N

HAL

open science

The poset of posets

Serge Bouc

» To cite this version:

‘ Serge Bouc. The poset of posets. 2013. <¢hal-00881858)

HAL Id: hal-00881858
https://hal.science/hal-00881858v1

Submitted on 9 Nov 2013

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documents may come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaire HAL, est des-
tinée au dépot et a la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
francais ou étrangers, des laboratoires publics ou
privés.

Au‘to:liiition
HAL Authorization


https://hal.science/hal-00881858v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

The poset of posets

Serge Bouc

Abstract: Let X be a finite set. This paper describes some topological and combi-
natorial properties of the poset 2x of order relations on X. In particular, the homotopy
type of all the intervals in 2x is precisely determined, and the Mobius function of Qx is

computed.
AMS subject classification: 06A11, 05E45, 55U10

Keywords: poset, order, M6bius function, homotopy type

1. Introduction

Let X be a finite set. In this paper, we consider some topological and com-
binatorial properties of the poset of posets on X: it is the set {2y of order
relations on X, ordered by inclusion of subsets of the cartesian product X x X.

In particular we show that the the intervals |R, S[q, in this poset, for
R C S, are either contractible, or have the homotopy type of a sphere of
dimension |S — R —2|. As a consequence, we determine the Mébius function
of the poset Qx. We also show that the upper intervals |R, .[q, are either
contractible, or have the homotopy type of a sphere S%. Each case can
be precisely determined, and in particular the dimension dgr of the sphere
involved in the second case can be computed explicitly from the relation R.

The initial motivation for considering the poset {1y is a joint work with
Jacques Thévenaz ([3]), in which the M&bius function of Qx appears (even
though the exact value of this function was not needed for our purpose in that
paper). Apart from methods introduced by Quillen in his seminal paper [4],
the present paper is self contained.

2. Relations, posets

Let X denote a finite set, of cardinality n.
e A relation on X is by definition a subset of the cartesian product X x X.

e A subrelation of a relation S is just a subset R C S of S. A proper
subrelation of S is a proper subset R C S.

e If R and S are relations on X, their composition Ro S, also called the



product RS of R and S, is defined by

RoS={(z,y) e XxX|3z€X, (,2) € Rand (z,y) € S} .

e The relation A(= Ax) = {(z,z) | x € X} is called the equality relation
on X.

e If R is a relation on X, then the opposite relation R is defined by

R? ={(z,y) e X x X | (y,z) € R} .

e A relation R C X x X is called:

- reflezive if (x,x) € R, Vo € X. Equivalently A C R.

- transitive if Vz,y,z € X, (z,y) € R and (y,2) € R = (z,2) € R.
Equivalently R? C R.

- a preorder if R is reflexive and transitive. Equivalently A C R = R

- symmetric if (z,y) € R = (y,x) € R. Equivalently R = R.

- an equivalence relation if it is a preorder, and R is symmetric. Equiv-
alently A C R = R? = R%.

- antisymmetric if Vx,y € X, (z,y) € R and (y,z) € R = = = y.

Equivalently RNR? C A. A subrelation of an antisymmetric relation
is antisymmetric.

- an order if R is a preorder, and R is antisymmetric. Equivalently
R=R?and RNR? = A.

o A set endowed with an order relation is called a partially ordered set,
or poset for short.

Let Qx denote the set of order relations on X. The inclusion of subsets of
X x X induces an order relation on Qy. The poset (Q2x,C) is called the
poset of posets on X.

3. The Frattini subrelation

From now on, the set X will be fixed, and often understood. In particular,
the poset Q2x will be denoted by 2.



3.1. Notation : Let R be an order on X. For x,y € X, write x < y if
(x,y) € R, and x <g y if (x,y) € R and x # y. Set moreover

[z,ylr = {z€X|2<rz<gry},

Ylr
le,ylp = {z€X |2z <rz<ry},
|,zlg = {z€X|z2<ga}
|.,zlrg = {z€X|2z<puz}
[z,.[r = {z€X|2z<gz}
lz, . [r = {z€X|z<grz} .

If R € Q, a pair (x,y) € X x X is called adjacent for R if v <r y and
|z, y[r= 0. The set of adjacent pairs for the relation R is denoted by Mpg.

3.2. Let R be reflexive relation on X. Then A C R C R? C ... C R™,
and there is an integer m such that R™ = R™*!. This limit R = R™ is a
preorder, called the transitive closure of R.

