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❧✐❦❡❧✐❤♦♦❞ ♠❡t❤♦❞s ❜❛s❡❞ ♦♥ ❛♥ ❊▼ ❛❧❣♦r✐t❤♠ ❛♥❞ t❤❡② ❝♦♥❝❧✉❞❡❞ t❤❛t ✏♦♥❡ ♣r❛❝✲

t✐❝❛❧ ❞r❛✇❜❛❝❦ ✇✐t❤ t❤❡ ❛♣♣r♦❛❝❤ st❡♠s ❢r♦♠ t❤❡ ✉s❡ ♦❢ s✐♠✉❧❛t✐♦♥ ❛❧❣♦r✐t❤♠s✱

✇❤✐❝❤ ♠❛② ❝♦♥✈❡r❣❡ s❧♦✇❧② ✉♥❧❡ss t❤❡② ❤❛✈❡ ❜❡❡♥ t✉♥❡❞✳ ❆ s❡❝♦♥❞ ✐s t❤❛t t❤❡

♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs ✐♥❝r❡❛s❡s r❛♣✐❞❧② ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ ♠✐①t✉r❡ ❝♦♠♣♦♥❡♥ts✱

s♦ ♠♦❞❡❧ ❝♦♠♣❧❡①✐t② ♠✉st ❜❡ s❤❛r♣❧② ♣❡♥❛❧✐③❡❞ t❤r♦✉❣❤ ❛♥ ✐♥❢♦r♠❛t✐♦♥ ❝r✐t❡r✐♦♥

♦r ❛ ♣r✐♦r ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ♠✐①t✉r❡ ❝♦♠♣♦♥❡♥ts✧✳ ❖♥❡ ♦t❤❡r ❦❡② ♣♦✐♥t ❛❜♦✉t t❤✐s

♣❛st ✇♦r❦ ✐s t❤❛t ❇❛②❡s✐❛♥ ❡st✐♠❛t✐♦♥ ✐♥ ❞✐♠❡♥s✐♦♥ ❣r❡❛t❡r t❤❛♥ t❤r❡❡ ✇❛s r❡♥✲

❞❡r❡❞ ✈❡r② ❞❡❧✐❝❛t❡ ❜② t❤❡ ❧♦✇ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢ t❤❡ r❡✈❡rs✐❜❧❡✲❥✉♠♣ ▼❡tr♦♣♦❧✐s

❛❧❣♦r✐t❤♠ ✉s❡❞ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥✳ ▼♦st ♦❢ t❤❡ ❞✐✣❝✉❧t✐❡s

t❤❡② ❡♥❝♦✉♥t❡r❡❞ ✇❡r❡ ❧✐♥❦❡❞ t♦ t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ ♠♦♠❡♥t ❝♦♥str❛✐♥t✳ ❙t✐❧❧✱

❛ ✇♦r❦❛❜❧❡ s♣❡❝tr❛❧ ❡st✐♠❛t♦r ❜❛s❡❞ ♦♥ ❉✐r✐❝❤❧❡t ❞✐str✐❜✉t✐♦♥s ✇✐❧❧ ❜❡ ❛ ✈❛❧✉❛❜❧❡

s❡♠✐✲♣❛r❛♠❡tr✐❝ t♦♦❧ ❢♦r ❇❛②❡s✐❛♥ ♣r❛❝t✐t✐♦♥❡rs ✇❤♦ ✇♦✉❧❞ ❧✐❦❡ t♦ ❛♥❛❧②③❡ ♠✉❧t✐✲

✈❛r✐❛t❡ ❡①tr❡♠❡s ♦❢ ♠♦❞❡r❛t❡ ❞✐♠❡♥s✐♦♥s ✭✐✳❡✳ ❛r♦✉♥❞ ✜✈❡✮✳

❋♦❧❧♦✇✐♥❣ ❇♦❧❞✐ ❛♥❞ ❉❛✈✐s♦♥✬s st❡♣s✱ ✇❡ ♣r♦♣♦s❡ ✐♥ t❤✐s ♣❛♣❡r ❛ ♥♦✈❡❧ ♣❛r❛♠❡tr✐③❛✲

t✐♦♥ ♦❢ t❤❡ ❉▼ ♠♦❞❡❧✳ ❖♥❡ str♦♥❣ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ♣❛r❛♠❡tr✐③❛t✐♦♥ r❡s✐❞❡s ✐♥



t❤❡ ❢❛❝t t❤❛t t❤❡ ♠♦♠❡♥t ❝♦♥str❛✐♥t ✐s ❛✉t♦♠❛t✐❝❛❧❧② s❛t✐s✜❡❞✳ ❚❤✐s ❛❧❧♦✇s t♦ ❝♦♥✲

str✉❝t ❛ ♣r✐♦r ✐♥ ❛ r❡❧❛t✐✈❡❧② s✐♠♣❧❡ ✇❛② ✭s❡❝t✐♦♥ ✸✮✱ ❛♥❞ ✐t ✐s ✈❡r✐✜❡❞ t❤❛t t❤❡

♣♦st❡r✐♦r ✐s ❝♦♥s✐st❡♥t ❢♦r ❛ ❧❛r❣❡ ❝❧❛ss ♦❢ ❵tr✉❡✬ ❞✐str✐❜✉t✐♦♥s✳ ❆ tr❛♥s✲❞✐♠❡♥s✐♦♥❛❧

▼❡tr♦♣♦❧✐s✲✇✐t❤✐♥✲●✐❜❜s ❛❧❣♦r✐t❤♠ ✐s ✐♠♣❧❡♠❡♥t❡❞ ✭s❡❝t✐♦♥ ✹✮ t♦ ❛♣♣r♦❛❝❤ t❤❡ ♣♦s✲

t❡r✐♦r ❞✐str✐❜✉t✐♦♥✳ ■♥ ♣r❛❝t✐❝❡✱ ❛ss✉♠✐♥❣ t❤❛t t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ❝❧✉st❡rs

✇✐t❤✐♥ t❤❡ ♠✐①t✉r❡ ✐s ❜❡❧♦✇ ✶✺ ✭❛ r❡❛s♦♥❛❜❧❡ ❤②♣♦t❤❡s✐s ❢♦r ♠♦st ❛♣♣❧✐❝❛t✐♦♥s✮✱ ✐t

❜❡❝♦♠❡s ♣♦ss✐❜❧❡ t♦ ♠❛❦❡ ❛❝❝✉r❛t❡ ❇❛②❡s✐❛♥ ✐♥❢❡r❡♥❝❡s ❢♦r ❛t ❧❡❛st ✜✈❡ ❞✐♠❡♥s✐♦♥❛❧

❞❛t❛ s❡ts ✭s❡❡ s❡❝t✐♦♥ ✼✮✳

❚❤❡♦r❡t✐❝❛❧ ❡r❣♦❞✐❝✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❛r❡ ✐♥✈❡st✐❣❛t❡❞ ✐♥ s❡❝t✐♦♥ ✺

❛♥❞ s❡❝t✐♦♥ ✻ ❞❡❛❧s ✇✐t❤ t❤❡ ✐♠♣♦rt❛♥t ✐ss✉❡ ♦❢ ❡♠♣✐r✐❝❛❧ ❝♦♥✈❡r❣❡♥❝❡ ❛ss❡ss♠❡♥t✳

▲✐❦❡ ✐♥ ❛♥② ♦t❤❡r ♠✐①t✉r❡ ♠♦❞❡❧✱ t❤❡ ♣❛r❛♠❡t❡rs ❛r❡ ♥♦t ✐❞❡♥t✐✜❛❜❧❡✱ ❛♥❞ t❤❡

♠♦♥✐t♦r❡❞ q✉❛♥t✐t② ❝❛♥♥♦t ❜❡ ❛ ♣❛r❛♠❡t❡r ❝♦♠♣♦♥❡♥t✳ ■♥st❡❛❞✱ ❝♦♥✈❡r❣❡♥❝❡ ♦❢

t❤❡ ❞❡♥s✐t✐❡s ❝❛♥ ❜❡ ❝❤❡❝❦❡❞✱ ❛♥❞ ✇❡ ♣r♦♣♦s❡ ❛♥ ❛♣♣r♦❛❝❤ ❜❛s❡❞ ♦♥ t❤❡ ✉s❡ ♦❢

✇❡❧❧ ❝❤♦s❡♥ ❉✐r✐❝❤❧❡t t❡st ❢✉♥❝t✐♦♥s t♦ ❜❡ ✐♥t❡❣r❛t❡❞ ❛❣❛✐♥st t❤❡ ❉✐r✐❝❤❧❡t ♠✐①t✉r❡

❞❡♥s✐t✐❡s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❛❧❣♦r✐t❤♠✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤✐s ♠❡t❤♦❞ ❛❧❧♦✇s ❣♦♦❞♥❡ss✲

♦❢✲✜t ❝❤❡❝❦✐♥❣✳ ■♥ s❡❝t✐♦♥ ✼✱ ❛ s✐♠✉❧❛t✐♦♥ st✉❞② ✐s ♣❡r❢♦r♠❡❞ ✇✐t❤ t❤r❡❡✲ ❛♥❞

✜✈❡✲ ❞✐♠❡♥s✐♦♥❛❧ ❞❛t❛ s❡ts✱ ✐♥ ♦r❞❡r t♦ ❝♦♠♣❛r❡ ♦✉r ❛❧❣♦r✐t❤♠ ✇✐t❤ ❇♦❧❞✐ ❛♥❞

❉❛✈✐s♦♥✬s ♦♥❡✱ ✐♥ t❡r♠s ♦❢ ♠✐①✐♥❣ ♣r♦♣❡rt✐❡s ❛♥❞ ♣r❡❞✐❝t✐✈❡ ❛❝❝✉r❛❝②✳ ❲❡ ❛❧s♦ ✜t

t❤❡ ❉✐r✐❝❤❧❡t ♠✐①t✉r❡ ♠♦❞❡❧ t♦ ❛✐r q✉❛❧✐t② ♠❡❛s✉r❡♠❡♥ts✱ r❡❝♦r❞❡❞ ✐♥ t❤❡ ❝✐t② ♦❢

▲❡❡❞s✱ ❯❑✱ ❞✉r✐♥❣ t❤❡ ✇✐♥t❡r s❡❛s♦♥✱ ②❡❛rs ✶✾✾✹✲✶✾✾✽✳ ❚❤✐s ❞❛t❛ s❡t ✐s ❛✈❛✐❧❛❜❧❡

❛t ❤tt♣✿✴✴✇✇✇✳❛✐rq✉❛❧✐t②✳❝♦✳✉❦ ❛♥❞ ❤❛s ❛❧r❡❛❞② ❜❡❡♥ st✉❞✐❡❞ ❜② ❈♦♦❧❡② ❡t ❛❧✳

✭✷✵✶✵✮✱ ❍❡✛❡r♥❛♥ ❛♥❞ ❚❛✇♥ ✭✷✵✵✹✮✱ ❇♦❧❞✐ ❛♥❞ ❉❛✈✐s♦♥ ✭✷✵✵✼✮ ❛♥❞ ❙❛❜♦✉r✐♥ ❡t ❛❧✳

✭✷✵✶✸✮ ❛♥❞ ✇❡ ❝♦♠♠❡♥t ♦✉r r❡s✉❧ts ✇✐t❤ r❡s♣❡❝t t♦ ❇♦❧❞✐ ❛♥❞ ❉❛✈✐s♦♥ ✭✷✵✵✼✮✬s

❛♣♣r♦❛❝❤✳ ❆♥♦t❤❡r s✐♠✉❧❛t✐♦♥ st✉❞② ✐s ♣❡r❢♦r♠❡❞ t♦ ❛ss❡ss t❤❡ ✐♠♣❛❝t ♦❢ t❤❡

♣r✐♦r s♣❡❝✐✜❝❛t✐♦♥✳ ❋✐♥❛❧❧②✱ ❝♦♠♣❛r✐s♦♥ ✐s ♠❛❞❡ ✇✐t❤ ●✉✐❧❧♦tt❡ ❡t ❛❧✳ ✭✷✵✶✶✮✬s ♥♦♥✲

♣❛r❛♠❡tr✐❝ ❇❛②❡s✐❛♥ ♠♦❞❡❧ ✐♥ ❛ ❜✐✲✈❛r✐❛t❡ s❡tt✐♥❣✳ ❖✉r r❡s✉❧ts ❛r❡ ❞✐s❝✉ss❡❞ ✐♥

s❡❝t✐♦♥ ✽✳

✷✳ ❇❛❝❦❣r♦✉♥❞ ❛♥❞ ♥♦t❛t✐♦♥s

✷✳✶✳ ▼✉❧t✐✈❛r✐❛t❡ ❡①tr❡♠❡s ❛♥❞ s♣❡❝tr❛❧ ♠❡❛s✉r❡

▼✉❧t✐✈❛r✐❛t❡ ❡①tr❡♠❡ ✈❛❧✉❡ t❤❡♦r② ❛✐♠s ❛t ❝❤❛r❛❝t❡r✐③✐♥❣ t❤❡ ❥♦✐♥t ❜❡❤❛✈✐♦r ♦❢

❡①tr❡♠❡ ❡✈❡♥ts s✉❝❤ ❛s ❜❧♦❝❦ ♠❛①✐♠❛ ♦r ♠✉❧t✐✈❛r✐❛t❡ ❡①❝❡ss❡s ❛❜♦✈❡ ❛ t❤r❡s❤♦❧❞

✭❇❡✐r❧❛♥t ❡t ❛❧✳✱ ✷✵✵✹❀ ❞❡ ❍❛❛♥ ❛♥❞ ❋❡rr❡✐r❛✱ ✷✵✵✻❀ ❘❡s♥✐❝❦✱ ✶✾✽✼✱ ✷✵✵✼✮✳ ▲❡t X =
(X1, . . . , Xd) ❜❡ ❛ ♣♦s✐t✐✈❡ r❛♥❞♦♠ ✈❡❝t♦r ♦❢ s✐③❡ d✳ ■❢ t❤❡ ✉♥✐✲✈❛r✐❛t❡ ♠❛r❣✐♥❛❧

❞✐str✐❜✉t✐♦♥s ❛r❡ ❦♥♦✇♥✱ t❤❡r❡ ✐s ♥♦ ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✐♥ ❛ss✉♠✐♥❣ ❡❛❝❤ ♦❢ t❤❡♠ t♦

❜❡ ✉♥✐t✲❋ré❝❤❡t ❞✐str✐❜✉t❡❞ P (Xi ≤ x) = exp
(

− 1
x

)

✱ ❢♦r i = 1, . . . , d. ❈♦♥❝❡r♥✐♥❣
t❤❡ ♠✉❧t✐✈❛r✐❛t❡ ❞❡♣❡♥❞❡♥❝❡ ❞❡s❝r✐♣t✐♦♥✱ ✐t ✐s ❝♦♥✈❡♥✐❡♥t t♦ ✐♥tr♦❞✉❝❡ t❤❡ L1 ♥♦r♠

R = X1+ · · ·+Xd ❛♥❞ t♦ r❡♣r❡s❡♥t X ✐♥ ♣♦❧❛r ❝♦♦r❞✐♥❛t❡s✱ ❧❡tt✐♥❣ R ❜❡ t❤❡ r❛❞✐❛❧



❝♦♠♣♦♥❡♥t ❛♥❞ W = X/R t❤❡ ❛♥❣✉❧❛r ♦♥❡✳ ❚❤✉s✱ W ❝♦rr❡s♣♦♥❞s t♦ ❛ r❛♥❞♦♠

♣♦✐♥t ♦♥ t❤❡ d − 1 ❞✐♠❡♥s✐♦♥❛❧ ✉♥✐t s✐♠♣❧❡① Sd =
{

w = (w1, · · · , wd) : wi ≥
0 w1 + · · ·+ wd = 1

}

.
❆ ♠❛❥♦r r❡s✉❧t ♦❢ ♠✉❧t✐✈❛r✐❛t❡ ❡①tr❡♠❡ ✈❛❧✉❡ t❤❡♦r② ✐s t❤❛t✱ ✉♥❞❡r ♠✐❧❞ ❛s✲

s✉♠♣t✐♦♥s ✭s❡❡ ❡✳❣✳ ❘❡s♥✐❝❦✱ ✶✾✽✼✱ ♠✉❧t✐✈❛r✐❛t❡ r❡❣✉❧❛r ✈❛r✐❛t✐♦♥✮✱ t❤❡ r❛❞✐❛❧ ❛♥❞

❛♥❣✉❧❛r ❝♦♠♣♦♥❡♥ts ❜❡❝♦♠❡ ✐♥❞❡♣❡♥❞❡♥t ❢♦r ❧❛r❣❡ R✬s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇✐t❤ ♦✉r

❝❤♦✐❝❡ ♦❢ ✉♥✐t ❋ré❝❤❡t ♠❛r❣✐♥s✱ t❤❡ ❝♦♥❞✐t✐♦♥ ✐s t❤❛t t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥

❢✉♥❝t✐♦♥ ✭❝❞❢ ✮ ♦❢ X ❜❡ ✐♥ t❤❡ ❞♦♠❛✐♥ ♦❢ ❛ttr❛❝t✐♦♥ ♦❢ ❛ ♠❛①✲st❛❜❧❡ ❞✐str✐❜✉t✐♦♥ G✱
✐✳❡✳ t❤❛t t❤❡r❡ ❡①✐st ❛ ♥♦♥ ❞❡❣❡♥❡r❛t❡ ❝❞❢ G s✉❝❤ t❤❛t t❤❡ ❧✐♠✐t P t(X ≤ tx) ❣♦❡s
t♦ G(x), ❛s t→ ∞✳ ❚❤✐s ✐♠♣❧✐❡s Gt(tx) = G(x) ❢♦r ❛❧❧ t > 0✳ ■♥ s✉❝❤ ❛ ❝❛s❡✱ t❤❡r❡

✐s ❛ s♣❡❝tr❛❧ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ H ❞❡✜♥❡❞ ♦♥ Sd✱ s✉❝❤ t❤❛t ❢♦r ❛♥② ❇♦r❡❧✐❛♥ s✉❜s❡t

B ♦❢ Sd✱ P (W ∈ B,R > r) ∼
r→∞

r−1H(B), s♦ t❤❛t

P (W ∈ B | R > r) −→
r→∞

H(B). ✭✶✮

❚❤✉s✱ H r❡♣r❡s❡♥ts t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❛♥❣✉❧❛r ❝♦♠♣♦♥❡♥ts ❢♦r ❛s②♠♣t♦t✐❝❛❧❧②

❧❛r❣❡ R✬s✳ ❚❤✐s ♠❡❛s✉r❡ ❤❛s t♦ s❛t✐s❢② t❤❡ ♠♦♠❡♥t ❝♦♥str❛✐♥t

❢♦r ❛❧❧ i = 1, . . . , d,

∫

Sd

wi dH(w) =
1

d
. ✭✷✮

❈♦♥✈❡rs❡❧②✱ ❛♥② ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ H s❛t✐s❢②✐♥❣ ✭✷✮ ✐s ❛ ✈❛❧✐❞ s♣❡❝tr❛❧ ♠❡❛s✉r❡ ❢♦r

❛ ♠✉❧t✐✈❛r✐❛t❡ ❡①tr❡♠❡ ✈❛❧✉❡ ❞✐str✐❜✉t✐♦♥ G✳ ■♥ ♦t❤❡r ✇♦r❞s✱ H ✐s ❛ ✈❛❧✐❞ s♣❡❝tr❛❧

♠❡❛s✉r❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐ts ❝❡♥t❡r ♦❢ ♠❛ss ❧✐❡s ❛t t❤❡ ❝❡♥tr♦✐❞ ♦❢ t❤❡ ✉♥✐t s✐♠♣❧❡①✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❢♦❝✉s ♦♥ ❛♥❣✉❧❛r ♠❡❛s✉r❡s ✇❤✐❝❤ ♠❛ss ✐s ❝♦♥❝❡♥tr❛t❡❞ ♦♥ t❤❡

✐♥t❡r✐♦r ♦❢ t❤❡ ✉♥✐t s✐♠♣❧❡①✱ ❞❡♥♦t❡❞
◦
Sd✱ ❛♥❞ ✇❤✐❝❤ ❛❞♠✐t ❞❡♥s✐t✐❡s ✇✐t❤ r❡s♣❡❝t t♦

t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ dw1 · · · dwd−1 ♦♥ t❤❡ ❊✉❝❧✐❞❡❛♥ ♣❧❛♥❡ ♦❢ ❞✐♠❡♥s✐♦♥ d − 1✳
❚❤❡ s✐♠♣❧❡① ✐s ♣❛r❛♠❡tr✐③❡❞ ❜② {(w1, . . . , wd−1) : wi ≥ 0 ;

∑d−1
i=1 wi ≤ 1}.

✷✳✷✳ ❉✐r✐❝❤❧❡t ♠✐①t✉r❡ ♠♦❞❡❧ ✭❇♦❧❞✐ ❛♥❞ ❉❛✈✐s♦♥✱ ✷✵✵✼✮

❇❡s✐❞❡s ❝♦♥❞✐t✐♦♥ ✭✷✮✱ t❤❡r❡ ✐s ♥♦ ♦t❤❡r ❝♦♥str❛✐♥t ♦♥ H✳ ■♥ t❡r♠s ♦❢ ♠♦❞❡❧✲

✐♥❣✱ t❤✐s str♦♥❣❧② ❢❛✈♦rs ♥♦♥✲♣❛r❛♠❡tr✐❝✱ ♦r s❡♠✐✲♣❛r❛♠❡tr✐❝ ♠♦❞❡❧s✳ ❆s H ❧✐✈❡s

♦♥ t❤❡ ✐♥t❡r✐♦r ♦❢ t❤❡ ✉♥✐t✲s✐♠♣❧❡①✱ t❤❡ ❉✐r✐❝❤❧❡t ♠✐①t✉r❡s ❢❛♠✐❧② ❛♣♣❡❛rs ❛s t❤❡

✐❞❡❛❧ ❝❛♥❞✐❞❛t❡✳ ❲❡ r❡❝❛❧❧ t❤❛t ❛ ❉✐r✐❝❤❧❡t ❞❡♥s✐t②✱ ✇❤✐❝❤ ✇❡ ❞❡♥♦t❡ diri✱ ❝❛♥ ❜❡

♣❛r❛♠❡tr✐③❡❞ ❜② ❛ ♠❡❛♥ ✈❡❝t♦r µ ∈
◦
Sd ❛♥❞ ❛ ❝♦♥❝❡♥tr❛t✐♦♥ ♣❛r❛♠❡t❡r ν > 0✱ s♦

t❤❛t

∀w ∈ Sd, diri(w | µ, ν) = Γ(ν)
∏d

i=1 Γ(νµi)

d
∏

i=1

wνµi−1
i .



❆ k✲❝♦♠♣♦♥❡♥t ❉✐r✐❝❤❧❡t ♠✐①t✉r❡ ❞❡♥s✐t② ✐s ❛ ✜♥✐t❡ ♠✐①t✉r❡

h(µ,p,ν)(w) =

k
∑

m=1

pm diri(w | µ · ,m, νm),

✇✐t❤ ♣♦s✐t✐✈❡ ✇❡✐❣❤t ✈❡❝t♦r p =
(

p1, . . . , pk
)

s✉♠♠✐♥❣ t♦ ♦♥❡✱ ❝♦♥❝❡♥tr❛t✐♦♥ ✈❡❝✲

t♦r ν =
(

ν1, . . . , νk
)

❛♥❞ ♠❡❛♥ ♠❛tr✐① µ =
(

µ · ,1, . . . , µ · ,k
)

✱ ✇❤❡r❡ µ · ,m =

(µ1,m, . . . , µd,m) ✐s t❤❡ ♠❡❛♥ ✈❡❝t♦r ❢♦r t❤❡ mth ♠✐①t✉r❡ ❝♦♠♣♦♥❡♥t✳ ❚❤❡ ♠♦♠❡♥t

❝♦♥str❛✐♥t ✭✷✮ ✐s ❡q✉✐✈❛❧❡♥t t♦

k
∑

m=1

pm µi,m =
1

d
, ❢♦r ❛❧❧ i = 1, . . . , d. ✭✸✮

❚❤✐s ❧❡❛❞s t♦ t❤❡ Ψ✲♣❛r❛♠❡tr✐③❛t✐♦♥ ♣r♦♣♦s❡❞ ❛♥❞ st✉❞✐❡❞ ❜② ❇♦❧❞✐ ❛♥❞ ❉❛✈✐s♦♥

✭✷✵✵✼✮ ❛s ❛ ❞✐s❥♦✐♥t ✉♥✐♦♥✿

Ψ =
∐

k≥1

Ψk , ✇✐t❤ Ψk =
{

ψ =
(

µ · , 1:k, p1:k, ν1:k
)

: ✭✸✮ ❤♦❧❞s
}

.

❍❡r❡✱ t❤❡ ✈❡❝t♦r µ · , q:r ❞❡♥♦t❡s
(

µ · , q, . . . , µ · , r
)

❢♦r q ≤ r✳ ❚❤✐s t②♣❡ ♦❢ ♥♦t❛t✐♦♥

✇✐❧❧ ❜❡ ✉s❡❞ t❤r♦✉❣❤♦✉t t❤✐s ✇♦r❦✱ ❡✳❣✳ pq:r ♠❡❛♥s (pq, . . . , pr)✳ ❯♥❧❡ss ♦t❤❡r✇✐s❡

♠❡♥t✐♦♥❡❞✱ ‖ · ‖ ❞❡♥♦t❡s t❤❡ ❊✉❝❧✐❞❡❛♥ ♥♦r♠ ♦♥ Rd ✇❤✐❧❡ ‖ · ‖1 st❛♥❞s ❢♦r t❤❡ L1

♥♦r♠✳

❚❤❡ ✇❡❛❦ ❞❡♥s✐t② ♦❢ s✉❝❤ ♠✐①t✉r❡s ✇✐t❤✐♥ t❤❡ s♣❛❝❡ ♦❢ ❛❞♠✐ss✐❜❧❡ ❛♥❣✉❧❛r ♠❡❛✲

s✉r❡s✱ ♣r♦✈❡❞ ❜② ❇♦❧❞✐ ❛♥❞ ❉❛✈✐s♦♥ ✭✷✵✵✼✮✱ r❡♥❞❡rs t❤✐s ♠♦❞❡❧ ✈❡r② ❛ttr❛❝t✐✈❡ ✐♥

t❡r♠s ♦❢ ✢❡①✐❜✐❧✐t②✳ ❍♦✇❡✈❡r✱ ✐♥ ❛ ❇❛②❡s✐❛♥ ❝♦♥t❡①t✱ s♣❡❝✐❢②✐♥❣ ❛♥ ❛❞❡q✉❛t❡ ♣r✐♦r

❞✐str✐❜✉t✐♦♥ ❢♦r µ = µ · , 1:k ❛♥❞ p = p1:k s✉❜❥❡❝t t♦ ✭✸✮ ✐s ❝❤❛❧❧❡♥❣✐♥❣✳ ❇♦❧❞✐

❛♥❞ ❉❛✈✐s♦♥ ✭✷✵✵✼✮ ❝♦♥❞✐t✐♦♥❡❞ µ ✉♣♦♥ p✳ ❚❤❡ ♣r✐♦r ♦♥ µ ✇❛s t❤❡♥ ❞❡✜♥❡❞

❝♦♠♣♦♥❡♥t ❜② ❝♦♠♣♦♥❡♥t✱ ♦♥ t❤❡ ♦♣❡♥ s❡t

{

µ1:d−1,1:k−1 : ∀1 ≤ m < k,

d−1
∑

i=1

µi,m < 1 ❛♥❞ ∀1 ≤ i < d,

k−1
∑

m=1

pmµi,m <
1

d

}

,

❜② s✉❝❝❡ss✐✈❡ ❝♦♥❞✐t✐♦♥✐♥❣✱ ❡❛❝❤ ❝♦♠♣♦♥❡♥t ❜❡✐♥❣ ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ♦♥ t❤❡

❧❛r❣❡st ✐♥t❡r✈❛❧ ❦❡❡♣✐♥❣ ✭✸✮ s❛t✐s✜❡❞✳ ❇❡s✐❞❡s ❛ ♠✐♥♦r ❡rr♦r ♦♥ t❤❡ ❛❞♠✐ss✐❜❧❡

❜♦✉♥❞s ♦❢ s✉❝❤ ❛♥ ✐♥t❡r✈❛❧ ✭s❡❡ ❆♣♣❡♥❞✐① ●✳✶ ❢♦r ❞❡t❛✐❧s✮✱ ❞♦✐♥❣ s♦ ✐♥tr♦❞✉❝❡❞

s♦♠❡ ❛s②♠♠❡tr② ✐♥ µ✬s ♣r✐♦r ❞✐str✐❜✉t✐♦♥✿ ✐♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❝♦♦r❞✐♥❛t❡s µi,m (i =
1, . . . , d) ♦❢ ❛ ❣✐✈❡♥ ♠❡❛♥ ✈❡❝t♦r µ · ,m ✇❡r❡ ♥♦t ❡①❝❤❛♥❣❡❛❜❧❡ ✐♥ t❤❡✐r ♠♦❞❡❧ ❛♥❞



t❤❡ ♣r✐♦r ✇❛s ❝♦♥❝❡♥tr❛t❡❞ ✐♥ ❛ r❡❧❛t✐✈❡❧② s♠❛❧❧ r❡❣✐♦♥ ♦❢ t❤❡ s♣❛❝❡ ♦❢ ❛❞♠✐ss✐❜❧❡

♠✐①t✉r❡s✳ ❚❤✐s ♠✐❣❤t ♣❛rt❧② ❡①♣❧❛✐♥ t❤❡ ❧♦✇ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢ t❤❡✐r r❡✈❡rs✐❜❧❡

❥✉♠♣ ❛❧❣♦r✐t❤♠✿ s✉❝❤ ❛♥ ❛s②♠♠❡tr✐❝ ❝♦♥❝❡♥tr❛t✐♦♥ ♠❛② ❧❡❛❞ t♦ t❤❡ r❡❥❡❝t✐♦♥ ♦❢

♠❛♥② ♣r♦♣♦s❛❧s ❛♥❞ t♦ ❛ ❧♦✇ ❛❝❝❡♣t❛♥❝❡ r❛t❡✳ ❇❡❧♦✇✱ ✇❡ ❛❞❞r❡ss t❤✐s ✐ss✉❡ ❜②

♣r♦♣♦s✐♥❣ ❛♥ ❛❧t❡r♥❛t✐✈❡ ♣❛r❛♠❡tr✐③❛t✐♦♥ s✉❝❤ t❤❛t ❝♦♥str❛✐♥t ✭✷✮ ✐s ❛✉t♦♠❛t✐❝❛❧❧②

s❛t✐s✜❡❞✳ ❚❤✐s ❛❧❧♦✇s ❛ ♥❛t✉r❛❧ ♣r✐♦r s♣❡❝✐✜❝❛t✐♦♥ ✐♥ ✇❤✐❝❤ s♣❛❝❡ ❝♦♦r❞✐♥❛t❡s ♣❧❛②

s②♠♠❡tr✐❝❛❧ r♦❧❡s✳

✸✳ ❯♥❝♦♥str❛✐♥❡❞ ❉✐r✐❝❤❧❡t ♠✐①t✉r❡ ♠♦❞❡❧

✸✳✶✳ ❘❡✲♣❛r❛♠❡tr✐③❛t✐♦♥

❖✉r ❣♦❛❧ ✐s t♦ r❡♣❧❛❝❡ t❤❡ ✇❡✐❣❤t ✈❡❝t♦r p ❛♥❞ t❤❡ ✏❧❛st✑ ♠❡❛♥ ✈❡❝t♦r µ · , k ❜②

❡❝❝❡♥tr✐❝✐t✐❡s e = (e1, . . . , ek−1)✱ ❜❡t✇❡❡♥ ③❡r♦ ❛♥❞ ♦♥❡✳ ❚❤♦s❡ em✬s ❛r❡ s❡q✉❡♥t✐❛❧❧②

❞❡✜♥❡❞ ❛♥❞ ✐♥❞✐❝❛t❡ ❞❡♣❛rt✉r❡ ❢r♦♠ ❝❡♥tr❛❧✐t② ✐♥❞✉❝❡❞ ❜② ❞❡❝r❡❛s✐♥❣ s✉❜s❡ts ♦❢

♠✐①t✉r❡ ❝♦♠♣♦♥❡♥ts✳ ❚❤✉s✱ ✭✸✮ ✐s ❛✉t♦♠❛t✐❝❛❧❧② s❛t✐s✜❡❞ ❛♥❞ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡

❢♦r k✲♠✐①t✉r❡s ✐s ❛ ✏r❡❝t❛♥❣✉❧❛r✑ s✉❜s❡t ♦❢ Sk−1
d × (0, 1)k−1 × (R+)k✳

▲❡t ✉s ❣♦ ✐♥t♦ ❞❡t❛✐❧s✿ s✉♣♣♦s❡ ♦♥❡ ✇❛♥ts t♦ ❝♦♥str✉❝t ❛ k✲❝♦♠♣♦♥❡♥ts ❉▼

❞❡♥s✐t② h(µ,p,ν) s❛t✐s❢②✐♥❣ ✭✸✮✳ ❋♦r m ∈ {0, . . . , k − 1}✱ ✇❡ ✐♥tr♦❞✉❝❡✱ ❛s ❛♥ ✐♥t❡r✲

♠❡❞✐❛t❡ ✈❛r✐❛❜❧❡✱ t❤❡ ❝❡♥t❡r ♦❢ ♠❛ss γm ♦❢ t❤❡ k −m+ 1 ❧❛st ❝♦♠♣♦♥❡♥ts

γm = ρ−1
m

k
∑

j=m+1

pj µ · , j ,

✇❤❡r❡ ρm =
∑k

j=m+1 pj = 1 −∑m
j=1 pj (m ≥ 1)✱ ❛♥❞ ρ0 = 1✳ ❋r♦♠ ✭✸✮✱ ✇❡ ❦♥♦✇

t❤❛t γ0 = (1/d, . . . , 1/d)✱ ❛♥❞✱ ❜② ❛ss♦❝✐❛t✐✈✐t② ♦❢ t❤❡ ❝❡♥t❡r ♦❢ ♠❛ss✱ γm ♠❛② ❛❧s♦

❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ♣r❡❝❡❞✐♥❣ ♠✐①t✉r❡ ❝♦♠♣♦♥❡♥ts✿

γm = ρ−1
m



γ0 −
m
∑

j=1

pj µ · ,j



 . ✭✹✮

❇② ❛ss♦❝✐❛t✐✈✐t② ❛❣❛✐♥✱ ❢♦r m = 1✱ ✇❡ ❤❛✈❡

γ0 = p1 µ · ,1 +
k
∑

j=2

pj µ · , j

= p1 µ · ,1 + ρ1 γ1 .

❱✐s✉❛❧❧②✱ t❤✐s ♠❡❛♥s t❤❛t γ0 ✐s ❧♦❝❛t❡❞ ♦♥ t❤❡ ❧✐♥❡ s❡❣♠❡♥t ❥♦✐♥✐♥❣ γ1 ❛♥❞ µ · ,1
✭s❡❡ ❋✐❣✉r❡ ✶✱ ✇✐t❤ m = 1✱ ♦♥ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ s✐♠♣❧❡① S3✮✱ ✐✳❡✳ t❤❛t γ1 ❧✐❡s ♦♥



t❤❡ ❤❛❧❢ ❧✐♥❡ D1 = [γ0, µ · ,1)✱ ✐♥s✐❞❡ t❤❡ s✐♠♣❧❡①✳ ■❢ I1 ✐s t❤❡ ✐♥t❡rs❡❝t✐♦♥ ❜❡t✇❡❡♥

D1 ❛♥❞ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ s✐♠♣❧❡①✱ ✐t ✐s ❝❧❡❛r t❤❛t ♦♥❡ ❝❛♥ ✉s❡ ❛ ♥✉♠❜❡r e1
❜❡t✇❡❡♥ 0 ❛♥❞ 1 t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♣♦s✐t✐♦♥ ♦❢ γ1 ♦♥ t❤❡ s❡❣♠❡♥t [γ0, I1]✳ ◆❛♠❡❧②✱

s❡t

e1 =
‖γ1 − γ0‖
‖I1 − γ0‖

.

Dm

µ · ,m×

Im

×γm

×γm−1

❋✐❣✉r❡ ✶✿ ❙❡q✉❡♥t✐❛❧ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♣❛rt✐❛❧ ❝❡♥t❡rs ♦❢ ♠❛ss ♦♥ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ s✐♠♣❧❡①
S3 ❛t st❡♣ m✳ ❚❤❡ s✐♠♣❧❡① ♣♦✐♥ts γm✱ γm−1 ❛♥❞ mth ♠❡❛♥ ✈❡❝t♦r µ · ,m✱ ❛s ❞❡✜♥❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥
✶✱ ❜❡❧♦♥❣ t♦ ❛ ❝♦♠♠♦♥ ❧✐♥❡ Dm ❛♥❞ γm−1 ❧✐❡s ❜❡t✇❡❡♥ γm ❛♥❞ µ · ,m✱ s♦ t❤❛t ✭✼✮ ❤♦❧❞s ❢♦r s♦♠❡
❡❝❝❡♥tr✐❝✐t② ♣❛r❛♠❡t❡r em ∈ (0, 1)✳

❆t t❤✐s st❛❣❡✱ ❣✐✈❡♥ µ · ,1 ❛♥❞ e1✱ ♦♥❡ ❝❛♥ ❞❡❞✉❝❡ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ γ1 ❛♥❞ ❡❧❡✲

♠❡♥t❛r② ❛❧❣❡❜r❛ ♣r♦✈✐❞❡s r❡❧❛t✐✈❡ ✇❡✐❣❤ts p1 ❛♥❞ ρ1 r❡s♣❡❝t✐✈❡❧② ❛ss✐❣♥❡❞ t♦ µ · ,1
❛♥❞ γ1✳ ■♥ ❛ s❡❝♦♥❞ st❡♣✱ ❛s ❛❜♦✈❡✱ ✇❡ ❤❛✈❡

γ1 = p2 µ · ,1 + ρ2 γ2 .

