0, L) is such thazl?*u = au,
then v € L?*(0,L). Thus, we see that Ker(K* — ) C L?(0,L) and Ker(K* — ol) =
Ker(K* — o). Similarly, we have

Ker(K* — al)™ c L*(0, L),
Ker(K* — al)™ = F,

Ker(K* — al)™ = Ker(K* — al)™".

By (B3.2),
K*(Opza + 0p)V = (Opaa + 02) K*v — AK* v 4+ Av, Vv € C§°(0, L). (3.9)

From (3.5]) and ([3.9) we also get that K* can be extended to be a continuous linear map from
H=3(0,L) into H2(0, L). This, together with (3.8) and an interpolation argument, shows
that K* can be extended to be a continuous linear map from H2(0, L) into H~*(0, L). We
denote by K* this extension. Then, as for K *, one has

Ker(K* — al)™ = Ker(K* — al) € L*(0, L),
Ker(K* — al)™ = F, (3.10)
Ker(K* — o)™ = Ker(K* — aI)™*!.
Using (3.9), a density argument and (B.8) we get that
K*(Opa0 + 02)0 = (Oga + 05)K*v — AK*v + v, Yo € F. (3.11)
From (B.11), (37), and induction on n, one gets that
(K*)(Opee + 05)0 = (Duww + 00) (K*)™0 — nA(K*)™0 + nA(K*)" v, Yo € F. (3.12)
and therefore, for every polynomial P,

P(E*) (0400 + 05)0 = (0gan + 0p)P(K*)v — AP (K*)K*v 4+ AP (K*)v, Yo € F.  (3.13)

By virtue of GI0), B7) and GI3) with P(X) £ (X —a)™*!, we see that (Jyee+0s)F C F.
Since F is finite dimensional, this implies that (0., + 0,) has an eigenfunction in F, that
is, there exist 4 € C and £ € F \ {0} such that
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{ (Do + 0:)E = i€ in (0,L),
£(0) = &(L) = &(0) = &(L) = 0.

But, by [21, Lemma 3.5] again, this is impossible since L ¢ N. Then, we know r(K*) = 0,
which implies that the spectral radius r(K) of K is zero. Hence, we know that the real
number 1 belongs to the resolvent set of K, which completes the proof of Lemma 3.1

4 Proof of Theorem

This section is addressed to a proof of Theorem [[.2
Proof of Theorem [1.2: Let T > 0, which will be given later. Consider the following
equation

( % + V1, + V1, zax + V1V, = 0 in [07 T] X (07 L)>
v1(t,0) =v1(t, L) =0 on [0,T7,
L (4.1)
valt D)= [ halLoyultn)dy on 0.7
0
[ v1(0) =° in (0,L).

By Theorem [LT], we know that there is an ry > 0 such that for all v° € L*(0, L) with
109120,y < Tr, the equation (£I) admits a unique solution v; € C°([0,77; L*(0, L)) N
L*(0,T; H} (0, L)). Moreover, there is a constant Cp > 0 such that

01| coqo sz 0,0pn 20, mE 0,0) < Crlv°|20,1)- (4.2)

Let w; = (I — K)v;. Then, we have that
L
wnaltia) = ot.o) — [ Ko g)ont o)y
0
L
= vi(t, v) + / k(z,y) [ury (6 y) + vigyy(t y) + o1t y)viy (8 y)]dy
0

= vt z) + [k(x, y)vy(t, y)} ‘zzé — /0 ky(z,y)vi(t, y)dy

[k, ) o ()] |12y = oy (90 (8, 9)] g + Tl (2, 00 (8, 9)] |y

L 1 _ 1 L
- / by (2. 9)01 (8, 9)dy -+ 5 [(, g (8,9)] [} 2 —5 / iy (2, y)oi(t, y)*dy
0 0

