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How Vertex reinforced jump process arises naturally

Xiaolin ZENG

Abstract

We prove that the only nearest neighbor jump process with local dependence
on the occupation times satisfying the partially exchangeable property is the vertex
reinforced jump process, under some technical conditions (Theorem . This result
gives a counterpart to the characterization of edge reinforced random walk given by
Rolles [9].

1 Introduction

One of the most remarkable results in probabilistic symmetries is the de Finetti’s theo-
rem [3], which states that the law of any exchangeable sequence valued in a finite state
space is in fact a mixture of i.i.d. sequences. This theorem has a geometrical interpreta-
tion via Choquet’s theorem. More precisely, the subspace of exchangeable probabilities
forms a convex, and those probabilities given by i.i.d. sequences are exactly the extreme
points of the convex [1J.

In the 1920s, W.E. Johnson [I5] conjectured that, under some technical conditions, if
a process X, is exchangeable and P(X,+1 = i|Xo, ..., X,) depends only on the number
of times i occurs and the total steps n, then X, is nothing but the famous Polya urn:
drawing balls uniformly from an urn and put back one additional ball with same color
as the drawn one. This is a process with linear reinforcement. In term of random
walk, the natural counterpart of Polya urn is the edge reinforced random walk (ERRW).
Diaconis conjectured that this process have the same characterization as Polya urn. In [9]
S.W.W.Rolles have shown that both conjectures are true under technical conditions.

The vertex reinforced jump process (VRJP) is a linearly reinforced process in con-
tinuous time. In a recent paper, Sabot and Tarres [10] have shown that ERRW is a
mixture of VRJP, which indicates that the VRJP are building blocks of ERRW, thus
should share a similar characterization. This paper gives this characterization (The-
orem , as a counterpart of Rolles’ result; namely, the only continuous time process
which is partially exchangeable and the transition probability depends only on neighbor
local times is VRJP, under technical conditions.

Let us first recall the definition of ERRW, let G = (V, E) be a locally finite undirected
graph without direct loops (edges with one endpoint). Let Z,, denote the location of
the random process at time n. Let a. > 0, e € E. For n € N, define wy,(e), the weight
of edge e at time n, by

wo(e) =ae foralle € E |

() = 4 @)L fore=AZn Zuii} € B,
nt1 wy(e) for e € E\ {{Zn, Zni1}}.

Let P&ﬁ) denote the probability of the ERRW on G starting at vy with initial weights



a = (ae)ecp. Then IP)S,?)) is defined by

Zo = vg, P — a.s.,

Vo

GnZnd) i (7 0} € B
P(a) (Zn—I—I = ’U|Z(), ey Zn) = {Ze’zneew”(e) { ’ }
0

Vo .
otherwise.

Now let us introduce some definitions before stating Rolles’ result. Again G = (V, E)
is a locally finite undirected graph without direct loops, with its vertex set V and edge
set E. Denote i ~ j if {i,j} € E. Following Rolles, we call (Z,),>0 a nearest neighbor
random walk on G, if it is a discrete time random process (not necessarily Markov) such
that successive positions are neighbors.

An admissible path of the random walk is a sequence of vertices of G, denoted
m = (vg,v1,...,Vy) such that consecutive vertices are neighbors. The number of visits
to vertex i of path 7 is denoted

Ni(m) = #{k: vp =i, k=0,...,n};

Similarly, the number of transition counts in the path 7 of an oriented edge e = (4, j) is
denoted
Ne(m) = N;j(m) =#{k: vy =19, 0441 =4, k=0,...,n—1}.

Two paths &, are said to be equivalent and denoted & ~ n, if £ and 7 start at the same
state and the transition counts from i to j of any pair (i, ;) are equal for £ and 7, i.e.

Nij(§) = Nij(n) for all (i, j).
Remarks 1. Two equivalent paths necessarily end at the same vertex.

Definition 1. A nearest neighbor random walk is partially exchangeable if any two
equivalent paths have the same probability.

Theorem 1 (Diaconis & Freedman [4]). Let Z,, be a recurrent random walk (i.e. with
probability one it returns to Zy infinitely often), then Z is a mizture of Markov chains
if and only if it is partially exchangeable. Moreover, the mixing measure is uniquely
determined.

