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MIMO Conditional Integrator Control for
Unmanned Airlaunch

Van Cuong Nguyen and Gilney Damm

Abstract

A Nonlinear Multiple Input Multiple Output (MIMO) controller based
on the conditional integrator technique is designed for the robust stabi-
lization of a new satellite launching strategy called (unmanned) airlaunch.
This control technique performs as a nonlinear robust controller when the
system is outside a boundary layer defined by the controller (large errors),
and as a nonlinear controller that provides an integral term when the sys-
tem enters into the boundary layer (small errors). While the airlaunch
strategy consists in using a two-stages launching system. The first stage
is composed of an airplane (manned or unmanned) that carries a rocket
launcher which constitute the subsequent stages. The control objective is
to stabilize the aircraft in the launch phase. It is developed separately for
two nonlinear MIMO motion modes of the model, the longitudinal mode
and lateral mode, and is then applied to the full model of the aircraft.
The considered model is highly nonlinear, mostly as a consequence of
possible large angle of attack, sideslip and roll angle. Finally, the present
work illustrates through simulations the good performance of the proposed
control algorithm.

Keywords:Conditional Integrator; Airlaunch; F-16 Aircraft; Non-
linear System

1 Introduction

Satellites launching is a strategical activity today. Launchers are able to carry
from micro-satellites of some tens of kilograms up to 10 tons in the case of
French Ariane 5 launcher. Recently, new applications have called upon very
small satellites mostly used in groups (see [1]). These small satellites need a
new class of launchers since launching implies in many fixed costs that are in-
dependent of the size and weight of the launched device. For this reason, the
ratio price-per-kilogram launched in space becomes too high. A quite logical
solution in this case would be to pack many small devices to be launched to-
gether. Unfortunately this implies many additional risks in the split phase and
is not envisaged.

*IBISC - Université d’Evry Val d’Essonne, Evry, France // E-mail: gilney.damm@univ-
eiffel.fr



Figure 1: Stratolaunch system credited (C) Stratolaunch Systems, Inc.

A more efficient solution in this case is to use the procedure of airlaunch
(see [12], [4]). It consists of using a two stages launching system (see Fig.
1). The first stage is composed of an air vehicle (manned or unmanned) that
carries (inside, beneath or above) a launcher which constitutes the second stage.
There are many advantages in airlaunch, mainly because there is no need for
specific large non populated launching areas. The aerial vehicle takes-off from
a standard runway and fly to open ocean, avoiding populated areas or ship
and airplane paths. For this reason there is also a minimization of weather
constraints, since the vehicle can fly to open sky, and as consequence the launch
delay can be significantly shortened. Similarly, instead of waiting for specific
launch windows (to attain desired orbits), the vehicle may be flown to a better
suited launch point, with a better alignment with the desired orbit. The fact
that the first stage is a reusable aerial vehicle allows a much smaller launching
delay. In the same way, launching reuse time may be very short (one or two
days). These characteristics provide great flexibility, and allow to deploy small
satellites designed for specific tasks of communication or data gathering in real
time for urgent situations.

Airlaunch provides the advantages of two stage launchers. The second
(dropped) stage may use specific nozzles and propellants for the low outside
atmospheric pressure at altitude (20 000 meters or 60000 feet). This is ob-
tained without the complex, expensive and relatively dangerous high pressure
ground-launched first stage that is replaced by the aerial vehicle. Most current
airlaunch projects use standard or lightly modified airplanes as first stage. For
example, there has been tests using F15, C17, B52, L.-1011 in Rascal, Quick-
Reach, Proteus and Pegasus projects.

It is important to remark that airplanes use the wing’s lift force to fly. For
this reason, higher (low altitude) air density benefit the flight while the aircraft
uses standard fuel to keep flying. A first stage rocket would use a much more
complex, dangerous and expensive fuel while in this higher air density. From



a certain altitude, air density is too low to be useful for an airplane, while not
representing anymore a drawback for rockets.

Unlike the before-mentioned projects, other ones aim in developing an air-
launch system that uses an Unmanned Aerial Vehicle (UAV) instead of a stan-
dard aircraft with a human pilot inboard. The current paper addresses their
launching phase, it intends to introduce modeling and a robust nonlinear con-
troller for this delicate procedure. In fact, airlaunch may be very challenging
since the rocket may be almost as heavy as the UAV. This means that the
aircraft will instantaneously lose almost half of its mass. As consequence, the
stabilization task is much more complex during and after the launching phase
with a much more adverse mass ratio. To our best knowledge, it does not ex-
ist an equivalent research line, and then there is no results in the literature
considering this problem.

The paper is organized as follows: in section 2, we describe the nonlinear
mathematical system model. A conditional integrator control design and its
application to the full system model is discussed in section 3. The paper is
completed by computer simulations and conclusions.



2 Modeling

X, Z, ZwZs

Figure 2: Frames: Body fixed axes OXgYgZp, Stability axes OXgYsZg, Aero-
dynamic axes OXw Yw Zw

Modeling an air launch system and its separation phase is a difficult task which
requires many data and informations about the real system. We have based our
work on the model of an F-16 aircraft (that already has been tested for manned
airlaunch). We have also used it to verify in simulations the reactions of the
system when modeling the air launch phase.

We suppose that the studied system is a set of a reusable launch vehicle and
a down stage, whose mass is equivalent to the reusable launch vehicle’s own
mass. For the sake of simplicity, this set is considered as a complete aircraft
before air launching. In this paper the airlaunch system is considered as a hybrid
system composed by two continuous models that are switched in three phases,
representing the system before, during and after the separation phase (see [11]).

1. before the separation = the first aircraft model (representing the UAV
and the rocket) is in a stable operating condition

2. during the separation = a second aircraft model representing only the
UAV, starting on the previous operating condition, is disturbed by im-
pulses on forces and moments representing a not perfect separation inside



a time interval T},,;. Furthermore the initial conditions, inherited from the
first phase, are not an equilibrium point for the second aircraft model.

3. after the separation = the disturbances stop (UAV and rocket are not in
physical contact anymore).

It can be shown that the effect of launching the rocket from the UAV impacts
most the lift force, and the roll and pitch moments. We suppose that these per-
turbing force and moments are constant during interval T;,;, and we represent
then F, , L, and M, for the perturbations on the lift force, on the roll moment
and pitch moment respectively.

