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Maximal Regularity for Non-Autonomous Second
Order Cauchy Problems

Dominik Dier, El Maati Ouhabaz*
November 8, 2013

Abstract

We consider non-autonomous wave equations

{u(t) + Bt)u(t) + At)u(t) = f(t) t-ae.
u(0) = wo, u(0) = us.

where the operators A(t) and B(t) are associated with time-dependent
sesquilinear forms a(¢,.,.) and b defined on a Hilbert space H with the
same domain V. The initial values satisfy uo € V and w1 € H. We prove
well-posedness and maximal regularity for the solution both in the spaces
V' and H. We apply the results to non-autonomous Robin-boundary
conditions and also use maximal regularity to solve a quasilinear problem.

Key words: Sesquilinear forms, non-autonomous evolution equations, maximal
regularity, non-linear heat equations, wave equation.

MSC: 35K90, 35K45, 35K92, 47F05.

1 Introduction

The present paper is a continuation of [ADLO13] which is devoted to maximal
regularity for first order non-autonomous evolution equations governed by forms.
Here we address the problem of maximal regularity for non-autonomous second
order problems.

We consider Hilbert spaces H and V such that V' is continuously embedded into
H and two families of sesquilinear forms

a: [0,T)xVxV—=C, b:0,T]xVxV—=C

such that a(.,u,v): [0,T] — C, b(.,u,v): [0,T7] — C are measurable for all
u,v €V,
la(t, u, 0)] < Mllully[lolly (¢ €[0,T]),

and
Rea(t,u,u) + wlul} > alull}  (ueV,tel0,T))
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where M > 0, w € R, and o > 0 are constants. We assume also that b satisfies
the same properties. For fixed t € [0,T], we denote by A(t), B(t) € L(V, V) the
operators associated with the forms a(t,.,.) and b(¢,.,.), respectively. Given a
function f defined on [0, 7] with values either in H or in V' and consider the
second order evolution equation

(t) + B(t)u(t) + Alt)u(t) = f(t) t-ae. (1)

w(0) = ug, 4(0) = u. '
with initial values up € V and uy € H. This is a damped non-autonomous wave
equation. The equation without the factor w, i.e.,

a(t) + At)u(t) = f(t) t-ae. Lo
u(0) = ug, @(0) = uy. (12)
is a non-autonomous wave equation.

Our aim is to prove well-posedness and maximal regularity for (1.1) and
(1.2). We shall prove three main results. The first one concerns maximal reg-
ularity in V’ for the damped wave equation (1.1). We prove that for ug €
V,uy € H and f € L?(0,T, V") there exists a unique solution v € H(0,T,V) N
H?(0,T,V"). This result was first proved by Lions [Lio61, p. 151] by assuming
regularity of ¢t — a(t,u,v) and t — b(t,u,v) for every fixed u,v € V. This
regularity assumption was removed in Dautray-Lions [DL88, p. 667], but taking
f € L*0,T, H) and considering mainly symmetric forms. The general case was
given recently by Batty, Chill and Srivastava [BCS08] by reducing the problem
to a first order non-autonomous equation. The result in [BCS08§] is stated in the
case ug = up = 0, only. Our proof is different from [BCS08] and is inspired by
that of Lions [Lio61]. Next we consider maximal regularity in H. This is more
delicate and needs extra properties on the forms a and b. We prove that if the
forms are symmetric and ¢ — a(t, u,v) and t — b(t, u,v) are piecewise Lipschitz
on [0,T] then for ug € V, u; € H and f € L*(0,T,H) there exists a unique
solution uw € H(0,T,V)NH?(0,T, H) to the equation (1.1). We also allow some
non-symmetric perturbations of a and b. The third result (Theorem 5.1) con-
cerns the wave equation (1.2). We prove that if a is symmetric and ¢ — a(t, u, v)
is Lipschitz on [0, T], then for every ug € V, u; € H and f € L?*(0,T, H) there
exists a unique solution u € L(0,7,V)NH(0,T, H)NH?(0,T,V’) to the equa-
tion (1.2). This result is not new and was already proved by Lions [Lio61, p.
150] for the case ug = 0 and later in [DL88, p. 666] for ug € V and u; € H. The-
orem 5.1 is stated in order to have a complete picture of maximal regularity for
wave equations with or without damping. The proof in [DL88] uses a Galerkin
method and sectorial approximation. The proofs of the three main theorems use
a representation result of Lions (see Theorem 2.4 below) for a given sesquilinear
form E acting on a product of a Hilbert and pre-Hilbert spaces H x V. In each
case we have to define the appropriate spaces H, V and the form E to which we
apply Theorem 2.4. This idea was already used in [Lio61]. Our choice of the
spaces H, V and the form E allow us to sharpen and extend some results from
[Lio61] and assume less regularity on t — a(t, u,v) and t — b(t, u,v).

We illustrate our abstract results by two examples. The first one is a linear
damped wave equation with time dependent Robin boundary conditions. The
second is a quasi-linear second order non-autonomous problem. The latter is



treated by a fixed point argument but the implementation of this classical idea
uses heavily a priori estimates that follow from our maximal regularity results
for linear equations.
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2 Preliminaries

Throughout this paper, V' and H are separable Hilbert spaces over the field
K = C or R. The scalar products of H and V' and the corresponding norms will
be denoted by (.|.)m, (.|.)v, ||.|| and ||.||/, respectively. We denote by V' the
antidual of V when KK = C and the dual when X = R. The duality between V'
and V is denoted by (.,.). Then (u,v) = (u|v)y for u € H and v € V.
We assume that
V — H;
d
i.e., V is a dense subspace of H such that for some constant cy > 0,
lully < cnllully,  (uweV). (2.1)
By duality and density of V' in H one has
H—V.
d

The space H is then identified with a dense subspace of V' (associating to u € H
the antilinear map v — (u|v)g = (u,v) for v € V).
Let
a: [0,T]xV xV =K

be a family of sesquilinear and V-bounded forms; i.e.
la(t, u,v)] < Mlfully||vlly, (w0 € V,t€[0,T]) (2.2)

for some constant M, such that a(., u, v) is measurable for all u,v € V. We shall
call a satisfying the above properties a V-bounded non-autonomous sesquilinear
form. Moreover we say that a is quasi-coercive if there exist constants o > 0,
w € R such that

Rea(t,u,u) + wluly > aful}  (uweV,tel0,T)). (2.3)

If w = 0, we say that the form a is coercive.