As it turns out that edge reinforced random walk is a mixture of reversible Markov
chains, Rolles introduced the following more restrictive notion of partial exchangeability:
for m = (vo,...,v,) and e = (i, ) let

Ne(m) :=#{k: vp =i, 0pp1 =J Or v = jvp41 =14, k=0,...,n—1}.

Definition 2. A nearest neighbor random walk is partially cexchangeable in a reversible
sense if it satisfies the following: for any two paths &, n, if Ne(§) = Ne(n) for alle € E,
then & and n have the same probability.

In [9] Theorem 1.1, Rolles proved that if a nearest neighbor random walk is recurrent
and partially exchangeable in a reversible sense, then it is a mixture of reversible Markov
chain.

Rolles” main result in [9] states that, if G = (V, E) is a strongly connected graph and
Zy is a nearest neighbor random walk on G such that the following assumptions are
satisfied:

1. Z is partially exchangeable in a reversible sense (Definition .



2. For all v € V and e € E there exists a function f, . taking values in [0, 1] such
that for all n > 0

P(Zn+1 = 0| Fn) = f2,(Nz,(Zos -+ Zn), Nz, o(Z0s - - -, Zn)).

Then Z is an edge reinforced random walk or a Markov chain under some technical
conditions (c.f. [9] for precision).

Next we define the vertex reinforced jump process X;. Assign positive weights
(We)ecr to the edges, the process X, starts at time 0 at some vertex ig, if X is at
vertex ¢ € V at time ¢, then, conditioned on the past, the process jumps to a neighbor j
of ¢ with rate W ;(1+1;(t)), where for e = {4, j}, W; ; = W, and [;(t) is the local time
of vertex j at time t:

t
lj(t) Z:/ ]lXSZde.
0

Theorem 2 (Sabot & Tarres[10]). The ERRW Z, with weights (ac) is equal in law
to the discrete time process associated with a VRJP X, in random independent weights
We ~ Gamma(ae, 1)

And finally, the VRJP X; turns out to be partially exchangeable within a time scale
(c.f. next section for the definition of partial exchangeability in continuous times). Let

D(s) = S (li(s)? + 2U(s)),

i€V

then the process Y; = Xp-1(;) is a mixture of Markov processes with an explicit mixing
measure, in addition, the mixing measure turns out to be related to a o-model introduced
by Zirnbauer, c.f. [10] Theorem 2.

In this paper we give a counterpart of Rolles’ result for VRJP, namely we characterize
exchangeable jump processes with local rate functions.

2 Definitions and results

Definition 3. We call (X¢)i>0 a nearest neighbor jump process on G, if it is a random
process which is right continuous without explosion, and each jump is from some vertex
i to one of its neighbors j (i.e. i ~ j).

Definition 4. A nearest neighbor jump process X; is a mizture of Markov jump processes
if there exists a probability measure p on Markov jump processes such that L(X;) =
[ L(Y)p(dY), where L denotes the law of respective processes. If for p a.s. the Markov
processes are reversible, then the process Xy is a mizture of reversible Markov processes.

Freedman introduced the notion of partial exchangeability in continuous time in [7].

Definition 5 (Freedman). A continuous process X, is partially exchangeable if for each
h >0, the law of {X,pn;n =1,2,---} satisfies the following property: for any two paths
52 (507"'7&)7 n= (7707"->77l) such thatﬁ’“’ﬂ ’

P(Xo = &0, Xin = &) = P(Xo =m0, ..., Xin = m).
We recall the de Finetti’s theorem in continuous time showed by Freedman [7].

Theorem 3. Let X; be a continuous time process starting at ig € G, X3 is mizture of
Markov jump processes if



1. Xy has no fized points of discontinuity, more precisely, for every t, if t,, — t, then
P(th — Xt) = 1,’

2. X is recurrent;

3. Xy is partially exchangeable.
Our main theorem is:

Theorem 4. Let X; be a nearest neighbor jump process on G satisfying the following
assumptions:

1. Foralli € V, there exists C* diffeomorphisms h; such that X is partially exchange-
able within the time scale D(s) = Y.y hi(li(s));

2. G is strongly connected (i.e. any two adjacent vertices are in a cycle);

3. The process, at vertex i at time t, jumps to a neighbor j of i with rate f; ;(1;(t))
for some continuous functions f; ;

Then X is a vertex reinforced jump process within time scale, i.e. there exists another
time scale D such that XD*I(t) s a vertex reinforced jump process.

