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Reliability Estimation by ALT when no
Analytical Model Holds
P. Lantiéri,a∗† F. Guérinb and R. Hamblic

This paper presents an accelerated life testing method applicable to devices or systems when no analytical relationship
with respect to the stress level can be defined. If a numerical approach remains possible, the numerical model can be
fitted to the accelerated test results. Thus, long-term failures can be predicted from short tests. This method is carried
out in the case of fatigue, the evolution of the damage leading to the failure having to be modeled by a numerical
finite element method. Copyright © 2010 John Wiley & Sons, Ltd.
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1. Introduction

The evolution of industrial competition requires estimating the reliability levels at normal operating condition as quickly as
possible. These estimations may be obtained from accelerated life test (ALT). It consists of testing a sample at stress levels
(S1, S2,. . .) higher than the normal one S0 and extrapolating the lifetime distribution obtained at the normal level (Figure 1).

A so-called acceleration model defines a specific lifetime � with respect to the stress level S. For basic components, the lifetime
of any unit at a given stress level often follows a Weibull or lognormal distribution with a constant shape parameter for any
level S and the acceleration model is log-linear1, 2, that is:

�(S)=e�T·Z(S) (1)

where Z(S) is a basis of known functions of S and T denotes the transposition operator.
These models are not suitable for complex devices but other researchers have extended ALT methods to these products3--6.
The method presented in this paper consists of fitting a numerical model to experimental specific lifetimes from ALT. As the

usual iterating methods to minimize the fitting error are not easily applicable for numerical models, we suggest approximating
this error by a polynomial function of the second degree.

This approximation can be obtained from discrete estimates of the error for several lists of parameter values. To do this, it
may be appropriate to define a central composite design (CCD) in the sharpest possible domain. Then, the model can be fitted
by minimizing the approximating function.

2. Fitting of the acceleration model

2.1. Inverse method used

Let us consider a vector � of p parameters for the acceleration model and the corresponding list of specific lifetimes �(Si).
In a direct problem, � would be known and the times �(Si) would have to be estimated. Let us note F the corresponding

operator. Even without any analytic expression of F, it may be defined by an iterative process.
In an inverse problem, the experimental values of �(Si) are given and the corresponding components of � have to be estimated.

If the operator F is bijective and if the experimental data are precise, one only has to calculate the inverse F−1 (Figure 2).
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Figure 1. Lifetime estimation with ALT

Figure 2. Direct and inverse problems

However, the list of data may include noise and the number of experimental values �exp(Si) may be different from the number
of parameters. Then, � can be estimated by solving the optimization problem:

�(�̂) = Min
�∈Rp

�(�)

�(�) = ∥∥F(�)−�exp(SALT )
∥∥ (2)

where p is the number of parameters for the acceleration model and where Rp denotes all the lists of p reals.
The algorithm used to estimate the model’s parameters is illustrated in Appendix A and detailed in the following.

2.2. Minimization of the error �

For analytic expressions of �, the previous problem can be solved by several processes, such as the Newton or Gradient methods.
However, these methods are difficult to apply for numerical models.

To face this problem, � may be approximated by a polynomial regression �̃ of a list {(�(k),�(�(k))), k ∈ [1, K]}, where K is an
integer greater than the length of the polynomial, the vectors �(k) are chosen in a domain D� of possible values for �.

To ensure one single minimum, �̃ should be a polynomial function of the second degree.

D� can be centered at a prior estimate �̂
pr

of the vector �, from bibliography or previous tests on similar products. The

bounds may be defined from the uncertainties ��i on the prior estimates �̂
pr
i .

To obtain a quadratic response surface, the list of points �(k) must be defined according to a Box–Wilson CCD7 in D�. If

normalized variables �∗
i = (�i −�∗

i ) / ��i are used, the CCD is defined by the points �(k) located at:

• the corners of the hypercube [−1, 1]p,
• its center 0Rp ,
• 2p star points located on the natural axes of Rp at the values +� and −�, with �=2p/4 to ensure the isovariance of the

design of experiments (DoE) by rotation.



For any �(k), the list of specific lifetimes’estimates �̂(SALT ) can be obtained by the numerical model, and the fitting errors
yk =�(�(k)) can be calculated. Then, the list of coefficients � of the polynomial function �̃ is estimated by solving the inconsistent
system of equations:

Y =� ·X (3)

where Y is the response vector with components yk and X is the matrix defined at any column k by:

Xk = [1 �(k)
1 �(k)

2 . . . (�(k)
1 )2 (�(k)

2 )2 . . . �(k)
1 �(k)

2 �(k)
1 �(k)

3 . . .]T (4)

It leads to the vector of coefficients’ estimates:

�̂= (XT ·X)−1 ·XT ·Y (5)

To eliminate the factors due to the random effects generated by the fitting method, an analysis of variance can be carried out
for each term of the polynomial function �̃7, 8. Thus, an second approximating polynomial function with coefficients significantly
different from zero (at a confidence level usually equal to 95%) can be defined. This process is repeated until all the coefficients
are proved to be significant.