For t € [0,T], a V-bounded and quasi-coercive sesquilinear form a(t, .,.) is
closed. The operator A(t) € L(V, V') associated with a(t,.,.) is defined by

(A(t)u,v) = a(t,u,v) for u,v e V. (2.4)

We may also associate with a(t,.,.) an operator on H by taking the part A(t)
of A(t) on H; i.e.,

D(A{) ={ueV:Alt)ue H}
A(t)u := A(t)u.
Note that if a(t,.,.) is symmetric, i.e.,
a(t,u,v) = a(t,v,u)

for all w,v € V, then the operator A(t) is self-adjoint.

For a Hilbert space E we denote by L2(0,T, F) the L2-space on (0,7T) of
functions with values in E' and by H k(O,T, E) we denote the usual Sobolev
space of order k of functions on (0, T') with values in E. For u € H'(0,T; E) we
denote the first derivative by @ and for u € H?(0,T; E) the second derivative
by 1.

We start with the following differentiation result.

Lemma 2.1. Let
a: [0,T]xV xV =K

be a V-bounded, quasi-coercive non-autonomous form. Suppose that it is Lips-
chitz with Lipschitz constant M, that is

la(t, ¢,%) — a(s, ¢, 9)| < Mt = s|[élly[[¢lly, t.s € [0,T] and ¢,9 € V.

Let u,v € H'(0,T;V). Then a(.,u,v) € WH'(0,T) and there exists a non-
autonomous form a which is V-bounded with constant M such that

a(.,u,v) =a(.,u, o)+ a(.,u,0) + a(.,u,v)
If additionally a is symmetric then
al.,u,u)y =2Rea(.,u, @) + al., u,u).

Note that for u,v € V we have S a(t,u,v) = a(t,u,v) for a.e. t € [0,7].
This lemma is a consequence of the next two results.

Lemma 2.2. Let u € HY(0,T;V) and v € HY(0,T;V"). Then {v(.),u(.)) €
W0,7T) and

Proof. By Fubini’s Theorem we have

/Ot@(s)au(s)) ds = /Ot <v(s),u(0) + /OS a(r) dr> ds

— (u(t),u(0)) — (v(0), u(0)) + / / (i(s), a(r)) dr ds



Thus

which proves the claim. [l

Proposition 2.3. Let S: [0,7] — L(V, V') be Lipschitz continuous. Then the
following assertions hold.

a) There exists a bounded, strongly measurable function S: [0,T] — L(V,V")
such that

d .
&S(t)u =Stu (ueV)

for a.e. t €[0,T] and
HS’(t)Hﬁ(v,v') <L (te[0,T])
where L is the Lipschitz constant of S.
b) Ifue€ H(0,T;V), then Su:= S()u(.) € H(0,T; V') and

(Su) = SC)ul) + S(C)al.). (2.5)

Proposition 2.3 is proved in [ADLO13]. Lemma 2.1 follows from (2.4),
Lemma 2.2 and Proposition 2.3.

We shall need the following representation result due to Lions. See [Lio59,
p. 156], [Lio61, p. 61] or [ADLO13].

Theorem 2.4 (Lions’ Representation Theorem). Let H be a Hilbert space, V
a pre-Hilbert space such thatV — H. Let E: H xV — K be sesquilinear such
that

1) for allw €V, E(.,w) is a continuous linear functional on H;
2) |E(w,w)| > a|\w||i forallw eV
for some o> 0. Let L € V'. Then there exists u € H such that
Lw = E(u,w)

for all w e V.



3 Maximal Regularity for the Damped Wave
Equation in V'

Let H,V be Hilbert spaces such that V' <i> H. We define the following maximal
regularity space

MR(V,V, V') := L*(0,T,V)n H*(0,T; V)N H*(0,T; V")
=HY0,T;V)nH*0,T; V).
Let a: [0,7]x V xV — C and b: [0,7] x V x V — C be non-autonomous

V-bounded and quasi-coercive sesquilinear forms. We denote by A(t) and B(t)
their associated operators in the sense of (2.4). The following is our first result.

Theorem 3.1. For every ug € V, u1 € H and f € L?(0,T; V"), there exists a
unique solution u € MR(V,V, V') of the non-autonomous second order Cauchy
problem

a(t) + B(t)u(t) + A(t)u(t) = f(t) t-a.e. (3.1)
u(0) = ug, w(0) = uy. '
Moreover there exists a constant C > 0 such that
lull mrvvvny < Cllluolly + llutllg + (11120701 |- (3.2)

As mentioned in the introduction, this theorem was first proved by Lions
[Lio61, p. 151] under an additional regularity assumption on t — a(t,u,v) and
t — b(t,u,v). This regularity assumption was removed in Dautray-Lions [DL88,
p. 667], but taking f € L?(0,T, H) and considering mainly symmetric forms
(they allow some non-symmetric perturbations). Their proof is based on a
Galerkin method. Another proof of Theorem 3.1 was given recently by Batty,
Chill and Srivastava [BCS08] but they consider only the case ug = u; = 0. Our
proof is based on Theorem 2.4 and is in the spirit of Lions [Lio61]. It is different
from the proofs in [DL88] and [BCSO0S].

A classical result of Lions says that

MR(V, V') := L*(0,T,V)n H (0, T; V") — C([0,T]; H), (3.3)

and also that for u € MR(V, V') the function |ju(.)||3, is in W1(0,T) with
(lulz) = 2Re(a, ). (3.4)
see [Sho97, p. 106] and [DL88, p.570]. This implies that MR(V,V,V’) —
C([0,T); V) n CY([0,T]; H). Thus for u € MR(V,V,V’), both u(0) and u(0)

make sense.
We start with the following basic lemma.

