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Confinement of the infrared divergence for the
Mumford process

Béatrice Vedel

Friedrich Schiller Universitat- Mathematiche Institut
Ernst Abbe Platz 1-4, DO7740 Jena (Germany)

Abstract

The Mumford process X is a stochastic distribution modulo constant and can not
be defined as a stochastic distribution invariant in law by dilations. We present two
expansions of X -using wavelet bases- in X = Xy + X; which allow us to confine
the divergence on the “small term” X7 and which respect the invariance in law by
dyadic dilations of the process.

Key words: Mumford process, infrared divergence, wavelet bases, self similarity

1 Introduction

The Mumford process has been introduced by Mumford and Gidas in [8] as the
simplest process which can generate images. In this paper, Mumford and Gidas
define the axioms that a stochastic process shall verify to generate images. Let
us cite, for example,

(1) the scaling invariance which express the fact that an object seems bigger
but does not change of form when one approaches it,

(2) the infinite divisibility which means that an image can be seen as the
superposition of (less complex) independant images.

The Mumford process satisfies these axioms since it is a gaussian stochastic
process with stationary increments and invariant by dilations. Nevertheless,
since it is gaussian, it can only simulate clouds and not complex images.
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1 This article is a part of the author’s PhD thesis. She wishes to thank her advisor
Pascal Auscher for his guidance and support. She also wishes to thank Yves Meyer
for many helpful discussions and suggestions.

Preprint submitted to Elsevier Science 21st September 2005



This process is defined as a stochastic distribution modulo constants almost
everywhere. It is known that it can be defined as a stochastic distribution,
but with this definition, the property of scaling invariance is lost. Our point
of view is to conserve this scaling invariance. We will see (in Section 2) that it
is then impossible to define the Mumford process as a stochastic distribution,
invariant in law by dilations. In particular, any expansion on a wavelet basis
of the Sobolev space H 1(R?) leads to the phenomenon of infrared divergence
and does not converge in the distributional sense.

Similarly to what has been done in [13] for the confinement of the infrared
divergence of the homogeneous Sobolev spaces H *(R™), with s — § € N, our
goal is to divide the Mumford process X in X = Xy + X; where X, can be
defined as a stochastic distribution and X, is “as small as possible”. Moreover,
we are looking for solutions which can be rapidly and robustly implemented
(the robustness will be given by the unconditionality of the basis on which the
processes are expanded).

We present in this paper two explicit solutions. The first one consists in writ-
ing, in the frequency domain, X (£, w) as the sum of a radial term and an
anti-radial term. Expanding the terms on a suitable orthonormal basis, the
infrared divergence is carried by the radial term (Section 3).

The second solution is based on the construction of an adapted basis, the
wavelet basis with pseudo-constant (Section 4). It allows us to confine the
infrared divergence on a smaller term than with the previous solution but the
terms are now correlated (Section 5).

Let us just mention that there exists an orthonormal basis which provides us
a confinement of the same order than the one given by the wavelet basis with
pseudo-constant, but with decorrelated terms. But this 'ideal’ solution is not
constructive (the result can be found in [11]).

Notations. We will denote by Sy(R?) the subspace of the Schwartz class
S(R?) formed by the functions u satisfying

/x“u(x}dm =0 VaeN?
and by S)(R?) its dual. This space is identified with S'(R?)/P.

Let us denote by H'(R?) the subspace of distributions f such that

1

R(f) = (10a I3 + 10, f172)? < o0.

The homogeneous Sobolev space denoted by H'(RR?) is the quotient of H(R?)
with C and is equipped with the norm || - || ;» = R(-). Its dual space, for the
L2-scalar product, is the homogeneous Sobolev space H!(R?).



2 Definition of the Mumford Process

We will present the definitions of the complex and the real Mumford processes.

The complex Mumford process X (x,w) is formally defined from the complex
white noise Z(x,w), for z € R? by

X(z,w) = A Z(z,w), (1)
where the operator A~! is defined, in the frequency domain for ¢ € R?, by

e =12

Applying the Fourier transform, the definition (1) becomes

X(&w) = 7 Z(6w) (2)

|€|

since the white noise is invariant on the unitary action of the Fourier transform.

For any orthonormal basis {1;,7 € I} of L?(R?), one has

= gi(w)i(z)

el

where the complex random variables g; are independant and identically dis-
tributed (7.7.d.) of law N(0,1). It turns out that (1) and (2) can be written

" = Y A W) () 3)
and <

Ri6.w) =T ol W@ @)
respectively.

Observe that the operator A~ may be defined as the convolution with the
Riesz potential I%I on R?. Hence, A~! preserves the real-valued functions. Then
Eq (1) can be applied to the real white noise and provides us a definition of
the real Mumford process. In this case, formula (3) is applied with real-valued
variables g; and real-valued functions ;.

Consequently, the real Mumford process is the real part of the complex Mum-
ford process. Nevertheless, it is not determined by its Fourier transform.

Lemma 1 The Mumford process belongs w — a.e. to Sj(R?).



PROOF. It is sufficient to consider the complex case. We know that the
white noise is w — a.e. in §'(R?). Choose ¢, € So(R?), n € N, and ¢ € Sy(R?)
such that lim, .. ¢, = ¢ in S(R?). One has 99, (0) = 9°®(0) = 0 for all
a € N2. It follows that the functions u, and u, defined for ¢ € R? by

e = PO o 2O
n(§) € (€) R

belong to S(R?) and lim,, ., u, = u in S(R?). Finally, one obtains almost
everywhere,

o~ —

lim <X('>w)7907L> = lim <Z('vw)7un> = <Z('7w)vu> = <X('>W)790>7

n—oo n—oo

which finishes the proof.

