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NEW PROCEDURES CONTROLLING THE FALSE DISCOVERY
PROPORTION VIA ROMANO-WOLF’S HEURISTIC

BY SYLVAIN DELATTRE AND ETIENNE ROQUAIN

The false discovery proportion (FDP) is a convenient way to ac-
count for false positives when a large number m of tests are performed
simultaneously. Romano and Wolf (2007) have proposed a general
principle that builds FDP controlling procedures from k-family-wise
error rate controlling procedures while incorporating dependencies in
an appropriate manner, see Korn et al. (2004); Romano and Wolf
(2007). However, the theoretical validity of the latter is still largely
unknown. This paper provides a careful study of this heuristic: first,
we extend this approach by using a notion of “bounding device” that
allows to cover a wide range of critical values, including those that
adapt to mg, the number of true null hypotheses. Second, the theo-
retical validity of the latter is investigated both non-asymptotically
and asymptotically. Third, we introduce suitable modifications of this
heuristic that provide new methods overcoming the existing proce-
dures with a proven FDP control.

1. Introduction.

1.1. Motivation. Assessing significance in massive data is an important challenge of con-
temporary statistics, which becomes especially difficult when the underlying errors are cor-
related. Pertaining to this class of high-dimensional problems, a common issue is to make
simultaneously a huge number m of 0/1 decisions with a valid control of the overall amount
of false discoveries (items declared to be wrongly significant). In this context, a convenient
way to account for false discoveries is the false discovery proportion (FDP) that corresponds
to the proportion of errors among the items declared as significant (i.e. “1”) by the procedure.

The Benjamini and Hochberg (BH) procedure has been widely popularized after the cel-
ebrated paper Benjamini and Hochberg (1995) and is shown to control the expectation of
the FDP, called the false discovery rate (FDR), either theoretically under constrained de-
pendency structures (see Benjamini and Yekutieli (2001)), or with simulations (see Kim and
van de Wiel (2008)). However, many authors have noticed that the distribution of the FDP of
BH procedure can be affected by the dependencies, see, e.g., Korn et al. (2004); Delattre and
Roquain (2011); Guo et al. (2014), which makes the use of the BH procedure questionable.

To illustrate further this phenomenon, Figure 1 displays the distribution of the FDP of the
BH procedure in the classical one-sided Gaussian multiple testing framework, when the m
test statistics are all p-equicorrelated. As p increases, the distribution of the FDP gets less
concentrated and turns out to be drastically skewed for p = 0.1 (in particular it falls outside
the Gaussian regime). Clearly, in that case, the mean fails to describe accurately the overall
behavior of the FDP distribution. In particular, although the mean of the FDP is below 0.2
(as proved in Benjamini and Yekutieli (2001)), the true value of FDP is not ensured to be
small in that case.
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An alternative proposed in Genovese and Wasserman (2004); Perone Pacifico et al. (2004);
Lehmann and Romano (2005) is to control the (1 — ¢)—quantile of the FDP distribution at
level «, that is, to assert

(1) P(FDP > ) < C.

While taking ¢ = 1/2 into (1) provides a control of the median of the FDP, taking ¢ = 0.05
ensures that the FDP does not exceed a with probability at least 95%. Markedly, Figure 1
shows that the (1 — ¢)-quantiles of the FDP distribution are substantially affected by the
dependencies, but not equally for all the (’s: due to the increasingly heavy upper-tail, while
the 95%-quantile gets substantially larger, the median gets slightly smaller. This suggests
that the BH procedure is much too optimistic for a 95%-quantile control, but is actually too
conservative for a FDP median control. Overall, this reinforces the fact, in the presence of
strong dependence, controlling the (1—(¢)-quantile of the FDP is an essential task, not covered
by the BH procedure.
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Fi1G 1. Fitted density of the false discovery proportion of the BH procedure when increasing the dependence.
m = 1000, mo = 800 (number of true null hypotheses), 10* simulations, Gaussian one-sided equicorrelated
model.

1.2. RW’s heuristic and main contributions of this paper. The problem of finding multiple
testing procedures ensuring the control (1) has received a growing attention in the last decades,
see for instance Lehmann and Romano (2005); Romano and Shaikh (2006a,b); Romano and
Wolf (2007); Guo and Romano (2007); Dudoit and van der Laan (2008); Chi and Tan (2008);
Roquain (2011); Roquain and Villers (2011); Guo et al. (2014). However, existing procedures
with a proven FDP control are in general too conservative. This increases the interest of
simple and general heuristics that work “fairly”. Romano and Wolf (2007), themself referring
to Korn et al. (2004), have proposed such an heuristic. It is called RW’s heuristic in the sequel
and can be formulated as follows.
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Start from a family Ry, k € {1,...,m}, of procedures such that for all k, with probability at
least 1 — (, the procedure Ry makes less than k — 1 false discoveries. Then, choose some k

X

such that (k —1)/R; < a, where Ry, denotes the number of rejections of Ry. Finally use R;.

Note that, in the original formulation, k was constrained to be chosen such that any k'
with k' < k should also satisfy (k' — 1)/Ry < o (“step-down” approach). This constraint is
not necessarily applied here (e.g., “step-up” approach is allowed). The rationale behind this
principle is that, for each k, the FDP of Ry, is bounded by (k — 1)/Ry, with probability 1 — ¢,
so that the FDP of R; should be smaller than (k — 1)/R; < o with probability 1 — ¢, which
entails (1). However, as it is, this argument is not rigorous, because it does not take into
account the fluctuations of k.

This heuristic has been theoretically justified (in the step-down form) in settings where the
p-values under the null are independent of the p-values under the alternative (full indepen-
dence in Guo and Romano (2007); alternative p-values all equal to 0 in Romano and Wolf
(2007)). Since these situations rely on an independence assumption, and since the FDP is
particularly interesting under dependence, it seems appropriate to study the precise behavior
of this method in “simple” dependent cases. Thus, our study is guided by the case where the
dependencies are known, Gaussian multivariate or carried by latent variables.

In a nutshell, this paper makes the following main contributions.

- It provides a general framework in which RW’s heuristic can be investigated, by build-
ing the initial k-FWE critical values with “bounding devices”: a strong interest is the
possibility to build critical values that “adapt” to mg, the number of true nulls. This
allows to encompass many procedures, either new or previously known.

- We show that RW’s heuristic may fail to control the FDP non-asymptotically (even un-
der its step-down form). Two corrections that provably control the FDP are introduced.
By using simulations, we show that the resulting procedures are more powerful than
those previously existing.

- We provide some asymptotic properties of RW’s heuristic (in its step-up form): first,
we show that it is valid under weak dependence. However, we argue that the interest
of the latter is moderate by proving that the simple BH procedure is also valid in that
case. Second, we provide particular types of strong dependence for which this heuristic
can be also justified. As a simple illustration, in a p-equicorrelated one-sided Gaussian
framework we prove the asymptotical FDP control holds for the step-up procedure using
the following new critical values:

(2) 7= (p28 () + (1= )T at/m)), 1<L<m,

where @ is the upper-tail of the standard normal distribution.

Finally, let us emphasize that the critical values (2) allow to describe how the quantities
a, ¢ and p come into play when controlling (asymptotically) the FDP. Taking p = 0 just
gives Simes’ critical values and thus the BH procedure, whatever ( is. The asymptotic FDP
control can be explained in that case by the fast concentration of the FDP of BH around
its expectation as m grows to infinity under independence (see, e.g., Neuvial (2008)). Now,
for p > 0, the new critical values are markedly different from the BH critical values: taking
¢ = 1/2 leads to less conservative critical values (if o < 1/2), while taking ¢ smaller can lead
to more conservativeness (as expected), see Figure 2 (a) for an illustration. Finally, we plot
in Figure 2 (b) the density of the FDP of the step-up procedure using the new critical values
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4 DELATTRE, S. AND ROQUAIN, E.

(2) for ¢ = 0.05. As one might expect, compared to the BH procedure, the density has been
shifted to the left so that the 95%-quantile of the FDP of the novel procedure is below .
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Fi1G 2. Left: plot of the critical values (2) in function of £. Right: same as Figure 1 but only for p = 0.1 and by
adding the new step-up procedure using (2). m = 1000, a = 0.2, Gaussian one-sided p-equi-correlated model.

1.3. Multiple testing framework. We observe a random variable X, whose distribution
belongs to some set P. For m > 2, we define a setting for performing m tests simultaneously
by introducing a true/false null parameter H € {0,1}"™ and a set of associated distributions
Pr C P which are candidates to be the distribution of X under the configuration H. We
denote Ho(H) = {l : Hl = 0}, mo(H) = ,7;1(1 - Hl) and Hl(H) = {Z : Hl = 1}, ml(H) =

M, H; the set/number of true and false nulls, respectively. The basic assumption is the
following: for all i € {1,...,m}, there is a p-value p;(X) satisfying the following assumption

VH € {0,1}™ with H; = 0,VP € Py, Pxp(pi(X) <t) <t, forall t € [0,1].
In this paper, a leading example is the one-sided location model, where
(3) Xi=Hjp; +Y;, 1<i<m,

where H € {0,1}™, u € (Ry\{0})™ and Y is a m-dimensional centered random vector with
identically distributed components. Then the p-values are given by p;(X) = F(X;), where
F(z) =P(Y; > z), x € R. Note that this model implicitly assumes that the p-values under the
null are uniformly distributed. In this paper, we will often assume that the joint distribution
of the noise Y is known and we consider the two following models for Y:

- Gaussian: Y is a Gaussian vector with covariance matrix I' (such that T';; = 1 for
simplicity), in which case Y7 ~ N(0,1) and F is denoted by ®. Note that a simple
particular case is the equi-correlated case:

(Gauss-p-equi) T, = p, for all i # j, where p € [~(m —1)"*,1].
- Mixture of (1-)factor models: the distribution of Y is given by
(facmod) Yi=cW +¢&,1<i<m,

where ¢;, 1 < i < m, are i.i.d., &, 1 < ¢ < m, are i.i.d., W is a random variable and
(ci)i<i<m, (&)i<i<m and W are independent. Also, the distributions of W, ¢; and &
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are assumed to be known, so that the function F is known and the p-values can be
computed. A simple particular case is obtained as follows: for p € [0, 1],

(alt-p-equi) Y; =eip'PW 4+ (1= )2, 1 <i <m,

where W, (1, ..., (n are i.i.d. N(0,1) and are independent of &1, ..., &, which are i.i.d.
random signs following the distribution (1 — a) d_1 + a 91, for a parameter a € [0, 1].

While the Gaussian model is classical and widely used, (facmod) is useful to model a strong
dependence, through the factor W. When the ¢;’s are deterministic, the latter is often referred
to as “one factor model” in the literature (see, e.g., Leck and Storey (2008); Friguet et al.
(2009); Fan et al. (2012)). Here, the ¢;’s are unknown and taken random with a prescribed
distribution. From an intuitive point of view, (facmod) is modeling situations where some of
the measurements have been deteriorated by unknown nuisance factors ¢;W, 1 < i < m. For
instance, choosing ¢; € {0, 1} corresponds to simultaneously deteriorate the measurements of
some unknown sub-group {1 <i <m:¢ = 1} C {1,...,m}. Furthermore, note that while
the model (alt-p-cqui) covers (Gauss-p-equi) when p > 0 by taking a = 0, (alt-p-cqui) is able
to include negative dependence between some of the Y;’s.

