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FROBENIUS VECTORS, HILBERT SERIES AND GLUINGS

A. ASSI, P. A. GARCIA-SANCHEZ, AND I. OJEDA

ABSTRACT. Let S1 and S3 be two affine semigroups and let S be the gluing of S1 and S2. Several invariants
of S are then related to those of S; and S2; we review some of the most important properties preserved
under gluings. The aim of this paper is to prove that this is the case for the Frobenius vector and the
Hilbert series. Applications to complete intersection affine semigroups are also given.

1. ON GLUINS OF AFFINE SEMIGROUPS

In this section we take a quick tour summarizing some of the more relevant results on the gluing of
affine semigroups. We also introduce concepts and notations that will be used later on in the paper.

An affine semigroup S is finitely generated submonoid of Z™ for some positive integer m. If SN(—S) =
0, that is to say S is reduced, it can be shown that it has a unique minimal system of generators (see
for instance [24, Chapter 3]). The cardinality of the minimal generating system of S is known as the
embedding dimension of S. Recall that each reduced affine semigroup can be embedded into N for some
m. In the following we will assume that our affine semigroups are submonoids of N,

Given an affine semigroup S C N denote by G(S) the group spanned by S, that is,

G(S)={ze€Z"|z=a—b,abec S5}

Let A be the minimal generating system of S, and A = A; U Ay be a nontrivial partition of A. Let
Si; = (A;) (the monoid generated by A;), ¢ € {1,2}. Then S = S; + S5. We say that S is the gluing of S;
and So by d if

e d e 51 NSy and,
e G(S1) NG(Sy) =dZ.
We will denote this fact by S = 57 +4q 59.

There are several properties that are preserved under gluings, and also some invariants of a gluing
S1 44 S2 can be computed by knowing their values in S; and S;. We summarize some of them next.

Assume that A = {ay,...,a;}. The monoid homomorphism ¢ : N¥ — S induced by e; — a;, i €
{1,...,k} is an epimorphism (where e; is the ith row of the k x k identity matrix). Thus S is isomorphic
as a monoid to N* / ker ¢, where ker ¢ is the kernel congruence of ¢, that is, the set of pairs (a,b) € N k Nk
with p(a) = ¢(b). A presentation of S is a system of generators of ker p. A minimal presentation is a
presentation such that none of its proper subsets is a presentation. All minimal presentations have the
same (finite) cardinality (see for instance [24, Corollary 9.5]). Suppose that S = S; 44 S2, with S; = (4;),
i € {1,2} and A = A; U Ay a nontrivial partition of A. We may assume without loss of generality
that Ay = {ay,...,a;} and A2 = {aj41,...,a,}. According to [21, Theorem 1.4], if we know minimal
presentations p; and ps of S7 and So, respectively, then

p=p1UpaU{(a,b)}
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2 A. ASSI, P. A. GARCIA-SANCHEZ, AND 1. OJEDA

is a minimal presentation of S, for every (a,b) € N¥ x N*¥ with o(a) = ¢(b), the first I coordinates of b
equal to zero and the last k — [ coordinates of a equal to zero (actually, [21, Theorem 1.4] asserts that
this characterizes that S = S1 +4 S2).

For an affine semigroup S define Betti(S) as the set of s € S for which there exists a,b € ¢~1(s) such
that (a,b) belongs to a minimal presentation of S. Theorem 10 in [14] states that

Betti(51 “+d 52) = Betti(Sl) U Betti(SQ) U {d}

Since several invariants as the catenary degree and the maximum of the delta sets depend on the Betti
elements of S ([9] and [8], respectively), the computation of these invariants for S; 4452 can be performed
once we know their values for Sp, Sy and d (see for instance [7, Corollary 4]).

Affine semigroups with a single Betti element can be characterized as a gluing of several copies of affine
semigroups with empty minimal presentation (and thus isomorphic to N’ for some positive integer t) along
this single Betti element ([15]).