Let R, S € ). Notation 3.1 becomes

[R,Slq = {T€eQ|RCTCS}
|R,Sle = {TeQ|RCTCS}
R, .[a = {T€Q|RCT} .
An order R is said to be mazimal in an order S if the pair (R, S) is adjacent
in the poset , i.e. if R C S and |R, S[o= 0.
The subposet [R, S]q of Q is a lattice: the meet T AT of T, T" € R, S]a

is the intersection "N 7", and their join is 7'V T" =T U T’ (which is indeed
an order, as it is a preorder contained in S).

3.3. Notation : When S is a relation on X, denote by S@ = S x S the
relation on X x X defined by

((z,2"), (y,9)) € S® & (z,y) € S and (y,2) € S .
If S is an order on X, then S is an order on X x X. In this case

(z,y) <ge (2',y) & x<g2' andy' <gy .



3.4. Lemma :

1. Let S be an order on X, and (x,y) be an adjacent pair for S. Then
R=S—{(z,y)} is an order on X, and R is mazimal in S.

2. Let R,S € Q with R C S. If R is maximal in S, then the set S — R
consists of a single pair (z,y), which is adjacent for S, and a minimal
element of (X x X) — (RU R) for the relation R®.

3. Let R € Q, and let (x,y) be a minimal element of (X x X) — (RU R)
for the relation R®. Then S = RU {(z,y)} is an order on X, and R
is maximal in S.

Proof : For Assertion 1, the relation R = S—{(z,y)} is reflexive, as x # y. It
is also antisymmetric, since it is contained in S. Showing that it is transitive
amounts to showing that if a,b,¢ € X with (a,b) € R and (b,¢) € R, then
(a,c) € R. The assumptions imply (a,c) € S, as S is transitive. If (a,c) ¢ R,
then (a,c) = (x,y). Then a = = and ¢ = y, and moreover (z,b) € S and
(b,y) € S. Since (z,y) is adjacent for S, it follows that x = b or b = y. If
x = b, then (b,c) = (z,y) ¢ R, and if b = y, then (a,b) = (z,y) ¢ R. this
contradiction shows that (a,c) € R, and Assertion 1 follows.

For Assertion 2, let R be maximal in S, and let (z,y) € S— R (so that in
particular z # y). Then (z,y) € (X x X)—(RUR), for otherwise (z,y) and
(y,x) are both in S. Moreover, the transitive closure R U {(z,y)} is equal
to S. Thus for any (a,b) € S — R, there exists a chain of pairs

(3.5) (ao, ar), (a1, a2), . . ., (ax—1, ax)

with ap = @ and a; = b, and (a;,a;+1) € RU{(z,y)}, fori € {0,...,k—1}.
Since R is transitive, we can assume that there are no two consecutive 7 in
{0,...,k — 1} such that (a;,a;11) € R. If (a;,a;41) = (z,y) for two distinct
values [ and {" of i, then we can assume ' = [+ 2, and (a;;1, a;12) € R. Then
a;+1 =y and a;19 = x, hence (y,z) € R C S. It follows that x = y, as S is
antisymmetric.

It follows that the pair (z,y) occurs only once in the sequence 3.5. Hence
(a,x) € R and (y,b) € R, i.e. (a,b) <pe (z,y). By symmetry of the roles
of (z,y) and (a,b), it follows that (a,b) = (x,y). Thus S — R consists of a
single pair (z,y). Moreover if z € X is such that (z,z) and (z,y) are both
in S, then either z = y or (x,2) # (x,y), thus (z,z) € R. Similarly, either
z =z or (z,y) € R. Since (z,y) ¢ R, one of the pairs (z, z) or (z,y) is not
in R, hence x = z or z = y. Hence (z,y) is adjacent for S.

Moreover if (z/,y') € (X x X) — (RU R?) and (2',y') <ge (z,y), then
(«,z) € R and (y,y) € R. Since R C S and (x,y) € S, it follows that
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(«',y') € S. It («,y) # (x,y), it follows that (z/,y') € R. Hence (x,y) is
a minimal element of (X x X) — (R U R?) for the relation R®, and this
completes the proof of Assertion 2.