In (facmod), a quantity of interest throughout the paper is the probability that a p-value
is below t conditionally on W = w (under the null). According to the particular setting that
is at hand, this probability can be written as follows: for p € [0,1), w € R,

(Fy-facmod) Fo(t,w) = P(F(erw + &) < 1) =B [Fe (F (1) - 1) ;
(Fo-alt-p-equi) Fo(t,w) = (1 —a)f(t, —w,p) + af(t,w,p);
(Fo-Gauss-p-equi) Fo(t,w) = f(t,w, p),

where Fe(x) = P(¢ > z) and f(t,w,p) =@ (@' (t) = p/2w)/(1 - p)!/?).

REMARK 1.1 (Modifications of the test statistics). Let us consider the model (facmod),
where ¢; is equal to some known constant; (Gauss-p-equi) is one typical instance. Then, as
noted by a referee, applying a re-centering operation to the X;’s makes the factor W disappear,
and thus can lead to better test statistics (if the bias induced by this operation is not too large),
see Section S-1 for more details on this issue. To this respect, our work is particularly relevant
in cases where W cannot be removed with such a transformation. On the other hand, we believe
that model (Gauss-p-equi) keeps the virtu of simplicity and hence remains interesting to study
procedures that are supposed to deal with strong dependencies. Hence, while our procedures will
in general not be restricted to model (Gauss-p-equi), we will also use that model for illustrative
purposes throughout the paper.

In the Gaussian case, the joint distribution of the p-values under the null (p;,i € Ho(H))
depends in general on the subset Ho(H ). Obviously, in that case, we do not want to explore
the (mOTEZH)) possible subsets of {1, ..., m} in our inference, which inevitably should arise when
our procedure fits to such a dependence structure. To circumvent this technical difficulty, we
can add random effects to our model. This makes H becoming random. More formally, we
distinguish between the two following models:

- Fixed mixture model: the parameter H is fixed by advance and unknown. Overall, the
parameters of the model are given by § = (H, P) to be chosen in the set

of ={(H,P) : He{0,1}",P € Py}.
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6 DELATTRE, S. AND ROQUAIN, E.

- Uniform mixture model: the number of true null mg € {0,1,...,m} is unknown and
fixed by advance, while H is a random vector distributed in such a way that Ho(H)
is randomly generated (independently and previously of the other variables), uniformly
in the subsets of {1,...,m} of cardinal mg. The parameters of the model are given by
0 = (mo, (PH) H:mo(H)=m,)> to be chosen in the set

OV = {(mo, (Pr) tamg(m)=mo) © Mo € {0,1,...,m}, Py € Py for all H}.

In this model, the distribution of X conditionally on H is Pp.

While the fixed mixture model is the most commonly used model for multiple testing, the
uniform mixture model is new to our knowledge and follows the general philosophy of models
with random effects, see Efron et al. (2001). It is convenient for the adaptation issue w.r.t.
mo, as we will see later on. With some abuse, we denote mg(0), Ho(0) (or mg, Ho when not
ambiguous) the number of true nulls in the fixed/uniform mixture models. In the sequel, ©
denotes either ©F or OV,

1.4. Type I error rates. First, for t € [0,1], denote V;,,(¢) = Y7, (1—H;)1 {p;(X) < t} and
Ry, (t) = Y1 1{pi(X) <t} the number of false discoveries and the number of discoveries
(at threshold t), respectively. For some pre-specified k € {1,...,m} and some thresholding
method #,, € [0,1] (potentially depending on the data), the k-family-wise error rate (k-
FWER) is defined as the probability that more than & true nulls have a p-value smaller than
tm, see, e.g., Hommel and Hoffman (1988); Lehmann and Romano (2005). Formally, for 8 € ©
(in one of the models defined in Section 1.3 and © being the corresponding parameter space),

Note that £ = 1 corresponds to the traditional family-wise error rate (FWER). From (1),
providing k-FWER (£,,,) < ¢ (for all § € © and some ¢ € (0,1)), ensures that, with probability
at least 1 — ¢, less than k — 1 false discoveries are made by the thresholding procedure ,,.

Next, for some threshold ¢ € [0, 1], define the false discovery proportion at threshold ¢ as
follows:

Vin(t)

(5) FDP,,(t) = VT

Note that the quantity FDP,,(t) is random and not observable, because it depends on the
unknown process V,(t). Controlling the FDP via a threshold ¢ = %, (potentially depending
on the data) corresponds to the following probabilistic bound:

(6) V0 €O, Py (FDPm (fm) < a) >1—¢,

for some pre-specified values «,( € (0,1). As mentioned before, (6) corresponds to upper-
bounding the (1 — ¢)-quantile of the distribution of FDP,, (tAm) by «. Since FDP,,(t) > « is
equivalent to Vi, (t) > |aRp(t) |+1, the FDP control and the k~-FWER control are intrinsically
linked.

From an historical point of view, the introduction of the FDP goes back to Eklund in the
1960’s (as reported in Seeger (1968)), that has presented the FDP as a solution to the “mass-
significance problem”. Much later, the seminal paper of Benjamini and Hochberg (1995) has
widely popularized the use of the FDP in practical problems by introducing and studying the
false discovery rate (FDR), which corresponds to the expectation of the FDP.

imsart-aos ver. 2012/08/16 file: DR2012a2-revised2.tex date: October 14, 2014



NEW PROCEDURES CONTROLLING THE FDP 7

1.5. Step-up and step-down procedures. Let us consider the ordered p-values p(;) < --- <
P(m)- Consider a nondecreasing sequence (7¢)1<¢<m of nonnegative values, referred to as the
critical values. The corresponding step-up (resp. step-down) procedure is defined as rejecting
the p-values smaller than 7;, where ? is defined by either of the two following quantities (with

the convention py = 0,70 = 0):

(SU) max{f € {0,1,...,m} such that py < 7¢};
(SD) max{/ € {0,1,...,m} such that V¢’ € {0,1,...,¢}, py < 7}

Let us also recall the so-called “switching relation”: py < 7 is equivalent to Ry (10) > L.
This entails Rm(le) = 7 both in the step-up and step-down cases.

2. Building k-FWE-based critical values.

2.1. Revisiting RW'’s heuristic. Starting from arbitrary critical values (77)1<¢<m, and by
taking an integer ¢ such that R,,(7;) = ¢, we have

Po(FDP,,(15) > a) = Po(Vin(75) > a Rin(7;))
(7) = Po(Vin(7)) > |al] +1).

Hence, by taking 7, such that (|af] + 1)-FWER(7y) < (¢ for all ¢, we should get that (7) is
below (. However, as already mentioned, the above reasoning does not rigorously establish (6)
(with tm = 7;), because it implicitly assumes that 7 is determinist. Nevertheless, this heuristic
is a suitable starting point for building critical values related to the FDP control.

2.2. Bounding device. Let us consider either the fixed model © = ©F or the uniform model
O = OY. First, let us define a bounding device as any function BY, : (t, k,u) — B (t,k,u) €
[0,1], defined for t € [0,1], k € {1,...,m} and u € {0,...,m}, which is non-increasing in k,
with B2 (0,k,u) = 0 for all u,k, BY (t,k,u) = 0 for all ¢ € [0,1] whenever u < k, and such
that for all t € [0,1], k € {1,...,m} and v € {k,...,m}, we have

(Bound) BY (t,k,u) > sup {Pg(Vin(t) > k)}.
fco
mo(0)=u

Now, define for ¢t € [0,1], k € {1,...,m} and ¢ € {k, ..., m}, the quantities

(Bound-nonadapt) Bn(t,k) = sup {B%(t, k, u)},
0<u<m

(Bound-adapt) B (t,k,0) = sup { sup  BY(t, k:',u)} ;
k<k'<t | 0<u<m—0+k

which are additionally assumed to be non-decreasing and left-continuous in ¢. Note that
B, (t, k) and B,,(t, k,¢) are both non-increasing in k.

DEFINITION 2.1.  Let us consider a bounding device B (t,k,u) and the above associated
quantities By, (t,k) and By, (t,k,l). Then the non adaptive (resp. adaptive, oracle) k-FWE-
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8 DELATTRE, S. AND ROQUAIN, E.

based critical values associated to the bounding function BY are defined as follows (respec-
tively):

(8) ﬂ:max{te[O,l] : Bn(t, [af] +1) SC} < m;
(9) 7 =max {t€[0,1] : But, [at] +1, )gc} 1<0<m;
(10) 7 =max{t € [0,1] : By(t, [al] +1,mg) <}, 1< <m

The above definition implies that (7¢)1<¢<m, (T¢)1<¢<m and (Tg)lgggm are nondecreasing
sequences, so that they can be used as critical values. The critical values 74, £ = 1,...,m, are
said adaptive because they implicitely (over-)estimate mg by

(11) m(l) =m — £+ [al] + 1.

In the literature, this way to adapt to mg is often referred to as “one-stage” (by contrast with
“two-stage”, see Benjamini et al. (2006); Sarkar (2008); Blanchard and Roquain (2009)). It
has been proved to be asymptotically optimal in a specific sense, see Finner et al. (2009).
Also, 7p < 7y for all ¢, that is, adaptation always leads to less conservative critical values.
Finally, it is worth to check that 7,, < 7,,, < 1 (this comes from BY (1,k,u) = 1 for all u > k)
so that the output 7 of the step-up algorithm is not identically equal to m.

2.3. Examples. We provide below three examples of bounding devices: Markov, K-Markov
and Exact. Instances of resulting critical values are displayed in Figure 3 under Gaussian equi-
correlation (see Figure S-2 for similar pictures under alternate equi-correlation). As we will
see, while the exact bounding device leads to the largest critical values the Markov-type
devices are still useful because they can offer finite sample controls. Also note that in all these
examples, we have ém(t, k,0) = B (t,k,m — £+ k).

Markov. By Markov’s inequality, we have

Eg(vm(t)) _ mot
k k

(12) Po(Vin(t) = k) < =: Bg@(tv k,mo).

Since By, (t, k) = mt/k and By, (t, k,¢) = (m — £ + k)t/k, this gives rise to the critical values

/] +1 /] +1
" L _Cleti+) e+
m m(?)
where m(¢) is defined by (11). The adaptive critical values (7)1<¢<m are those proposed by
Lehmann and Romano (2005). Note that these critical values do not adapt to the underlying
dependence structure of the p-values.