X Aircraft

Figure 3: The launcher attached to the aircraft carrier in the worst case

In the present work we will study a worst case of disturbance. We consider
that the separation phase is not simultaneous in all links that attach the rocket
and the UAV. For this reason, the rocket remains attached to one end of the
UAV during T;,;. We have then studied how long the disturbance could last
and that the control algorithm could still stabilize the aircraft back.

‘We suppose that:

e the perturbation on lift force during T}, is equal to the air launch vehicle’s
mass, that means F,, = m,gcost.

e the perturbation on drag force is F,, = —F),, sinfy = —m,.gsinfy where
0o is the initial pitch angle of the first model at the launching phase and
m, is the rocket’s weight.



e the perturbation on pitch moment during T;,; is an worst case that is
represented by the rocket that remains attached to the aircraft by only
one end during T;,:, applying a rotational movement to the aircraft, so a
moment with value M, = m,gl, cosfy/2 where [, is the rocket length.

e the perturbation on roll moment during 75, is small because of the rocket
shape (long and thin).

e the model following the launch phase is the F-16 model. Its initial condi-
tion is the state at an equilibrium point of the model previous the launch
phase that is the F-16 model but with twice its standard mass. That
means the rocket’s mass is equal to the aircraft carrier. It is a hypothesis
in the worst case because in practice the aircraft carrier’s weight is greater
than the rocket’s weight.

The model of the dynamic airlaunch after the split phase is described by the
Newton-Euler’s law in the aerodynamic axes (OXy Yw Zw in Fig. 2) i.e. the
reference frame attached to the airspeed vector V' (see [6], [13] and [14]), instead
of using variables in the body fixed axes because of the measurability of these
state variables:

& = —cosatan p + ¢ — sin o tan B8r — m?jrég;ﬁ(TJrFm) + mf}’z(‘)’sﬁFz

+ 7l sinacosf + cos acos ¢ cos b

B = sinap — cosar — %[T + Fyl + %Fy — %FZ + &[cosasin Bsin f
+ cos B cos fsin ¢ — sin asin S cos ¢ cos 0]

V= W[T + Fy| + %Fy + WFZ + g[cos acos Ssin 6§

+ sin B sin ¢ cos  + sin « cos 5 cos ¢ cos 6]

]j = m[(]’yy]’zz - I:?z - Izz)rq - Izz(Izz + Izz - Iyy)pq + IzzL - I:er]
q= ﬁ[(lzz”_ Iw:v)pr + Iy (p2 - TZ) + M]

7= m[(*lmlyy + Izzz + Iﬂ%z)pq + Imz(Izz + Izz - Iyy)rq + I:ch - Iach]
ézp—i—tan&(qsinqb—i—rcos@

6= qCcos ¢ — rsin ¢

,lb _ gsing+rcos¢

cos 6

(1)
in which Iz, Iy, I.., I, are the moments of inertia, m is the mass of the system
(kg) and g the gravity constant. o, 3,V,p,q,r, ¢,0,1) are the state variables of
the airlaunch aircraft model, they are the angle of attack, sideslip, airspeed, roll
rate, pitch rate, yaw rate, roll angle, pitch angle and yaw angle respectively.
a, B,¢,0,1 are expressed in rad, p,q,r in rad/s and V in m/s. T is the thrust
force, Fy, Fyy, F, and L, M, N are acrodynamic forces and moments respectively.
All forces and moments are expressed in N and Nm.

These aerodynamic forces and moments are function of all considered states.
In this model, these aerodynamic forces and moments are under look-up table
from wind tunnel data measurements as may be found in [9]. Finally, the control
inputs are respectively the aileron (d,), rudder (J,) and elevator (d.) angles.



This model is based on wind tunnel data from NASA, considering the fol-
lowing conditions:

e angle of attack is in the range of [—10°,45°] and sideslip of [-30°, 30°]
e flap deflection is ignored

e physical constraints for aileron (|d,| < 21.5°), rudders (|d.] < 25°) and
elevator (]0,| < 30°)

e all actuators are modeled as a first order model (7 = 0.0495s) with limit
rates 60°/s for aileron and elevator, and 120°/s for rudder.

In particular, we use the low quality mode of the F-16 model, and the aero-
dynamic data is interpolated and extrapolated linearly in simulation from tables
found in [9].

3 Control design

3.1 Conditional integrator control design

The MIMO conditional integrator (CI) controller design for the output regula-
tion of a class of minimum-phase nonlinear systems in case of asymptotically
constant references is studied in [7], [5] and extended in [3]. Our present work is
dedicated to use a nonlinear extension of these results developed in [2] and [10],
for stabilizing an unmanned aircraft during and immediately after the airlaunch
phase.

This modified CI is composed of two main nonlinear terms, one saturated
and one that may grow unbounded. The condition is responsible to choose
where each term dominates the controller. In this way it behaves differently
following some conditions (how big the errors are) that are tunned by the design
parameters.

We remind the theory of conditional integrator control design for a nonlinear
system.

Consider the system:

{?1 = e (2)

és = fler,e2) +gler,e2)u

where e;(t) € R" is an output error vector, ey = é1, u € R" control input and

flei,ea) € R™ | g(er,ez) € R™™™ are continuous functions.
Let us define an intermediate variable:

s = koJ + K1€1 + e2 (3)
where o € R" is the output of the conditional integrator

6 = —koo+ psat(s/p) (4)



in which p is the boundary layer, kg is a positive parameter, K; € R"" is a

positive definite matrix.
The saturation function is determined as:

ar(sf) = { Ol 2 5

s/p i sl <p

We denote O,, as the region neighborhood of (eq,e2) = (0,0) with a radius
R, for |ls|| < p

Ou = fe=(erc2) eR" xR"[[e] < R,) (6)

We state the following assumptions on the forcing terms f(eq, e2) and g(eq, e2)
to design the control algorithm.

Assumption 3.1 f(ey,e3) is bounded by a function y(|le1]| + |lez||) of class K
and a positive constant Ay = || f(0,0)]]

1/ (exs e2)ll < v(llexll + lle2ll) + Ao (7)
for (e1,e2) € R" xR"™ and while the sliding surface does not enter the boundary
layer, i.e.||s| > u.

Inside the boundary layer, the function f(e1,es2) is required to be Lipschitz
for (e1,e2) € O, as a consequence

1f (e, e2) = £(0,0)[| < La[[ Kyea |l + Lo ez|| (8)
v(ller]] + llezl|) is also required to be Lipschitz for (e1,e2) € O,:
Ylleall + llezll) < mllEenll + v2llezll (9)

where Ly and Ly, v1 and o € R*.