The resulting polynomial function ˜̃� can be considered as a correct approximation of the error �, and thus, the solution of

the problem (3) can be approximated by minimizing ˜̃�(�). The estimate �̂ can be given by solving ∇ ˜̃�(�)=0 for example.

2.3. Goodness-of-fit of the numerical model defined

To verify the goodness-of-fit of the solution �̂, the assumption �(�̂)=0 must be tested by a one-sided test (for a given risk �).
For a constant standard deviation � at any level Si and if � denotes a mean, the central limit theorem states that all the terms of
�(�)2 / �2 are (asymptotically) squares of normal standard variables. Thus, by definition, this sum follows a �2 distribution with l
degrees of freedom, even if the number of levels l is low.

Then, if (�(�̂)2 / �2)<�2
1−�,l , it means that the fitting error is not significant and the numerical model defined with �̂ cannot be

rejected. Otherwise, the model defined with �̂ must be rejected and another polynomial function ˜̃� has to be defined to obtain
another estimate of � in the same way.

3. Application to fatigue ALT on paper clips

3.1. Experiment

From torsion fatigue tests with an opening angle � successively equal to 90◦ and 180◦, a lifetime distribution can be predicted for
a normal opening angle �=45◦ (Figures 3–5). As � is the parameter leading to the acceleration of failures, it can be considered
as the stress S defined in Figure 1. As the opening frequency is constant, the lifetime of any unit is given by the number of
cycles to failure n and � can be the median fatigue lifetime. It means that the ALT is defined for the levels S1 =90◦, S2 =180◦
and � has to be estimated at the level S0 =45◦ by a fitted finite element model (FEM).

For any level Si (i∈ [0, 2]), the experimental lifetimes obtained are given in Appendix C (only their integer parts, knowing that
the experimental conditions are very approximative).

Figure 3. Paper clip (initial state)

Figure 4. Opening angle �



Figure 5. The 3 levels

3.2. Definition of the model

In the case of fatigue, the most significant and simple data available to define the acceleration model are the median fatigue
lifetimes N(Si). It could be defined with respect to � by an inverse power law, but for such a complex case, this model would
be very inaccurate. An alternative method consists of using a damaging model. For a constant strain amplitude, the damage
increases from a given increment at each cycle and it can be assumed that the failure occurs as soon as the damage equals to 1.
Thus, for any level Si :

N̂(Si)=
1

D̂max
(6)

where D̂max is the maximum damage in the paper clip estimated by FEM for one cycle.
To estimate the damages, the paper clip has been meshed into 5222 3D-elements, the nodes of the central part AB (Figure 4)

have been assumed motionless and, for each level, the cycle has been divided into Nt =120 rotations on one side with an angle
� / Nt , with 2Nt other rotations in the other direction and with Nt new rotations to go back to the initial position.

Let us note that 	(j, nt) and �(j, nt) are the strain and stress tensors at the node j and at the time increment nt , 	pl(j, nt) the
plastic part of the whole strain 	(j, nt), �eq(j, nt) the Von Mises equivalent stress at the node j and at the time increment nt , 	eq(j, nt)
the equivalent strain at the node j and at the time increment nt , Cel the Hooke elastic operator, �0 the yield stress (obtained by
a tensile test), and K and m the parameters of the non linear hardening law, where the equivalent strain and stress are defined

by
√∑


2
i , the 
i denoting the eigenvalues of these tensors, the so-called hardening law states that the increase of � due to a

plastic strain 	pl is given by ��=K	m
pl .

The damage at any point j is given by Bathias and Baïlon9:

D(j)=D1(j)+D2(j) (7)

where

• D1(j)=�1 ·	pl(j) is the damage due to cyclic hardening at the node j,

• D2(j)=	pl(j)�3 / �2 is the low cycle fatigue damage at the node j,

{�i , i∈ [1, p]} being the list of the model’s parameters to estimate.
Moreover, as the distribution of fatigue lifetime is lognormal (with the same standard deviation at any level), the specific

parameter � should be log(N).
Then, the direct problem illustrated in Figure 2 can be defined with:

• �={�1,�2,�3}T,
• �exp(SALT )={�exp(90◦),�exp(180◦)}
The operator F mentioned in Figure 2 is defined by the following process10--12:

• Initialization of the FEM (nt =0): paper clip closed. At any point j of the mesh: 	(j, nt)=�(j, nt)= [0] and D(j)=D1(j)=D2(j)=0.
• At the end of any opening or closing increment, 	(j, nt) is estimated13--15 for any j. It leads to a prediction of �eq(j, nt) based

on a purely elastic strain assumption:

�∗(j, nt)= (1−D) Cel[	(j, nt)−	pl(j, nt −1)] (8)

• At any point j, the Von Mises yield function, f =�eq(j, nt)−(1−D)(�0 +K	pl(j, nt)), is calculated under the elasticity assumption,
that is with �eq =�∗.

