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Overview of the theoretical relations between neckg and
strain localization criteria

G. ALTMEYER 2, F. ABED-MERAIM °, T. BALAN®

a. Université de Lyon, CNRS, Laboratoire de Mécanidges Contacts et des Structures, UMR5259,
Insa de Lyon, 18-20 rue des Sciences, F-69621 \WWREANNE
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Résumé :

De nombreux critéres de striction diffuse, de stvit localisée ou de localisation sous forme dedssnont
été développés durant les dernieres décennies,lenaianque de confrontation de ces modeles enkrsugu
des applications pertinentes rend leur choix délipaur le concepteur. Il est proposé de reformuéss
critéres d'instabilité plastique dans un cadre inét de comparer leurs bases théoriques afin blligtdes
liens entre eux et de mettre en évidence leurseiridans le cas de la striction diffuse, un rapprocheme
est établi entre le critere de bifurcation par polimite et le critere de force maximum dans le das
matériaux élasto-plastiques. Pour les modes loésjisl est montré que les prédictions de I'approdbee
Marciniak — Kuczynski, basée sur un modéle muhiegotendent vers celles du critére de perte gtadité
lorsque la taille du défaut initial tend vers zéfans le cas de comportements élasto-viscoplagtjquree
approche basée sur l'analyse linéaire de stabdg&évoquée.

Abstract:

Many criteria have been developed during last desatb predict diffuse or localized necking and shea
banding. The lack of confrontation of these modéth each other on relevant applications makesrthei
choice difficult for the designer. It is proposedreformulate these plastic instability criteria &m unified
framework, to compare their theoretical bases tal@sh links between them and then to highlightesir
limitations. In the case of diffuse necking, a cargon is made between the criteria based on bétion
analysis and on those based on maximum force plandor elastic-plastic materials. In the case of
localized modes, it is shown that the predictiohthe Marciniak — Kuczynski approach, based on étimu
zone model, tend to those of the loss of elligtmitterion when the initial defect size tendseeooz(no initial
defect introduced). In the case of elasto-viscdjgasehavior, an approach based on a linear stapili
analysis is mentioned.

Keywords: necking, strain localization, plastic instability, bifurcation, maximum force criterion,
Marciniak — Kuczynski method.

1 Introduction

Numerical simulation is a way to reduce the timd #me costs associated to design and developmeat of
range of deep-drawing processes. The use of suthods in design offices remains limited by the
complexity of the choice of adapted couples of @enia behavior model and an instability criteridmany
criteria used to predict diffuse or localized neckiand shear banding have been developed durinigghe
decades, but the lack of confrontation of theseaisodn relevant applications makes their choicécdit

for designers.

Four main approaches can be often encountered sthdging these phenomena. A first approach is based
on the Maximum Force principle, according to whiifiuse necking is related to the maximum load wigri
a tensile test [1-2]. This approach has later bexeended to the prediction localized modes by using
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additional conditions [3]. Some interesting trelads found when comparing the results obtained thitise
criteria and experimental forming limit diagramsyt iheir use with advanced material modeling seems
limited by necessary, and sometimes fastidiouslytoa developments. To overcome these restristion
criteria based on multi-zone approaches may bduti@n Marciniak — Kuczynski (M — K) model is bake
on the introduction of an initial defect, nameljpand of reduced thickness, in which localized regks
supposed to occur during loading [4]. The theoattiases of this method are however weakened by the
requirement of arbitrarily user defined parametstgh as the initial defect size or the threshaldier used

to compare the evolution of the mechanical proesrith the different zones of the metal sheet. Bétion
analysis gives a general framework to obtain catevith stronger theoretical bases. According tis th
approach, a necessary condition for diffuse necksngiven by the loss of positivity of the secondiey
work [5-6]. The loss of ellipticity criterion is gleloped to predict localized necking or shear baagdv].
This criterion is restricted to both rate indepearidenaterials and softening behavior. To extend the
prediction of formability to viscous media, a stapianalysis by a linear perturbation method mayused,
necking and localization being seen as an instglafithe mechanical equilibrium [8-9].

A general framework is proposed to write critergséd on these approaches, facilitating the congraand
the observation of relations existing between them.