Assumption 3.2 g(ey,eq) is invertible for (e1,ez) € R" x R”.
U

Following these assumptions, the controller u defined below in (10) can be
applied to (2) to stabilize the system.

u = —m(e1,ez)sat(s/u) (10)

in which,
m(-) = (w0 + () + kop + Do)g ™' () (11)

mo and kg are positive constants, p is the boundary layer as defined above.



Remark 1 [t is important to remark that the control can even grow unbounded
since the term (11) is not necessarily bounded. Functions v(-) and g=1(-) can
grow continuously. For this reason we call this controller a modified Conditional
Integrator, composed of two terms (see (10-11)) one saturated and one not. The
later will dominate for small errors, and as a consequence the controller will
behave as an integrator. In the case of large errors, it is the first that dominates,
and the controller acts as a robust controller.

The stability in the general case of the control law (10) for system (2) is
demonstrated in [2].

3.2 Lateral control design

In the lateral control design, we assume that all longitudinal state variables are
null or constant, only lateral states are time varying. Moreover it is assumed
that the airspeed’s response is much slower than other states, and that the control
surface deflection has no effects on the aerodynamic force components (lift and
drag) but only on moments. Aerodynamic force F, and moments L, N are
calculated by their aerodynamic coefficients (see more in [6]).

Fy = (Cy(B) + (Cy, (a)p + +Cy, ()r)b/ (2V))gS
L = (Ci(B) + Cy, (a, B)pb/(2V) + Ci, (e, B)rb/(2V) + Cy,, ()4 + Ci, ()5,)GSh
N = (Cn(B)+Ch, (o, B)pb/ (2V)+Ch, (o, B)rb/(2V)+Chs, (@)0a+Cny, ()8,)7Sb

By replacing F,;, moments L, N and o = ag, 8 = 6y in (1), the lateral nonlinear
dynamic model used for the control design procedure is consequently reduced as:

B= 1 (— cos(ao) sin(B)(T + Cu(@0)gS) + cos(8)Cy(B8)@S — sin(ao) sin(8)C: (o, 8)3S)
+ sin(ao)p — cos(ao)r + %(cos(ﬁ)Cyp(ao)bp + cos(B)Cy, (co)br)
~ +{ (cos(an) sin(B) sin(6o) + cos(B) cos(6o) sin(¢) — sin(ao) sin(B3) cos(¢))
¢=p + cos(¢) tan(bo)r .
p=I3Ci(a0, B)3Sb + LiCr(co, B)gSb + L5 ((13Cr,, ()
+1,Cn, (0))p + (I3Ch,. (a0) + 14Ch, (a0))r]
+qS[(13C15, (o) + L4Chn;, (a0))da + (I3C05, (a0) + 14Chys, (0))r]
7‘:I4C’l(a0, ﬂ)(ij + Igcn(ao, ﬁ)(ij + @[([4011) (Oé())
+19Cr, (0))p + (14C1, (a0) + I9Ch, (0))7]
+@S[(14Ci;, (o) + 19Chs, (a0))da + (14Cis, (a0) + I9Chrys, (a0))dr]

- (12)
in which S is the wing area, § dynamic pressure, b is reference wing span, I3 =

(walizilgz)’ Iy = (1”1:1152); Iy = (I“II;W Cy(a76€)7 Cyp(a0)7 Cyr(aO);

Ci(ao, ), Cn(ao,B), Ci, (), Cn,(a0), Ci, (o), Cn, (), Ci;, (a0), Crs, (),
Ci;, (ap), Cn;, (o) are lateral aerodynamic coefficients taken from [§].
The previous equation can be rearranged as:

m =111 (B.6) + Th(5.9) [ﬂ

m =f31(8,0) + f52(8. 9) m +92(8,9) [ga} (13)

10



where flﬁl(~), flﬂQ(~), f163(-), f§1(')> f§2(~), and gg() represent the terms of (12)
respectively (see Appendia: A).

Let us define :z:l =1[8,9]7, z2 = xl = [ﬂ (b] and uP = (8,,6,)T, that allow
us to rewrite equation (13) to:

# = of
{xg = Fﬁl(x’f,xg)JrGﬁl(:cf,xg)uﬁ (14)
where
F () = (81;;;1 +(FPC) + Fa() () (Fa() s
—(fP() + I >f22<->><f12<->>*1fﬁ<-> + O ) 15)
GB() ()95 ()
20) [p, ]T:E)(fn(-)[p,'r‘]T)

B
Oz

We define an output error vector elﬁ = x’f —;v’fmf and eg = élﬁ where mi,ef =

(Bref ¢ref)T is the output reference considered as constant. Equation (15) can

be transformed into (16) with two new state variables 6? and eg.

éf = b (16a)
= FO(el e8) + GP (P efyu? (16b)

G (2}, 20) is invertible in the considered domain of 2§ = [8,¢]T, & = &
with B € (—30°,30°) and ¢ € (—180°,180°).
Application of control law (10) for system (16) leads to the controller:

{ u’ = —775(61,62)3at(55/,uﬁ) (17)
wP() = (g +97() + kgt + AD(GP()

with

55:k506+Kf6f+e§ (18)
= fkgaﬁ + pBsat(s? /)

where ﬂ'g s a constant large enough, kg is a positive parameter, i is the bound-

ary layer and Kf s a positive definite matriz chosen such a way that Klﬁ + sls
1s Hurwitz.

<

Theorem 3.1 System (16) with FP(-) which satisfies assumption 3.1, GP(-)
satisfying assumption 3.2, and applying the control law (17- 18), will globally
reach an arbitrary error region in finite time, and there on will be exponentially
stabilized towards its equilibrium point.

O

11



Proof: In order to demonstrate the exponential stability of designed con-
troller (17) and (18) for the lateral mode in (16) which is a nonlinear MIMO
system where the sideslip and roll angle are the outputs and aileron and rud-
der are the inputs, we will consider two regions: outside the boundary layer
(IIs%|| > 1?) and inside the boundary layer (||s°]| < u?).