Remarks 2. In fact, the hypothesis of Theorem implies that the functions f; j(x) are
necessarily of the form Wi ;jx + ;.

Remarks 3. Note that we do not a priori require f; ; = fji, i.e. there is no assump-
tion of reversibility for X;; however the VRJP is a mizture of reversible Markov jump
processes within time change.

Remarks 4. Concerning the third assumption, we cannot prove the result with rate
fij(li,1;), but the case where f; ;(1;,1;) = fi(l;) fj(l;) can be treated. In fact, by applying
a time change, the process with rate function of the form fi(l;) f;(l;) can be reduced to
our theorem.

In section 3, we introduce an equivalent notion of partial exchangeability and, as
an example, we give a different proof of partial exchangeability of VRJP within a time
scale. Section 4 contains the proof of Theorem

3 The two notions of partial exchangeability

3.1 Partial exchangeability, infinitesimal point of view

Consider a nearest neighbor jump process on G satisfying the third assumption of Theo-
rem As we have assumed regularity on the trajectory of the process (c.f. Deﬁnition,
to describe the law of our process, it is enough to describe the probability of the following
events:

o ={Xp,u] = 10 Xjtr,to] = 11 X[tasts[ = 12+ +» X[tn_1,tn] = In—15 X[t,] = in})
which will be denoted

.oty . to—t1 . . th—tn—1 . t—tp
g 10— —>12...1p—1 in

in the sequel and we call such an event a trajectory.

It turns out that when the jump rate is a continuous function of local times, the law
of our process can be characterized by some function, which will be called density in the
sequel. In fact, for the study of certain history depending random processes, we have
the following lemma:



Lemma 1. If (X) is a jump process with jump rate depending only on local times and
the current position of the random walker, i.e. there exists functions f; (1) such that
conditioned on the past, X; jumps from i to j at rate f; j(I(t)), and, moreover, f; j(I(t))
does not depend on the variable l;(t). Then there exists functions d,, such that for all
bounded measurable functions ® defined on the trajectories,

E(®(Xu, u<t)=> Y / o)dt +d, . (i 4)
n>11g,...,in
where dy = exp(— 3 Xy, S 03)ds) Ty fiv- i (U(8)) and 4o = B(X, =
’io, 0 S S S t).
Remarks 5. We believe that Lemma 1] still hold when f; j(1) depends on li(t). In fact,
if we can find a time changed process such that its jump rates do not depend on l;(t), it

is immediate by re-applying the inverse time change that Lemma[1] holds in the general
cases.

Proof. As f; j(I(t)) does not depend on [;(t), the holding time of X; at i is exponentially
distributed with rate
> fis(U(®))
Viad]
and the probability of jumping from ¢ to j is
fig (1))
D ki Jin(U(t)

Moreover, the process up to time ¢ is characterized by the events

p(i,j) =

n+1

. S . S Sn. - Sn+1

B0 — 11— 5 iy — s 81, Spg1 > 0, g s; < t.
i=1

For 1 <k <n+1, denote t =s1+ -+ sz,

P(X; follows the trajectory g N - LH> sp > 0, Zsk <t)

n

=/ IT [ pGir—riin)exp( D firori@ta))se) - D Firori(U(tro1)) | P(snyr >t — tn)ds
t

n<tp_1 Jvig—1 Jvig—1

:/tl<t2<u.<tn<texf’ / > Fxa(( ))ds)kljlfik1,z‘k(l(tk_1))dt,

J~Xs

with ds = dsy - - - dsy,, dt = dtq - - - dt,,. Now the lemma follows by distinguishing different
trajectories. O

Definition 6. We say that X; admits a density if the assumptions in Lemma 1] are
satisfied, and we denote its density as d,.

Let us now give another definition of partial exchangeability for continuous time
processes in terms of density. Define two trajectories ¢ and 7 to be equivalent and
denoted o ~ 7, if their discrete chain strings are equivalent and the local times are equal
at each vertex. Formally,



Definition 7. Let

.ot . te—t1 . . th—tn—1 . t—tn
O=1 —71% —712 " lp-1 in )

. 81, . 82—S81. . . Sn—Sn—1_ . t—sn\
T=J —J1——>J2 " Jn-1 In .