=vi.(t,z) — /0 [ky(x,y) + kyyy (z, y)]vl(t, y)dy — %/0 ky(z, y)v(t, y)2dy,
(4.3)

wia(t,2) = o1t 7) — /0 k()01 (£, ) dy (4.4)
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and .
wl,xxx(ta ZL’) = Ul,xxx(ta ZL’) - / kx:c:c(xa y)'Ul (t, y)dy
0

Therefore, for a given A € R, utilizing the fact the v; solves (4l), we obtain that

1 L
wl,t(tu .l’) + wl,m(tv LE‘) + wl,wxw(tv LE‘) + >\U)1 (tv .l’) + 5 / ky(xu y)vl(tv y)zdy
0

= vy (t,x) — /0 v1(t,y) [ky (2, y) + kyyy (2, 9) + ko (2,Y) + kuwa(z,y) + Me(2, y) | dy

(4.5)

- / 01 (t,9) [y (22 9) + Fy(@29) + Ko 2, ) + Ealz, 9) + e ) — A(z — )] dy

= —vy(t, 2)vy (1, ).
Hence, if we take the feedback control F' as

F(p) 2 / ko(Loy)p(y)dy, Ve € IX0, L),

then we get that w; solves
(W1 + Wiy + Wi gge + WiW1 5 + AW
1 [ .
- _Ul'Ul,:c - 5 ky(x>y)vl(ta y) dy m [O>T] X (07 L)>
0

wy(t,0) =wi(t,L) =0 on [0,77,
[ w1,(t,L)=0 on [0,7].

Thus, we see that

d L
E/ s (1, ) 2da
0
L L
= —|w1,x(t,0)|2—2)\/ |w1(t,at)|2dx—/ wy(t, x)vy(t, x)v1 4 (t, x)d
0 0

_% /0 ' wi(t,2)| /0 " kol y)o(t, )y | do.
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Now we estimate the third and fourth terms in the right hand side of (£9). First,
L

/ wl(t,x)vl(t,x)vl,x(t,x)dz‘

0

— /OL [Ul(t,x) — /OL k(x,y)vl(t,y)dy} Ul(t,x)vl,x(t,x)dx‘

= /L (/L k(x,y)v(t, y)dy)vl(t,x)vm(t,x)dx’

N 2’/ / (@, y)ui(t, y)dy)vl(t x) d:p‘
2‘/ o LwOL(/Lvl(t z) d:):)%

L 3
2
0= B oy [ etnlas], ([ witna)’

(4.10)

| /\

IA

Next,
L L
[t [ hte e tayds
0 0
L

— ‘/OL [Ul(t,x) _ /OL k(x’y)ul(t,y)dy} (/0 ky(%y)v1(t,y)2dy>dx‘
s) /0 it ) ( /0 ka(x,y)vl(t,y)zdy>dx’+‘ /0 L( /0 k(e gt 9)dy /O ka(x,y)vl(t,y)2 i)

(4.11)
The first term in the right hand side of (A1) satisfies that

‘/OLvl(t,x)</0 J(x,y)vi(t,y) dy)d:)s’
- ‘/Lvl(t,y)2 / ky(z,y)vi(t, z dm)dy‘
§/0 1t y)? / |k, :cy|dm y(/OL txzdx>1 (4.12)
L 3
/ ky(z, )| dx L~ L)</0 vl(t,x)2dx>2

L 3
I—K)'2 .. 2dr )",
< (1= ) oy / o) | (] )
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The second term in the right hand side of (4.IT) satisfies that

‘/ / (z, 2)v (t, 2)dz /OL ky(if,y)vl(t,y)zdy>dg:‘
‘/ u(t,y) / (x,y)(/OL k(x,Z)U1(t,Z)dZ>d:Edy’
S/ ) / k(@ y)‘2d$> dy[/L (/OL k($72)v1(t,z)dz>2dx]%

3

/\k \da: ‘LMOL /\kxy)|2d:cdy> </0Lvl(t,x)2dx>2

1 1 L 3

113 2 2 2 2 2

<01 o | ([ It P | ([ Paaan) ([wntraar)
(4.13)