3.2.1 In the region ||s?|| > i?, sat(s?/u®) = s /||s%||

The derivative of variable s can be expressed as:
38 kD68 + KPell 4 ¢
—kﬁsﬁ + kS uPsat(sP /uP) + ki (KPel + ) + KPel + FP(:) + GP()uf

Now by letting
AP() = kg (KT el +e5) + Ki'es + FP() (19)
Its derivative becomes:
$P=—kDsP + kD P sat(sP JuP) + AP () + GP ()P (20)

Because of boundedness of Fﬁ(xf,xQ, 0), AP(-) is bounded by a function of

V(21| + 1€5])) (where AP (-) is a class K function) and a positive constant Al
(assumption 3.1):

1AP(ef, )l < AP (llef | + les ) + Ag (21)

and as a consequence,
1A% (] = 0,e5 = 0)[| = [F*(0,0)]| < A7 (22)

Jor (e} e5) e R" x R".
Let’s consider the product (s°)" 58

(8778 = (") Thkgs” + kg u? (%) sat(s” /) + (s°)T A (ef, €5) + ()G (ef, e5)u”

(23)
This product (s°)T 37 can be developed with the definition of saturation func-
tion (5):

()87 =—=(") Tk s? 4+ 1 (sP) Tk s” /|52 + (sP)TAP () = (s")TGP ()n? ()57 /IIs” |
<=M Tk s” + w2 (s) kg s /182 | + 182 Olllls® | = (s)T G2 ()x? ()7 /11|
<—(") kg s? + 1 ()T kg 57 /15711 + (07 () + AD1s”1| = (s7)7 G2 ()P ()57 /)15
<=(") Tk s = ()@ () = (WPhG ++° () + A0 L)s” /1|5 |

(29)
Replacing the control law in (17) and (18), the term (s°)T$# can be expressed
as:

(s°)78° <—(s")Tkg's” — (s")T(GP()n” () — (kg +77() + AD) )™ /IIs” |
<—(s )T/fﬁ b (M) mg s /18l (25)
<—kg "7 — =g l1s° |

12



The product (s#)T$P is then not positive and we have also

d(||s?|? d(||s? sPYT g8

U =2)s?) S5 = 20 < 2(=m15°) — K l5°)?)
d(]|s

L A <ond — K1) (26)

- @<l O] = 5t - [ (O)l[(e) 6 ~ 1)

Then sP(t) reaches the boundary layer u° in finite time.

3.2.2 In the region ||s|| < i?, sat(s/u®) = s/uP

Consider again (18) and (20), which inside the boundary layer may be rewrit-
ten as:

o = —kgaﬁ + P (27a)
& = —Ke) + 5% —kjo” (27b)
§ = A7) = GO ()5 (27¢)

It can be shown that this system has an equilibrium point: éf = ég =0,

$8 = 58, of = 6P with 5% = k6P = 1P (7%(0,0))"1(G#(0,0))"1FA(0,0) =
P FP(0,0)/(xf + ki P + AD).
System (27) may be rewritten with respect to 5° and 55 :

&P = —kl5° + 5 (28a)
e = —KPel 458 — k5P (28Db)
§7 = AP () =GP ()n ()3 (1P = GP()nP ()% /P (28c)

where 6% = 0P — 5P, 5% =P — 5.
Fﬁ(m?, xg) is a Lipschitz function inside the boundary region e.g. ||s?|| < u?,
such that:
IF2(ef, ) — FA(0,0)] < 1 ed] + £ ef (29)

where 1Y and 15 € RT.
Following assumption 3.1, ~(-) is also a Lipschitz function:, such that:

Y OIFP0,0)II < (mg + ko + A (V] lle | + 5 lles 1) (30)

where 'ylﬁ and 72’8 eR".

We would like to demonstrate that every trajectory of system (28) starting
inside the boundary layer, will approach the equilibrium point as time tends to
infinity when the control law (10) is applied. Toward that end, we take:

B B =B\T =8
wh = %(a—ﬁ)%—ﬁ + %(ef)Tef L6 )2 z (31)

13



as a Lyapunov candidate, where )\f and )\g are positive constants.
Its derivative can be easily developed as:
W=Xk5(65)T58 + Ao (eNT KV el + (5°)T58
_Alkﬂ(& )T (—ky 50 +3) + Xa(e] )KL (K[ el + 37 —kyah)  (32)
+E)T(AP() = GP()rP ()57 Ju® — GP()m()5/17)
Since ||sP|| < pP, AP(-) can be expressed as:
AY()=ko3” = (ke)*5” — (K))%el + KJ3" — kg K767 + F()  (33)

Replacing system (28) and AP(-) into the derivative of the Lyapunov func-
tion, we have then (reminding that 5% = 1(77(0,0))~1(G?(0,0))~1F#(0,0)
and 7°(0,0) = (mg + kg p® + A5)(G(0,0))71):

W=kl (65)T (- k505+55)+)\2(61)TK6( KPPl + 58 — kl5P)
+(3 )T(W (kg)26° — (K7)%e} + KY'3° — ki K[6° — GP (7P ()5 /uP)
+(3 >T< 5() — G ()P ()58 [uP)
=—A1(kg)2(67)T67 + Ak (67)T5% — Na ()T (KT)2e] + Na(e])TKY (37 — ky5°)
H((E)T (kL + K7)3® + (3P)T (ky + KDk P — (3°)7 (K7)%e] — (37)TGP ()P (-)5° /)
+E)T(EP () = FP(0,0) = 20 9(0,0))

Using equations (16a), (28b) and Assumption 29, we can have:

=8 By.
()T (EP() = FP(0,0) = e FP(0,0))

~ ﬁ
< IBICTIET e+ Bleal) + ooz a8 0, 0

~ /3
S ISR+ Bleal) + g 1510 1TeS -+ el
snéﬁnufnﬁf(ﬂ S+ el £ IS0 1Tl + 25 ez )
<@+ als sllxcte H+(l2+72)|| leal

5
S e m (TS DT ) + () ()75 + ef ea) ”
~ l ~

< S5 + () (D) + R ()T
+(s—kﬁaB—Kﬁ )(§—k — KPPy

l B+5) 11 =B\T =
< W ()75 + (e ><Kf>2 2+ Mooy

B\T

1

+3((3)" S+(7€5) (6%)76° + ] (K7)%)))
B B B B B

< 3:2;:2)(]65) (gﬁ)TUﬁ + (ll+71)+28(12+72)((6?)T(Kf)2ef)

+M((55)T§)

< er(kg)2(6%)76° + ca(37)75 + ca(el )T (KY)2e]

3(15+48) (15 +90)+3(15 +v5) () 405 +95)

where ¢; = and ¢y = 5 and ¢z = 5
Using (28) and (34), the derivative of the Lyapunov function is developed:
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W=—Au (k] 259757 + 01 (6")T kS = ()T (K7)%e] + Ma(el)TKY G = k5”)
()T (R L+ K§)5 = ()T (k) + K]0 — (39)T (K% = (3°)7 G2 ()

(5% /u?