We say that S is uniquely presented if for every two minimal presentations o and 7 and every (a, b) € o,
either (a,b) € 7 or (b,a) € 7, that is, there is a unique minimal presentation up to rearrangement of the
pairs of the minimal presentation. It is known ([14, Theorem 12]) that S +4 S2 is uniquely presented if
and only if S; and Sy are uniquely presented and +(d —a) ¢ Sy +4 .5 for every a € Betti(S7)UBetti(Ss).

It is well known that the cardinality of any minimal presentation of an affine semigroup is greater than
or equal to its embedding dimension minus the dimension of the vector space spanned by the semigroup.
An affine semigroup is a complete intersection affine semigroup if the cardinality of any of its minimal
presentations attains this lower bound. It can be shown that an affine semigroup is a complete intersection
if and only if it is either isomorphic to N’ for some positive integer t or it is the gluing of two complete
intersection affine semigroups ([12]). This result generalizes [22] which generalizes the classical result by
Delorme for numerical semigroups ([11]; actually the definition of gluing was inspired in that paper).

A numerical semigroup is a submonoid of N with finite complement in N. It is easy to see that every
numerical semigroup is finitely generated (see for instance [25, Chapter 1]) and thus every numerical
semigroup is an affine semigroup. Let S be a numerical semigroup. The largest integer not belonging to S
is known as its Frobenius number, F(S). By definition F(S)+1+N C S. This is why the integer F(S)+1
is known as the conductor of S. Delorme in [11] shows that the conductor of a numerical semigroup that
is a gluing, say S7 +4.592, can be computed in terms of the conductors of S1, Ss and d. Thus a formula for
the Frobenius number of a numerical semigroup that is a gluing is easily derived (this idea is exploited in
[4] to give a procedure to compute the set of all complete intersection numerical semigroups with given
Frobenius number). One of the aims of this paper is to generalize this formula for affine semigroups.

Let S be a numerical semigroup. An element g € Z\ S is a pseudo-Frobenius number if g+(5\{0}) C S.
In particular F(S) is always a pseudo-Frobenius number. The cardinality of the set of pseudo-Frobenius
numbers is known as the (Cohen-Macaulay) type of S, t(S). A numerical semigroup is symmetric if
its type is one (there are plenty of characterizations of this property, see for instance [25, Chapter 3]).
Delorme in his above mentioned paper [11] also proved that a numerical semigroup that is a gluing
S1 44 S92 is symmetric if and only if S; and Sy are symmetric. Nari in [19, Proposition 6.6] proved that
for a numerical semigroup of the form S; +4 So,

t(S1 +a S2) = t(51) t(S2)

(actually the definition of gluing for numerical semigroups is slightly different and we have to divide
S1 and Sy by their greatest common divisors in order to get S7 and Ss numerical semigroups; see the
paragraph after Theorem 15). This formula can be seen as a generalization of the fact that the gluing of
symmetric numerical semigroups is again symmetric, and it also shows that

e the gluing of pseudo-symmetric numerical semigroups (the only pseudo-Frobenius numbers are
the Frobenius number and its half) cannot be pseudo-symmetric,

e the gluing of two nonsymmetric almost symmetric numerical semigroup is not almost symmetric
(S is almost symmetric if the cardinality of N\ S equals (F(S) + t(5))/2).
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Let S be an affine semigroup, and let s € S\ {0}. The Apéry set of s in S is the set
Ap(S,s) ={xeS|x—s ¢S}

This set has in general infinitely many elements. If S is a numerical semigroup and s € S\ {0}, then
Ap(S, s) has exactly s elements (one for each congruent class modulo s). Let m be the least positive integer
belonging to S, which is known as the multiplicity of S, and assume that S is minimally generated by
{n1,...,np}, with ny < --- < ng. Clearly, ny = m and Ap(S,m) C {>F ,ami | a; < ciyi € {2,...,k}},
with o; = max{k € N | kn; € Ap(S,m)}. When the equality holds we say that the Apéry set of S is
a-rectangular. Theorem 2.3 in [10] shows that every numerical semigroup with a-rectangular Apéry set
other than N can be constructed by gluing a numerical semigroup with the same property and a copy of
N.