For Assertion 3, let (z,y) be a minimal element of (X x X) — (R U R)
for the relation R®. Then as in the proof of Assertion 2, the transitive
closure S = RU{(z,y)} consists of the union of R with the set of pairs
(a,b) € X x X such that (a,z) € R and (y,b) € R, i.e. (a,b) <pwe (x,y).
Since (x,y) is minimal for R® it follows that S = R U {(x,y)}. This
relation S is clearly antisymmetric if (z,y) ¢ R U R, hence S is an order
and Assertion 3 follows. D

3.6. By analogy with the case of subgroups of a group, we set:

3.7. Definition : Let S be an order on X. The Frattini subrelation ®(S)
of S is defined as the intersection of all the mazimal order subrelations of S.

3.8. Proposition : Let S be an order on X. Then
P(S)=AU(S—A)? .

In other words, a pair (z,y) of X x X is in ®(S) if and only either x =y,
orx <gy and |x,y[s# 0.

Proof : By Lemma 3.4, the maximal order subrelations of S are the relations
S —{(z,y)}, where (z,y) is adjacent for S. It follows that ®(S) consists of
the difference S — Mg. The proposition follows. 0

4. Intervals

4.1. Theorem : Let R C S be two orders on X.

1. If ®(S) € R, i.e. if there exist x,y,z € X such that x <gy <g z and
x LR z, then the poset |R, S[q is contractible.

2. If ®(S) C R, then any subset of S containing R is an order. In partic-
ular, the poset |R, S|q is isomorphic to the poset of proper non empty

subsets of S— R, and it has the homotopy type of a sphere of dimension
|S— R —2|.




Proof : If T €]R, S[q, then there is a maximal element U of |R, S[g which
contains 7', hence T'U ®(S). Thus T U ®(S) €]R, Slg. Now if ®(S) € R,
the maps of posets 7' +— T'U &(S) — R U ®(5) show that |R, S|q is conically
contractible, in the sense of [4] 1.5.

If ®(S) C R, then R = S — A, where A is a subset of Mg. The map
d: T~ T — Ris amap of posets from |R, S|g to the set |}, A[ of proper non
empty subsets of A, ordered by inclusion.

Claim: for any subset B €], A], the relation R U B is an order on X:
indeed RUB = S — C, where C' = A — B. The case |C| = 1 is Assertion 1 of
Lemma 3.4. The general case of the claim follows by induction on |C|, from
the fact that if T'C S, then MgNT C M.

Now the map v : B+ RU B is a map of posets from |0, A to |R, S[qa.
Clearly the maps ¢ and v are inverse isomorphisms of posets, and the poset
of proper non empty subsets of a finite set of cardinality ¢ has the homotopy
type of the sphere S°~2: indeed, its geometric realization is the boundary of
the standard (¢ — 1)-simplex in R®, consisting of the points (z1,...,z.) € R®

such that z; > 0 and > z; = 1. 0
i=1

4.2. Corollary : Let R C S be orders on X. Then the Mobius func-
tion uq(R,S) of the poset Q is equal to 0 if ®(S) € R, and to (—1)5F
otherwise. 0

Proof : Indeed, the M&bius function ug(R, S) is equal to the reduced Euler-
Poincaré characteristic of the poset | R, S|q. 0

5. Upper intervals

Let R be an order on X. This section deals with the homotopy type of the
poset |R, . [q.

5.1. Lemma : Let R be an order on X, and (a,b) € (X x X). Then (a,b)
is a minimal element of (X x X) — (RUR?) for the relation R® if and only
if (a,b) ¢ RU R and

(52) ].,a[RQ].,b[Rand]b,.[RQ]a,.[R .

Proof : If (a,b) is a minimal element of (X x X)— (RU RP) for the relation
R® | then (a,b) ¢ RUR®. If v+ € X and = <g a, then (z,b) <ge (a,b).
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Hence (z,b) € RUR®. If (x,b) € R, then b <p x <p a, hence (b,a) € R,
a contradiction. Hence (z,b) € R, i.e. x <p b. Moreover x # b since
(b,a) ¢ R. Hence x <g b, i.e. x € ].,b[g. This shows that |.,a[r C ].,b[r.
Similarly, if y € X and b <g y, then (a,y) <gpo (a,b), so (a,y) € RU R.
If (a,y) € R, then b <p y <g a, and (b,a) € R, a contradiction. Hence
(a,y) € R, i.e. a <p y. Moreover a # y since b € a. Hence y € ]a, . |g,
thus b, . [r C ]a, . [r}, and Condition 5.2 holds.