+EOT(F2() = GP()70()5/ 1))
<=M(kg)2(6°)" 6‘3+/\1/2((§B)T§’3+(k§)2(5’3)T55)—Az(ef)T(Kf)zeﬁ

+ho/2((e))T (KY)?e) + (37 — kgo?)” (55—/6555 ) + ()" (kg I, + K737

+1/2((5 )T(’fﬁf + K7)? SB+/\1(1€B) (&%) 0’3)+1/2((§ )T (K7)?8° + ()T (KT)er)

—(3)TG()n? ()3 [ + er(kg)2(6°)" 0’3+02( DT 6)26 +03(8’3) 57)

<=M(kg)*(6”) 05+A1/2((85) 57+ (kg)2(5°)767) = ha(e)) (K7 2e]

e /2((e))T (KT)?el +2((3°) 85+(k5)2(5ﬁ) 7)) + (3" (kgInJrKf)é"

T

+1/2((5° ; (kﬁf +Kﬁ) 5+ (k) ( YTGP) +1/2((3)7 (K287 + ()T (K7)%el)

—(FPYTGP()n? ()38 /118 + er(kE)2(39)T55 + ealel)T(KP)2€f + cy(3°)757)
<=M (k) = Ai/2(kg)? = Aa(kg)? = 1/2(kg )? — ex (kg )?)(6%) 767
~{ef)T DT /2K~ 120D — en (7))

—EVT(GP (I () = (BT + KY) = M1 /2L — Ao,
—1/2(kE 1, + K22 —1/2(KV)? — ¢31,,))3°
—(AM/2=A—1/2- Cl)(kg)Q( YT — (Na/2 = 1/2 = e2) (] T (KY)%e]
(4 K 4P 0) 4 AD I — (KL + KD) — 1/2(K T, + K7)?
—1/2(K7)? = (\1/2+ X2 + ¢3)1,)5°

(35)

It can be verified that by taking )\f, )\g and 7 (-) large enough and 1 small

enough, the derivative of Lyapunov function is negative. We establish the addi-
tional design parameter’s condition:

A1/2—A2 — 1/2 >cy
)\2/2— 1/2 >co
2B aiB BBy LAB
(atka OR8N s (R T + KF) — 1/20k5 T + K7)? — 1/2(K7)?)
+(A1/24+ X2+ c3)ln

(36)

Inequality (36) implies that the design condition of parameter kg and matrix
Klﬁ must satisfy:

A1 — 29 >1+ 2¢;
Ag >1 4 2cy (37)

- B
FL20) 1, — KT = 1/2(kg I + KT)? = 1/2(K7)?>(3 + de + ca)

In this way, WP(t) satisfies WP (t) > 0 and WP < —woW? (where wq is a
positive constant) for all o # of, ef # 0 and s # 5°. Then WP(t) reaches
exponentially zero when time tends to infinite. As consequence, the output error
ef (t) tends to zero, o and sP tend to their equilibrium values as time tends to

infinite. We may assure the exponential stability of the system in the region of
Is°] < p”.

O
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3.3 Longitudinal control design

As in the case of lateral control design, in the longitudinal case it is considered
that only longitudinal state variables are time varying. It is a single input single
output system where angle of attack is the output and elevator is the input.
Aerodynamic forces F,, F, and moment M can be calculated by its aerodynamic
coefficients (see more in [6]).

F, = (Ca:(a) + ECxq (Ol)q/(2V))(jS

F, = (C.(a,B) + Eczq (@)q/(2V))gS
M = (Cp(a) + Cmq (a)qe/(2V) + Cmae (a)de)gSe

By replacing F, F., moment M and 3 =0, $ =0, p =0, r =0 in (1), the
model for longitudinal dynamic can be written as:

d=—=[—sina(T + Cy(a)gS) + cos aC.(a)qS] + g + %(— sin aCy, (a)C
+cosaC,, (a)c)q+ % cos (0 — a)
¢=I7GS(Cp(a)c + Cpp, (a)Cq + Cpys, (@) C0¢)
0=q
(38)
in which ¢ mean aerodynamic chord, Ir = 1/1,,,, Cy(a), Cp (o), C.(a), C., (),
Cm(a), Cm, (@) Cy;_ () are aerodynamic coefficients taken from [8].
Equation (38) can be rearranged as:

.
|

q
a = fii(e)+ 1+ fha))g+ fiz(e,0) (39)
¢ = fala)+ fH(a)g+ g5 (a)de

where [ (o), (), fi5(a,0), (o), fS5(a) and g3 (a) represent the terms of
(38) respectively (see Appendiz B).

Let us define z§ = a, 2§ = ¢ = & and u® = J., which allow us to rewrite
(39) into:

0 =n*(a5,25,0) (40a)
e =g
iy = F (2f,23) + b (2§, 25,0) + G (af, 25 )u® (40D)

where

n*() =(z5 — fii(a?) — fi5(21,0))/(1 + fi2(27))

D/ 9f1y (e o [} [ o I 15} (xS -
F* ()= fgx(i"l)x2 + (1 + fia(zd)) for(=F) + (mgii%f(l))lé
+(1+ () S35 (25) ity
' Off5 @y —fi5 (@70 BF % (2,0
h() = f%i(nﬂx% ((111&52&?3)) — fis(zt, 0) fsh () + %?1)1:%
1 15 (@7.0) (@5 11y (e~ I15 (2F,0))
/ 00 A+7EED)

G* ()= + fiz(27))g2 (=)

(41)
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In (400), F“/(-) is function of ¢ and x§. Function h'(-) is function of ¢,
x$ and 8, it can be expressed as:

4 cos (0—a) Ofs(xf . 2 (zf
KO = ey a8 = {oos(0 = a)fs(ef) + fsin (0 - )8 iy
+(l)2 sin (A—a) cos (A—a) + g sin (0—a) f1} (=)
v (/T (1)) Vo (+f1(=9))
(42)

Remark 2 We have some remarks:

o fN, fih, fis, fS5, fs5 and g5 are function of aerodynamic coefficients
under analytical forms by interpolation from wind tunnel test data. F¢
and h , formed from these functions, can be then bounded by a class KC
function and be a Lipschitz function in a flighting envelop.

. Ga/ is invertible in the flight domain, that means o € (—10°,45°) and
0 € (—90°,90°).