For a given affine semigroup S and a field K, the semigroup ring K[S] is defined as K[S] = @, 4 Kt*
with ¢ an indeterminate. Addition is performed componentwise and the product is calculated by using
distributive law and t5t% = 515" for all s,s’ € S. If S is a numerical semigroup, then K [S] is a subring
of KJt]. Recently ([13]), it has been shown that if for every relative I ideal of K[S;], i € {1,2} generated
by two monomials, I ®xis,) ~! has nontrivial torsion, then the same property holds for S 4455, solving
partly a conjecture stated by Huneke and Wiegand (see [13] for details; also the restriction of being
generated by just two elements can be removed if we take Sy as a copy of N).

If S is a numerical semigroup minimally generated by {ni,...,ng}, then m = (¢, ... ") is the
unique maximal ideal of the power series ring R = K[[t"!,...,t"]] = K][S]]. The Hilbert function of the
associated graded ring gry,(R) = @, cym"/m™ ! is defined as n — dimg (m”/m™*!). In [2] it is shown
that if the Hilbert functions of the associated graded rings of K[[S1]] and K[[S2]] are nondecreasing, then
so is the Hilbert function of the associated graded ring of K[[S1 +4 S2]] when the gluing is a “nice” gluing
(see [2, Theorem 2.6] for details; this nice gluing has been also exploited in [16]).

Lately, for T' = (any, ang, ang,any) 445 (b), Barucci and Froberg have been able to compute the Betti
numbers of the free resolution of K[T] in terms of that of K[S], with S = (ny,ng,ns,n4) ([5]).

2. GLUINGS AND CONES

Given an affine semigroup S C N™, denote by cone(S) the cone spanned by S, that is,
cone(S) = {qa | ¢ € Q>p,a € S}.

Observe that cone(S) is pointed (the only subspace included in it is {0}), because S is reduced.
Clearly, if A is finite and generates S, then

G(S) = {Z Zad | za € Z for all a} and cone(S) = {Z gad | ga € Q> for all a} .

acA acA
We will write aff(S) for the affine span of S, that is,
aff(9) = G(5) ®z Q.
As usual we use the notation
(A) :{Znaa]naENfor alla € A}
acA

(all sums are finite, that is, if A has infinitely many elements, all but a finite number of z,, ga and n, are
zZ€ero).
Lemma 1. Letry,..., v, vi1q and x € cone(N™)\{0}, for some positive integers m and k. If cone(ry,...,ry) =
cone(ry,...,rg,rer1), then the following conditions are equivalent:

(1) There ezist qq,...qr € Qso such that x = qir1 + - - - + qrr.
(2) There exist ¢, ..., q, 1, € Qso such that © = ¢jr1 + - + qrp + @ Thi1-
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Proof. Observe that from the hypothesis, ry+1 € cone(ry,...,r;), and thus there exists ¢1,...,t; € Q>
such that ryp 1 = tirq + - - + txrr. From this it easily follows (2) implies (1).

Assume that there exist ¢q,...qr € Qs such that x = ¢ir; + --- + qxrr. Let N € N be such that
for all i € {1,...,k}, t;/N < ¢; (this is possible since ¢; > 0 for all 7). Take ¢} = ¢; — t;/N (which is a
positive rational number) for all ¢+ € {1,...,k}, and ¢, = 1/N. Then ¢iry + --- + q;r + ¢ 1 Thy1 =
qir1 + -+ qerk — 1/Nrgq + 1/Nrg = x.

Given ry,...,r; € cone(N™) \ {0}, we define the relative interior of cone(ry,...,ry) by

relint(cone(ry, ..., 1)) = {qlrl + @tk | g1y, € Q>o}.