Let

~

1 B L
€ =3 = ) o] [ st )]

+[(1 = K)_1|2(L2(07L))

Lo>o(0,L)

- 2 2 L 2 %
/0 |y (2, -)] da:) Loo(o,L)(/o |k(z,y)| dzdy) :

+(I = K) 2 200
From (4.9)-(4.13)), we get that
d L L R L %
E/ (¢, 2)[2da < —2>\/ |w1(t,x)\2d:c+6’</ wl(t,x)2dx> L (414)
0 0 0

For a given A > 0, we know that there is a ¢; > 0 such that, if |w;(0)|r2(,) < 61, then

~

: }
0(/ wl(t,x)2d9§) <\ Vtelo,T).
0
This, together with (4.14)), implies that
d L L
E/ s (¢, )2z < —A/ wn(t,2)2dz, Yt € [0, T].
0 0

In particular
PV
jwi(t, )20,y < €™ 2 [wi(0,)|r200,2), V€ [0,7]. (4.15)
Then, from Lemma Bl and ({.I5]), we get that if
|U1(07 ')‘LQ(O,L) S mln{|[ - K|Z(1L2(0,L))51’ TT}7

then

o1t ) 200y < 1= K)ol = Klezonye  [0i(0, ) 20,0, ¥Vt € [0,7]. (4.16)
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Now we choose T > 0 such that
_AT -1
e 2 < |- K)ol — Kl o)

From (£I6), we find that |vi(T)|z200,0) < [v1(0)|r2(0,0) < 77 Thus, by Theorem 1], we
know that the following equation is well-posed.
( Vot + Vo.x + V2 zax + VU2, = 0 n [O> T] X (07 L)>
v9(t,0) = vy(t, L) =0 on [0,77,
L (4.17)
talt. D)= [ halLoyualtg)dy on 0.7)
0

[ 05(0) = v, (T) in (0, L).

Further, by a similar argument, we can find that w, 2 (I — K)v, satisfies
A
lwa(t, )| L20,2) < e |wy (0, MNezo), Yte0,T]

and
[v2(T, ) 220,0) < [02(0,)[22(0,1)-
Then, we can define v3 and w3 in a similar manner. By induction, we can find v, €

C°([0,T]; L*(0, L)) N L?(0,T; HL(0, L)) (n > 1), which solves

( Un,t + Un,z + Un,zzz + UnUn,x = 0 in [07 T] X (Ov L)v

U (t,0) =v,(t, L) =0 on [0,7],
4 L (4.18)
tnaltsD) = [ BLpun(t)dy on 0.7),
0
\ Un(o) = Un—l(T) n (Oa L)
Further, we have that w, = (I — K)v,, satisfies
[wn(t, )| 20,0) < e % w, (0, Nrzo,n) = ™% [w,_ (T, lr200,n) (4.19)

and
[0 (T, )| 20,0) < [vn(0,)|20,0) = [vn-1(T, )| 2(0,1)-

Now we put
v(it+(n—1DT,z) =v,(t,x), wt+ (n—1)T,x)=w,(t,z) for (t,z) e [0,T) x [0,L].

Then, it is an easy matter to see that v is a solution to (ILI]) and w = (/ — K)v. From (@19),
we get that

At
‘U)(t, ')‘LQ(O,L) < Q_T‘U)(O, ')‘LQ(O,L)a Vi > 0. (420)
This, together with w = (I — K)v, implies that for all t > 0,
At _ _At
2 (I = K) Mool = Kleo.)]0(0, )| 20,0y < Ce™ 2 [u(0, )| 20,19
37
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Let &y = min{|(] — K)|Z(1L2(O,L))51’TT}' Then, we know that for any v° € L?(0,L) with
0% 12(0,1) < 0o, the equation (II)) with the initial datum v° admits a solution

v e C°([0,+00); L*(0, L)) N L}, (0, +-00; HE(0, L)).
Further, we have that

o(t, ) 200y < Ce™ % [0(0, ) 20,0y, VE> 0. (4.21)

A Appendix

This section is devoted to a proof of Theorem [Tl Before giving the proof, we first recall
the following useful results.
Let T' > 0. We consider the following linearized KdV equation with non-homogeneous

boundary condition.