As a consequence, they fulfill Assumptions 3.1 and 3.2.

We define now the reference for the angle of attack aycr considered as con-
stant in this study, and the error vector of angle of attack e} = z{ — e =
a — apef and the variable e§ = é. Equation (40b) can be transformed into:

{é? = e (43a)
€5 = F%(ef, e3) + hlet, e3,0) + G*(ef, e )u” (43b)

Since function h(-) depends on 6 under cosines and sinus functions, it is
easy to show that h(-) is bounded by a function of class K v¥(-) and a constant
H,.

[hlet, e, 0) <7 (lef] + lez]) + Ho (44)

Here we remark that G*(z$, x3) is invertible for the entire domain of attrac-
tion of the system. It is important to remark that pitch angle 6 is not included
in the considered system, and is left free in the analysis that follows. The reason
for this is to acknowledge the possibility of airlaunching under different possi-
ble angles 0, and even under a looping like trajectory that naturally brings the
aireraft away of the rocket.

Applying the control algorithm presented in (10) for system (43) which in
this case is a monlinear single input single output system, gives the controller:

u = —7n%(ef, e§)sat(s*/u*)
{ () = (g )+ EGu® + AG(GH()) (45)
with

{ §% =kfo* + K{ef + €S (46)

oo = —k§o® + p*sat(s*/p®)

where ©§, p*, K¢ and k§ are positive constants.
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Theorem 3.2 System (43) with F*(-) satisfying assumption 3.1, G*(-) which
satisfies assumption 3.2, and the control law (45-46), will globally reach an
arbitrary error region in finite time, and there on will be exponentially stabilized
towards its equilibrium point.

O

Proof: In order to demonstrate the exponential stability of designed con-
troller (45) and (46) for the longitudinal mode in (43), we will consider in two
regions outside the boundary layer (|s*| > u%) and inside the boundary layer
(1% < u®). The longitudinal mode in this study is a single input single output
system.

3.3.1 In the region |s*| > u%, sat(s®/u®) = s*/|s?|

The derivative of the integral error measurement surface can be then ex-

pressed as:
5% = kfo* +kfef + €5 (47)

From (48) and (46), the previous equation may be written again :
=k (~k§o® + psat(s® /u)) + kg + %
=kG (= (5" — (kT'ef + €3)) + psat(s/u)) + ki'ey + e
=—kGs® + kg usat(s®/u) + kg (ki'ef +e5) + kfeg + f9() + g% (-)u”
Now by letting
0%(-) = kg (ki'ef + e3) + kfeq + f(-) + h(-) (48)
The derivative of the integral error measurement surface becomes:
S K s+ Kt sat(s% /) + 6°() + (Y (49)

The term f*(x¢,x%) is bounded by a function v5(|le| + |€5|) outside the
boundary region e.g. |s¥| > p® and a positive constant f§, where ¥$(-) is a
class K function.

[F(e7, ) < 3 (lef| + le2]) + fo (50)
Function h(-) is also bounded in the same way (see (44)). Then §°(-) is
bounded by a v*(-) class K function and a positive constant 68 :

|5a(€?7€%)} < v (led] +les]) + ho + 3 (lef| + les]) + f&
;€5

6o(ere8)| < A (les] + [e8]) + 0 (51)
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where v*(-) = {(-) + 95 (-) and 0§ = ho + f¢§
and as a consequence,

0%(ef = 0,e5 = 0)] = [/*(0,0)] < &5 (52)
for (e5,e5) € R" x R".

Let’s consider the product s*3% (since s is a scalar)

s48% = —k§(s%)? + kS u®ssat(s®/u®) + s43(es, eg) + s%g*(e$, €5 )u®
(53)
This product (s*)T$% can be developed with the definition of saturation func-
tion (5):

5450 =— 168‘(8")2 + HOkG (5%)2 /5% 4 s70%() — 52 ()T ()5 /|57
<—kg (s*)? +u"k°’(8“)z/|5"| F16%C)]s?| — s*g™(-)m(-)s* /|5
<- kS“(S“)Q + kG (5%)7 /%[ + (Y () + 05[] — s¥g ()7 () s /|57
<—kg (s%)7 = s (g7 ()7 () — (nkG + 7 () +65))s”/|s?|
(54)
Replacing the control law in (45) and (46), the term s*$% can be expressed
as:
s¥$U<—k§(s%)? — s (90‘() () = (kG + () 4 65))s /s
<—kg (5%)? = mf (s7)?/[s° (55)
<—kg(s7)? — ng5°]
The product s*$% is then not positive and we have also
5*)%) e Sa s48% al oo af .o
) g5 HeD — 9552 < o |s] — kg (s%)?)
d(\;t D Sfﬂ.o ka|5a| (56)
" s (1)]<]s%(0)] — mft — [s*(0)](e*) ~HG* — 1)
Then the integral error measurement surface s*(t) reaches the boundary layer
ue in finite time.

3.3.2 In the region |s| < p®, sat(s/u*) = s/p*.

Consider again (46) and (49), which inside the boundary layer may be rewritten
as:

= —kjo* 4 s (57a)
—kl ef +s* —kfo® (57b)
¢ =0%0) =g " ()m*()s/pt (57¢)
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It can be shown that this system has an equilibrium point: €f = e = 0,
s = 5% 0% = 7% with § = k§5® = p*(7(0,0))"1(g*(0,0))~(f*(0,0) +
h(0,0,0)) = (f%(0,0) + R(0,0,0))/ (75 + kg'n* + 065)-

System (57) may be rewritten with respect to 3¢ and 5*:

oY = —k§5* 4+ 52 (58a)
6Y = —ke + 5% — ko™ (58b)
8 =0%(-) = g*()m ()5 p — g () ()5 /u® (58¢)

where ¢% = 0% — %, §¢

Function f*(z$,x3) is Lipschitz inside the boundary region e.g. |s®| < pu®
(see remark 2), such that:

= s — 5%,

[f (et e5) = 0, 0)] < IF[ker| + I ]es | (59)

where 19 and 1§ € RT
¥ () and {(+) is are chosen so that are differentiable, then Lipschitz. As a
consequence, function y*(-) is then Lipschitz.

V() < difRTeT| + dgles| (60)

where d¢ and dg € RT.