Observe that the relative interior of a cone C'is the topological interior of C' in its affine span, aff (rq, ..., rg),
with the subspace topology.
For A C N™ we say that F'is a face of cone(A) if F' # () and there exists ¢ € Q™ \ {0} such that
o ['={x € cone(A4) | c-x =0} and
e c-y >0 for all y € cone(4).
An element a € A is an extremal ray of cone(A) if Q>pa is a one dimensional face of cone(A).
Now, according to Lemma 1, if A is the minimal system of generators of an affine semigroup S C N,
then we can say that x € relint(cone(S)) if and only if x € relint(cone(A)), even if A contains elements
that are not extremal rays. We get also the following consequence.

Proposition 2. Let A be a nonempty subset of N, with m a positive integer. Assume that A = A1U Ay
is a nontrivial partition of A. Then relint(cone(A)) = relint(cone(A;)) + relint(cone(Asz)).

Proof. Obviously, if x; € relint(cone(4;)), i € {1,2}, then x; + xo € relint(cone(A)). Now, consider
x € relint(cone(A)). Without loss of generality we may assume that x = > 4 gaa with ga € Q. Thus,
by taking x; = ZaeAi @aa, we are done. O

Notice that if S is the gluing of S7 and Sy by d, then
d & relint(cone(S)) implies d ¢ relint(cone(S1)) N relint(cone(Sz2)).
Otherwise, we may take x; = (1/2)d, i € {1,2}.

Proposition 3. Let A be a nonempty subset of N, with m a positive integer. Assume that A = A1 U Aqy
is a nontrivial partition of A. Let F be a face of cone(A). Then every x € F' can be expressed as x1 + Xo
with x; in a face of cone(A4;), i € {1,2}.

Proof. Let x € F. Then there exists ¢ € Q™\{0} such that c-x = 0 and ¢y > 0 for all y € cone(A). Notice
that cone(A) = cone(A1) 4 cone(As). Hence there exists x; € cone(4;), i € {1,2} such that x = x3 + xo.
As cone(A4;) C cone(A), c-y; >0, for i € {1,2} and all y; € cone(A;). Hence 0 =c-x =c-x; + ¢ Xy
forces ¢ - x; = ¢ - x2 = 0. We conclude that x; is in the face {x € Q" | ¢-x = 0} N cone(A4;) of cone(A;),
i€ {1,2}. O

We end this section by giving an affine-geometric characterization of gluings.
Proposition 4. Let S be an affine semigroup and d € N™\ {0}. If S = S1 +4 S2 then
cone(S7) N cone(S2) = dQ>o.

Proof. By definition, d € S1 NSy and, clearly, dQ>¢ C cone(S1) N cone(Sy). If d’ € cone(S1) N cone(Ss),
then d’ = f—:al = f—jag, with 21, 29, t1,t2 € N, and a; € S;, 7 € {1,2}. Hence, titod’ € G(S1)NG(S2) = dZ,
that is, d’ € dQ>o. O

The above result may be also obtained as a consequence of [17, Lemma 4.2].
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Observe that the inverse statement is not true as the following simple example shows. Let S be
semigroup generated by the columns of the matrix

4 3 213 10
A= < 0 1 2 ‘ 3 3 4 )
and let S; and Sy be the semigroups generated by the three first and the three last columns of A,
repectively. In this case, d := (6,6)" € S; NSy and cone(S;) N cone(Sy) = dQsp. However, S; and

Sy cannot be glued by d because G(S7) N G(S2) has rank 2; indeed, 3(2,2) = 2(3,3) and (0,4) =
—2(4,0) +2(3,1) + (2,2).

Corollary 5. Let S be an affine semigroup minimally generated by A. Let A = Ay U Ay be a nontrivial
partition of A, and let S; = (A;), i € {1,2}. Set V = aff(S1) Naff(S2). Then, S = S1 +4 Sa for some
d € N*"\ {0}, if and only if V. =dQ and SNV = (S1NV) +4 (S2NV) for some d € N*\ {0}.