The Mumford process has stationary increments, is invariant by dilations and
isotropic. That means that

(1) for all y € R?, X (- + y,w) — X (-,w) is a stationary process,

(2) for all A > 0, X(\-,w) £ X (-, w),

(3) for all p € SO(2,R), X(p-,w) £ X(-,w),

where “£” means that the laws of the processes are identical.

It is possible to give a meaning to X (-, w) as a random tempered distribution,
i.e. to find an expansion of X (-,w) which belongs w-a.e. to S'(R™). Let us see
how. We consider the orthonormal Meyer wavelet basis of L*(R"), {15,(-) =
200p5(29- k), j € L,k € 7%, € € {1,2,3}} with ¢ € Sy(R?) (cf. [5] for precise
definition and properties of this basis) . The series (4) becomes

X('vw) = Z Z Z gj,k,s<w>w€<2j : _k)a (5>

e€{1,2,3} jEZ kez2

where the random variables g, x . are i.i.d. of law N(0, 1). This series does not
converge w — a.e. in S(R?) since an infrared divergence appears, which means
that the low-frequency term (j < 0) diverges in the distributional sense. To
settle this divergence, we can make an additive renormalization of the low-
frequency part in the wavelet expansion.

Proposition 2 The expansion

Yo 2D Gime@ATN)(2 - —k) — (A7) (—k)]

€€{1,2,3} 1<0 keZ?

+ D DY Gk AT (2 k) (6)

e€{1,2,3} j>0 keZ?



is convergent w — a.e. in S'(R?).

We could then decide to define X (-,w) as the sum of the series (6) since this
definition coincides with (5) on S}(R?).

Remark To make this renormalization, we have to introduce an arbitrary
reference scale (j = 0) and the expansion does not preserve the property of

dilation invariance of the Mumford process. We still have X (2/z, w) £ X (z,w)
in 8)(R?) but it is not true for the renormalization given by (6) in S'(R?).

Since we want to preserve the dilation invariance, we will not use this definition
in this paper.

It would be interesting to be able to give a meaning to X (-,w) as a stochas-
tic distribution which preserves the homogeneity. Unfortunately, that is not
possible, which is shown in the following proposition.

Proposition 3 Let us denote by (-,-) the duality product S'(R?) x S(R?).
There is no stochastic distribution M (z,w) satisfying M(z,w) = X(z,w)

in law in SH(R?), M(A\z,w) = M(z,w) in law in S'(R?) and, for all 0 €
S(RQ)v E(|<M(7w)70>|2) < +00.

PROOF. Suppose, contrary to our claim, that there exists such a stochastic
distribution. For 6 € Sy(R?), one has

E((M(,w),0) ") = E((X(-,w),0)") = E({Z(-,w), AT0)[*) = [[A719][72.
Consequently, the map T defined for 6 € Sy(R?) by
T(0) = A6

can be extended to a map F' defined on S(R?) by

F(p) = VE(M(-,w), p))?

for all ¢ € S(R?). Therefore, F is sublinear on S(R?) (F(u+v) < F(u)+F(v))
and is homogeneous of degree —2 (that is F(f[\.]) = A2F(f) for all A > 0
and f € S(R?)).

Let us now consider ¢ € C°(R?) such that Supp @ C {¢€ € R?: [£] < 2} and
p&) =1if ¢ < 1.

For [ > 0, one has



But, writing ¢ — 22p(2") = 3/2( 2% (27.) — 220 (2771 it comes that

F(p—2"p(2") = | ZA 220 D27 )]l = 1,

and we obtain a contradiction.

As it is the case of the space H 1(R?), the only hope is to confine the infrared
divergence to a “small” term.

Definition 4 A couple of stochastic processes (Xg, X1) is a confinement of
the infrared divergence of order m (0 < m < 4o00) of the Mumford process if
there exists an unconditional basis {¢;r = ox(27-), 7 € Z, k € Ko} U {01 =
0x(27.), j € Z, k € K} with Card K| = m, such that

(1) X = Xo+ X;i.
(2) For allj € Z, Xo(2)-,w) = Xo(+,w) in law, and X;(27-,w) = X;(-,w) in
law (as stochastic distributions modulo polynomials).

(3) Xo(z,w) = Yiez Yrex, jk(W)djk(x), where h;y are some random vari-
ables.

(4) Xi(z,w) = ez Xker, Hjp(w)0jr(x), where Hjy are some random vari-
ables.

(5) The expansion Xo(x,w) = X ez Ykex, Pjr(w)ojr(x) converges w — a.e.
in 8'(R?) and, for all j € Z, Xo(2’-,w) and Xo(-,w) have the same law
(as stochastic distributions).

Proposition 5 In Definition 4, the order of the confinement m depends only
on (Xo, X1) and not on the choice of the unconditional basis {¢;r = ¢r(27-), j €
Z, ke KO} U {ej,k = Qk(QJ), ] € Z, k e Kl}

To prove Proposition 5 we will use the following lemma (shown in [13]).

Lemma 6 Let B be a Banach space, U an automorphism of B and n € N*,
such that there exist n vectors eq,...,e, € B for which the collection

{U*(e;) ke Zyic{l,...,n}}

is an unconditional basis of B. Let us assume that there exist some vectors
fj € B, indezed by a set E, such that the collection

{U"f): keZ,jeE}

1s also an unconditional basis of B. Then E is finite of cardinality n.