We would like to demonstrate that every trajectory of system (58) starting
inside the boundary layer, will approach the equilibrium point as time tends to
infinity when the control law (45) is applied. Toward that end, we take:

a_ioe~o¢2 )‘j(x a)2 (goz)Q
W = 2k0(a) + le(el) + (61)

as a Lyapunov candidate, where A\ and \§ are positive constants.
Since |s¥| < u®, §%(-) can be expressed as:

0% ()=(k§ + k§)3% — (k§ + k)G — (k)?e + f2() +h()  (62)

From (58) and reminding that 5 = (f*(0,0) + h(0,0,0))/(7§ + k§u™ + 03)
and g*()m*(-) = (7§ + k§p® +~v*(-) + 0F), the derivative of the Lyapunov
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function is developed:

Wo=AkG GG + M\ hfefed + 595
>\ FOkG(—k§GY + 5%) + ASkfeq (—kfef + 5 — kg o)
84(0%() — g*()m()8% /™ — g*()m*(-)5* /1)
=—A‘f(l€85a)2 +ATKGGET — MG (R ef)” + AShT e (3% — k§o®)
+ (kG + k) (5%)2 — (kG + k7)kG 56 — (ks e — g (- ) ()/ e (5%)
F84(f() £ h() = g7 () ()5%/p)
=— AP (k§G*)? + ATkGa5> — A5 (kYef)? + A“ko‘el (5% — ko)
R + RR)E)? — (k§ -+ KRS 55™ — (kf)2eg 50 — g (m () /o (5°)?
+HEO(F() +h() — %wm )+ h(o. 0 ,0)))
:—A?(kg&a)uvkwwa A (kfef)? +Aak1%1(~a k§
+H(KG + k7)) — (kG + kP)RG576™ — (kf)%ef 5™ — g°(
+5(f2() = (0,0) - Wmmo»

+5%(h(-) = h*(0,0,0) — (= sk (0,0,0))

60%)
) () e (5)?

(63)
Using equations (43a) and (58b), the relation in (59) and in (60) can be
expressed as:

(0%

Fo(efe8) = £4(0,0) = trrigiaram £(0,0))

[ S (ef, e5) = f(0,0)] + \mmo 0)))

|(la|k’1 ef| + i |eg| + df |k et | + d5les|)
§ kA5 (45 4 Bl (64)
2(df 1) (K ef)? + (5°)2) +1/2(d5 +15)((5°)?

52 + ((kges)? + (k§5™)?))

(k§5%)? + ca(kfest)? + c3(3%)2

where ¢1 = 3/2(d$ +18), co = 1/2(dy +1$) +3/2(d§ +1$) and c3 = 1/2(d§ +
I$) 4+ 2(dg +1%). and then,

We<=AF(k§5°)? + 1/208 ((K§ ) + (5%)%) — Ag (kf'ef)?
+1/2X5((ky 61) +2((5%)* + (k‘”a) ) + (ko +k°‘)( )
+1/2((k§6)? + ((k§ + k7)5°)?) + 1/2((kfed)® + (k§'5%)%) — g* ()7 () /p(52)°
+er (k§5%)? + ca(kfef)? + e3(3%)% + [h2(-) — h(0,0,0) — W%h“((),oﬁ)\ﬁﬂ
<—(1/2A7 = A5 —1/2 — 1) (k§5)? — (1/2X5 — 1/2 — ca) (k" 61)
—(g*()m()/u® = 1/2XF = A3 — (k§ + k) — 1/2(k§ + k§)* — 1/2(k$)? — c3)(5%)°
+[h(-) = h*(0,0,0) — he(0,0, )15

W

{Q‘Cm Cm

3

—~
—

IN + ININIA A

)
[ah

4o

(m§ kg no+35)

(65)

Because inside the boundary region e.g. |s*| < u®, functions h(-) and y*(-)
are bounded, the following term is bounded by a positive constant C:

1h®(-) — h%(0,0,0) — o +Zai)Ma)h‘*(o,o,o)ngﬂgcu (66)

For any value of 0, it is very important to remark that this variable was not
included in this analysis, even if its derivative is. We will discuss this point

21



again later, but the main reason is that the airlaunch may be performed under
any pitch angle 0, and even under a looping-like trajectory. From (65), the
derivative of the Lyapunov function can be further developed:

WO<—(1/2)¢ — A3 — 1/2 — e1) (k§5°)> — (1/203 — 1/2 — ca) (kg ef)?
Sl OR O/ 12 8 ()~ 120 R 1/20K)° - o))
+Cp

ATW1 Lo~ ASW2 1o o w
<Ak (6°)2 = Mk (ep)? - 5(5)% + O

Afwy [/~ ASw
<wo(— e (%) — 22702(6?)2 — 5 (5%)? ) +Cpu
yavo Ao
Swo(—5(6%)? = F(ef)* — 5(3%)°) + C
<—woW* +Cu
(67)
where
w1:(1 2AOK"";#)ka

w2:(1 — 1+262 )ka
w3=2((7q + kG u® +0§) /™ — 1/2X¢ = A — (k§ + k) — 1/2(k§ + k§)* — 1/2(k7)? — c3)
wo=min(wy, wa, ws)
(68)
The derivative of Lyapunov function negative implies that A\, AS and w§
large enough and u® small enough, to satisfy:

1> 2,\g+1\{12+2c1

1> 1+2cz (69)
(m& + 5a)/p — k¢ —1/2(k§ + k£)2 — 1/2(k$)? > 1/20¢ + XS +¢3

In this way, W (t) satisfies W (t) > 0 and W < —woW® 4+ Cp (where wo
is a positive constant) for all o® # c%, e§ # 0 and s* # §*. Then W(t) is
ultimately bounded towards a meighborhood of zero when time tends to infinite,
independent of the pitch angle 0. As consequence, e$(t), 0% and s tend to
a region around their equilibrium point as time tends to infinite and for every
pitch angle 0. The system is then said to be ultimately bounded to a small region
which is function of pitch angle 6. Finally, it is interesting to remark that, as
said before, variable 0 is left free in order to allow situations as a looping, where
0 is continuously varying. Its derivative on the other hand is bounded, and
also goes to a residual set. In fact, the best trajectory for airlaunch is still an
open problem. There are proposals of launching in horizontal, constant angle
(climbing), concave or convex (zero gravity instant) trajectories.

O

Since the airspeed control is only a secondary objective, we design a simple
PI controller for the thrust to requlate airspeed. Its form is:
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T = ~kp(V = Vies) = kr(V = Vier)

where Vycr is the airspeed reference, kp = 1242 and ky = 955.