Proof. It S = Sy +q S2 for some d € N™\ {0}, by an argument similar to the given in the proof of
Proposition 4, we have that V' = dQ. Now, sinced € (S;NV)N(S2NV)and G(S1NV)NG(S2NV) =
G(S1) N G(S2) = dZ, we conclude that SNV is the gluing of S; NV and Sy NV by d. Conversely, let
V = dQ. Since G(Sl) N G(SQ) = G(Sl N V) N G(SQ N V) =dZ and d € (Sl N V) N (52 N V) =51 N8,
because G(S1) N G(S2) C V, we are done. O

Let S be the semigroup generated by the columns of the following matrix

4 3 2|13 3 3
A=1 01 2|3 2 0
00 00 1 3

and let Sy (S, respectively) be the semigroup generated by the three first (last, respectively) columns of A.
Clearly, V = aff(S1) Naff(Ss) = (1,1,0) ' Q. Now, since SNV 22N, SoNV = 3N and SNV = 2N +4 3N,
in the light of the above corollary, we conclude that S = S; +q So, with d = (6,6,0)".

3. GLUINGS AND FROBENIUS VECTORS

Let S be an affine semigroup. We say that S has a Frobenius vector if there exists f € G(S) \ S such
that
f + relint(cone(S)) N G(S) C S\ {0} C S.
Notice that f + (relint(cone(S)) N G(S)) C S\ {0} is equivalent to (f + relint(cone(S))) N G(S) C S\ {0},
and thus we omit the parenthesis in the above condition.
We are going to prove that if S; and Sy have Frobenius vectors, then so does S = 57 +4 So.

Theorem 6. Let S be an affine semigroup. Assume that S = Sy +q So. If S1 and Sy have Frobenius
vectors, so does S. Moreover, if f1 and fy are respectively Frobenius vectors of S1 and Sa, then

f=fi+fh+d
18 a Frobenius vector of S.

Proof. Let G1 = G(S1), G2 = G(S2), and G = G(S). Clearly G = G1 + G, since S = S1 + Ss.

We start by proving that f € G\ S. As f; € G, fs € G2 and d € G1 NGy, we have f € G. Assume that
f € S. Then there exist s; € S7 and sy € Sy such that f = sy+s9. Then f1+d—s1 = so—f5 € GiNGy = dZ.
So, we can find k£ € Z such that f{+d—sy =so—fy = kd. If £ <0, then f;, = so—kd € S5, a contradiction.

If £ > 0, then f; = sy + (k — 1)d € Sq, which is also impossible, and this proves that f ¢ S.

In order to simplify the notation, set C; = relint(cone(Sy)), Cy = relint(cone(S2)) and C' = relint(cone(S)).
Now let us prove that for all x € C NG, we have that f +x € S. Since f + x € G, there must be g1 € G1
and gy € GG such that f +x = g1 + go. In light of Proposition 2, there exists x; € C7 and xo € Cy such
that x =x; +x9. Then f +x =1 + o +d +x; +x9 = g1 +go. Let ¢ € Z~( be such that s; = tx; € 51
and sy = txy € S5. This yields tf; + td + s1 — g = tgo — tfy — so = kd for some integer k. Assume that
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k < 0. Then tf; +s; + (t — k)d = tgy, and thus f; + (x; + ¢ d) = g;. Observe that x; + & d e (1,
which implies that g; € S7 because f; is a Frobenius vector for Si.
Let n the maximum nonnegative integer such that gy —nd € S;. Hence g1 —(n+1)d = f; +x; + %d—

(n + ) ¢ S1, and consequently tn 4+ k > 0, since otherwise % — (n+1) > 0 and this would lead to

x1+—d (n+1)d € C4, yielding g1 — (n+1)d € Sy, a contradiction. Now, tgo—tfs—so+tnd = (tn+k)d,
which means that go + nd = f, + x5 + #d. As x9 + #d € (9, and f5 is a Frobenius vector for Sy,
we deduce that go +nd € So. Finally f +x=g; + g2 = (g1 —nd) + (g2 + nd) € S1 + S5 = S.