PROOF. [of Proposition 5] Let (Xo, X;) be a confinement of the infrared



divergence and ® = {¢;r = ¢r(27-), 5 € Z, k € Ko} U {0, = 0,(27-), ] €
7,k € Kl} (Wlth KonNn K, = @) and U = {¢j,k = ’g[)k(QJ),] € Z, k €
Loy U{Tjx = m(27:), j € Z, k € L1} (with Lo N Ly = (), two unconditional
bases of H'(R?) such that

Zzhjk ¢Jk szjk ¢Jl€ (7)

JEZ kEKo JEZ kELg

and

=22 hjx(w) => > firlw)mial (8)

JEZ kEK, JEZ kELy
where h;; and fjx, 7 € Z, k € Ko U K, are some random variables.

We denote by {¢7,,j € Z,k € Ko} U{05,,j € Z, k € Ky} (resp. {¢7,, j €
Z,k € Lo}y U{7jy, j € Z, k € Li}) the dual basis of ® (resp. W) for the
H'-scalar product given, for f and ¢ in H'(R?), by

(,9) = [ 0 @)rg@)da + [ 01, f (0)Drsg(@)d.

Let us denote F} and G the closed subspaces of H'(R?), given by
= Span{b;x, j €L, k€ K;} Gy = Span{tji, j €Z, k € L}.

On account of Lemma 6, it is sufficient to prove that Fy = G;. For that
purpose, let us consider an orthonormal basis {e;, | € Z} of H*(R?). We have

w) =Y glw)e(x)

lEZ

where g, | € Z, are i.i.d. of law N (0, 1). Moreover, by putting

=3 > e, o bin+ >, > (e, 05,05k,

JEZ keKy JELZ kEK,

we get

= 2 DA, diaw)din+ D > D (e, 05 )aw)bin.  (9)

JEZ kEK IEZ JEL kEK IEZ

Comparing (X, 67 ) from (7), (8) and (9), we obtain, for all j € Z and k € K,

hin(w) =Y (e, 05 1) g1(w)

IEZ

and

=2 2 D e 050 a(w)b;x (10)

JEZkEK, l€Z



By the same argument, we have also

- Z Z Z<€lv7-;k>gl<w>7—j,k- (11)

JEZ keLy IET.

Combining (11) with the fact that (7;x,¢% ,,) = 0, we get E[(X1(-,w), ¥5 1 )[* =
0. But, by (10), we obtain

E[(X01(w), W5 k) =B D 3 D (e, 05 )0k, 5 ko) 91(w)]”

JELZ keK I€Z

= Z | Z Z <6l7 9;,k><0j,k’ w;o,k0>|2

I€7 jET kEK,

= Z Z <9j,ka¢;o,ko>0;k

JEZ kEK,

2

L2

It follows that 3=z Y ker, (0jk, Ui, 1) 05k = 0 and for all j,j0 € Z, k € K,
and ko € Lo, we get (ijk,wjo7k0> =0.

Now, let us suppose than Fy ¢ G and let f = Yz Y kek, Cialbix € F1, f &

G1. Then
f = Z Z <f7 w;,k>wj7k + Z Z <f7 T;,k>7—]'7k

JEZ k€ELg JEZ kel

with 3 ez Ypero (fs Vi) ¥in # 0. But for jo € Z and kg € Lo, one has

fw]oko Z Z CJk Jk7 ]Ok()) O?

JEZ kEK,

which gives us a contradiction and F; C G;. Interchanging the role of the
unconditional bases ® and ¥, we obtain also G; C F}, which completes the
proof.

3 Confinement of the infrared divergence on the radial term

The Mumford process is defined in the frequency plan by Z(§,w) = [¢ X (£, w).
It is then natural to search an expansion of X in polar coordinates. We have
the following result.

Theorem 7 In the Fourier domain, the Mumford process )A((§, w) can be writ-
ten as X(£7 w) = X0(§7 w) + X1<§7 w); where

(1) Xo(&,w) is a radial distribution



(2) X1(£,w) is automatically renormalized. In other words, X (€, w) is w—a.e.
in D'(R/Ql and this embedding commutes with the dyadic dilations (for all
JEZL, X1(2¢,w) and 2% X, (&, w) have the same law).

To prove this result, we begin by expanding the white noise Z(£,w) on an
orthonormal basis of L?(IR?). This basis is given in polar coordinates (p, ) by
the tensorial product w; x(p)e,(6), where {w;;} is an orthonormal basis of the
Hilbert space L?(]0, +oo[, pdp) and {e,} is the usual trigonemetric system on
0,27] (e,(0) = \/LZ_Wem@, ne€Z).

It is sufficient to choose the basis {w;;} in a suitable way. In the following
subsections we describe two choices. The first is based on the Haar system
and the second on the Malvar-Wilson basis.

3.1 Construction of {w;} from the Haar system

We divide the interval |0, 4o00[ into dyadic intervals [; = [27,277![ j € Z. On
each dyadic interval I;, we use the usual Haar system of L?(I;,dp) adapted
to this interval. It is given by the functions h;; = 2-3h(277-), k € N, where
{hg, k € N} is the Haar system on L*([1,2[). More precisely, hg = 1p o) and
for k=2 +pwithl>0and 1 <p <2,

N~

hy =2 (1[1+2_l(p71),1+2_l(p7%)[ - 1[1+2_l(p7%),1+2_lp[)' (12)

The functions w;, j € Z, k € N, are defined on |0, +-o00[ by

_1 1 _j
wik(p) = p 2 hyr(p) = p~227 7 (277 p).
The white noise Z(&,w) is then written, with & = pet?| as

Z(Ew) =D Gikn(w)wix(p)en(0),

neZ jeZ keN

where the complex random variables g;xn, j € Z, k € N, n € Z, are i.i.d. of
law A (0,1), and the Mumford process is written as

5(\(57 W)=Y gira(w)p  wjk(p)en(6)

n€Z jEZ keN

=3 Gikaw@)p E27Eh (27 p)en (6). (13)

n€Z j€Z keN

We define X, and X; by

Xo(&,w) =% ginolw)p 32 2mi(27p) (14)

jeZ keN



and 5(\1(67‘*)) = X\(ng) - X\O(&W)

The expansion (13) of X (&, w) satisfies the conclusion of Theorem 7. Indeed,
we have

Proposition 8 The oscillatory part E(&,w) s automatically renormalized
since the series

Xitw= Y 3% gualw)p 2 (27 p)e,(6) (15)

n€Z, n#0 j€Z keN

converges w — a.e. in D'(R2) and, for all j € Z, X1(2/€,w) and 227X, (€, w)
have the same laws. Hence, the couple (Xo, X1) (given by (14) and (15)) is a
confinement of the Mumford process of order cc.