K-Markov. When ( is small, the Markov device can be too conservative and we might want
to use a sharper tool. Let K > 1 be an integer. As suggested in Guo et al. (2014) (for K = 2),
we can use the following bound: for k > K,

(14) L2k o 5 1{max(p) <),

k
(K) XCHo: | X|=K
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FIG 3. Plot of —log(T¢) in function of £ € {1,...,m}, for k-FWE-based critical values obtained with several
types of bounding devices and assuming (Gauss-p-equi). For comparison, the solid thin black line corresponds
either to the BH critical values —log(al/m) (non adaptive) or the AORC critical values —log(al/(m—(1—a)l))
defined in Finner et al. (2009) (adaptive).

which leads to upper-bounding sup{Py(V,,,(t) > k),0 € ©,my(0) = u} by

0 Bk =Ry e (R (et 1))

mo(0)=u

where Xy C Ho with | Xo| = K is let arbitrary. In the latter, we implicitly assumed that for all
0, the probability Py(max;cx{p;} < t) depends on X only through |X| = K. When k < K,
the bound (15) is useless by essence, so we replace it by the simple Markov device, by letting
B (t,k,u) = (ut/k) Vv BY,(t, K,m) if 1 <k < K — 1. Note that the operator “V” in the last
display is added to keep the non-increasing property w.r.t. k. As a first illustration, in the
one-sided location model (3), if

(Indep) p;,i € Hp, are mutually independent (cond. on H in model OY),

we have Pj(maxiex, {pi} < t) = ¥, which entails (7)K = ¢UetEptar i (ot st

for £ > [(K — 1)/a]. A second illustration is the one-factor model (facmod), for which
Py(max;ex,{pi} <t) =E [Fo(t,W)K] where Fj is defined by (F-facmod). Hence, invert-
ing BY(t, |al] + 1,m(¢)) = ¢ gives rise to critical values 7, and 7, which both take into
account the dependence induced by the common factor W.
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10 DELATTRE, S. AND ROQUAIN, E.

FEzact. In some cases, closed-formulas can be derived for the RHS of (Bound). First, by
assuming (Indep), the distribution of V,,,(t) is a binomial with parameters (u,t). Hence,
BY (t,k,u) = ik (?)tj(l — t)u=J. The corresponding adaptive critical values can be ob-
tained by a numerical inversion (these critical values were already proposed in Guo and
Romano (2007)). Second, the following exact formula can be used in model (facmod):

u

(16) Bgn(t? k,u) =Ew [Z (j) (FO(tv W)>j(1 - FO(ta W))u_j )

J=k

where Fj is defined by (F{-facmod). Third, in a more general manner, non-adaptive threshold
can be obtained in the one-sided location model (3), provided that the full joint distribution
of Y is known: for this, observe that V;,(¢) is upper-bounded by the full null process

7 v =m S {Em) < 1),
i=1

whose distribution can be approximated by a Monte-Carlo method. Finally, to obtain an
adaptive threshold, we can make use of the uniform model ©V: the added random effect on
Ho entails that V;,,(t) can be easily generated for each value of u = mg(¢). This leads to
non-adaptive and adaptive critical values that incorporate any pre-specified joint distribution
for the noise Y (e.g., I' in the Gaussian case).

3. Finite sample results.

3.1. Preliminary results. The following theorem gathers the only existing cases, quite
restrictive, where RW’s heuristic has been proved to provide FDP control (to our knowledge).

PROPOSITION 3.1 (Romano and Wolf (2007); Guo and Romano (2007); Guo et al. (2014)).
Consider some bounding device BY, and the associated k-FWE-based critical values (Te)1<t<m,
being either adaptive or not and computed either in the fived mizture model (© = ©F) or in
the uniform mizture model (© = OY). Let us consider the corresponding number of rejections
U of the associated step-down (SD) or step-up (SU) procedure. Then the FDP control (6) holds
(with t,, = 7;) in the following cases:

(i) step-down algorithm and the null p-values (p;,i : H; = 0) are independent of the alter-
native p-values (p;, i : Hy = 1);

(ii) step-down or step-up algorithm with the Lehmann-Romano critical values, that is, with
(Te)1<e<m given by (13), and assumed that Simes’ inequality is valid:

(18) Py (@ {Q(k) < Ck/mo}> <,

k=1

where g1y < q2) < -+ < G(mg) denote the ordered p-values under the null.

The case (i) comes from inequalities established in Lehmann and Romano (2005); Romano
and Wolf (2007), that we recall in Section 7.1 under an unified form (see also Theorem 5.2 in
Roquain (2011)). Note that it contains the case where all the p-values under the alternative
are equal to zero (Dirac configuration). Case (ii) has been solved more recently in Guo et al.
(2014). Here, it can be seen as a consequence of the following general inequality (see Section 7.3
for a proof).
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NEW PROCEDURES CONTROLLING THE FDP 11

ProrosiTiON 3.2. Consider the setting of Proposition 5.1 in the step-down or step-up
case. Then we have for all 6 € ©,

(19) Py (FDPy (1) > @) < Py (Vin(w?) >k > 1) = By (g <2, k> 1),

for k = Vp(r 7), where
(20) VY = max{t € [0,1] : B (t,k,mg) < ¢}.

Proposition 3.1 (ii) thus follows from Proposition 3.2, used with the adaptive Markov
bounding device, see (12). Markedly, Proposition 3.2 establishes that the FDP control for
adaptive k-FWE based critical values is linked to a specific inequality between the null p-
values and the bounding device using the true value of my.

Further note that (19) in Proposition 3.2 is sharp whenever mo(6) = m: in that case, the
LHS and RHS are both equal to the probability that k:( 6) is not zero, i.e., that at least
one ¢ € {1,...,m} is such that Pe) < 7¢- For instance, in the independent case and using the
exact device (16), when m = mg = 2 and o = 0.5, we have 71 = 7, = 1 — (1 — ¢)"/2? and
7o =72 = (Y2 and Py (FDPy, (1)) > ) = 2¢ — (1 — (1 = Q)Y (2¢V2 =1+ (1 — )V/?). We
merely check that the latter is larger than ¢ for all ( € (0,1). Also, simulations of Section S-5
in Supplement A indicate that this exceeding can hold for a larger value of m. This establishes
the following:

Fact 3.3. RW'’s heuristic does not always provide a valid FDP control for finite m in its
step-up form under independence.

Now, an important question is to know whether RW’s heuristic always provides a valid
FDP control for finite m in its step-down form. First, we can merely check that the following
cases can be added in Proposition 3.1 in the step-down case:

(131) for all 6 € ©, |abs(mo(0))] =0 (e.g., mo(F) € {1,m} or |[am]| = 0);
(tv) under (Gauss-p-equi) when p = 1.

Note that (iii) contains the case mo = m which was problematic in the step-up case. A con-
sequence is that any configuration for which the FDP control fails should be searched outside
cases (i), (ii), (iii) and (iv). As a matter of fact, we found a numerical example under equi-
correlation when using the critical values (77), defined by (10), with the exact device. To this
end, we have evaluated the exceedance probability of the FDP by the exact calculations pro-
posed in Roquain and Villers (2011); Blanchard et al. (2014). This method is time consuming
for large m but avoids the undesirable fluctuations due to the Monte-Carlo approximation
while performing simulations. Precisely, in model (Gauss-p-equi), when m = 30, a = 0.2,
¢ =0.05p=0.3,mg=15, u; = 1.5,1 < i < m, we obtained Py (FDPm(TE) > a) > (+1073.
Admittedly, the FDP control is just slightly violated. Nevertheless, this gives a numerical ev-
idence of the following fact.

Fact 3.4. RW’s heuristic does not always provide a valid FDP control for finite m in its
oracle step-down form in model (Gauss-p-equi).

Note that the case of the non-oracle adaptive version is studied with extensive simulations
in Section S-6, the conclusion is similar. Fact 3.4 is interesting from a theoretical point of
view: it annihilates any hope of finding a general finite sample proof of FDP control in the
step-down case, even under a very simple form of positive dependence.
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12 DELATTRE, S. AND ROQUAIN, E.

3.2. Euxisting modifications. Facts 3.3 and 3.4 indicate that, to obtain a provable finite
sample control, it is appropriate to slightly decrease the initial k-FWE-based critical values
(T¢)1<e<m- Interestingly, several existing procedures that provably control the FDP can be
reinterpreted as modifications of the 7’s. In the literature, we have identified the following
principles that controls the FDP under general dependence:

e The “diminution” principle Romano and Shaikh (2006a,b); Guo et al. (2014): first,
establish a rigorous upper-bound for P(FDP > «) for a step-down or step-up procedure
with arbitrary critical values (c¢(x))1<s<m depending on a single parameter x. Second,
adjust  to make the bound smaller than (. As an illustration, Romano and Shaikh
(2006a,b) have proposed a bound that can be rewritten as follows (see Section 7.2 for a

proof):
ba (u)
B co(x) —co1(x) |
(21) CM(x) = nax {u zgl —dma) ul) } ;
where for all u, ¢ € {0,...,m}, we let
u) — ([tm—u)/(1 —a)] + 1) A (Ju/a] —=1) Am  (step-down)
22 el = { (Tufo] = 1) Am (stepup)

- lal] +1 (step-down)
(23)  d(l,m,u) = { (lal] + 1)V (£ —m+u) (step-up)

This bound does not incorporate the dependence. Finally, let us mention that the
diminution principle has been recently followed by using much more sophisticated
bounds that incorporate the pairwise dependence, see Theorems 3.7 and 3.8 in Guo
et al. (2014).

e The “augmentation” principle van der Laan et al. (2004); Farcomeni (2009): consider
the 1-FWE controlling procedure at level { rejecting the null hypotheses corresponding
to the set R = {1 <i<m : p; <7 (¢)}, denote ¢V the number of rejections of
RW and

A = /M /(1 — )| Am.
Then the “augmented” procedure rejects the nulls associated to the (449 gmallest p-
values. This procedure can incorporate the dependence if R is appropriately chosen.

e The “simultaneous” k-FWE control proposed in Genovese and Wasserman (2006): con-
sider critical values (7¢(¢/m))1<¢<m (with ¢ divided by m) and let

o — | mex (RS —lot] : S ROAGmDL2 Y,

11—«

Then the “simultaneous” procedure rejects the nulls corresponding to the £5m gmallest
p-values. Again, this procedure is able to incorporate the dependence if the 7,’s are
suitably built.

3.3. Two new modifications. This section presents new results that can be seen as modifi-
cations of k-FWE based procedures that ensure finite sample FDP control. Both modifications
incorporate the dependence between the p-values. Furthermore, the numerical experiments of
Section 5 show that they are more powerful than the the state-of-the-art procedures described
in Section 3.2.
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A first modification. The first result follows the “diminution” principle. For any arbitrary
critical values (c¢(x))1<¢<m (depending on a variable z), let C*(z) be

ba (u)
ax max {(Po (Vin(ce(2)) 2 d(€ = 1,m, u)) = Py (Vin(ce-1(2)) = d(€ — 1,m, u)))
T =1 mo(6)=u
(24)

A By (Vin(ce(x)) = d(€,m, u)) — Py (Vin(ce-1(2)) = d(€,m, u)))} }

where b, (u) and d(¢, m,u) are given by (22) and (23), respectively. The following result is
established in Section 7.2.