Then o and T are equivalent if and only if

vieV, I7(t) =i (1)
Vi,j Ni,j(o') = Nz"j(T).

where Nj j(o) denotes the number of jumps from i to j in o, i.e. N; (o) = N;;((io,...,in)),
and 17 (t) = f(f 1,.—ids denotes the local time.

Definition 8. A continuous time nearest neighbor jump process is said to be partially
exchangeable in density if the densities are equal for any two equivalent trajectories. Or
equivalently, the density depends only on final local times and the transition counts.

3.2 Equivalence of the two notions

It turns out that in the case of nearest neighbor jump process with continuous jump
rate functions, the notion of partial exchangeability in Definition [5] and in Definition [§]
are equivalent.

Proposition 1. If a continuous time nearest neighbor jump process is partially ex-
changeable in the sense of Definition |8, then it is partially exchangeable in the sense of
Definition [3

Proof. Suppose that the process X; is partially exchangeable in density, let h > 0,
consider the event I = {Xo = i, Xp, = i1,..., Xpn = in}, let (Jo = 40,71,--.,7n) be an
equivalent string of (ig,...,i,), and J = {Xo = jo, Xpn = j1,-- - Xnh = Jn}-

We construct a bijection T which maps trajectories of I to those of J. As (ig, ..., i),
(jo,---,Jn) are equivalent, for any pair of neighbors (i,7), there are exactly a same
number of transition counts from i to j. Let us define T" to be the transformation which
is a permutation of the time segmentations [lh, (I + 1)h) of size h; which, for any k,
moves the kth transition i *2 j of I to the kth transition i kth, j of J, and leaving
the last time segmentation [nh,oo) invariant. Figure [1| illustrates an example of such
application.

0 1 0 2 1
L [ r I [
C T T T 5
r r r r [
L T C T 5
0 2 1 0 1

Figure 1: The transformation 7" for I = {Xy = 0, X, = 1, X9 = 0, X35, = 2, Xy, = 1}
and J = {XO = O,Xh = Q,Xgh = 17X3h = 0,X4h = 1}

Let
S SN
o=ko Bk ke knog 2 ky —



be one trajectory of the event I, we check that

/ S/
T(o) = Ky S5 k) 2k Ky S gy 0
is a trajectory of the event J, and that T is one-one and on-to (c.f. Figure . If we fix
the total number of jumps N and the discrete trajectory (ko, k1, ..., kn), then T' can be

though as a substitution of integration. Thus

Figure 2: An example of o and T'(o).

Z Z / 51,..sSN+1€1(N,ko,....k )d d81 dSNJrl

N ko,k1,....k

—Z Z / 858 €1 (N skl )dT(a)dsll"'dSQV+1:P(J)v

N k/ k/ly 7

where I(N, ko,...,ky) is the subset of RV*! defined as the set of (s1,...,sy,1) such
that the event ko =% ki -2 - ky —% is in I; and I'(N, k), ..., kly) is its image by
applying T'; see Figure 2 for a concrete example. As T preserves local times and the
numbers of transition counts, these two integrals are whence equal. ]

Proposition 2. If a jump process is partially exchangeable in the sense of Definition |3,
and its jump rate is a continuous function of local times, then it is also partially ex-
changeable in the sense of Definition [8,

Proof. Let X; denote such a process, for h > 0, consider the o-algebra Fj, = o(X,p,n >
0), let
Fo = 0(Un>0Fn)

and
F = J(Xt,t Z 0)

As in [7], we only consider h running through the binary rationals. Note that Fy = F
thanks to the right continuity of the trajectories.
Let 0 = i 4, 1 fah, ig - ip Ty he a trajectory with n jumps (say n > 1 to

avoid triviality). Let {X(") ~ & / h} denotes the event
{Xo =00, Xn=0n,...,XNn=0Np, with N =|t/h]}.