2 Material modeling

A phenomenological modeling is considered hereefrasent the effects of elasticity, initial anduoed
anisotropy, hardening and softening. The detailgsdibrmulation are given in [10]. This modelirgbased
on a hypo-elastic law:

6=C:(D-D") (1)

whereC is the elastic modulus, relating the rate of tla@i€hy stress tenserto the elastic strain rate tensor
defined as the difference between the total strati@ D and the plastic strain rat@”. This tensor can be

computed from the associated plastic flow IEJ)R/:=/1§—f, with / the plastic multiplier andl a potential
c

that can be written under the Kuhn — Tucker form:
f=d(e,X)-Y<0 420 Af=¢C 2)

where o, Y andX denote respectively the equivalent stress, thedfitee loading surface and the kinematic
hardening variable. The chosen evolution of theefkiatic hardening is represented by Armstrong —

Frederick non linear law, that can be writt¢a=H x/i . The current size of the loading surface is relaed

the initial size of the elastic domaly and to the isotropic variable R: =Y + k. Different laws may be
used to describe the evolution of the isotropiciaing variable, as for example Hollomon, Swiftarce

laws, relating the isotropic hardening rate to thastic multiplier:R= HR/i. Combining the previous
equations, one can write the expression of theiplasltiplier and then establish the relation bedw the

stress rate and strain rate tensors:
(C : gfj [l (Zf : Cj
° ° ‘D=L :D

: : (3)
ﬂ:C:ﬂ+ﬂ:HX+HY
Jo 06 Ooc

6=|C-a%®
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whereL is the tangent modulus amtf’ a plastic load indicator that is nil during elastading or unloading

or equals to the unity during plastic loading. Timsthod is applicable to a wide range of materiatieting

and can be used to introduce other behavior, agXample softening. Different approaches have been
developed to represent the effects of damage. Darisagelated to the surface density of micro-defect
present in an elementary volume element. Followtimg continuous damage mechanic framework and
Lemaitre’s approach, the effective stress is rdlédethe usual stress such that:

S
1-d

6ef'f =

(4)

whered represents the isotropic damage variable. Theugwal of this variable is given byd = Hd)i .

Adopting the strain equivalence principle and carimiy these new relations, one can obtain the osiati
between the Cauchy stress rate and the straitersders:

(C: of JD[ of :CJ+HdceﬁD[af:C]
00 00 06
6=|(1-d)C-a® :D

: (5)
ot :C:ﬂ+ of ‘Hy +H,
06 06 00

It is worth noting that when damage is nil, Equasid3) and (5) defining this tensor become equital&
detailed development of these models is giveiOj.

3 Necking and strain localization criteria

3.1 Diffuse necking

According to the bifurcation analysis approachfudi€ necking is seen as the change from a quasi-
homogeneous mechanical state to a heterogeneoudntrogluced by Drucker [5] and Hill [6], General
Bifurcation Criterion (GBC), proposes a lower bodaddiffuse necking exclusion, defined as:

a—V:L:al>0 (6)
oX oX

A sufficient condition for uniqueness of solutiontbé boundary problem is the positive-definitendsthe
guadratic form (6). It can also be seen as theutanigy of the symmetric part of tangent moduliselating

the first Piola — Kirchhoff tensor and the velocigyadient dV/dX . As a particular case of general

bifurcation, diffuse necking is associated withtatienary state of the nominal stress. Taking mtoount
material behavior equations, one may obtain:

L:&=O (7)

Limit Point Bifurcation (LPB) is associated withetlsingularity of the tangent modulus and is readbethe
first nil eigenvalue of the tangent modulais
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On another side, necking criteria derived from khaximum Force principle are based on experimental
observations according to which plastic instabilitycurs when the force reaches its maximum during a
tensile test. Extending this observation to bi-disienal loadings, Swift introduces the formulatiminthe
Maximum Force Criterion (MFC) [2]. Necking is theelated to the maximum of both major and minor

applied forcesF, and F, respectively:
FF=0 and F,= (8)

The application of these hypotheses and materidietitg equations lead to the classical formulatbthe
MFC, namely for elasto-plastic undamaged media:

- = = = (9)

Summarizing previous hypotheses presented duredaimulation of MFC, this criterion is based o th
stationarity of the applied loads at the initiatiwindiffuse necking and on in plane loading, i@.: 0. At

this step, one can write this condition in terrmofminal stressedN = 0. When these conditions are verified
in a solid, General Bifurcation condition is alwasetisfied. MFC can be seen as a sufficient caditor
general bifurcation and GBC is more conservatiantMFC. This relation is illustrated in Figure 1thva
virtual steel modeled with Voce isotropic hardenisg.
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Figure 2: Forming Limit Diagram of a virtual steebtained with Limit Point Bifurcation and Maximum
Force diffuse necking criteria.
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Introducing the relation between nominal stressderand velocity gradient, one can obtain an exwas
similar to Equation (7). For non trivial solutiddfFC is then related to the singularity of the tamgaodulus

L, a condition that is equivalent to the LPB conditiwhen Swift's conditions are applied. LPB can be
interpreted as a generalized form of MFC to thriegedsional and non proportional loads for elastastic
materials [11].

3.2 Strain localization

As strain localization under shear bands and Ipedlinecking are often precursors of cracks, it is
particularly important to be able to have relial®dels to predict them. Loss of Ellipticity [6] and
Marciniak - Kuczynski criteria [4] will be presertand compared in this part.