THEOREM 3.5. Let us consider either the fized model (© = ©F) or the uniform model
(© = 0Y) and any family of critical values (co(z))1<¢<m, * > 0, such that ¢, (0) = 0.
Consider some x* > 0 satisfying C*(x*) A CF3(z*) < ¢, where C¢*(-) is defined by (24) and
CBS(.) by (21). Let € be the number of rejections of the step-down (SD) (resp. step-up (SU))
algorithm associated to the critical values (c(x*))1<¢<m. Then the FDP control (6) holds,
with ty, = 7;.

Theorem 3.5 can be applied with any starting critical values (c¢(x))1<¢<m. A choice in
accordance with RW’s heuristic is ¢/(z) = x 7, £ € {1,...,m}, x > 0, where (7)1<¢<m are
the adaptive k-FWE based critical values (9) for some appropriate bounding device. Next,
while Theorem 3.5 does not require any assumption on the dependence, it implicitly assumes
that the function C°*(-) is known or easily computable. This is the case for instance in the
model (facmod), because we have

ba(u)
C®(r) = max { (B%(cz(z:), d(¢ —1,m,u),u) — BY (c;_1(x),d(l — 1,m, u),u))

(25) A (B (eol@), d(t,m, ), u) = B (e (x), d(C,m, ), ) }

where BV (t,k,u) is the exact bounding device defined by (16). A second illustration is the
Gaussian case where I' is known but arbitrary and where the model is © = OV. In that
situation, C**(x) in (24) can be approximated by Monte-Carlo calculations. Finally, let us
underline that Theorem 3.5 provides FDP control even if the incorporated dependence is not
positive.

A second modification. The second result presented in this section relies on the K-Markov
device BY,(t, k,u) given by (15) (for some integer K > 1). It specifically uses the two following
assumptions (here © = O only):

(Exch-Hy)
for all § € O, for any permutation o of {1,...,m} with o(i) =i for all i ¢ H(0),
the distribution of (py(;))1<i<m is equal to the one of (p;)1<i<m.

(Posdep)
for all § € O, for any measurable nondecreasing set D C [0, 1]™ and subset X C Ho(6),
x €10,1] — Py ((pi)i<i<m € D | Vi € X,p; < x) is nondecreasing.
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14 DELATTRE, S. AND ROQUAIN, E.

In (Posdep), a set D C [0, 1]™ is said nondecreasing if for any x,y € [0, 1]™ such that z € D,
the inequality < y (holding component-wise) entails y € D. Condition (Posdep) induces
a form of positive dependence between the p-values. It is stronger than the condition of
positive dependence ensuring FDR, control for the BH procedure, for which the conditioning
holds w.r.t. only one element, see Benjamini and Yekutieli (2001); Blanchard and Roquain
(2008); Blanchard et al. (2014). However, Assumption (Posdep) is satisfied as soon as the p-
value family is multivariate totally positive of order 2 (MTP2, see Sarkar (1969)). We refer to
Section 3 of Karlin and Rinott (1981) for several examples of MTP2 models, which thus satisfy
Assumption (Posdep). More explicit examples will be provided at the end of the section.

Now, assuming (FExch-Hy), we consider for £ € {1,...,m},
) . #m(0) if 0> 0
7 (%) AT (ACm)  if £ < lx,

where (g = [(K —1)/a], A € [0,1] is some tuning parameter and where 7;(¢,u) denotes the
value of ¢ obtained by solving the equation

(et +1)(lal) +1 1) (lal] +1 - K +1)
27) 228 {Pe (gi}é{m} = t>} =6 uwu—1)-(u— K+1) ’

mo(0)=u

where X denotes any subset of H of cardinal K. The following result holds (see Section 7.4
for a proof).

THEOREM 3.6. In the fized model © = OF, let 7 be the number of rejections of the step-up
(SU) algorithm associated to to the critical values (7;°")1<o<m given by (26). Then the finite

sample FDP control (6) holds for t, = 7 under assumptions (Posdep) and (Exch-H).

The proof of Theorem 3.6 is given in Section 7.4. It shares some similarity with the proofs
developed in Sarkar (2007) in the FDR case. When K = 1 and A = 1, the critical values
(17" )1<e<m are the Lehmann-Romano critical values (13) and thus Theorem 3.6 is in ac-
cordance with Proposition 3.1 (ii) and Theorem 3.1 of Guo et al. (2014), because Simes’
inequality is valid in that case. The originality of Theorem 3.6 lies in the case K > 1, that
allows to incorporate the dependence in an FDP controlling procedure. Below, some examples
are provided in the one-sided location models (3):

1. When the noise Y is Gaussian multivariate, Assumption (Fxch-7{;) imposes equicor-
relation between the p-values (p;,i € Hyp), say p-equicorrelation with p € [0,1). In
this case, Equation (27) can be solved by using Py (Vi € Xo,p; < t) = E[(Fo(t, W))X],
where Fp is given by (Fy-Gauss-p-equi) and W ~ N(0,1). Furthermore, the p-value
family is MTP2 if and only if —I'"! has nonnegative off-diagonal elements (see, e.g.,
Rinott and Scarsini (2006)). For instance, both assumptions are satisfied if I' is p-equi-
correlated (Gauss-p-equi). Additional examples can be provided with matrices I" such
that (I ;)iero,jer, is p-equi-correlated while —I'~! has nonnegative off-diagonal ele-
ments.

2. Consider (facmod) in the particular case where X; = p; + ¢;W + ¢ — (a/b)wg, where
c1 ~ 7y(a,b), W is a positive random variable (wy = EW), and (; is centered with a
log-concave density. In that case, the p-value family is MTP2 by Proposition 3.7 and 3.9
of Karlin and Rinott (1980), which entails (Posdep). Assumption (Fxch-H) also clearly
holds, and the LHS of (27) is E[(Fy(t, W))X], where [y is defined by (Fi-facmod).
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NEW PROCEDURES CONTROLLING THE FDP 15

REMARK 3.7.  Assumption (Posdep) is, strictly speaking, weaker than MTP2 property.
For instance, (Posdep) is satisfied in the Gaussian case where I'; ; > 0 fori € Hy and j € Ho
andI'; ; =1 for i,j € Ho.

4. Asymptotic results. The goal of this section is to study RW’s heuristic from an
asymptotic point of view.

4.1. Setting and assumptions. In this section, the FDP control under study is asymptotic:
we search ¢,, such that

(28) lim sup {Pg(m) (FDPm (fm) > a)} <.

This requires to consider a sequence of models (©(™) m > 1) (fixed mixture models here) and
a sequence of parameters (H(m),m > 1) with 9™ ¢ ©(m) for all m > 1. The latter sequence is
assumed to be fixed once for all throughout this section. Moreover, we will assume throughout
this study the following common assumption:

(29) mo(07) /m — mo, where m € (0,1).

In particular, any sparse situation where mgo(6™)/m — 1 is excluded. Also, under (29), we
let 1 =1—m € (0,1).

Useful assumptions on (9(m),m > 1) are the following weak dependence assumptions on
the processes Gy, (t) = Ry (t)/m and @o,m(t) = Vi (t)/mo, t € [0,1]:

(weakdep) |G — Glloo = 0p(1), for some continuous G : [0,1] — [0, 1];
(weakdep0) 1Gom — I]|eo = 0p(1), for I(t) =t, t € [0,1].

These weak dependence conditions are widely used in the context of multiple testing, see, e.g.,
Storey et al. (2004); Gontscharuk and Finner (2013) and the stronger condition (FLT) further
on. In the particular one-sided Gaussian multivariate setting, these conditions have been stud-
ied in Schwartzman and Lin (2011); Fan et al. (2012); Delattre and Roquain (2014) (among
others). Lemma S-3.1 of Supplement A states that Assumptions (weakdep) and (weakdep0)
are satisfied with G(t) = mot + m1 F1(t) and Fi(t) = [;° 6(5_1(15) — B)dv () under (29) if the
following conditions hold:

m
(Conv-alt) (my)~t Z H;,, weak, v, for a distribution v on R™ with v({0}) =0,
i=1

(weakdepGauss) m ™2 Z (Ti;)* — 0.

,j=1

Also, let us underline that under (Gauss-p-equi), Assumption (weakdepGauss) is satisfied
whenever p = pp, — 0.

Finally, we also explore in this section strong dependence, through the factor model (facmod).
This includes (Gauss-p-equi) for a parameter p € (0,1) taken fixed with m.
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16 DELATTRE, S. AND ROQUAIN, E.

4.2. The BH procedure and FDP control. Let us go back to Figure 1. When p = 0, even if
the BH procedure is only intended to control the expectation of the FDP at level «, the 95%
quantile of the FDP is still close to «. This comes from the concentration of the FDP of the
BH procedure around mpar < a = 0.2 as m grows to infinity. It is well known that this quantile
converges to mpa as m grows to infinity, so that the limit in (28) is equal to zero, see, e.g.,
Neuvial (2008). In other words, the FDP concentration combined with the slight amount of
conservativeness due to gy < 1 “prevents” the FDP to exceed a. The consequence is simple:
the BH procedure controls the FDP asymptotically in the sense of (28) under independence.
As a matter of fact, the latter also holds under weak dependence.

LEMMA 4.1. Consider the BH procedure, that is, the step-up procedure (SU) associated to
the linear critical values 7o = al/m, 1 < £ < m. Assume that (6™, m > 1) satisfies (29),
(weakdep), (weakdepO) and further assume that G satisfies the following property:

(Exists) there exists t € (0,1), such that G(t) > t/a.

Then we have Pyim) (FDP,, (7;) > o) — 0.

Although this result seems new, its proof, provided in Section 8.1, can certainly be con-
sidered as standard (see, e.g., Genovese and Wasserman (2004); Finner et al. (2007)). Also,
while Lemma 4.1 does not require any Gaussian assumption in general, all the assumptions
of Lemma 4.1 are satisfied under (29),(Conv-alt) and (weakdepGauss).

In the literature, even under independence, it is common to exclude the BH procedure
while studying (28). For instance, Proposition 4.1 in Chi and Tan (2008) shows that the
“oracle” version of the BH procedure, that is, the step-up procedure with critical values
al/mg, £ € {1,...,m}, has a FDP exceeding o with a probability tending to 1/2. Since the
oracle BH procedure is often considered as “better” than the original BH procedure, it is
thus tempting to exclude the BH procedure when studying an FDP control of type (28).
Lemma 4.1 shows that, perhaps surprisingly, this is a mistake: BH procedure is interesting
for providing (28) and does not suffer from the same drawback than the oracle BH procedure.

By constrast, if the dependence is not weak, the BH procedure can fail to control the FDP as
m is tending to infinity. Under (Gauss-p-equi) and when the p-values under the alternative are
zero (Dirac uniform configuration), this fact has been formally established in Theorem 2.1
of Finner et al. (2007), by showing that the limit of the FDP of the BH procedure is not
deterministic anymore and hence can exceed o with a positive probability, which is obviously
not related to ¢ (because BH critical values does not depend on ().