Lemma 3.2. Forv € HY(0,T;V) we have

([t a)” < 1o as)" + VTl



Proof. Note that v( )+ fo ) ds, thus

/OT||u(t)||2V dt = /T (U(o) +/0t1)(s) as| () ar
/ / )y dt ds+/OT(v(0)|v(t))v dt
S/ / [o(s)lly o)y dt d3+/T||U(0)|v||U(f)|v dt
OT 0 . 0
< / fo(e) -t / o)l ds+||v<o>|\v)
< (v [ o )" (r 1o a)” o)

O

Proof of Theorem 3.1. Tt suffices to show that there exists a unique solution in
the case where 7" < T, and 7Ty > 0 is a constant that depends only on the
constants M,w and « of (2.2) and (2.3). Indeed we can extend this solution
to [0,T] for any fixed T as follows. We write the interval [0,7] as a finite
union of sub-intervals [7;, 7;+1], each has length less than Ty. On each interval
[7:, Ti+1] we have a unique solution u! with u’(r;) € V, 4i(r;) € H and u’ €
MR(V,V,V") — CY([ri, Tix1); H) N C([1i, Tix1]; V). On [7i41, Tiv2] We solve the
equation with u*1(7;11) = u*(ri31) and @ (7;41) = 4 (741). We define u on
[0,T] by u = u® on [r;,7i+1] and check easily that uw € MR(V,V, V') (on [0,T])
is the unique solution to (3.1).
We prove existence of a solution in the case where

0[2 «
T<Tp=mind — —>_ | 3.5
, {M2 ﬁM} (3.5)

Note that we may assume throughout this proof that the forms a and b are both
coercive. Indeed, set v(t) = e“tu(t) then we have

i(t) + B(t)o(t) + At)v(t)
= e [i(t) + (B(t) + 2w)u(t) + (A(t) + wB(t) + w?)u(t)] . (3.6)

Since a and b are quasi-coercive, we may choose w large enough such that b+ 2w
and a + wb + w? are coercive. Note also that v € MR(V,V, V') if and only if
u € MR(V,V,V").
We define the Hilbert space H := H'(0,T;V) endowed with its usual norm
lull3 == llull 10,71y and the pre-Hilbert space
V:={ve H*0,T;V):o(T) =0}

with norm |.||,, := [.||;;. Further we define the sesquilinear form £: H xV — C
by

T T
E(u,v) ::—/O (4] 0) g dt—i—/o b(t,u,0) dt
+ [ e ) de -+ a(0,u(0),o(0)
0



and for ug € V, u; € H and f € L?(0,T;V’) we define F': V — C by

T
Flo) = / (£, 9 dt + a(0, uo, v(0)) + (u1 | $(0)) i
0
We claim that
1) E(.,v) € H' and F € V';

2) E is coercive; i.e., there exists a C' > 0 such that |E(v,v)| > CHUH?{ for
allv e V.

Suppose for a moment that 1) and 2) are satisfied. Then we can apply Lions’s
representation theorem (see Theorem 2.4) and obtain u € H such that

E(u,v) =F(v) Yve. (3.7)

We show that w is a solution of (3.1).
Let ¢(t) € D(0,T) and w € V and choose v(t) := fot P(s)dsw. It follows
from (3.7) that

T T
- [t it = [0 - By - A wpu() d.
0 0
This means that @ € H(0,T; V"), hence u € MR(V,V,V') and
a(t) + B(t)u(t) + A(t)u(t) = f(t) t-a.e. (3.8)
in V'. For general v € V, we use again (3.7) and integration by parts to obtain
T T T
(@(0) | 9(0)) & + / (it, v) dt + / b(t, w,0) dt + / alt, u,v) dt
0 0 0
T
+a(0,(0),0(0)) = [ {£.9) dt + a(0, 0, (0)) + (1 | 5(0)) s
0
This equality together with (3.8) imply that
(@(0) [9(0))m + a(0,u(0),v(0)) = a(0, uo, v(0)) + (ur [ #(0)) -
Since v € V is arbitrary we obtain that w(0) = ug and @(0) = u;. Therefore, u is
a solution of (3.1) on [0,T] for T' < Ty and T is such that the above properties
1) and 2) are satisfied.

Now we return to 1) and 2). Property 1) is obvious. We show the coercivity
property 2). Let v € V. The equality %Hv(t)ﬂi, = 2Re(9(t) | 0(t)) g implies

T . 1. 2
Re(0]0)n dt = —5[[0(0)I7;-
0
It follows that

|E(v,v)| > Re E(v,v)

1 T
§W@HE+A Reb(t, 0, 0) dt



T
+/ Rea(t,v,v) dt + Rea(0,v(0),v(0)).
0
We use coercivity of b, a and V-boundedness of a to obtain
1. 2 e
[E(v,0)] 2 S[0(0)][} + e | [olly dt

T
5 2
—M/O [olly[[olly dt + aflo(0)]y-

Therefore, by Young’s inequality, we have

1. o o [T M2 T 2
B, 0)] 2 100 +5 [ [olly dt = o= [ lvlly dt +allv(0)]ly-
0 @ Jo

Next we apply Lemma 3.2 to obtain

a  MPTE\ [T M?T
Bz (5200 [e as (o - L) ol

«

Now we use (3.5) and the fact that by Lemma 3.2, fOT||vH%/ dt is dominated (up

to a constant) by [ [[0]3 dt + [v(0)]|3. We obtain 2).

Next we prove uniqueness. Suppose that u and v are two solutions of (3.1)
which are in MR(V,V,V'). Set w = u —v. Clearly w € MR(V,V,V’) and
satisfies (in V)

w(t) + B(tyi(t) + A)w(t) =0, w(0) =0, w(0) = 0.