Up + Uppw + Uy = h  in [0,7] x (0, L),

u(t,0) =wu(t,L) =0 on [0,T],

uz(t, L) = h(t) on [0,77,

u(0) = u" in (0, L).

(A.1)

Here u° € L*(0,L), h € L*(0,T), h € L*(0,T; L*(0,L)). In [2I] (see also [3]), the author
proved the following results:

Lemma A.1 Let u® € L*(0,L). There exists a unique solution u € C°([0,T]; L*(0, L)) N
L?(0,T; Hy(0,L)) of (AJ) such that u(0,-) = u () Moreover, there is a Cy > 0, indepen-
dent of h € L*(0,T), h € L*(0,T; L*(0, L)) and uv° € L?*(0, L), such that

|u|200([0,T};L2(0,L)) + |u|iQ(0,T;Hé(O,L)) < C1(|u0|%2(0,L) + |h|i2(0,T) + |h|%1(0,T;L2(0,L)))' (A.2)

Lemma A.2 Let z € L*(0,T; HY(0, L

). Then zz, € L*(0,T;L*0,L)) and the map z €
L2(0, T; HY(0, L)) = 22, € L}(0,T; L2(0,

L)) is continuous.
In [9], the following result is proved.

Lemma A.3 [J, Proposition 15] There exists C > 0 such that for every o, iy € L*(0, L) and
h,h € L*(0,T) for which there exist solution @ and @ in C°([0,T); L*(0, L))NL*(0,T; H} (0, L))

of
iy + iy + Tggy + e =0 in [0,T] x (0, L),

a(t,0) = u(t L)=0 on [0,T], "
i, (t, L) = h(t) on [0,T],
(0, ) = @°(x) in (0, L),
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and of

U + Uy + Uy + 0, =0 in [0,T] x (0, L),
a(t,0) =a(t,L) =0 on [0, 7],
R (A.4)
. (t, L) = h(t) on [0,T],
(0, ) = 4°(x) in (0, L),

\

one has the following inequality

/0 ja(t, x) — a(t, @) *de

_ N 2 L t
S ec(1+|u‘i2(07T;H1(OyL))'HuIL?(O,T;Hl(O,L))) [/ WO(x) - aO(x)de _'_/ \71(3) . iL(S)|2dS}
0 0

(A.5)
for allt € 10,T).

Remark A.1 In [J], the term [, |h(s)—h(s)|*ds in the right hand side of (&) is fOT |h(s)—
h(s)|2ds. However, one can see that the proof of [9] also gives (A.5).

Proof of Theorem [1.1:

Uniqueness of the solution

Assume that v; and vy are two solutions of (L1]), by Lemma [A.3] we know that for any
te0,7],

L
/ on(t, 2) — vs(t, )| 2d
0

t
< ec(H‘”l|2LZ<0,T;H1<0,L>>+|”2‘2L2(0,T;H1<0,L>>) / |F(v1) — F(vy)|*ds (A.6)
0

t L
< CeC 920 11110, He2 20 7,011 0,00) / / |v1(s, ) — va(s, z)*dads.
0 JO

This, together with the Gronwall inequality, implies that v; = vy in [0, 7] x (0, L).

Existence of the solution

Let us extend A and A to be a function on (0, +00) x (0, L) and (0, +00) by setting them
to be equal to zero on (T, +00) x (0, L) and (T, +00), respectively. Denote by ||F'|| the norm
of the continuous linear map F : L*(0, L) — R. Set

A 1
T1 = mln{m,T}. (A?)