4.3. RW'’s heuristic under weak dependence. The two results provided in this section both
validate the use of RW’s heuristic under weak dependence. Since the BH procedure is valid in
that case, they are of limited interest in practice. Nevertheless, we believe that they suitably
complement our overview on RW’s heuristic. The first result is proved in Section 8.2 via
technics similar to those used for proving Lemma 4.1.

THEOREM 4.2.  Consider the one-sided location model (3) with the full null process V,),(+)
being defined by (17). Assume that the (non-adaptive) exact bounding device is such that for
all t,k By (t,k) = Pe(V,(t) > k) for the parameter § = 07 at hand. Consider the critical
values 7o, 1 < £ < m, derived from B,, as in (8) and consider the corresponding step-up
procedure (SU). Assume that (0™ m > 1) satisfies (29), (weakdep), (weakdep0), (Exists)
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and that V, (t)/m converges in probability to t for any t € [0,1] (i.e., weak dependence for the
full null process). Then we have Pym) (FDPy, (7;) > a) — 0.

The above result shows that RW’s procedure used with the exact bounding device turns
out to have an asymptotic exceedance probability of zero under weak dependence, likewise
the BH procedure. Again, this is due to the convergence of the FDP towards mga < «.. Hence,
perhaps disappointingly, ¢ plays no role in the limit, which indicates that using the simpler
BH procedure seems more appropriate in this case.

Nevertheless, when mg is known, an interesting point is that, while the oracle BH procedure
fails to control the FDP (as discussed in the above section), oracle RW’s method maintains
the FDP control. To show this, we need to slightly strengthen the assumption (weakdep0) by
assuming that the following central limit theorem holds for the (rescaled) process V;,(-):

(FLT)
There is a rate r,, — 0o such that the process Zy,(t) = rm (Vin(t)/m — (mo(m)/m)t)
satisfies, for any K = [a,b] C (0, 1), the convergence (Z,(t))icx ~ (Z(t))iex (for
the Skorokhod topology), for a process (Z(t))iex with continuous paths and such
that the random variable Z(t) has a continuous increasing c.d.f. for all ¢t € K.

For instance, under (29), Assumption (FLT) holds when the p-values (p;, H; = 0) are i.i.d.
by Donsker’s theorem. More generally, dependencies satisfying “mixing” conditions can also
lead to (FLT), see, e.g., Dedecker and Prieur (2007); Doukhan et al. (2010) or Farcomeni
(2007). Recently, some efforts have been undertaken to consider others type of dependence,
not necessarily locally structured, see Soulier (2001); Bardet and Surgailis (2013). In the
case of a Gaussian multivariate structure, explicit sufficient conditions on I' are provided in
Delattre and Roquain (2014). The following result is proved in Section 8.3.

THEOREM 4.3. Assume that the exact oracle bounding device is such that for all t,k
BO (t,k,mg) = Py(Vin(t) > k) for the parameter 6 = ) at hand. Consider the critical
values TE, 1 < ¢ < m, derived from BY as in (10) and consider the corresponding step-up
procedure (SU). Assume that (0™ m > 1) satisfies (29) with w9 > a, (weakdep), (FLT) and
further assume that G satisfies the following property:

(Unique) G(t) = mot/a has at most one solution on (0,1);
(NonCritical) 1i1glJr G(t)/t € (mo/ e, +0].
t—

Then we have Pym) (FDPm (Tg) > a) — (.

Roughly speaking, the essence of the argumentation is as follows: when ¢ converges in
probability to some deterministic quantities, then the fluctuations of Z/m asymptotically
disappear in the probability (7), and thus the latter is equal to ¢ from (Bound). Note that a
similar reasoning has been made at the end of Section 7 in Genovese and Wasserman (2006).
Here, we derive sufficient conditions that make this informal argument rigorous.

Markedly, in Theorem 4.3, the limit of the probability is exactly ¢, hence there is no loss in
the level of RW’s method. However, since my is often unknown (and seems hard to estimate
at a rate faster than r,,), the interest of this result remains mainly theoretical. Finally note
that (Unique) and (NonCritical) are classical conditions when studying asymptotic properties
of step-up procedures, see, e.g., Genovese and Wasserman (2002); Chi (2007); Neuvial (2008).
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18 DELATTRE, S. AND ROQUAIN, E.

4.4. RW'’s heuristic under strong dependence. Here, we study the asymptotical properties
of RW’s method under strong dependence, by focusing on models of the type (facmod). A
crucial assumption is as follows:

(Posdep-facmod) for any t € (0,1), the function w — Fy(t,w) is increasing,

where Fj is given by (F{-facmod). The latter assumption is a form of positive dependence
which is specific to (facmod): it roughly means that the variable W disturbs each p-value
distribution in an “unidirectional” manner. For instance, (Posdep-facmod) is satisfied if P(¢; >
0) =1, P(cy > 0) > 0 and & has a distribution function which is continuous increasing on
R. As an illustration, (Posdep-facmod) is satisfied under (Gauss-p-cqui) (p > 0) but not
necessarily under (alt-p-equi).

Asymptotic view of RW’s heuristic. Under appropriate assumptions, the exact device (16)
is such that, for a sequence k,, with k,,/m — &,

(30) Bn(t, km) = P(Np/m > kyp/m) — Py (Eo(t, W) > k),

where Fj is defined by (F-facmod) and N, follows a binomial distribution of parameters m
and Fy(t, W), conditionally on W. By taking k = Fy(t, g¢c) where g¢ is such that P(W > ¢g¢) <
¢, the probability at the RHS of (30) is smaller than or equal to Py (Fo(t, W) > Fo(t,q¢)) <
Pw (W > q¢) < ¢, provided that (Posdep-facmod) holds. Now, RW’s heuristic (taken in an
asymptotic sense) leads to the following equation for the critical values:

(31) FU(TZan) = Oég/ma 1< 14 <m.

Under independence, this gives the BH critical values. In the equi-correlated case (Gauss-p-equi)
(with p > 0), this yields the critical values (2) mentioned in the introduction of the paper.

A modification based on DKW'’s concentration inequality. The following result shows that a
simple modification of (31) provides FDP control (see Section 8.4 for a proof).

THEOREM 4.4. Let A € (0,1). In a model (facmod) satisfying (Posdep-facmod), consider
any critical values 1y, 1 < £ < 'm, satisfying

« —1lo 1/2
(32) Fo(7e,qc1-n) < (6 — (WC/Q)) ) , 1<l <m,

m 2m
+

where for any x € (0,1), ¢z € R is such that P(W > q5) < x and Fy is defined by (Fo-facmod).
Consider the step-up procedure (SU) associated to the critical values 74, £ = 1,...,m. Then
it controls the FDP, that is, (6) holds with t = -

While this result is non-asymptotic, it is intended to be used for large values of m in order
to reduce the influence of the remainder terms. However, even for large values of m, (32)
imposes to set the first critical values to zero, which may be undesirable. The next section
presents conditions allowing to drop these annoying remainder terms.

An asymptotical validation of RW’s heuristic. Here, we present situations for which the raw
critical values (31) can be used to get an asymptotic FDP control. We consider the following
additional distribution assumptions on ¢;, W and &; in (facmod):
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(i) ¢1 is a random variable with a finite support in R*;
(7i) the distribution function of W is continuous;
(#ii) the function z € R — F¢(x) = P(& > z) is continuous increasing and is such that, for
all z,y € R, as ¢ — +o0,

(33) Fdx—y)_){%—oo %fy>0

F{ (1’) 0 ify <0
When &; has a log-concave density, condition (33) can be reformulated in terms of a density
ratio (see, e.g., the relations in Section S-5 of Neuvial and Roquain (2012)). For instance, a
simple class of distributions satisfying (33) are the so-called Subbotin distributions, for which
the density of & is given by e 1#I"/7 (up to a constant), for some parameter v > 1 (see
Section 5 of Neuvial (2013) for more details on this).

The following result is proved in Section 8.5.

THEOREM 4.5.  Consider the one-sided testing problem (3) with all alternative means equal
to some 3 > 0 and assume that 8™ satisfies (29). Consider (facmod) satisfying the assump-
tions (i), (i1) and (i1i) above. Consider the step-up procedure (SU) associated to the critical
values g, £ = 1,...,m satisfying (31). Then the asymptotic FDP control (28) holds with
tm = Tl;.

As a first illustration, the conditions (i), (ii) and (iii) of Theorem 4.5 are satisfied in the case
(Gauss-p-equi) for some p € [0,1). Hence, a direct corollary is that the step-up procedure with
the critical values given by (2) controls the FDP asymptotically. Furthermore, in Section S-2
of Supplement A, we complement this result by proving that this FDP control is maintained
if the value of p in (2) is replaced by any estimator p,, provided that

(34) (log m)(m — p)? = 0p(1).

As a second illustration, consider a model (facmod) where ¢; is uniform on {k/r,0 < k < r}
and & is y-Subbotin (for some v > 1). Here, W can be any random variable with continuous
distribution function. For this particular dependence structure, Theorem 4.5 establishes the
asymptotic FDP control of the step-up procedure with critical values 7, given by the equation

(r+1)71 Zﬁfy (Fﬁl(n) - qdf/r) =al/m, 1<0<m,
k=0

where D., denotes the upper-tail function of a y-Subbotin distribution.

5. Numerical experiments. This section evaluates the power of the procedures con-
sidered in Section 3 with a proven FDP control. The power is evaluated by using the standard
false non-discovery rate (FNR), defined as the expected ratio of errors among the accepted
null hypotheses. Table 1 summarizes the procedures that have been considered. The simula-
tion are made in model (Gauss-p-equi) where the alternative means p; are all equal to some
parameter [3.

Figure 4 displays the power of procedures that do not incorporate the value of p (see
Table 1). Note that, according to Proposition 3.1 (ii), [LR] controls the FDP because Simes’
inequality is valid here. Hence, it does not use the true value of p but uses nevertheless
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an assumption on the dependence structure. This is not the case of [AugBonf], [SimLR],
[DimMarkovLR] and [Bonf] that control the FDP for any dependence structure. As one can
expect, [LR] essentially dominates the other procedures. Also, while [AugBonf] comes in
second position, [SimLR] is even worst than [Bonf] so should be avoided here.

Now, while incorporating the value of p, we will loosely say that a procedure is “admissible”
if it performs better than [LR] at least for “a reasonable amount” of parameter configurations.
Figure 5 displays the power of procedures incorporating the value of p (except [LR] and
[Bonf] that we have added only for comparison), see Table 1. Note that, except [RWExact],
all the procedures have a proven FDP control, so that the power comparison is fair. First,
[DimGuoLR] is “not admissible”, which indicates that the interest of the bounds found in
Guo et al. (2014) are mainly theoretical in our setting. Second, [AugEx] only improves [LR]
in a very small region, which shows that, as one can expect, providing 1-FWE control for
controlling the FDP is too conservative in general. As for [SimEx], things are more balanced:
when p = 0, it improves [LR] when many rejections are possible (7o not large or 3 large)
but does worst otherwise. We think that this is due to the nature of the [LR] critical values,
which are design to perform well when only few nulls are expected to be rejected. When p
is larger, however, [SimEx| quickly deteriorates. An explanation is that the simultaneity in
[SimEx] is obtained via an union bound, which is conservative when the dependence is strong.
Finally, our new procedures [Split1/2], [Split0.95] and [DimExEx] seem to be all “admissible”
in these simulations and substantially outperform the other procedures. Also, none of the
three procedures uniformly dominates the others. For instance, taking A = 1/2 rather than
A = 0.95 is better when less rejections are expected, but worst otherwise, while [DimExEx]
seems often better than [Split1/2].