❚❤❡ ❛r❣✉♠❡♥t ❝❛♥ ❜❡ r❡♣❡❛t❡❞ t♦ ♦❜t❛✐♥ r❡❝✉rs✐✈❡❧② t❤❡ s✉❜s❡q✉❡♥t ❝❡♥t❡rs ♦❢

♠❛ss γ2, . . . , γk−1 ❛♥❞ ✇❡✐❣❤ts p2, . . . , pk−1✱ ρ2, . . . , ρk−1✱ ❣✐✈❡♥ k − 1 ❉✐r✐❝❤❧❡t

♠❡❛♥ ✈❡❝t♦rs µ · ,1:k−1 ❛♥❞ ❡❝❝❡♥tr✐❝✐t✐❡s e1:k−1✱ ✈✐❛















γm = γm−1 + em(Im − γm)

pm = ρm−1
‖γm−γm−1‖
‖γm−µ · ,m‖

ρm = ρm−1 − pm

❋✐♥❛❧❧②✱ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥✱ γk−1 = µ · ,k ❛♥❞ pk = ρm−1✳



❘♦✉❣❤❧② s♣❡❛❦✐♥❣✱ em r✉❧❡s t❤❡ ❡❝❝❡♥tr✐❝✐t② ✐♥❞✉❝❡❞ ❜② µ · ,m ♦♥t♦ t❤❡ s✉❜✲

s❡q✉❡♥t ♣❛rt✐❛❧ ❝❡♥t❡r ♦❢ ♠❛ss γm✱ r❡❧❛t✐✈❡❧② t♦ t❤❡ ❝✉rr❡♥t ♦♥❡ γm−1✳ ■t ❛❧s♦

❞❡t❡r♠✐♥❡s t❤❡ ✇❡✐❣❤t t♦ ❜❡ ❛ttr✐❜✉t❡❞ t♦ µ · ,m✿ ❢♦r ❛ s♠❛❧❧ em✱ γm−1 ❛♥❞ γm

❛r❡ ❝❧♦s❡ t♦ ❡❛❝❤ ♦t❤❡r✱ ✐✳❡✳ t❤❡ ❞❡♣❛rt✉r❡ ❢r♦♠ γm−1 ✐♥❞✉❝❡❞ ❜② µ · ,m ✐s s♠❛❧❧✱

s♦ t❤❛t pm ✐s ❛❧s♦ s♠❛❧❧✳

■t ♠✉st ❜❡ ♥♦t❡❞ t❤❛t t❤❡ ♣❛r❛♠❡tr✐③❛t✐♦♥ ✐s ✈❛❧✐❞ ♦♥❧② ✐❢

γm−1 6= µ · ,m, ❢♦r ❛❧❧ m ∈ {1, . . . , k − 1}. ✭✺✮

❚❤✐s ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞ ❢♦r ❛❧❧ µ · ,1, . . . , µ · , k−1 ♦✉t ♦❢ ❛ ♥♦✇❤❡r❡ ❞❡♥s❡ s✉❜s❡t

♦❢ Sk−1
d ✳ ■♥ ♣r❛❝t✐❝❡✱ ✐t ✇✐❧❧ ❜❡ ❛❧♠♦st s✉r❡❧② s❛t✐s✜❡❞ ✐❢ ♦♥❡ ❝❤♦♦s❡s ❛♥② ❛❜s♦❧✉t❡❧②

❝♦♥t✐♥✉♦✉s ♣r✐♦r ❢♦r t❤❡ µ · ,m✬s✳

❋♦r ❝♦♠♣✉t❛t✐♦♥❛❧ ♣✉r♣♦s❡s✱ ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ γm✬s ❛r❡ ♥❡❡❞❡❞ ✐♥

♦r❞❡r t♦ ❞❡r✐✈❡ t❤❡ ✇❡✐❣❤ts ❛♥❞ t❤❡ ❧❛st ♠❡❛♥ ✈❡❝t♦r µ · , k✳ ❲❡ t❤✉s ✐♥tr♦❞✉❝❡ t❤❡

♣♦s✐t✐✈❡ s❝❛❧❛r

Tm = sup
{

t ≥ 0 : γm−1 + t (γm−1 − µ · ,m) ∈ Sd

}

(m ∈ {1, . . . , k − 1}) , ✭✻✮

s♦ t❤❛t Im = γm−1 + Tm(γm−1 − µ · ,m)✱ ❛♥❞ t❤❛t

γm = γm−1 + emTm (γm−1 − µ · ,m) . ✭✼✮

■t ✐s s❤♦✇♥ ✐♥ ❆♣♣❡♥❞✐① ❆✱ t❤❛t

Tm = min
i∈Cm

γi,m−1

µi,m − γi,m−1

, ✭✽✮

✇❤❡r❡ Cm ✐s t❤❡ ✐♥❞❡① s❡t
{

i ∈ {1, . . . , d} : γi,m−1 − µi,m < 0
}

. ❚❤❡ ❢♦❧❧♦✇✐♥❣

♣r♦♣♦s✐t✐♦♥ s✉♠♠❛r✐③❡s t❤❡ ❛r❣✉♠❡♥t✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ▲❡t h(µ,p,ν) ❜❡ ❛ k✲❝♦♠♣♦♥❡♥t ❉▼ ❞❡♥s✐t② s❛t✐s❢②✐♥❣ ✭✸✮ ❛♥❞ ✭✺✮✱

✇✐t❤ ♣❛rt✐❛❧ ❝❡♥t❡rs ♦❢ ♠❛ss γ1, . . . , γk−1 ❞❡✜♥❡❞ ✐♥ ✭✹✮✳ ▲❡t {Tm : 1 ≤ m ≤ k−1}
❜❡ t❤❡ ♣♦s✐t✐✈❡ s❝❛❧❛rs ✐♥tr♦❞✉❝❡❞ ✐♥ ✭✻✮✳

❚❤❡♥✱ ✇❡ ❤❛✈❡ γ0 = (1/d, . . . , 1/d)✱ ❡❛❝❤ Tm ✐s ❣✐✈❡♥ ❜② ✭✽✮✱ ❛♥❞ t❤❡r❡ ❡①✐sts

k − 1 ❡❝❝❡♥tr✐❝✐t② ♣❛r❛♠❡t❡rs
(

e1, . . . , ek−1

)

∈ (0, 1)k−1 s✉❝❤ t❤❛t ✭✼✮ ❤♦❧❞s ❢♦r ❛❧❧

m ∈ {1, . . . , k − 1} ✳

❈♦♥✈❡rs❡❧②✱ s✉♣♣♦s❡ t❤❛t µ · , 1:k−1 ∈ (
◦
Sd)

k−1 ❛♥❞ e1:k−1 ∈ (0, 1)k−1 s❛t✐s❢②✐♥❣

✭✺✮ ❛r❡ ❣✐✈❡♥✱ t♦❣❡t❤❡r ✇✐t❤ ❛ ❝♦♥❝❡♥tr❛t✐♦♥ ✈❡❝t♦r ν1:k, νi > 0✳
❚❤❡♥✱ ♦♥❡ ♠❛② s✉❝❝❡ss✐✈❡❧② ❞❡✜♥❡ ❝❡♥t❡rs ♦❢ ♠❛ss {γ1, . . . , γk−1} t❤r♦✉❣❤ ✭✼✮✱

✇❤❡r❡ Tm ✐s ❣✐✈❡♥ ❜② ✭✽✮❀ t♦❣❡t❤❡r ✇✐t❤ ✇❡✐❣❤ts p1:k−1, ρ0:k−1 ✈✐❛ ρ0 = 1 ❛♥❞ ❢♦r



1 ≤ m ≤ k − 1✱

pm = ρm−1
emTm

1 + em Tm
; ρm = ρm−1 − pm . ✭✾✮

❙❡tt✐♥❣ t❤❡ ❧❛st ♠❡❛♥ ✈❡❝t♦r ❛♥❞ ✇❡✐❣❤t t♦ µ · , k = γk−1 ❛♥❞ pk = ρk−1 , t❤❡ ❉▼
♣❛r❛♠❡t❡rs (µ,p, ν) s❛t✐s❢② t❤❡ ♠♦♠❡♥t ❝♦♥str❛✐♥t ✭✸✮ ❛♥❞ t❤❡ ❉▼ ❞❡♥s✐t② hµ,p,ν

✐s ❛♥ ❛❞♠✐ss✐❜❧❡ ❛♥❣✉❧❛r ♠❡❛s✉r❡✳

■♥ ♦t❤❡r ✇♦r❞s✱t❤❡ r❡✲♣❛r❛♠❡tr✐③❡❞ ♠♦❞❡❧ ✐s ✐♥ ♦♥❡✲t♦ ♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✇✐t❤

t❤❡ ♦r✐❣✐♥❛❧ ❉▼ ♠♦❞❡❧ ✐♥tr♦❞✉❝❡❞ ❜② ❇♦❧❞✐ ❛♥❞ ❉❛✈✐s♦♥ ✭✷✵✵✼✮ ✭✐❢ t❤❡ ❧❛tt❡r

✐s r❡str✐❝t❡❞ t♦ t❤❡ ♥♦♥ ❞❡❣❡♥❡r❛t❡ ♠✐①t✉r❡s ✈❡r✐❢②✐♥❣ ✭✺✮✮✳ ❚❤❡ ✉♥❝♦♥str❛✐♥❡❞

♣❛r❛♠❡t❡r s♣❛❝❡ ❢♦r t❤❡ ❉▼ ♠♦❞❡❧ ❝❛♥ ♥♦✇ ❜❡ ❞❡✜♥❡❞ ❛s ❛ ❞✐s❥♦✐♥t ✉♥✐♦♥

Θ =

∞
∐

k=1

Θk, ✇❤❡r❡

Θk =
{

θ =
(

µ · , 1:k−1, e1:k−1, ν1:k
)

∈ (
◦
Sd)

k−1 × (0, 1)k−1 × (R+)k : ✭✺✮ ❤♦❧❞s
}

.

❋♦r k ≥ 1✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ r❡✲♣❛r❛♠❡tr✐③❛t✐♦♥ ♠❛♣s ❢♦r k✲♠✐①t✉r❡s

Γk : θ ∈ Θk 7→
(

µ · , 1:k, p1:k, ν1:k
)

∈ Ψk ,

✇❤✐❝❤ ❛❧❧♦✇s t♦ ❞❡✜♥❡

Γ : Θ −→ Ψ

θ ∈ Θk 7−→ Γk(θ) ∈ Ψk .

■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ❞❡♥♦t❡ hθ ❛ ❉▼ ❞❡♥s✐t② ✇✐t❤ ♣❛r❛♠❡t❡r θ ∈ Θ✳ ❆s ♦♣♣♦s❡❞

t♦ t❤❡ Ψ✲♣❛r❛♠❡tr✐③❛t✐♦♥ ❢r♦♠ ❇♦❧❞✐ ❛♥❞ ❉❛✈✐s♦♥ ✭✷✵✵✼✮✱ ✇❡ r❡❢❡r t♦ ♦✉rs ❛s t❤❡

Θ✲♣❛r❛♠❡tr✐③❛t✐♦♥✳

✸✳✷✳ Pr✐♦r ❞❡✜♥✐t✐♦♥

❲❡ ❞❡♥♦t❡ π t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ❛♥❞ ❛❧s♦✱ ❢♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ t❤❡

♣r✐♦r ❞❡♥s✐t②✳ ❚♦ ♣r❡✈❡♥t ♥✉♠❡r✐❝❛❧ ✐ss✉❡s✱ ✐✳❡✳ t♦ ❢❛❝✐❧✐t❛t❡ st♦r❛❣❡ ❛♥❞ ❛✈♦✐❞

♥✉♠❡r✐❝❛❧❧② ✐♥✜♥✐t❡ ❧✐❦❡❧✐❤♦♦❞s✱ ✐t ❛♣♣❡❛rs ♣r❡❢❡r❛❜❧❡ t♦ r❡str✐❝t t❤❡ ♣r✐♦r✬s s✉♣♣♦rt

t♦ ❛ ✭❧❛r❣❡✮ ❜♦✉♥❞❡❞ s✉❜s❡t

ΘB =

kmax
∏

k=1

Sk−1
d × [0, emax]

k−1 × [νmin, νmax]
k ✭✶✵✮



✇✐t❤✱ t②♣✐❝❛❧❧②✱ kmax = 15✱ νmin = exp(−2)✱ νmax = 5103 ❛♥❞ emax = 1−10−6✳ ❚❤❡

❣❡♥❡r❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ ΘB ❛❧❧♦✇s t❤❡ ❝❛s❡ ΘB = Θ✱ ❜② s❡tt✐♥❣ t❤❡ tr✉♥❝❛t✐♦♥ ❜♦✉♥❞s

t♦ emax = 1, νmin = −∞, νmax = +∞, kmax = +∞✳ ❚❤❡♥✱ t❤❡ ♣r✐♦r ❝❛♥ ❜❡ ❞❡✜♥❡❞

❛s ❞❡s✐r❡❞ ♦♥ ΘB✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✉s❡r✬s ❜❡❧✐❡❢s✳ ❍❡r❡ ✐s ❞❡s❝r✐❜❡❞ ❛♥ ❡①❛♠♣❧❡ ♦❢

♣r✐♦r s♣❡❝✐✜❝❛t✐♦♥ ✭t❤❡ ♦♥❡ ✉s❡❞ ✐♥ ♦✉r s✐♠✉❧❛t✐♦♥s✮✱ ❛❧❧♦✇✐♥❣ t❤❡ ✉s❡r t♦ ❝♦♥tr♦❧

t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ t❤❡ ♠❡❛♥ ✈❡❝t♦rs µ · , 1:k ❛r♦✉♥❞ t❤❡ ❣❧♦❜❛❧ ❝❡♥t❡r ♦❢ ♠❛ss γ0

✭❛❣❛✐♥✱ ❛ ♣r✐♦r✐✮✳ ❘❡❝❛❧❧ t❤❛t ❛❉▼ ❛♥❣✉❧❛r ❞❡♥s✐t② ✇✐t❤ ♠❡❛♥ ✈❡❝t♦rs ❧♦❝❛t❡❞ ♥❡❛r

t❤❡ s✐♠♣❧❡①✬ ❝❡♥t❡r✱ t♦❣❡t❤❡r ✇✐t❤ ❤✐❣❤ ❝♦♥❝❡♥tr❛t✐♦♥ ♣❛r❛♠❡t❡rs ν1:k✱ ❝♦rr❡s♣♦♥❞s
t♦ ❤✐❣❤ ❧❡✈❡❧s ♦❢ ❞❡♣❡♥❞❡♥❝❡ ❛♠♦♥❣ ❡①tr❡♠❡ ♦❜s❡r✈❛t✐♦♥s✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ♠❡❛♥

✈❡❝t♦rs ♥❡❛r t❤❡ ✈❡rt✐❝❡s ♦r ❧♦✇ ❝♦♥❝❡♥tr❛t✐♦♥s ❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❧♦✇ ❧❡✈❡❧s ♦❢

❞❡♣❡♥❞❡♥❝❡✳ ❆s ✉s✉❛❧✱ t❤❡ ♣r✐♦r✬s ✐♠♣❛❝t ✇✐❧❧ ✈❛♥✐s❤ ✇✐t❤ ❧❛r❣❡ s❛♠♣❧❡ s✐③❡s✱ ❜✉t

t❤✐s ❦✐♥❞ ♦❢ ❝♦♥tr♦❧ ♠❛② ❜❡ ✉s❡❢✉❧ ❢♦r s♠❛❧❧ s❛♠♣❧❡s✱ ✐❢ ♣r✐♦r ❡①♣❡rt ❦♥♦✇❧❡❞❣❡ ✐s

❛✈❛✐❧❛❜❧❡✳

❈♦♥❞✐t✐♦♥❛❧❧② ♦♥ k✱ ν ✐s ❛ ♣r✐♦r✐ ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ (µ, e)

π(k, µ, e, ν) = πk(k)πµ,e(µ, e | k)πν(ν | k) .

❚❤❡ ♣r✐♦r πk ✐s ❛ tr✉♥❝❛t❡❞ ❣❡♦♠❡tr✐❝ ❞✐str✐❜✉t✐♦♥

πk(k) ∝
(

1− 1

λ

)k−1 1

λ
1[1,kmax](k)

✇✐t❤ t②♣✐❝❛❧ ✈❛❧✉❡s ❢♦r λ r❛♥❣✐♥❣ ❜❡t✇❡❡♥ 1 ❛♥❞ 10✳ ❚❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ✈❡❝t♦r ν ❤❛s

❛ tr✉♥❝❛t❡❞ ♠✉❧t✐✈❛r✐❛t❡ ❧♦❣✲♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✭❞❡♥♦t❡❞ logN✮ ✇✐t❤ ✐♥❞❡♣❡♥❞❡♥t

❝♦♠♣♦♥❡♥ts✱ ❢r♦♠ ✇❤✐❝❤ s✐♠✉❧❛t✐♦♥ ✐s str❛✐❣❤t❢♦r✇❛r❞✳ ◆❛♠❡❧②✱ ✇❡ s❡t

∀j ∈ {1, . . . , k}, πν,j ∝ 1[νmin,νmax] logN(mν , σ
2
ν). ✭✶✶✮

❚❤❡ ❥♦✐♥t ❞✐str✐❜✉t✐♦♥ ❢♦r ν ✐s t❤❡ ♣r♦❞✉❝t ♠❡❛s✉r❡ πν =
⊗k

j=1 πν,j . ❋✐♥❛❧❧②✱ t❤❡
❞✐str✐❜✉t✐♦♥ πµ,e( · | k) ✐s ❞❡✜♥❡❞ ❜② s✉❝❝❡ss✐✈❡ ❝♦♥❞✐t✐♦♥✐♥❣

πµ,e(µ, e | k) =
k−1
∏

m=1

πµm(µ · ,m | k, µ · , 1:m−1, e1:m−1) · · ·

· · ·πem(em | k, µ · , 1:m, e1:m−1)

✇❤❡r❡✱ ❜② ❝♦♥✈❡♥t✐♦♥✱ µ · , 1:0 = {γ0} ❛♥❞ e1:0 = ∅✳ ■♥ ❣❡♥❡r❛❧✱ ♦♥❡ ❞♦❡s ♥♦t ✇❛♥t

t♦ s❡❡ t❤❡ ♠❡❛♥ ✈❡❝t♦rs r❡❥❡❝t❡❞ ♦♥ t❤❡ s✐♠♣❧❡① ❜♦✉♥❞❛r②✱ ✇❤❡r❡ t❤❡ ♠♦❞❡❧ ✐s ♥♦t

❞❡✜♥❡❞✱ ❛❣❛✐♥ t♦ ❛✈♦✐❞ ♥✉♠❡r✐❝❛❧ ♣r♦❜❧❡♠s s✉❝❤ ❛s ✐♥✜♥✐t❡ ❧✐❦❡❧✐❤♦♦❞ ✈❛❧✉❡s✳ ❖♥



t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t ♠❛② ❜❡ ♦❢ ✐♥t❡r❡st t♦ ❝♦♥tr♦❧ t❤❡ ❞✐s♣❡rs✐♦♥ ♦❢ t❤❡ k ♠❡❛♥ ✈❡❝t♦rs

µ · , 1:k✳ ❚❤✐s ✐s ❛❝❤✐❡✈❡❞ ❜② s❡tt✐♥❣

πµm( · | µ · , 1:m−1, e1:m−1) = diri

(

· | γm,
χµ

min1≤i≤d{γi,m}

)

,

✇❤❡r❡ χµ ✐s ❛ ❝♦♥❝❡♥tr❛t✐♦♥ ❤②♣❡r ♣❛r❛♠❡t❡r✳ ❘❡❝❛❧❧ t❤❛t γm ❞❡♣❡♥❞s ♦♥ t❤❡ ✜rst

m − 1 ❝♦♠♣♦♥❡♥ts t❤r♦✉❣❤ ✭✹✮✳ ❚❤✉s✱ ❢♦r χµ ≥ 1✱ t❤❡ ♣r✐♦r ❞❡♥s✐t② ❢♦r µ · ,m ✐s

❜♦✉♥❞❡❞❀ t❤❡ ❧❛r❣❡r χµ✱ t❤❡ ♠♦r❡ µ · ,m ❝♦♥❝❡♥tr❛t❡s ❛r♦✉♥❞ t❤❡ ❝✉rr❡♥t ❝❡♥t❡r ♦❢

♠❛ss γm−1✳ ❋♦r 0 < χµ < 1✱ t❤❡ ♣r✐♦r ✐s ✉♥❜♦✉♥❞❡❞ ❛♥❞ t❤❡ ♣r✐♦r ♠❛ss ❢♦r µ · ,m
✐s ❝♦♥❝❡♥tr❛t❡❞ ♥❡❛r t❤❡ s✐♠♣❧❡① ❜♦✉♥❞❛r✐❡s✳ ■♥ ♦✉r s✐♠✉❧❛t✐♦♥s✱ χµ ✐s s❡t t♦ 1.1✳
❚❤✉s✱ µ · ,m ❤❛s r❡❧❛t✐✈❡❧② ✢❛t ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ❜♦✉♥❞❡❞ ❞❡♥s✐t②✱ ❝❡♥t❡r❡❞ ❛r♦✉♥❞

γm✳

❈♦♥❝❡r♥✐♥❣ t❤❡ ❡❝❝❡♥tr✐❝✐t② ♣❛r❛♠❡t❡rs✱ s♣❡❝✐❢②✐♥❣ ❛♥ ✐❞❡♥t✐❝❛❧ ❇❡t❛ ❞✐str✐❜✉✲

t✐♦♥ ❢♦r ❡❛❝❤ em ✇♦✉❧❞ tr✐❣❣❡r ❛ ❜✐❛s ❛❣❛✐♥st t❤❡ ❧❛st ♠✐①t✉r❡ ❝♦♠♣♦♥❡♥ts✿ t❤❡

✇❡✐❣❤ts pm ✇♦✉❧❞ t❡♥❞ t♦ ❞❡❝r❡❛s❡ ✇✐t❤ m✳ ❚♦ ❛✈♦✐❞ t❤✐s ✐ss✉❡✱ ❛ ❇❡t❛ ♣r✐♦r ♦♥

em ✐s ❞❡✜♥❡❞ ✐♥ s✉❝❤ ❛ ✇❛②✱ t❤❛t ❝♦♥❞✐t✐♦♥❛❧❧② t♦ (µ · , 1:m, e1:m−1)✱ t❤❡ ❡①♣❡❝t❛♥❝②
♦❢ em ❝♦rr❡s♣♦♥❞ t♦ ❛ ✇❡✐❣❤t r❛t✐♦ pm/ρm−1 ❝❧♦s❡ t♦ 1/(k −m+ 1)✳ ❘❡❛rr❛♥❣✐♥❣

✭✾✮✱ ✇❡ ❤❛✈❡ em = pm/ρm−1

Tm (1−pm/ρm−1)
. ❚❤❡ ✐❞❡❛❧ s✐t✉❛t✐♦♥ pm/ρm−1 = 1/(k −m + 1)

t❤✉s ❝♦rr❡s♣♦♥❞s t♦ em =
(

Tm (k −m)
)−1

, ✇❤✐❝❤ ♠❛② ❜❡ ❣r❡❛t❡r t❤❛♥ ♦♥❡✳ ❚❤❡

❞✐str✐❜✉t✐♦♥✬s ♠❡❛♥ ✐s t❤✉s s❡t t♦

Me,m = min
{

(Tm(k −m))−1 , e♠❡❛♥✳♠❛①

}

,

✇❤❡r❡ e♠❡❛♥✳♠❛① = 99/100✳ ❚❤❡♥✱ ❛♥♦t❤❡r ❝♦♥❝❡♥tr❛t✐♦♥ ♣❛r❛♠❡t❡r χe ✐s ✐♥tr♦✲

❞✉❝❡❞ ❛♥❞ t②♣✐❝❛❧❧② s❡t t♦ 1.1✳ ❋✐♥❛❧❧②✱ t❤❡ ❇❡t❛ ♣❛r❛♠❡t❡rs (a1,m, a2,m) ❢♦r t❤❡

mth ❡❝❝❡♥tr✐❝✐t②✬s ❞✐str✐❜✉t✐♦♥ ❛r❡ s❡t t♦

a1,m =
χe

min{Me,m, 1−Me,m}Me,m ,

a2,m =
χe

min{Me,m, 1−Me,m}(1−Me,m).

❛♥❞ πe,m( · | k, µ · , 1:m, e1:m−1) ∝ beta ( · | a1,m, a2,m)1[0,emax)( · ) ✇❤❡r❡ beta ❞❡✲

♥♦t❡s t❤❡ ❇❡t❛ ❞❡♥s✐t②✳

❚❤❡ ❉✐r❡❝t❡❞ ❛❝②❝❧✐❝ ❣r❛♣❤ ✐♥ ❋✐❣✉r❡ ✷ s✉♠♠❛r✐③❡s t❤❡ ♠♦❞❡❧ s♣❡❝✐✜❝❛t✐♦♥✳

❙✐♠✉❧❛t✐♥❣ ♣❛r❛♠❡t❡rs (µ · , 1:k−1, e1:k−1) ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❜② s✉❝❝❡ss✐✈❡❧② ❞r❛✇✐♥❣

k✱ t❤❡♥ t❤❡ µ · ,m✬s ❛♥❞ em✬s✱ ✐♥ ✐♥❝r❡❛s✐♥❣ ♦r❞❡r ❛♥❞ ✜♥❛❧❧② ❜② ✉s✐♥❣ t❤❡ ♠❛♣♣✐♥❣

Γ t♦ ♦❜t❛✐♥ µ · , k ❛♥❞ p1:k✳



λ, kmax

πk

k

χµ, χe , emean.max, emax

πγ

mν , σν , νmin, νmax

πν
µ

· , 1:k−1, e1:k−1

Γ

µ
· , 1:k, p1:k ν1:k

w ∈
◦

Sd

❋✐❣✉r❡ ✷✿ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝✐❡s ♦❢ t❤❡❉▼ ❇❛②❡s✐❛♥ ♠♦❞❡❧ ❛s ❛ ❉✐r❡❝t❡❞
❛❝②❝❧✐❝ ❣r❛♣❤✳ ❍②♣❡r✲♣❛r❛♠❡t❡rs ❛♣♣❡❛r ✐♥ s✐♠♣❧❡ sq✉❛r❡ ❢r❛♠❡s✱ ♣❛r❛♠❡t❡rs ✐♥ ♦✈❛❧ ❢r❛♠❡s ❛♥❞
♦❜s❡r✈❛t✐♦♥s ✐♥ ❛ ❞♦✉❜❧❡ sq✉❛r❡ ❢r❛♠❡✳ ❙✐♠♣❧❡ ❛rr♦✇s ❞❡♥♦t❡ ♣r♦❜❛❜✐❧✐st✐❝ r❡❧❛t✐♦♥s ✇❤❡r❡❛s
❞♦✉❜❧❡ ❛rr♦✇s st❛♥❞ ❢♦r ❞❡t❡r♠✐♥✐st✐❝ ♦♥❡s✳

✸✳✸✳ ▼♦❞❡❧ ❝♦♥s✐st❡♥❝②

❇♦❧❞✐ ❛♥❞ ❉❛✈✐s♦♥ ✭✷✵✵✼✮ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ ❢❛♠✐❧② ♦❢ ✜♥✐t❡ ❝♦♥str❛✐♥❡❞

♠✐①t✉r❡s ♦❢ ❉✐r✐❝❤❧❡t ❞❡♥s✐t✐❡s ✐s ✇❡❛❦❧② ❞❡♥s❡ ✐♥ t❤❡ s❡t ♦❢ ❛❞♠✐ss✐❜❧❡ ❛♥❣✉❧❛r

♠❡❛s✉r❡s✳ ❋♦❧❧♦✇✐♥❣ t❤❡✐r st❡♣s✱ ✇❡ ✐♥✈❡st✐❣❛t❡ ✇❡❛❦ ❝♦♥s✐st❡♥❝② ♣r♦♣❡rt✐❡s ♦❢

t❤❡ ♣♦st❡r✐♦r ✐♥ t❤❡ r❡✲♣❛r❛♠❡tr✐③❡❞ ♠♦❞❡❧✳ ■t ✐s ✇❡❧❧ ❦♥♦✇♥ ✭s❡❡ ❡✳❣✳ ❋r❡❡❞♠❛♥✱

✶✾✻✸✮ t❤❛t ✇❡❛❦ ❞❡♥s✐t② ❞♦❡s ♥♦t ❡♥t❛✐❧ ✇❡❛❦ ❝♦♥s✐st❡♥❝②✱ ✉♥❧❡ss s♦♠❡ ❛❞❞✐t✐♦♥❛❧

r❡❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥s ❛r❡ s❛t✐s✜❡❞✱ ✇❤✐❝❤ ❛r❡ ❞❡t❛✐❧❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✳ ❙✐♥❝❡ t❤❡

♠✐①t✉r❡ ♠♦❞❡❧ ✐s ♥♦t ✐❞❡♥t✐✜❛❜❧❡ ✭s❡✈❡r❛❧ ♣❛r❛♠❡t❡rs θ✬s ❝♦rr❡s♣♦♥❞ t♦ ❛ s✐♥❣❧❡

❞❡♥s✐t② h✮✱ ✇❡ ✉s❡ ♥♦♥✲♣❛r❛♠❡tr✐❝ ❝♦♥s✐st❡♥❝② r❡s✉❧ts✱ ✇❤✐❝❤ ❛❧❧♦✇ ♦♥❡ t♦ ✇♦r❦

✇✐t❤ t❤❡ ❞❡♥s✐t✐❡s t❤❡♠s❡❧✈❡s✳ ▼♦st ♦❢ t❤❡ t❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ r❡q✉✐r❡❞ ❤❡r❡

♠❛② ❜❡ ❢♦✉♥❞ ✐♥ ●❤♦s❛❧ ❡t ❛❧✳ ✭✶✾✾✾✮ ❛♥❞ ✐s ❞❡r✐✈❡❞ ❢r♦♠ ❙❝❤✇❛rt③ ✭✶✾✻✺✮✳ ❋♦r ❛

r❡❝❡♥t r❡✈✐❡✇ ❛❜♦✉t ❛✈❛✐❧❛❜❧❡ t❤❡♦r❡♠s ❢♦r ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❝♦♥s✐st❡♥❝② ✐♥ t❤❡ ♥♦♥✲

♣❛r❛♠❡tr✐❝ ❝❛s❡✱ ✐♥ ♣❛rt✐❝✉❧❛r ❢♦r t❤❡ ✭str♦♥❣❡r✮ ❍❡❧❧✐♥❣❡r ❝♦♥s✐st❡♥❝②✱ t❤❡ r❡❛❞❡r

♠❛② ❛❧s♦ r❡❢❡r ❡✳❣✳ t♦ ❲❛❧❦❡r ✭✷✵✵✹✮ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✳ ❘❡❝❛❧❧ t❤❛t ❛

✇❡❛❦ ♥❡✐❣❤❜♦r❤♦♦❞ U ♦❢ s♦♠❡ ❞❡♥s✐t② h0 ♦♥ t❤❡ s❛♠♣❧❡ s♣❛❝❡ Sd ✐s ❛ ❢❛♠✐❧② ♦❢

♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t✐❡s ❝♦♥t❛✐♥✐♥❣ ❛ ✜♥✐t❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ s✉❜s❡ts ♦❢ t❤❡ ❦✐♥❞

{

h :

∣

∣

∣

∣

∫

Sd

(h(w)− h0(w)) g(w) dw

∣

∣

∣

∣

< ǫ

}

,



✇❤❡r❡ ǫ > 0 ❛♥❞ g ✐s s♦♠❡ ❜♦✉♥❞❡❞✱ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ Sd✳ ❙✐♠✐❧❛r❧②✱

✐❢ (Θ, T ) ✐s ❛ ♠❡❛s✉r❛❜❧❡ ♣❛r❛♠❡t❡r s♣❛❝❡ ✐♥❞❡①✐♥❣ ❛ ❢❛♠✐❧② ♦❢ ❞❡♥s✐t✐❡s (hθ)θ∈Θ✱
❛ ✇❡❛❦ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ s♦♠❡ θ0 ∈ Θ ✐s ❛ ✇❡❛❦ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ hθ0 r❡str✐❝t❡❞ t♦

Θ ✭t❤❡ ✇❡❛❦ t♦♣♦❧♦❣② ♦♥ Θ ✐s t❤❡ tr❛❝❡ ♦❢ t❤❡ ✇❡❛❦ t♦♣♦❧♦❣② ❞❡✜♥❡❞ ♦♥ t❤❡ ❞❡♥s✐✲

t✐❡s✮✳ ▲❡t π ❜❡ ❛ ♣r✐♦r ♦♥ T ❛♥❞ πn ❜❡ t❤❡ ♣♦st❡r✐♦r✱ ❣✐✈❡♥ ✐♥❞❡♣❡♥❞❡♥t✱ ✐❞❡♥t✐❝❛❧❧②

❞✐str✐❜✉t❡❞ ✭✐✳✐✳❞✳✮ ♦❜s❡r✈❛t✐♦♥s W1, . . . ,Wn✱ s❛♠♣❧❡❞ ❢r♦♠ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡

h0✳ ❚❤❡ ♣♦st❡r✐♦r ✐s s❛✐❞ t♦ ❜❡ ✇❡❛❦❧② ❝♦♥s✐st❡♥t ❛t h0 ✐❢✱ ✇✐t❤ h0✲♣r♦❜❛❜✐❧✐t② ♦♥❡✱

❢♦r ❛❧❧ ✇❡❛❦ ♥❡✐❣❤❜♦r❤♦♦❞ U ♦❢ h0✱ πn(U
c) −→

n→∞
0✳ ■t ✐s ❝❧❡❛r ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥

t❤❛t t✇♦ ❞✐st✐♥❝t ♣❛r❛♠❡t❡rs θ1 6= θ2 ❞❡✜♥✐♥❣ t❤❡ s❛♠❡ ❞❡♥s✐t② hθ1 = hθ2 ✇✐❧❧

❛✉t♦♠❛t✐❝❛❧❧② ❜❡❧♦♥❣ t♦ t❤❡ s❛♠❡ ✇❡❛❦ ♥❡✐❣❤❜♦r❤♦♦❞s✱ s♦ t❤❛t ✐❞❡♥t✐✜❛❜✐❧✐t② ✐s

♥♦t ❛♥ ✐ss✉❡ ❛♥②♠♦r❡✳ ❆❧s♦✱ ✇❡❛❦ ❝♦♥s✐st❡♥❝② ✐s ✉s✉❛❧❧② s✉✣❝✐❡♥t ❢♦r ♠♦st ❛♣♣❧✐✲

❝❛t✐♦♥s✱ ❜❡❝❛✉s❡ t❤❡ ❛♥❣✉❧❛r ❞❡♥s✐t② ✐s ♠❛✐♥❧② ❞❡st✐♥❡❞ t♦ ❜❡ ✐♥t❡❣r❛t❡❞ ❛❣❛✐♥st

s♦♠❡ ❜♦✉♥❞❡❞✱ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✳ ❋♦r ❡①❛♠♣❧❡✱ ♣r♦❜❛❜✐❧✐t✐❡s ♦❢ ❛ ❥♦✐♥t ❡①❝❡ss ♦❢

❤✐❣❤ ♠✉❧t✐✈❛r✐❛t❡ t❤r❡s❤♦❧❞s (u1, . . . , ud) ❛r❡ ❞❡r✐✈❡❞ ❜② ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❛♥❣✉❧❛r

❞❡♥s✐t② ❛❣❛✐♥st g(w) = min(w1/u1, . . . , wd/ud)✳
❖♥❡ ❝❧❛ss✐❝❛❧ ✇❛② t♦ ♣r♦✈❡ ✇❡❛❦ ❝♦♥s✐st❡♥❝② ❛t s♦♠❡ ❞❡♥s✐t② h0 ✐s t♦ ✉s❡

❙❝❤✇❛rt③✬s t❤❡♦r❡♠ ✭❙❝❤✇❛rt③✱ ✶✾✻✺✱ t❤❡♦r❡♠ ✻✳✶✮✱ ✇❤✐❝❤ ❣✉❛r❛♥t❡❡s ✐t ✉♥❞❡r ❛

r❡❧❛t✐✈❡❧② ❧✐♠✐t❡❞ ♥✉♠❜❡r ♦❢ ❛ss✉♠♣t✐♦♥s✱ t❤❡ ♠♦st ❝r✉❝✐❛❧ ♦❢ ✇❤✐❝❤ ❜❡✐♥❣ t❤❛t t❤❡

♣r✐♦r ❛ss✐❣♥ ♣♦s✐t✐✈❡ ♠❛ss t♦ ❛♥② ❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r ✭❑▲✮ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ h0 ✭s❡❡ ❆♣✲
♣❡♥❞✐① ❇ ❢♦r ❞❡t❛✐❧s✮✳ ❲❡ ❝❛❧❧ t❤✐s ♣r♦♣❡rt② t❤❡ ❑▲ ❝♦♥❞✐t✐♦♥✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ❑▲

♥❡✐❣❤❜♦r❤♦♦❞s ❛r❡ ❞❡✜♥❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❑▲ ❞✐✈❡r❣❡♥❝❡ ❜❡t✇❡❡♥ t✇♦ ❞❡♥s✐t✐❡s✱

✇❤✐❝❤ ✐s t❤❡ ♥♦♥✲♥❡❣❛t✐✈❡ q✉❛♥t✐t② KL(h0, h) =
∫

Sd
log(h0(w)/h(w))h0(w) dw✳

❆ ❑▲ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ s♦♠❡ ❞❡♥s✐t② h0 ✐s t❤✉s ❛ s❡t ♦❢ ❞❡♥s✐t✐❡s ♦❢ t❤❡ ❢♦r♠

Kh0,ǫ = {h : KL(h0, h) < ǫ}✱ ❢♦r s♦♠❡ ǫ > 0✳ ❚❤❡ ❑▲ s✉♣♣♦rt ♦❢ t❤❡ ♣r✐♦r ✐s

t❤❡ s❡t ♦❢ ❛❧❧ ❞❡♥s✐t✐❡s ❢♦r ✇❤✐❝❤ π(Kh,ǫ) > 0 ❢♦r ❛❧❧ ǫ > 0✳ ❚❤❡ ❑▲ ❝♦♥❞✐t✐♦♥ ✐s

t❤✉s t❤❛t h0 ❜❡ ✐♥ t❤❡ ❑▲ s✉♣♣♦rt ♦❢ t❤❡ ♣r✐♦r✳ ❆ ❣❡♥❡r❛❧❧② ✇❡❛❦❡r ❛ss✉♠♣t✐♦♥ ✐s

t❤❛t h0 ❜❡ ✐♥ t❤❡ ❑▲ ❝❧♦s✉r❡ ♦❢ t❤❡ ♠♦❞❡❧✱ ✐✳❡✳ t❤❛t ❛♥② ❑▲ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ h0✱
r❡❣❛r❞❧❡ss ♦❢ ✐ts ♣r✐♦r ♠❛ss✱ ❝♦♥t❛✐♥ ❛ ❞❡♥s✐t② hθ ❢r♦♠ t❤❡ ♠♦❞❡❧✳ ❚❤❡ ❑▲ s✉♣♣♦rt

✐s ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❑▲ ❝❧♦s✉r❡ ❜✉t t❤❡ ❝♦♥✈❡rs❡ ♠❛② ♥♦t ❤♦❧❞ ✭❡✳❣✳ ✐❢ t❤❡ ♣r✐♦r ❞♦❡s

♥♦t ❤❛✈❡ ❢✉❧❧ s✉♣♣♦rt ✐♥ t❤❡ ♠♦❞❡❧✮✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✭s❡❡ ❆♣♣❡♥❞✐① ❇ ❢♦r ❛ ♣r♦♦❢✮ ❡st❛❜❧✐s❤❡s t❤❡ ♣♦st❡r✐♦r

❝♦♥s✐st❡♥❝② ♦❢ t❤❡ r❡✲♣❛r❛♠❡tr✐③❡❞❉▼♠♦❞❡❧ ♦♥ t❤❡ ❑▲ ❝❧♦s✉r❡ ♦❢ ΘB ❢♦r ❛ ❣❡♥❡r❛❧

❝❧❛ss ♦❢ ♣r✐♦rs✳ ❍❡r❡✱ ❛ ❵❊✉❝❧✐❞❡❛♥ ♦♣❡♥ s❡t✬ ✐♥ Θ ✐s ❛♥② ✉♥✐♦♥ ♦❢ ♦♣❡♥ s❡ts ❢♦r t❤❡

❊✉❝❧✐❞❡❛♥ t♦♣♦❧♦❣② ♦♥ t❤❡ Θk✬s✳ ❚❤❡s❡ ♦♣❡♥ s❡ts ❞❡✜♥❡ t❤❡ ❝♦✲♣r♦❞✉❝t t♦♣♦❧♦❣②

✐♥❞✉❝❡❞ ❜② t❤❡ ❊✉❝❧✐❞❡❛♥ t♦♣♦❧♦❣② ♦♥ t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥
∐

k Θk✳

Pr♦♣♦s✐t✐♦♥ ✷✳ ▲❡t π ❜❡ ❛ ♣r✐♦r ♦♥ t❤❡ ❉▼ ♠♦❞❡❧ ❛ss✐❣♥✐♥❣ ♣♦s✐t✐✈❡ ♠❛ss t♦ ❛♥②

♥♦♥✲❡♠♣t② ❊✉❝❧✐❞❡❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ ΘB✱ ✇❤❡r❡ ΘB ✐s ❞❡✜♥❡❞ ❜② ✭✶✵✮✳ ■❢ h0 ✐s ✐♥

t❤❡ ❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r ❝❧♦s✉r❡ ♦❢ ΘB✱ t❤❡♥ t❤❡ ♣♦st❡r✐♦r ✐s ✇❡❛❦❧② ❝♦♥s✐st❡♥t ❛t h0✳