If £ > 0, then tfy+so+td —tgy = tg1 — tfy —s1 = —kd, and we repeat the above argument by swapping
g1 and go. O

If A is a set of positive integers, and S = (A), then T = S/gcd(A) is a numerical semigroup, and
F(T) = max(N\ T'). It follows easily that F(S) = gcd(A) F(T'). Recall that the conductor of 7" is defined
as the Frobenius number of T plus one. Hence Theorem 6 generalizes the well known formula for the
gluing of two submonoids of N ([11, Proposition 10 (i)]).

Lemma 7. Let S be an affine semigroup minimally generated by A. If A is a set of linearly independent
elements, then £ = — %", a is a Frobenius vector for S.

Proof. Let x € relint(cone(S)) N G(S). Then x = Y .1 ¢ad = > ,c 4 22, With ga € Qs and 2z, € Z
for all a. Since the elements in A are linearly independent, this forces z, = ¢, for all a; in particular,
Za —1>0foralla. Hence f +x=3 ,(2a —1)a € S. O

Since every complete intersection affine semigroup has either no relations (free in the categorical sense,
that is, its minimal set of generators is a set of linearly independent vectors) or it is the gluing of two
affine semigroups ([12]), we get the following result.

Theorem 8. Let S be a complete intersection affine semigroup. Then S has a Frobenius vector.

Remark 9. Let S = S; +4 S2 be the gluing of S; and S3 by d, and assume that that Sy = (v). Hence
d = Ov for some 6 € N. Clearly —v is a Frobenius vector for Sy (Lemma 7), and if S; has a Frobenius
vector f1, then the formula of Theorem 3 implies that f = f; — v+ 6v = f; 4+ (6 — 1)v is a Frobenius vector
of S. More generally let vy,...,v, be a set of Q linearly independent vectors of N¢. Let Sy = (vi,..., V),
and let veq1,...,Veyp be aset of vectors of N*Ncone(vy, ..., ve). Set S; = (vi,...,Veqq) forall 1 <i<h
and assume that S; = S;_1 +¢,v, (Vi) (such semigroups are called free semigrous). A Frobenius vector fj
of Sy being fo = —> "7 _; v (Lemma 7), it follows that

(1) fi:ZH—l ka
j=1

is a Frobenius vector of S;. This formula has also been proved by the first author in [3], and gave the
following uniqueness condition: this Frobenius vector f is minimal with respect to the order induced by
cone(S), that is, for every other Frobenius vector f’ of S, f’ € f 4 cone(S5).

We recall that a reduced affine semigroup S is said to be simplicial if there are linearly independent
elements aj,...,a, € S such that cone(S) = cone(ay,...,a,). Under this hypothesis, conditions for the
existence and conditions for uniqueness of a Frobenius vector of S are given in [1].

The formula (1) is a special case of the following general formula for a Frobenius vector of a complete
intersection affine semigroup.

Remark 10. Recall that according to [12], any complete intersection affine semigroup is either generated
by a set of linearly independent vectors or it is a gluing of two complete intersection numerical semigroups.
Thus, repeating this argument recursively, if S is a complete intersection affine semigroup A, then there
exists a partition A; U---U A; = A such that A; are sets of linearly independent vectors and

S - Sl +d1 52 +d2 T +dt71 St?
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with S; = (A4;). From Theorem 6 and Lemma 7, it follows that

t—1
(2) ddi-> a
i=1

acA
is a Frobenius vector for S.

Next we show that this Frobenius vector is unique in the sense defined above.

Proposition 11. Let S be a complete intersection affine semigroup and let £ be defined as in (2). Then
for every face F of cone(S), (f + F) NS is empty.