Let us mention that additional simulations have been done in Section S-5 of Supplement
A. We briefly report some comments here. First, the large value p = 0.5 has been tried.
This deteriorates the relative performance of all the procedures (except maybe [AugEx]), and
in particular of the K-Markov based procedure, because the distribution of the maximum
between null p-values get closer to the uniform. Second, simulations have been done in model
(alt-p-equi) for @ = 0.5. In this model, the positive dependence property is lost. Hence, while
[DimExEx] still provably controls the FDP, this is not anymore the case of [LR], [Splitl/2]
and [Split0.95]. However, it is interesting to note that the FDP control seems to be maintained
on the simulations, see Figure S-4 in Supplement A. As for the power, the conclusions are
qualitatively the same as in model (Gauss-p-equi).

6. Conclusion and discussion. This paper investigated the FDP control in the case
where the dependence is partly/fully incorporated, by using an extension of RW’s heuristic.
We provided two new approaches that offer finite sample control: the first one (Theorem 3.5)
followed the diminution principle and can be used as soon as the joint distribution of the null
p-values can be computed. The second one (Theorem 3.6) offered a finite sample control under
a particular type of positive dependence (Posdep) and exchangeability. Next, an important
part of our work concerned the asymptotic FDP control: while we established that RW’s
heuristic is valid under weak dependence (Theorems 4.3 and 1.2), we noticed that the interest
of the latter has to be balanced with the fact that the simple BH procedure can be used in
that case (Lemma 4.1). Then, still based on RW’s heuristic, we proposed new critical values
that provide asymptotic control under model (facmod) (Theorems 4.4 and 4.5). Markedly,
while it still relies on a positive dependence assumption (Posdep-facmod), this condition has
a much simpler form than (Posdep).
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Fic 5. Relative FNR to Lehmann Romano procedure in function of 3, see text and Table 1. Procedures using
the value of p (except [LR] and [Bonf]).
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H Procedures not using the value of p H

[Bonf] the raw Bonferroni procedure
[LR] Lehmann Romano’s procedure (13)
[AugBonf] augmentation with 71 = ¢/m
[SimLR] simultaneous k-FWE with (13)
[DimMarkovLR] | diminution with (21) and

ce(z) = 70 coming from (13)

H Procedures incorporating the value of p H

[AugEx] augmentation with 71 coming from e.b.d.
[SimEx] simultaneous k-FWE with 7, coming from e.b.d.
[Split1/2] new procedure (26) with A =1/2 and K =2
[Split0.95] new procedure (26) with A = 0.95 and K = 2
[RWExact] non-modified k-FWE with 7, coming from e.b.d.
[DimExEx| new diminution with (25) and
ce(z) = x 7¢ coming from e.b.d.
[DimGuoLR] | diminution following Theorem 3.8 of Guo et al. (2014)
with c¢(z) = x 7y coming from (13)

TABLE 1
Procedures used in Figures / and 5, see Sections 5.2 and 3.3 for more details. All the procedures are step-up;
“e.b.d.” means “exact bounding device”.

Our leading example is related to one-sided testing, so we can legitimately ask whether
our results can be extended to two-sided testing, that is, when p; = 2®(|X;|) (by using the
notation of Section 1.3). In a model (facmod) with £ ~ —&;, the bounding device calculations
done in Section 2.3 can be clearly generalized to the two-sided case by replacing Fy(t,w) by
FéQ) (t,w) = Fo(t/2,w)+Fp(t/2, —w). Hence, we can define new critical values coming from the
corresponding exact bounding dev1ce and combine it with the diminution principle presented
in Theorem 3.5. However, the other results of the paper cannot be directly generalized to the
two-sided case, because F0(2) (t,w) may be not increasing w.r.t. w.

While this paper solved some issues, it opened several directions of research. For instance, is
the asymptotic FDP control of Theorem 4.5 still true when using the original critical values of
RW’s method rather than their asymptotic counterpart? We believe that this issue intrinsically
relies on the “Poisson” asymptotic regime, which was (essentially) not considered here in our
asymptotic FDP controlling results. Finally, a crucial, but probably very challenging issue is
the validity of RW’s approach in the case of permutation tests with an arbitrary and unknown
dependence structure.

7. Proofs for finite sample results.
7.1. An unifying bound.

PROPOSITION 7.1. For any critical values (7¢)1<¢<m, consider either the corresponding

step-down (SD) or step-up (SU) procedure, with rejection number (. Then the following holds,
both in the fized model (© = OF ) and the uniform model (© = OV ): for all 6 € O,

ba(mo)

(35) Py (FDP, (7)) > a) < - Py (Vin(e) > d(t,m,mo), £ = 1),
/=1
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where by (mo), d(¢,m,mg) are defined in (22) and (23) respectively, and € is taken as follows:
(i) Step-down case: £ = I, where /Y = min{l € {1,...,m} : Spm(m) < (1 — )} (with
the convention min®) = m + 1) and by denoting Sy, (t) = Ry (t) — Vin(t) the number of
true discoveries at threshold t.
(ii) Step-up case: { = L.

Moreover, in the step-up case, (35) is an equality.

Proposition 7.1 (i) is a reformulation of Theorem 5.2 in Roquain (2011) in our framework
and is based on ideas presented in the proofs of Lehmann and Romano (2005); Romano and
Wolf (2007). Proposition 7.1 (ii) is essentially based on Romano and Shaikh (2006b) and we
provide a short proof below.

PROOF. Since FDP,,(7;) > « implies lal] + 1 < mg, we have £ < ba(mg). Also, £ =
R (1;) <my + Viu(7;), which implies Vi, (7;) > ¢ — my. This implies (35) in case (ii). O

7.2. A new bound.

PROPOSITION 7.2. In the setting of Proposition 7.1, assume moreover that there exists a
family of random variables (Zpp)1<e0<m satisfying: for all £, ¢,

(36) 1 {Vm(’f@) 2 d(f’,m,mo)} S Zg,g/ a.s.
and, a.s., Zyp is nondecreasing in ¢ and nonincreasing in ¢'. Then for all 6 € ©,
ba(mo)
(37) Pg (FDPu(ry) > ) < > (Bo(Zee—1) = Eo (Ze-1,0-1)) A (Bo (Zee) — Eo (Ze-10)) s
(=1

by letting Zoy =0 and Zpg =1 for £/ > 0,0 > 1.

Applied with Zy p = V(1) /d(¢', m, mg), Proposition 7.2 establishes the Romano-Shaikh
bound (21). Applied with Z;p = 1{V;,(7¢) > d(¢',m, mg)}, Proposition 7.2 entails Theo-
rem 3.5.

PROOF. From (35), we derive

Py (FDP,,(1;) > a) < bafjo Py (Vin(7e) > d(,m,mo), £ =€) < bagjO)Eg (21 {i=1}).
=1
Now, the RHS of the previous display is equal to
a(mo) o (mo)—
Nk (T2 ) - S B (2 {73 041))
=1 =1
ba(mo) B ba(mo) B
3 E (ZM1 {z > z}) - Y K (24_174_11 {f > e})
=1 =1
ba(m())

> Ey ((Zz,z — Zy—10-1)1 {ZZ ﬁ}) -
=1

Now, since Zy ¢ is nonincreasing w.r.t. ¢', the quantity Z, ;—Zy_1 1 is below (Zpp—1 — Zy—1,0-1)A
(Zog — Zo—1,), and the latter is nonnegative because Z; ¢ is nondecreasing w.r.t. £. This en-
tails the result. ]
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7.3. Proof of Proposition 3.2. Let k = Vin(7;) and note that k < mq and {FDP,,,(7;) >
o} = {k > |af] + 1}. First, in the non-adaptive case, we have by definition of B,,, for all ¢
and k < my,

Bt k) = sup {BS,(t,k,u)} > Bt k,mo).

0<u<m

Hence, we have by definition of the (non-adaptive) critical values,
¢ > Bn(mp, Lol +1) > B (1, [al] + 1,my),
which is larger than or equal to B?n(Tg, k, mg) whenever k> La@ + 1. Hence, we obtain
{FDP,,(1;) > a} C { 0 (7, k,mo) < (k> 1} {T,zg vk > 1},

and thus (19) holds. Second, in the adaptive case, we use that mo < m — Rp,(75) + Vin(75) =
m—0+k. Thus, whenever k> LaZJ + 1, we have for all ¢,

¢> §m<7'é, lal] +1,0) = sup { sup By (1;, k',u)}
lal|+1<k'<t \0<u<m—{+Fk’

(38) > sup B%(Té, E, u) > B?n(ré, E, mp).

0<u<m—{+k
Hence, this implies 7; < 1/18 and k > 1 and the proof is finished.

7.4. Proof of Theorem 3.0. First observe that the critical values (26) can be obtained by
modifying the K-Markov Bounding device BY (¢, k,u) defined by (15) as follows :
BY (t,k,u)/\ ifk>K
BYY(t, k,u) = -
hrera={ S TRk

(the second bounding value being infinite when A\ = 1). Note that the associated adaptive
bounding device (Bound-adapt) is equal to (BY,)(t,k,m — £+ k) and thus gives rise to the

adaptive critical values (26). By using Proposition 3.2 and by letting k = Vj, (Tgm“) we get

Py (FDP,, (77) > a) = ZPQ( >k k=k),

where 1) = max{t € [0,1] : B (t,k,mg) < X(} for all k > K and where 1) = max{t €
[0,1] : (BY(t, K,m)/\) V (mot/(k(1 = X))) < X(} for all k < K. It follows that the above
display is smaller than or equal to 177 4+ T, where we let

(K 1 /\mo

T, = mz Py (Vin(vf)) > bk = k); Tp = Z Py (Vin(of)) > bk = k),
k=K

with by convention 77 = 0 when K > my. By (14), (Exch-H;), and since k is permutation
invariant (as a function of the p-values), we obtain
mo 1

<y > P (k= komax{p) <o}

k=K ([k() XCHo:|X|=K
<& mo(mo —1)---(mg — K +1)
k(k—1)---(k—K+1)

(]

Py (E =k, max {g;} < 1/18)
= 1<i<K
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where q1, . .., gm, denotes the p-values under the null, i.e., the p-values of the set {p;,i € Ho}.
Next, by using that BY, (12, k,mg) < A( for k > K and ( 5), we get

mo
Tlg/\(ZIPg(k:k

[max {gi} < Vk)

k=K
mo
<k-— <
<X k;{ {Pg (k <k max {g:} < Vk:) Py (k <k-1 max {¢} I/k>}

Now, since the p-value subset of [0,1]™ defined by the relation k < k — 1 is nondecreasing,
Assumption (Posdep) ensures

mo
Tlg/\CZ{JP’g(kgk

k=K

<)) —Py(k<k-—
max {¢:} Vk) Py (k <k-1

max {qz} <uvy 1)}

1<i<K

which is below A( because the sum is telescopic.
Now, for T, we use the same type of reasoning with 1 {V,(v})) > k} < % S0 1{g < v}
and mov) < (1 — \)Ck for k < K;

mo (K 1)/\m0 1 .
T < 2; Z By (k= kg < f)

mO K 1)/\m0

NCmgt> Y Py (k=ka <)

ZlI(l/\’n’LO
N¢mg' 3. Z Po(k<k|g<vf)—Po(k<k-1|g<p)
i=1

mO K 1)/\m0

Nemg S 3 {Ro(Fka s o) Ro (R k1 fauf))
=1

by using again Assumption (Posdep). Finally, the last display is below (1 — A)(, because the
sum is telescopic. This finishes the proof.