To prove the previous result, we need the following classical lemma.

Lemma 9 Let {g,,, m > 2} be a sequence of i.i.d. random variables of law
N(0,1). Then, the estimate

|gm (W) < C(w)VInm,

holds w — a.e., for all m > 2.

PROOF. [of Proposition 8] We will show that the series (15) converges uni-
formly on any bounded subset B of C{°(R?). So let B C C{°(R?) be a set
for which the support of the test functions ¢ € B are embedded in a same
ball B(0, N) and such that [[0%¢||. < C(a) where C(«) does not depend of
¢ € B. Let ¢ € B one of these test functions. Since the functions w;, k € Z,
are supported on the dyadic interval [;, only the scales j < C(IV) have to be
taken into account. We then have to estimate

Z Z Z|gjkn j,kﬂ)’

n€Z,n#0 j<C(N) keN

where

1(j, k,n)=//p’%T%hk(?’jp)en(@)w(pCOS 0, psin0)dpdf
://Q’ij(Q’jp)en(H)go(pcose,psinﬁ)dpd@,
with Hy,(p) = p~2hy(p). Using the change of variable t = 277 p, we get

I(j,k,n) //Hk (27t cos 0, 27t sin 0)e,,(9)dtdo.

10



But, for all 7 < C(N), one has

Hy(1€])9(27€) = Hi(I€])2(0) + 27 hie([€]) 15 (6),

where R; belongs to a set B C C5°(R?), bounded and independent of j. More-
over, R; is supported on the annulus {¢ € R?; 3 < [¢] < 2}.

Indeed, we have

Hi(1€)(2°€) — Hi(I€))(0) = Hi(€D[2(27€) = (0)]
=2 hy(|€]) 15(8),

with R; defined for j < C(N) by

_ ([6(27§) = 9(0)]
i) - (B2 o

where 6 € C3°(R?) is supported on the annulus {¢ € R% 1 < |¢] < 3} and is
identically equal to 1 on {¢ € R?%;1 < |¢] < 2}. Since j < C(N), it follows that
the functions R; belong to a same set B C C5°(R?), bounded and independent
of j.

Returning to the calculus of 1(j, k,n), since n # 0, we get

/ / Hi(£)p(0)en (8)dtdd = 0

1(j, k,n) :2j//hk(t)Rj(tcosé,tsin@)en(ﬁ)dtdé.

and

The integrals I(j, k, n) are uniformly bounded by K(N)27(1 +k)~2(1 +n)2,
where the constant K (NN) does not depend on ¢, but only on B. This esti-
mation is obtained by using the fact that for k # 0, hy is given by (12). In
particular, hy has one vanishing moment ( [h; = 0) and its support has a
length of order £~1.

Uniformly for ¢ € B, we thus obtain the following estimation

> 2 2 ka0l

n€Z,n#0 j<C(N) keN

<C Y Y YO+ ||+ k+ [n]) K(N)29 (1 + k)3 n| 2

n€Z,n#0 j<C(N) keN

<C(W)K(N).

11



4000 -, +

3000 .

Figure 1. Simulation of the real part of the radial term in frequency.

Figure 2. Simulation of the anti-radial term in frequency.

Finally, the series X, converges uniformly w — a.e. on B. Hence, the term X,
converges w — a.e. in the distributional sense.

Remark The constant K(N) has a polynomial growth as a function of N,
which implies the convergence w — a.e. of X; in §'(R?).

Remark Figures 1 and 2 have been realized with MATLAB. Since the pro-
cesses do not converge ponctually, they do not give the behaviour of the pro-
cesses but show the first terms of the expansion in the wavelet basis (10 scales).
Nevertheless, with these few terms, the infrared divergence (£ = 0) can already
be seen.

12



3.2 Construction of {w;} from the Malvar-Wilson basis

We now use the orthonormal Malvar-Wilson basis of L3([0, 00]). Tt is the se-
quence 22w (27x) cos[r(k+3%)27z], j € Z, k € N, where w € C([3, 3]) satisfies

_ 4
(2) w(z) + w2 —x) = for all z € [2, 3],
(3) w?(z) +w?(%) =1 for all z € 3, 3.
This construction can be found in [1].

For j € Z, k € N and m € Z, we define in polar coordinates, the functions
wj,k,m by
(0.8 = o™ b2 p) coslnll + D121
Wikm(p,0) = w cos|m = .
5,k,m\ P p P 2 P \/%
The system {w;gm, j € Z, k € N, m € Z} forms an orthonormal basis of
L*(R?). The white noise can then be expanded in, with £ = pe®,

Z(£7w) = Z Z Z gj,k,m(w)wj,k,m<p, ‘9)7

JEZ keENmeZ

where the random variables ¢; ., are i.i.d. of law N(0,1), and the Fourier
transform of the Mumford process is given by

X(Ew) =33 girmw)p wkm(p, 0).