Conversely, if (a,b) ¢ RU R, and if Condition 5.2 holds, suppose that
(z,y) € X x X and (z,y) <go (a,b), ie. ® <gpaand b <py. If z # a,
then z € |.,a[r C ].,b[r, hence x <p b <g y, thus (z,y) € R. Similarly if
b#y,theny €1b, .[r C Ja, .|[r, hence z <g a <gp y, and (z,y) € R. Hence
if (z,y) <gp® (a,b), then (z,y) € R C RUR®, so (a,b) is a minimal element
of (X x X) — (RU R®) for the relation R, 0

This motivates the following notation:

5.3. Notation : Let R € ). Set

Er={(a,b) € (X xX)—(RURP) H.,a[R C].,b[r and]b, .[gr C la, .[r} -

5.4. Theorem : Let R be an order on X.

1. If there ezists (a,b) € Er such that (b,a) ¢ Er, then |R, .[q is con-
tractible.

2. Otherwise Eg = (ER), and Er = AU ER is an equivalence relation
on X, which can be defined by

) =1.,0
,b cE, & ] 7a[R ] s VIR
i e b e {1
If Xy,..., X, are the equivalence classes for this relation, let Q; = Qyx,

and A; = Ax,, fori € {1,...,r}. Then there is a homotopy equivalence

12

IR, . [a=]A1, [0, *]Q2, [, * ... x]A,, . [o

r )

where P x Q) in the right hand side denotes the join of two posets P
and Q (cf. [4] Proposition 1.9).

Proof : If (a,b) € &g, then (a,b) is a minimal element of (X x X)—(RUR)
for the relation R®, by Lemma 5.1. It follows from Lemma 3.4 that the



relation S = R {(a,b)} is an order on X. The poset [S, . [ has a smallest
element S, hence it is a contractible subposet of |R, . [qo.
Let i : [S, .[q—=|R, . [q denote the inclusion map. For T' €]R, .[q, the
poset
ir={U€clS, .[a|UDT}

is equal to the set of order relations containing SUT. If SUT is an order,
i.e. if it is antisymmetric, then i7 has a smallest element S UT. Otherwise
1 18 empty.
Let
As ={T €]R, .[o | SUT is antisymmetric} .

In particular Ag D [S, . [q, and the inclusion i : [, . [o~ Ag is a homotopy
equivalence ([4], Proposition 1.6). Hence Ag is contractible.

Now it is easy to check that SUT = {(a,b)} UT is antisymmetric if and
only if (b,a) ¢ T.

Let

(As). ={T € Ag|].,T[as is not contractible} .

Then by standard results (e.g. [2] or [1], Proposition 6.6.5), if B is any poset
with (Ag). € B C Ag, the inclusion B < Ag is a homotopy equivalence.
Now |.,T[4s=]R,T[q, for any T € Ag. Let

B={T€]R, .[o|(ba) ¢ T and ®(T) C R} .

Then (Ag). € B C Ag by Theorem 4.1, thus B is contractible.

Let T €]R, . [q such that ®(T) C R. If (b,a) € T, then RU{(b,a)} C T
is an order, by Theorem 4.1. By Lemma 3.4, the pair (b,a) is a minimal
element of (X x X) — (RU R) for the relation R®. Hence (b,a) € &g, by
Lemma 5.1.

Hence if there exist (a,b) € Eg such that (b, a) ¢ Eg, then (IR, .[q), = B
is contractible, which proves Assertion 1.

Otherwise £ C €, hence Ep = £, and

Er={(a,b) € (X x X) = (RUR®?)| ].,a[g=].,b[r and ]a, . [r=]b, . [r} -

Then Er = A U &R is an equivalence relation: it is obviously reflexive
and symmetric. To show that it is transitive, it suffices to show that if
(a,b),(b,c) € Eg, then (a,c¢) € Er. The assumption implies that | ., a[gp=
|.,b[r=].,c[r and la, . [r=]b, . [r=]c, . [r- If (a,¢) € R, then either a = ¢ or
a €].,c[g. In the latter case a €].,a[g, a contradiction. Thus a = ¢. Now
if (a,c¢) € R?, then ¢ <p a. Thus again if a # ¢, then ¢ €].,a[g=].,[r, a
contradiction. In both cases a = ¢. Thus either a = ¢, or (a,c) ¢ RU R,
and then (a,c) € Eg. Hence Ey is transitive, so it is an equivalence relation.
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Let X1,..., X, be the equivalence classes of Er. If T is an order contain-
ing R, for each i € {1,...,7}, denote by T}; the restriction of T to X, i.e.
T; = TN(X; xX;). Then T}; is an order on X;, in other words T}; € ; = Qx,.
Let

P = [Al, . [le[AQ’ . [QQX oo X [Ar, . [Q

T

denote the product poset. The map
e:[R, . .[a— P

defined by e(T") = (T}, ..., T},) is a map of posets.