■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ❛❧❧ θ0 ∈ ΘB✱ t❤❡ ♣♦st❡r✐♦r ✐s ✇❡❛❦❧② ❝♦♥s✐st❡♥t ❛t hθ0 ✳

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♣r✐♦r π ❞❡✜♥❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✷ s❛t✐s✜❡s t❤❡ r❡q✉✐r❡♠❡♥t ♦❢ t❤❡

st❛t❡♠❡♥t✳ ❚❤✐s ✐s ❛❧s♦ t❤❡ ❝❛s❡ ♦❢ t❤❡ ♣r✐♦r ❞❡✜♥❡❞ ❜② ❇♦❧❞✐ ❛♥❞ ❉❛✈✐s♦♥ ✭✷✵✵✼✮

♦♥ t❤❡ ♦r✐❣✐♥❛❧ ♠♦❞❡❧✱ ✇❤✐❝❤ ❝❛♥ ❜❡ s❡❡♥ ❜② ✉s✐♥❣ t❤❡ ♦♥❡✲t♦✲♦♥❡ ♠❛♣♣✐♥❣ Γ✳ ❖♥❡
♠✉st ♥♦t❡ t❤❛t t❤✐s r❡s✉❧t ♣✉t t♦❣❡t❤❡r ✇✐t❤ t❤❡ ✇❡❛❦ ❞❡♥s✐t② r❡s✉❧t ❢r♦♠ ❇♦❧❞✐

❛♥❞ ❉❛✈✐s♦♥ ✐s ♥♦t s✉✣❝✐❡♥t t♦ ♣r♦✈❡ ✇❡❛❦ ❝♦♥s✐st❡♥❝② ❛t ❛❧❧ ❛♥❣✉❧❛r ♠❡❛s✉r❡

✇✐t❤ ❝♦♥t✐♥✉♦✉s ❞❡♥s✐t② ♦♥ t❤❡ s✐♠♣❧❡①✱ ❡✈❡♥ ✐❢ ♦♥❡ t❛❦❡s ✐♥✜♥✐t❡ ❜♦✉♥❞s ❢♦r ΘB✱

s♦ t❤❛t ΘB = Θ✳ ■♥❞❡❡❞✱ t❤❡ ❑▲ t♦♣♦❧♦❣② ✐s t❤✐♥♥❡r t❤❛♥ t❤❡ ✇❡❛❦ t♦♣♦❧♦❣②✱

✇❤✐❝❤ ♠❡❛♥s t❤❛t✱ ✐♥ ❣❡♥❡r❛❧✱ t❤❡ ❑▲ ❝♦♥❞✐t✐♦♥ ♠❛② ♥♦t ❜❡ ✈❡r✐✜❡❞ ❡✈❡♥ ❢♦r ❛

❞❡♥s✐t② ✐♥ t❤❡ ✇❡❛❦ s✉♣♣♦rt ♦❢ t❤❡ ♠♦❞❡❧✳ ❋r❡❡❞♠❛♥ ✭✶✾✻✸✮ ♣r♦✈✐❞❡s ❛♥ ❡①❛♠♣❧❡

♦❢ ✇❡❛❦❧② ✐♥❝♦♥s✐st❡♥t ♠♦❞❡❧ ✐♥ ❛ ❞✐s❝r❡t❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ♣r✐♦r st✐❧❧ ❛ss✐❣♥s ♣♦s✐t✐✈❡

♠❛ss t♦ ❛❧❧ ✇❡❛❦ ♥❡✐❣❤❜♦r❤♦♦❞s ♦❢ h0✳
❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t② ✇❡ ❛ss✉♠❡ ✐♥ t❤✐s ♣❛♣❡r t❤❛t t❤❡ tr✉❡ ❞✐str✐❜✉t✐♦♥

❜❡❧♦♥❣s t♦ t❤❡ ♠♦❞❡❧ ♦r t♦ ✐ts ❑▲ ❝❧♦s✉r❡✳ ❍♦✇❡✈❡r✱ ✐t ✇♦✉❧❞ ❜❡ ♦❢ ✐♥t❡r❡st t♦

✐♥✈❡st✐❣❛t❡ t❤❡ ❡①t❡♥t ♦❢ t❤❡ ❧❛tt❡r✳ ❆❧s♦✱ ✇❤❡♥ t❤❡ ♠♦❞❡❧ ✐s ❵✐♥❝♦rr❡❝t✬ ✭✐✳❡✳ t❤❡

❑▲ ❞✐✈❡r❣❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♠♦❞❡❧ ❛♥❞ t❤❡ tr✉t❤ ✐s ♣♦s✐t✐✈❡✮✱ ✐t ♠✐❣❤t ❜❡ ♣♦ss✐❜❧❡

t♦ ❡①♣❧♦✐t r❡s✉❧ts ❢r♦♠ ❇✉♥❦❡ ❛♥❞ ▼✐❧❤❛✉❞ ✭✶✾✾✽✮ ❛♥❞ s❤♦✇ t❤❛t t❤❡ ♣♦st❡r✐♦r

❝♦♥❝❡♥tr❛t❡s ❛r♦✉♥❞ ♣s❡✉❞♦✲tr✉❡ ♣❛r❛♠❡t❡rs ♠✐♥✐♠✐③✐♥❣ t❤❡ ❑▲ ❞✐✈❡r❣❡♥❝❡ ❜❡✲

t✇❡❡♥ t❤❡ tr✉❡ h0 ❛♥❞ t❤❡ ♠♦❞❡❧✳ ❇✉♥❦❡ ❛♥❞ ▼✐❧❤❛✉❞ ✭✶✾✾✽✮✬s r❡s✉❧ts ❛r❡ ✈❛❧✐❞ ❢♦r

♣❛r❛♠❡tr✐❝ ♠♦❞❡❧s ❝♦♥t❛✐♥✐♥❣ ♦♥❧② ❜♦✉♥❞❡❞ ❞❡♥s✐t✐❡s✱ s♦ t❤❛t ♦♥❡ s❤♦✉❧❞ ✐♠♣♦s❡

❛ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ♠✐①t✉r❡ ❝♦♠♣♦♥❡♥ts ❛♥❞ r❡str✐❝t t❤❡ ♠♦❞❡❧ t♦ ❉✐r✐❝❤❧❡t

❞❡♥s✐t✐❡s s✉❝❤ t❤❛t νµi ≥ 1 ❢♦r ❛❧❧ i ∈ {1, . . . , d}✳

✹✳ ▼❡tr♦♣♦❧✐s ❛❧❣♦r✐t❤♠

❲❡ ❞❡s❝r✐❜❡ ✐♥ t❤✐s s❡❝t✐♦♥ ❛ tr❛♥s✲❞✐♠❡♥s✐♦♥❛❧ ▼❡tr♦♣♦❧✐s ❛❧❣♦r✐t❤♠ t♦ s❛♠♣❧❡

t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥✱ ✇❤✐❝❤ ✇❡ ❝❛❧❧ ▼❡tr♦♣♦❧✐s ❢♦r ❉✐r✐❝❤❧❡t ♠✐①t✉r❡✱ ♦r✱ ✐♥

s❤♦rt✱ ▼✲❉▼✳ ■t ❜❡❧♦♥❣s t♦ t❤❡ ❝❧❛ss ♦❢ tr❛♥s✲❞✐♠❡♥s✐♦♥❛❧ ✭✇✐t❤ r❡✈❡rs✐❜❧❡ ❥✉♠♣s✮

▼❡tr♦♣♦❧✐s ✇✐t❤✐♥ ●✐❜❜s ❛❧❣♦r✐t❤♠s ✭▼❍✲●✐❜❜s✮✱ ❛s ❞❡s❝r✐❜❡❞ ❡✳❣✳ ✐♥ ❘♦❜❡rts ❛♥❞

❘♦s❡♥t❤❛❧ ✭✷✵✵✻✮✳

❖♥❡ ❦❡② ♣r✐♥❝✐♣❧❡ ♦❢ t❤❡▼✲❉▼❛❧❣♦r✐t❤♠ ✐s t♦ ✉s❡ t❤❡ ❞❛t❛ t♦ ❝♦♥str✉❝t t❤❡ ♣r♦✲

♣♦s❛❧ ❞✐str✐❜✉t✐♦♥ ❢♦r t❤❡ ♠❡❛♥ ✈❡❝t♦rs µ · ,m✳ ❆t ❡❛❝❤ st❡♣ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✱ t❤r❡❡

❝❧❛ss❡s ♦❢ ♣r♦♣♦s❛❧ ♠♦✈❡s ❛r❡ ♣♦ss✐❜❧❡✿ r❡❣✉❧❛r ♠♦✈❡s✱ tr❛♥s✲❞✐♠❡♥s✐♦♥❛❧ ♠♦✈❡s ❛♥❞

s❤✉✤❡ ♠♦✈❡s✳ ❉✉r✐♥❣ ❛ r❡❣✉❧❛r ♠♦✈❡✱ ❡✐t❤❡r ❛ ♠❡❛♥ ✈❡❝t♦r µ · ,m✱ ♦r ❛♥ ❡❝❝❡♥✲

tr✐❝✐t② ♣❛r❛♠❡t❡r em✱ ♦r ❛ ❝♦♥❝❡♥tr❛t✐♦♥ ♣❛r❛♠❡t❡r νm ✐s ♣✐❝❦❡❞ ♦✉t ♦❢ t❤❡ ❝✉rr❡♥t

st❛t❡ ❛s ❛ ❝❛♥❞✐❞❛t❡ ❢♦r ❛ ♠♦✈❡✳ ■❢ ❛ ♠❡❛♥ ✈❡❝t♦r µ · ,m ✐s ❝❤♦s❡♥✱ ✐t ✐s t❤r♦✇♥ ❜❛❝❦

✐♥ r❡❣✐♦♥s ♦❢ Sd ✇❤❡r❡ ❞❛t❛ ♣♦✐♥ts ❝♦♥❝❡♥tr❛t❡✳ ❚r❛♥s✲❞✐♠❡♥s✐♦♥❛❧ ♠♦✈❡s ❝♦♥s✐st

♦❢ s♣❧✐t ❛♥❞ ❝♦♠❜✐♥❡ ♠♦✈❡s✳ ❉✉r✐♥❣ ❛ s♣❧✐t ✭r❡s♣✳ ❝♦♠❜✐♥❡✮ ♠♦✈❡✱ ❛♥ ❛❞❞✐t✐♦♥❛❧



♠✐①t✉r❡ ❝♦♠♣♦♥❡♥t ✐s ❝r❡❛t❡❞ ✐♥ t❤❡ Θ✲♣❛r❛♠❡tr✐③❛t✐♦♥✳ ✭r❡s♣✳ t❤❡ ❧❛st ❝♦♠♣♦✲

♥❡♥t ✐s r❡♠♦✈❡❞✮ ❛♥❞ t❤❡ ❵❧❛st✬ ♠❡❛♥ ✈❡❝t♦r µ · , k = γk−1 ✐s ❛❞❥✉st❡❞ ❛❝❝♦r❞✐♥❣❧②✳

❋✐♥❛❧❧②✱ s❤✉✤❡ ♠♦✈❡ ❞♦ ♥♦t ❛❧t❡r t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❜✉t ❛r❡ ❞❡s✐❣♥❡❞ t♦ ✐♠♣r♦✈❡ t❤❡

❝❤❛✐♥✬s ♠✐①✐♥❣ ♣r♦♣❡rt✐❡s✳ ❚❤❡② s✐♠♣❧② ❝♦♥s✐sts ✐♥ tr❛♥s♣♦s✐♥❣ t✇♦ ✐♥❞✐❝❡s ✐♥ t❤❡

Ψ✲ ♣❛r❛♠❡tr✐③❛t✐♦♥ ❛♥❞ ❞❡❞✉❝✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣Θ✲♣❛r❛♠❡tr✐③❛t✐♦♥✳ ❚❤❡② t❤✉s

❝♦rr❡s♣♦♥❞ t♦ ❛ ❞✐s❝r❡t❡ tr❛♥s✐t✐♦♥ ❦❡r♥❡❧✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❝❤♦♦s✐♥❣ ❛ r❡❣✉❧❛r

♠♦✈❡✱ ❛ tr❛♥s✲❞✐♠❡♥s✐♦♥❛❧ ♠♦✈❡ ♦r ❛ s❤✉✤❡ ♠♦✈❡ ❤❛✈❡ ❜❡❡♥ r❡s♣❡❝t✐✈❡❧② s❡t t♦

creg = .5✱ ctrans = 1/3 ❛♥❞ cshuf = 1/6✳
■♥ t❤❡ r❡♠❛✐♥❞❡r✱ t❤❡ ♣r♦♣♦s❛❧ ✈❛r✐❛❜❧❡s✱ t❤❡ ♣r♦♣♦s❛❧ ❞✐str✐❜✉t✐♦♥s ❛♥❞ ❞❡♥s✐✲

t✐❡s✱ ❛♥❞ t❤❡ ❛❝❝❡♣t❛♥❝❡ ♣r♦❜❛❜✐❧✐t② r❛t✐♦s ❛r❡ r❡s♣❡❝t✐✈❡❧② ❞❡♥♦t❡❞ ( · )∗✱ Q( · , · ∗)✱
q( · , · ∗)✱ ❛♥❞ r( · , · ∗) ❀ θt ❞❡♥♦t❡s t❤❡ ❝❤❛✐♥✬s st❛t❡ ❛t t✐♠❡ ✭✐t❡r❛t✐♦♥✮ t✳ ❚❤❡

st❛rt✐♥❣ ✈❛❧✉❡ ✐s ❣❡♥❡r❛t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❛ ♣r✐♦r ❞✐str✐❜✉t✐♦♥✳

✹✳✶✳ ❘❡❣✉❧❛r ♠♦✈❡s

■❢ θt =
(

µ · , 1:k−1(t), e1:k−1(t), ν1:k(t)
)

∈ Θk✱ t❤❡♥ 3k − 2 r❡❣✉❧❛r ♠♦✈❡s ❛r❡

♣♦ss✐❜❧❡✳ ❚❤r❡❡ s✉❜❝❧❛ss❡s ❛r❡ ❞❡✜♥❡❞✿ µ✲♠♦✈❡s✱ e✲♠♦✈❡s ♦r ν✲♠♦✈❡s✱ ❞❡♣❡♥❞✐♥❣

♦♥ t❤❡ t②♣❡ ♦❢ ❝♦♠♣♦♥❡♥t ❛✛❡❝t❡❞✳ ❚❤❡ ❝❤♦✐❝❡ ❜❡t✇❡❡♥ s✉❜❝❧❛ss❡s ✐s ♠❛❞❡ ✉♥❞❡r

❡q✉✐✲♣r♦❜❛❜✐❧✐t②✳

• ν✲♠♦✈❡s ❛✛❡❝t ♦♥❡ ❝♦♠♣♦♥❡♥t νm(t) ♦❢ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ✈❡❝t♦r ν✳ ❚❤❡ ♣r♦✲

♣♦s❛❧ ❞❡♥s✐t② qν(νm(t), ν∗m) ✐s ❧♦❣✲◆♦r♠❛❧✱ ✇✐t❤ ♠❡❛♥ ♣❛r❛♠❡t❡r log(νm(t))
❛♥❞ st❛♥❞❛r❞✲❞❡✈✐❛t✐♦♥ ♣❛r❛♠❡t❡r t②♣✐❝❛❧❧② s❡t t♦ log(1 + 0.52) ✭♦♥ t❤❡ ❧♦❣

s❝❛❧❡✮✳

• ❙✐♠✐❧❛r❧②✱ e✲♠♦✈❡s ❛✛❡❝t ♦♥❡ ❡❝❝❡♥tr✐❝✐t② ♣❛r❛♠❡t❡r em(t)✳ ❚❤❡ ♣r♦♣♦s❛❧

❞❡♥s✐t② qe(em(t), e∗m) ✐s ❛ ❇❡t❛ ❞❡♥s✐t② ✇✐t❤ ♠♦❞❡ ❛t em(t)✳ ❚❤❡ ❧❛tt❡r ✐s

❝♦♥str✉❝t❡❞ ❜② ✜①✐♥❣ ❛ r❡❝❡♥tr✐♥❣ ♣❛r❛♠❡t❡r ǫ∗
e
✭t②♣✐❝❛❧❧② s❡t t♦ 0.2✮✳ ❚❤❡♥✱

t❤❡ ❇❡t❛ ♣❛r❛♠❡t❡rs ❛r❡

a1 =

[

ǫ∗
e

2
+ (1− ǫ∗

e
).em(t)

]

2

ǫ∗
e

; a2 =

[

1−
(

ǫ∗
e

2
+ (1− ǫ∗

e
).em(t)

)]

2

ǫ∗
e

.

❉✉r✐♥❣ ❛♥ e✲♠♦✈❡ ❛✛❡❝t✐♥❣ em✱ t❤❡ ✇❡✐❣❤ts p
∗
m:k ❛♥❞ t❤❡ ❧❛st ♠❡❛♥ ✈❡❝t♦r

µ∗
· , k ✭✐♥ t❤❡ Ψ✲♣❛r❛♠❡tr✐③❛t✐♦♥✮ ❛r❡ ♠♦❞✐✜❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♠❛♣♣✐♥❣ Γ :

θ 7→ ψ✳

• µ✲♠♦✈❡s ❛✛❡❝t ♦♥❡ ♦❢ t❤❡ k − 1 ✜rst ♠❡❛♥ ✈❡❝t♦rs✳ ❆❣❛✐♥✱ t❤❡ s✉❜s❡q✉❡♥t

✇❡✐❣❤ts p∗m:k ❛♥❞ t❤❡ ❧❛st ✈❡❝t♦r µ∗
· , k ✐♥ ψ∗ ❛r❡ ♠♦❞✐✜❡❞ ❛❝❝♦r❞✐♥❣ t♦ Γ✳

❚❤❡ ♣r♦♣♦s❛❧ µ∗
· ,m ❢♦❧❧♦✇s ❛ ❉▼ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ❞❡♥s✐t② qµ(µ · ,m(t), · )✱



❝♦♥str✉❝t❡❞ ❢r♦♠ t❤❡ ❛♥❣✉❧❛r ❞❛t❛ w1:n✳ ❚❤❡ ♠✐①t✉r❡ ✐s ♠✉❧t✐✲♠♦❞❛❧✱ ✇✐t❤

♦♥❡ ♠♦❞❡ ❧♦❝❛t❡❞ ❛t ❡❛❝❤ ❛♥❣✉❧❛r ❞❛t❛ ♣♦✐♥t✱ ❛♥❞ ✇❡✐❣❤ts ♣❡♥❛❧✐③✐♥❣ t❤❡

❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❝♦♥s✐❞❡r❡❞ ❞❛t❛ ♣♦✐♥t ❛♥❞ t❤❡ ❝✉rr❡♥t ♠❡❛♥ ✈❡❝t♦r

µ · ,m(t)✳ ❚❤❡ ♣r❡❝✐s❡ ❝♦♥str✉❝t✐♦♥ ✐s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ e✲♠♦✈❡ ❞✐str✐❜✉✲

t✐♦♥✳ ▼♦r❡ ❞❡t❛✐❧s ❛r❡ ♣r♦✈✐❞❡❞ ✐♥ ❆♣♣❡♥❞✐① ❉✳

❚❤❡ ❛❝❝❡♣t❛♥❝❡ ♣r♦❜❛❜✐❧✐t② ❢♦r ❡❛❝❤ r❡❣✉❧❛r ♠♦✈❡ ✐s ❝❧❛ss✐❝❛❧❧② ❣✐✈❡♥ ❜② ✭❡✳❣✳

❢♦r e✲♠♦✈❡s ❛✛❡❝t✐♥❣ t❤❡ mth ❝♦♦r❞✐♥❛t❡✮

r(em(t), e∗m) = min

(

1,
hθ∗(w1:n)π(θ

∗)
hθt(w1:n)π(θt)

qe(e
∗
m, em(t))

qe(em(t), e∗m)

)

.

✹✳✷✳ ❚r❛♥s✲❞✐♠❡♥s✐♦♥❛❧ ♠♦✈❡s

✹✳✷✳✶✳ ❙♣❧✐t ♠♦✈❡s

❚❤✐s t②♣❡ ♦❢ ♠♦✈❡ ✐s ♦♥❧② ♣r♦♣♦s❡❞ ✇❤❡♥ k < kmax✳ ❆ ♥❡✇ ♠❡❛♥ ✈❡❝t♦r µ∗
· , k

✐s ❣❡♥❡r❛t❡❞ ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ µ · , k(t)✱ s✐♠✐❧❛r❧② t♦ t❤❡ ♣r♦♣♦s❛❧ r✉❧❡ ❢♦r t❤❡

µ✲♠♦✈❡s✱ ❛♥❞ t❤❡ ❧❛st ❡❝❝❡♥tr✐❝✐t② ♣❛r❛♠❡t❡r e∗k ✐s ♣r♦♣♦s❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r✐♦r✱

s❡❡ ❆♣♣❡♥❞✐① ❉✳✷ ❢♦r ❞❡t❛✐❧s✳ ❋✐♥❛❧❧②✱ t❤❡ ❧❛st ♠❡❛♥ ✈❡❝t♦r µ∗
· , k+1 ✐s ❞❡❞✉❝❡❞

❢r♦♠ t❤❡ r❡✲♣❛r❛♠❡tr✐③❛t✐♦♥ ♠❛♣ Γ✳

✹✳✷✳✷✳ ❈♦♠❜✐♥❡ ♠♦✈❡s

❚❤❡s❡ ❞❡t❡r♠✐♥✐st✐❝ ♠♦✈❡s ❛r❡ ❛❧❧♦✇❡❞ ❢♦r k ≥ 2✳ ❚❤❡② s✐♠♣❧② ❝♦♥s✐st ✐♥

r❡♠♦✈✐♥❣ t❤❡ ❧❛st ❝♦♠♣♦♥❡♥t (µ · , k−1, ek−1, νk) ❢r♦♠ t❤❡ Ψ✲♣❛r❛♠❡tr✐③❛t✐♦♥✳ ❚❤❡

❧❛st ♠❡❛♥ ✈❡❝t♦r µ∗· , k ✐♥ t❤❡ Ψ✲ ♣❛r❛♠❡tr✐③❛t✐♦♥ ✐s t❤✉s t❤❡ ❝❡♥t❡r ♦❢ ♠❛ss ♦❢ t❤❡

t✇♦ ❧❛st ♠❡❛♥ ✈❡❝t♦rs ✐♥ t❤❡ ❝✉rr❡♥t st❛t❡✳

✹✳✷✳✸✳ ❆❝❝❡♣t❛♥❝❡ r❛t✐♦ ❢♦r tr❛♥s✲❞✐♠❡♥s✐♦♥❛❧ ♠♦✈❡s

❋r♦♠ ●r❡❡♥ ✭✶✾✾✺✮✱ t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r ❛ tr❛♥s✲❞✐♠❡♥s✐♦♥❛❧

♠♦✈❡ ✐❢ ✇❡ s❡t t❤❡ ❛❝❝❡♣t❛♥❝❡ ♣r♦❜❛❜✐❧✐t②✱ ❢♦r ❛ s♣❧✐t ♠♦✈❡✱ t♦

rsplit = min
{

1,
hθ∗(w1:n)π(θ

∗)
hθt(w1:n)π(θt)

pc(k + 1)

ps(k)
× · · ·

[

qµ,split(θt, µ
∗
· , k) qe,split(θt, e

∗
k |µ∗

· , k) qν,split(θt, ν
∗
k+1)

]−1
}

,

❛♥❞✱ ❢♦r ❛ ❝♦♠❜✐♥❡ ♠♦✈❡✱ t♦



rcombine = min
{

1,
hθ∗(w1:n)π(θ

∗)
hθt(w1:n)π(θt)

ps(k − 1)

pc(k)
× · · ·

qµ,split(θ
∗, µ · , k(t)) qe,split(θ

∗, ek|µ · , k(t)) qν,split(θ
∗, νk(t))

}

,

✇❤❡r❡ pc(k) ❛♥❞ ps(k) ❛r❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❝❤♦♦s✐♥❣ ❛ ❝♦♠❜✐♥❡

♦r ❛ s♣❧✐t ♠♦✈❡✱ ✇❤❡♥ t❤❡ ❝✉rr❡♥t st❛t❡ ✐s ✐♥ Θk✳ ◆❛♠❡❧②✱ ✇❡ ❤❛✈❡ s❡t ps = 1k=1+
1
2 11<k<kmax ❛♥❞ pc = 1k=kmax + 1

2 11<k<kmax . ◆♦t❡ t❤❛t t❤❡ ❏❛❝♦❜✐❛♥ ❛♣♣❡❛r✐♥❣

✐♥ ●r❡❡♥✬s ❜❛❧❛♥❝❡ ❝♦♥❞✐t✐♦♥ ✐s✱ ✐♥ ♦✉r ❝❛s❡✱ ❡q✉❛❧ t♦ ♦♥❡✳ ■♥❞❡❡❞✱ t❤❡ ❛❞❞✐t✐♦♥❛❧

❝♦♠♣♦♥❡♥t ✐s ❞✐r❡❝t❧② s✐♠✉❧❛t❡❞✱ ✇✐t❤♦✉t ❢✉rt❤❡r ♠❛♣♣✐♥❣✳

✹✳✸✳ ❙❤✉✤❡ ♠♦✈❡s

❚❤❡s❡ ♠♦✈❡s ❞♦ ♥♦t ❛✛❡❝t t❤❡ ❞❡♥s✐t② hθ✱ ❜✉t ✐♠♣r♦✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡

❛❧❣♦r✐t❤♠✳ ❲✐t❤♦✉t s❤✉✤✐♥❣✱ t❤❡ ✇❡✐❣❤ts ❛✛❡❝t❡❞ t♦ t❤❡ ❧❛st ❝♦♠♣♦♥❡♥t ♦❢ t❤❡

♠✐①t✉r❡ ✇♦✉❧❞ ❤❛✈❡ ❛ t❡♥❞❡♥❝② t♦ ❞❡❝r❡❛s❡✱ ❛s t❤❡ ♥✉♠❜❡r ♦❢ ♠✐①t✉r❡ ❝♦♠♣♦♥❡♥ts

✐♥❝r❡❛s❡s✱ ❜② ❛ st✐❝❦ ❜r❡❛❦✐♥❣ ❡✛❡❝t✳ ▲❡t k ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣♦♥❡♥ts ❛t st❡♣ t✱
ψt = (µ · , 1:k(t), p1:k(t), ν1:k(t))✳ ▲❡t m1,m2 ≤ k✱ ❛♥❞ τm1,m2 ❜❡ t❤❡ tr❛♥s♣♦s✐t✐♦♥

❜❡t✇❡❡♥ ❡❧❡♠❡♥ts ✐♥❞❡①❡❞ ❜② m1 ❛♥❞ m2 ✐♥ ψt✳ ▲❡t ϕm1,m2 = Γ−1 ◦ τm1,m2 ◦ Γ✳
❚❤❡ ♣r♦♣♦s❛❧ ♣❛r❛♠❡t❡r ✐s t❤❡♥ ❞❡✜♥❡❞ ❜② θ∗ = ϕm1,m2(θt). ❚❤❡ ♠❛♣♣✐♥❣ ϕm1,m2

✐s ❞✐✛❡r❡♥t✐❛❜❧❡✱ ❛♥❞ ✇❡ ♣r♦✈❡ ✐♥ ❆♣♣❡♥❞✐① ❈ t❤❛t✱ s❡tt✐♥❣

rshuffle,m1,m2(θt, θ
∗) = min

(

1,
hθ∗(w1:n)π(θ

∗)
hθt(w1:n)π(θt)

∣

∣Jac(ϕm1,m2)[θt]
∣

∣

)

❛s ❛♥ ❛❝❝❡♣t❛♥❝❡ ♣r♦❜❛❜✐❧✐t② ❢♦r t❤✐s ♠♦✈❡✱ t❤❡ ♣♦st❡r✐♦r ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡

s❤✉✤❡ ❦❡r♥❡❧✳ ❚❤❡ ✐♥✈♦❧✈❡❞ ❏❛❝♦❜✐❛♥ ✐s ✭s❡❡ ❆♣♣❡♥❞✐① ❉✳✸✮

∣

∣Jac(ϕm1,m2)[θt]
∣

∣ =

k−1
∏

m=1

ρm−1 Tm

(1 + em Tm)2

k−1
∏

m=1

(1 + e
∗
m T

∗
m)2

ρ∗m−1 T
∗
m

, ✭✶✷✮

✇❤❡r❡ t❤❡ e
∗
m, ρ

∗
m−1, T

∗
m✬s ✭r❡s♣✳ t❤❡ em, ρm−1, Tm✬s ✮ ❛r❡ r❡❧❛t✐✈❡ t♦ t❤❡ ♣r♦♣♦s❛❧

♣❛r❛♠❡t❡r θ∗ = ϕm1,m2(θt) ✭r❡s♣✳ θt✮✱ ❛♥❞ t❤❡ Tm✬s ❛r❡ ❞❡✜♥❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✳

✺✳ ❊r❣♦❞✐❝✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ▼✲❉▼❛❧❣♦r✐t❤♠

❚❤❡r❡ ✐s ❛♥ ❛❜✉♥❞❛♥t ❧✐t❡r❛t✉r❡ ❝♦♥❝❡r♥✐♥❣ ❛s②♠♣t♦t✐❝ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ▼❛r❦♦✈

❝❤❛✐♥s t♦✇❛r❞s t❤❡✐r ♦❜❥❡❝t✐✈❡ ❞✐str✐❜✉t✐♦♥✱ s❡❡ ❡✳❣✳ ▼❡②♥ ❡t ❛❧✳ ✭✶✾✾✸✮ ❢♦r ❛♥

❡①t❡♥s✐✈❡ ❡①♣♦s✐t✐♦♥✳ ■♥ s❤♦rt✱ ❧❡t π̃ ✐s ❛♥ ♦❜❥❡❝t✐✈❡ ♣r♦❜❛❜✐❧✐t② ♦♥ (Θ, T )✱ ✐✳❡✳ ❛



❞✐str✐❜✉t✐♦♥ ❢r♦♠ ✇❤✐❝❤ ♦♥❡ ✇✐s❤❡s t♦ ❣❡♥❡r❛t❡ ❛ s❛♠♣❧❡ ✭❤❡r❡✱ π̃ ✐s t❤❡ ♣♦st❡r✐♦r πn
❛♥❞ Θ = ΘB✮✳ ▲❡t π̃✬s ❞❡♥s✐t② ✇✐t❤ r❡s♣❡❝t t♦ s♦♠❡ r❡❢❡r❡♥❝❡ ♠❡❛s✉r❡ dη ❜❡ ❦♥♦✇♥
✉♣ t♦ ❛ ♥♦r♠❛❧✐③✐♥❣ ❝♦♥st❛♥t✳ ❲❡ ❛❧s♦ ❞❡♥♦t❡ π̃ t❤✐s ✉♥✲♥♦r♠❛❧✐③❡❞ ❞❡♥s✐t②✳❲❡

s❤❛❧❧ ✉s❡ ❛ ❝❧❛ss✐❝❛❧ r❡s✉❧t ✭s❡❡ ❡✳❣✳ ❘♦s❡♥t❤❛❧✱ ✷✵✵✶❀ ❘♦❜❡rts ❛♥❞ ❘♦s❡♥t❤❛❧✱ ✷✵✵✻❀

❚✐❡r♥❡②✱ ✶✾✾✹✮✿ ✉♥❞❡r r❡❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥s✱ ✐❢ ❛♥ ❛♣❡r✐♦❞✐❝ ▼❛r❦♦✈ ❝❤❛✐♥ ✐s

❣❡♥❡r❛t❡❞ ❜② ❛ tr❛♥s✐t✐♦♥ ❦❡r♥❡❧ K(θ, · ) ❛❞♠✐tt✐♥❣ π̃ ❛s ❛♥ ✐♥✈❛r✐❛♥t ♣r♦❜❛❜✐❧✐t②

♠❡❛s✉r❡✱ ❛♥❞ ✐❢ K(θ, · ) ✐s η✲✐rr❡❞✉❝✐❜❧❡✱ t❤❡♥ ❢♦r π̃✲❛❧♠♦st ❛❧❧ st❛rt✐♥❣ ✈❛❧✉❡✱ t❤❡

❧❛✇ Kn(θst❛rt, · ) ❞❡✜♥❡❞ ❜② t❤❡ n✲st❡♣ tr❛♥s✐t✐♦♥ ❦❡r♥❡❧ ❝♦♥✈❡r❣❡s ✐♥ t♦t❛❧ ✈❛r✐❛t✐♦♥

❞✐st❛♥❝❡ t♦✇❛r❞s π̃✳
❚❤❡ r❡❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥ ✐s t❤❛t T ❜❡ ❝♦✉♥t❛❜❧② ❣❡♥❡r❛t❡❞✳ ❚❤✐s ✐s ♥♦t t♦♦

r❡str✐❝t✐✈❡✱ s✐♥❝❡ ✐t ✐s tr✉❡ ✐♥ ❛♥② ❝❛s❡ ✇❤❡r❡ Θ ✐s s♦♠❡ ❇♦r❡❧ s♣❛❝❡ ❛♥❞ T ✐s ✐ts ❇♦r❡❧

σ✲✜❡❧❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ✐s tr✉❡ ✐♥ ♦✉r ❝♦♥t❡①t✱ s✐♥❝❡ Θ ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤

❛ ✜♥✐t❡ ✉♥✐♦♥ ♦❢ ♦♣❡♥ s✉❜s❡ts ✐♥ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❡✉❝❧✐❞❡❛♥ s♣❛❝❡s✳ ❆♣❡r✐♦❞✐❝✐t②

♠❡❛♥s t❤❡ st❛t❡ s♣❛❝❡ ❝❛♥♥♦t ❜❡ ✜♥✐t❡❧② ♣❛rt✐t✐♦♥❡❞ ✐♥t♦ s✉❜s❡ts Θ1, . . . ,Θd ✭d > 1✮
s✉❝❤ t❤❛t ❢♦r 1 ≤ i < d ❛♥❞ θi ∈ Θi✱ K(θi,Θi+1) = 1✱ ❛♥❞ ❢♦r θd ∈ Θd✱ K(θd,Θ1)
❂ ✶✳ ❆❧s♦✱ π̃ ✐s ✐♥✈❛r✐❛♥t ❜② K ✐❢ ∀θ ∈ Θ, ∀A ∈ T ,

∫

ΘK(θ,A) dπ̃(x) = π̃(A).
❙✉❝❤ ❛ π̃ ✐s ❛❧s♦ ❝❛❧❧❡❞ st❛t✐♦♥❛r②✳ ❋✐♥❛❧❧②✱ η✲✐rr❡❞✉❝✐❜✐❧✐t② st✐♣✉❧❛t❡s t❤❛t ❢♦r ❛❧❧

s❡t A ⊂ Θ s✉❝❤ t❤❛t η(A) > 0✱ ❢♦r ❛❧❧ θ ∈ Θ✱ ❢♦r s♦♠❡ t ∈ N✱ Kt(θst❛rt, A) > 0✳
❈♦♥✈❡r❣❡♥❝❡ ✐♥ t♦t❛❧ ✈❛r✐❛t✐♦♥ ❞✐st❛♥❝❡ ❡♥t❛✐❧s ❛ ♠❡❛♥ ❡r❣♦❞✐❝✐t② ♣r♦♣❡rt② t❤❛t

❝❛♥ ❜❡ ✉s❡❞ ✐♥ ❝♦♥❥✉♥❝t✐♦♥ ✇✐t❤ ✇❡❛❦ ❝♦♥s✐st❡♥❝②✳ ◆❛♠❡❧②✱ ❢♦r ❛❧❧ π̃ ✐♥t❡❣r❛❜❧❡

❢✉♥❝t✐♦♥ g✱ ❛♥❞ ❢♦r π̃✲❛❧♠♦st ❛❧❧ st❛rt✐♥❣ ✈❛❧✉❡✱ ✐t ✐♠♣❧✐❡s

1

T

T
∑

t=1

g(θt) −→
T→∞

Eπ̃(g), Pθstart ❛❧♠♦st s✉r❡❧②, ✭✶✸✮

✇❤❡r❡ Pθstart r❡♣r❡s❡♥ts t❤❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥
(

ΘN, T ⊗N
)

✐♥❞✉❝❡❞ ❜② t❤❡

▼❛r❦♦✈ ❦❡r♥❡❧ ❛♥❞ t❤❡ ✐♥✐t✐❛❧ st❛t❡ θstart✱ ❛♥❞ θt ✐s t❤❡ r❛♥❞♦♠ st❛t❡ ❛t t✐♠❡ t✳
◆♦t❡ t❤❛t✱ ❢r♦♠ ❘♦❜❡rts ❛♥❞ ❘♦s❡♥t❤❛❧ ✭✷✵✵✹✮ ✭❝❢ t❤❡✐r r❡♠❛r❦ ❢♦❧❧♦✇✐♥❣ ❈♦r♦❧❧❛r②

✻✮✱ ❛♣❡r✐♦❞✐❝✐t② ✐s ♥♦t r❡q✉✐r❡❞ ❢♦r ✭✶✸✮✳ ■♥ ♦✉r ❝❛s❡✱ ❛ ♥❛t✉r❛❧ ❝❤♦✐❝❡ ❢♦r η ✐s t❤❡

▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ t❤❡ ❊✉❝❧✐❞❡❛♥ ❝♦✲♣r♦❞✉❝t s♣❛❝❡ ΘB✱ ❞❡✜♥❡❞ ❜② ✭✶✵✮✳ ■♥

♦r❞❡r t♦ ✈❡r✐❢② t❤❛t ✭✶✸✮ ❤♦❧❞s ❢♦r t❤❡ ▼✲❉▼❛❧❣♦r✐t❤♠✱ ✇❡ s❤♦✇ ✐♥ ❆♣♣❡♥❞✐① ❈

t❤❡ ❢♦❧❧♦✇✐♥❣

Pr♦♣♦s✐t✐♦♥ ✸✳ ❚❤❡ ▼✲❉▼❛❧❣♦r✐t❤♠ ❣❡♥❡r❛t❡s ❛ η✲✐rr❡❞✉❝✐❜❧❡✱ ❛♣❡r✐♦❞✐❝ ▼❛r❦♦✈

❝❤❛✐♥ ❛❞♠✐tt✐♥❣ t❤❡ ♣♦st❡r✐♦r πn ❛s ❛♥ ✐♥✈❛r✐❛♥t ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡✳

❚❤❡ ♦r✐❣✐♥❛❧ ♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸ ❝♦♥❝❡r♥s t❤❡ ✐♥✈❛r✐❛♥❝❡ ♦❢ t❤❡

❞✐s❝r❡t❡ s❤✉✤✐♥❣ ❦❡r♥❡❧✳ ■♥❞❡❡❞✱ st❛♥❞❛r❞ r❡✈❡rs✐❜✐❧✐t② ❛r❣✉♠❡♥ts ❛r❡ ♦♥❧② ✈❛❧✐❞

❢♦r ❝♦♥t✐♥✉♦✉s ♣r♦♣♦s❛❧ ❦❡r♥❡❧s✳ ■♥ ❝♦♥tr❛st✱ ✐rr❡❞✉❝✐❜✐❧✐t② ❛♥❞ ❛♣❡r✐♦❞✐❝✐t② ❛r❡

✈❡r✐✜❡❞ ✐♥ ❛ ❝❧❛ss✐❝❛❧ ✇❛② ❛♥❞ s♦♠❡ ✐❞❡❛s ❛r❡ ✐♥ ❝♦♠♠♦♥ ❡✳❣✳ ✇✐t❤ ❘♦❜❡rts ❛♥❞



❙♠✐t❤ ✭✶✾✾✹✮ ✭✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ st❛♥❞❛r❞ ●✐❜❜s s❛♠♣❧❡r✮ ❛♥❞ ●✉✐❧❧♦tt❡ ❡t ❛❧✳