JEZ keN meZ

Again, this expansion does not converge in D’(R?). Nevertheless, we get

Proposition 10 The oscillatory part is automatically renormalized, in the
sense that the series

5(\1(57 W) = Z Z Z gj,k,m(w)pile,k,m(ﬂ 0)

meZ, m#0 jEZ keN
converges w — a.e. in the (tempered) distributional sense.

The proof is similar to the proof of Proposition 8.

13



4 Wavelet basis with pseudo-constant
4.1 Construction

The wavelet basis with pseudo-constant is a modification of the Meyer adapted
wavelet basis (constructed in [7]).

Proposition 11 (Meyer adapted wavelet basis) Let N € N be an odd
integer greater than 3. There exists an orthonormal basis of L*(R?) of real
valued functions, formed by

(1) the Daubechies wavelets 15, = 294°(2) - k), j € Z, k € Z* \ K,e € £ =
{1,2,3} (where K is a finite set), of class C" with v = r(N) > 0, such
that
Z) Supp ¢ = [07 N]27
i) k & K if and only if Suppye(- — k)N] — N, N[*= 0,

iii) [z (x)dx = 0 for all multi-indices o € N™ with |a] < m (and
m=m(N)>r),

(2) some functions 5, = Ve(2.), 1 €Z, k€ K, e €&, of class C", such that
Z) Suppwi - [_3N73N]2\] - N7N[27
ii) there exists a couple (k,e) € K x € such that [ % (z)dx # 0.

Taking finite linear combinations of {5, k € K,e € £}, we can reorganized
these wavelets into an orthonormal system {¢} U {45, (k,e) € A = K x £\
(0,1)} such that

e For all (k,e) € A, [¢5 =0,
.« [6£0.

For j € Z, (k,e) € A, we put ¢; = 2/¢(27-) and ¢, = 27¢7(27-).

Lemma 12 There is a constant C # 0 such that, for all x € R?

> o(2z) = C. (16)

JEZ

PROOF. We consider the function f = 1|_4y4np2. Expanding it on the
wavelet basis, we get

f:Z Z Zc(j,k‘,z—:) ]E,k+z Z C(j7k7€) ;,k+zc(])¢J

JEL k€Z2\K €€E JEZ (k,e)eA JEZ

where c(j, k,e) = [ f(z)V5(x)dr if k ¢ K, c(j,k,e) = [ f(x)¢5,(x)dx if
(k,2) € A and (j) = J f(x)oy(x)ds.

14



Let g € L*(R?) be given by

g=">_clj)o;

5>0
We have f = g on [-N, N2 Indeed, if j < 0, then
Supp 5, 0] = N, N[>= Supp ¢5, 0] = N, N[> = Supppn] — N, N[> = 0.

For 7 > 0, we have to divide the proof into two cases. If the support of the
wavelet does not intersect | —2N, 2N |[?, the wavelet is identically equal to 0 on
] — N, N[?. If its support intersects | — 2N, 2N|[?, then the wavelet is supported
on | —4N,4N[?. Since the corresponding coefficient c(j, k, €) is the integral of
the wavelet, it is equal to 0.

Finally, we get

> cli)ps(x) =1

>0
for z € [-N, N]?. In addition, one has, for j > 0, ¢(j) = [ ¢; = ¢(0)277. Thus,
by dilation, we obtain (16), and Lemma 12 follows.

We are now in position to introduce the pseudo-constant 6 defined by

0L S 62

J<0
and, for j € Z, we put §; = 276(27-).

Lemma 13 The function 0 is of class C", is supported on the ball B(0,3N+/2)
and, for all x € B(0, N),

0(z) = 1.
In particular, for all v € N*\ {(0,0)} with |y| <r, one has

Suppd'0 C {x € R*; N < |z| < 3NV2}.

This result is an obvious corollary of Lemma 12.

Proposition 14 The system
{wJE‘JW .] S Z7 k S Z2\K7 €€ S}U{(b;,lw .] S Z7 (k’,é‘) € A}U{9J7 j € Z} (17>

is a Riesz basis of L*(R?) called “wavelet basis with pseudo-constant”.
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PROOF. Tt is easier to prove that the dual system is a Riesz basis of L*(R?).
So, we introduce the functions 6* and 67 given by

1 .
0" =¢—14(5)

and 07 = 276*(27-). We denote by E and F the closed subspaces of L*(R?)
defined by
E = Span{¢;, j € L}

and
F=Span{y5,, j €L, k€ L’ \ K, e € EY U{¢5y, j € Z, (k,e) € A}.
For h = e+ f € L*(R?) with e € F and f € F we define the operator S by

S()() = el

Finally, the operator T is defined on L?(R?) by T = Id — S, where Id is the
1
identity operator. Since L*(R?) = F @ F, one has, for h = e + f,

2

1 - 1 1
ISz = lze()llee = sllelle < 1Al

Hence, ||S]|z2 < 1 and T is an isomorphism on L?(IR?), which maps the basis
Wi J €L, Kk € 7Z’\ K, ¢ € EY U5y, J €Z, (k,e) € AyU{9;, j € Z} to
the system

{wja‘,k) ] € Z7 k S ZQ\Kv €€ S}U{gbj,ka ] € Z7 (kve) S A}U{g;v j € Z} (18)

It follows that the system (18) is a Riesz basis of L?(R?). An easy computation

shows that
T%(6;) = ¢;(2") =6,

1>0
Consequently, the dual basis of (18) is the system (17) which proves Proposi-
tion 14.
Theorem 15 The wavelet basis with pseudo-constant chosen with wavelets of
class C" with r > 1 is an unconditional basis of H'(R?).

4.2 Proof of Theorem 15

We refer to [10] for characterizations and properties of unconditional bi-orthogonal
bases.