It turns out that

dy = im P(X™ ~ o /R)h ™"
h—0

In fact, let ¥ = Lo /ns by definition of d,,

E(U(X,, u<t) =PX" ~o/h) = Z Z / T)dty - - - diy, (1)

E>1 1,0



where
.ot . ta—t1 . . te—tp—1 . t—ty
T=1 —11 — 12" " 1k—1 (23

When h is small enough, the sum in must be over £ > n, and we have
P(XM ~ o /h) =P + Py.

where for some pg,k =1,...,n depending on h

Py = P((Xu)o<u<t makes n jumps at times sy, ..., s,

with s € (pgh, (pr + 1)h] and the trajectory is z'o, ceyin)

Py = P((Xy)o<u<: makes more than n + 1 jumps and X" ~ o /h)
Note that the jump rates are bounded from both below and above, and any holding
time in the event of Po must be in an interval of length lesser than 2A, whence the
probability of making n + 1 (I > 1) jumps following the trajectory o/h is smaller than

the probability of n+ 1 independent exponential variables (of parameter C') each smaller
than 2h, where C is an upper bound of the jump rates. Whence

Py < Z (cst < Exp(C) < cst + 2h))" T < Z(P(Exp((;’) < 2h))"H = O(R™Y).
I>1 I>1

Thus Py can be dropped when taking the limit. In addition,

(pnt1)h (p1+1)h

Pl:/ / dy dty - dty,

nh p1h
note that here d, depends only on t1,...,t, and it is an absolutely integrable function,
by Lebesgue differentiation theorem (Theorem 1.6.19 [13]) limy_,o P1/h"™ = d,. Now let

dv < P(X;p, ~o/h)h™"

d, -————— P(Xi ~7/h)h"

o ~ 7, when h is sufficiently small, proceeding as in the diagram shows that d, = d,. O

3.3 Example: VRJP is partially exchangeable within a time change

Recall that Ys = Xp-1(5) with D(s) = >ier (Li(s)? + 20;(s)), It turns out that we can
write down the density of the trajectory o of the (time changed) VRJP process Y (For
convenience, write s,41 for s in the sequel). The density of

S$9—S81. . Sn—8n—1_ . S—S8n
o= 20 —> 11— 19" n—1 in >
s (c.f. [11]), denoting S;(t fo 1y, —;du the local time of Y,

n

nHWZk 1,@,€ZEV1:£% \/HT
exp (= 3 Wiy (4 (8i(s) + 1(85(5) +1) = 1)),

i~vj

(2)

which clearly depends only on final local times and transition counts, thus by Propo-
sition |1} Y is partially exchangeable. On finite graph it is rather easy to prove that
the VRJP is recurrent (for example, using a representation of VRJP by time changed
Poisson point process as in [I0], and then use an argument as in [2] or [12]). Therefore,
Y is a mixture of Markov jump processes.

For convenient, we include a proof of this in the sequel (after the proof of Proposi-
tion , since the mechanisms of the proof enlightens the proof of the main theorem:.



4 Proof of Theorem (4

4.1 Computation of densities

Let X be a nearest neighbor jump process on G satisfying the assumptions of Theorem [4]
in particular, recall the time scale

=3 hau(s)). (3)
eV

Let [;(t) be the local time of the process X at vertex i at time ¢. Let us denote the
process after time change to be
Y = Xp-1), (4)

let

SZ(S) = /Os ]lyu:idu (5)

denote the local time of Y. Consider the trajectory

. . - . . tn_tnf . —ln
a:zogzlgzg'--zn_l ! zntt (6)
where 0 < t; < --- < t, < t, after applying the time change, the corresponding trajec-
tory for Y is

Sn—S8n—1_ . S5—Sn

. S1. . S82—S1. . .
oy : 190 —> 11 —> 12" lp—1 in

where s, = D(t).

Proposition 3. With the same settings as in equations @, the density of
the trajectory oy for'Y is

va,g Sj(v))) " finvin (hi (Siy (s8-1)))
Y — ex dv .
P / Z SYU(U))) H SRy (Bt (Si, (sk))

Proof. Applying Lemma [I] to the process X,

dy = exp /fow W | TT Fiosie (Gin (tr1):
k=1

J~Xu

Recall that in we assumed that h; : Rt — RT are diffeomorphisms satisfying h;(0) =
0.