Claim: Let (T3,...,7,) € P. Then S = RUTyU...UT, is an order
on X.

Indeed S is clearly reflexive. It is also antisymmetric: if (a,b) € S NS,
then we can assume that:

e cither (a,b) € RN R, and then a = b, since R is antisymmetric.

e or (a,b) € R and (b,a) € T, — R, for some i € {1,...,r}. Then a # b,
thus (b,a) € &g, hence |.,a[r =].,b[r, and a € |.,b[r = ].,a[r, a
contradiction.

e or (a,b) € T;— R (thus a # b) and (b,a) € T}, for some 4,5 € {1,...,7}.
In particular (a,b) € Eg, so a and b are in the same equivalence class
for Eg, hence i = j. But then (a,b) € T, N T/”, thus a = b since T; is
antisymmetric. This is again a contradiction.

Hence S is antisymmetric. It is also transitive, for if (a,b) € S — A and

(b,c) € S — A, then:
e cither (a,b) € R and (b,c) € R, then (a,c¢) € R C S, since R is

transitive.
e or (a,b) € R— A and (b,c) € T; — R, for some i € {1,...,7}. Then
a<pb,thusa €].,b[r =].,¢c[g, and then (a,c) € R C S.

e or (a,b) € T, — R and (b,c) € R— A, for some i € {1,...,r}. Then
b<grec, ie c€lb, ., [r=la, .,[r, hence (a,c) € RC S.

o or (a,b) € T, — R and (b,c) € T; — R, for some i,j € {1,...,r}. Then
(a,b) € Eg and (b,c) € &g, and a,b,c are in the same equivalence
class for Er. Hence ¢ = j, thus a <p, b <, ¢, thus a <p, ¢, and
(a,c) €T, C S.

This completes the proof of the above claim.
Now let
f:P =R, .|a



be the map defined by f(71,...,7,) = RUT, U...UT,. It is clearly a map
of posets.
Moreover for any T € [R, . [q

fe(T)=RUTU...UT, CT .
Conversely, for any (71,...,T,) € P
ef(Th,....T,)=e(RUT1U...UT,) = (17,...,T}) ,

where 7] = (RUT1U. . .UT,)N(X;xX;) D T;, forany i € {1,...,k}. Actually
T! = T;, since RN (X; x X;) = A; : indeed RN (X; x X;) € RN Eg = A.
Hence ef is the identity map of the poset P. This also shows that e(R) =
(Aq, ... A,

Conversely, suppose that T' € [R, . [q is such that e(T) = (Ay, ..., A,).
Then Tj; = A, for each i € {1,...,r}. f T'# R, let (a,b) € T — R, minimal
for the relation R®. Then a # b, and (b,a) ¢ R, since R C T and T is
antisymmetric. Hence (a, b) is also a minimal element of (X x X)—(RUR),
thus (a,b) € Eg. It follows that (a,b) € T; for some i € {1,...,7}. Asa # b,
this contradicts the assumption 7j; = A;. Hence T' = R.

Finally, let (T3,...,T,) € P such that f(73,...,T,) = R. It follows that
(Ty,...,T,)=ef(Th,...,T,) = e(R) = (Ay,..., A,).

Now the maps e and f restrict to maps of posets

IR, .[Qé (1AL [ x[Ag, [ x - X [Ar, a,) = {(A1, ..., A}
such that fe C

I
equivalences ([4] 1
poset

d and ef = Id. Hence e and f are inverse homotopy
.3). This completes the proof of the Theorem, since the

([Al, . [91X[A2, . [QQX oo X [AT, . [Qr) — {(Al, .. .,Ar)}

is homotopic to the join |Aq, . [, *|Ag, . [, * ... *]A,, . [q., by [4] Proposi-
tion 1.9. 0

5.5. Theorem : Let X be a set of cardinalityn. Then the poset Qx —{Ax}
of mon trivial orders on X has the homotopy type of a sphere of dimension
n—2.