Proof. Since either S is free or the gluing of two complete intersection affine semigroups S; and Ss,
we proceed by induction. If S is free, then Lemma 7 asserts that f = — > _,a, with A the minimal
generating set of S. Clearly in this case the assertion is true.

Now assume that S = S +4q Sy for some d € S; N Sy. From Theorem 6, f = f; + f5 + d, where
f;, i € {1,2}, is also defined by (2). By induction hypothesis, for every face F; of cone(S;), i € {1,2},
(f; + F)NS; =0.

Assume to the contrary that there exists x € F' such that f; +fo4+d+x € S. According to Proposition 3,
there exists x; € Fj, i € {1, 2}, such that x = x; +x9, for some face F; of cone(S;). Hence there are s; € Sy
and sy € S5 such that f; +f5 +d +x; +x9 =s; +s9. Then f]; +x; —s1 =s9 —f5 —d — x93 = kd for some
integer k. As by induction hypothesis, f; +x; ¢ S1, we deduce k < 0. Therefore fo + x9 = s9 — (k + 1)d.
But fo+x9 € Sy, which forces k+1 > 0, or equivalently k& > 0. But this is in contradiction with & < 0. [

Theorem 12. Let S be a complete intersection and let £ be as in (2). Assume that £ is another Frobenius
vector of S. Then ' € f + cone(S).

Proof. Write f = a — b and f/ = a’ — b’ with a,a’,b,b’ € S, and let ¢ € relint(cone(S)). Then
x=f+b+a +c=f+b +a+ce(f+relint(cone(S))) N (f' 4 relint(cone(S))).

Assume that £ ¢ f + cone(S). Then the segment joining f' and x cuts some face of f + cone(S).
Denote by f + F' this face and let f + y be this intersection point (y € F and F' is a face of cone(S)).
There exists a positive integer k such that ky is in S, and thus f + ky € G(S) N (f + F). Notice
that f +y = ' +y’ for some y’ € relint(cone(S)). Asy € F, (k— 1)y € cone(S), and consequently
f+ky =1+ (' + (k—1)y) € £ +relint(cone(S)). Hence f + ky € (f' + relint(cone(S))) NG(S) C S, in
contradiction with Proposition 11. O

4. GLUINGS AND HILBERT SERIES

The Hilbert series of S is the Hilbert series associated to K[S]: H(S,x) = ) (. gx®, where for s =
(s1,...,8m) € N x% = zJ' .- zim. This map is sometimes known in the literature as generating function
of S, and it has been shown to be of the form g¢(S,x)/[[,c4(1 —x®), with A the minimal generating set
of S (see [6, §7.3]).

The next lemma is a straightforward generalization of (4) in [20].

Lemma 13. Let S be an affine semigroup and let m € S\ {0}. Then

(3) H(S,2) = — v

Proof. 1t follows directly from the definition of Ap(S, m), that for every s € S, there exist unique k € N
and w € Ap(S, m) such that s = km + w. Hence

H(S,x) = Z xkmtw — Z(xm)k Z ™.
keN,weAp(S,m) keN weEApP(S,m)

The proof follows by taking into account that Y, (x™)% =1/(1 — x™). O
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The following result can also be understood as a generalization of (4) in [20], since for simplicial affine
semigroups that are Cohen-Macaulay the set (), Ap(S,v;), with v1,...,v,, a set of extremal rays of S,
plays a similar role to the Apéry set of an element in a numerical semigroup (compare [23, Theorem 1.5]
and [25, Lemma 2.6]).