It is sufficient to show that

16



(i) The systems (17) and (18) are biorthogonal.
(ii) There exists a constant Cy > 0 such that, for any finite sums, one has

IS Y St <G Y. Y S o2,

JEL KEZ?\K €€ JEL kEZ?\K €€
1D > cimetinlin <Codo Do lejnel2¥ (19)
JEZ (kg)eA JEZ (k,e)EA
and
1D cifillEn < Co ) le*2%. (20)
JEZ JEZ

(iii) There exists a constant C; > 0 such that, for any finite sums, one has

I > Y enetiilia <Y Y Y lewel27Y,

JEL keZ?\K €€ JEZ keZ?\K e€&
1D D2 cimetSullis SCLY2 D0 leinel®27 (21)
JEZ (ke)EA JEZ (k,e)EA
and .
1D il < G leil?27. (22)
jez jez

(iv) The wavelet basis with pseudo-constant is a total system in H'(R?).

By construction of the systems, (i) is satisfied. The estimations (ii) and (iii)
are already known for the functions ¢5,, j € Z, k € 7>\ K, ¢ € &, since they
are classical Daubechies wavelets (cf. [4] or [5] for characterizations of Sobolev
spaces by wavelets).

To obtain the estimations (ii) and (iii) for the other terms, we will use the
properties of localization of functions, which lead to the property of quasi-
orthogonality.

Definition 16 Let H be a Hilbert space equipped with the scalar product (-, ).
A system {fi, k € Z} of H is said to be quasi-orthogonal if there exists | € N
such that, for any fized k € Z,

fOT’ al k' € 7, |/{ZI — ]i]‘ >, <fk7 fk’) =0. (23)

Before proving the estimations (19) and (20), let us give the following lemma.

Lemma 17 Let H be a Hilbert space equipped with the scalar product (-, -)
and the norm || - ||. Let {f;, j € Z} be a quasi-orthogonal system of H and
| € N satisfying (23). Then,

I A7 < @+ 1) 21517

JEZ. JEZ.
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We now give the proof of estimations (19) and (20). By Lemma 12, the func-
tions d,,0 and d,,0 are supported on the annulus {z € R?; N < |z| < 3Nv/2}.
Then, the systems {9,,6;} and {9,,6,} are quasi-orthonormal in L*(R?) and
we get,

1320 < CUYS 0,051 + 1 ¢i00,13) < C'Y Jes[22%,
JeZ jez jez jez

The same argument can be applied to the functions ¢5,, j € Z, (k,e) € A, to
obtain (19) since they are supported on dyadic annula.

To obtain the dual estimation, we will use the following lemma (a proof can
be found in [9]).

Lemma 18 Let € a connected bounded open set of R™, which is strongly Lip-
schitz and let f € L*(Q). One has [o f(z)dz = 0 if and only if there exist n
functions fy, ..., fn € H}(Q) such that

f=0fi+ ...+ 0., fn

Consequently, since the function #* is supported on the annulus I' = {N <
lz| < 6N/2}, there exist two functions ©; and O, in L*(R?), supported on
I', such that

0" = 0,01 + 0,,0.

It follows that
Yol < CUD_ 0127172 + 11 ¢;02(27)]|7: < CZ|C 227%,
JEZL JEZL JEZL

where the last majoration is obtained by using the property of quasi-orthogonality
of the systems {270,(27-),j € Z} and {2705(27-), j € Z}.

The functions ¢3, (k,e) € A, have also a vanishing moment and are supported
on an annulus. Then, the same argument can be applied to obtain (22).

To prove (iv), since S(R?) (modulo constant) is dense in H'(R), it is sufficient
to show that any function f € S(R?) can be written as

F=20 2 DAL 5vintd D (fd5udin+ 2 (f.07)0; (24)

JEZ keZ?\K €€ JEZ (k,e)EA JEZ
with
Yoo AW Y D WS P2Y + 1S, 65)72% < oo
JEZ keZ?\K €& JEZ (ke)EA JEL

(25)
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So let f € S(R?). Since the two systems are dual bases in L?(R?), the equality
(24) is true in L*(R?). We then use the following lemma.

Lemma 19 There exists a constant C > 0 such that for any g € H'(R?),

ST S g b PHY. DD 2Y(g. 5 P 27 (g, 0P < Cllgl3-

JEL keZ2\K €€ JEZ (k,e)EN JEZ

PROOF. The inequality in question is known for the terms in (g,5,), j €
Z,k € 7>\ K, e € &, since the 5, are classical Daubechies wavelets (cf.
[4] for a proof). For the other terms, since the wavelets have a vanishing
moment, we can make an integration by part and then use the property of
quasi-orthogonality to obtain the estimation.

Returning to the function f € S(R?), since it belongs to H'(R?) by the pre-
vious lemma, we get (25). Using the majoration (ii), it turns out that the
series in (24) converges in H'(R?) and by uniqueness of the limit (in the space
of distributions modulo constants), its sums is f. This finishes the proof of
Theorem 15.

Remark In the PhD thesis [11], the construction is generalized to wavelet
bases with pseudo-polynomials of the order m (m € N) in R™. These bases
allow us to obtain results of confinement for the Sobolev spaces H™"2 (R").
This study will be presented in a future publication.

5 A more accurate confinement

In this section, the results are given for the real and the complex Mumford
processes (we do not use the Fourier transform of the process).

We consider the orthonormal Meyer wavelet basis {2'g(2' - —k), 1 € Z, k €
72,9 € {91, 92, g3}}, where g; € Sy(R?) is real and g; is supported in an
annulus, which does not contains 0 (cf. [5] for more details). Thus, the functions
fi = A~1g; belong to Sy(R?) and by definition, one has

X(z,w)=A"Z(z,w) = ZZZgzlp w) firp(z), (26)

l€Z peZ? i=1

where the random variables g, , are i.i.d. of law N'(0, 1) and f;;,(z) = fi(2'z—
p). The convergence of the series (26) holds w — a.e. modulo constants.
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The idea is to make a change of basis of H'(R?) in order to obtain an expansion
of X (z,w) in the (non-othonormal) wavelet basis with pseudo-constants (with
the regularity of the wavelets r > 1).