If f�0, the elasticity assumption is acceptable and �(j, nt)=�∗(j, nt).
Otherwise, a plastic correction is given.

• D1(j), D2(j) and D(j) are modified for every nodes and the process goes back to step 2 (until the opening/closing cycle is
ended)

• Then, the maximum damage within every nodes and Relationship (6) lead to the estimate �̂(Si) for the opening angle Si
chosen.

If this process is carried out for any level Si defining the ALT, any vector of parameters � leads to a list of estimations �̂(SALT ),
which defines the operator F.



For the inverse problem, the process detailed in Section 3 leads to �̂, estimated from the ALT results as follows:

• ALT results given in Appendix B lead to Nexp(SALT )={7.2, 2.12}.
• Tests on similar products lead to:

�̂
pr ={0.5, 2.45, 0.55}T with the vector of accuracy levels

��={80%×0.5, 50%×2.45, 50%×0.55}T.

• A CCD is defined in D� for the normalized parameters, �∗
i = (�i − �̂

pr
i ) / ��i , i∈ [1, p].

The corresponding 15 points �(k), the resulting estimations �̂(�(k)) obtained with ABAQUS and the fitting errors yk =�(�(k))
are given in Appendix C.

• The regression on the list {(�∗(k), yk), k ∈ [1, 15]} leads, with a determination parameter R2 =0.94, to the approximation of
the error:

�̃(�) = 1.28+0.23�∗
1 −0.43�∗

2 −3.02�∗
3 +0.14(�∗

1)2 +0.087(�∗
2)2

+2.79(�∗
3)2 −0.018�∗

1.�∗
2 −0.586�∗

1.�∗
3 +0.077�∗

2�∗
3 (9)

• Student tests prove that the four terms in �∗
1, (�∗

1)2, �∗
1 ·�∗

2 and �∗
2 ·�∗

3 are not significant.

• As the elimination of the term in (�∗
1)2 does not ensure a minimum anymore, it is kept in a first time. The other three are

eliminated. In this new basis, the polynomial fit is defined, with a determination parameter slightly different (R2 =0.92), by:

˜̃�(�)=1.35−0.43�∗
2 −3.09�∗

3 +0.26(�∗
1)2 +0.09(�∗

2)2 +2.97(�∗
3)2 −0.46�∗

1�∗
3 (10)

• A conjugate gradient method leads to the minimum of ˜̃� for the parameters’ values, �̂1 = 0.49, �̂2 = 2.39 and �̂3 = 0.56.
• With these estimates, the process defined for the direct problem leads to �̂(SALT )={2.10, 0.83}, whereas the experimental

values are 1.70 and 1.34. A length of 50 paper clips is high enough to assume that the mean estimates follow normal
distributions. The constant standard deviation16 can be estimated at ŝ=0.30. It can be seen that

∑(
�̂(Si)−�exp(Si)

ŝ

)2

=4.56

whereas �2
2,0.05 =5.99.

It shows that these errors are not significant at a risk �=5%.

Then, the numerical model can be assumed fitted. The process detailed for the direct problem leads to the damages and the
deformed shape shown in Figure 6. It leads to: �̂F (S0)=2.43, that is e2.43 =11.4 cycles.

Figure 6. Damage after 1 opening cycle
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Figure 7. Experimental and estimated survivor functions

The estimate obtained from ALT can be verified by experiment. Tests on 50 paper clips with a normal opening angle have led
to a mean of 11.8 cycles (Appendix B), that is to �exp(S0)=2.41, whereas the inverse power model would have led to �̂(S0)=2.06,
that is to a mean fatigue life of 10.7 cycles.

It can be seen in Figure 7 that, at a risk �=5%, the inverse power model would not have led to a lognormal distribution
consistent with the empirical one, whereas the estimation obtained by FEM is acceptable, the empirical survival function and its
bounds being estimated by the Kaplan Meier method.

4. Conclusion and work-in-progress

By calculating the materials’ parameters so that the fatigue lifetimes estimated by FEM fit the ALT results, it is possible to quickly
predict for any component or device a long-term reliability.

A numerical DoE has to be defined and the errors with experimental results obtained for the different points of the DoE have
to be fitted by a polynomial function. It leads to fit the FEM by minimizing this polynomial.