✭✷✵✶✶✮ ✭♣♣✳ ✸✾✷✲✸✾✸✱ ♣r♦♦❢s ✻✳✸✳✷ ❛♥❞ ✻✳✸✳✸✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡✐r ❆♣♣❡♥❞✐① ❆✳✺✱ ❢♦r

❛ ♣❛rt✐❝✉❧❛r tr❛♥s✲❞✐♠❡♥s✐♦♥❛❧ ●✐❜❜s s❛♠♣❧❡r✮✳ ❆s ♥♦t❡❞ ❜② t❤❡ ❧❛tt❡r ❛✉t❤♦rs✱ t❤❡

❧✐t❡r❛t✉r❡ ✐s s❝❛r❝❡ ❝♦♥❝❡r♥✐♥❣ ❣❡♥❡r❛❧ ❝♦♥❞✐t✐♦♥s ❢♦r ✐rr❡❞✉❝✐❜✐❧✐t② ❛♥❞ ❛♣❡r✐♦❞✐❝✐t②

✐♥ ❛ tr❛♥s✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥t❡①t✳ ❲❡ t❤✉s ♣r♦✈✐❞❡ ❛ ♣r♦♦❢ t❤❛t s✉✐ts ♦✉r ♣✉r♣♦s❡s✳

❚❤❡ π̃✲♥✉❧❧ s❡t ♦♥ ✇❤✐❝❤ ✭✶✸✮ ✐s ♥♦t ❣✉❛r❛♥t❡❡❞ ♠❛② ❜❡ ♣r♦❜❧❡♠❛t✐❝ ❜❡❝❛✉s❡

✐ts ❡①t❡♥t ✐s ✉♥❦♥♦✇♥✳ ■❢✱ ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ♣r♦♣❡rt✐❡s ❧✐st❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✱ ❛

▼❛r❦♦✈ ❝❤❛✐♥ ✐s ❍❛rr✐s r❡❝✉rr❡♥t✱ t❤❡♥ t❤❡ r❡s✉❧t ❤♦❧❞s ❢♦r ❛❧❧ st❛rt✐♥❣ ✈❛❧✉❡✳ ❆

η✲✐rr❡❞✉❝✐❜❧❡ ▼❛r❦♦✈ ❝❤❛✐♥ ✇✐t❤ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ π̃ ✐s s❛✐❞ ❍❛rr✐s✲r❡❝✉rr❡♥t

✐❢ ❢♦r ❛❧❧ A ⊂ Θ✱ s✉❝❤ t❤❛t η(A) > 0✱ t❤❡ st♦♣♣✐♥❣ t✐♠❡ τA = inf{N ≥ 1 : θN ∈ A}
✐s ❛❧♠♦st s✉r❡❧② ✜♥✐t❡ ❢♦r ❛❧❧ st❛rt✐♥❣ ✈❛❧✉❡✿ Pθstart(τA < ∞) = 1 ❢♦r ❛❧❧ θstart✳ ❋✉❧❧✲
❞✐♠❡♥s✐♦♥❛❧ ▼❍ ❛❧❣♦r✐t❤♠s ❛r❡ ❍❛rr✐s✲r❡❝✉rr❡♥t ✉♥❞❡r ✇❡❛❦ ❛ss✉♠♣t✐♦♥s r❡❣❛r❞✐♥❣

t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ♣r♦♣♦s❛❧ ❞✐str✐❜✉t✐♦♥s✳ ❆ s❤♦rt ❛♥❞ s❡❧❢ ❝♦♥t❛✐♥❡❞ ♣r♦♦❢ ✇❛s

r❡❝❡♥t❧② ♣r♦♣♦s❡❞ ❜② ❆s♠✉ss❡♥ ❛♥❞ ●❧②♥♥ ✭✷✵✶✵✮✱ s❡❡ ❛❧s♦ ❡✳❣✳ ❘♦s❡♥t❤❛❧ ✭✷✵✵✶✮❀

❘♦❜❡rts ❛♥❞ ❘♦s❡♥t❤❛❧ ✭✷✵✵✹✮ ♦r ❘♦❜❡rts ❛♥❞ ❘♦s❡♥t❤❛❧ ✭✷✵✵✻✮ ❢♦r ❛ r❡✈✐❡✇ ♦❢

t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❝❧❛ss ♦❢ ▼❍✲●✐❜❜s ❛♥❞ tr❛♥s✲❞✐♠❡♥s✐♦♥❛❧ ▼❍ ❛❧❣♦r✐t❤♠s✳

❍❛rr✐s✲r❡❝✉rr❡♥❝❡ ✐s ❧❡ss ❡❛s✐❧② ❛❝❤✐❡✈❡❞ ❢♦r t❤❡ t✇♦ ❧❛tt❡r ❝❧❛ss❡s t❤❛♥ ❢♦r t❤❡ ❢✉❧❧✲

❞✐♠❡♥s✐♦♥❛❧ ▼❍ ❛❧❣♦r✐t❤♠✱ ❛♥❞ t❤❡ q✉❡st✐♦♥ ✐s ❡✈❡♥ st❛t❡❞ ❛s ❛♥ ♦♣❡♥ ♣r♦❜❧❡♠ ✐♥

t❤❡ ❝❛s❡ ♦❢ ❝♦♦r❞✐♥❛t❡ ♠✐①✐♥❣✱ tr❛♥s✲❞✐♠❡♥s✐♦♥❛❧ ▼❛r❦♦✈ ❝❤❛✐♥s ✭✇❤✐❝❤ ✐s ♣r❡❝✐s❡❧②

♦✉r ❢r❛♠❡✇♦r❦✱ s❡❡ ♣❛r❛❣r❛♣❤ ❵s❤✉✤❡ ♠♦✈❡s✬ ✐♥ t❤❡ ♣r❡❝❡❞✐♥❣ s❡❝t✐♦♥✮✳ ❙✐♠✐❧❛r❧② t♦

●✉✐❧❧♦tt❡ ❡t ❛❧✳ ✭✷✵✶✶✮✱ ✇❡ ❞♦ ♥♦t ♣r♦✈❡ ❍❛rr✐s✲r❡❝✉rr❡♥❝❡ ❢♦r t❤❡▼✲❉▼❛❧❣♦r✐t❤♠✳

■♥ ♦✉r ❝❛s❡✱ t❤❡ ❞✐✣❝✉❧t② ❝♦♠❡s ❢r♦♠ ❞✐s❝♦♥t✐♥✉✐t✐❡s ♦❢ t❤❡ ♣r♦♣♦s❛❧ ❞❡♥s✐t② ❛r♦✉♥❞

s✐♥❣✉❧❛r ♣♦✐♥ts ✇❤❡r❡ ✭✺✮ ❞♦❡s ♥♦t ❤♦❧❞✳ ❍♦✇❡✈❡r✱ ❣❡♥❡r❛t✐♥❣ t❤❡ st❛rt✐♥❣ ✈❛❧✉❡

❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r✐♦r ❛♥❞ ♥♦t✐❝✐♥❣ t❤❛t π ≪ π̃✱ t❤❡ st❛rt✐♥❣ ✈❛❧✉❡ ✇✐❧❧ ❛❧♠♦st✲

s✉r❡❧② ♥♦t ❜❡❧♦♥❣ t♦ t❤❡ ♣r♦❜❧❡♠❛t✐❝ s❡t✳

❲❡ ♥♦✇ t✉r♥ t♦ ♣r❛❝t✐❝❛❧ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ ✭✶✸✮ ✭✇❤✐❝❤ ✐ts❡❧❢ ❞❡r✐✈❡s ❢r♦♠ Pr♦♣♦✲

s✐t✐♦♥ ✸✮✳ ❆s ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✸✱ ❢♦r ❛♣♣❧✐❡❞ ♣✉r♣♦s❡✱ t❤❡ q✉❛♥t✐t② ♦❢ ✐♥t❡r❡st

✐s ♦❢t❡♥ ♦❜t❛✐♥❡❞ ❛s ❛♥ ✐♥t❡❣r❛❧ ♦❢ s♦♠❡ ❜♦✉♥❞❡❞✱ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ g ❞❡✜♥❡❞ ♦♥

t❤❡ s✐♠♣❧❡①✱ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❛♥❣✉❧❛r ♠❡❛s✉r❡ H✳ ❲❡ t❤✉s ❞❡✜♥❡✱ ❢♦r s✉❝❤ ❛ g✱

g̃(θ) =

∫

Sd

g(w)hθ(w) dw

:= 〈g, hθ〉 .
✭✶✹✮

❚❤❡ ❢✉♥❝t✐♦♥ g̃ ✐s ❜♦✉♥❞❡❞ ❜② ‖g‖∞✱ ❛♥❞ ✐ts ❝♦♥t✐♥✉✐t② ✭❢♦r t❤❡ ✇❡❛❦ t♦♣♦❧♦❣②✮

♠❛② ❜❡ ✈❡r✐✜❡❞✿ ❚❤❡ ❛r❣✉♠❡♥ts ❛r❡ t❤❡ s❛♠❡ ❛s t❤♦s❡ ❧❡❛❞✐♥❣ t♦ t❤❡ ❝♦♥t✐♥✉✐t②

♦❢ κ✱ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳ ◆♦t❡ t❤❛t st❛♥❞❛r❞ ❛r❣✉♠❡♥ts ✐♥✈♦❧✈✐♥❣ t❤❡

❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ❝❛♥♥♦t ❜❡ ✉s❡❞ ✐♥st❡❛❞✱ ❜❡❝❛✉s❡ hθ ❞♦❡s ♥♦t ❜❡❧♦♥❣
t♦ t❤❡ L2 s♣❛❝❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ✭✐✳❡✳ h2θ ✐s ♥♦t ✐♥t❡❣r❛❜❧❡✮ ✐❢



♦♥❡ ❉✐r✐❝❤❧❡t ❡①♣♦♥❡♥t νmµj,m ✐s ❧❡ss t❤❛♥ 1/2✳
❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ✇❡❛❦ ❝♦♥t✐♥✉✐t②✱ ♣r♦✈✐❞❡❞ t❤❛t t❤❡ tr✉❡ ♠❡❛s✉r❡ h0

s❛t✐s✜❡s t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ Pr♦♣♦s✐t✐♦♥ ✷ ✭s♦ t❤❛t t❤❡ ♣♦st❡r✐♦r ✐s ✇❡❛❦❧② ❝♦♥s✐st❡♥t

❛t h0✮✱ ✇❡ ❤❛✈❡

Eπn(g̃) −→
n→∞

g̃(h0) = 〈g, h0〉 (h0✲❛✳s) .

❈♦♠❜✐♥✐♥❣ t❤✐s ✇✐t❤ ✭✶✸✮ s❤♦✇s t❤❛t

lim
n→∞

(

lim
T→∞

1

T

T
∑

t=1

〈g, hθnt 〉
)

= 〈g, h0〉 (h0 × Pθstart✲❛✳s✳) , ✭✶✺✮

✇❤❡r❡ n ✐s t❤❡ ❞❛t❛ s❛♠♣❧❡ s✐③❡ ❛♥❞ θnt ✐s t❤❡ ❝✉rr❡♥t st❛t❡ ❛t t✐♠❡ t ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳

✻✳ ❈♦♥✈❡r❣❡♥❝❡ ❛ss❡ss♠❡♥t

✻✳✶✳ ❈❤♦✐❝❡ ♦❢ t❤❡ ♠♦♥✐t♦r❡❞ q✉❛♥t✐t②

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦♣♦s❡ ❛ ♠❡t❤♦❞ t♦ ❛ss❡ss ❣♦♦❞♥❡ss✲♦❢✲✜t ❛♥❞ ♠♦♥✐t♦r

▼❈▼❈ ❝♦♥✈❡r❣❡♥❝❡✱ ✐✳❡✳ t♦ ✈❡r✐❢② ✐♥ ♣r❛❝t✐❝❡ t❤❛t t❤❡ ❞♦✉❜❧❡ ❧✐♠✐t ✐♥ ✭✶✺✮ ❤❛s

❛♣♣r♦①✐♠❛t❡❧② ❜❡❡♥ r❡❛❝❤❡❞✳ ❚❤❡ ♠❡t❤♦❞ ❛❧s♦ ❛❧❧♦✇s t♦ ❝❤❡❝❦ t❤❛t t❤❡ ♠✐①✐♥❣

♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❣❡♥❡r❛t❡❞ ❝❤❛✐♥s ❛r❡ ❣♦♦❞ ❡♥♦✉❣❤ t♦ ♣r♦✈✐❞❡ ❛ r❡♣r❡s❡♥t❛t✐✈❡

s❛♠♣❧❡ ❢r♦♠ t❤❡ ♣♦st❡r✐♦r✳ ◆♦♥✲✐❞❡♥t✐✜❛❜✐❧✐t② ❛♥❞ s❤✉✤✐♥❣ ♣r❡✈❡♥t ❢r♦♠ ♠♦♥✐t♦r✲

✐♥❣ t❤❡ ♣❛r❛♠❡t❡r ❝♦♠♣♦♥❡♥ts ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❛❧❣♦r✐t❤♠✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

t❤❡r❡ ✐s ♥♦ ♦❜✈✐♦✉s ✇❛② t♦ ✈✐s✉❛❧✐③❡ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❣❡♥❡r❛t❡❞ ❞❡♥s✐t✐❡s (hθt)t
t❤❡♠s❡❧✈❡s✳ ❖♥❡ s♦❧✉t✐♦♥ ✐s t♦ ❡①tr❛❝t s✉✐t❛❜❧❡ ♥✉♠❡r✐❝❛❧ q✉❛♥t✐t✐❡s t❤❛t r❡♣r❡s❡♥t

t❤❡ ❣❡♥❡r❛t❡❞ ❞❡♥s✐t✐❡s✱ ✐♥ r❡❧❛t✐♦♥ t♦ ✭✶✺✮✱ ❛♥❞ t❤❡♥ t♦ ❛♣♣❧② st❛♥❞❛r❞ ❝♦♥✈❡r❣❡♥❝❡

t❡sts t♦ t❤❡ ♥✉♠❡r✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ ❜✐✲✈❛r✐❛t❡ ❝❛s❡✱ ❇♦❧❞✐

❛♥❞ ❉❛✈✐s♦♥ ✭✷✵✵✼✮ ♠♦♥✐t♦r t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♠❡❛s✉r❡ ❝♦rr❡s♣♦♥❞✲

✐♥❣ t♦ t❤❡ ❞❡♥s✐t② hθt ✿ g̃(θt) =
∫ 1
0 min(w, 1 − w)hθt(w) dw✳ ❚❤✐s q✉❛♥t✐t② ❤❛s ❛♥

❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥ ✭✉s✐♥❣ ✐♥❝♦♠♣❧❡t❡ ❇❡t❛ ❢✉♥❝t✐♦♥s✮ ✐♥ t❤❡ ❝❛s❡ d = 2 ♦♥❧②✳

❚❤❡ ✐❞❡❛s ❞❡✈❡❧♦♣❡❞ ❤❡r❡ ❛✐♠ ❛t ♣r♦♣♦s✐♥❣ s✉✐t❛❜❧❡ g✬s✱ ❢♦r ✇❤✐❝❤ g̃(θ) =
〈g, hθ〉 ✐♥ ✭✶✺✮ ❝❛♥ ❡❛s✐❧② ❜❡ ❞❡r✐✈❡❞ ✐♥ ❛r❜✐tr❛r② ❞✐♠❡♥s✐♦♥✱ ❛♥❞ s✉❝❤ t❤❛t t❤❡ ▼✲

❉▼❡st✐♠❛t❡s 1
T

∑T
t=1〈g, hθt〉 ❝❛♥ ❜❡ ❝♦♠♣❛r❡❞ t♦ ❛ r❡❢❡r❡♥❝❡ ✈❛❧✉❡ ✭t❤❡ tr✉❡ ✈❛❧✉❡

〈g, h0〉 ❢♦r s✐♠✉❧❛t✐♦♥s ♦r ❛♥ ❡♠♣✐r✐❝❛❧ ❡st✐♠❛t❡ ✐♥ r❡❛❧✐st✐❝ ❝❛s❡s✮✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱

✐t ✐s ✈❡r② ❝♦♥✈❡♥✐❡♥t t♦ ❝❤♦♦s❡ g ✐♥ t❤❡ s❡t ♦❢ ❜♦✉♥❞❡❞ ❉✐r✐❝❤❧❡t ❞✐str✐❜✉t✐♦♥s✱ ✇❤✐❝❤

❛r❡ t❤♦s❡ ✇✐t❤ ♣❛r❛♠❡t❡rs (µ, ν) ✈❡r✐❢②✐♥❣ ν µi ≥ 1✱ ❢♦r ❛❧❧ i = 1, . . . , d. ❚♦ s❡❡ t❤✐s✱
s✉♣♣♦s❡ t❤❛t h ❛♥❞ g ❛r❡ t✇♦ ❉✐r✐❝❤❧❡t ❞❡♥s✐t✐❡s ✇✐t❤ r❡s♣❡❝t✐✈❡ ♣❛r❛♠❡t❡rs (µ, ν)
❛♥❞ (µ̃, ν̃)✱ ❛♥❞ s✉♣♣♦s❡ t❤❛t g ✐s ❜♦✉♥❞❡❞✱ s♦ t❤❛t ν̃ µ̃i ≥ 1 ❢♦r ❛❧❧ i ≤ d✳ ❚❤❡♥✱

❞✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥s ②✐❡❧❞ t❤❡ ✭r❛t❤❡r ❝♦♠♣❧✐❝❛t❡❞✱ ❜✉t tr❛❝t❛❜❧❡✮ ❡①♣r❡ss✐♦♥



〈g, h〉 =
∫

Sd

g(w)h(w) dw

=
Γ(ν)Γ(ν̃)

∏d
i=1 Γ(µiν)Γ(µ̃iν̃)

∫

Sd

d
∏

i=1

w
(µiν+µ̃iν̃−1)−1
i dw

=
Γ(ν)Γ(ν̃)

∏d
i=1 Γ(µiν)Γ(µ̃iν̃)

∏d
i=1 Γ(µ

′
iν

′)

Γ(ν ′)
✭✶✻✮

:= Iµ,ν( µ̃, ν̃)

✇❤❡r❡ ν ′ = ν + ν̃ − d > 0 ❛♥❞ µ′i = (µiν + µ̃iν̃ − 1)/ν ′.
■♥ ❡①♣❡r✐♠❡♥ts ✇✐t❤ s✐♠✉❧❛t❡❞ ❞❛t❛✱ t❤❡ tr✉❡ h0 ♠❛② ❜❡ ❛ ❉✐r✐❝❤❧❡t ♠✐①t✉r❡✱ ✐♥

✇❤✐❝❤ ❝❛s❡ t❤❡ r❡❢❡r❡♥❝❡ 〈g, h0〉 ❤❛s ❛ s✐♠✐❧❛r ❡①♣r❡ss✐♦♥✳ ■♥❞❡❡❞✱ t❤❡r❡ ✐s ♥♦ ❢✉rt❤❡r

❞✐✣❝✉❧t② ✐❢ t❤❡ s✐♠♣❧❡ ❉✐r✐❝❤❧❡t h ✐♥ ✭✶✻✮ ✐s r❡♣❧❛❝❡❞ ✇✐t❤ ❛♥② ❉▼ ❞❡♥s✐t② h0 = hθ
✇✐t❤ θ = (p, µ, ν)✳ ❚❤❡ q✉❛♥t✐t② 〈g, θ〉 := 〈g, hθ〉 ✐s t❤❡♥ ♦❜t❛✐♥❡❞ ❛s ❛ ❝♦♥✈❡①

❝♦♠❜✐♥❛t✐♦♥ ♦❢ Iµ · ,m,νm( µ̃, ν̃) ✇✐t❤ ✇❡✐❣❤t ✈❡❝t♦r p ✭s❡❡ ✭❊✳✶✮ ✐♥ ❆♣♣❡♥❞✐①✮✳

❲❤❡♥ h0 ✐s ✉♥❦♥♦✇♥✱ ❛♥ ❡♠♣✐r✐❝❛❧ ♠❡❛♥ ❡st✐♠❛t♦r ♠❛② ❜❡ ✉s❡❞ ✐♥st❡❛❞✿ ❈♦♥✲

s✐❞❡r ❛ ❢✉♥❝t✐♦♥ g ❛♥❞ ❛ ❞❛t❛ s❡tW1:n ❛s ❛❜♦✈❡✳ ❚❤❡♥✱ ♥♦t❡ t❤❛t 〈g, h0〉 =
∫

Sd
g h =

Eh0(g)✱ s♦ t❤❛t ❛ ❝❧❛ss✐❝❛❧ ♥♦♥✲♣❛r❛♠❡tr✐❝ ❡st✐♠❛t❡ ♦❢ 〈g, h0〉 ✐s

ĝnonP =
1

n

n
∑

j=1

g(Wj). ✭✶✼✮

■♥ ❛❞❞✐t✐♦♥ t♦ ❛ r❡❢❡r❡♥❝❡ ✈❛❧✉❡✱ ❛ r❡❢❡r❡♥❝❡ ❡rr♦r ✐s ♥❡❡❞❡❞✳ ■t ✐s ♦❜t❛✐♥❡❞ ❛s

t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ δnonP(g) ✭✉♥❞❡r h0✮ ♦❢ t❤❡ ❡st✐♠❛t♦r ĝnonPn

δnonP(g) =
1√
n
[Varh0(g)]

1/2 =
1√
n

[

Eh0(g
2)− (Eh0(g))

2
]1/2

, ✭✶✽✮

❆ ❝❧♦s❡❞ ❢♦r♠ ✇❤❡♥ h0 ✐s ❛ ❉✐r✐❝❤❧❡t ♠✐①t✉r❡ ✐s ❞❡r✐✈❡❞ ✐♥ ❆♣♣❡♥❞✐① ❊✳✷✳ ❆❣❛✐♥✱ ❛

♥♦♥ ♣❛r❛♠❡tr✐❝ ❡st✐♠❛t❡ ✐s r❡❛❞✐❧② ❛✈❛✐❧❛❜❧❡✿ δ̂nonP(g) = 1√
n

[

ˆ(g2)
nonP −

(

ĝnonP
)2
]1/2

✳

❚❤❡ ❉✐r✐❝❤❧❡t t❡st ❢✉♥❝t✐♦♥s g✬s ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❢r♦♠ ❛ st❛t✐st✐❝❛❧ ♣♦✐♥t ♦❢

✈✐❡✇✱ ♦t❤❡r t❤❛♥ ❜❡✐♥❣ ❛ ❝♦♥✈❡♥✐❡♥t ❝♦♠♣✉t❛t✐♦♥❛❧ t♦♦❧✳ ❚❛❦❡ g ❛s ❛ ❤✐❣❤❧② ♣❡❛❦❡❞

❉✐r✐❝❤❧❡t ✭✐✳❡✳ ✇✐t❤ ❧❛r❣❡ ❝♦♥❝❡♥tr❛t✐♦♥ ν✮✱ ✇✐t❤ ♠❡❛♥ ✈❡❝t♦r µ ∈ Sd✳ ❚❤❡♥ 〈g, h0〉
✐s ❝❧♦s❡ t♦ h0(µ) ❛♥❞ t❤❡ 〈g, hθt〉✬s ❛r❡ ❝❧♦s❡ t♦ hθt(µ)✳ ❚❤✉s✱ ❝❧♦s❡♥❡ss ♦❢ t❤❡

❡st✐♠❛t❡ 1
T

∑〈g, hθt〉 t♦ t❤❡ tr✉❡ ✈❛❧✉❡ ♠❛② ❜❡ r❡❢♦r♠✉❧❛t❡❞ ✐♥ t❡r♠s ♦❢ ❣♦♦❞♥❡ss✲

♦❢✲✜t ♦❢ t❤❡ ♣♦st❡r✐♦r ♣r❡❞✐❝t✐✈❡ ❞❡♥s✐t② ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ s✐♠♣❧❡① ♣♦✐♥t



µ✳ ■♥ ♣r❛❝t✐❝❡✱ t❤✐s ❛❧❧♦✇s t♦ ❝❤❡❝❦ t❤❛t t❤❡ ♣♦st❡r✐♦r ♣r❡❞✐❝t✐✈❡ ❜❡❤❛✈❡s ✇❡❧❧ ✐♥

r❡❣✐♦♥s ♦❢ ✐♥t❡r❡st ✭❢♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ r❡❣✐♦♥s ✇❤❡r❡ t❤❡ ♦❜s❡r✈❡❞ ❛♥❣✉❧❛r ❞❛t❛

❝♦♥❝❡♥tr❛t❡✮✳ ❚❤✉s✱ ✐♥ t❤✐s ♣❛♣❡r✱ t❤❡ ♠❡❛♥ ✈❡❝t♦rs ❢♦r t❤❡ ❉✐r✐❝❤❧❡t t❡st ❢✉♥❝t✐♦♥s

g✬s ❛r❡ ❞r❛✇♥ ✐♥ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞s ♦❢ t❤❡ ❛♥❣✉❧❛r ❞❛t❛ ♣♦✐♥ts✳ ▼♦r❡ ❞❡t❛✐❧s ❛r❡

❣❛t❤❡r❡❞ ✐♥ ❆♣♣❡♥❞✐① ❊✳✶✳

✻✳✷✳ ❆ss❡ss✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ♣r❛❝t✐❝❡

❋♦r ❡❛❝❤ ❝❛s❡ st✉❞②✱ t❤❡ ▼✲❉▼❛❧❣♦r✐t❤♠ ✐s r❛♥ J t✐♠❡s ✭t②♣✐❝❛❧❧②✱ J = 4
♦r J = 8✮ ✇✐t❤ st❛rt✐♥❣ ✈❛❧✉❡s ❣❡♥❡r❛t❡❞ ❢r♦♠ t❤❡ ♣r✐♦r✳ ❆ s❡t ♦❢ ❉✐r✐❝❤❧❡t t❡st

❢✉♥❝t✐♦♥s {gℓ, 1 ≤ ℓ ≤ L} ✐s r❛♥❞♦♠❧② ❝❤♦s❡♥ ❢r♦♠ t❤❡ ❞❛t❛ ❛♥❞ ❝♦♥✈❡r❣❡♥❝❡ ♦❢

t❤❡ jth ❝❤❛✐♥ (θt(j))t≥0 ✐s ♠♦♥✐t♦r❡❞ ✈✐❛ t❤❡ ♠❛♣♣❡❞ ❝❤❛✐♥
(

〈hθt(j), gℓ〉
)

t
✳ ❋♦r t❤❡

s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ✉s❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❛ss❡ss♠❡♥t t♦♦❧s ❛✈❛✐❧❛❜❧❡ ✐♥ ❘ ♣❛❝❦❛❣❡

❝♦❞❛✳ ❋✐rst✱ t❤❡ st❛t✐♦♥❛r✐t② ♦❢ s✐♥❣❧❡ ♠❛♣♣❡❞ ❝❤❛✐♥s ✐s ✐♥✈❡st✐❣❛t❡❞ ✉s✐♥❣ t❤❡ t❤❡

❍❡✐❞❡❧❜❡r❣❡r ❛♥❞ ❲❡❧❝❤ ❝r✐t❡r✐♦♥✱ ✭❍❡✐❞❡❧❜❡r❣❡r ❛♥❞ ❲❡❧❝❤✱ ✶✾✽✸✮✳ ❚❤❡ ❧❛tt❡r ✐s

❜❛s❡❞ ♦♥ ❛ ❈r❛♠❡r✲✈♦♥✲▼✐s❡s st❛t✐st✐❝ ❛♥❞ ✐s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❘ ❢✉♥❝t✐♦♥ ❤❡✐❞❡❧✳❞✐❛❣✳

❯♥❞❡r t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s t❤❛t t❤❡ ❝❤❛✐♥ ❤❛s r❡❛❝❤❡❞ ✐ts st❛t✐♦♥❛r② ❞♦♠❛✐♥✱ t❤❡

st❛t✐st✐❝ ❤❛s st❛♥❞❛r❞ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥✳ ■♥ ❛ s❡❝♦♥❞ st❡♣✱ ♦♥❧② t❤❡ st❛t✐♦♥❛r②

❝❤❛✐♥s ❛r❡ r❡t❛✐♥❡❞✱ ❛♥❞ ✐t ♠✉st ❜❡ ❝❤❡❝❦❡❞ t❤❛t st❛rt✐♥❣ ✈❛❧✉❡s ❤❛✈❡ ❧♦st t❤❡✐r

✐♥✢✉❡♥❝❡✳ ❋♦r s✉❝❤ ❛ ♣✉r♣♦s❡✱ ✇❡ ✉s❡ t❤❡ ❞✐❛❣♥♦st✐❝ ♣r♦♣♦s❡❞ ❜② ●❡❧♠❛♥ ❛♥❞

❘✉❜✐♥ ✭✶✾✾✷✮ ❛♥❞ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❘ ❢✉♥❝t✐♦♥s ❣❡❧♠❛♥✳❞✐❛❣ ❛♥❞ ❣❡❧♠❛♥✳♣❧♦t✳ ❚❤❡

♣r✐♥❝✐♣❧❡ ✐s t♦ ❝♦♠♣❛r❡ ✇✐t❤✐♥✲❝❤❛✐♥ ❛♥❞ ✐♥t❡r✲❝❤❛✐♥ ✈❛r✐❛♥❝❡s✳ ❚❤❡ ♠✉❧t✐✈❛r✐❛t❡

●❡❧♠❛♥ r❛t✐♦ st❛t✐st✐❝ RG ✭s❤r✐♥❦ ❢❛❝t♦r ❢♦r t❤❡ L✲✈❛r✐❛t❡ ❝❤❛✐♥s✮ ❝♦♥✈❡r❣❡s t♦ 1
✉♥❞❡r t❤❡ ♥✉❧❧✲❤②♣♦t❤❡s✐s ❛♥❞ ❛ t②♣✐❝❛❧ r❡q✉✐r❡♠❡♥t ✐s t❤❛t RG < 1.1✳

❇❡s✐❞❡ st❛t✐♦♥❛r✐t② ❛♥❞ ♠✐①✐♥❣ ♣r♦♣❡rt✐❡s✱ ❣♦♦❞♥❡ss✲♦❢✲✜t ✭✐✳❡✳ ❛❝❝✉r❛❝② ♦❢ t❤❡

❞❡♥s✐t② ❡st✐♠❛t❡s✮ ✐s ♦❢ ♣r✐♠❛r✐❧② ✐♥t❡r❡st✳ ▲❡t h0 ❜❡ t❤❡ ❵tr✉❡✬ ❞❡♥s✐t② ❛♥❞ ❝♦♥s✐❞❡r

❛ t❡st ❢✉♥❝t✐♦♥ g✳ ❉✐s❝❛r❞✐♥❣ t❤❡ ✜rst T1 ✐t❡r❛t✐♦♥s ♦❢ ❡❛❝❤ r✉♥ ❛♥❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡

s✉❜✲s❛♠♣❧❡s ♦❜t❛✐♥❡❞ ❜❡t✇❡❡♥ ✐t❡r❛t✐♦♥s T1 + 1 ❛♥❞ T2 ✭ T2 > T1 ✮✱ t❤❡ ❡st✐♠❛t❡

♦❢ 〈g, h0〉 ♣r♦❞✉❝❡❞ ❜② t❤❡ ▼✲❉▼❛❧❣♦r✐t❤♠✱ ✉s✐♥❣ t❤❡ J ′ ≤ J st❛t✐♦♥❛r② ❝❤❛✐♥s✱

ĝ =
1

J ′(T2 − T1)

J ′
∑

j=1

T2
∑

t=T1+1

〈g, hθt(j)〉 .

❊❛❝❤ t❡r♠ ♦❢ t❤❡ s✉♠♠❛t✐♦♥ ❤❛s ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥ ❞❡r✐✈❡❞ ❢r♦♠ ✭✶✻✮✳ ■❢ h0 ✐s

❜❡❧♦♥❣s t♦ t❤❡ ♠♦❞❡❧ ✭❡✳❣✳ ❢♦r ❛ s✐♠✉❧❛t✐♦♥ ❡①♣❡r✐♠❡♥t✮✱ t❤❡ tr✉❡ ✈❛❧✉❡ 〈g, h0〉 ✐s
❦♥♦✇♥ ❛♥❞ t❤❡ ❡①❛❝t ❉▼ ❡rr♦r ✐s t❤❡♥

∆(g) = |ĝ − 〈g, h0〉| .



❆s ❛ s✉♠♠❛r②✱ t❤❡ ❡rr♦r r❛t✐♦

r(g) =
∆(g)

δnonP
✭✶✾✮

♠❛② ❜❡ ✉s❡❞ ❛s ❛ ❣♦♦❞♥❡ss✲♦❢ ✜t ✐♥❞✐❝❛t♦r ❢♦r t❤❡ ♣♦st❡r✐♦r ♠❡❛♥ ❡st✐♠❛t❡s✳ ❱❛❧✉❡s

❧♦✇❡r t❤❛♥ ♦♥❡ ✐♥❞✐❝❛t❡ t❤❛t t❤❡ ❉▼ ❡st✐♠❛t❡ ✭❢♦r ❛ ❣✐✈❡♥ t❡st ❢✉♥❝t✐♦♥✮ ✐s ✐♥ t❤❡

❡①♣❡❝t❡❞ r❛♥❣❡ ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ❡st✐♠❛t♦r✳ ■❢ h0 ✐s ✉♥❦♥♦✇♥✱ ❣♦♦❞♥❡ss✲♦❢✲✜t ♠❛②

st✐❧❧ ❜❡ ❛ss❡ss❡❞ ❜② ❝♦♠♣❛r✐♥❣ t❤❡ ♠♦❞❡❧ ❡st✐♠❛t❡ ✇✐t❤ ✐ts ❡♠♣✐r✐❝❛❧ ❝♦✉♥t❡r♣❛rt✱

✐✳❡✳ ❜② r❡♣❧❛❝✐♥❣ 〈g, h0〉 ✇✐t❤ ĝ♥♦♥P ✐♥ ✭✶✾✮ ❛♥❞ δnonP ✇✐t❤ ✐ts ❡st✐♠❛t❡ δ̂nonP✳ ❚❤✐s

❞❡✜♥❡s t❤❡ ❡♠♣✐r✐❝❛❧ ❉▼ ❡rr♦r ∆̂(g) ❛♥❞ t❤❡ ❡♠♣✐r✐❝❛❧ ❡rr♦r r❛t✐♦ r̂(g) = ∆̂(g)

δ̂nonP(g)
✳

✼✳ ❘❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥✱ t❤❡ r❡✲♣❛r❛♠❡tr✐③❡❞ ❛❧❣♦r✐t❤♠ ✐s t❡st❡❞ ♦♥ ❛ ✈❛r✐❡t② ♦❢ s✐♠✉❧❛t❡❞

❞❛t❛ s❡ts✱ ❛♥❞ ♦♥ t❤❡ ❛✐r q✉❛❧✐t② ❞❛t❛ s❡t r❡❝♦r❞❡❞ ✐♥ ▲❡❡❞s✱ ♣r❡s❡♥t❡❞ ✐♥ t❤❡

✐♥tr♦❞✉❝t✐♦♥✳ ❈♦♠♣❛r✐s♦♥ ✐s ♠❛❞❡ ✇✐t❤ t❤❡ ♦r✐❣✐♥❛❧ ✈❡rs✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳

❋♦r ❡❛❝❤ ❞❛t❛ s❡t✱ ✜✈❡ ❉✐r✐❝❤❧❡t t❡st ❢✉♥❝t✐♦♥s ❛r❡ r❛♥❞♦♠❧② ❝❤♦s❡♥✳ ❖♥❧② t❤❡

❝❤❛✐♥s ❢♦r ✇❤✐❝❤ t❤❡ ♠✐♥✐♠✉♠ ❍❡✐❞❡❧❜❡r❣❡r ♣✲✈❛❧✉❡ ✭♦✈❡r t❤❡ ✜✈❡ t❡st ❢✉♥❝t✐♦♥s✮

✐s ❣r❡❛t❡r t❤❛♥ 0.01 ❛r❡ ❦❡♣t ❢♦r ❢✉rt❤❡r ❛♥❛❧②s✐s✳ ❚❤❡♥✱ t❤❡ q✉❛❧✐t② ♦❢ ❝♦♥✈❡r❣❡♥❝❡

✐s ♠❡❛s✉r❡❞ ✐♥ t❡r♠s ♦❢ ♥✉♠❜❡r J ′ ♦❢ st❛t✐♦♥❛r② ❝❤❛✐♥s✱ ❛♥❞ ♦❢ ♠❡❛♥ ❍❡✐❞❡❧❜❡r❣❡r

❛♥❞ ❲❡❧❝❤❡s ♣✲✈❛❧✉❡ hw ✭♦✈❡r t❤❡ st❛t✐♦♥❛r② ❝❤❛✐♥s ❛♥❞ t❤❡ ✜✈❡ t❡st ❢✉♥❝t✐♦♥s✮✳

❚♦♦ ❧♦✇ ✈❛❧✉❡s ✐♥❞✐❝❛t❡ ❛ ❧❛❝❦ ♦❢ st❛t✐♦♥❛r✐t②✳ ❚❤❡ ♠✉❧t✐✈❛r✐❛t❡ ●❡❧♠❛♥ r❛t✐♦

RG s✉♠♠❛r✐③❡s t❤❡ ♠✐①✐♥❣ ♣r♦♣❡rt✐❡s✱ ❛♥❞ ❣♦♦❞♥❡ss✲♦❢✲✜t ✐s ❛ss❡ss❡❞ ✉s✐♥❣ t❤❡

♠❡❛♥ ❡rr♦r r❛t✐♦ ♦✈❡r t❤❡ ✜✈❡ t❡st ❢✉♥❝t✐♦♥s✱ ❝♦♠♣✉t❡❞ ♦✈❡r t❤❡ st❛t✐♦♥❛r② ❝❤❛✐♥s✱

r̄ = 1
5

∑5
ℓ=1 r(gℓ)✱ ❛s ✇❡❧❧ ❛s t❤❡ ♠✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠ r❛t✐♦s rmin = minℓ r(gℓ)✱

rmax = maxℓ r(gℓ)✳ ❋♦r t❤❡s❡ ❡rr♦r r❛t✐♦s✱ ❧♦✇❡r ✈❛❧✉❡s ✐♥❞✐❝❛t❡ ❜❡tt❡r ✜t✳

✼✳✶✳ ❊①❛♠♣❧❡✿ tr✐✲✈❛r✐❛t❡ s✐♠✉❧❛t❡❞ ❞❛t❛

■♥ t❤✐s ❡①❛♠♣❧❡✱ ❛ s❛♠♣❧❡ ♦❢ ♦♥❡ ❤✉♥❞r❡❞ tr✐✲✈❛r✐❛t❡ ♣♦✐♥ts ✐s s✐♠✉❧❛t❡❞ ❢r♦♠

❛ t❤r❡❡ ❝♦♠♣♦♥❡♥t ❉▼ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♣❛r❛♠❡t❡r θ0 = (µ0, p0, ν0)✱ ✇✐t❤

µ0 =





0.3 0.2 0.475
0.6 0.1 0.175
0.1 0.7 0.35



 ,

p0 = (5/12, 1/4, 0.5, 1/3), ❛♥❞ ν0 = (15, 11, 20).