Expanding the functions f;;, in the wavelet basis with pseudo-constants, we
formally obtain
X({L‘,W) = Xo(l’, w) + Xl(xv w)

where ‘
w) =Y hi(w)2776;(x) (27)
jEZ
with
w)=2"3 3" Z Fit 07)910p(w),
€7 pez? i=1
and
= Z Z Z he,j,k(w)z_j%k + Z Z he jp(w ]ijk(x)
JEL keZ2\K €€ JEZ (k,e)EA
(28)
with

() = 23 en Yperz Sov {fips Vg Giap(w) if j €Z, k € Z*\ K and € € €,
7 2JZlezzpeZQZz 1 fidps ¢_]k> plw)if j € Z and (k,e) € A .

Here (-, -) denotes the L*-scalar product. Random variables h. ;. and h; are
not i.i.d. of law N(0,1), since the basis is not orthonormal. Nevertheless,
they are linear combinations of gaussians variables and we have the following
estimation.

Lemma 20 Forallj € Z, k € Z*\ K and € € £, we obtain, w — a.e.,

o)) < )y (2 + ] +[k]).
For all j € Z and for all (k,e) € A, we get w — a.e.,

|he je(w)] < Cw)y/In(2 +[4])

and

|hj(W)] < Cw)y/In(2 + [7])-

As we will show it, these estimations are due to the fact that the coefficients of
the “matrix” of change of basis are the scalar products between two “wavelets”.
Let us admit Lemma 20 for the moment and show

Theorem 21 The series (28) converges w — a.e. in S(R?) and is invariant
in law by dyadic dilations. It follows that the couple (Xo, X1) (defined by (27)
and (28)) is a confinement of the Mumford process of order 1.
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PROOF. Let B be a bounded set of C;°(R?). There exists a constant R > (
such that, for any ¢ € B, Suppp C B(0, R). We will estimate, for ¢ € B,

=3 S S M@+ ]+ KD )

JEZ keZ?\K ec&
and
IQ Z Z \/ 2 + |j | 2 ng] k;7
JEZ (k,e)EA

by C(R)N (), where N(ip) is a semi-norm on C5°(R?) which does not depend
on the choice of ¢. If these majorations hold, then by Lemma 9, (X;(-,w), ¢)
is defined w — a.e. by

Z Z Zh&j,k(wﬂ J ka +Z Z he jx(w J< ;,ka@-

JEL kEZ?\K €€ JEZ (ke)EA

Let us first consider ;. We have 27745, = (27 - —k) and Supp ¢°(- — k)] —
N, N[?= 0 (cf. (1) of Proposition 11). Thus, there exists a constant C'(R) such
that (¥5,, ) = 0, except eventually for j > C(R) and |k| < C(R)2’. Then,

L<Y S S+ ]+ kD295, )

JEZ kez2\K €e€&
|k|<C(R)2J

Using the first vanishing moment of %, ¢ € £, we can write ¥° = 0,, 9] + 0., 95
with gf, g5 € L*(Supp¥©) = L*([0, N]?). We get

(27745 1, 0) <C27 (11527 - =)l + 19527 - —R)I1) (10, 6lloo + Peaplloc)
< c27% ([0, @lloo + 102,0]| o) -

Hence, I) < K(R)(||0z,¢]|00+ |0z, ¢l )- The case of Iy is easier. The functions
@5y, for j € Z and (k,e) € A, are supported in the annulus {z € R2: N <
|z| < 3N+/2}. Since a finite number of couples of indices (k,¢) appears, it
is not necessary to make an integration by parts after having reduced the
summation on j to j > C(R). So,

< Y Y Vw2 (p ||¢f||1) el

i>C(R) (k,e)EA
< K(R)[#l[co-

The property of invariance by dyadic dilations can be obtained by observ-
ing that to change X;(-,w) in X;(2™-,w) consists to replace h. ;i(w) with
hej—mp(w), i.e. giip(w) with g; ;1mp(w). Since the variables g;,, are i.i.d. of
law N(0, 1), it follows that X;(-,w) and X;(2™-,w) have the same law.
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Remark The proof of Theorem 21 shows that X;(-,w) is the sum w — a.e.
of a distribution of order 0 (terms on ¢5,) and of a distribution of order less
than or equal to 1 (terms on ¥5,).

We still have to prove Lemma 20.

PROOF. Let us begin with h. jx(w) for k € Z*\ K. In this case, we have
the scalar product between the two wavelets f;(2'- —k) and (27 - —k), where
fi € So(R?) and ¢ € C" with 7 > 1 has a compact support and at least one
vanishing moment. Therefore, we have (cf. [6]) for M > 2 and 0 < <7,

97 4 2~ M
. i ) (29)
279 4+ 271 4 |p2—t — k27

(a5 )] < 2929 li0+ (

To obtain estimation 29, for [ > j, we integrate f;;, and differenciate 5.
For j > [, we differenciate f;;, and integrate ¢ ,. It follows from 29 that
|he ji(w)] < C(w)A with

A=Y % 23: 9~ g-1i-1l(1+6)

l€Z pez? i=1

277 4 271 M
. . In(2 4 |I .
(2]+2l+|p2l_k2]|> \/n( + {1 + Ipl)

We divide A into A = A; + As where A; corresponds to the summation on
the indices [ < 7 and Aj to the indices [ > j. For the term Ay, since M > 2,
we get

, 1 M
< ~(-1)5
asOX Yoo () e i+ )

I<j pez?