Next we compute the density for the same trajectory o but for the process Y, =
Xp-1(s), as we have S;(D(s)) = h;(l;(s)), derivation leads to

Si(D(s)) = D' (s)lyp =i = hi(li(s)) 1 x,=i-

Hence
1 1

NV
(D™ (1)) _D’(D_l(t)) h’ oh_ (SY (t))’

Y,—
iy (te1) = by | (3, (D(tk-1))) = hy, (Sy,, (sr-1).
Substituting s = D(t), we have

—exp / Z fY“’] U flk wk Szk(sk—l)))
h/)/v SY'U U k:l Zk 1(h7,k 1(Szk—1(8k)))




Back to the partial exchangeability of VRJP

Proof. Apply the previous proposition to VRJP, where f; ;(1;) = W; ;(141;) and h;(l;) =
1? 4 2l;. The density dY is

Wyu’] ) + 1 i S; (Sk:—l) +1
2 P / 2 Sy I 11 <Wi’€‘1’i’€ Si (k) + 1)
u U—1

JNY k=1

As our trajectory is left continuous without explosion, starting at ig, if we calculate the
product through the trajectory, by telescopic simplification, it results that the product
reduces to

16\/1_1[;é1 \/7 H o

To compute the integral inside the exponential, it is enough to note that, in the expres-
sion:

S Wi (/(Sis) + 1)(S5(s) +1) — 1),

invj
the local times S;(s),i € V of the process Y only vary (linearly) with s when the process
is at 1, i.e., when Y; = i. Therefore, the derivative of the above expression with respect
to s equals to

Z Wy&j Sj(S) +1

Sys (8) +1
which is what we integrate inside the exponential.

Whence is proved, and expression depends only on final local times and
transition counts, the result hence follows. ]

jNY9

4.2 Determination of time change h

In the sequel we work with the time changed process Y, to simplify notations, we will
write d, for d¥ when it does not lead to any confusion. By Proposition (3, the density
of certain trajectory contains an exponential term and a product term, let us denote

d, = exp(— / Ho

oy, Deat 60
Jo=; Mmd”

HO’ o Hk 1 flk 1 Zk(h (Sng (sk 1) )

)
hi, 1(hzk171(Ska_1(5k)))
where the exponential term stems from those exponential waiting times, and the product
term corresponds to the probability of the discrete chain.

The heuristics of the proof in this subsection is the following: as we assumed partial
exchangeability, if we consider two equivalent trajectories, then their densities share the
same expression, by comparing them we can hence deduce certain equalities involving
fi,j and h; etc. It turns out that these equalities determine h;s then f; js.

The following fact is simple but important, suppose that at time s, the random walker
arrives at ig, each vertex i has accumulated local time I; := S;(s); then it jumps to iy
after an amount of time ¢, by Proposition [3] the density has acquired a multiplicative

factor
10 © 1 0.2 © hi (i
exp / zh,f l( ) g, rL lhlz;(“i. @
j~io Olo(lo—'_v) io © io(i0+)

with

10



This fact is in constant use in the sequel, when we explicit the density of certain trajec-
tory.

Sn—Sn—1_ . s§—

. S . §2—S8 . . S .
Lemma 2. Let 0 = iy —> 1] —— 9+ ip_1 in %y be a trajectory, then

/Jz/&—l-/&where

foufl 5 SISO, (o)1 5 s,

JjET,i~Yy ” Jjgo,g~Yy

and if T is such that T ~ o, then/&:/%

N 1
Proof. Note that for j ¢ o, Sj(u) =0 for all u < s. Let H; be the primitive of ————

. O .
K3 (2

such that IZ(O) =0,

5 °  [v.(0) y
/ ;/0 I s @)

= > fm(O)/o h;(hi—l(&-(v)))d

j¢oica,j~i

— Z fi5(0)H;(Si(s))

j¢oi€o,j~i
which depends only on final local times, thus if 7 ~ o, then / T = / 0. O

In the sequel cst denotes some constant, which can vary from line to line.