✭✷✵✮

❋✐❣✉r❡ ✸ ❝♦♠♣❛r❡s t❤❡ tr✉❡ ❞❡♥s✐t② ✇✐t❤ t❤❡ ♣♦st❡r✐♦r ♣r❡❞✐❝t✐✈❡ r❡s✉❧t✐♥❣ ❢r♦♠ ♦♥❡

❝❤❛✐♥ ♣r♦❞✉❝❡❞ ❜② t❤❡ r❡✲♣❛r❛♠❡tr✐③❡❞ ▼✲❉▼❛❧❣♦r✐t❤♠✳ ❚♦ s❛✈❡ ❝♦♠♣✉t❛t✐♦♥❛❧

t✐♠❡✱ ♦♥❧② ♦♥❡ ♦✉t ♦❢ ✶✵✵ ✐t❡r❛t✐♦♥s ✇❡r❡ ❦❡♣t t♦ ❝♦♠♣✉t❡ t❤❡ ♣r❡❞✐❝t✐✈❡ ❞❡♥s✐t②✳



❋♦r t❤❡ ♦t❤❡r t❡sts ❜❛s❡❞ ♦♥ ✐♥t❡❣r❛t✐♦♥ ❛❣❛✐♥st ❉✐r✐❝❤❧❡t ❞❡♥s✐t✐❡s✱ t❤❡ t❤✐♥♥✐♥❣

✐♥t❡r✈❛❧ ✇❛s s❡t t♦ 10✳ ❚❤❡ ♣r❡❞✐❝t✐✈❡ ❛♥❣✉❧❛r ❞❡♥s✐t② ❛♣♣❡❛rs t♦ r❡♣r♦❞✉❝❡ ✇❡❧❧

0.00 0.35 0.71 1.06 1.41

w3 w1

w2

0.00 0.35 0.71 1.06 1.41
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❋✐❣✉r❡ ✸✿ Pr❡❞✐❝t✐✈❡ ❛♥❣✉❧❛r ❞❡♥s✐t② ❝♦♥t♦✉rs ✭s♦❧✐❞ ❧✐♥❡s✮ ♦❜t❛✐♥❡❞ ✈✐❛ t❤❡ ▼✲❉▼❛❧❣♦r✐t❤♠✱ ♦♥
t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ s✐♠♣❧❡① S3✱ ✐♥❢❡rr❡❞ ✇✐t❤ 100 s✐♠✉❧❛t❡❞ ♣♦✐♥ts ✭●r❛② ♣♦✐♥ts✮ s✐♠✉❧❛t❡❞ ❢r♦♠
t❤❡ tr✉❡ ❞❡♥s✐t② ✭❞♦tt❡❞ ❧✐♥❡s✮ ❞❡✜♥❡❞ ❜② ✭✷✵✮✳

t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ♠✐①t✉r❡✳ ❚❤❡ ❝♦♥t♦✉r ❧✐♥❡s ♦❢ t❤❡ ♣r❡❞✐❝t✐✈❡ ❞❡♥s✐t②

♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ♦r✐❣✐♥❛❧ ✈❡rs✐♦♥ ♦❢ t❤❡ ❉▼ ♠♦❞❡❧ ❛r❡ ✈❡r② s✐♠✐❧❛r ✭♥♦t s❤♦✇♥✮✳

❍♦✇❡✈❡r✱ t❤✐s ✈✐s✉❛❧ ❝❤❡❝❦ ✐s ♥♦t s✉✣❝✐❡♥t t♦ ❛ss❡ss t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❝❤❛✐♥s✳

❋♦r t❤✐s ♣✉r♣♦s❡✱ ✇❡ ❢♦❧❧♦✇ t❤❡ ♣r♦❝❡❞✉r❡ ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✻✳✷✳ ❋♦✉r ♣❛r❛❧❧❡❧

❝❤❛✐♥s ♦❢ 50 000 ✐t❡r❛t✐♦♥s ❛r❡ r✉♥✱ ✉s✐♥❣ t❤❡ r❡✲♣❛r❛♠❡tr✐③❡❞ ❛❧❣♦r✐t❤♠ ❛♥❞ t❤❡

♦r✐❣✐♥❛❧ ♦♥❡✳ ❚❤❡ ✜rst 10 000 ✐t❡r❛t✐♦♥s ♦❢ ❡❛❝❤ ❝❤❛✐♥ ❛r❡ ❞✐s❝❛r❞❡❞✳ ❚❛❜❧❡ ✶

s✉♠♠❛r✐③❡s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ st❛t✐st✐❝s ✐♥tr♦❞✉❝❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ s❡❝t✐♦♥ ✼✳

❇♦t❤ ❛❧❣♦r✐t❤♠s ♣❡r❢♦r♠ ✇❡❧❧ ✐♥ t❡r♠s ♦❢ ❣♦♦❞♥❡ss✲♦❢✲✜t✱ ❛s ✐♥❞✐❝❛t❡❞ ❜② t❤❡ ❡rr♦r

r❛t✐♦s r̄, rmin, rmax✳ ❋♦r t❤✐s ❞❛t❛ s❡t✱ t❤❡ ♦r✐❣✐♥❛❧ ❛❧❣♦r✐t❤♠ ❡✈❡♥ ②✐❡❧❞s ❜❡tt❡r

❡st✐♠❛t❡s ✭❛❢t❡r ❛✈❡r❛❣✐♥❣ ♦✈❡r t❤❡ ❞✐✛❡r❡♥t ♣❛r❛❧❧❡❧ ❝❤❛✐♥s✮✳ ❆❧s♦✱ ✐♥ ❜♦t❤ ❝❛s❡s✱

❛❧❧ t❤❡ ❝❤❛✐♥s ❛r❡ ❞❡❡♠❡❞ st❛t✐♦♥❛r② ✐♥ t❡r♠s ♦❢ ❍❡✐❞❡❧❜❡r❣❡r st❛t✐st✐❝✳ ❍♦✇❡✈❡r✱

✐♥ t❡r♠s ♦❢ ♠✐①✐♥❣ ♣r♦♣❡rt✐❡s✱ s✉♠♠❛r✐③❡❞ ❜② t❤❡ ●❡❧♠❛♥ s❤r✐♥❦ ❢❛❝t♦r RG✱ t❤❡

♦r✐❣✐♥❛❧ ❛❧❣♦r✐t❤♠ ✐s ♦✉t♣❡r❢♦r♠❡❞ ❜② t❤❡ r❡✲♣❛r❛♠❡tr✐③❡❞ ✈❡rs✐♦♥✳

❋♦r ❛ ♠♦r❡ ✐♠♠❡❞✐❛t❡ ❝♦♥✈❡r❣❡♥❝❡ ❞✐❛❣♥♦st✐❝✱ ❋✐❣✉r❡ ✹ s❤♦✇s t❤❡ ❡✈♦❧✉t✐♦♥

♦❢ t❤❡ q✉❛♥t✐t✐❡s 〈g, hθt(j)〉 ✭❛s ❞❡✜♥❡❞ ✐♥ ✭✶✹✮✮✱ ✇❤❡r❡ j ∈ {1, . . . , 4} ✐s t❤❡ ❝❤❛✐♥

✐♥❞❡①✱ ❛♥❞ ♦❢ t❤❡ ♠❡❛♥ ❡st✐♠❛t❡s ĝT,j = 1
T

∑

t≤T 〈g, hθt(j)〉✱ ❢♦r ♦♥❡ ❣✐✈❡♥ t❡st



J ′ hw RG r̄ (rmin, rmax)

❘❡✲♣❛r❛♠❡tr✐③❡❞ 4 0.40 1.01 0.52 (0.02, 1.05)
❖r✐❣✐♥❛❧ 4 0.64 1.37 0.36 (0.02, 0.72)

❚❛❜❧❡ ✶✿ ❈♦♥✈❡r❣❡♥❝❡ ❛ss❡ss♠❡♥t ♦♥ tr✐✲✈❛r✐❛t❡ s✐♠✉❧❛t❡❞ ❞❛t❛✿ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ r❡✲
♣❛r❛♠❡tr✐③❡❞ ❛❧❣♦r✐t❤♠ ✭✜rst ❧✐♥❡✮ ❛♥❞ t❤❡ ♦r✐❣✐♥❛❧ ✈❡rs✐♦♥ ✭s❡❝♦♥❞ ❧✐♥❡✮✳ ❋r♦♠ ❧❡❢t t♦ r✐❣❤t✿
♥✉♠❜❡r ♦❢ st❛t✐♦♥❛r② ❝❤❛✐♥s✱ ♠❡❛♥ ❍❡✐❞❡❧❜❡r❣❡r ♣✲✈❛❧✉❡s✱ ♠✉❧t✐✈❛r✐❛t❡ ●❡❧♠❛♥ s❤r✐♥❦ ❢❛❝t♦r✱
♠❡❛♥ ❡rr♦r r❛t✐♦ ✭♠✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠ ✈❛❧✉❡s✮✱ s❡❡ s❡❝t✐♦♥ ✻✳✷ ❢♦r ❞❡t❛✐❧s✳

❢✉♥❝t✐♦♥ g✳ ❈❧❡❛r❧②✱ t❤❡ ♠✐①✐♥❣ ♣r♦♣❡rt✐❡s ❞✐✛❡r ❜❡t✇❡❡♥ t❤❡ t✇♦ ❛❧❣♦r✐t❤♠s✱ s♦

t❤❛t t❤❡ ♦r✐❣✐♥❛❧ ♦♥❡ s❤♦✉❧❞ ❜❡ r❛♥ ✇✐t❤ ❛ ❧❛r❣❡r ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s t♦ s♣❛♥

♣r♦♣❡r❧② t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ♣♦st❡r✐♦r✳

✼✳✷✳ ❊①❛♠♣❧❡✿ s✐♠✉❧❛t❡❞ ✜✈❡✲❞✐♠❡♥s✐♦♥❛❧ ❞❛t❛

❲❡ ♥♦✇ t✉r♥ t♦ ✜✈❡ ❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠s✳ ❆ 100✲♣♦✐♥ts ❞❛t❛ s❡t ✐s s✐♠✉❧❛t❡❞

❢r♦♠ ❛ ❢♦✉r✲❝♦♠♣♦♥❡♥ts ❉▼ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♣❛r❛♠❡t❡rs

µ0 =













0.1 0.5 0.2 0.18
0.1 0.2 0.2 0.24
0.1 0.1 01 0.3
0.2 0.1 0.3 0.18
0.5 0.1 0.2 0.1













,

p0 = (0.2, 0.1, 0.2, 0.5) , ν0 = (30, 40, 20, 25).

❋♦✉r ♣❛r❛❧❧❡❧ ❝❤❛✐♥s ♦❢ ❧❡♥❣t❤ 200 × 103 ❛r❡ r✉♥ ✐♥ ❡❛❝❤ ♠♦❞❡❧✱ ❢r♦♠ ✇❤✐❝❤ t❤❡

✜rst 80× 103 ❛r❡ ❞✐s❝❛r❞❡❞✳ ❚❤❡ s❛♠❡ ❝♦♥✈❡r❣❡♥❝❡ ❞✐❛❣♥♦st✐❝ ✐s ♣❡r❢♦r♠❡❞ ❛s ❢♦r

t❤❡ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ r❡s✉❧ts ❛r❡ ❣❛t❤❡r❡❞ ✐♥ ❚❛❜❧❡ ✷✳ ❱✐s✉❛❧❧②✱ t❤❡ ❝❤❛✐♥s

✐♥ ❜♦t❤ ✈❡rs✐♦♥s ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❡✈♦❧✈❡ ✐♥ ❛ ✈❡r② s✐♠✐❧❛r ✇❛② ❛s ✐♥ ❋✐❣✉r❡ ✹✳

❚❤❡ s❛♠❡ ❝♦♥❝❧✉s✐♦♥ ❝❛♥ ❜❡ ❞r❛✇♥ ❛s ✐♥ t❤❡ tr✐✲✈❛r✐❛t❡ ❝❛s❡✳ ❚❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡

✐s t❤❡ ♥✉♠❜❡r ♦❢ s✐♠✉❧❛t✐♦♥s r❡q✉✐r❡❞ t♦ ♦❜t❛✐♥ ❣♦♦❞ ❝♦♥✈❡r❣❡♥❝❡ st❛t✐st✐❝s ✇✐t❤

t❤❡ ▼✲❉▼❛❧❣♦r✐t❤♠✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❜✉r❞❡♥ r❡♠❛✐♥s r❡❛s♦♥❛❜❧❡✿ t❤❡ t②♣✐❝❛❧

r✉♥✲t✐♠❡ ✐s ♦❢ ✜✈❡ ♠✐♥✉t❡s ❢♦r ♦♥❡ ❝❤❛✐♥✳

J ′ hw RG r̄ (rmin, rmax)

❘❡✲♣❛r❛♠❡tr✐③❡❞ 2 0.25 1.02 0.59 (0.06, 1.41)
❖r✐❣✐♥❛❧ 3 0.27 2.06 0.87 (0.26, 1.74)

❚❛❜❧❡ ✷✿ ❈♦♥✈❡r❣❡♥❝❡ ❛ss❡ss♠❡♥t ♦♥ ✜✈❡✲✈❛r✐❛t❡ s✐♠✉❧❛t❡❞ ❞❛t❛✱ ✇✐t❤ t❤❡ s❛♠❡ st❛t✐st✐❝s ❛s ✐♥
❚❛❜❧❡ ✶



❋✐❣✉r❡ ✹✿ ❈♦♥✈❡r❣❡♥❝❡ ♠♦♥✐t♦r✐♥❣ ✇✐t❤ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❞❛t❛✱ ✇✐t❤ ❢♦✉r ♣❛r❛❧❧❡❧ ❝❤❛✐♥s ✐♥
❡❛❝❤ ♠♦❞❡❧✳ ■♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❞❡♥s✐t✐❡s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ♦r✐❣✐♥❛❧ ❉▼ ♠♦❞❡❧ ✭❧❡❢t ♣❛♥❡❧✮
❛♥❞ ❜② t❤❡ r❡✲♣❛r❛♠❡tr✐③❡❞ ✈❡rs✐♦♥ ✭r✐❣❤t ♣❛♥❡❧✮ ❛❣❛✐♥st ❛ ❉✐r✐❝❤❧❡t ❞❡♥s✐t② ✇✐t❤ ♣❛r❛♠❡t❡r
ν µ ≃ (7.67, 2.72, 4.60)✳
●r❛② ❧✐♥❡s✿ ❊✈♦❧✉t✐♦♥ ♦❢ 〈g, hθt(j)〉✳ ❇❧❛❝❦✱ s♦❧✐❞ ❧✐♥❡s✿ ❝✉♠✉❧❛t✐✈❡ ♠❡❛♥✳ ❉❛s❤❡❞ ❧✐♥❡✿ tr✉❡ ✈❛❧✉❡
〈g, h0〉✳ ❉♦tt❡❞ ❧✐♥❡s✿ tr✉❡ ✈❛❧✉❡ ✰✴✲ 1 t❤❡♦r❡t✐❝❛❧ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ δnonPn ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ♠❡❛♥
❡st✐♠❛t❡ ✇✐t❤ n = 100 ♣♦✐♥ts✳

❖♥❡ ♣r❛❝t✐❝❛❧ ✐♠♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ s❧♦✇ ♠✐①✐♥❣ ♦♥ t❤❡ ♦r✐❣✐♥❛❧ ♣❛r❛♠❡tr✐③❛t✐♦♥ ✐s

t❤❛t ♣♦st❡r✐♦r ❝r❡❞✐❜❧❡ ✐♥t❡r✈❛❧s ❛r❡ ❞✐✣❝✉❧t t♦ ❡st✐♠❛t❡✳ ❆s ❛♥ ❡①❛♠♣❧❡✱ ❋✐❣✉r❡ ✺

❞✐s♣❧❛②s✱ ❢♦r t❤❡ t✇♦ ♣❛r❛♠❡tr✐③❛t✐♦♥s✱ t❤❡ ❡st✐♠❛t❡❞ ♣♦st❡r✐♦r ♠❡❛♥ ♦❢ t❤❡ ❜✐✲

✈❛r✐❛t❡ ❛♥❣✉❧❛r ❞❡♥s✐t② ❢♦r t❤❡ ❝♦♦r❞✐♥❛t❡s ♣❛✐r (3, 5)✱ ♦❜t❛✐♥❡❞ ❜② ♠❛r❣✐♥❛❧✐③❛t✐♦♥

♦❢ t❤❡ ✜✈❡✲✈❛r✐❛t❡ ❡st✐♠❛t❡❞ ❞❡♥s✐t②✳ ❚❤❡ ♣♦st❡r✐♦r ❝r❡❞✐❜❧❡ ❜❛♥❞ ❝♦rr❡s♣♦♥❞s t♦

t❤❡ ♣♦✐♥t✲✇✐s❡ 0.05−0.95 q✉❛♥t✐❧❡s ♦❢ t❤❡ ❞❡♥s✐t②✳ ■♥ ❜♦t❤ ❝❛s❡s✱ t❤❡ ❡st✐♠❛t❡s ❛r❡

♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❧❛st 120.103 ✐t❡r❛t✐♦♥s ♦❢ ♦♥❡ ❝❤❛✐♥✳ ❚❤❡ ❡st✐♠❛t❡❞ ❝r❡❞✐❜❧❡ ❜❛♥❞

✇✐t❤ t❤❡ ♦r✐❣✐♥❛❧ ❛❧❣♦r✐t❤♠ ✐s ♠✉❝❤ t❤✐♥♥❡r t❤❛♥ ✐t ✐s ✇✐t❤ t❤❡ r❡✲♣❛r❛♠❡tr✐③❡❞ ♦♥❡✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ tr✉❡ ❞❡♥s✐t② ✐s ♦✉t ♦❢ t❤❡ ✐♥t❡r✈❛❧ ❢♦r ❛ ❧❛r❣❡ ♣r♦♣♦rt✐♦♥ ♦❢

❛♥❣✉❧❛r ♣♦✐♥ts ✐♥ (0, 1)✳
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❋✐❣✉r❡ ✺✿ ❙✐♠✉❧❛t❡❞ ✜✈❡✲❞✐♠❡♥s✐♦♥❛❧ ❞❛t❛ ✭✶✵✵ ♣♦✐♥ts✮✿ ❇✐✲✈❛r✐❛t❡ ❛♥❣✉❧❛r ♣♦st❡r✐♦r ♣r❡❞✐❝t✐✈❡
❞❡♥s✐t✐❡s ❢♦r t❤❡ ♣❛✐r (3, 5)✳ ▲❡❢t ♣❛♥❡❧✿ ❖r✐❣✐♥❛❧ ❛❧❣♦r✐t❤♠❀ ❘✐❣❤t ♣❛♥❡❧✿ r❡✲♣❛r❛♠❡tr✐③❡❞ ✈❡rs✐♦♥✳
❉❛s❤✲❞♦tt❡❞ ❧✐♥❡✿ tr✉❡ ❞❡♥s✐t②❀ s♦❧✐❞ ❧✐♥❡✿ ♣♦st❡r✐♦r ♣r❡❞✐❝t✐✈❡❀ ●r❛② ❛r❡❛✿ ♣♦st❡r✐♦r ❝r❡❞✐❜❧❡ s❡t
❛t ❧❡✈❡❧ 0.9✳

✼✳✸✳ ❈❛s❡ st✉❞②✿ ▲❡❡❞s ❞❛t❛ s❡t

❚❤✐s ❞❛t❛ s❡t ❣❛t❤❡rs ❞❛✐❧② ♠❛①✐♠✉♠ ❝♦♥❝❡♥tr❛t✐♦♥s ♦❢ ✜✈❡ ❛✐r ♣♦❧❧✉t❛♥ts✿

♣❛rt✐❝✉❧❛t❡ ♠❛tt❡r ✭P▼✶✵✮✱ ♥✐tr♦❣❡♥ ♦①✐❞❡ ✭◆❖✮✱ ♥✐tr♦❣❡♥ ❞✐♦①✐❞❡ ✭◆❖✷✮✱ ♦③♦♥❡

✭❖✸✮✱ ❛♥❞ s✉❧❢✉r ❞✐♦①✐❞❡ ✭❙❖✷✮✳ ❆s ♥♦t❡❞ ❡✳❣✳ ❜② ❍❡✛❡r♥❛♥ ❛♥❞ ❚❛✇♥ ✭✷✵✵✹✮✱

t❤❡ t✐♠❡ s❡r✐❡s ❡①❤✐❜✐ts ❛ ❞❛✐❧② ❝②❝❧❡ ❛♥❞ s❤♦rt t❡r♠ t❡♠♣♦r❛❧ ❞❡♣❡♥❞❡♥❝❡✱ s♦

t❤❛t ❞❛✐❧② ♠❛①✐♠❛ ♠❛② ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ✐♥❞❡♣❡♥❞❡♥t ✐♥ t✐♠❡✳ ❋♦❧❧♦✇✐♥❣ ❈♦♦❧❡②

❡t ❛❧✳ ✭✷✵✶✵✮✱ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥s ❛r❡ ❡st✐♠❛t❡❞ ❜② ✜tt✐♥❣ ❛ ❣❡♥❡r❛❧✐③❡❞ P❛r❡t♦

❞✐str✐❜✉t✐♦♥ t♦ t❤❡ ✉♣♣❡r 0.7 q✉❛♥t✐❧❡ ❛♥❞ ✉s✐♥❣ t❤❡ ❡♠♣✐r✐❝❛❧ ❞✐str✐❜✉t✐♦♥ ❢♦r

t❤❡ r❡♠❛✐♥✐♥❣ ♦❜s❡r✈❛t✐♦♥s✳ ▼❛r❣✐♥❛❧ tr❛♥s❢♦r♠❛t✐♦♥ ✐♥t♦ ✉♥✐t ❋ré❝❤❡t ✐s t❤❡♥

♣❡r❢♦r♠❡❞ ❜② ♣r♦❜❛❜✐❧✐t② ✐♥t❡❣r❛❧ ♠❛♣♣✐♥❣✳ ❚❤❡ 100 ❧❛r❣❡st ♦❜s❡r✈❛t✐♦♥s ✭❢♦r t❤❡

L1 ♥♦r♠✮ ♦✈❡r t❤❡ 498 ♥♦♥ ♠✐ss✐♥❣ ✜✈❡✲✈❛r✐❛t❡ ♦❜s❡r✈❛t✐♦♥s ❛r❡ r❡t❛✐♥❡❞ ❢♦r ♠♦❞❡❧

✐♥❢❡r❡♥❝❡✳

❋♦r t❤♦s❡ ❡①tr❡♠❡s✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐s s❧♦✇✳ ❚❤✐s ♠❛② ❜❡ ❞✉❡ t♦ t❤❡ ✇❡❛❦

❞❡♣❡♥❞❡♥❝❡ ❛t ❛s②♠♣t♦t✐❝ ❧❡✈❡❧s ❢♦✉♥❞ ❜② ❍❡✛❡r♥❛♥ ❛♥❞ ❚❛✇♥ ✭✷✵✵✹✮✱ ✇❤✐❝❤ ❡♥✲

t❛✐❧s ❛ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ t❤❡ ❛♥❣✉❧❛r ♣♦✐♥ts ♥❡❛r t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ s✐♠♣❧❡①✱ s♦

t❤❛t t❤❡ ❡st✐♠❛t❡❞ ❞❡♥s✐t✐❡s ❛r❡ ♦❢t❡♥ ✉♥❜♦✉♥❞❡❞✳ ■♥❞❡❡❞✱ ✇❤❡♥ νm µi,m < 1 ❢♦r

s♦♠❡ (i,m)✱ t❤❡ ❉✐r✐❝❤❧❡t ♠✐①t✉r❡ ❞❡♥s✐t② ❣r♦✇s t♦ ✐♥✜♥✐t② ✐♥ t❤❡ ith ✈❡rt✐❝❡ ❛♥❞

t❤❡ ❧✐❦❡❧✐❤♦♦❞ ✐s ✈❡r② s❡♥s✐t✐✈❡ t♦ s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥s ♦❢ µi,m✳ ❊✐❣❤t ❝❤❛✐♥s ♦❢ 10
6

✐t❡r❛t✐♦♥s ❡❛❝❤ ✇❡r❡ ❣❡♥❡r❛t❡❞✱ t❤❡ ✜rst 4 105 ✐t❡r❛t✐♦♥s ❜❡✐♥❣ ❞✐s❝❛r❞❡❞ ❛s ❛ ❜✉r♥✲

✐♥ ♣❡r✐♦❞✳ ❋♦r t❤✐s ❞❛t❛✱ ❝♦♥✈❡r❣❡♥❝❡ ✇❛s s❧✐❣❤t❧② ❡♥❤❛♥❝❡❞ ❜② ♠♦❞✐❢②✐♥❣ s♦♠❡

♦❢ t❤❡ ❤②♣❡r✲♣❛r❛♠❡t❡rs ❢♦r t❤❡ ♣r✐♦r ❛♥❞ ♦❢ t❤❡ ▼❈▼❈ t✉♥✐♥❣ ♣❛r❛♠❡t❡rs✿ t❤❡

♠❛①✐♠✉♠ ❡❝❝❡♥tr✐❝✐t② emax ✇❛s s❡t t♦ 1 − 10−3✱ ✇❤✐❧❡ t❤❡ ♠❛①✐♠✉♠ ❡①♣❡❝t❛♥❝②



e♠❡❛♥✳♠❛① ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❇❡t❛ ❞✐str✐❜✉t✐♦♥ ❢♦r t❤❡ em✬s ✇❛s s❡t t♦ 0.9✳ ✭✐♥✲
st❡❛❞ ♦❢✱ r❡s♣❡❝t✐✈❡❧②✱ 1− 10−6 ❛♥❞ 0.99✮✳ ❆s ❢♦r t❤❡ ▼❈▼❈ t✉♥✐♥❣ ♣❛r❛♠❡t❡rs✱

t❤❡ r❡❝❡♥tr✐♥❣ ♣❛r❛♠❡t❡rs ǫsplitµ ❢♦r s♣❧✐t✲♠♦✈❡s ❛♥❞ ǫe ❢♦r e✲♠♦✈❡s ❛r❡ r❡s♣❡❝t✐✈❡❧②

s❡t t♦ 0.3 ❛♥❞ 0.4 ✭✐♥st❡❛❞ ♦❢ 0.5 ❛♥❞ 0.2✮✳ ❘❡s✉❧ts ❛r❡ ❣❛t❤❡r❡❞ ✐♥ ❚❛❜❧❡ ✸✳ ❍❡r❡✱

t❤❡ ❡rr♦r r❛t✐♦ ❛r❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣ t❤❡ ❡♠♣✐r✐❝❛❧ ❡st✐♠❛t❡s ĝnonP ❛s ❛ r❡❢❡r❡♥❝❡✳

❆❣❛✐♥✱ ♠✐①✐♥❣ r❡♠❛✐♥s ❛❝❝❡♣t❛❜❧❡ ✐♥ t❤❡ r❡✲♣❛r❛♠❡tr✐③❡❞ ❉▼ ♠♦❞❡❧✱ ♣r♦✈✐❞❡❞ t❤❡

r✉♥ ❧❡♥❣t❤ ✐s ❧♦♥❣ ❡♥♦✉❣❤✱ ❝♦♥tr❛r② t♦ t❤❡ ♦r✐❣✐♥❛❧ ✈❡rs✐♦♥✳ ❋✐❣✉r❡ ✻ s❤♦✇s t❤❡ ♣r♦✲

❥❡❝t✐♦♥ ♦❢ t❤❡ ♣r❡❞✐❝t✐✈❡ ❞❡♥s✐t② ♦♥ t❤r❡❡ ♦✉t ♦❢ t❤❡ t❡♥ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ s✐♠♣❧❡①

❢❛❝❡s✳ ❚❤✐s ❡①❛♠♣❧❡ ❛❧❧♦✇s t♦ ✈❡r✐❢② t❤❛t ♦✉r ❡st✐♠❛t❡s ❛r❡ ❝❧♦s❡ t♦ t❤♦s❡ ❢♦✉♥❞ ❜②

❇♦❧❞✐ ❛♥❞ ❉❛✈✐s♦♥ ✭✷✵✵✼✮ ✉s✐♥❣ ❛ ♥♦♥✲❇❛②❡s✐❛♥ ❊▼ ❛❧❣♦r✐t❤♠✳ ❆❣❛✐♥✱ t❤❡ ♠❡❛♥

❡st✐♠❛t❡s ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ♦r✐❣✐♥❛❧ ▼❈▼❈ ❛❧❣♦r✐t❤♠ ❛r❡ ✈❡r② s✐♠✐❧❛r ❜✉t t❤❡

♣♦st❡r✐♦r 0.05− 0.95 q✉❛♥t✐❧❡s ❛r❡ t❤✐♥♥❡r ✭♥♦t s❤♦✇♥✮✳

J ′ hw RG r̄ (rmin, rmax)

❘❡✲♣❛r❛♠❡tr✐③❡❞ 2 0.19 1.11 0.64 (0.05, 1.09)
❖r✐❣✐♥❛❧ 4 0.19 1.66 0.77 (0.12, 1.39)

❚❛❜❧❡ ✸✿ ❈♦♥✈❡r❣❡♥❝❡ ❛ss❡ss♠❡♥t ♦♥ ▲❡❡❞s ❛✐r q✉❛❧✐t② ❞❛t❛ s❡t✱ ✇✐t❤ t❤❡ s❛♠❡ st❛t✐st✐❝s ❛s ✐♥
❚❛❜❧❡ ✶✳
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❋✐❣✉r❡ ✻✿ ❋✐✈❡ ❞✐♠❡♥s✐♦♥❛❧ ▲❡❡❞s ❞❛t❛ s❡t✿ ♣♦st❡r✐♦r ♣r❡❞✐❝t✐✈❡ ❞❡♥s✐t②✳ ❇❧❛❝❦ ❧✐♥❡s✿ ♣r♦❥❡❝✲
t✐♦♥s ♦❢ t❤❡ ♣r❡❞✐❝t✐✈❡ ❛♥❣✉❧❛r ❞❡♥s✐t② ❞❡✜♥❡❞ ♦♥ t❤❡ ❢♦✉r✲❞✐♠❡♥s✐♦♥❛❧ s✐♠♣❧❡① S5 ♦♥t♦ t❤❡ t✇♦✲
❞✐♠❡♥s✐♦♥❛❧ ❢❛❝❡s✳ ●r❛② ❞♦ts✿ ♣r♦❥❡❝t✐♦♥s ♦❢ t❤❡ 100 ♣♦✐♥ts ✇✐t❤ ❣r❡❛t❡st L1 ♥♦r♠✳

✼✳✹✳ Pr✐♦r ✐♥✢✉❡♥❝❡

■♥ t❤✐s s❡❝t✐♦♥✱ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ♣r✐♦r s♣❡❝✐✜❝❛t✐♦♥ ✐s ✐♥✈❡st✐❣❛t❡❞✳ ❚❤❡ r❡✲

♣❛r❛♠❡tr✐③❡❞ ♠♦❞❡❧ ✐s ✜tt❡❞ ♦♥ t❤❡ s❛♠❡ s✐♠✉❧❛t❡❞ ✜✈❡✲❞✐♠❡♥s✐♦♥❛❧ ❞❛t❛ s❡t ❛s ✐♥

s❡❝t✐♦♥ ✼✳✷✱ ✇✐t❤ ❞✐✛❡r❡♥t ✈❛❧✉❡s ❢♦r t❤❡ ❤②♣❡r✲♣❛r❛♠❡t❡rs λ, σν , χµ, χe ❞❡✜♥❡❞ ✐♥

s❡❝t✐♦♥ ✸✳✷✳ ❆❧s♦✱ ✇❡ ✈❡r✐❢② t❤❛t ❞❡✜♥✐♥❣ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ♦❢ (µ, e) ❥♦✐♥t❧②✱ ❛s



✐♥ s❡❝t✐♦♥ ✸✳✷✱ ❧❡❛❞s t♦ ❛ s✉❜st❛♥t✐❛❧❧② ♠♦r❡ r❡❧✐❛❜❧❡ ✐♥❢❡r❡♥❝❡ t❤❛♥ ✇❤❡♥ t❤❡ µ · , j ✬s
❛♥❞ t❤❡ ej ✬s ❛r❡ ❛ ♣r✐♦r✐ ♠✉t✉❛❧❧② ✐♥❞❡♣❡♥❞❡♥t✳ ❆♥ ❛❧t❡r♥❛t✐✈❡ ♣r✐♦r ❢♦r (µ, e) ✐s
t❤✉s ❞❡✜♥❡❞ s♦ t❤❛t ❛❧❧ t❤❡ ♠❡❛♥ ✈❡❝t♦rs ✭r❡s♣✳ ❡❝❝❡♥tr✐❝✐t✐❡s✮ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t

❛♥❞ ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ♦♥ t❤❡ s✐♠♣❧❡① ✭r❡s♣✳ t❤❡ s❡❣♠❡♥t [0, emax]✮✳ ❋♦r t❤✐s

s✐♠♣❧✐✜❡❞ ♣r✐♦r✱ t❤❡ s❤❛♣❡ ❤②♣❡r✲♣❛r❛♠❡t❡r σν ✐s ✈❛r✐❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ✐♥ t❤❡

♣r❡❝❡❞✐♥❣ s❡tt✐♥❣✳

❚❤❡ ❞❡❢❛✉❧t ❤②♣❡r✲♣❛r❛♠❡t❡r ✈❛❧✉❡s ❛r❡ s❡t t♦

λ = 5 , kmax = 15 ,

mν = log(60) , σ2ν = log(1 + 52) , log(νmin) = −2 , log(νmax) = 5000 ,

χe = 1.1 , e♠❡❛♥✳♠❛① = 0.99 emax = 1− 10−6 χµ = 1.1 .

❙t❛rt✐♥❣ ❢r♦♠ t❤✐s✱ t❤❡ ❤②♣❡r✲♣❛r❛♠❡t❡rs λ, σν , χµ, χe ❛r❡ ♣❡rt✉r❜❡❞✱ ♦♥❡ ❛t ❛ t✐♠❡✱

s❡❡ ❋✐❣✉r❡ ✼ ❢♦r ❞❡t❛✐❧s✳ ❋♦r ❡❛❝❤ ❤②♣❡r✲♣❛r❛♠❡t❡rs ✈❛❧✉❡✱ ❢♦✉r ❝❤❛✐♥s ❛r❡ r✉♥ ✐♥

♣❛r❛❧❧❡❧✱ ✇✐t❤ ❛ ❜✉r♥✲✐♥ ♣❡r✐♦❞ ♦❢ 80×103 ❢♦❧❧♦✇❡❞ ❜② ❛♥♦t❤❡r ♣❡r✐♦❞ ♦❢ 80×103 ✐t✲
❡r❛t✐♦♥s✳ ❚❤❡ s❛♠❡ ❉✐r✐❝❤❧❡t t❡st ❢✉♥❝t✐♦♥s ❛s ✐♥ s❡❝t✐♦♥ ✼✳✷ ❛r❡ ❝❤♦s❡♥✳ ●♦♦❞♥❡ss✲

♦❢✲✜t ✐s ❛ss❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❛✈❡r❛❣❡ ❡rr♦r r❛t✐♦ r̄DM = 1
5

∑5
ℓ=1 r

DM(gℓ) ✭❧❡❢t

♣❛♥❡❧ ♦❢ ❋✐❣✉r❡ ✼✮ ❛♥❞ ♠✐①✐♥❣ ✐s ❝❤❡❝❦❡❞ ✈✐❛ t❤❡ ♠✉❧t✐✈❛r✐❛t❡ ●❡❧♠❛♥ r❛t✐♦ ✭r✐❣❤t

♣❛♥❡❧✮ ❝♦♠♣✉t❡❞ ♦♥ t❤❡ st❛t✐♦♥❛r② ❝❤❛✐♥s ♦♥❧②✳ ❖♥ ❜♦t❤ ♣❛♥❡❧s✱ ❧♦✇❡r ✈❛❧✉❡s

✐♥❞✐❝❛t❡ ❜❡tt❡r ♣r♦♣❡rt✐❡s✳

❲❤❡♥ µ ❛♥❞ e ❛r❡ ❛ ♣r✐♦r✐ ❞❡♣❡♥❞❡♥t✱ ❛s ✐♥ s❡❝t✐♦♥ ✸✳✷✱ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞

❣♦♦❞♥❡ss✲♦❢✲✜t ❛r❡ r❛t❤❡r r♦❜✉st t♦ ❤②♣❡r✲♣❛r❛♠❡t❡rs s♣❡❝✐✜❝❛t✐♦♥✿ ❋✐rst✱ t❤❡

❤②♣❡r✲♣❛r❛♠❡t❡r λ r✉❧✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣♦♥❡♥ts ❤❛s ❛ ❧✐♠✐t❡❞ ✐♠♣❛❝t✱ ♦♥❧② t❤❡

✈❛❧✉❡ λ = 1 ✭✇❤✐❝❤ ♣❡♥❛❧✐③❡s s❤❛r♣❧② t❤❡ ♥✉♠❜❡r ♦❢ ♠✐①t✉r❡ ❝♦♠♣♦♥❡♥ts✮ ❞❛♠❛❣❡s

t❤❡ ❣♦♦❞♥❡ss✲♦❢✲✜t✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ♠✐①t✉r❡ ❝♦♠♣♦♥❡♥ts ❞♦❡s ♥♦t ❡①♣❧♦❞❡ ❢♦r ❧❛r❣❡

✈❛❧✉❡s ♦❢ λ ✭❋✐❣✉r❡ ✽✮✱ ✇❤✐❝❤ ♠❛t❝❤❡s t❤❡ ✜♥❞✐♥❣s ♦❢ ❇♦❧❞✐ ❛♥❞ ❉❛✈✐s♦♥ ✭✷✵✵✼✮ ✇✐t❤

t❤❡ ♦r✐❣✐♥❛❧ ❛❧❣♦r✐t❤♠✳ ❚❤❡ s❝♦r❡s ❛r❡ ❛❧s♦ ❛♣♣r♦①✐♠❛t❡❧② ❝♦♥st❛♥t ♦✈❡r t❤❡ st✉❞✲

✐❡❞ r❛♥❣❡ ♦❢ t❤❡ ♦t❤❡r ❤②♣❡r✲♣❛r❛♠❡t❡rs ✭❋✐❣✉r❡ ✼✮✳ ❖♥❧② t❤❡ ❧❛r❣❡ ✈❛❧✉❡ χµ = 8
❞❛♠❛❣❡s t❤❡ ♠✐①✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳ ❚❤❡ ♦♥❧② ❝❛s❡ ♦❢ ✐♥st❛❜✐❧✐t② ✐s

♦❜s❡r✈❡❞ ✇✐t❤ t❤❡ s✐♠♣❧✐✜❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ♣r✐♦r ♦♥ (µ, e)✱ ❢♦r ✇❤✐❝❤ t❤❡ ♠✐①✐♥❣

♣r♦♣❡rt✐❡s ❛r❡ ❣❡♥❡r❛❧❧② ♣♦♦r✳ ◆♦t❡ t❤❛t t❤❡ t❤✐r❞ ●❡❧♠❛♥ r❛t✐♦ ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦

σ2ν = log(1 + 22)✮ ✐s ♠✐ss✐♥❣✱ ❜❡❝❛✉s❡ ❧❡ss t❤❛♥ t✇♦ ❝❤❛✐♥s ♣❛ss❡❞ t❤❡ ❍❡✐❞❡❧❜❡r❣❡r

t❡st ❢♦r t❤✐s ♣❛rt✐❝✉❧❛r ❡①♣❡r✐♠❡♥t✳ ❆s ❛ ❝♦♥❝❧✉s✐♦♥✱ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ♣r✐♦r ❞❡✲

✜♥❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✷ ❛♣♣❡❛rs t♦ r❡s✉❧t ✐♥ ♠❡❛♥ ❡st✐♠❛t❡s t❤❛t ❛r❡ r❡❧❛t✐✈❡❧② r♦❜✉st

t♦ t❤❡ ❤②♣❡r✲♣❛r❛♠❡t❡rs s♣❡❝✐✜❝❛t✐♦♥✱ ❛♥❞ t♦ ❡♥s✉r❡ ❜❡tt❡r ♠✐①✐♥❣ ♣r♦♣❡rt✐❡s t❤❛♥

t❤❡ s✐♠♣❧✐✜❡❞ ✈❡rs✐♦♥ ✇❤❡r❡ µ ❛♥❞ e ❛r❡ ❛ ♣r✐♦r✐ ✐♥❞❡♣❡♥❞❡♥t✳
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❋✐❣✉r❡ ✼✿ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ ♣r✐♦r ♦♥ t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ✜t ✭❧❡❢t ♣❛♥❡❧✱ ♠❡❛♥ ❡rr♦r r❛t✐♦ r̄DM✮✱ ❛♥❞
♦♥ t❤❡ ❝❤❛✐♥s✬ ♠✐①✐♥❣ ♣r♦♣❡rt✐❡s ✭r✐❣❤t ♣❛♥❡❧✱ ♠✉❧t✐✈❛r✐❛t❡ ♣♦t❡♥t✐❛❧ s❝❛❧❡ r❡❞✉❝t✐♦♥ ❢❛❝t♦r RG✮✳
•✱ s✐♠♣❧✐✜❡❞ ♣r✐♦r ♦♥ (µ, e)✱ ✐♥✢✉❡♥❝❡ ♦❢ σν ✭✈❛r✐❛♥❝❡ ♦❢ t❤❡ s❤❛♣❡s✮✱ σ2