<O 2708 (2 + |I] + [k[21-9)

I<j

<CY 27008 (2 + |I] + [k])

I<j

§C\/In(2+ HESTE

For Ay (I > j), since M > 2, we get
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M
. 1
Ay < 2U=DE+2) ‘ In(2 + |1
2HIDY ey BRUCCRA RS )

I>j pez?

<C 3207004, in(2 4 (1] + |k|21-4)220)
>7

< O3 20709 In(2 + |i] + |k|21-)
>7

<CyIn(2 + |j| + [k]),
and the first estimation is proved.

Let us continue with h, ;. for (k,€) € A. In this case, we have 277¢5 , = ¢7.(27-),
where ¢f € C", Supp ¢, C B(0, R) for a R > 0 and [ ¢5(x)dx = 0. We obtain
the estimation (29) by replacing k277 with 0 and the calculations for hS, are
similar.

Let us finish with h;(w). We have to estimate (f;;,,0*(27.)), with 6* € C",
Supp@* C B(0,R’) for a R > 0 and [ 60*(z)dz = 0. The result is then given
by the previous case.

Proposition 22 Let 0 < s < 2. The expansion (28) of X;(x,w) satisfies that

X :
ﬁiT;w) converges w — a.e. in D'(R?).

Remark The result shows that the convergence of the term X; is stronger
than in the distributional sense. It satisfies indeed a “weak Hardy inequality”.
It can be compared to the deterministic case of the Sobolev H'(R?). We have
indeed given in [13] a confinement of H'(R?) in H'(R?) = X @& Y where the
distributions f of the realized part Y (included in &'(R?)) satisfy the Hardy
inequality [ |f(z)|?*/|z|*dx < +oc.

PROOF. Again, let B be a bounded subset of C;°(R?) and R > 0 such that
for ¢ € B(0,R), Suppe C B(0,R). Using the estimations for the random
variables given in Lemma 20, it is sufficient to show that, for ¢ € B,

5= S @t gl kDI )

JEL kETA\K €€E ||
and .
. _iPik
=% 3 yn@liie 2
JEZ (k,e)eA

can be majorate by C'(R)N(¢), where N(ip) is a semi-norm on C5°(R?) which
does not depend on the choice of ¢. Let us first estimate S5. Again, there
exists a constant C'(R) such that the summation can be reduced to j > C(R).
Since Supp ¢5N] — N, N[*= (), one has |z|* > 277N on Supp ¢5, and we get
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SEKR) Y Y @+ )2 [ 6@l

i>C(R) (k,e)EA

) > > Y@+ )2 Pl

]>C(R (k,e)eA
< K(R)|[¢llo

since s < 2. Let us now estimate S;. We divide S in S1 = S, + S, where

Sa=3 3 3@+l + k)2~ \| o)

JEZ kez2\K e€€€
|k|<27/2

and

=% ¥ Z\/In2+|]|+|k|)|(23|‘,cp)| (30)

JEZ kKEZ2\K eel
21/2<|k|<C(R)2]

To majorate S,, we use the fact that |z|* > C(|k]277)° on Suppvs, =
(k277 (k+ N)277)% for k ¢ K (and we have |k| # 0 if k ¢ K). Thus,

SI<CY S S @ L+ kD2 [ 105 (2P~ k)p(e)lda

JEZ kez2\K €&

|k|<2d/2
<o Y ki 22t (supnwnl) ol
JEZ kez2\K
|k|<2d/2
<K S I +227 36792067 ||
j>C(R)
< K(R)[l¢ll

for s < 2. Let us now consider S,. We use the fact that ¢ has at least two
vanishing moments (since it is a Daubechies wavelet of regularity » > 1). Then
we can write

U= 0,07 + 00,05 + 07,0, 95
where the functions g5, g5, g5 are of class C"™ and are supported on [0, N]?.
Since the function ‘J% is C* on Supps5,, we can make an integration by

parts, and we obtain

[vr@a—n) %daz —2% [ <g§(2jx — k)&, (Gj )

g5 — ), (| |)+gg<2ﬂx— >8§m<|f|s))dx

and
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} [ B,
2]

< (9—4 2 ¥
= (‘ % (158)
Lo (T %)

% (), I ()
- |x|s e |x|s L>°(Tj k)

with € = [lgill + g5l + lg5lly and Ty = Suppws, = k277, (k + N)2 ]2
Moreover,

i

Lo (T k)

2] Lo (T k)
9% o(x 1 1
< ‘ e (2) +2‘amso<x>am—s +Hso<w>0§1 :
|:E| Loo(T k) |:E| Loo(Ty k) |1‘| LTy )
2 1 1
<C ||8$190||oo |l‘|5 +||8x190”00 |$|8+1 +
Loo(T k) Lo (Ty )
ol |1
Plloo || T T512
|'T‘ +2 LOO(I‘jyk)

< C (1102, @lloo + 10, #lloc + lliolloc) 2542,

since |z| > €25 on Iy for |k| > 2%. By the same kind of estimation for the
other terms, we obtain

< K27%9272 3 1079 -

|| <2

V(2 - k)p(x)
‘/ |z]° -

Using this majoration in (30), we get

S< Y Y S m@ i+ kD272 Y 6%
j>C(R) k€Z2\K e€& la| <2
29/2<|k|<C(R)2I

<SK(R) 3 10%¢] o

|| <2

Remark We do not know if the result can be extended to the case s = 2.
Because of the logarithmic estimation we have for the random variables, the
answer seems to be negative.

This paper is mainly a part of the PhD thesis [11] and the results -without
proofs- have been presented in the Note [12].
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