Lemma 3. If the process X admits such a time change D which makes it partially
exchangeable in density, then for any i ~ j, there exists some constants \; ; such that

JJ

Proof. Let € > 0, consider the following two trajectories for the process Y:

.t . s € .o€ .o
T=1—>j>i—>j—i—
Note that ¢ and 7 have the same transition counts and the final local times on vertex i, j

are respectively equal. Thus the densities of these trajectories are a.s. equal by partial
exchangeability. By Lemma

dU:Ha-exp(/5+/&),

HU . fi,johgl(g) ) fj,iohi_l(e) ) fi,johfl(f) ) fj,iohi_l(&f't)
B hjoh; (e) h’ oh7 (e) h’oh7 (e+t) h/ oh7 (e+s)

e fi ]Oh fi 1Oh (6) t fz] ( s fi 1Oh (6+t)
f f hjoh; d +f0 J’ ) dv +f0 h}oh; (e+vd +f hj’oh (e+v)dv

where

11



dTZHT-exp(/%Jr/%),

M7= fz-,johf() fiaohTi () fi,johgl(s) _ fyiohy H(ett)
hloh; (t) hioh} L(s) h’oh_ (t+e)  hjoh; (e+s)

~ tfz] ( s fi ZOhZ (t € f’L] ( ef »LOh (6+t) .
J7 =05 G v+ Ji T o+ et o+ Iy e v

where

We do not explicit [ 6 and [ 7 as they cancel when we compare these expressions (c.f.
Lemma .
Letting € — 0 yields that exp( [ &) = exp([ 7); therefore [[o =[] 7, i.e.

figohi'(s) fiiohi'(t)

Vst — ;-1
hjohj (s) h; o h; (t)

= cst.

Now fix t, let s vary, whence
Vs, fijo h;l(s) = cst - o h;l(s),

and let )\; ; denotes this constant, as h;l is a diffeomorphism, its range is R™, which
allows us to conclude. O

The next lemma states in some sense that the exponential part and the product part
appearing in the density of a trajectory can be treated separately.

Lemma 4. Let 0,7 be two trajectories, and denote

dU:exp(/a)~HU, dT:exp(/T)-HT,

ifo ~ T, then [[o=]]7.

Proof. We have Sy, (si) = Sy, (sk-1), thus Lemmalylelds that f;, | i.0h; (SYsk (sk—1)) =
Ai R o h@'—kl(SYsk( 1)) Whence the product part is

le—1,0k %,

[T~ H focrio (! (S, (1-0) ﬁ s Mo b0
iy, hz_kll(SYSk 1(5k k=1 N [ivi, hi o by H(Si(s))’

and the last term depends only on the transition counts and final local times. O

Lemma 5. Let H; = h o h;l, then for some constant A; (recall that h; is assumed C?
diffeomorphism,),

(HZQ)/ = A; and if i ~ j, then )\i,jAj = )\j,iAi-

Remarks 6. The latest equality tells that the process is reversible. However, we did not
assume the reversibility of the process, but vertexr reinforced jump processes are reversible
(as a mizture of reversible Markov jump process), so are the edge reinforced random
walks. In contrast, directed edge reinforced random walks are miztures of non reversible
Markov chains, with independent Dirichlet environments. We can hence expect that the
reversibility is a consequence of a non oriented linear reinforcement (where linearity
leads to partial exchangeability).

12



®in—2

Figure 3: the trajectories o and 7 in Lemma [5]

Proof. Recall that we have assumed that the graph is strongly connected, i.e. if i,
are two adjacent vertices, there exists a shortest cycle iy ~ i9 ~ i3--- ~ 9, ~ i1 with
i1 = 1,1, = j and the ;s are distinct and n > 2.

Let (iy = i,i9,43,...,in, = j) be a cycle as described, consider the trajectories (c.f.
Figure |3)
. Ty, . T2 . 81 . 82 . . Sn—2 . Spn—1_ .
O=1 —>1lp —>1 —> 12 —>13°"1p—2 In—1 In

T=i1 s g ipg oy et iy 2 i1
As o ~ T, by Lemma and Lemma Jo=[7. Also let
o' =i iy i s oy
=1 s i iy, o,
thus fo:’ = fTN’ We are going to compute explicitly [&, [7 etc, using , let s =
r1 4794814+, 1 and recall that H; is the primitive of h’lh_l such that f[z(O) = 0.

fom B, o

(1,5)€0?2invj

~ A~

= Nivio Hin (0) (Hiy (1 + 1) — Hiy (0)) + Ny iy Hiy (71 + 51) (Hiy (52) — Hiy (0))

+ N (Hi (0) (B, (r1) = Hi, (0)) + Hi, (r2) (i (11 + 51) = Hiy (1))

+ Nigis Hiy (r1)(Hy,, (r2) — Hi, (0) + Niy i Hi—y (0)(Hi, (r2) — Hi, (0))