ν ∈ {log(1+(0.5)2), log(1+
12), log(1+22), log(1+52), log(1+102), log(1+202)} ✭❢r♦♠ ❧❡❢t t♦ r✐❣❤t✮ ❀ �✱ ❞❡♣❡♥❞❡♥t ♣r✐♦r ♦♥
(µ, e)✱ ✐♥✢✉❡♥❝❡ ♦❢ σν ✱ s❛♠❡ ✈❛❧✉❡s ❢♦r σν ❀ ◦✱ ✐♥✢✉❡♥❝❡ ♦❢ λ ✭♠❡❛♥ ♥✉♠❜❡r ♦❢ ♠✐①t✉r❡ ❝♦♠♣♦♥❡♥ts✮✱
λ ∈ {1, 3, 5, 7, 10, 12}❀ ⋄✱ ✐♥✢✉❡♥❝❡ ♦❢ χµ ✭❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ♠❡❛♥ ✈❡❝t♦rs✮✱ χµ ∈ {0.5, 1, 1.5, 2, 4, 8}
❀ △✱ ✐♥✢✉❡♥❝❡ ♦❢ χe ✭❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ❡❝❝❡♥tr✐❝✐t✐❡s✮✱ χe ∈ {0.5, 1, 1.1, 1.5, 3, 6} ❀ ❍♦r✐③♦♥t❛❧ ❣r❛②
❧✐♥❡ ✭r✐❣❤t ♣❛♥❡❧✮✱ ❧❡✈❡❧ 1.1 ❢♦r t❤❡ ●❡❧♠❛♥ r❛t✐♦✳

✼✳✺✳ ❈♦♠♣❛r✐s♦♥ ✇✐t❤ ♦t❤❡r ♠❡t❤♦❞s ❢♦r ❜✐✲✈❛r✐❛t❡ ❞❛t❛

❍❡r❡✱ t❤❡ ▼✲❉▼❛❧❣♦r✐t❤♠ ✐s ❝♦♠♣❛r❡❞ ✇✐t❤ ♦t❤❡r ❇❛②❡s✐❛♥ ♠♦❞❡❧s t❤❛t ❤❛✈❡

❛❧r❡❛❞② ❜❡❡♥ ♣r♦♣♦s❡❞ ❢♦r t❤❡ ❜✐✲✈❛r✐❛t❡ ❝❛s❡✳ ◆❛♠❡❧②✱ ❝♦♠♣❛r✐s♦♥ ✐s ♠❛❞❡ ✇✐t❤

t❤❡ ♦r✐❣✐♥❛❧ ❉▼ ♠♦❞❡❧ ❛♥❞ ✇✐t❤ t❤❡ ♥♦♥✲♣❛r❛♠❡tr✐❝ ❇❛②❡s✐❛♥ ♠♦❞❡❧ ❢♦r ❜✐✲✈❛r✐❛t❡

s♣❡❝tr❛❧ ♠❡❛s✉r❡ ❢r♦♠ ●✉✐❧❧♦tt❡ ❡t ❛❧✳ ✭✷✵✶✶✮✳ ■♥ t❤❡ ❧❛tt❡r✱ t❤❡ ❛♥❣✉❧❛r ♠❡❛s✉r❡

✐s ♦❜t❛✐♥❡❞ ❛s ❛ s♠♦♦t❤❡❞ ✈❡rs✐♦♥ ♦❢ ❛ ❞✐s❝r❡t❡ ❞✐str✐❜✉t✐♦♥ ♦♥ (0, 1)✱ ❛❧❧♦✇✐♥❣ ❢♦r

❛t♦♠✐❝ ♠❛ss❡s ♦♥ {0} ❛♥❞ {1} ❛♥❞ s❛t✐s❢②✐♥❣ t❤❡ ♠♦♠❡♥ts ❝♦♥str❛✐♥t✳ ❚❤❡ ♣❛r❛♠✲

❡t❡rs✬ r❛♥❞♦♠♥❡ss ❝♦♥❝❡r♥s t❤❡ ♥✉♠❜❡r ❛♥❞ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ❛t♦♠s ♦♥ (0, 1) ❞❡✜♥✲
✐♥❣ t❤❡ ✉♥❞❡r❧②✐♥❣ ❞✐s❝r❡t❡ ❞✐str✐❜✉t✐♦♥ ✭t♦ ❜❡ s♠♦♦t❤❡❞✮✱ ❛s ✇❡❧❧ ❛s t❤❡ ❛♠♦✉♥t

♦❢ ♠❛ss t♦ ❜❡ ❛ttr✐❜✉t❡❞ t♦ t❤❡ ❜♦✉♥❞❛r②✳

❆ s✐♠✉❧❛t✐♦♥ st✉❞② ✐s ♣❡r❢♦r♠❡❞ ❢♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ♣❛tt❡r♥ ❛s ✐♥ ●✉✐❧❧♦tt❡

❡t ❛❧✳ ✭✷✵✶✶✮ ❛♥❞ ❊✐♥♠❛❤❧ ❛♥❞ ❙❡❣❡rs ✭✷✵✵✾✮✳ ❇✐✲✈❛r✐❛t❡ ❞❛t❛ s❡ts ❛r❡ s✐♠✉❧❛t❡❞

❢r♦♠ t❤r❡❡ ♠✉❧t✐✈❛r✐❛t❡ ❡①tr❡♠❡ ✈❛❧✉❡ ❞✐str✐❜✉t✐♦♥s ❜❡❧♦♥❣✐♥❣ r❡s♣❡❝t✐✈❡❧② t♦ t❤❡

▲♦❣✐st✐❝ ♠♦❞❡❧✱ t♦ t❤❡ ❆s②♠♠❡tr✐❝ ▲♦❣✐st✐❝ ♠♦❞❡❧ ❛♥❞ t♦ t❤❡ ❉▼ ♠♦❞❡❧ ✐ts❡❧❢

✭s❡❡ ❆♣♣❡♥❞✐① ❋ ❢♦r ❞❡t❛✐❧s✮✳ ❚❤❡s❡ ❵tr✉❡✬ ❞✐str✐❜✉t✐♦♥s ❛r❡ r❡s♣❡❝t✐✈❡❧② ❞❡♥♦t❡❞

HL, HAL, HDM✳ ❈♦♥tr❛r② t♦ t❤❡ t✇♦ ♦t❤❡r ♦♥❡s✱ t❤❡ ❆s②♠♠❡tr✐❝ ❧♦❣✐st✐❝ ❞✐str✐✲
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❋✐❣✉r❡ ✽✿ ■♥✢✉❡♥❝❡ ♦❢ ❤②♣❡r✲♣❛r❛♠❡t❡r λ ♦♥ t❤❡ ♥✉♠❜❡r k ♦❢ ♠✐①t✉r❡ ❝♦♠♣♦♥❡♥ts ❣❡♥❡r❛t❡❞ ❜② t❤❡
r❡✈❡rs✐❜❧❡✲❥✉♠♣ s❛♠♣❧❡r✳ ❋r♦♠ ❧❡❢t t♦ r✐❣❤t✱ ❡✈♦❧✉t✐♦♥ ♦❢ k ✐♥ t❤❡ ▼❈▼❈ r✉♥✱ ❢♦r λ ∈ {1, 3, 12}✱
❛♥❞ ❛ 100✲♣♦✐♥ts ❞❛t❛ s❡t ✐ss✉❡s ❢r♦♠ ❢♦✉r✲❝♦♠♣♦♥❡♥ts ❉✐r✐❝❤❧❡t ♠✐①t✉r❡✳

❜✉t✐♦♥ ❤❛s ♣♦✐♥t ♠❛ss❡s ❛t 0 ❛♥❞ 1✳ ❋♦r ❡❛❝❤ Hm ✭m ∈ {L,AL,DM}✮✱ 100 ❞❛t❛

s❡ts ♦❢ s✐③❡ 1000 ❛r❡ s✐♠✉❧❛t❡❞ ❛♥❞ t❤❡ t❤r❡❡ ❇❛②❡s✐❛♥ ♠♦❞❡❧s ❛r❡ ✜tt❡❞✳ ❋♦❧❧♦✇✐♥❣

●✉✐❧❧♦tt❡ ❡t ❛❧✳ ✭✷✵✶✶✮✱ ❢♦r t❤❡ ♥♦♥✲♣❛r❛♠❡tr✐❝ ❇❛②❡s✐❛♥ ♠♦❞❡❧✱ ❛ ❜✐✲✈❛r✐❛t❡ t❤r❡s❤✲

♦❧❞ u = (u, u) ✐s ❝❤♦s❡♥✱ ✇✐t❤ u ❡q✉❛❧ t♦ t❤❡ t❤❡♦r❡t✐❝❛❧ 0.9 ♠❛r❣✐♥❛❧ q✉❛♥t✐❧❡✱ ❛♥❞

t❤❡ ♦r✐❣✐♥❛❧ ❛❧❣♦r✐t❤♠ ✐s ♠♦❞✐✜❡❞ s♦ t❤❛t t❤❡ ♠❛r❣✐♥❛❧ ♣❛r❛♠❡t❡rs ❛r❡ s❡t t♦ t❤❡✐r

tr✉❡ ✈❛❧✉❡s✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❛♥❣✉❧❛r ♦❜s❡r✈❛t✐♦♥s r❡t❛✐♥❡❞ ❢♦r ✜tt✐♥❣ ❜♦t❤ ✈❡rs✐♦♥s

♦❢ t❤❡ ❉▼ ♠♦❞❡❧ ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✐♥ t❤❡ ✉♣♣❡r sq✉❛r❡ r❡❣✐♦♥

[u,∞)× [u,∞)✳ ■♥ t❤❡ ❜✐✲✈❛r✐❛t❡ ❝❛s❡✱ t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✭❝✳❞✳❢✳✮

H ✐ts❡❧❢ ✐s ❡❛s✐❧② r❡♣r❡s❡♥t❛❜❧❡ ❛♥❞ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣♦✐♥t✲✇✐s❡ ♣♦st❡r✐♦r ♣r❡❞✐❝t✐✈❡

❡st✐♠❛t❡s Ĥ✳

❚❤❡ ♥✉♠❜❡r ♦❢ ▼❈▼❈ st❡♣s ✐s s❡t t♦ t❤❡ ❝♦♥s❡r✈❛t✐✈❡ ✈❛❧✉❡ ♦❢ 5 × 105 ❢♦r

t❤❡ ♥♦♥✲♣❛r❛♠❡tr✐❝ ♠♦❞❡❧✱ ❛♥❞ t♦ 2× 105 ❢♦r ❜♦t❤ ❉▼ ♠♦❞❡❧s✳ ❋✐❣✉r❡ ✾ ❞✐s♣❧❛②s

t❤r❡❡ ❡①❛♠♣❧❡s ♦❢ ✜t ✇✐t❤ ♦♥❡ ❞❛t❛ s❡t ❣❡♥❡r❛t❡❞ r❡s♣❡❝t✐✈❡❧② ❢r♦♠ ❛ ❧♦❣✐st✐❝✱ ❛♥

❆s②♠♠❡tr✐❝ ❧♦❣✐st✐❝ ❛♥❞ ❛ ❉▼ ❞✐str✐❜✉t✐♦♥✳ ❚❤❡ ❡st✐♠❛t✐♦♥ ❡rr♦rs Ĥ − Hm ❛r❡

♣❧♦tt❡❞✳ ■♥ t❤✐s ❜✐✲✈❛r✐❛t❡ s❡tt✐♥❣✱ ✇✐t❤ t❤✐s ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✱ t❤❡ t✇♦

✈❡rs✐♦♥s ♦❢ t❤❡ ❉✐r✐❝❤❧❡t ♠♦❞❡❧ ♣r♦❞✉❝❡ ✈❡r② s✐♠✐❧❛r ❡st✐♠❛t❡s✱ s♦ t❤❛t ♦♥❧② t❤❡

♦♥❡s ❢r♦♠ t❤❡ r❡✲♣❛r❛♠❡tr✐③❡❞ ✈❡rs✐♦♥ ❛r❡ ❞✐s♣❧❛②❡❞ ❛♥❞ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♥♦♥✲

♣❛r❛♠❡tr✐❝ ❝♦✉♥t❡r♣❛rt✳ ❚❤❡ ♣♦ss✐❜✐❧✐t② ❢♦r ♣♦✐♥t ♠❛ss❡s ❛t t❤❡ ❡♥❞ ♣♦✐♥ts ✐s ❛♥

❛❞✈❛♥t❛❣❡ ✐♥ ❢❛✈♦r ♦❢ t❤❡ ♥♦♥✲♣❛r❛♠❡tr✐❝ ♠♦❞❡❧✱ ✇❤❡♥ t❤❡ ✉♥❞❡r❧②✐♥❣ ❞✐str✐❜✉t✐♦♥

♣r❡s❡♥ts s✉❝❤ ❛ ❢❡❛t✉r❡ ✭♠✐❞❞❧❡ ♣❛♥❡❧✱ ❆s②♠♠❡tr✐❝ ❧♦❣✐st✐❝ ❞✐str✐❜✉t✐♦♥✮✳ ❖♥ t❤❡

♦t❤❡r✲❤❛♥❞✱ ✇❤❡♥ t❤❡ tr✉❡ ❞✐str✐❜✉t✐♦♥ ✐s ❝♦♥t✐♥✉♦✉s ♦♥ [0, 1]✱ t❤✐s ✢❡①✐❜✐❧✐t② s❡❡♠s

t♦ ❜❡❝♦♠❡ ❛ ❞r❛✇❜❛❝❦✿ t❤❡ ♣♦st❡r✐♦r ❡st✐♠❛t❡ ❣r❛♥ts s♦♠❡ ♠❛ss t♦ {0} ❛♥❞ {1}✱
✇❤❡r❡❛s t❤❡ tr✉❡ ❞✐str✐❜✉t✐♦♥ ❞♦❡s ♥♦t✳

❋♦r ❛ ♠♦r❡ q✉❛♥t✐t❛t✐✈❡ ❛ss❡ss♠❡♥t✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♣♦st❡r✐♦r ♠❡❛♥ ❡s✲

t✐♠❛t❡s Ĥ ❢♦r ❛ ❣✐✈❡♥ ❵tr✉❡✬ Hm ❛r❡ ❝♦♠♣❛r❡❞ ✐♥ t❡r♠s ♦❢ ♠❡❛♥ ✐♥t❡❣r❛t❡❞ sq✉❛r❡❞

❡rr♦r ❧♦ss ✭▼■❙❊✮✱ ✇❤✐❝❤ ✐s MISE (Ĥ,Hm) =
∫ 1
0 [Ĥ(w) − Hm(w)]2 dw✱ ❛♥❞ t❤❡
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❋✐❣✉r❡ ✾✿ ❊rr♦r ♦❢ t❤❡ ♣r❡❞✐❝t✐✈❡ ❛♥❣✉❧❛r ❝❞❢ ✭s♦❧✐❞ ❧✐♥❡s✮ ♦♥ t❤❡ s❡❣♠❡♥t ❬✵✱✶❪✳ ❋r♦♠ ❧❡❢t t♦ r✐❣❤t✿
❞❛t❛ ❢r♦♠ ❛ ▲♦❣✐st✐❝✱ ❛♥ ❆s②♠♠❡tr✐❝ ❧♦❣✐st✐❝ ❛♥❞ ❢r♦♠ ❛ ❉▼ ❞✐str✐❜✉t✐♦♥✳ ❙♦❧✐❞ ❧✐♥❡ ❛♥❞ ❣r❛②
❛r❡❛✿ ❉✐r✐❝❤❧❡t ▼✐①t✉r❡ ♠❡❛♥ ❡st✐♠❛t❡ ❛♥❞ 0.1− 0.9 ♣♦st❡r✐♦r q✉❛♥t✐❧❡s❀ ❞❛s❤❡❞ ❧✐♥❡ ❛♥❞ ❞❛s❤❡❞
❛r❡❛✿ ✐❞❡♠ ✐♥ t❤❡ ♥♦♥✲♣❛r❛♠❡tr✐❝ ♠♦❞❡❧✳

s❝♦r❡s ❛r❡ ❛✈❡r❛❣❡❞ ♦✈❡r t❤❡ 100 ❞❛t❛ s❡ts✱ ❢♦r ❡❛❝❤ ✉♥❞❡r❧②✐♥❣ ❞✐str✐❜✉t✐♦♥✳ ❚❛✲

❜❧❡ ✹ ❣❛t❤❡rs t❤❡ ❛✈❡r❛❣❡❞ ▼■❙❊ s❝♦r❡s✳ ❋♦r t❤❡ s❛❦❡ ♦❢ r❡❛❞❛❜✐❧✐t②✱ t❤❡ ✈❛❧✉❡s

❤❛✈❡ ❜❡❡♥ ♠✉❧t✐♣❧✐❡❞ ❜② 103✳ ❆s ❝♦✉❧❞ ❜❡ ❡①♣❡❝t❡❞✱ t❤❡ ♥♦♥✲♣❛r❛♠❡tr✐❝ ❡st✐♠❛t♦r

♦❜t❛✐♥s t❤❡ ❜❡st s❝♦r❡ ❢♦r t❤❡ ❆s②♠♠❡tr✐❝ ❧♦❣✐st✐❝ ♠♦❞❡❧✱ ❜❡❝❛✉s❡ ✐t ❛❧❧♦✇s ♣♦✐♥t

♠❛ss❡s ❛t t❤❡ s❡❣♠❡♥t ❡♥❞✲♣♦✐♥ts✳ ■♥ t❤❡ t✇♦ ♦t❤❡r ❝❛s❡s ✭♥♦ ♠❛ss ♦♥ t❤❡ ❜♦✉♥❞✲

❛r②✮✱ t❤❡ ❝♦♥✈❡rs❡ ✐s ♦❜s❡r✈❡❞✿ t❤❡ ♥♦♥✲♣❛r❛♠❡tr✐❝ ❡st✐♠❛t❡ ✐s ♦✉t♣❡r❢♦r♠❡❞ ❜② t❤❡

❉▼ ♠♦❞❡❧✱ ♣r♦❜❛❜❧② ❢♦r t❤❡ s❛♠❡ r❡❛s♦♥ t❤❛t ♠❛❦❡s t❤❡ ♥♦♥✲♣❛r❛♠❡tr✐❝ ❢r❛♠❡✲

✇♦r❦ ♣r❡❢❡r❛❜❧❡ ✐♥ t❤❡ ❆s②♠♠❡tr✐❝ ❧♦❣✐st✐❝ ❝❛s❡✳ ❆s ❛ ❝♦♥❝❧✉s✐♦♥ ❢♦r t❤❡ ❜✐✲✈❛r✐❛t❡

❝❛s❡✱ t❤❡r❡ ✐s ♥♦ ❝❧❡❛r ❣❡♥❡r❛❧ ❛❞✈❛♥t❛❣❡ ✐♥ ❢❛✈♦r ♦❢ ♦♥❡ ♠♦❞❡❧ ❛❣❛✐♥st t❤❡ ♦t❤❡rs✱

❛♥❞ t❤❡ ♦r✐❣✐♥❛❧ ❛♥❞ r❡✲♣❛r❛♠❡tr✐③❡❞ ✈❡rs✐♦♥s ♦❢ t❤❡ ❉▼ ♠♦❞❡❧ ❜❡❤❛✈❡ s✐♠✐❧❛r❧②✱

♣r♦✈✐❞❡❞ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ▼❈▼❈ st❡♣s ✐s ❧❛r❣❡ ❡♥♦✉❣❤✳

❚❛❜❧❡ ✹✿ ❆✈❡r❛❣❡❞ ▼■❙❊ s❝♦r❡s ❢♦r t❤❡ t❤r❡❡ ✐♥❢❡r❡♥t✐❛❧ s❝❤❡♠❡s ✭st❛♥❞❛r❞ ❡rr♦r ♦❢ t❤❡ ❡st✐♠❛t❡✮

❚r✉❡ ❞✐str✐❜✉t✐♦♥ ▲♦❣✐st✐❝ ❆s②♠♠❡tr✐❝ ▲♦❣✐st✐❝ ❉✐r✐❝❤❧❡t ▼✐①t✉r❡

❘❡✲♣❛r❛♠❡tr✐③❡❞ ❉▼ 0.57 (0.05) 3.45 (0.18) 1.17 (0.1)

❖r✐❣✐♥❛❧ ❉▼ 0.63 (0.04) 3.58 (0.17) 0.96 (0.07)

◆♦♥✲♣❛r❛♠❡tr✐❝ 1.28 (0.07) 1.07 (0.08) 2.25 (0.17)



✽✳ ❉✐s❝✉ss✐♦♥

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❞❡♠♦♥str❛t❡ t❤❛t ❇♦❧❞✐ ❛♥❞ ❉❛✈✐s♦♥ ✭✷✵✵✼✮✬s ♠♦❞❡❧✱ ❝❛♥✱

❛❢t❡r ❛ s✉✐t❛❜❧❡ r❡✲♣❛r❛♠❡tr✐③❛t✐♦♥✱ ❜❡ ✉s❡❞ ✐♥ ❛ ❇❛②❡s✐❛♥ ❢r❛♠❡✇♦r❦ t♦ ✐♥❢❡r t❤❡

❞❡♣❡♥❞❡♥❝❡ str✉❝t✉r❡ ❜❡t✇❡❡♥ t❤❡ ❧❛r❣❡st ♦❜s❡r✈❛t✐♦♥s ♦❢ ❛ ♠✉❧t✐✈❛r✐❛t❡ ❞❛t❛ s❡t

♦❢ ♠♦❞❡r❛t❡ ❞✐♠❡♥s✐♦♥✳ ❋♦r ❜✐✲✈❛r✐❛t❡ ♣r♦❜❧❡♠s✱ t❤❡ ❉▼ ♠♦❞❡❧✬s ♣❡r❢♦r♠❛♥❝❡

✐s ❝♦♠♣❛r❛❜❧❡ t♦ t❤❛t ♦❢ t❤❡ ❢✉❧❧② ♥♦♥✲♣❛r❛♠❡tr✐❝ ❇❛②❡s✐❛♥ ♠♦❞❡❧ ✐♥tr♦❞✉❝❡❞ ❜②

●✉✐❧❧♦tt❡ ❡t ❛❧✳ ✭✷✵✶✶✮✿ t❤❡✐r r❡❧❛t✐✈❡ ❣♦♦❞♥❡ss✲♦❢✲✜t s❝♦r❡s ❞❡♣❡♥❞s ♦♥ t❤❡ tr✉❡

s♣❡❝tr❛❧ ❞✐str✐❜✉t✐♦♥✳ ❚❤❡ ♣r❡s❡♥❝❡ ♦❢ ♣♦✐♥t ♠❛ss❡s ❛t t❤❡ ❡♥❞ ♣♦✐♥ts ♦❢ t❤❡ ✐♥✲

t❡r✈❛❧ [0, 1] ✐♥❞✉❝❡s ❛ ❜❡tt❡r ✜t ♦❢ ●✉✐❧❧♦tt❡ ❡t ❛❧✳ ✭✷✵✶✶✮✬s ♠♦❞❡❧✱ ✇❤❡r❡❛s t❤❡

❉▼ ♠♦❞❡❧ ♦❜t❛✐♥s t❤❡ ❜❡st s❝♦r❡ ✇❤❡♥ t❤❡ tr✉❡ ❞✐str✐❜✉t✐♦♥ ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✲

✉♦✉s✳ ■♥ t❤✐s ❜✐✲✈❛r✐❛t❡ s❡tt✐♥❣✱ t❤❡ ♦r✐❣✐♥❛❧ ❛♥❞ t❤❡ r❡✲♣❛r❛♠❡tr✐③❡❞ ✈❡rs✐♦♥s ♦❢

t❤❡ ❉▼ ♠♦❞❡❧ ♣r♦❞✉❝❡ ✈❡r② s✐♠✐❧❛r r❡s✉❧ts✱ ♣r♦✈✐❞❡❞ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ▼❈▼❈

✐t❡r❛t✐♦♥s ✐s ❧❛r❣❡ ❡♥♦✉❣❤✳ ■♥ ❣r❡❛t❡r ❞✐♠❡♥s✐♦♥✱ t❤❡ ♠❛✐♥ ❛❞❞❡❞ ✈❛❧✉❡ ♦❢ t❤❡

r❡✲♣❛r❛♠❡tr✐③❛t✐♦♥ ✐s ✐♠♣r♦✈❡❞ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ r❡✈❡rs✐❜❧❡✲❥✉♠♣ ❛❧❣♦r✐t❤♠✱ s♦

t❤❛t t❤❡ ❣❡♥❡r❛t❡❞ ▼❛r❦♦✈ ❝❤❛✐♥s ❝♦rr❡❝t❧② s♣❛♥ t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ♣♦st❡r✐♦r ❛♥❞

t❤❛t ❡st✐♠❛t❡❞ ♣♦st❡r✐♦r ❝r❡❞✐❜❧❡ s❡ts ❛r❡ ✇✐❞❡r✳ ❆❧s♦✱ r❡s✉❧ts ❢♦r ✜✈❡✲❞✐♠❡♥s✐♦♥❛❧

s✐♠✉❧❛t❡❞ ❞❛t❛ s❡ts ♦❢ s✐③❡ 100 ✐♥❞✐❝❛t❡ ❛ r❛t❤❡r ❧♦✇ s❡♥s✐t✐✈✐t② ♦❢ ♠❡❛♥ ❡st✐♠❛t❡s

t♦ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❤②♣❡r✲♣❛r❛♠❡t❡rs✿ t❤❡ ♠✐①✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❛❧❣♦r✐t❤♠

❛r❡ ❡♥❤❛♥❝❡❞ ✐❢ s♦♠❡ ♣r✐♦r ❞❡♣❡♥❞❡♥❝❡ ✐s ✐♥tr♦❞✉❝❡❞ ❜❡t✇❡❡♥ t❤❡ ❧♦❝❛t✐♦♥ ❢♦r t❤❡

♠❡❛♥ ✈❡❝t♦rs µ ❛♥❞ t❤❡ ✇❡✐❣❤ts✱ t❤❡♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❤♦✐❝❡ ♦❢ ❤②♣❡r✲♣❛r❛♠❡t❡rs

✇✐t❤✐♥ ❛ r❡❛s♦♥❛❜❧❡ r❛♥❣❡ ❞♦❡s ♥♦t s✐❣♥✐✜❝❛♥t❧② ✐♥✢✉❡♥❝❡ ♥❡✐t❤❡r ❣♦♦❞♥❡ss✲♦❢✲✜t

♥♦r ♠✐①✐♥❣ ♣r♦♣❡rt✐❡s✳

❚❤❡ r❡q✉✐r❡❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✛♦rt ✐s ♠♦❞❡r❛t❡❀ t②♣✐❝❛❧ r✉♥♥✐♥❣ t✐♠❡s t♦ ✐ss✉❡

t❤❡ ♣♦st❡r✐♦r s❛♠♣❧❡s ♦♥ ❛ ❞❡s❦t♦♣ ♠❛❝❤✐♥❡ r❛♥❣❡ ❢r♦♠ ❧❡ss t❤❛♥ t❤r❡❡ ♠✐♥✉t❡s

✭❢♦r t❤❡ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ s✐♠✉❧❛t❡❞ ❞❛t❛✮ t♦ t❤r❡❡ ❤♦✉rs ✭❢♦r t❤❡ ✜✈❡ ❞✐♠❡♥s✐♦♥❛❧

▲❡❡❞s ❞❛t❛ s❡t✮✳ ❲❡ ❤❛✈❡ ♥♦t t❡st❡❞ t❤❡ ♠♦❞❡❧ ♦♥ ❣r❡❛t❡r ❞✐♠❡♥s✐♦♥❛❧ ❞❛t❛ s❡ts✱

❜✉t ♠✉❝❤ ♠♦r❡ t❤❛♥ 100 ❞❛t❛ ♣♦✐♥ts ✇♦✉❧❞ ❧✐❦❡❧② ❜❡ ♥❡❡❞❡❞ t♦ ♦❜t❛✐♥ r❡❛s♦♥❛❜❧②

♣r❡❝✐s❡ r❡s✉❧ts✱ ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ✇♦✉❧❞ ♥❛t✉r❛❧❧② ✐♥❝r❡❛s❡✳

❙✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧

❆♥ ❘ ♣❛❝❦❛❣❡ ✐♠♣❧❡♠❡♥t✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠ ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❛ss❡ss♠❡♥t

t♦♦❧s ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s ✇♦r❦ ❤❛s ❜❡❡♥ ♣r❡♣❛r❡❞✳ ■t ✐s ❛✈❛✐❧❛❜❧❡ ♦♥ ❞❡♠❛♥❞ t♦ t❤❡

❛✉t❤♦rs ❛♥❞ ✐s ✐♥t❡♥❞❡❞ t♦ ❜❡ s✉❜♠✐tt❡❞ t♦ t❤❡ ❈❘❆◆ ♣❛❝❦❛❣❡ r❡♣♦s✐t♦r②✳

❆♣♣❡♥❞✐① ❆✳ ❘❡✲♣❛r❛♠❡tr✐③❛t✐♦♥ ♦❢ t❤❡ ❉✐r✐❝❤❧❡t ▼✐①t✉r❡ ♠♦❞❡❧

❊①♣r❡ss✐♦♥ ❢♦r Tm✳ ❘❡❝❛❧❧ t❤❛t✱ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥✱ µ · , k = γk−1✱ ❛♥❞ t❤❛t ❜②

✭✸✮✱ ✇❡ ❤❛✈❡ γ0 = (1/d, . . . , 1/d)✳ ❆❧s♦✱ ❜② ❛ss♦❝✐❛t✐✈✐t②✱ ❢♦r 1 ≤ m ≤ k − 1✱



ρm−1 γm−1 = pm µ · ,m + ρm γm.

❇♦t❤ ✇❡✐❣❤ts ❞❡✜♥✐♥❣ t❤❡ ❝❡♥t❡r ♦❢ ♠❛ss γm−1 ❛r❡ ♣♦s✐t✐✈❡ ❛♥❞✱ ❛ss✉♠✐♥❣ ✭✺✮✱

γm−1 ✐s ♦♥ t❤❡ ❧✐♥❡ s❡❣♠❡♥t ❥♦✐♥✐♥❣ γm ❛♥❞ µ · ,m ✭s❡❡ ❋✐❣✉r❡ ✶ ❢♦r t❤❡ t❤r❡❡✲

❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✮✳ ❈♦♥s❡q✉❡♥t❧②✱

∃tm > 0, γm = γm−1 + tm(γm−1 − µ · ,m).

❲✐t❤ t❤❡ ♥♦t❛t✐♦♥s ♦❢ s❡❝t✐♦♥ ✸✱ Cm =
{

i ∈ {1, . . . , d} : γi,m−1 − µi,m < 0
}

✳

❚❤✉s✱ ❢♦r i /∈ Cm✱ t❤❡ ♠❛♣ t 7→ γi,m + t(γi,m − µi,m) ✐s ♥♦♥ ❞❡❝r❡❛s✐♥❣✳ ❚❤✉s✱

∀i /∈ Cm, ∀t > 0, γi,m + t (γi,m − µi,m) > 0✱ ✇❤❡♥❝❡

Tm = sup {t ≥ 0 : ∀i ∈ Cm, γi,m + t (γi,m − µi,m) > 0}

= sup

{

t ≥ 0 : t < min
i∈Cm

(

γi,m
µi,m − γi,m

)}

= min
i∈Cm

(

γi,m
µi,m − γi,m

)

.

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳ ❚❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ t❤❡ t✇♦ ♣❛r❛♠❡tr✐③❛t✐♦♥s ✐s ✐♠♠❡❞✐❛t❡

❢r♦♠ ❤❡ ❛r❣✉♠❡♥t ♣r❡❝❡❞✐♥❣ t❤❡ ♣r♦♣♦s✐t✐♦♥✳ ❍❡r❡✱ ✇❡ ❞❡r✐✈❡ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r

pm✱ ❣✐✈❡♥ t❤❡ ❝✉rr❡♥t ❝❡♥t❡r ♦❢ ♠❛ss γm−1✱ ♠❡❛♥ ✈❡❝t♦r µ · ,m ❛♥❞ ❡❝❝❡♥tr✐❝✐t②

em✱ ✐✳❡✳ pm = ρm
emTm

emTm+1 ✳

▲❡t hθ ❛ ❉✐r✐❝❤❧❡t ♠✐①t✉r❡ ❞❡♥s✐t② ✇✐t❤ ♣❛r❛♠❡t❡r θ =
(

µ · , 1:k−1, e1:k−1, ν1:k
)

∈
Θk✳ ▲❡t p1:k, µ · , k ❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✇❡✐❣❤ts ✈❡❝t♦r ❛♥❞ t❤❡ ✏❧❛st✑ ♠❡❛♥ ✈❡❝✲

t♦r ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♣❛r❛♠❡tr✐③❛t✐♦♥ ✳ ▲❡t m ≥ 1 ❛♥❞ s✉♣♣♦s❡ t❤❡ p
′
js (j <

m) ❤❛✈❡ ❜❡❡♥ r❡❝♦♥str✉❝t❡❞✱ s♦ t❤❛t ρm−1 = 1 − ∑

j<m pj ✳ ❙✐♥❝❡ γm−1 =

ρ−1
m−1

{

pm µ · ,m + ρm γm

}

✱ ✇✐t❤ ρ−1
m−1(pm + ρm) = 1✱ ✇❡ ❤❛✈❡

ρ−1
m−1pm(µ · ,m − γm−1) + (1− ρ−1

m−1pm)(γm − γm−1) = 0 ,

✇❤❡♥❝❡

ρ−1
m−1pm(µ · ,m − γm) = γm−1 − γm .

❇② ❛ss✉♠♣t✐♦♥ ✭✺✮✱ µ · ,m 6= γm−1✱ s♦ t❤❛t γm 6= γm−1 ❛♥❞ ♥❡❝❡ss❛r✐❧② µ · ,m −



γm 6= 0✳ ❲❡ t❤✉s ❤❛✈❡

ρ−1
m−1pm =

‖γm − γm−1‖
‖γm − µ · ,m‖

=
emTm‖γm−1 − µ · ,m‖

emTm‖γm−1 − µ · ,m‖+ ‖γm−1 − µ · ,m‖

=
emTm

emTm + 1
.

❆♣♣❡♥❞✐① ❇✳ ❲❡❛❦ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ♣♦st❡r✐♦r

❚❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷ ✐s ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❙❝❤✇❛rt③✬s t❤❡♦r❡♠ ✭❙❝❤✇❛rt③✱

✶✾✻✺✱ ❚❤❡♦r❡♠ ✻✳✶✱ ♣✳22✮✳ ❚❤❡ ❧❛tt❡r r❡q✉✐r❡s t❤❛t t❤❡ s❛♠♣❧❡ s♣❛❝❡ (S,S) ❜❡

❛ s❡♣❛r❛❜❧❡✱ ❝♦♠♣❧❡t❡ ♠❡tr✐❝ s♣❛❝❡✱ ✇❤✐❝❤ ✐s ♦❜✈✐♦✉s❧② t❤❡ ❝❛s❡ ✇✐t❤ t❤❡ s✐♠♣❧❡①

Sd ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ❊✉❝❧✐❞❡❛♥ ♠❡tr✐❝ ❛♥❞ t❤❡ ▲❡❜❡s❣✉❡ σ✲✜❡❧❞ ✳ ▲❡t M ❜❡

t❤❡ s❡t ♦❢ ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ S ✇✳r✳t✳ t♦ s♦♠❡ r❡❢❡r❡♥❝❡

♠❡❛s✉r❡✱ ✇❤✐❝❤ ✐s ✐♥ ♦✉r ❝❛s❡ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ Sd = {(w1, . . . , wd−1) : wi ≥
0,
∑d−1

1 wi ≤ 1}✳ ❆ ❞♦♠✐♥❛t❡❞ st❛t✐st✐❝❛❧ ♠♦❞❡❧ ✐s ❛ s✉❜s❡t MΘ = {hθ, θ ∈ Θ}
♦❢ M✱ ✐♥❞❡①❡❞ ❜② s♦♠❡ ♣❛r❛♠❡t❡r s♣❛❝❡ Θ✳ ■♥ ❛ ♥♦♥ ♣❛r❛♠❡tr✐❝ ❝♦♥t❡①t✱ Θ ✐s

❛♥② ♠❡❛s✉r❛❜❧❡ s♣❛❝❡ ✇✐t❤ σ✲✜❡❧❞ T ✳ ❚❤❡ ♠❛♣♣✐♥❣ θ 7→ hθ ❞❡✜♥❡s ❛ ♣r❡✲✐♠❛❣❡

σ✲❛❧❣❡❜r❛ T ′ ♦♥ MΘ✱ s♦ t❤❛t ❛ ♣r✐♦r π ♦♥ T ✐♥❞✉❝❡s ❛ ♣r✐♦r π′ ♦♥ T ′✳ ❋♦r t❤❡ s❛❦❡
♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ❞r♦♣ t❤❡ ′✱ s♦ t❤❛t T ❛♥❞ π ✇✐❧❧ r❡s♣❡❝t✐✈❡❧② ❜❡ ✉s❡❞ t♦ ❞❡♥♦t❡

t❤❡ σ✲✜❡❧❞ ❛♥❞ t❤❡ ♣r✐♦r ❜♦t❤ ♦♥ Θ ❛♥❞ ♦♥ MΘ✳

❋♦r ✉s✱ Θ = ΘB ✭❞❡✜♥❡❞ ✐♥ ✭✶✵✮ ✮ ❛♥❞ T ✐s t❤❡ ❇♦r❡❧ σ✲✜❡❧❞ ❛ss♦❝✐❛t❡❞ ✇✐t❤

t❤❡ t♦♣♦❧♦❣② ✐♥❞✉❝❡❞ ❜② t❤❡ ❊✉❝❧✐❞❡❛♥ t♦♣♦❧♦❣② ♦♥ t❤❡ ❝♦✲♣r♦❞✉❝t s♣❛❝❡ ΘB✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✐t ♠✉st ❜❡ ❛ss✉♠❡❞ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ (w, θ) 7→ hθ(w) ✐s

(S × T )✲♠❡❛s✉r❛❜❧❡✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ✇❤❡♥ MΘ ✐s t❤❡ ❉▼ ♠♦❞❡❧✳ ❆s ❢♦r r❛♥❞♦♠

✈❛r✐❛❜❧❡s✱ t❤❡ ✐♥✜♥✐t❡ s❡q✉❡♥❝❡ (W)∞ = {Wj , j ≥ 0} ❝♦rr❡s♣♦♥❞s t♦ ✭✐✳✐✳❞✳✮ r❛♥✲

❞♦♠ ✈❡❝t♦rs ❢♦❧❧♦✇✐♥❣ t❤❡ ❞❡♥s✐t② h0 ∈ M ❛♥❞ W1:n = (W1, . . . ,Wn) t♦ ❛ s❛♠♣❧❡

♦❢ s✐③❡ n✳ ❆❧s♦✱ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥ h0 ✐s ✉s❡❞ t♦ r❡❢❡r t♦ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ W✱

W1:n ♦r W∞ ✭❞❡✜♥❡❞ ♦♥ t❤❡ ♣r♦❞✉❝t σ✲✜❡❧❞s✮✳ ❋✐♥❛❧❧②✱ πn ❞❡♥♦t❡s t❤❡ ♣♦st❡r✐♦r

π( · |W1:n) ♦♥ T ✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ ✉♥✐❢♦r♠❧② ❝♦♥s✐st❡♥t s❡q✉❡♥❝❡ ♦❢ t❡sts ✐s ❦❡② t♦

❡st❛❜❧✐s❤✐♥❣ ✇❡❛❦ ❝♦♥s✐st❡♥❝②✳ ❈♦♥s✐❞❡r t❤❡ t✇♦ s✐❞❡❞ ❤②♣♦t❤❡s✐s

H0 : h = h0 ✈❡rs✉s H1 : h ∈ U c ,

✇❤❡r❡ U ⊂ M ❛♥❞ h0 ∈ U ✳ ▲❡t (τn)n≥1 ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ t❡sts ✭✐✳❡✳✿ τn ✐s ❛ ❢✉♥❝t✐♦♥

♦❢ W1:n ✮✱ ✇✐t❤ 0 ≤ τn ≤ 1 ❛✐♠✐♥❣ ❛t t❡st✐♥❣ H0 ✈❡rs✉s H1✳ ❚❤❡♥✱ (τn)n ✐s s❛✐❞



✉♥✐❢♦r♠❧② ❝♦♥s✐st❡♥t ✐❢

Eh0(τn) −→
n→∞

0, ❛♥❞ inf
h∈Uc

Eh(τn) −→
n→∞

1.