8. Proofs for asymptotic results. In this section, the following well known lemma will
be extensively used.

LEMMA 8.1. Let ¢ be the number of rejections of the step-up (SU) algorithm associated to
to some critical values (7¢)1<¢<m. Consider the function f,, defined by

(39) fn() =m™ P x min{l € {0,...,m+1} : 7, >t},
with the conventions 7o = 0, Tmi1 = 1. Let t be defined by
(40) t=sup{t €[0,1] : Gu(t) > fm(t)}.

Then the supremum into (10) is a mazimum, that is, Gm(£) > fm(?). Furthermore, t = T
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8.1. Proof of Lemma /.1. Actually, we prove the result for a more general class of proce-
dures, where t = 7; is obtained by (40) for a sequence of functions f,, = fm (possibly random)
which is uniformly close to foo(t) = t/a on every compact of (0, ], that is,

(41) sup |fm(t) —t/a| — 0, as. forall be (0,a).
<t<a

Note that fm = fs gives the BH procedure by Lemma &.1. Next, since Ry, (t) > mfAm(?),

P(FDP,, () > a) <P (Vu(D)/m > afmn(d)
=P ((mo/m)(om(® ~1) — alfm(B) ~ 1/a) > (1 — mo/m)i)

tr<t<a

SP((mo/m)ll@o,m—fllooJra sup | fin(t) —t/0] > (1—mo/m)t*>
+P(t < t),

for some t* > 0 satisfying G(t*) > t*/a (which exists by (Exists)). By (29) and (weakdep0),
it is sufficient to check that P(¢ < ¢*) tends to zero. For this, we use (weakdep) that ensures

P(E > t*) = P(Cu(t) > fin(t"))
> P(G(t*) > foolt") + |G(") = ()] + [ fn(t) = foo(t)]) — 1,

which finishes the proof.

8.2. Proof of Theorem /.2. By the proof of Lemma 4.1, it is sufficient to show that f,(¢)
defined by (39) is such that f,,(t) — t/a for all ¢ € [0,1]. This is an easy consequence of the
fact that, since V;),(t)/m converges in probability to ¢, for any sequence ({y;)m with £, /m
converging to some u, By, (t, |aly, | + 1) converges to 1 if ¢ > au and 0 if t < au.

8.3. Proof of Theorem /.3. First, by Assumption (weakdep), we can assume that the
convergence sup¢g 1) |Gm(t) — G(t)| — 0 is almost sure. Next, let us prove

(42) t converges a.s. to t* € (0,1)

where t* = sup{t € [0,1] : G(t) > mot/a}. First, t* lies in (0, 1) by (NonCritical) and because
7o > a. Then, by Lemma 8.1, we have t = sup{t € [0,1] : G(t) > fm(t)} where fi(t) is
given (39). As in proof of Theorem 4.2, we easily check that for all ¢ € [0, 1], f,(t) converges
to mot/cv. As a result, since fp, is a nondecreasing function, the convergence of fy,(t) to mot /o
is uniform on [0, 1]. Now, to establish (42), it is sufficient to show that, if t converges to some
t € [0,1] along a subsequence, then we have ¢ = t*. First, since Gm 3 > [t 3, we have
G(t) > mot/a and thus t < t*. Let us prove t > t*. We have by (Unique) and (NonCritical)
that G(up) > foo(up) for all p, for some w, T ¢*. This yields, for all p and m large enough,
@m(up) > fm(up) and thus ¢t > w,. Hence, ¢ > t* by making p tends to infinity. This proves
(42).

Now, we have P (FDPm(f) > oz) =P (Vm(ﬂ > of) =P (Zm(tA) > Tm) , by letting 1, =
T () — Tng /m). By Assumption (FLT), we have that Z,,(f) converges in distribution
to Z(t*). Let gm(t) denotes the (1 — ¢)-quantile of Z,,(t). From Lemma 5-3.2, we have that
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the function sequence gy, (t) converges uniformly to g¢(t) for ¢ in any compact of (0, 1), where
q¢(t) denotes the (1 — ¢)-quantile of Z(t). From above, the proof is finished if we show

(43) T, converges a.s. to g¢(t*).

Let us prove (43). By definition of BY,, we have P(V,,,(70) > al) < ¢ < P(Viu (1) +€/7m) A
1) > af), for all € > 0. Note that the latter uses that mo > am (for m large enough). This
shows that for all £ € {1,...,m}, g (7)) < rm(al/m — 7Pmo/m) < g ((79 +/rm) A1) + .

Hence, applying this relation to £ = ¢, we get that for all € > 0, a.s., ¢-(t*) < liminf,, T,, <
limsup,,, Ty, < q¢(t*) 4+ €. Then (43) is derived by making e tends to zero.

8.4. Proof of Theorem /./. We have
P (FDP,,(f) > a) <P ((mo/m)Gom(f) > al/m, > 0)
- log<A</2>)” 2)

<P (H@Om() — Fo(, W)lleo > ( 2my

(44) +P (Bt W) > Folf, qcan) T € (0,1)).

Now, conditionally on W, the p;’s are i.i.d. of distribution function Fy(-, W'). Hence, by apply-
ing the Dvoretzky-Kiefer-Wolfowitz’s inequality with the tight constant, see Massart (1990),
we get that the first term in the previous display is smaller than A{, which in turn implies
that (44) is smaller than A + P (W > qg(l_/\)) < ¢ by (Posdep-facmod).

8.5. Proof of Theorem /.5. First note that since Fg is continuous increasing, so is F' and
t € [0,1] — Fy(t,w), for all w. Hence (31) defines the 7¢’s in an unique manner. Next, if
P(cy > 0) = 0, then Fy(t,w) = t for all w and thus the considered procedure is the BH
procedure, which controls the FDP asymptotically by Lemma 4.1. Hence, we can assume that
P(¢; > 0) > 0. Let us denote the support of ¢; by {v1,...,v,}, for r > 1, v; > 0, v; # v; for
i # j. We thus have that at least one v; is positive. In particular, Assumption (Posdep-facmod)
holds.

Then, by using the Skorokhod representation theorem, up to consider a subsequence, we can
assume that (¢, 1) is almost surely converging to some (7, W) (on appropriate subspaces).
Denote k¢ = maxi<i<,{viqc}, kw = maxi<i<,{v;W} and let us establish

(45) T>0a.s. if Hw+,3>1€<.

For this, note that by Lemma 8.1,  is obtained by (40) with f,,(t) = Fy(t, q¢)/ o, which gives
Fy(t,qc) = max{t’ € [0,1]|G,,(t') > t'/a}, where G, (¥') = m™L 1", 1 {Fy(pi, qc) < t'}. Now
observe that there exists a constant D € (0,1) such that for all u,

—1

(46) DFe(F (u) = ki¢) < Folu,q¢) < Fe(F (u) — k).

It follows that G/, (#) is lower-bounded by m~* 7 | H;1 {Fg (Ffl(pi) — k) < t’}, which by
the law of large number (because (¢;, &;) are i.i.d.) converges a.s. towards

miP (Fe(Fg (¢) + kg — eaW = B) | W) > D' Fe(Fg (') + r¢ — kw = B),
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where D’ is some positive constant. Assume now rkw + [ > k¢. By (33), the slope of
Fe (Fgl(t’) + k¢ — Kk — () is infinite in 0. Hence, for m large enough we have Fy(%, q¢) >t} ,
where t(, denotes any ¢’ € (0,1) such that D’ Fg(Fgl(t’) + ke — kw — B) > t//a. As a result,
T > 0 and (45) is proved.

Now, we establish

~

(47) For all & > 0, 3t (W) € (0,1), s.t. Pl > 1,t <t (W) | W) < ea/D if kw + B < k.

By the LHS of (46), we obtain that G/, (') is upper-bounded by

m~! i U{Fe(B+aW + & — ) <t//D}
=1

<m 'Y 1 {g < Fe(F (V/D) + ke — v — B},
=1

where we let ¢; = F¢(&;), for 1 < i < m, which are i.i.d. uniform. Now assume r¢ —ryw — 3 > 0
irldialfe any £ > 0. By (33), there exists tL(W) € (0,1) such that V¢’ € (0,¢.(W)], we have
Fe(Fe (t'/D) + k¢ — kw — B) < et’'/D. Then we have

o~

P> 1,0d/m < tL(W) | W) <IP’<EI€€ {1,...,m} : qu geD_laE/m|W),

which is below e D~'a by using Simes’ inequality (see, e.g., (18)). This provides (47) by taking
t-(W) € (0,1) such that Fy(t-(W),qc) = tL(W).
The last argument is that when 7' > 0 a.s., we have Fy(7',q¢) > 0 a.s. and thus

~ _@@O,m(%\) _mia Om() WQM

Now, by combining (45), (47) and (48), we obtain

limsup P(FDP,,(t) > o) <E <lim sup 1 {FDPm(tA) >, kw + 0> K<}>

+hmsup]P’(FDP () > o,k + B < k¢, t < tE(W))

+E (limsupl {FDPm(tA) > a,kw + B < k¢, t > tE(W)}>
FO(T? W)
FO(Tv qC)
FO(Tv W)

+P | moa—mm—
( (T, q0)

Also note that T' < 1 a.s. on the two above events, because mgpa < «. Hence, we get

§P<7roa Za,%w+ﬁ>/€g,T>0>+EaD_1

>oa,kw+0< H(,T>tE(W)>.

hmsup]P’(FDP () > a) <P (F(T,W) > Fy(T,q¢), T € (0,1)) + eaD ™,
and the result comes from (Posdep-facmod) and by letting € tends to zero.

imsart-aos ver. 2012/08/16 file: DR2012a2-revised2.tex date: October 14, 2014



30 DELATTRE, S. AND ROQUAIN, E.

Acknowledgments. We acknowledge an associate editor and three referees for their rel-
evant suggestions that have substantially improved the quality of the manuscript. We are very
grateful to Yoav Benjamini, Gilles Blanchard and Pierre Neuvial for helpful discussions. We
also thank Bertrand Michel and Jacques Portes for their support during the numerical exper-
iments. The second author was supported by the French Agence Nationale de la Recherche
(ANR grant references: ANR-~09-JCJC-0027-01, ANR-PARCIMONIE, ANR-09-JCJC-0101-
01).