Proposition 14. Let S be a simplicial affine semigroup with extremal rays vi,...,Vy,. Then H(S,x) =
P(x) . .
T (=x") with P(x) a polynomial.
=1

Proof. Let Ap = %y Ap(S,v;). In view of [23, Section 1], this set is finite. Moreover, from [23,
Theorem 1.5] we know that every element s in S can be expressed uniquely as s = > " | a;v; + w with

ai,...,aq € Nand w € Ap. Arguing as in Lemma 13,
ZWGA xW
H(S,x) = X5 =
Sez; [L5 (1 —avi)
which concludes the proof. ]

Theorem 15. Let S, S1 and Sy be affine semigroups, and let d € S. Assume that S = S1 +q S2. Then
H(S) 4a S2,%) = (1 — x%) H(Sy,x) H(S2,x).
Proof. From (3),

From [21, Theorem 1.4}, the mapping
(4) Ap(S1,d) x Ap(S2,d) = Ap(S,d), (z,y) =z +y
is a bijection, and thus Ap(S,d) = Ap(S1,d) + Ap(S2,d). Hence,

> = Y DR S IED DI > X
WEAp(S,d) W1 GAp(Sl 7d) W2 GAp(SQ,d) W1 EAp(Sl ,d) W2 EAp(Sz ,d)
As H(S1,x) = ﬁ > wieap(sy,a) &t and H(S2,x) = ﬁ D waeAp(Sa,d) X 2, We get
H(S,x) = (1 — x3)H(S}, x) H(S2, x). O
If S is a numerical semigroup (ged(S) = 1), and it is a gluing of M; and My, then S = M;/d; and
Sy = Ms/dy are also numerical semigroups, with d; = ged(M;), ¢ € {1,2}. Hence S = d1 51 +4,d, d252
and lem(dy,ds) = dydy. We say in this setting that S is a gluing of S; and Sy at dids.

From the definition of Hilbert series associated to a submonoid M of N, it follows easily that if
k | ged(M), then

(5) H(M/k,2") = H(M, z).
We get the following corollary.

Corollary 16. Let S be a numerical semigroup. Assume that S = diS1 +a4,4, d252 is a gluing of the
numerical semigroups S1 and Ss. Then

H(S, ) = (1 — 2™ %) H(S),2™) H(Sa, ™).

Example 17. Let S = (a,b) with a and b coprime positive integers. Then S = aN +,, bN. Then by
Corollary 16,

1— gab
(1 —2%)(1 —xb)’

H({(a,b),z) = (1 — x“b) H(N, z%) H(N,:Eb) =
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If we do this computation by using the formula H({(a,b),z) = ﬁZweAp(<a7b>’a) ¥, we obtain,
H((a,b),x) = ﬁ Z;(l] zkb = 1—1xa 11__“";?. Observe that this is a particular case of [20, Proposition

2] (see also [18, Theorem 4] for a relationship with inclusion-exclusion polynomials).

This idea can be generalized to any complete intersection affine semigroup. The base setting is the
following.

Lemma 18. Let A C N™ be a set of linearly independent vectors. Then
1

HaeA(l - Xa) ‘
Proof. Assume that A = {aj,...,a;}, and write S = (A). Notice that the map N¥ — S, (ny,...,n;) —
Zle n;a; is a monoid isomorphism. Hence

k
§ :LL’S _ § : Xn1a1+---+nkak _ H § :(xai)n7

seS n1€N,...,neN i=1neN

H({4),x) =

and the proof follows easily. O
Proposition 19. Let S be a free affine semigroup. Assume that

S = ( o (<V17 cee 7V6> +9€+1Ve+1 <V6+1>) +9€+2Ve+2 T ) +€e+hve+h <V6+h>’
Then
[10, (1 — xPeriver)
T (1 —x)

This is indeed a particular case of the following theorem.

H(S,x) =

Theorem 20. Let S be a complete intersection affine semigroup minimally generated by A. Letdy, ..., dy—1
be as in Remark 10,

I —xd)
) = 1= T

Remark 21. Observe that if we substract the degree of the numerator and denominator of the formula
given in Theorem 20 we obtain Formula (2).

Example 22. Let S = (4,5,6) = (4,6) +19 5N = (4N 413 6N) 419 5N. Then

(1 _ :1710)(1 _ 3312)
(1—2%)(1—2°)(1 —ab)’
The Frobenius number of S'is 10+ 12 — (4 4+ 5+ 6) = 7.

H((4,5,6),z) =
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