We show that w = 0. For fixed t € (0,7T] we have

t t t
/ Re(w, w) ds +/ Reb(s,w,w) ds+/ Rea(s,w,w) ds = 0.
0 0 0
Using (3.4) we have

R 1Lt 1, 1, 1,
| Reti ) ds =5 [ (o) ds = S10)1 - FHaO = el
0 0

and hence

t

1 t
0= §||w(t)|\?q +/ Reb(s,w,w) ds +/ Rea(s,w,w) ds
0 0

1, . o . K .
> §||w(t>|\H+o</O (B2l ds—M/O [[wlly- Ny ds.

Here we used coercivity of b and V-boundedness of a. Therefore, by Lemma 3.2,
we have

1. to t 1/2 t 1/2
0= Sllal +a [ olf ds— ([l as) ([l as)
0 0 0

1, . L
> SOl + (o= 1) [ i as



By (3.5) we obtain that w = 0. This shows uniqueness.
Finally, in order to prove the apriori estimate (3.2), we consider the operator

S:V x HxL*0,T,V') = MR(V,V,V'), (uo,u1, f) ~ u.

This is a linear operator which is well defined thanks to the uniqueness of the
solution u of (3.1). It is easy to see that S is a closed operator. Therefore it is
continuous by the closed graph theorem. This gives (3.2). O

The previous proof does not give any information on the constant C' in (3.2).
For small time T one can prove that C' depends only on the constants of the
forms. This observation will be needed in our application to a quasi-linear
problem.

Proposition 3.3. If T > 0 is small enough, then the constant C' in (3.2)
depends only on the constants w, o, M and T'.

Proof. Let u € MR(V,V,V’) be the solution of (3.1). For fixed t € (0,T] we
have

¢ t ¢ ¢
/ Re(f,u) ds :/ Re(ii, @) ds+/ Re b(s, 0, ) ds+/ Rea(s,u,u) ds.
0 0 0 0
Since by (3.4)

R Lot e L. [
[ Rty ds = [ (Jall) ds = lal - 51aO)E,
0 0

it follows by Young’s inequality that
1t a [t t t
s as+ G [l as= sl iy as > [ R as
@ Jo 0 0 0

t

1 1 ¢
= SOl ~ 310N + [ Reb(s,ii) ds+ [ Reas,u 1) ds
0 0

1 . 2 g L2 g .
> g+ [ Ll ds =1 [l il as

Lo o 3o [f o M* [t
> —glao) G+ 5 [ il as— 2= [l as

Here we used coercivity of b and V-boundedness of a. Therefore, by Lemma
3.2, we have

1 [f e Lo o _a [t MZ [t
= [0 as gt = § [yt s === [l as

> (% - M) / lal ds (3.9)

V

(0%
2M? + « s 1t
(B 1l + 5 [ Tl as
0

2 2
where we choose ¢ such that § > W Finally, since

i(s) = f(s) — Au(s) — Bu(s) s-a.e.

10



we obtain that
li(s)I[5 < BILF ()15 +3M]la(s)If +3M][u(s)]  s-ae.
This together with (3.9) ends the proof of the proposition when T is such that

a  T?(2M?+«)
— >
2 o

O

4 Maximal Regularity for the Damped Wave
Equation in H

Let V, H be separable Hilbert spaces such that V' ? H and let

a,b: [0,T]xVxV =K

be closed non-autonomous sesquilinear forms on which we impose the following
conditions. Each can be written as the sum of two non-autonomous forms

a(t,u,v) = CL1(t,U,’U)+CLg(t,U,’U), b(t,u,v) = bl(tvuav)+b2(tauvv) U,V € Vv

where

a1,b1: [0, T xV xV =K
satisfy the following assumptions
a) |ay(t,u,v)] < Mully [|v]y for all u,v € V, t € [0,T7;
b) ai(t,u,u) > oz||u||%/ forallu e V,t e [0,T] with a > 0;
¢) ar(t,u,v) = ar(t,v,u) for all u,v € V, t € [0,T);

d) ay is piecewise Lipschitz-continuous; i.e., there exist 0 =79 < 73 < --+ <
7, = T such that

a1 (t,u,0) — a1 (s, u,0)| < Mt — s[|ully [o]ly,
for all w,v € V, s,t € [1;_1, 7], 1 € {1,...,n},

and similarly for b;. Of course we may choose the same constants M, M and o
for both forms a; and b;. We may also choose that same sub-intervals 0 = 75 <
T < --- <71, =T for both forms.

The non-autonomous forms

a2,b2: 0, T xV xV =K
are measurable and satisfy

e) |ax(t,u,v)| < Mul| ||v] 4 for all u,v € V, t € [0,T],

11



and similarly for bs.
Note that by Lemma 2.1, if ¢ is a Lipschitz form on [0, 7], we may define its
derivative ¢(t, .,.) and we have

lé(t,u,0)| < Mllully lvlly, w0 €V (4.1)

for some constant M. We shall use this estimate for ¢ = a; and for ¢ = b; on
sub-intervals of [0, T] where these forms are supposed to be Lipschitz.

Let us denote by A(t) and B(t) the operators given by (A(t)u, v) = a(t,u,v)
and (B(t)u,v) = b(t,u,v) for all u,v € V.

As in the previous section we consider the damped wave equation. Here we
study the maximal regularity property in H rather than in V/. We introduce
the maximal regularity space

MR(V,V,H) := H'(0,T;V)n H*(0,T; H).
We have

Theorem 4.1. Let a = a; +as and b = by + by be non-autonomous V -bounded
and quasi-coercive forms satisfying the above properties a) —e). Then for every
up,u1 €V and f € L?(0,T; H), there exists a unique solution u € MR(V,V, H)
of the non-autonomous second order Cauchy problem

{au)+3um@>+A@m@>f@ t-a.e.

u(0) = ug, u(0) = uy (4.2)

Moreover u(t) € V for all t € [0,T].

For a related result see Lions [Lio61, p. 155]. However the result proved there
is restricted to u; = 0 and assumes f, f' € L?(0,T, H). Our proof resembles
that of Theorem 3.1 and uses similar ideas as in Lions [Lio61].