Proof : Set Of = Q — {A} (where as above Q@ = Qx and A = Ax). If
R € QF then |., Rlg:=|A, R[q. If ®(R) # A, then ]A, R[q is contractible by
Theorem 4.1. It follows that the inclusion

B={Re | ®(R)=A} — O

10



is a homotopy equivalence.
Now saying that ®(R) = A is equivalent to saying that there is no chain
r<gpy<grzin X. If R€ B, let

R = {z€X|3yeX, z<py}
R+ = {yeX|E|x€X,x<Ry}
Ry = X—(R_URy) .

Define h(R) = RU (R_ x R;). Then h(R) is an order on X: it is obviously
reflexive, since if (a,b) € h(R) N h(R)°, then:
e cither (a,b) € R and (b,a) € R, hence a = b.
e or(a,b) € Rand (b,a) € R_xR,. Thenb € R_and a € R,. Moreover
a#b,and a <gb. Thus a € R_ and b € R,. This is a contradiction
since R_N R, =0.

e or (ba) € R and (a,b) € R_ x R,. The argument of the previous case
applies to the pair (b, a), and this gives a contradiction again.

e or (a,b) € R_ x Ry and (b,a) € R_ x R,. Again, since R_N R, =0,
this is a contradiction.
Finally if (a,b) € h(R) and (b,c) € h(R), then either a = b or b = ¢, so h(R)
is trivially transitive. It follows that h(R) € Q. Clearly R C h(R).
If RC S € B, then clearly R- C S_ and Ry C S, thus h(R) C h(95).
Moreover h(R)_ = R_ and h(R), = R,, thus h* = h. Tt follows that h
induces a homotopy equivalence

B h(B)={ReB|h(R)=R)}

inverse to the inclusion h(B) < B. Here h(B) is viewed as a subposet of B,
i.e. h(B) is ordered by inclusion.

Now if R € B and h(R) = R, then the pair 7(R) = (R_, R;) is a pair
(V,U) of disjoint non empty subsets of X. Conversely, such a pair (V,U)
yields an element w(V,U) of h(B) defined by w(V,U) = AU (V x U). The
maps 7 and w induce inverse isomorphisms of posets between h(B) and the
poset

Dy(X)={(V,U) |0 AV CX, 0AUCX, VNU=0},

ordered by the product order (V',U’) C (V,U) < V' CV and U’ C U (note
that if U and V' are disjoint non empty subsets of X, then U and V are
proper subsets of X).
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Let D1(X) denote the set of non empty proper subsets of X, ordered by
inclusion. The projection map ¢ : Do(X) — D;(X) defined by ¢g(V,U) = U
is a map of posets. Moreover for W € D;(X)

gw = {(V,U) € Do(X) [ g(V,U) 2 W} = {(V,U) € Dy(X) [U 2 W}

is contractible via the maps (V,U) — (V,W) C (X — W, W). It follows that
g is a homotopy equivalence ([4], Proposition 1.6). Hence the posets Qf and
D;(X) are homotopy equivalent.

This completes the proof, since if X has cardinality n, then D;(X) has
the homotopy type of a sphere of dimension n — 2. 0

5.6. Corollary : Let R be an order on X. Then:
1. if Egp # EF, the poset |R, .[q is contractible.

2. if Ep = EF, then Er = AU ER is an equivalence relation on X. The
poset |R, . [q is homotopy equivalent to a sphere of dimensionn—r—1,
where r is the number of equivalence classes of Eg.

Proof : Assertion 1 follows from Theorem 5.4. For Assertion 2, by Theo-
rem 5.4, there is a homotopy equivalence

]R, .[Qg]A17 . [Ql *]AQ, . [QQ* *]Ar, [Q

r )

where §2; = Qy, is the poset of posets on the equivalence class X; of X for
the relation Eg.

By Theorem 5.5, each poset |A;, . [, has the homotopy type of a sphere of
dimension | X;|—2. Since for d, e € N, the join S%x S¢ is homotopy equivalent
to S¥e*l (where S? denotes a sphere of dimension d), it follows that | R, . [q
has the homotopy type of a sphere of dimension

(X1 =2)+ (1 Xo| = 2) . A (X =2 4r—1=n—2r+r—1l=n—r—1,

as was to be shown. 0
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