❚❤r♦✉❣❤♦✉t ❤❡r ♣❛♣❡r✱ ❙❝❤✇❛rt③ ❛ss✉♠❡s t❤❛t t❤❡ ♠♦❞❡❧ ✐s ✐❞❡♥t✐✜❛❜❧❡✳ ❍♦✇❡✈❡r✱

s✐♥❝❡ ✇❡ ❢♦❝✉s ♦♥ ✇❡❛❦ ❝♦♥s✐st❡♥❝②✱ ✇❡ s❤❛❧❧ ♦♥❧② ♥❡❡❞ ♦♥❡ ♦❢ ❤❡r r❡s✉❧ts ✇❤✐❝❤ ✇❡

r❡st❛t❡ ❜❡❧♦✇ ❢♦r ❝♦♥✈❡♥✐❡♥❝❡ ❛♥❞ ❞♦❡s ♥♦t r❡q✉✐r❡ ✐❞❡♥t✐✜❛❜✐❧✐t②✳ ❆ s❡❧❢ ❝♦♥t❛✐♥❡❞

♣r♦♦❢ ♦❢ t❤✐s t❤❡♦r❡♠ ♠❛② ❜❡ ❢♦✉♥❞ ✐♥ ●❤♦s❤ ❛♥❞ ❘❛♠❛♠♦♦rt❤✐ ✭✷✵✵✸✮✳

❚❤❡♦r❡♠ ✶✳ ✭▲✳ ❙❝❤✇❛rt③✱ ✶✾✻✺✮

▲❡t π ❛ ♣r✐♦r ♦♥ T ❛♥❞ h0 ∈ M✳ ▲❡t U ⊂ M ❝♦♥t❛✐♥✐♥❣ h0✱ s✉❝❤ t❤❛t U ∩MΘ ❜❡

T ✲♠❡❛s✉r❛❜❧❡✳ ■❢

• ❚❤❡ ❛♣♣❧✐❝❛t✐♦♥ (w, θ) 7→ hθ(w) ✐s (S × T )✲♠❡❛s✉r❛❜❧❡✱

• h0 ✐s ✐♥ t❤❡ ❑▲ s✉♣♣♦rt ♦❢ π✱

• ❚❤❡r❡ ✐s ❛ ✉♥✐❢♦r♠❧② ❝♦♥s✐st❡♥t s❡q✉❡♥❝❡ ♦❢ t❡sts ❢♦r

H0 : h = h0 ✈❡rs✉s H1 : h ∈ M \ U ,

❚❤❡♥

πn(U ∩MΘ) −→
n→∞

1 , h0✲❛❧♠♦st s✉r❡❧②✳ ✭❇✳✶✮

❚❤❡ ✐❞❡♥t✐✜❛❜✐❧✐t② ❛ss✉♠♣t✐♦♥ ✐s ✉s❡❞ ✐♥ ❙❝❤✇❛rt③✬s ♣❛♣❡r t♦ ❡①❤✐❜✐t ❛ ✉♥✐❢♦r♠❧②

❝♦♥s✐st❡♥t s❡q✉❡♥❝❡ ♦❢ t❡st ❢♦r ♠❡tr✐❝ ♥❡✐❣❤❜♦r❤♦♦❞s✳ ❆s ✇❡ s❤❛❧❧ s❡❡✱ t❤✐s ✐s

✉♥♥❡❝❡ss❛r② ❢♦r ♦✉r ♣✉r♣♦s❡s✱ ❜❡❝❛✉s❡ ✇❡ ❝♦♥s✐❞❡r ♦♥❧② ✇❡❛❦ ♥❡✐❣❤❜♦r❤♦♦❞s ♦❢

t❤❡ tr✉❡ ❞❡♥s✐t②✱ s♦ t❤❛t ✉♥✐❢♦r♠❧② ❝♦♥s✐st❡♥t s❡q✉❡♥❝❡s ♦❢ t❡sts ❝❛♥ ❛❧✇❛②s ❜❡

❝♦♥str✉❝t❡❞✳ ▲❡t M ❜❡ ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ❇♦r❡❧✐❛♥ σ✲✜❡❧❞ B(M) ❣❡♥❡r❛t❡❞ ❜②

t❤❡ ✇❡❛❦ t♦♣♦❧♦❣② ♦♥ M✳ ❲❤❡♥ Θ = ΘB ✐s t❤❡ tr✉♥❝❛t❡❞ ♣❛r❛♠❡t❡r s♣❛❝❡ ❢♦r

t❤❡ ❉▼ ♠♦❞❡❧✱ ✐t ✐s ❡❛s✐❧② ✈❡r✐✜❡❞ t❤❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥s ♦❢ ♦♣❡♥ s❡ts ✐♥ M ✇✐t❤

MΘ ❛r❡ T ✲♠❡❛s✉r❛❜❧❡ ✭✐❢ g ✐s s♦♠❡ ❜♦✉♥❞❡❞✱ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦♥ Sd✱ t❤❡ ♠❛♣

θ 7→
∫

Sd
g hθ ✐s ❝♦♥t✐♥✉♦✉s ♦♥ ❛❧❧ ❝♦♠♣❛❝t s✉❜s❡t ♦❢ ΘB✮✳ ❈♦♥s❡q✉❡♥t❧②✱ ❛ ♣r✐♦r

π ♦♥ (ΘB, T ) ✐♥❞✉❝❡s ❛ ♣r✐♦r π̃ ♦♥ (M,B(M)) ❞❡✜♥❡❞ ❜② π̃(U) = π(U ∩ MΘ)✳
❆❣❛✐♥✱ t❤❡ ˜ ✐s ♦♠✐tt❡❞ ❛♥❞ π ❞❡♥♦t❡ ❜♦t❤ t❤❡ ♣r✐♦r ♦♥ M ❛♥❞ ♦♥ ΘB✳ ❆s ♥♦t❡❞

❡✳❣✳ ✐♥ ●❤♦s❛❧ ❡t ❛❧✳ ✭✶✾✾✾✮✱ ❛♥❞ s❤♦✇♥ ✐♥ ●❤♦s❤ ❛♥❞ ❘❛♠❛♠♦♦rt❤✐ ✭✷✵✵✸✮✱ ✐❢ U
✐s ❛ ✇❡❛❦ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ h0 ✐♥ M✱ ❛ ✉♥✐❢♦r♠❧② ❝♦♥s✐st❡♥t s❡q✉❡♥❝❡ ♦❢ t❡sts ❢♦r

H0 ✈❡rs✉s H1 ✐s ❡❛s✐❧② ❢♦✉♥❞✳ ■♥❞❡❡❞✱ ❛♥② ✇❡❛❦ ♥❡✐❣❤❜♦r❤♦♦❞ ♠❛② ❜❡ ♦❜t❛✐♥❡❞

❛s ❛ ✜♥✐t❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ U ✬s ♦❢ t❤❡ t②♣❡ {h :
∫

g h0 −
∫

g h < ǫ}✱ ❢♦r s♦♠❡ g
❜♦✉♥❞❡❞✱ ❝♦♥t✐♥✉♦✉s ✇✐t❤ 0 < g < 1✱ s♦ t❤❛t✱ ✐❢ τn ✐s ❝❤♦s❡♥ ❛s t❤❡ ✐♥❞✐❝❛t♦r

❢✉♥❝t✐♦♥ ♦❢ t❤❡ s❡t {W1:n : 1
n

∑n
1 Wi −

∫

h0g < ǫ/2}✱ t❤❡♥ (τn)n ✐s ✉♥✐❢♦r♠❧②



❝♦♥s✐st❡♥t✳ ❈♦♥s❡q✉❡♥t❧②✱ ❢♦r s✉❝❤ ❛ U ✱ t❤❡ t✇♦ ✜rst ❤②♣♦t❤❡s❡s ✐♥ ❚❤❡♦r❡♠ ✶

✐♠♣❧② t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✉♥✐❢♦r♠❧② ❝♦♥s✐st❡♥t s❡q✉❡♥❝❡ ♦❢ t❡sts✱ s♦ t❤❛t πn(U) → 1✳
❋♦r ❣❡♥❡r❛❧ ✇❡❛❦ ♥❡✐❣❤❜♦r❤♦♦❞s V =

⋂R
r=1 Ur✱ ✇❤❡r❡ Ur ✐s ❛s ❛❜♦✈❡✱ πn(V ) → 1

❛s ✇❡❧❧✳

❋✐♥❛❧❧②✱ s✐♥❝❡ t❤❡ s❛♠♣❧❡ s♣❛❝❡ S ✐s s❡♣❛r❛❜❧❡✱ t❤❡ s♣❛❝❡ ♦❢ ❞❡♥s✐t✐❡s M ✐s

s❡♣❛r❛❜❧❡ ❢♦r t❤❡ ✇❡❛❦ t♦♣♦❧♦❣② ✭s❡❡ ❇✐❧❧✐♥❣s❧❡②✱ ✶✾✾✾✱ ❚❤❡♦r❡♠ ✻✳✽✱ ❢♦r ❛ ♣r♦♦❢

t❤❛t ❝❛♥ ❡❛s✐❧② ❜❡ ❛❞❛♣t❡❞ t♦ t❤❡ ❝❛s❡ ♦❢ ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ❞✐str✐❜✉t✐♦♥s✮✳ ❚❤❡

✇❡❛❦ ♥❡✐❣❤❜♦r❤♦♦❞s ♦❢ h0 ✐♥ M t❤✉s ❤❛✈❡ ❛ ❝♦✉♥t❛❜❧❡ ❜❛s✐s ❛♥❞ ✇❡ ❝❛♥ ❡①❤✐❜✐t

❛ s❡t Ω0 ⊂ SN ✱ ✇✐t❤ h0(Ω0) = 1✱ ♦♥ ✇❤✐❝❤ ❝♦♥✈❡r❣❡♥❝❡ ✭❇✳✶✮ ♦❝❝✉rs ❢♦r ❛❧❧

♥❡✐❣❤❜♦r❤♦♦❞s ♦❢ h0✳ ❲❡ ❤❛✈❡ s❤♦✇♥ ✭s❡❡ ❛❧s♦ ●❤♦s❤ ❛♥❞ ❘❛♠❛♠♦♦rt❤✐✱ ✷✵✵✸✱

❝❤❛♣t❡r ✹✮✿

❈♦r♦❧❧❛r② ✶✳ ▲❡t π ❜❡ ❛ ♣r✐♦r ♦♥ (Θ, T )✱ ✇✐t❤ t❤❡ r❡❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥✿

B(M) ∩ {hθ, θ ∈ Θ} ⊂ T ❛♥❞ (w, θ) 7→ hθ(w) ✐s (S × T )✲♠❡❛s✉r❛❜❧❡✳

■❢ h0 ✐s ✐♥ t❤❡ ❑▲ s✉♣♣♦rt ♦❢ π✱ t❤❡♥ t❤❡ ♣♦st❡r✐♦r ✐s ✇❡❛❦❧② ❝♦♥s✐st❡♥t ❛t h0✳

Pr♦♣♦s✐t✐♦♥ ✷ ❝❛♥ ♥♦✇ ❜❡ ♣r♦✈❡♥✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳ ❚❤❡ r❡❣✉❧❛r✐t② r❡q✉✐r❡♠❡♥ts ❢♦r t❤❡ ❝♦r♦❧❧❛r② t♦ ❛♣♣❧② ❛r❡

♠❡t✳ ❚❤✉s✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦ s❤♦✇ t❤❛t t❤❡ ❑▲ ❝❧♦s✉r❡ ♦❢ ΘB ✐s ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❑▲

s✉♣♣♦rt ♦❢ π✳ ▲❡t h0 ∈ M ❜❡ ✐♥ t❤❡ ❑▲ s✉♣♣♦rt ♦❢ ΘB✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❢♦r ❛♥②

ǫ > 0✱ ✇❡ ❛ss✉♠❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ θǫ ∈ ΘB s✉❝❤ t❤❛t KL(h0, hθ) < ǫ✳
▲❡t ǫ > 0 ❛♥❞ Kh0,ǫ ❛ ❑▲ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ h0✿ Kh0,ǫ = {h ∈ M : KL(h0, h) <

ǫ}✳ ❲❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t π(Kh0,ǫ) > 0✳ ❇② ❛ss✉♠♣t✐♦♥ ✭st❛t❡❞ ✐♥ t❤❡ ♣r♦♣♦s✐t✐♦♥✮✱

✐❢ U ✐s ❛ ♥♦♥ ❡♠♣t② ♦♣❡♥ s❡t ✐♥ ΘB✱ t❤❡♥ π(U) > 0. ❈♦♥s❡q✉❡♥t❧②✱ ✐t ✐s ❡♥♦✉❣❤ t♦

❡①❤✐❜✐t ❛ ♥♦♥ ❡♠♣t② ♦♣❡♥ s❡t U ǫ ⊂ ΘB ✭❢♦r t❤❡ ❝♦✲♣r♦❞✉❝t ❊✉❝❧✐❞❡❛♥ t♦♣♦❧♦❣② ♦♥

ΘB✮✱ s✉❝❤ t❤❛t U ǫ ⊂ Kh0,ǫ✳

▲❡t k ≤ kmax s✉❝❤ t❤❛t θǫ ∈ Θk✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ ❝❧♦s❡❞ ❜❛❧❧ B̄ǫ ✐♥ Θk ✭❢♦r t❤❡

❊✉❝❧✐❞❡❛♥ ♠❡tr✐❝✮✱ ❝❡♥t❡r❡❞ ❛t θǫ✱ s✉❝❤ t❤❛t B̄ǫ ⊂ Θk✳ ▲❡t

κ : B̄ǫ → R
+

θ 7→ KL(h0, hθ) .

■❢ ✇❡ ❝❛♥ s❤♦✇ t❤❛t κ ✐s ❝♦♥t✐♥✉♦✉s ♦♥ B̄ǫ ❢♦r t❤❡ ❊✉❝❧✐❞❡❛♥ t♦♣♦❧♦❣②✱ t❤❡♥ ✇❡ ❛r❡

❞♦♥❡✳ ■♥❞❡❡❞✱ ❝♦♥t✐♥✉✐t② ✐♠♣❧✐❡s t❤❡ ❡①✐st❡♥❝❡ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ V ǫ ⊂ B̄ǫ ❛r♦✉♥❞ θǫ
✇❤❡r❡ κ < ǫ✱ ✐✳❡✳ s✉❝❤ t❤❛t V ǫ ∈ Kh0,ǫ✳ ❚❤❡♥ ♦♥❡ ♠❛② ❝❤♦♦s❡ U ǫ = ΘB ∩ V ǫ✱

✇❤❡r❡ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ✐s ♥♦♥ ❡♠♣t② ✭❝❧❡❛r❧②✱ ΘB ❤❛s ♥♦ ✐s♦❧❛t❡❞ ♣♦✐♥ts ✐♥ Θ✮✳ ▲❡t

✉s ♥♦✇ ♣r♦✈❡ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ κ✳ ▲❡t



g : B̄ǫ ×
◦
Sd −→ R

(θ,w) 7−→ log

(

h0(w)

hθ(w)

)

h0(w) ;

s♦ t❤❛t κ(θ) =
∫

◦

Sd

g(θ,w) dw✳ ❚❤❡ ❢✉♥❝t✐♦♥ g ✐s ❝♦♥t✐♥✉♦✉s ✐♥ θ ❢♦r ❛❧❧ w✱ ❛♥❞

♠❡❛s✉r❛❜❧❡ ✐♥ w ❢♦r ❛❧❧ θ✳ ❇② ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ▲❡❜❡s❣✉❡ ✐♥t❡❣r❛❧✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦

s❤♦✇ t❤❛t g ✐s ✉♥✐❢♦r♠❧② ❞♦♠✐♥❛t❡❞ ♦♥ B̄ǫ ❜② s♦♠❡ ✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥ g0 :
◦
Sd →

R
+✳ ❋♦r s✉❝❤ ♣✉r♣♦s❡✱ ❧❡t ✉s ❞❡✜♥❡

amin = min
{

µi,m νm : m ≤ k, i ≤ d, (µ, e, ν) ∈ B̄ǫ

}

> 0 ,

amax = max
{

µi,m νm : m ≤ k, i ≤ d, (µ, e, ν) ∈ B̄ǫ

}

,

Dmin = min

{

Γ(νm)
∏d

i=1 Γ(µi,m νm)
: m ≤ k, i ≤ d, (µ, e, ν) ∈ B̄ǫ

}

> 0 ,

Dmax = max

{

Γ(νm)
∏d

i=1 Γ(µi,m νm)
: m ≤ k, i ≤ d, (µ, e, ν) ∈ B̄ǫ

}

.

◆♦t❡ t❤❛t✱ ❜② ❝♦♠♣❛❝t♥❡ss ♦❢ B̄ǫ✱ t❤❡ ❡①tr❡♠❛ ❛r❡ r❡❛❝❤❡❞✱ ✇❤✐❝❤ ❡♥s✉r❡s ♣♦s✐t✐✈✐t②

♦❢ t❤❡ ✐♥✜♠❛✳ ❍❡♥❝❡✱ ∀(µ, e, ν) ∈ B̄ǫ, ∀w ∈
◦
Sd✱ ∀m ≤ k✱

0 < Dmin

∏

1≤i≤d

wamax−1
i ≤ diri(w | µ · ,m, νm) ≤ Dmax

∏

1≤i≤d

wamin−1
i .

❇② ❝♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥✱ ✇❡ ❛❧s♦ ❤❛✈❡✱ ∀θ ∈ B̄ǫ, ∀w ∈
◦
Sd✱

0 < Dmin

∏

i

wamax−1
i ≤ hθ(w) ≤ Dmax

∏

i

wamin−1
i .

❲❤❡♥❝❡✱ ❜② ♠♦♥♦t♦♥✐❝✐t② ♦❢ t❤❡ log ❢✉♥❝t✐♦♥✱ ∃D1, D2 > 0✱

D1 + (amax − 1)
∑

i

log(wi) ≤ log (hθ(w)) ≤ D2 + (amin − 1)
∑

i

log(wi) .

▲❡t C1 = max
{

|D1| , |D2|
}

❛♥❞ C2 = max
{

|amin − 1| , |amax − 1|
}

✳

❲❡ ❤❛✈❡✿ ∀(θ,w) ∈ B̄ǫ ×
◦
Sd ✱



| log(hθ(w)| ≤ C1 + C2

∣

∣

∣

d
∑

i=1

log(wi)
∣

∣

∣ .

❚❤✉s✱ ∀(θ,w) ∈ B̄ǫ ×
◦
Sd,

|g(θ,w)| ≤
(

| log(h0(w))|+ C1 + C2

∣

∣

∣

d
∑

i=1

log(wi)
∣

∣

∣

)

h0(w)

= g0(w) .

❯s✐♥❣ t❤❡ ❢❛❝t t❤❛t✱ ❢♦r α > −1✱ w 7→ wα log(w) ✐s ✐♥t❡❣r❛❜❧❡ ♦♥ (0, 1)✱ ✇✐t❤

w 7→ 1
α+1(w

α+1 log(s)− wα+1

α+1 ) ❛s ❛♥ ❛♥t✐ ❞❡r✐✈❛t✐✈❡✱ g0 ✐s ✐♥t❡❣r❛❜❧❡ ♦♥
◦
Sd✱ s♦ t❤❛t

κ ✐s ❝♦♥t✐♥✉♦✉s ♦♥ B̄ǫ ❛♥❞ t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡✳

❆♣♣❡♥❞✐① ❈✳ ❊r❣♦❞✐❝✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ❣❡♥❡r❛t❡❞ ❜②

t❤❡ r❡✈❡rs✐❜❧❡ ❥✉♠♣ ❛❧❣♦r✐t❤♠✳

■♥ t❤✐s s❡❝t✐♦♥✱ π̃ = πn ❞❡♥♦t❡s t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ❛♥❞ K ✐s t❤❡ ▼✲❉▼

❦❡r♥❡❧ ❛s ❞❡✜♥❡❞ ✐♥ s❡❝t✐♦♥ ✹ ❛s ❛ ♠✐①t✉r❡ ❦❡r♥❡❧ ✭♦♥❡ ❝♦♠♣♦♥❡♥t ❝♦rr❡s♣♦♥❞✐♥❣

t♦ ❛ ❣✐✈❡♥ ♠♦✈❡ ❝❤♦✐❝❡✮✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳

❆♣❡r✐♦❞✐❝✐t②

■t ✐s ❡♥♦✉❣❤ t♦ ✈❡r✐❢② t❤❛t✱ ✐❢ θt ∈ ΘB✱ t❤❡♥ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ r❡❥❡❝t✐♥❣ t❤❡ ♣r♦♣♦s❛❧

✐s ♣♦s✐t✐✈❡✱ ✐✳❡✳ K(θt, {θt}) > 0✳ ❚❤✐s ✐s tr✉❡✱ ❡✳❣✳ ❜❡❝❛✉s❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢

♣r♦♣♦s✐♥❣ ❛ r❡❣✉❧❛r ♠♦✈❡ ✐s ♣♦s✐t✐✈❡ ✭❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ θt✮ ❛♥❞ t❤❡ ❛❝❝❡♣t❛♥❝❡

♣r♦❜❛❜✐❧✐t② ♦❢ ❛ r❡❣✉❧❛r ♠♦✈❡ ✐s ♦❜✈✐♦✉s❧② str✐❝t❧② ❧❡ss t❤❛♥ ♦♥❡✳

η✲✐rr❡❞✉❝✐❜✐❧✐t②✳
❍❡r❡✱ t❤❡ ✐rr❡❞✉❝✐❜✐❧✐t② ♠❡❛s✉r❡ ✐s t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ΘB✱ s♦ t❤❛t t❤❡ ♣r✐♦r π
✭❤❡♥❝❡✱ t❤❡ ♣♦st❡r✐♦r✮ ❛♥❞ η ❛r❡ ❡q✉✐✈❛❧❡♥t✳ ■♥ t❤❡ s❡q✉❡❧✱ ❧❡t ΘBk ❞❡♥♦t❡ t❤❡ ✐♥❞❡①

s❡t ♦❢ k✲♠✐①t✉r❡s ♦❢ ❉✐r✐❝❤❧❡t ❞❡♥s✐t✐❡s ✐♥ t❤❡ ♣r✐♦r✬s s✉♣♣♦rt✿ ΘBk = ΘB∩Θk✳ ❲❡

♥❡❡❞ t♦ s❤♦✇ t❤❛t✱ ✐❢ θstart ∈ ΘBk ❛♥❞ A ⊂ ΘB ✐s s✉❝❤ t❤❛t π̃(A) > 0✱ t❤❡♥ t❤❡r❡

✐s ❛ i ≥ 0 s✉❝❤ t❤❛t Ki(θstart, A) > 0✳ ❚❤❡ ✐❞❡❛ ♦❢ t❤❡ ♣r♦♦❢ ✐s ✈❡r② s✐♠♣❧❡✿ ✇❡

♠❛② ❝❤♦♦s❡ A ❛s ❛ ✬r❡❝t❛♥❣✉❧❛r✬ s✉❜s❡t ♦❢ ΘBk′ ✱ ❢♦r s♦♠❡ k′ ≤ kmax✳ ■❢ k = k′✱ ✇❡
s❤❛❧❧ ❡①❤✐❜✐t ❛ ✜♥✐t❡ s❡q✉❡♥❝❡ ♦❢ r❡❣✉❧❛r ♠♦✈❡ t②♣❡s ✭♦♥❡ ♠♦✈❡ ❢♦r ❡❛❝❤ ❞✐r❡❝t✐♦♥✮



❛❧❧♦✇✐♥❣ t♦ r❡❛❝❤ A ❢r♦♠ θstart✳ ■❢ k 6= k′✱ ✐t ✐s ❡❛s✐❧② ✈❡r✐✜❡❞ t❤❛t ΘBk′ ✐s ❛❝❝❡ss✐❜❧❡

❢r♦♠ ΘBk✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✱ ✇❡ ❞❡t❛✐❧ t❤❡ ♣r♦♦❢✳

❋♦r θ = (µ, e, ν) ∈ ΘBk✱ ▲❡t ✉s ♦r❣❛♥✐③❡ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ θ ✐♥t♦ 3k − 2
❜❧♦❝❦s (θ1, . . . , θ3k−2)✱ s♦ t❤❛t θm ✐s r❡s♣❡❝t✐✈❡❧② ❡q✉❛❧ t♦ µ · ,m ✭✐❢ 1 ≤ m ≤ k−1✮✱
em−kmax+1 ✭✐❢ k ≤ m ≤ 2k− 2✮ ♦r νm−2kmax+2 ✭✐❢ 2k− 1 ≤ m ≤ 3k− 2✮✳ ❙✐♠✐❧❛r❧②✱

✇❡ ❞❡♥♦t❡ Em
k t❤❡ ❢❛❝t♦r ♦❢ t❤❡ ♣r♦❞✉❝t s♣❛❝❡ ΘBk ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❞✐r❡❝t✐♦♥ m✱

s♦ t❤❛t ΘBk =
∏3k−2

m=1 E
m
k . ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ t❛❦❡ A ❛s ❛ ❵r❡❝t❛♥❣❧❡✬

A =
∏3k−2

m=1 A
m , Am ⊂ Em

k .
❆ss✉♠❡ ✜rst t❤❛t θstart ∈ ΘBk✱ ❛♥❞ ❝♦♥s✐❞❡r ❛ s❡q✉❡♥❝❡ ♦❢ ♠♦✈❡ ❝❤♦✐❝❡s

c1:3k−2 = c1, . . . , c3k−2✱ ♠❛❞❡ ♦❢ ❛❧❧ t❤❡ ♣♦ss✐❜❧❡ r❡❣✉❧❛r ♠♦✈❡ ❝❤♦✐❝❡s✳ ❚❤❡ ♣r♦❜✲

❛❜✐❧✐t② ♦❢ s✉❝❤ ❛ s❡q✉❡♥❝❡ st❛rt✐♥❣ ❢r♦♠ θstart✱ ✐s ♥♦♥ ③❡r♦✳ ■❢ xm ∈ Em
k ✱ ❧❡t

θ̃ (θ, xm) =
(

θ1, . . . , θ
m−1, xm, θm+1, . . . , θ3k−2

)

❜❡ t❤❡ ❡❧❡♠❡♥t ♦❢ ΘBk ♦❜t❛✐♥❡❞

❜② r❡♣❧❛❝✐♥❣ s♦♠❡ θm ✇✐t❤ xm✳
❋✐♥❛❧❧②✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ r❡❛❝❤✐♥❣ A st❛rt✐♥❣ ❢r♦♠ θstart ✐s

K3k−2(θ,A|c1:3k−2) ≥
∫

A1

· · ·
∫

A3k−2

3k−2
∏

t=1

qkt r
k
t

(

θt−1, θ̃(θt−1, x
t)
)

dx1 · · · dx3k−2 ,

✇❤❡r❡ θ0 = θstart✱ ❛♥❞ ❢♦r xt ∈ Et
k✱ θt = θ̃(θt−1, x

t)✱ qt ❛♥❞ rt ❜❡✐♥❣ t❤❡ ❝♦r✲

r❡s♣♦♥❞✐♥❣ ♣r♦♣♦s❛❧ ❞❡♥s✐t② ❛♥❞ ❛❝❝❡♣t❛♥❝❡ ♣r♦❜❛❜✐❧✐t②✱ ❛♥❞✱ ∀1 ≤ m ≤ 3k − 2✱
θm ∈ A1×· · ·×Am×Ek

m+1×· · ·×Ek
3k−2 . ❙✐♥❝❡ ❡❛❝❤ t❡r♠ ♦❢ t❤❡ ♣r♦❞✉❝t ✐♥ t❤❡ ✐♥t❡✲

❣r❛♥❞ ✐s ♣♦s✐t✐✈❡✱ ✇❡ ❤❛✈❡ K3k−2(θstart, A|c1:3k−2) > 0✳ ❚❤✉s✱ K3k−2(θstart, A) > 0✳
❆ss✉♠❡ ♥♦✇ t❤❛t θstart /∈ ΘBk✳ ■♥ s✉❝❤ ❛ ❝❛s❡✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ♣r♦♣♦s✐♥❣

❛♥❞ ❛❝❝❡♣t✐♥❣ tr❛♥s✲❞✐♠❡♥s✐♦♥❛❧ ♠♦✈❡s ✉♥t✐❧ t❤❡ ❝❤❛✐♥ r❡❛❝❤❡s ΘBk ✐s ♣♦s✐t✐✈❡✳

❈♦♥s❡q✉❡♥t❧②✱ ΘBk ✐s ❛❝❝❡ss✐❜❧❡ ❢r♦♠ θstart✱ ✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

■♥✈❛r✐❛♥❝❡ ♦❢ t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ✉♥❞❡r t❤❡ ▼✲❉▼ ❦❡r♥❡❧

❙✐♥❝❡ t❤❡ ✇❤♦❧❡ ▼✲❉▼ ❦❡r♥❡❧ K ✐s ❛ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ ♣❛rt✐❛❧ ❦❡r♥❡❧s ❞❡✲

✜♥❡❞ ✐♥ s❡❝t✐♦♥ ✹✱ ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t t❤❡ ♣♦st❡r✐♦r ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r ❡❛❝❤

♦❢ t❤❡♠✳ ❚❤❡ ✐♥✈❛r✐❛♥❝❡ ✉♥❞❡r tr❛♥s✲❞✐♠❡♥s✐♦♥❛❧ ♠♦✈❡s ✐s ❡♥s✉r❡❞ ❜② t❤❡ ❢❛❝t

t❤❛t t❤❡ ❛❝❝❡♣t❛♥❝❡ r❛t✐♦s rsplit ❛♥❞ rcombine ❞❡✜♥❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✷ s❛t✐s❢② ●r❡❡♥

✭✶✾✾✺✮✬s ❜❛❧❛♥❝❡ ❝♦♥❞✐t✐♦♥✳ ❆❧s♦✱ ❡❛❝❤ ❵r❡❣✉❧❛r✬ ❦❡r♥❡❧ Km(θ, · ) ✭✐✳❡✳ ❛✛❡❝t✐♥❣

♦♥❡ µ · ,m✱ ♦♥❡ νm ♦r ♦♥❡ em ❝♦rr❡s♣♦♥❞s t♦ ❛ ▼❡tr♦♣♦❧✐s✲✇✐t❤✐♥✲●✐❜❜s ♣❛rt✐❛❧

❦❡r♥❡❧✱ ❛s ❞❡✜♥❡❞ ❡✳❣✳ ✐♥ ❘♦❜❡rts ❛♥❞ ❘♦s❡♥t❤❛❧ ✭✷✵✵✻✮✱ s♦ t❤❛t✱ ✐❢ ✇❡ ❞❡♥♦t❡

Im(Km, θ) ⊂ Θ t❤❡ ✐♠❛❣❡ ♦❢ Km(θ, · )✱ ηm t❤❡ r❡❢❡r❡♥❝❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥

Im(Km, θ)✱ qm t❤❡ ♣r♦♣♦s❛❧ ❞❡♥s✐t② ✭✇✳r✳t✳ ηm✮ ❛♥❞ rm ❛❝❝❡♣t❛♥❝❡ ♣r♦❜❛❜✐❧✐t②✱

t❤❡♥✱ ❢♦❧❧♦✇✐♥❣ ❘♦❜❡rts ❛♥❞ ❘♦s❡♥t❤❛❧ ✭✷✵✵✻✱ s❡❝t✐♦♥ ✹✮✱ t❤❡ s♦✲❝❛❧❧❡❞ ❜❛❧❛♥❝❡ ❡q✉❛✲

t✐♦♥✱ π̃(θ)qm(θ, θ∗)rm(θ, θ∗) = π̃(θ∗)qm(θ∗, θ)rm(θ∗, θ)✱ ❡♥s✉r❡s t❤❡ ✐♥✈❛r✐❛♥❝❡ ♦❢ π̃



✉♥❞❡r Km✳

❲❡ ♦♥❧② ♥❡❡❞ t♦ s❤♦✇ t❤❡ ✐♥✈❛r✐❛♥❝❡ ✉♥❞❡r t❤❡ s❤✉✤❡ ♠♦✈❡s✳

▲❡t r(θ) = rshuffle,m1,m2(θ, θ
∗) ❞❡♥♦t❡ t❤❡ ❛❝❝❡♣t❛♥❝❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t❤❡ s❤✉✤❡ ♠♦✈❡

❛s ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✸✱ ❢♦r ❛ tr❛♥s♣♦s✐t✐♦♥ ϕm1,m2 ✱ s♦ t❤❛t θ∗ = ϕm1,m2(θ) :=
ϕ(θ)✳ ▲❡t Ks ❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ tr❛♥s✐t✐♦♥ ❦❡r♥❡❧ ✭✐✳❡✳✱ t❤❡ tr❛♥s✐t✐♦♥ ❦❡r♥❡❧

❝♦♥❞✐t✐♦♥❛❧❧② t♦ ♣r♦♣♦s✐♥❣ ❛ s❤✉✤❡ ♠♦✈❡ ❛✛❡❝t✐♥❣ m1 ❛♥❞ m2✮✳ ❲❡ ❞❡r✐✈❡ ❛

s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ♦♥ r ❢♦r t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ πn t♦ ❜❡ ✐♥✈❛r✐❛♥t ✉♥❞❡r Ks✳

❚❤❡ ♣r♦♣♦s❛❧ ❦❡r♥❡❧ Qs✱ ❝♦♥❞✐t✐♦♥❛❧❧② t♦ t❤❡ ❛❝❝❡♣t❛♥❝❡ ♦❢ t❤❡ s❤✉✤❡ ♠♦✈❡✱ ✐s t❤❡

♣♦✐♥t ♠❛ss Qs(θ,A) = δϕ(θ)(A) = 1A(ϕ(θ)), ❢♦r A ⊂ ΘB✳ ❚❤❡ s❤✉✤❡ ❦❡r♥❡❧ Ks

♠❛② t❤✉s ❜❡ ✇r✐tt❡♥ ❛s

Ks(θ,A) = r(θ)1A(ϕ(θ)) + (1− r(θ))1A(θ)

= r(θ)1ϕ−1(A)(θ) + (1− r(θ))1A(θ) .

❛♥❞ t❤❡ s❤✐❢t❡❞ ♠❡❛s✉r❡ ♦❢ A ✐s

Ks.πn(A) =

∫

ϕ−1(A)
πn(θ)r(θ) dθ +

∫

A
(1− r(θ))πn(θ) dθ

=

∫

A
πn
(

ϕ−1(θ∗)
)

r(ϕ−1(θ∗)) |Jac(ϕ)|−1
[ϕ−1(θ∗)] dθ∗+

. . .

∫

A
(1− r(θ))πn(θ) dθ

= πn(A)+

. . .

∫

A
πn
(

ϕ−1(θ∗)
)

r(ϕ−1(θ∗)) |Jac(ϕ)|−1
[ϕ−1(θ∗)] − r(θ∗)πn(θ

∗) dθ∗ .

❆ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ t♦ ❤❛✈❡Ks.πn(A) = πn(A) ✐s t❤✉s t❤❛t πn (θ) r(θ) |Jac(ϕ)|−1
[θ] =

r(θ∗)πn(θ∗) , ♦r

∀θ ∈ ΘB,
r(θ)

r(θ∗)
=
πn(θ

∗)
πn (θ)

|Jac(ϕ)|[θ] ✭❈✳✶✮

◆♦✇✱ s✐♥❝❡ ϕ ✐s t❤❡ tr❛♥s♣♦s✐t✐♦♥ ♦❢ t✇♦ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ Ψ✲♣❛r❛♠❡tr✐③❛t✐♦♥✱ ✇❡

❤❛✈❡ ϕ = ϕ−1✱ ❛♥❞

|Jac(ϕ)|[θ] =
√

|Jac(ϕ)|[θ] |Jac(ϕ)|[θ] =
√

|Jac(ϕ)|[θ]
|Jac(ϕ−1)|[ϕ(θ)]

=

√

|Jac(ϕ)|[θ]
|Jac(ϕ)|[θ∗]

,



s♦ t❤❛t ✭❈✳✶✮ ❤♦❧❞s ✐❢ ✇❡ s❡t r(θ) t♦

r(θ) = min

(

1,
πn(θ

∗)
πn (θ)

|Jac(ϕ)|[θ]
)

◆♦t❡ t❤❛t t❤❡ ❛❜♦✈❡ ❛r❣✉♠❡♥t ✐s ♥♦t ✈❛❧✐❞ ❢♦r ❣❡♥❡r❛❧ ♣❡r♠✉t❛t✐♦♥s ♦❢ ✐♥❞✐❝❡s

ϕm1,...,md
✱ ✉♥❧❡ss t❤❡ ❝♦♥❞✐t✐♦♥ ϕ = ϕ−1 ❤♦❧❞s✳

❆♣♣❡♥❞✐① ❉✳ ▼✲❉▼ ❛❧❣♦r✐t❤♠ ❞❡t❛✐❧s

❆♣♣❡♥❞✐① ❉✳✶✳ Pr♦♣♦s❛❧ ❞✐str✐❜✉t✐♦♥ ❢♦r µ✲♠♦✈❡s

❚❤❡ ♣r♦♣♦s❛❧ ❞❡♥s✐t② qµ(µ · ,m(t), · ) ✐s ❛ ❉✐r✐❝❤❧❡t ♠✐①t✉r❡ ❝♦♥str✉❝t❡❞ ❢r♦♠

t❤❡ ❞❛t❛ W1:n = (W1, . . . ,Wn)✿

qµ(µ · ,m(t), · ) =
n
∑

j=1

p̃j diri( · | µ̃Wj
, ν̃).

❚❤❡ ♣r♦♣♦s❛❧ ♣❛r❛♠❡t❡rs (p̃, µ̃W, ν̃) ❛r❡ ❛s ❢♦❧❧♦✇s✿ ▲❡t ǫ̃w ❜❡ ❛ r❡❝❡♥tr✐♥❣ ♣❛r❛♠✲

❡t❡r✱ t②♣✐❝❛❧❧② s❡t t♦ 0.1✳ ❚❤❡♥

µ̃Wj
= (1− ǫ̃w)Wj + ǫ̃w γ0 ,

✇❤❡r❡ γ0 = (1/d, . . . , 1/d)✳ ✐s t❤❡ ❝❡♥tr♦✐❞ ♦❢ t❤❡ s✐♠♣❧❡①✳ ❚❤❡ ❝♦♥❝❡♥tr❛t✐♦♥

♣❛r❛♠❡t❡r ✐s s❡t t♦ ν̃ = d
ǫ̃w
, ❙♦ t❤❛t ❡❛❝❤ ❝♦♠♣♦♥❡♥t diri( · | µ̃Wj

, ν̃) ✐s ❜♦✉♥❞❡❞✱

✇✐t❤ ♠♦❞❡ ❛t Wj ✳ ❚❤❡ ✇❡✐❣❤ts (p̃1, . . . , p̃n) ❛r❡ ❞❡✜♥❡❞ s♦ ❛s t♦ ♣❡♥❛❧✐③❡ t❤❡

❞✐st❛♥❝❡ ❜❡t✇❡❡♥ µ · ,m(t) ❛♥❞ Wj ✳ ◆❛♠❡❧②✱ p̃j ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❞❡♥s✐t②✱

❡✈❛❧✉❛t❡❞ ❛t Wj ✱ ♦❢ ❛ ❉✐r✐❝❤❧❡t ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♠♦❞❡ ❛t µ · ,m(t) ✳ ❆❣❛✐♥✱ ✇❡

❞❡✜♥❡ ǫ̃µ ∈ (0, 1/2) ✭t②♣✐❝❛❧❧②✱ ǫ̃µ = 0.1✮✱ t❤❡♥ µ̃µ = (1 − ǫ̃µ)µ · ,m(t) + ǫ̃µ γ0 ❛♥❞

ν∗µ = d/ǫ∗µ. ◆♦✇✱ t❤❡ ✉♥✲♥♦r♠❛❧✐③❡❞ ✇❡✐❣❤t ❢♦r t❤❡ j th ♠❡❛♥ ✈❡❝t♦r ✐s

˜̃pj = diri(Wj | µ̃µ, ν̃µ).