+ Ny 1,in i, (7’2)(Hin_1(8n—1) —H; ,(0)+A
where AAis defined as onllows: let Qx = H;, (0)(Hi,_,(si,_,) — H;,_,(0)) and Q) :=
Hiy, (sk) (Higy, (Sir) — Higy,(0)),

n—1

A= Z )‘ikq,ika + )‘imikle;c—l'

k=3

For 7 we have:

/%: i Z .Ai’j/o HY”th/,ohilgsi(v ))dv
= )\n,w H;, (0)(Hi, (r1) — ﬁjl(o))

+ Nig,iy Hiy (1) (Hiy (s2) — Hyy (0)

 Nivin (Hi (0)(Hiy (1) = Hi, (0)) + Hi, (ra) (i (1 + 1) = Hig (1)) )

+ Nigia Hiy (1) (Hi,, (72) = Hi, (0)) + Niyi - Hiyy (sn1) (i, (r2) — Hi, (0))

A~

+ Nip_1in H;, (0)(H, in— L (8n—1) — ﬁ L(0)+A

~

+ Hy,(s9)(H;, (11 + 1) — Hy, (r1))

13



with the same A. Also
[ 5 = v (Hia0) i (r4) = i (0)) + HiyO) (i (2 + ) — £y (r0))
+ )\12,11 i1 (7’1 + 51)(1;[1'2 (52) - ﬁiz (0))
o Nivsin (i (0)(Hy (1) = 3, (0)) + Hi, (r2) (B, (1 + 1) = Hi (1))
+ N iy Hiy (r1)(Hy,, (r2) — H, (0))

[ 7= N (Ha (O (r0) = 3 (0)) + Hiy(52) Ty (4 -+ 50) = iy (1))
+ Ny iy Hiy (1) (Hiy (52) — Hiy (0))
 Nivin (Hi (0)(Hiy (1) = Hi, (0)) + Hiy (0)(Hiy (r1 + 1) = Hiy (1)) )
+ Nigiy Hiy (1 + s1) (Hi, (r2) — H;, (0)).

Recall that [0 — [o’ = [7— [ 7/, which leads to

Niin 1 Hip 1 (0)(Hi, (r2) = Hi, (0)) + X,y i Hiy, (r2) (Hi, -y (sn-1) — Hi, 1 (0))
= Xiyin (Hi, (r2) = Hi, (0))(Hy, (r1 + 81) — Hi, (1))
+ Aoy i (Hiy (1) = Hiy (r1 + 51))(Hi, (r2) — Hi, (0))
+ Nigin 1 Hi 1 (50-1) (Hi, (r2) — Hi, (0)) + Xy i Hiy (0)(Hi, (sn1) — Hi,,(0))
letting s,—1 — 0 leads to
Aiin (Hi, (r2) = Hi, (0))(Hy, (r1 + 81) — H, (1)) =
N iy (Hiy (r1 + 51) — Hiy (r1)) (Hy, (r2) — Hy, (0))

as i1, in, T2, S1, 71 are arbitrary, divide the formula by ros1 and let 79, s1 go to zero leads
to
Nivin Hi (0)H], (r1) = N, i Hi, (r1)H] (0),

finally note that H! = 1/H;, thus A;, ;, (H2)'(0) = Ai, i, (H2)'(r1). O

Lemma 6. For all i ~ j, let W;; = X\ jA;/2 = Xj;Ai/2, there exists constant p;
depends only on j, such that f; j(z) = W, jx + ¢;.

Proof. As (HJQ(S))’ = Aj, there exists B; such that Hj2(8) = Ajs + Bj, therefore
figohit(s) = AijHj(s) = Xij\/Ajs + By,

—1y/ _ 1 .
On the other hand, (h;")(s) = JAeE thus for some Cj,

2
—1 s) = X\/Ajs-i-Bj +Cj.
J
fi,j(h = fi( Al‘/A s+ Bj+ Cj) = N\ij\/Ajs + Bj, which leads to

f'l,]( ) 7]$+(‘0J7

where ¢; is some constant depends only on j. Applying the time change

O

i
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the resulting process will be of jump rate

Wi jpip;(1+T5(t))

where Tj(t) is the local time for the time changed process Z; = Xp-11)- O
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