Let u € C°([0, T1]; L*(0, L)). We know that
A
h(-) = F(u(-)) € L*(0,Th).
Hence, for v° given in L?*(0, L), we can define a map

J + C%([0,T1]); L*(0, L)) — C°([0,T1]; L*(0, L))
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as follows: J(u) = v, where v € C°([0,T]; L*(0, L)) N L*(0,T; H}(0, L)) solves (A1) with
h(-) = F(u(-)) and v(0, ) = v°(").
For @, 4 € C°([0,Ty]; L*(0, L)), one has, using in particular (A.2) and (A7),

| T (@) — T (@)|coqoy):L2(0.))

T 9 %
G [ Pt - Pt ) )
Th
<ﬁﬂwn/’/ i(t,y) — it y)Pdyat)
< VT CH| F i — ] eoomz20.))

1 .
< ﬁ\u — ooz o,0))-

Hence, we get that J is a contractive map. By the Banach fixed point theorem, we know
that J has a unique fixed point vy, which is the solution to the following equation

V1t + V1,zzz + Via = il in [07 Tl] X (Ov L)v
v1(t,0) =v1(t,L) =0 on [0,T1],

(A.8)
Ul@(ta L) = F(Ul (ta )) on [07 Tl]a
v1(0, ) = 0%(x) in (0,L).
Using (A2), (A7) and (A.g), we find that
|U1|é0([0,T1};L2(O,L))
02 n 2 712
< C1(|U |L2(0,L) +/0 ’F(v(t, ))’ dt + |h|L1(O,T1;L2(O,L)))
< G (1020, + T FIRI oo raiony + 1oz,
< Cl(|vo|%2(o,L) + |h|%1(0,T1;L2(0,L))) + §|Ul|200([o,T1];L2(o,L))a
which implies that
0112002 0.0y < 2C1(10°12200.0) + P70 mr20.0))) - (A.9)
From (A.2), (A.§) and (A.9), we obtain that
|U1%0([0,T1];L2(0,L)) + ‘U1‘2L?(0,T1;H&(O,L))
02 n 2 712
< C1<‘U ‘LQ(O,L) +/0 ‘F(v(t, ))‘ dt + ‘h‘Ll(O,Tl;LQ(O,L)))
< 01(‘U0‘2L2(0,L) + |h‘2L1(0,T1;L2(0,L))) + ClT1||F"2‘U1‘%’0([0,T1];L2(0,L)) (A.10)

< Cl(‘” r2(0,0) T |h‘2L1(0,T1;L2(0,L))) + 5‘”1|200([0,T1];L2(0,L))

< 26'1(|U |L2(0,L) + |h|%1(0,T1;L2(0,L)))-
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By a similar argument, we can prove that the following equation

Vo + Vaggs + V2p = hin [T1,2T3] x (0, L),
v9(t,0) = vo(t, L) =0 on [Ty, 2T1],

Vo, (t, L) = F(ue(t,-)) on [T1,2T1],
vo(Th,x)) = vi(Th,z) in (0,L).

(A.11)

admits a unique solution in C°([T}, 2T1]; L*(0, L)) N L*(Ty, 2Ty; HY(0, L)). Furthermore, this
solutions satisfies that

|U2|2CO([T1,2T1];L2(0,L)) + |U2|%2(T1,2T1;H3(0,L))
< 201(|Ul(T1)|%2(0,L) + |h|%1(T1,2T1;L2(0,L)))'

By induction, we know that for an integer n > 2, the following equation admits a unique
solution.