We use the following lemma for the proof of Theorem 4.1.

Lemma 4.2. Suppose that the forms a; and by are Lipschitz continuous on
[0,T]. Let v e H*>(0,T;V) and € > 0. Then

(i) /OT e MReby(t,0,0) dt = g/OT e Mpy(t,0,0) dt — %/OT e Mby(t,0,0) dt
+ 3oy (T, 9(T),9(T)) — $61(0,9(0),(0)).
(ii) /OT e MReay(t,v,9) dt = 3¢ ay (T, v(T),v(T)) — 3a1(0,v(0),v(0))

+ e M Reay (T,v(T),0(T)) — Reai(0,v(0),9(0))
T T
+ %2/ e May(t,v,v) dt — %/ e May(t,v,v) dt
0 0
T T
7/ e MRedy(t,v,0) dtf/ e May(t,0,0) dt.
0 0
T T
(i) / e MReby(t,0,0) dt—i—/ e MRea(t,v,) dt
0 0

1
23

T
y — .12
(04/\2M2M)/0 e M|y, dt
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T
. 2 _
+®mAwaJ%yAe*mﬂ€w

+ 377 [(a = BT + (o = 2 oD
— 361(0,9(0),9(0)) — $a1(0,v(0),v(0)) = Re a1 (0,v(0), #(0)).

Proof. The proof of (i) and (ii) is based on Lemma 2.1 and the product rule.
Part (i) is a direct consequence of the formulae

(™Mb (t,0,9)) = —Ae Mby (¢, 0,0) + e by (t,0,9) + 2¢ M Re by (t,9, D).
For (ii) we first calculate the following derivatives
Re (e May(t,v,v)) = —Xe Mai(t,v,v) + e MReai (¢, v,v)
+2e"MRea(t,v,0)
Re (e May(t,v,9)) = —Ae MReay(t,v,0) + e M Redy(t, v, )
+ e May(t,9,0) + e MReay(t,v, 1)
then we multiply the first equation by % and add the second equation. Now (ii)
follows by integration over ¢ from 0 to 7.

For (iii) we add (i) and (ii) and use coercivity of a;,b; and V-boundedness
of a, lil, bl, bl. Thus

T T
/ e MReby(t,o,0) dt + / e MRea(t,v,) dt
0 0

T
> (a)\fM—2M)/ e Mol|3 dt
0

1

2
. T 2 . T

+%(0M—M)/O e olly dt—M/O e Molly o], dt

+ 57 [allo(T) 13 + Mallo(T) I = 2M () |y ()]l |

— 161(0,9(0),9(0)) — 3a1(0,v(0),v(0)) — Reay (0,v(0),(0)).

We apply Young’s inequality and see that the last term is bounded from below
by

T Y T )
L(aA —2M — 2M)/O e Mo)12 dt + (3 (ax — M) — %)/0 e Mv|)? dt
+ 37 [(@ = QIR + (A — 22 u(T) I}
B %61(0,?}(0),?'}(0)) - %al(o,’l}(O),’U(O)) —Re al(O,v(O),i)(O))
for € > 0. [l

Proof of Theorem 4.1. Uniqueness follows from Theorem 3.1 and we only need
to prove existence of a solution. As in the proof of Theorem 3.1 we may assume
that the forms a and b are both coercive (see (3.6)).

1- Lipschitz-continuous forms. Suppose first that the forms a; and b; are
Lipschitz-continuous on [0, 7.

13



We define the Hilbert space
H:={uec H*0,T; H)n H(0,T;V) : u(0),4(0),a(T) € V}
with norm ||ul|,, given by
lullzg == il 0.,y + i o2y + 1O + IO, + (D)
and the pre-Hilbert space V := H?(0,7;V) with norm ||.|, := |||l Next we
define the sesquilinear form E: H x V — C by
T T T
E(u,v) ::/ e M| 0) g dtJr/ e Mb(t, 0, 0) dt+/ e Ma(t,u,v) dt
0 0 0
+n(a(0) [9(0))v + n(u(0) [v(0))v,

where A\ and 7 are positive parameters. Later on, we will choose them to be
large enough. For ug,u; € V and f € L?(0,T; H), we define F': V — C by

T
F(o) = [ e 9m diaun [ 60y +n(uo [o(0))v
0
We proceed as in the proof of Theorem 3.1. Suppose for a moment that
1) E(.,v) € H' and F € V';

2) E is coercive; i.e., there exists a C' > 0 such that |E(v,v)| > CHUH?{ for
allv e V.

Then by Lions’s representation theorem there exists v € H such that
E(u,v) = F(v) (4.3)

for allv € V. For arbitrary w € V and ¢ € D(0,T") we take v(t) = fot Jy (r)drdsw.
It follows from (4.3) that

w(t) + B(t)u(t) + At u(t) = f(t)
in L2(0,T;V’). This identity applied to (4.3) implies that
n(@(0) [9(0))v + n(u(0)]v(0))y = n(u1|9(0))v +n(uo |v(0))v

for allv € V. Hence u(0) = ug and @(0) = u;. This means that u € MR(V,V, H)
is a solution of (4.2).

It remain to prove properties 1) and 2). Again, 1) is obvious and we focus
on 2). Let v € V. For € € (0, ) set

R :=noO)[[} +nlloO)IIF + 3¢ |(a = (D)5 + (Aa = 2 [o(D)]5,

€

— 501(0,9(0),9(0)) — 5a1(0,v(0), v(0)) — Rear (0,v(0), 9(0)).