4 Simulation Results

In section 3, the design methodology of the conditional integrator controller to
stabilize the angle of attack, sideslip and roll angle is proposed when full knowl-
edge of the aerodynamic characteristics is available. This section presents nu-
merical simulation results for the controller to demonstrate the performance of
the proposed conditional integrator control laws in the drop phase.

As mentioned in section 2, we have considered the launch phase as impulses
on aerodynamic force and moments during a time interval Tj,¢, and that the
model following the launch phase is that of an F-16. This model is used since
it has already been applied for (manned) airlaunch, and because its nonlinear
model, wind tunnel informations and data are widely known and used for con-
trol design. It is important to remark that the model used in the following
simulations is even more complete than that used in the control design, for ex-
ample it includes actuator dynamics and their limitations. As a consequence,
simulations also illustrate some properties of robustness to unmodeled dynamics.

In the following simulations, we have simultaneously applied the SISO longi-
tudinal controller for angle of attack, and the MIMO lateral one for the sideslip
and roll angles in the full nonlinear F-16 aircraft model. We may note that the
control inputs are limited by their physical bounds introduced in section 2.

The control law in (11) whose 7(-) can be written simpler as:

() = (mo +y()G()! (70)

in which, ¥(-) = y1|le1]|* + 12lle2l?, v1 and v2 are positive constant. G(-)~! is
defined in (43) or in (16) depending on longitudinal mode or lateral mode.
Application of this control law to two motion modes presented in subsections
(3.8) and (3.2) is done by determining the set of parameters wl, i, ¥4, u',
Ki and k§ with i = o, 3 corresponding to longitudinal mode and lateral mode
respectively. We use the design parameters in the Table 1 for the longitudinal
controller, and the design parameters in Table 2 for the lateral controller.

T | K 71 and 7§ ky | Ki*
25.0 | 1.0 | 0.001 and 0.001 | 2.0 | 2.0

(e

Table 1: Parameters for the longitudinal mode

o p? | ) and 4y ko Ky
10 0.0 0.80.0 1.20.0
0.010| | 10| 0:0Land 0.01 150 g 0.01.2

Table 2: Parameters for the lateral mode
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We will stabilize the second model following the launch phase to its equi-
librium point (V,h) = (154m/s,6500m) corresponding to angle of attack a,. to
2.7°, sideslip B, to 0°, and roll angle ¢, to 0°.

Its initial condition is the final state of the first model (o = 12.5°, 8 = 0°
and ¢ = 0°) as in Section 2. Moreover, we add on its initial condition a small
disturbance on system output. That means the initial condition of second model
is (g = 17.5°, By = 4° and ¢o = 10°) for all numerical simulations.

The second madel ic dicturhod am ite noradimamic faree and moments during

an interval
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Figure 4: System Output: Angle of attack, Sideslip Angle and Roll angle stabi-
lized
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Figure 5: Control surface: Aileron, Elevator and Rudder

We simulate three sets of time lengths:
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1. Tine = 0.2s (corresponding to solid lines in Fig. 4 to Fig. 6) produces
damped oscillations.

2. Tiny = 0.227s, the Conditional Integrator is able to stabilize the system
as can be seen in the dashed lines in Fig. 4 to Fig. 6, but the bounds on
actuator dynamics are reached.

3. Tint = 0.3s (corresponding to dash dotted lines in Fig. 4 to Fig. 6) one
can see that the controller is still able to stabilize the system.

Fig. 4 illustrates the convergence of the system output to the operating point
of the aircraft at the end of 5s without static steady error for the three cases
of Tiny = (0.25,0.227s,0.3s). All system outputs are still under their physical
limitation.
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Figure 6: State variables: Angular rates of system

Figs. 6 shows that angular rates converge to zero in all cases. In Fig. 5, it
can be seen that the control variables are saturated by their physical limitations
due to a high perturbation on aerodynamic forces and moments.

Finally we show in Fig. 7 and Fig. 8 that the system will be unstable for an
interval Ty = 0.39s.
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Figure 7: Angle of attack, Sideslip Angle and Roll angle unstable

5 Conclusion

We have developed a MIMO nonlinear Conditional Integrator Controller for
the staging phase of an airlaunch system. Because our airlaunch system has
a down stage mass close to the launch vehicle, the separation phase produces
large changes in aerodynamic force and moment, as shown in section 2, which
may turn the system unstable. These changes may, specially in the case of a non
perfect separation phase, produce large impulses on forces and moments, making
the system unstable. These impulses are considered to last a time interval, that
is then evaluated in simulations.
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Figure 8: Saturation of Aileron, Elevator and Rudder

To stabilize the airlaunch system after this stage separation phase, a condi-
tional integrator control is considered. This controller is designed using an F-16
MIMO nonlinear model representing the aircraft during and after dropping the
second stage, and as a consequence disturbed by large impulses.

For a perturbation on aerodynamic forces and moments during an interval
Tint, the stability of the system after the drop stage may be assured for small
time intervals. When Ty, becomes large, the system becomes unstable even with
the proposed controller, that is bounded by actuator’s limitations.
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A  Functions in the lateral mode

2o = [ 6%‘/(— cos(ap) sin(B)(T' + Ca(0)qS) + cos(B)Cy (8)qS — sin(ag) sin(B)C- (ao, 5)75)

+ & (cos(av) sin(B) sin(6y) + cos(B) cos(o) sin(¢) — sin(ap) sin(3) cos(¢)) ]

£20) = [ sin(ag) + % cos(B)Cy, (ag)b  — cos(ag) + % cos(B)Cy, (ap)b }
12 1 cos(¢) tan(fg)

fﬁ () _ IgCl(OéO,ﬁ)(jSé—F I4Cn(060,,8)q»9§
2| LG (aw, B)3Sb 4+ 19Ch (v, B)Sh
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20 = pVSb { (I3C, (a0) + 14Cr, (a0))  (I3C1,(a0) + 11Cn, (a0)) ]
22 4 [ (14C (o) + I9Ch,(a0))  (12Ci, () + I9Ch, (o))

B\ _ ~a| (I3Ch, () + 11Ch;, (o))  (I3C3, (ao) + 14Chy, (a0))
) =5 | (g (00} T i fool) (i o)+ Hacretoo)) |

B Functions in the longitudinal mode

fla) = mLV[_ sina(T + Cp(«)gS) + cos aC,(a)gS)

fio(a) = %(— sin aCy, ()¢ + cos aC., (a)c)

fis(a,0) = % cos (fp — a)
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