According to bifurcation analysis, the appearantash®ar bands in a solid location is seen as aesudd
evolution of the velocity gradient, from a quasiimgeneous state to a heterogeneous state with
discontinuity plane. The strain then concentratea localization area defined by two planes of radrm

Rice criterion is based on the existence of a ipaabn band satisfying equilibrium across the band a
kinematic compatibility condition. Notingd] the difference of the velocity gradients withindaoutside a
possible localization band, the compatibility cdiudi leads to write the discontinuity of the velgci
gradient as:

[G]=¢On (10)

with ¢ the relative speed of points on either side ofltisalization band. Considering now the equilibrium
condition across the plane, one can write:

niN]=0 (11)

whereN is the nominal stress tensor. Combining these temsgand constitutive equations leads to the
expression of Rice criterion:

det(nL.m)=0 (12)

The localization is then predicted if there existdirection of the band that cancels the determinathe
acoustic tensor. For an elasto-plastic materidtesmg is necessary, which justifies the use ef todel
coupled with damage.

Marciniak - Kuczynski criterion is based on a mualihe method, where the evolutions of mechanical
properties in different areas are compared. It iptedstrain localization when the evolution of thlastic
deformation is concentrated in one of them. FolimgMM — K approach, an initial defect is introdugatb

the sheet in the form of a band of reduced thicknedth normaln at an angled relative to the main
loading direction. The equilibrium equations thrbuge band read:

fYnIN® =nN (13)

with "¢ the current size of introduced defect. Behaviaragigpns and strain compatibility conditions are
used to express the relative velocity across tbaliation band:
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.I:MK

cz(ntm)‘lmtﬁ L —LB]:G (14)

Strain tensors are known inside and outside thel.b@he localization is then predicted when theorati
plastic strain rate in these areas exceeds a jmedethreshold. This criterion proved popular aadyeto
adapt to a new class of material behaviors. Iterdteal bases, however, suffer from the use of two
arbitrarily defined user parameters. In the caseadinear and direct velocity gradient loadingse th
orientation of the normal to the band can be aiwaly determined at every time as a function o th
initially imposed directiom,,. By rewriting the criterion in a lagrangian confirgtion, the expression of the

relative velocity vector becomes:
[F|=F°-F=¢,0n, (15)

Reconsidering M - K criterion when the initial defféends to be absent, the behavior inside the bemib
to the behavior observed outside, then from prevemuations:

lim (n0 ' mo)E(hO:O (16)

K 1

At the onset of localization, relative speed vedoes not tend to 0, the localization is then lchke a
singularity of the pseudo acoustic tensor:

det(n, (L' h,) =0 (17)

The localization is related to an increase of #ative velocity, which can be obtained when theug®
acoustic tenson,, ' (h, becomes singular, corresponding to the lagranfgiem of Rice criterion. It is

now shown that the predictions obtained with the iKMmodel tend to those of the loss of elliptioiyterion
when the initial defect size tends to 0 [12]. Ttheoretical result is illustrated on a anotherualtsteel in
Figure 2.

On another hand, the bifurcation analysis is refeili to time independent materials. The linearilgiab
analysis provides a theoretical framework for theesion of these criteria to the case of elassocaplastic
materials. Material stability is considered usingapunov stability theorem for autonomous systems. A
system is said stable if a small perturbation ohticed in the equilibrium equations leads to smatflations

of the global response. Strain rate dependence leayntroduced in the expression of the isotropic
hardening. The strain and stress states are th@ebtby the resolution of a system depending erstiess
state and on the evolution of hardening and damagables. Combining this material behavior systeith

the perturbed equilibrium equation one may obtdiinsa order differential system. Material stalilis then
analyzed by studying the sign of the perturbatiomwgh rate. Application of this method when matria
tend to elasto-plastic behaviors lead to resuttélai to those obtained with bifurcation criteria.
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Figure 2: Forming Limit Diagram of a virtual steebtained with Rice loss of ellipticity and M — HKteria.

4 Conclusions

Plastic instability criteria are a key for the nuroal simulation of necking and localization pheresra that
may occur during deep-drawing operations. The #taml bases of the key criteria developed are emath

in this paper, which can establish relationshigsvben them. It is shown in the case of diffuse megkhat
limit point bifurcation and maximum force criterere based on similar assumptions. The limit point
bifurcation criterion can be seen as a generatinadi the MFC. In the case of strain localizatiorthe form

of bands, it is shown that Marciniak — Kuczynskegictions tend those of Rice criterion when the sizthe
initial defect tends to 0. The method of linearbdity analysis is finally mentioned to provide aitsible
framework for the extension of material instabikityteria to elasto-viscoplastic media.
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