By the V-boundedness of a; and b; we have
1L_-AT . 2 Ve 2 M. . 2
R > ze (a—e)[o(T)|y + (A — T)”U(T)HV} + (= )00l

14



+(n— %)IIU(O)H@ = M|[a(0)[ly [[o(O)]y-

Young’s inequality yields

R Cy 8T + [0 + 15O + 0O

for some C; > 0 provided A and 7 are sufficiently large. Now

T T
Re E(v,v) = / eiAtHi}H?{ dt+/ e MReby(t,0,0) dt
0 0

T T

+/ e~ Reby(t, v, ) dt+/ e M Reai (t,v,7) di
0 0
T

+ / ™M Reay(t,v,8) dt +n(9(0) | 5(0))v +n(v(0) | v(0))v.
0

We apply assertion (iii) of Lemma 4.2, it follows that

T T
ReE(v,v)z/ M52, dt+/ e~ Rebo(t, 0, §) dt
0 0

T
+/ e MReag(t, v, ) dt
0

1 : T
+ 5 (oA = 2M — 2M)/ e~ M|o|3 dt
0

N[ —

T
+(( AfM)fM)/ e M|[v])? dt + R.
0

Thus V-boundedness of a; and by and Young’s inequality yield
Re E(v,v) > C[v|3,

for some C' > 0 provided that A and 7 are sufficiently large. This proves 2).

Finally, we have seen that the unique solution u satisfies u(T') € V but we
may replace in the previous arguments [0, 7] by [0,¢] for any fixed ¢ € (0,7T)
and obtain u(t) € V.

2- Piecewise Lipschitz-continuous forms. Suppose now that the forms a; and
by satisfy assumption d). We may replace in the first step the interval [0, T'] by
[Ti1,7;]. There exists a solution u* € H(7;,_1,7;; V) N H*(1i_1,7:; H) of the
equation

0(t) + B(t)u(t) + A(t)u(t) = f(t) ae. t € [Ti—1, 7,

with prescribed u'(7;—1),u%(7,—1) in V. We also know from the previous step
that u'(r;), 4 (r;) € V. Now we can solve the previous equation on [7;, 7;41] and
obtain a solution u‘*! such that v*1(r;) = u’(;) and @ (r;) = @'(r;). We
define w on [0, 7] by v = u® on [r;_1,7;]. It is easy to check that u € MR(V,V, H)
and u is a solution to (4.2). This finishes the proof of the theorem. O
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5 The Wave Equation

Let H,V be Hilbert spaces such that V < H. Suppose a: [0, 7] x V xV —
C is a Lipschitz-continuous, symmetric, V-bounded and quasi-coercive non-
autonomous form. We denote again by A(t) the operator associated with a(t)
on V' and by A(t) the part of A(¢) in H.

We introduce the maximal regularity space

MR(V,H,V') := L*(0,T;V)n H*(0,T; H)n H*(0,T; V")
for the second order Cauchy problem. We have the following result.

Theorem 5.1. There exists a unique solution uw € MR(V,H,V') of the non-
autonomous second order Cauchy problem

{u@y+A@m@)=f@) t-a.e.

u(0) = ug, w(0) = uy (5.1)

for every ug € V, uy € H and f € L?(0,T;H). Moreover u(t) € V for all
te0,T].
Note that by [DL88, p. 579], for every u € MR(V, H, V'), & can be viewed

as a continuous function from [0,7] into the interpolation space (H,V’)1. In

particular, %(0) is well defined and u(0) € V.
We start with the following lemma. Here a(t,.,.) denotes the derivative of
t—a(t,.,.).

Lemma 5.2. Let v € H?*(0,T;V) with o(T) = 0. Then

1.
2

T N )\ T N ) 1 )
(ﬂ/e-%mwmﬂw:—/efwmefﬁwmm
0 2 0 2

T \ (T 1 (T
(ii) / e MRea(t,v,v) dt = —/ e Ma(t,v,v) dt — —/ e Ma(t,v,v) dt
0 2 Jo 2 Jo
1 1
+ ia(Tv U(T)a U(T)) - ia(ov U(O)v U(O))
Proof. For the first part we calculate the formula
(e )17 ) = —Ae™lol7 +2¢ 7 Re(#, 9) -
For (ii) we use Lemma 2.1 and the product rule to obtain
Y C —\t Y . —At:
(e a(t, v, v)) = —de Ma(t,v,v) +2e"" Rea(t,v,0) + e a(t, v, v).
Now the Lemma follows by integrating over ¢. O

Proof of Theorem 5.1. First we prove existence of a solution. We define the

Hilbert space H := {u € L?(0,T; V)N H(0,T; H) : u(0),u(T) € V} with norm
2 2 12 2 2

[[ully, such that [[ull3, := llullL2 (o 70y H 0l L2 0,70 + (O +|w(T)[y and the

pre-Hilbert space V := {v € H?(0,T;V) : o(T) = 0} with norm ||.||, == [|.||5-

Further we define £: H xV — C by

E(u,v) := /0 (i | (eiMi))')H dt
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+ /OT e Ma(t,u,v) dt + a(0,u(0),v(0))

and for ug € V, u; € H and f € L?(0,T;V’) we define F: V — C by

T
F(v) := /0 ef)‘t<f,i)> dt + a(0, ug, v(0)) + (u1 |0(0))g.

As in the previous sections, we use Lions’s representation Theorem. Suppose
that the assumptions of Lions’s Theorem are satisfied. Then there exists a
u € ‘H such that

E(u,v) = F(v) (5.2)

for all v € V. For the particular choice of v(t) := ¢ (t)w where ¢ € D(0,T") and
w € V we obtain from (5.2) that

T ' T .
[t oy de= [ = Auwpe i) at
0 0
This implies that @ € H*(0,7; V"), hence u € MR(V, H,V') and that
i(t) + At)u(t) = f(t) t-a.e. (5.3)

Following the proof of Lemma 1 and Theorem 2 in [DL88, p. 571 and 575] we
can integrate by parts in the first term of E(u,v) to obtain

T
E(u,v) = (u(0),v(0)) +/o e (a,v) dt
4 /T e~ Ma(t,u, 0) dt + a(0,u(0),v(0))
0

T
_ /O e M (F, ) dt + a(0, g, v(0)) + (ug | 9(0))

where we used the identity (5.2). This together with (5.3) implies that
(@(0),9(0)) + a(0,u(0), v(0)) = a(0, uo, v(0)) + (w1 | 2(0)) -