(A.12)

Unt + Unsaw + Ung = h in [(n — 1)Ty, nT1] x (0, L),
vp(t,0) =v,(t,L) =0 on |(n —1)1T1,nTy|,
(2,0) = un(t. L) (= VT3, Ty i
Uno(t, L) = F(v,(t,-)) on [(n — 1)1y, nTy],
Up((n =171, 2) =v_1((n—1)Ty,z) in (0, L).
Furthermore, one has
‘Un|%’0([(n—1)T17nT1];L2(O,L)) + |U”|%2((n—1)T1,nT1;H6(O,L)) (A 14)
< 201 (Jvn-1((n — 1)T1)[720.) + |}~l|%1((n—1)T1,nTl;LQ(O,L)))'
Let ng € Z* be such that (ng — 1)Ty < T < ngTy. Let
v(t, x) 2 vp(t,x) for t € [(n— 1)T1,nTy) N[0, T], n=1,2--- ng x€(0,L).
Then v is the solution to
Vy + Vypz + Ve = h in [0,7] x (0, L),
v(t,0) =v(t,L)=0 on |0,7T],
(t.0) = ot 1) 0.7) )

vt 1) = Flo(t,y)) on [0,7),
v(0,2) = v°(x) in (0,L).

Moreover, there is a constant C' = C(T) > 0 (independent of v° € L2(0,L) and of h €
LY(0,T; L*(0, L))) such that

‘U%O([O,T];LZ(O,L)) + ‘U|%2(O,T;H6(O,L)) < C(T>(‘UO‘2L2(O,L) + |h‘2L1(07T;L2(0,L)))’ (A.16)

Let k > 0, depending only on L > 0, such that

|z < Klwlpie,r)y, Yw € H3(0, L). (A.17)
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From now on, we assume that v € L*(0, L) satisfies

bt

0]2
[V 720,) < 360 (1) (A.18)

Let
JAN

B {u e [0, T]; L2(0, L)) N L2(0,T; HL(0, L)) -

1
|U|cO ([0,7}:L2(0,L)) T ‘“‘L2(0TH1(0 L) S W}

Then B is a nonempty closed subset of the Banach space CY([0, T]; L*(0, L))NL*(0, T; Hi(0, L)).
Let us define a map K from B to C°([0, T]; L*(0, L)) N L*(0,T; H}(0, L)) as follows:

K(z) = v, where v is the solution to (AIH) with 7 = zz,.

From Lemma [A.2] and the above well-posedness result for (A.I5), we know that K is well-
defined. From (A.16) and (A.18), we have that

IC(Z)‘CO (0,7);22(0,0)) T [K(z )‘LQ(OTHl(O L))

IN

T)(|U |L2(0L |ZZ9E‘L1 OTLZ(OL)))

IN

C(
C(T)(|UO|L2(0L +|Z|L2(0TL°<>(0L |Z:c|L2(0TL2(0L)))
C(

T)([0° 7200y + |Z‘L2OTH1(OL)))
1
- 60( VK2

IN

and
1K(21) — K(22)|200([0,T};L2(0,L)) + [K(21) — ’C(Z2)|%2(0,T;H5(0,L))
< OMz21e — 2222000200 = CD21210 — 21220 + 21200 — 22222/ T1(01,12(0.1)
< 2C(T)KJZ(|Zl|2L2(0,T;15{g(0,L))|Zl Z2|L2 (0.T;:HL(0,L)) T |21 — 22|%2(07T;H5(07L))|22|%2(0,T;H5(0,L)))

2 2

< 20(T)k (‘zl‘L2(O7T;Hé(07L)) + |Z2|L2(0,T;Hé(O,L))) |Z1 - Z2‘L2(O,T;H3(0,L))
2

< g|z1 — 22|72 0.1 m3 0,L)

Therefore, we know that K is from B to B and is contractive. Then, by the Banach fixed
point theorem, there is a (unique) fixed point v, which is the solution to (I.I]) with initial
data v(0, ) = v°(-).

Remark A.2 Adapting the proof of [19, Section 3.1], one can also prove that, for every

v? € L*(0, L), there exist T > 0 and a solution v € C°([0,T); L*(0, L)) N L*(0,T; H*(0, L))
of (L) with f(t) = F(v(t,-)) satisfying the initial condition v(0,-) = v°(-).
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