SUPPLEMENTARY MATERIAL

Supplement A: Supplement to “New procedures controlling the false discovery
proportion via Romano-Wolf’s heuristic”
(; ). This supplement presents additional materials for the paper.

References.

Bardet, J.-M. and Surgailis, D. (2013). Moment bounds and central limit theorems for Gaussian subordinated
arrays. J. Multivariate Anal., 114:457-473.

Benjamini, Y. and Hochberg, Y. (1995). Controlling the false discovery rate: a practical and powerful approach
to multiple testing. J. Roy. Statist. Soc. Ser. B, 57(1):289-300.

Benjamini, Y., Krieger, A. M., and Yekutieli, D. (2006). Adaptive linear step-up procedures that control the
false discovery rate. Biometrika, 93(3):491-507.

Benjamini, Y. and Yekutieli, D. (2001). The control of the false discovery rate in multiple testing under
dependency. Ann. Statist., 29(4):1165-1188.

Blanchard, G., Delattre, S., and Roquain, E. (2014). Testing over a continuum of null hypotheses with False
Discovery Rate control. Bernoulli, 20(1):304-333.

Blanchard, G., Dickhaus, T., Roquain, E., and Villers, F. (2014). On least favorable configurations for step-
up-down tests. Statist. Sinica, 24(1):1-23.

Blanchard, G. and Roquain, E. (2008). Two simple sufficient conditions for FDR control. Electron. J. Stat.,
2:963-992.

Blanchard, G. and Roquain, E. (2009). Adaptive false discovery rate control under independence and depen-
dence. J. Mach. Learn. Res., 10:2837—2871.

Chi, Z. (2007). On the performance of FDR control: constraints and a partial solution. Ann. Statist.,
35(4):1409-1431.

Chi, Z. and Tan, Z. (2008). Positive false discovery proportions: intrinsic bounds and adaptive control. Statist.
Sinica, 18(3):837-860.

Dedecker, J. and Prieur, C. (2007). An empirical central limit theorem for dependent sequences. Stochastic
Process. Appl., 117(1):121-142.

Delattre, S. and Roquain, E. (2011). On the false discovery proportion convergence under Gaussian equi-
correlation. Statist. Probab. Lett., 81(1):111-115.

Delattre, S. and Roquain, E. (2014). On empirical distribution function of high-dimensional Gaussian vector
components with an application to multiple testing. Bernoulli. To appear.

Doukhan, P., Lang, G., Surgailis, D., and Teyssiere, G., editors (2010). Dependence in probability and statistics,
volume 200 of Lecture Notes in Statistics. Springer-Verlag, Berlin.

Dudoit, S. and van der Laan, M. J. (2008). Multiple testing procedures with applications to genomics. Springer
Series in Statistics. Springer, New York.

Efron, B., Tibshirani, R., Storey, J. D., and Tusher, V. (2001). Empirical Bayes analysis of a microarray
experiment. J. Amer. Statist. Assoc., 96(456):1151-1160.

Fan, J., Han, X., and Gu, W. (2012). Estimating false discovery proportion under arbitrary covariance depen-
dence. Journal of the American Statistical Association, 107(499):1019-1035.

Farcomeni, A. (2007). Some results on the control of the false discovery rate under dependence. Scand. J.
Statist., 34(2):275-297.

Farcomeni, A. (2009). Generalized augmentation to control the false discovery exceedance in multiple testing.
Scand. J. Stat., 36(3):501-517.

Finner, H., Dickhaus, T., and Roters, M. (2007). Dependency and false discovery rate: asymptotics. Ann.
Statist., 35(4):1432-1455.

imsart-aos ver. 2012/08/16 file: DR2012a2-revised2.tex date: October 14, 2014



NEW PROCEDURES CONTROLLING THE FDP 31

Finner, H., Dickhaus, T., and Roters, M. (2009). On the false discovery rate and an asymptotically optimal
rejection curve. Ann. Statist., 37(2):596-618.

Friguet, C., Kloareg, M., and Causeur, D. (2009). A factor model approach to multiple testing under depen-
dence. J. Amer. Statist. Assoc., 104(488):1406-1415.

Genovese, C. and Wasserman, L. (2002). Operating characteristics and extensions of the false discovery rate
procedure. J. R. Stat. Soc. Ser. B Stat. Methodol., 64(3):499-517.

Genovese, C. and Wasserman, L. (2004). A stochastic process approach to false discovery control. Ann. Statist.,
32(3):1035-1061.

Genovese, C. R. and Wasserman, L. (2006). Exceedance control of the false discovery proportion. J. Amer.
Statist. Assoc., 101(476):1408-1417.

Gontscharuk, V. and Finner, H. (2013). Asymptotic FDR control under weak dependence: a counterexample.
Statist. Probab. Lett., 83(8):1888-1893.

Guo, W., He, L., and Sarkar, S. K. (2014). Further results on controlling the false discovery proportion. The
Annals of Statistics, 42(3):1070-1101.

Guo, W. and Romano, J. (2007). A generalized Sidak-Holm procedure and control of generalized error rates
under independence. Stat. Appl. Genet. Mol. Biol., 6:Art. 3, 35 pp. (electronic).

Hommel, G. and Hoffman, T. (1988). Controlled uncertainty. In Multiple Hypotheses Testing, pages 154-161.
Springer, Heidelberg.

Karlin, S. and Rinott, Y. (1980). Classes of orderings of measures and related correlation inequalities. I.
Multivariate totally positive distributions. J. Multivariate Anal., 10(4):467-498.

Karlin, S. and Rinott, Y. (1981). Total positivity properties of absolute value multinormal variables with
applications to confidence interval estimates and related probabilistic inequalities. Ann. Statist., 9(5):1035—
1049.

Kim, K. I. and van de Wiel, M. (2008). Effects of dependence in high-dimensional multiple testing problems.
BMC Bioinformatics, 9(1):114.

Korn, E. L., Troendle, J. F., McShane, L. M., and Simon, R. (2004). Controlling the number of false discoveries:
application to high-dimensional genomic data. J. Statist. Plann. Inference, 124(2):379-398.

Leek, J. T. and Storey, J. D. (2008). A general framework for multiple testing dependence. Proceedings of the
National Academy of Sciences, 105(48):18718-18723.

Lehmann, E. L. and Romano, J. P. (2005). Generalizations of the familywise error rate. Ann. Statist., 33:1138—
1154.

Massart, P. (1990). The tight constant in the Dvoretzky-Kiefer-Wolfowitz inequality. Ann. Probab., 18(3):1269—
1283.

Neuvial, P. (2008). Asymptotic properties of false discovery rate controlling procedures under independence.
FElectron. J. Stat., 2:1065-1110.

Neuvial, P. (2013). Asymptotic results on adaptive false discovery rate controlling procedures based on kernel
estimators. J. Mach. Learn. Res., 14:1423-1459.

Neuvial, P. and Roquain, E. (2012). On false discovery rate thresholding for classification under sparsity. Ann.
Statist., 40(5):2572-2600.

Perone Pacifico, M., Genovese, C., Verdinelli, I., and Wasserman, L. (2004). False discovery control for random
fields. J. Amer. Statist. Assoc., 99(468):1002-1014.

Rinott, Y. and Scarsini, M. (2006). Total positivity order and the normal distribution. J. Multivariate Anal.,
97(5):1251-1261.

Romano, J. P. and Shaikh, A. M. (2006a). On stepdown control of the false discovery proportion. volume 49
of Lecture Notes-Monograph Series, pages 33-50.

Romano, J. P. and Shaikh, A. M. (2006b). Stepup procedures for control of generalizations of the familywise
error rate. Ann. Statist., 34(4):1850-1873.

Romano, J. P. and Wolf, M. (2007). Control of generalized error rates in multiple testing. Ann. Statist.,
35(4):1378-1408.

Roquain, E. (2011). Type I error rate control for testing many hypotheses: a survey with proofs. J. Soc. Fr.
Stat., 152(2):3-38.

Roquain, E. and Villers, F. (2011). Exact calculations for false discovery proportion with application to least
favorable configurations. Ann. Statist., 39(1):584-612.

Sarkar, S. K. (2007). Stepup procedures controlling generalized FWER and generalized FDR. Ann. Statist.,
35(6):2405-2420.

Sarkar, S. K. (2008). On methods controlling the false discovery rate. Sankhya, Ser. A, 70:135-168.

Sarkar, T. K. (1969). SOME LOWER BOUNDS OF RELIABILITY. ProQuest LLC, Ann Arbor, MI. Thesis

imsart-aos ver. 2012/08/16 file: DR2012a2-revised2.tex date: October 14, 2014



32 DELATTRE, S. AND ROQUAIN, E.

(Ph.D.)-Stanford University.

Schwartzman, A. and Lin, X. (2011). The effect of correlation in false discovery rate estimation. Biometrika,
98(1):199-214.

Seeger, P. (1968). A note on a method for the analysis of significances en masse. Technometrics, 10(3):586-593.

Soulier, P. (2001). Moment bounds and central limit theorem for functions of Gaussian vectors. Statist. Probab.
Lett., 54(2):193-203.

Storey, J. D., Taylor, J. E., and Siegmund, D. (2004). Strong control, conservative point estimation and
simultaneous conservative consistency of false discovery rates: a unified approach. J. R. Stat. Soc. Ser. B
Stat. Methodol., 66(1):187-205.

van der Laan, M. J., Dudoit, S., and Pollard, K. S. (2004). Augmentation procedures for control of the
generalized family-wise error rate and tail probabilities for the proportion of false positives. Stat. Appl.
Genet. Mol. Biol., 3:Art. 15, 27 pp. (electronic).

UNIvV PARIS DIDEROT, SORBONNE PARIS CITE, SORBONNE UNIVERSITES, UPMC UNIV PARIS 6,
LPMA, UMR 7599, F-75205, PARIS, FRANCE UMR 7599, LPMA, F-75005, PARIS, FRANCE
E-MAIL: sylvain.delattre@univ-paris-diderot.fr E-MAIL: etienne.roquain@Qupmec.fr

imsart-aos ver. 2012/08/16 file: DR2012a2-revised2.tex date: October 14, 2014


mailto:sylvain.delattre@univ-paris-diderot.fr
mailto:etienne.roquain@upmc.fr

	1 Introduction
	2 Building k-FWE-based critical values
	3 Finite sample results
	4 Asymptotic results
	5 Numerical experiments
	6 Conclusion and discussion
	7 Proofs for finite sample results
	8 Proofs for asymptotic results
	Acknowledgments
	Supplementary Material
	References
	Author's addresses