Since v € V was arbitrary this shows that «(0) = ug and @(0) = ;.
Next we check the assumptions of Theorem 2.4. Assumption 1) is again easy
to verify. Let v € V, then integration by parts yields to

|E(v,v)| > Re E(v,v) = |[0(0)|1% +/O e MRe(i|0)g dt
+ /T e MRea(t,v,v) dt + a(0,v(0),v(0)).
0

Thus Lemma 5.2 applied to the first and second integral and Young’s inequality
shows that

L. 2 A g —At||.112 A ’ —At
Re E(v,v) > §||v(0)||H + 5 e M|o]|7 dt + 3 e Ma(t,v,v) dt
0 0
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_ %/O e Ma(t,v,v) dt + %G(T,’U(T)vv(T>) + %a((),v(()),v(o))

2
> Clloll3,

for some C' > 0 if X is large enough. Note that we can choose C' depending only
on the coercivity, V-boundedness, Lipschitz constant of the form and on T'.

Uniqueness: Let u € MR(V, H,V') be a solution of (5.1) where f = 0 and
ug = u; = 0. We have to show that u = 0. Fix r € [0,7] and define v,(t) :=
ftT Ljo,u(s) ds. Then v, € H'(0,T;V) with v,(r) = 0 and o, = =Ly ,ju. We
obtain

T T
0= 2/ Re(ii, v,y dt + 2/ Rea(t,u,v,) dt
0 0

2/; /tTRe(il(t),u(s)) ds dt—Q/OT Rea(t, iy, v,) dt
2/; /OsRe<ii(t),u(s)> at ds2/0TRea(t,i)T,vT) at
2/; Re(/osii(t) dt, u(s)) ds/Or(a(t,vr,vr))'a(t,vr,vr) at

= 2/0 Re(t, u) ds + a(0,v,(0),v,(0)) /o a(t, vy, v,) dt

> fu(r)lz + el O)]5 - M/O lov 5 dt.
We set w(r) := v.(0) = [ u(s) ds € L*(0,T; V). Then w(r) — w(t) = v,(t) and
aflw(r)[y, < M/O lw(r) —w(®)]5, dt < 2rM||w(r)]3, + 2M/0 lw(®)][5 dt.

Let 0 < ro < ;37 and set Chry = — 2roM > 0, then for every r € [0, r0] we
have

()2 < 2MC;)! / ()| dt.

We conclude by Gronwall’s lemma that w(r) = 0 for all r € [0, r], hence u = 0
on [0,79]. Now we may proceed inductively to obtain u =0 on [0, T]. O

Remark 5.3. If we add a V' x H-bounded perturbation to a as in Section 4, we
can still prove existence in Theorem 5.1. But for the uniqueness we have to
assume additionally that this perturbation is also H x V-bounded.

Remark 5.4. Let B(t) be bounded operators on H with || B(t)||zz) < Mp for
a.e. t € [0,T]. We consider the wave equation

{ i(t) + B(t)a(t) + At)u(t) = f(t) t-ae.

u(0) = ug, u(0) = uy (5.4)

Then for ug € V, u1 € H and f € L%*(0,7T,V’) there exists a solution u €
MR(V,H,V’) to (5.4). The proof is the same as above, one has only to change
E(u,v) into

E(u,v) := /o (a (ef)‘ti))')H dt
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+/0 e M(B(t)u|v)y dt
T

+/ e~ Ma(t, u, ) dt + a(0, u(0), v(0)).
0

The uniqueness of u is however not clear except if the map ¢ — B(t) is Lipschitz.
If this later condition is satisfied one can use similar ideas as in [DL88, p. 686]
to prove uniqueness. The proof for uniqueness in Theorem 5.1 is similar to that
of [DL88, p. 673].

6 Applications

In this section we give applications of our results. We consider two problems,
one is linear and the second one is quasi-linear.

I) Laplacian with time dependent Robin boundary conditions.
Let © be a bounded domain of R? with Lipschitz boundary I'. Denote by o be
the (d — 1)-dimensional Hausdorff measure on I'. Let

ﬂl,ﬂgi [O,T] xI' =R

be bounded measurable functions which are Lipschitz continuous w.r.t. the first
variable, i.e.,

|Bi(t, x) = Pi(s, )| < Mt —s| (i=1,2) (6.1)

for some constant M and all t,s € [0,T], = € I'. We consider the symmetric
forms

a,b: [0, 7] x H'(Q) x H'(Q) - R
defined by
a(t,u,v) = / VuVo dz + / B1(t, Juv do. (6.2)
Q r

and

b(t,u,v) = /QVUVU dz + /F Ba(t, . Juv do. (6.3)

respectively. The forms a, b are H'(2)-bounded and quasi-coercive. The first
statement follows readily from the continuity of the trace operator and the
boundedness of 3. The second one is a consequence of the inequality

2 2
/F [ul? do < ellull3 gy + ccllullZae, (6.4)

which is valid for all € > 0 (c. is a constant depending on €). Note that (6.4)
is a consequence of compactness of the trace as an operator from H!(Q) into
L?(T',do), see [Nec67, Chap. 2 § 6, Theorem 6.2].

Let A(t) be the operator associated with a(, .,.) and B(t) the operator asso-
ciated with b(t, ., .). Note that the part A(t) in H := L?*(Q) of A(t) is interpreted
as (minus) the Laplacian with time dependent Robin boundary conditions

Oyv+ Pr1(t,.)u=0onT.
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Here we use the following weak definition of the normal derivative. Let v €
H'(Q) such that Av € L*(Q). Let h € L*(T',do). Then d,v = h by definition
if [, VoVw+ [, Avw = [, hwdo for all w € H'(Q). Based on this definition,
the domain of A(t) is the set

D(A(t)) = {ve HY(Q): Av € L*(Q),d,v + B1(t)v|r = 0},

and for v € D(A(t)) the operator is given by A(t)v = —Aw.