The process has been illustrated for fatigue on paper clips but it would be worth using it for other fatigue mechanisms,
eventually coupled with other kinds of damage (wear, corrosion, thermal fatigue, etc.), on whole mechanical devices. To do this,
the optimization process used to minimize the error could be improved.
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Notations

� vector of parameters for the acceleration model
p number of parameters for the acceleration model
l number of stress levels for the ALT
Si stress levels for the ALT (i∈ [1, l])
SALT list of the stress levels Si defined for the ALT
�(S): specific lifetime of the tested product at the constant stress level S
�exp(S) experimental value of �(S)
�̂(S) estimate of �(S) from the current numerical model
�̂F (S) estimate of �(S) from the fitted numerical model
�(�) fitting error between the experimental values of �(Si) and their estimates from the numerical model

(�(�)= [
∑

Si∈SALT
(�exp(Si)− �̂(Si))

2]1/2)

�̃(�) polynomial of the second degree approximating the error � (in a least-square sense)
˜̃�(�) simplified polynomial approximating the error after elimination of non significant terms of �̃(�)

Appendix A: Algorithm of the method



Appendix B: Experimental lifetimes for a=90◦, 180◦ and 45◦ (normal level)

nj (45◦) nj (90◦) nj (180◦) nj (45◦) nj (90◦) nj (180◦)

5 3 2 12 7 5
5 4 2 12 7 5
6 4 2 12 7 5
6 4 2 13 7 5
6 4 2 13 7 6
7 5 4 13 8 6
7 5 4 14 8 6
8 5 4 14 8 6
8 5 4 14 8 6
8 5 4 14 8 6
8 5 4 15 8 6
8 6 4 15 8 6
9 6 4 15 8 6
9 6 4 15 8 6
9 6 4 15 9 6
9 6 4 16 9 6
9 6 4 16 9 6
9 6 4 17 10 7
9 6 5 18 11 7
10 6 5 18 11 7
10 6 5 18 12 7
10 6 5 18 11 7
11 6 5 21 13 8
11 7 5 23 13 8
11 7 5
11 7 5

Appendix C: Median lifetimes estimated by FEM and fitting errors

In the case of the test on the paper clips, the fitting error is given for any point (k) of the DoE, by:

�(�(k))= [(�exp(S1)− �̂(k)(S1))2 +(�exp(S2)− �̂(k)(S2))2]1/2 (C1)

where � denotes log(N), N being the median lifetime and N̂(k)(Si) its estimate by FEM at the level Si for the list of parameters �(k),
and with �exp(S1)= log(7.2) and �exp(S2)= log(2.12).

It leads to the following table.

Level S1 Level S2

k �∗(k) �(k) D(%) N(S1) D(%) N(S1) �(�(k)) Approximations �(�(k))

1 (−1,−1,−1) (0.26, 1.7, 0.4) 14.2 7.02 53.4 1.87 0.11 0.09
2 (−1,−1, 1) (0.26, 1.7, 0.7) 13.4 7.45 42.3 2.36 0.1 0.1
3 (−1, 1,−1) (0.26, 3.2, 0.4) 14.2 7.04 54.8 1.82 0.13 0.12
4 (−1, 1, 1) (0.26, 3.2, 0.7) 13.3 7.5 41.0 2.44 0.17 0.16
5 (1,−1,−1) (0.74, 1.7, 0.4) 14.4 6.95 53.5 1.87 0.16 0.14
6 (1,−1, 1) (0.74, 1.7, 0.7) 13.6 7.36 42.4 2.36 0.07 0.06
7 (1, 1,−1) (0.74, 3.2, 0.4) 14.4 6.96 54.9 1.82 0.17 0.16
8 (1,1,1) (0.74, 3.2, 0.7) 13.4 7.45 41.9 2.38 0.11 0.12
9 (0,0,0) (0.5, 2.45, 0.55) 13.8 7.23 45.8 2.18 0.00 0.00
10 (−d, 0, 0) (0.1, 2.45, 0.55) 13.7 7.29 45.8 2.19 0.01 0.02
11 (d,0,0) (0.9, 2.45, 0.55) 14.0 7.16 45.9 2.18 0.01 0.02
12 (0,−d, 0) (0.5, 1.2, 0.55) 13.5 7.41 42.4 2.36 0.08 0.1
13 (0,d,0) (0.5, 3.7, 0.55) 14.5 6.9 51.8 1.93 0.16 0.17
14 (0, 0,−d) (0.5, 2.45, 0.8) 14.3 6.97 54.4 1.84 0.16 0.19
15 (0,0,d) (0.5, 2.45, 0.3) 13.3 7.49 40.9 2.45 0.16 0.16
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