Maximal regularity on H for the first order Cauchy problem associated with
A(t) was proved in [ADLO13]. Here we study the second order problem. By
Theorem 4.1, the damped wave equation

i(t) — Au(t) — Au(t) = f(t)
uw(0) = ug, w(0)=u; € H'(Q)
Oy (u(t) +u(t)) + Balt, )u(t) + Bi(t, Ju(t) =0 on T

<

has a unique solution u € MR(V,V,H) = H*(0,T;L*(Q)) N H(0,T; H(Q))
whenever f € L(0,T, L*(Q2)).

Indeed, Theorem 4.1 implies that there exists u € MR(V,V, V") with u(0) =
ug, 4(0) = uy and

(U, v)g + b(t, @, v) + a(t,u,v) = (f,v)u (6.5)

for all v € V and all t € [0,7] \ N, where N is a Lebesgue null set. Let
t €[0,T]\ N, then for the special choice v € D(€2) we obtain that (6.5) implies
i(t) — Au(t) — Au(t) = f(t). This together with (6.5) and the above definition
of the normal derivative shows

Dy (0(t) +u(t)) + Baolt, )u(t) + Bu(t, )u(t) = 0 on T.

II) A quasi-linear problem.
Let © be a bounded open set of R? and let H be the real-valued Hilbert space
L?(Q,dz) and V be a closed subspace of H'(Q) which contains Hg(Q). If V #
H}(Q) we assume that  is a Lipschitz domain to ensure that the embedding
of V in H is compact. This latter property is always true for V.= Hj(Q) for
any bounded domain 2.

For g,h € L?(0,T; H) we define the forms a,p,b,5: [0,7] x V x V — R by

d
ag.n(t,u,v) = Z /ajk(t,x,g,h)akuajv dx
Q

kyj=1
and
d
bg.n(t,u,v) = Z /bjk(t,z,g,h)ﬁkuﬁjv de.
k=17

We assume that the coefficients a;x, bjx: [0,7] X Q x R x R — R are uniformly
bounded on [0,7] x © x R x R by a constant M > 0 and satisfy the usual
ellipticity condition

d d
> altwy, )& = nlEl? Y bilt,x,y, 2)&E > ¢l
k,j=1 k,j=1
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for a.e. (t,x) € [0,T] x Q and all y,z € R, ¢ € RY. Here n > 0 is a constant.
Moreover we assume that a;x (¢, z,.,.), bjr(t, z, ., .) are continuous for a.e. (¢, z).
We denote by Ag 5 (t) and By, (t) the associated operators.
Given ug € V, u1 € H and f € L?(0,T;V’) the second order Cauchy
problem
{ i(t) + Byn(t)a(t) + Agn(tut) = f(t)  t-ae. ©6)

u(0) = up, u(0) = uq

has a unique solution ug, , € MR(V,V, V') by Theorem 3.1. Moreover, by Propo-
sition 3.3 there exists C' > 0 and 0 < Ty < T depending only on M and 1 such
that the solution of (6.6) on [0, Tp] satisfies the estimate

lagallsimr, vy < Cluolly + lully + 1l pzomn| - 67

Note that C' and Ty are independent of g and h. We want to show that the
quasi-linear problem

W(t) + Bu,a(t)u(t) + Ayo(O)u(t) = f(t) t-ae. 6.8
u(0) = uo, 1(0) = uy (68)
has a solution u in MR(V,V,V'). We define the mapping S: H*(0,7; H) —
H(0,T;H) by Sg :=u,, 4. Note that by (6.7) and the fact that C is independent
of g and h, Im(S) is a bounded subset of MR(V,V,V'). Moreover by Aubin-
Lions lemma, MR(V,V, V') is compactly embedded into H'(0,T’; H). Therefore,
if S is continuous then we can apply Schauder’s fixed point theorem to obtain
w € HY(0,T; H) such that Su = u. Thus u is also in MR(V,V,V’) and u €
Im(S). Hence u is a solution of (6.8).

It remains to prove that S is continuous. Let g, — ¢ in H'(0,7; H) and
set u, := Sg,. Since a sequence converges to a fixed element u if and only
if each subsequence has a subsequence converging to u we may deliberately
take subsequences. Since L?(0,T; H) is isomorphic to L?((0,7) x Q) we may
assume (after taking a sub-sequence) that g, — ¢ and g, — ¢ for a.e. (¢,x).
Furthermore since the sequence u,, is bounded in MR(V,V, V') we may assume
(after taking a sub-sequence) that w, — wu in H(0,T7;H) and u, — u in
MR(V,V,V"). Hence a;i(t,2,gn,dn) — ajr(t,z,g9,9) and bjr(t, z, gn, Gn) —
bjr(t,x,g,g) for ae. (t,x). Now the equality u, = Sg¢,, means that

d
(U y0) L2(0,7:v7),L2(0,T3V) + Z (O | bjr(t, 2, Gns G ) OkV) L2 (0,73 H)
jk=1
d
+ Z (ajun | ajk(taCﬁagn,gn)akU)LZ(o,T;H) = (faU>L2(O,T;V’),L2(O,T;V)
g k=1

for all v € L?(0,T;V) and u,(0) = ug, %,(0) = u;. By the dominated con-
vergence theorem a ;i (t, z, gn, §n)Okv — ajr(t, z,g,d)0kv in L*(0,T; H). More-
over u, — u in MR(V,V,V’) implies that 0ju, — 9J;u and 0ju, — 0;u in
L?(0,T; H). Thus taking the limit for n — oo yields

d

(i,) L2(0,7:v1),L2(0,T3V) + Z (05| bjx(t, z, 9, §)0kv) L2 (0,7:H)
jk=1
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d

+ Z (Ojulajk(t,z,9,9)0kv)L2(0,7;m) = (f, V) L2(0.73v7),22(0.T:V)
k=1

for all v € L?(0,T;V) and u(0) = ug, 4(0) = u;. Note that for the initial
condition we have used that MR(V,V,V') — C1([0,T]; H) N C([0,T]; V), see
(3.3). This is equivalent to Sg = u. Hence S is continuous.
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