❋✐♥❛❧❧②✱ ✇❡ ♥♦r♠❛❧✐③❡ t❤❡ ✈❡❝t♦r ❛♥❞ s❡t p̃j = ˜̃pj /
∑n

j=1
˜̃pj .

■♥ s❤♦rt✱ t❤❡ ♣r♦♣♦s❛❧ ♠❡❛♥ ✈❡❝t♦r µ∗
· ,m ❤❛s ❛ ❣♦♦❞ ❝❤❛♥❝❡ t♦ ❜❡ ❞r❛✇♥ ✐♥ ❛

s♠❛❧❧ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ♦♥❡ ❞❛t❛ ♣♦✐♥t Wj ✱ ✇❤✐❝❤ ✐♥ t✉r♥ s❤♦✉❧❞ ❜❡ ❧♦❝❛t❡❞ ❝❧♦s❡

t♦ t❤❡ ❝✉rr❡♥t ♠❡❛♥ ✈❡❝t♦r µ · ,m(t)✳

❆♣♣❡♥❞✐① ❉✳✷✳ Pr♦♣♦s❛❧ ❞✐str✐❜✉t✐♦♥ ❢♦r s♣❧✐t ♠♦✈❡s

❚❤❡ ♣r♦♣♦s❛❧ ❞✐str✐❜✉t✐♦♥ ❢♦r t❤❡ ♥❡✇ ♠❡❛♥ ✈❡❝t♦r µ∗
· , k ✐s ❝♦♥str✉❝t❡❞ s✐♠✐❧❛r❧②

t♦ t❤❡ µ✲♠♦✈❡s ❞✐str✐❜✉t✐♦♥✳ ◆❛♠❡❧②✱ t❤❡ ♣r♦♣♦s❛❧ ❞❡♥s✐t② qµ,split ✐s ❞❡✜♥❡❞ ❜②



qµ,split(θt, · ) =
n
∑

j=1

p̃
split
j diri( · | µ̃Wj

, ν̃)

✇❤❡r❡ t❤❡ µ̃Wj
✬s ❛♥❞ ν̃✬s ❛r❡ t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ µ✲♠♦✈❡s✱ ❛♥❞ ✇❤❡r❡ t❤❡ ✇❡✐❣❤ts

p̃
split
j ❛r❡ ❞❡✜♥❡❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛② ❛s t❤❡ p̃j ✬s✱ ❡①❝❡♣t t❤❛t t❤❡ r❡❝❡♥tr✐♥❣ ♣❛r❛♠❡t❡r

ǫ̃µ = 0.1 ✐s r❡♣❧❛❝❡❞ ✇✐t❤ ǫ̃splitµ = 0.5 ✭❡①❝❡♣t ❢♦r t❤❡ ✜t ♦♥ ▲❡❡❞s ❞❛t❛ ✇❤❡r❡ ✇❡

❢♦✉♥❞ t❤❛t ǫsplitµ = 0.3 ✇❛s ❜❡tt❡r✮ ❛♥❞ t❤❛t t❤❡ ❵❝✉rr❡♥t ♠❡❛♥ ✈❡❝t♦r✬ µ · ,m(t)
✐s r❡♣❧❛❝❡❞ ✇✐t❤ t❤❡ ❧❛st ✈❡❝t♦r µ · , k(t) ✐♥ t❤❡ Ψ✲♣❛r❛♠❡tr✐③❛t✐♦♥✳ ❈♦♠♣❛r❡❞ t♦

t❤❡ µ✲♠♦✈❡s✱ t❤❡ ♣r♦♣♦s❛❧ ❞✐str✐❜✉t✐♦♥ ✐s t❤✉s ❧❡ss ❝♦♥❝❡♥tr❛t❡❞ ❛r♦✉♥❞ µ · , k(t)✳
❚❤❡ kth ❡❝❝❡♥tr✐❝✐t② ♣❛r❛♠❡t❡r e∗k ✐s ❣❡♥❡r❛t❡❞✱ ❝♦♥❞✐t✐♦♥❛❧❧② t♦ t❤❡ ♣r♦♣♦s❡❞ ♠❡❛♥

✈❡❝t♦r µ∗
· , k✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥✿

qe,split(θt, · | µ∗
· , k) = πe,k( · | µ · , 1:k−1, µ

∗
· , k, e1:k) .

❋✐♥❛❧❧②✱ t❤❡ ❧❛st s❤❛♣❡ ♣❛r❛♠❡t❡r ν∗k+1 ✐s ❣❡♥❡r❛t❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r♦♣♦s❛❧ ❞✐s✲

tr✐❜✉t✐♦♥ ❢♦r r❡❣✉❧❛r ν✲♠♦✈❡s✱ ❝♦♥❞✐t✐♦♥❛❧❧② ♦♥ νk(t)✿

qν,split(θt, · ) = qν(νk(t), · ).

❆♣♣❡♥❞✐① ❉✳✸✳ ❏❛❝♦❜✐❛♥ t❡r♠ ✐♥ t❤❡ ❛❝❝❡♣t❛♥❝❡ r❛t✐♦ ❢♦r s❤✉✤❡ ♠♦✈❡s

❍❡r❡ ✐s ❞❡r✐✈❡❞ t❤❡ ❝❧♦s❡❞ ❢♦r♠ ♦❢ Jac(ϕ) ❛♣♣❡❛r✐♥❣ ✐♥ ✭✶✷✮✳ ❚❤❡ ✐♥❞✐❝❡sm1,m2

❛r❡ ♦♠✐tt❡❞✱ ❛♥❞ ✇❡ ❞❡♥♦t❡ G t❤❡ ❧♦❝❛❧ ❞✐✛❡♦♠♦r♣❤✐s♠ ❞❡❞✉❝❡❞ ❢r♦♠ Γ✿

G : ΘBk ⊂ R
3k−2 −→ G(ΘBk) ⊂ R

3k−2

(

µ · , 1:k−1, e1:k−1, ν1:k
)

7−→
(

µ · , 1:k−1, p1:k−1, ν1:k
)

.

❘❡❝❛❧❧ t❤❛t ϕ(θ) = Γ−1 ◦ τ ◦ Γ(θ)✱ ✇❤❡r❡ τ ✐s t❤❡ tr❛♥s♣♦s✐t✐♦♥ ♦❢ t❤❡ ❞✐r❡❝t✐♦♥s

❝♦rr❡s♣♦♥❞✐♥❣ t♦ m1 ❛♥❞ m2✱ s♦ t❤❛t

Jac(ϕ)θ = Jac(G−1)τ◦Γ(θ) Jac(τ)Γ(θ) Jac(G)θ .

❚❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ τ ✐s −1✱ s♦ t❤❛t

|Jac(ϕ)θ| =
∣

∣

∣

∣

Jac(G)θ
Jac(G)θ∗

∣

∣

∣

∣

,

❛♥❞ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ❝♦♠♣✉t❡ Jac(G)✳ ❚❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① dG ✐s ♦❢ t❤❡ ❢♦r♠



dG =





1R(d−1)(k−1) 0 0
Mp,µ Mp,e 0
0 0 1Rk



 ,

❲❤❡r❡ 1R(d−1)(k−1) ❞❡♥♦t❡s t❤❡ ✐❞❡♥t✐t② ♠❛tr✐① ♦♥ R(d−1)(k−1) ❛♥❞ Mp,e ✐s t❤❡

❏❛❝♦❜✐❛♥ ♠❛tr✐①
(

∂pi
∂ej

)

i,j<k
r❡❧❛t✐✈❡ t♦ p ❛♥❞ e✳ ❍❡♥❝❡✱ Jac(G) = |Mp,e |✳ ❙✐♥❝❡ pm

❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ {µ · , j , ej : j ≤ m}✱ ✇❡ ❤❛✈❡

|Mp,e | =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∂p1
∂e1

0 · · · 0

∗ ✳ ✳ ✳
✳ ✳ ✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳ ✳ ✳ 0

∗ · · · ∗ ∂pk−1

∂ek−1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

,

✇❤❡♥❝❡

|Mp,e | =
k−1
∏

m=1

∂pm
∂em

.

❋r♦♠ Pr♦♣♦s✐t✐♦♥ ✶✱ ✇❡ ❤❛✈❡

∂pm
∂em

=
∂

∂em

(

ρm−1
emTm

1 + em Tm

)

=
ρm−1 Tm

(1 + em Tm)2
.

◆♦t❡ t❤❛t t❤✐s ❤♦❧❞s ❜❡❝❛✉s❡ ρm−1 ❛♥❞ Tm ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ em✿ t❤❡② ❛r❡ ❢✉♥❝t✐♦♥s

♦❢ t❤❡ {µj , ej : j < m} ♦♥❧②✳

❚❤❡ ❞❡s✐r❡❞ ❏❛❝♦❜✐❛♥✬s ❛❜s♦❧✉t❡ ✈❛❧✉❡ ✐s t❤✉s

|Jac(ϕ)| =
k−1
∏

m=1

ρm−1 Tm

(1 + em Tm)2

k−1
∏

m=1

(1 + e
∗
m T

∗
m)2

ρ∗m−1 T
∗
m

, ✭❉✳✶✮

✇❤❡r❡ t❤❡ e
∗
m, ρ

∗
m−1, T

∗
m ❛r❡ r❡❧❛t✐✈❡ t♦ t❤❡ ♣r♦♣♦s❛❧ ♣❛r❛♠❡t❡r θ∗ = ϕ(θ)✳



❆♣♣❡♥❞✐① ❊✳ ❈♦♥✈❡r❣❡♥❝❡ ❛ss❡ss♠❡♥t ❜② ✐♥t❡❣r❛t✐♦♥ ❛❣❛✐♥st ❉✐r✐❝❤❧❡t

t❡st ❢✉♥❝t✐♦♥s

❆♣♣❡♥❞✐① ❊✳✶✳ ❘❛♥❞♦♠ ❝❤♦✐❝❡ ♦❢ ❉✐r✐❝❤❧❡t t❡st ❢✉♥❝t✐♦♥s

❚❤✐s s❡❝t✐♦♥ ❞❡t❛✐❧s t❤❡ ♣r♦❝❡❞✉r❡ ❢♦❧❧♦✇❡❞ t♦ ❝♦♥str✉❝t ❛ s❡t ♦❢ ❉✐r✐❝❤❧❡t t❡st

❢✉♥❝t✐♦♥s {gℓ = diri( · | µℓ, νℓ), 1 ≤ ℓ ≤ L} t❤❛t ❛r❡ ✉s❡❞ t♦ ♠♦♥✐t♦r t❤❡ ❝❤❛✐♥s

❝♦♥✈❡r❣❡♥❝❡ ✐♥ ♦✉r s✐♠✉❧❛t✐♦♥ st✉❞②✳

▲❡t W1:n = (W1, . . . ,Wn) ❜❡ ❛♥ ❛♥❣✉❧❛r ❞❛t❛ s❡t ♦♥ ✇❤✐❝❤ t❤❡ ♠♦❞❡❧ ✐s t♦

❜❡ ✜tt❡❞✳ ■♥ t❤✐s st✉❞②✱ ✇❡ ✜① L = 5 ❛♥❞ t❤❡ µ̃ℓ✬s ❛r❡ ❝❤♦s❡♥ s♦ t❤❛t t❤❡② ❝♦r✲

r❡s♣♦♥❞ t♦ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ❢❡❛t✉r❡s ♦❢ t❤❡ ❞❛t❛ s❡t ✭❝❢ ♦✉r r❡♠❛r❦ ♣r❡❝❡❞✐♥❣ s❡❝✲

t✐♦♥ ✻✳✷✮✳ ◆❛♠❡❧②✱ t❤❡ µ̃ℓ✬s ❛r❡ s❛♠♣❧❡❞ ❛♠♦♥❣ t❤❡ ❛♥❣✉❧❛r ❞❛t❛ ♣♦✐♥ts ❛s ❢♦❧❧♦✇s✿

❆ ♠❛①✐♠✉♠ s❤❛♣❡ ♣❛r❛♠❡t❡r ν̃max ✐s ✐♠♣♦s❡❞✱ ✐♥ ♦r❞❡r t♦ ❡①❝❧✉❞❡ t❡st ❢✉♥❝t✐♦♥s

✐♥❞✉❝✐♥❣ t♦♦ ❧❛r❣❡ ❛ ✈❛r✐❛♥❝❡ ❢♦r t❤❡ ❡♠♣✐r✐❝❛❧ ❡st✐♠❛t♦r ĝnonP✳ ■♥ t❤✐s st✉❞②✱ ✇❡

s❡t νmax = 20 d✱ ✇❤❡r❡ d ✐s t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ s❛♠♣❧❡ s♣❛❝❡✳ ❚❤❡ n′ ❛♥❣✉❧❛r
♣♦✐♥ts Wj s✉❝❤ t❤❛t min1≤i≤d{Wi,j} > 1/ν̃max ❛r❡ r❡t❛✐♥❡❞ ❛s ❝❛♥❞✐❞❛t❡ ❞❛t❛

♣♦✐♥ts✱ ♦✉t ♦❢ ✇❤✐❝❤ L ❡❧❡♠❡♥ts (wj1 , . . . ,wjL) ❛r❡ ❞r❛✇♥ ✇✐t❤ ❡q✉✐✲♣r♦❜❛❜✐❧✐t②✱

❛♥❞ ✇❡ s❡t µ̃ℓ = wjℓ ✳ ❋✐♥❛❧❧②✱ ❛ ♠✐♥✐♠✉♠ ✈❛❧✉❡ ν̃min = 5 ∗ d ✐s ✐♠♣♦s❡❞ ❢♦r t❤❡

t❡st✬s s❤❛♣❡ ♣❛r❛♠❡t❡r ✭✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ t♦♦ ✢❛t t❡st ❢✉♥❝t✐♦♥s ❢♦r ♣♦✐♥ts ♥❡❛r t❤❡

❝❡♥t❡r ♦❢ s✐♠♣❧❡①✮✱ ❛s ✇❡❧❧ ❛s ❛ ♠✉❧t✐♣❧②✐♥❣ ❝♦♥st❛♥t χtest = 1.001✱ t❤❡♥ t❤❡ ℓth

s❤❛♣❡ ♣❛r❛♠❡t❡r ✐s s❡t t♦

ν̃ℓ = max

{

χtest

min1≤i≤d µ̃i,ℓ
, ν̃min

}

.

❆♣♣❡♥❞✐① ❊✳✷✳ ❚❤❡♦r❡t✐❝❛❧ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ❡st✐♠❛t❡ ♦❢ Eh0(g)✱
❢♦r g ❛ ❉✐r✐❝❤❧❡t t❡st ❢✉♥❝t✐♦♥✳

❍❡r❡✱ ✐t ✐s ❛ss✉♠❡❞ t❤❛t h0 = hθ ✐s ✐ts❡❧❢ ❛ ❉✐r✐❝❤❧❡t ♠✐①t✉r❡ ❞❡♥s✐t②✳ ❲❡ ❛❧r❡❛❞②

❤❛✈❡ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r Eθ(g) = Ehθ
(g) ✇❤❡♥ g = diri( · | µ̃, ν̃) ❛♥❞ θ = (p, µ, ν)✿

Eθ(g) =

k
∑

m=1

pmI µ · ,m, νm( µ̃, ν̃) , ✭❊✳✶✮

✇❤❡r❡ t❤❡ I µ · ,m, νm( µ̃, ν̃)✬s ❛r❡ ❣✐✈❡♥ ❜② ✭✶✻✮✳ ❚♦ ❝♦♠♣✉t❡ Eθ(g
2)✱ ✇❡ ♥♦t❡ t❤❛t

g2( · ) = C µ̃,ν̃ diri( · | µ′, ν ′) ,

✇✐t❤ ν ′ = 2ν̃ − d✱ µ′ = (2ν̃ µ̃− 1)/ν ′ ❛♥❞ C µ̃,ν̃ = Γ(ν̃)2∏
1≤i≤d Γ(ν̃µ̃i)2

∏
1≤i≤d Γ(ν′µ′

i)

Γ(ν′) ✳ ❚❤❡

❛♥❛❧②t✐❝ ❡①♣r❡ss✐♦♥ ❢♦r ✭✶✽✮ ❢♦❧❧♦✇s✿



δnonPn = n−1/2



C µ̃,ν̃

k
∑

m=1

pm I µ · ,m, νm(µ′, ν ′)−
(

k
∑

m=1

pm I µ · ,m, νm( µ̃, ν̃)

)2




1/2

.

❆♣♣❡♥❞✐① ❋✳ ❇✐✲✈❛r✐❛t❡ ❞✐str✐❜✉t✐♦♥s ✉s❡❞ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥ st✉❞②

■♥ t❤✐s s❡❝t✐♦♥✱ ❡①♣r❡ss✐♦♥s ❢♦r ♠✉❧t✐✈❛r✐❛t❡ ❡①tr❡♠❡ ✈❛❧✉❡ ❞✐str✐❜✉t✐♦♥s ❛r❡

❣✐✈❡♥ ❢♦r ❜✐✲✈❛r✐❛t❡ ✈❡❝t♦rs ✇❤✐❝❤ ✉♥✐✲✈❛r✐❛t❡ ♠❛r❣✐♥s ❢♦❧❧♦✇ ❛ ✉♥✐t✲❋ré❝❤❡t ❞✐s✲

tr✐❜✉t✐♦♥✳ ❋♦r ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ❧♦❣✐st✐❝ t②♣❡✱ t❤❡ ❛♥❣✉❧❛r ❞❡♥s✐t② ♦♥ (0, 1) ✐s

♦❜t❛✐♥❡❞ ✉s✐♥❣ ❚❤❡♦r❡♠ ✶ ❢r♦♠ ❈♦❧❡s ❛♥❞ ❚❛✇♥ ✭✶✾✾✶✮ ❛♥❞ t❤❡ ❛♥❣✉❧❛r ♣r♦❜❛❜✐❧✲

✐t② ♠❡❛s✉r❡ H(w) ❢♦❧❧♦✇s ❜② ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❞❡♥s✐t② ❜❡t✇❡❡♥ 0 ❛♥❞ w ∈ (0, 1)✳
❚❤❡ ✜rst ♠✉❧t✐✈❛r✐❛t❡ ❡①tr❡♠❡ ✈❛❧✉❡ ❞✐str✐❜✉t✐♦♥ ✉s❡❞ t♦ ❣❡♥❡r❛t❡ ❞❛t❛ ✐s ❛

❧♦❣✐st✐❝ ♦♥❡✱ ✇✐t❤ ❝❞❢ ♦❢ t❤❡ t②♣❡ F▲(z1, z2) = exp
[

−
(

z
−1/r
1 + z

−1/r
2

)r]

, (r ∈
(0, 1]), zi > 0 . ■❢ r = 1✱ t❤❡ t✇♦ ✈❛r✐❛❜❧❡ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱ ❧♦✇❡r ✈❛❧✉❡s ❝♦rr❡s♣♦♥❞

t♦ ❣r❡❛t❡r ❧❡✈❡❧s ♦❢ ❞❡♣❡♥❞❡♥❝❡✳ ❋♦r ♦✉r s✐♠✉❧❛t✐♦♥✱ ✇❡ t❛❦❡ r = 0.6✳
❚❤❡ s❡❝♦♥❞ ❞✐str✐❜✉t✐♦♥ ✐s ❛♥ ❆s②♠♠❡tr✐❝ ❧♦❣✐st✐❝ ♦♥❡✱ ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ❝❞❢

F❆▲(z1, z2) = exp

{

−1− θ1
z1

− 1− θ2
z2

−
[

(

θ1
z1

)1/r

+

(

θ2
z2

)1/r
]r}

.

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛♥❣✉❧❛r ♠❡❛s✉r❡ ✐s

HL(w) =
1

2

{

1 + θ1 − θ2 −
[

θ
1/r
1 (1− w)1/r−1 − θ

1/r
2 w1/r−1

]

× · · ·
[

θ
1/r
1 (1− w)1/r + θ

1/r
2 w1/r

]r−1 }

.

❚❤❡ ❧♦❣✐st✐❝ ❞✐str✐❜✉t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ θ1 = θ2 = 1✳ ❖t❤❡r✲

✇✐s❡✱ t❤❡ ❛♥❣✉❧❛r ♠❡❛s✉r❡ ❣r❛♥ts ♥♦♥✲③❡r♦ ♠❛ss t♦ t❤❡ ❜♦✉♥❞❛r② ♣♦✐♥ts✱H❆▲({0}) =
(1 − θ2)/2 ❛♥❞ H❆▲({1}) = (1 + θ1)/2✳ ■♥ t❤✐s st✉❞②✱ ✇❡ s❡t r = 1/3✱ θ1 = 0.45✱
θ2 = 0.55✳ ❋♦r t❤❡ ❧♦❣✐st✐❝ ❛♥❞ t❤❡ ❆s②♠♠❡tr✐❝ ❧♦❣✐st✐❝ ❞✐str✐❜✉t✐♦♥s✱ ❞❛t❛ ❝❛♥

❡❛s✐❧② ❜❡ s✐♠✉❧❛t❡❞ ✉s✐♥❣ ❡✳❣✳ t❤❡ ❘ ♣❛❝❦❛❣❡ ❡✈❞✳ ❚❤❡ ♠❛r❣✐♥❛❧ ♣❛r❛♠❡t❡rs ❛r❡ s❡t

✐♥ ♦r❞❡r t♦ ❤❛✈❡ ✉♥✐t✲❋ré❝❤❡t ♠❛r❣✐♥s✱ ❛♥❞ t❤❡ t❤r❡s❤♦❧❞ (u, u) r❡t❛✐♥❡❞ ❢♦r ✜tt✐♥❣

t❤❡ ♠♦❞❡❧s ✐s t❤❡ t❤❡♦r❡t✐❝❛❧ ♠❛r❣✐♥❛❧ 0.9 q✉❛♥t✐❧❡✱ ✐✳❡✳ u ≃ 9.49✳ ❈♦♥❞✐t✐♦♥❛❧❧②

♦♥ ❡①❝❡❡❞✐♥❣ u✱ ❡❛❝❤ ♠❛r❣✐♥❛❧ ✈❛r✐❛❜❧❡ ❛♣♣r♦①✐♠❛t❡❧② ❢♦❧❧♦✇s ❛ ●❡♥❡r❛❧✐③❡❞ P❛r❡t♦

❞✐str✐❜✉t✐♦♥ ✭●P❉✮✿ P (Xj > x |Xj > u) = (1+ξ x−u
σ )−1/ξ ✭x > u, j ∈ {1, 2}✮✱ ✇✐t❤



ξ = 1 ❛♥❞ σ = u✱ s♦ t❤❛t t❤❡ ♠❛r❣✐♥❛❧ ♣❛r❛♠❡t❡rs t♦ ❜❡ s♣❡❝✐✜❡❞ ✐♥ ●✉✐❧❧♦tt❡ ❡t ❛❧✳

✭✷✵✶✶✮✬s ♠♦❞❡❧ ❛r❡ (ζu = 0.1, ξj = 1, σj = u)✱ ✇❤❡r❡ ζj ✐s t❤❡ ♠❛r❣✐♥❛❧ ♣r♦❜❛❜✐❧✐t②

♦❢ ❛♥ ❡①❝❡ss ❛❜♦✈❡ uj ✱ ξj ✐s t❤❡ ●P❉ s❤❛♣❡ ♣❛r❛♠❡t❡r ❛♥❞ σj ✐s t❤❡ s❝❛❧❡ ♣❛r❛♠❡t❡r

❢♦r t❤❡ ●P❉ ❛❜♦✈❡ uj ✳ ■❢ n ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ✉♣♣❡r sq✉❛r❡

(u,∞)2✱ t❤❡♥ t❤❡ ❉✐r✐❝❤❧❡t ♠✐①t✉r❡ ♠♦❞❡❧ ✐s ❞✐r❡❝t❧② ✜tt❡❞ ♦♥ t❤❡ ❛♥❣✉❧❛r ❞❛t❛ s❡t

(Wi,1,Wi,2) = R−1
i (Xi,1, Xi,2)✱✇✐t❤ Ri = Xi,1 +Xi,2✱ 1 ≤ i ≤ n✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦

t❤❡ n ♣♦✐♥ts ✇✐t❤ ❧❛r❣❡st r❛❞✐❛❧ ❝♦♠♣♦♥❡♥t R✳
❚❤❡ ❧❛st ❛♥❣✉❧❛r ❞✐str✐❜✉t✐♦♥ ✐s ❛ ❉✐r✐❝❤❧❡t ♠✐①t✉r❡ H❉▼ ✇✐t❤ ♣❛r❛♠❡t❡rs

µ =

(

0.8 0.5 0.1 0.3
0.2 0.5 0.9 0.7

)

, p = (0.25, 0.5, 0.125, 0.125) , ν = (20, 0.9, 1, 50) .

❆♥❣✉❧❛r ❞❛t❛ ♣♦✐♥ts Wi = (Wi,1,Wi,2) (1 ≤ i ≤ 1000) ❛r❡ ❡❛s✐❧② s✐♠✉❧❛t❡❞ ❢r♦♠

H❉▼ ✳ ❚♦ ✜t ●✉✐❧❧♦tt❡ ❡t ❛❧✳ ✭✷✵✶✶✮✬s ♠♦❞❡❧✱ r❛❞✐❛❧ ✈❛r✐❛❜❧❡s Ri (1 ≤ i ≤ 1000)
s✉❝❤ t❤❛t P (Ri > r) = 1/r ✭r > 1✮ ❛r❡ ❣❡♥❡r❛t❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ❢r♦♠ t❤❡ Wi✬s✳

❚❤❡ ❜✐✲✈❛r✐❛t❡ ♣♦✐♥ts Yi = RiWi ❤❛✈❡ ♠❛r❣✐♥❛❧ s✉r✈✐✈❛❧ ❢✉♥❝t✐♦♥ P (Yi,j > y) =
1/(2y)✳ ❚❤❡♥✱ t❤❡ ♠❛r❣✐♥❛❧ 0.9 q✉❛♥t✐❧❡ ❢♦r Yi,j ✐s ũ = 5✱ ❛♥❞ n ✐s t❤❡ ♥✉♠❜❡r

♦❢ Yi✬s ❜❡❧♦♥❣✐♥❣ t♦ (ũ,∞)2✳ ❆❣❛✐♥✱ t❤❡ n ❛♥❣✉❧❛r ♣♦✐♥ts ✇✐t❤ ❧❛r❣❡st r❛❞✐❛❧

❝♦♠♣♦♥❡♥t ❛r❡ r❡t❛✐♥❡❞ t♦ ✜t t❤❡ ❉✐r✐❝❤❧❡t ♠✐①t✉r❡ ♠♦❞❡❧✳ ❚♦ ✜t ●✉✐❧❧♦tt❡ ❡t ❛❧✳

✭✷✵✶✶✮✬s ♠♦❞❡❧✱ t❤❡ Yi,j ✬s ❡①❝❡❡❞✐♥❣ ũ ❛r❡ r❡✲♥♦r♠❛❧✐③❡❞ ✭✉s✐♥❣ ♣r♦❜❛❜✐❧✐t② ✐♥t❡❣r❛❧

tr❛♥s❢♦r♠✮ ✐♥t♦ ●❡♥❡r❛❧✐③❡❞ P❛r❡t♦ ✈❛r✐❛❜❧❡sXi,j ✬s ✇✐t❤ ❛r❜✐tr❛r② t❤r❡s❤♦❧❞ u = 10✱
s♦ t❤❛t P (Xi,j > x |Xi,j > u) = (1 + (x− u)/u)−1✳ ❚❤❡ Yi,j ✬s ❜❡❧♦✇ ũ ❛r❡ tr❡❛t❡❞

❛s ❧❡❢t✲❝❡♥s♦r❡❞ ❞❛t❛✳ ❚❤❡♥✱ t❤❡ ♠❛r❣✐♥❛❧ ♣❛r❛♠❡t❡rs ❢♦r ●✉✐❧❧♦tt❡ ❡t ❛❧✳ ✭✷✵✶✶✮✬s

♠♦❞❡❧ ❛r❡ (ζu = 0.1, ξj = 1, σj = 10)✱ j ∈ {1, 2}✳

❆♣♣❡♥❞✐① ●✳ ❈♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ♦r✐❣✐♥❛❧ ❉✐r✐❝❤❧❡t ♠✐①t✉r❡ ♠♦❞❡❧

❆♣♣❡♥❞✐① ●✳✶✳ ❊rr❛t✉♠ ♦♥ t❤❡ ♣r✐♦r s♣❡❝✐✜❝❛t✐♦♥ ✭❇♦❧❞✐ ❛♥❞ ❉❛✈✐s♦♥✱ ✷✵✵✼✮

■♥ t❤❡ ♦r✐❣✐♥❛❧ ♣❛r❛♠❡tr✐③❛t✐♦♥✱ t❤❡ ♣r✐♦r Fµ ♦♥ µ ✐s ❞❡✜♥❡❞ ❝♦♥❞✐t✐♦♥❛❧❧② ♦♥

t❤❡ ♥✉♠❜❡r k ♦❢ ♠✐①t✉r❡ ❝♦♠♣♦♥❡♥ts ❛♥❞ ♦♥ t❤❡ ✇❡✐❣❤ts ✈❡❝t♦r p✱ ❜② s✉❝❝❡ss✐✈❡

❝♦♥❞✐t✐♦♥✐♥❣ ✐♥ t❤❡ ❧❡①✐❝♦❣r❛♣❤✐❝ ♦r❞❡r✿

Fµ(µ · , 1, . . . , µ · , k|k,p) = f1,1(µ1,1) f1,2(µ1,2|µ1,1) · · · f1,k−1(µ1,k−1|µ1,1:k−2) · · ·
fd−1,k−1(µd−1,k−1|µ1:d−1,1:k−2) ,

✇❤❡r❡ fi,j ✐s ❛ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ♦♥ t❤❡ ❧❛r❣❡st ✐♥t❡r✈❛❧ Ii,j ✭i ≤ d−1✱ j ≤ k−1✮
❛❧❧♦✇✐♥❣ ✭✸✮✱ ❛♥❞ ✇❤❡r❡ t❤❡ ❧❛st ❝♦❧✉♠♥ ❛♥❞ t❤❡ ❧❛st ❧✐♥❡ ❛r❡ ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡



♦t❤❡rs ❛❝❝♦r❞✐♥❣ t♦ ✭✸✮ ❛♥❞
∑

i µi,m = 1✳ ❇♦❧❞✐ ❛♥❞ ❉❛✈✐s♦♥ ✐♥❞✐❝❛t❡ ③❡r♦ ❛s ❛

❧♦✇❡r ❜♦✉♥❞ ❢♦r Ii,j ✳ ■♥ ❢❛❝t✱ s♠❛❧❧ ✈❛❧✉❡s ✐♥ t❤❡ t❤❡ ✜rst ❝♦❧✉♠♥s ♦❢ µ ✐♠♣❧② ❧❛r❣❡

♦♥❡s ♦♥ t❤❡ ❧❛st ❝♦❧✉♠♥✱ ✇❤✐❝❤✱ ✐♥ s♦♠❡ ❝❛s❡s✱ ✐♥❞✉❝❡ ♥❡❣❛t✐✈❡ ✈❛❧✉❡s ♦♥ t❤❡ ❧❛st

❧✐♥❡✳ ■t ✐s ❧❡❢t t♦ t❤❡ r❡❛❞❡r t♦ ✈❡r✐❢② t❤❛t t❤❡ ❝♦rr❡❝t ❧♦✇❡r ❜♦✉♥❞ ❢♦r Ii,j ✐s

max







0, p−1
j



d−1 −
∑

m<j

pm µi,m −
∑

m∈j+1,...,k

pm (1− Si,m)











,

✇❤❡r❡ Si,m =
∑

ℓ<i µℓ,m (1 ≤ m ≤ k)✳

❆♣♣❡♥❞✐① ●✳✷✳ Pr✐♦r s♣❡❝✐✜❝❛t✐♦♥ ❛♥❞ ▼❈▼❈ t✉♥✐♥❣ ♣❛r❛♠❡t❡rs ✉s❡❞ ✐♥ t❤❡ s✐♠✲

✉❧❛t✐♦♥s

❋♦r ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ r❡✲♣❛r❛♠❡tr✐③❡❞ ✐♥❢❡r❡♥t✐❛❧ s❝❤❡♠❡✱ t❤❡ ♦r✐❣✐♥❛❧ ✈❡rs✐♦♥

♦❢ t❤❡ ❇❛②❡s✐❛♥ ♠♦❞❡❧ ❛♥❞ t❤❡ r❡✈❡rs✐❜❧❡✲❥✉♠♣ ❛❧❣♦r✐t❤♠ ✇❡r❡ r❡✲✐♠♣❧❡♠❡♥t❡❞✱ ❢♦❧✲

❧♦✇✐♥❣ ❇♦❧❞✐ ❛♥❞ ❉❛✈✐s♦♥ ✭✷✵✵✼✮ ❛♥❞ ❇♦❧❞✐ ✭✷✵✵✹✮✳ ❋♦r t❤❡ s❛❦❡ ♦❢ r❡♣r♦❞✉❝✐❜✐❧✐t②✱

t❤❡ ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡s ❢♦r t❤❡ ❤②♣❡r✲♣❛r❛♠❡t❡rs ❛♥❞ t❤❡ ▼❈▼❈ t✉♥✐♥❣ ♣❛r❛♠❡t❡rs

t❤❛t ✇❡r❡ ✉s❡❞ ✐♥ ♦✉r s✐♠✉❧❛t✐♦♥s ❛r❡ ❣❛t❤❡r❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✳

❚❤❡ ♣r✐♦r ♦♥ t❤❡ ♣❛r❛♠❡t❡r ψ = (k, µ,p, ν) ✐s ♦❢ t❤❡ ❢♦r♠

π(ψ) = πk(k)πp(p | k)Fµ(µ | k,p)πν(ν | k) .
πk ✐s ❛ tr✉♥❝❛t❡❞ P♦✐ss♦♥ ❞✐str✐❜✉t✐♦♥✱ ✇✐t❤ tr✉♥❝❛t✐♦♥ ❜♦✉♥❞s (kmin, kmax) =
(1, 15) ❛♥❞ ✐♥t❡♥s✐t② λ = 3✳ πp ✐s t❤❡ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ♦♥ t❤❡ s✐♠♣❧❡① Sk✱

✐✳❡✳ t❤❡ ❉✐r✐❝❤❧❡t ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♣❛r❛♠❡t❡r α = ν µ = (1, . . . , 1)✳ Fµ ✐s ❞❡✲

s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡❝❡❞✐♥❣ s✉❜s❡❝t✐♦♥✱ ✇✐t❤ t❤❡ ♦r✐❣✐♥❛❧ ❡rr♦r ❝♦rr❡❝t❡❞✳ ❋✐♥❛❧❧②✱ πν
✐s ❛ ♣r♦❞✉❝t ♦❢ tr✉♥❝❛t❡❞ ❧♦❣✲♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥✱ ✇✐t❤ s❛♠❡ ❜♦✉♥❞s ❛s ✐♥ t❤❡ r❡✲

♣❛r❛♠❡tr✐③❡❞ ✈❡rs✐♦♥✱ log(νm) ∈ (−2, log(5000))✱ ❉❡♥♦t✐♥❣ (mν , σ
2
ν) t❤❡ ♠❡❛♥ ❛♥❞

✈❛r✐❛♥❝❡ ❢♦r log(νm)✱ ✇❡ s❡t✱ ❢♦❧❧♦✇✐♥❣ ❇♦❧❞✐ ❛♥❞ ❉❛✈✐s♦♥ ✭✷✵✵✼✮ ❢♦r t❤❡ ❜✐✲✈❛r✐❛t❡

❝❛s❡ ✭s❡❝t✐♦♥ ✼✳✺✮✱ mν = log(2), σν = 50✳ ❍♦✇❡✈❡r✱ ❢♦r ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥❛❧ ❞❛t❛✱

✇❡ ❢♦✉♥❞ t❤❛t ♠✐①✐♥❣ ♣r♦♣❡rt✐❡s ❛♥❞ ❝♦♥✈❡r❣❡♥❝❡ ✇❡r❡ ❡♥❤❛♥❝❡❞ ❜② s❡tt✐♥❣ t❤❡s❡

❤②♣❡r✲♣❛r❛♠❡t❡rs t♦ t❤❡ s❛♠❡ ✈❛❧✉❡ ❛s ✐♥ t❤❡ r❡✲♣❛r❛♠❡tr✐③❡❞ ✈❡rs✐♦♥✱ s♦ t❤❛t mν

❛♥❞ σ2ν ❛r❡ r❡s♣❡❝t✐✈❡❧② s❡t t♦ log(10 ∗ (d + 1)) ✭✇❤❡r❡ d ✐s t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡

❞❛t❛✮ ❛♥❞ log(1 + 52) ✳
❆s ❢♦r t❤❡ ▼❈▼❈ s❝❤❡♠❡✱ ✇❡ ❢♦❧❧♦✇ ❇♦❧❞✐ ✭✷✵✵✹✮✱ ✇❤♦s❡ ❛♣♣r♦❛❝❤ ✐s s✉♠✲

♠❛r✐③❡❞ ✐♥ ❇♦❧❞✐ ❛♥❞ ❉❛✈✐s♦♥ ✭✷✵✵✼✮✱ ❆♣♣❡♥❞✐① ❇✳ ❚❤r❡❡ t②♣❡s ♦❢ ♠♦✈❡s ❛r❡ ❛❧✲

❧♦✇❡❞✱ r❡s♣❡❝t✐✈❡❧② ❝❛❧❧❡❞ s♣❧✐t✱ ❝♦♠❜✐♥❡ ❛♥❞ ▼❈▼❈✳ ❋♦r t❤❡ s♣❧✐t ❛♥❞ ▼❈▼❈

♠♦✈❡s✱ t❤r❡❡ t②♣✐❝❛❧ ♠♦✈❡ s✐③❡s ❛r❡ ❛❧❧♦✇❡❞✿ s♠❛❧❧✱ ♠❡❞✐✉♠✱ ❜✐❣✳ ❚❤❡ ❝♦♠❜✐♥❡

♠♦✈❡s ❛r❡ t❤❡ s✐♠♣❧❡st✿ ❛ ♣❛✐r ♦❢ ♠✐①t✉r❡ ❝♦♠♣♦♥❡♥ts (m1,m2) ✐s r❛♥❞♦♠❧② ❝❤♦✲

s❡♥✱ ❛♥❞ t❤❡ t✇♦ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❡❛♥ ✈❡❝t♦rs ❛r❡ ❝♦♠❜✐♥❡❞ ✐♥t♦ ❛ s✐♥❣❧❡ µ · ,m0 ✱



✇❤✐❝❤ ✐s t❤❡ ❝❡♥t❡r ♦❢ ♠❛ss ❢♦r ((µ · ,m1 , pm1), (µ · ,m2 , pm2))✱ ✇✐t❤ ✇❡✐❣❤t pm0 =
pm1 + pm2 ✳ ❚❤❡♥✱ log(νm0) ✐s ❞r❛✇♥ ❛s ❛ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♠❡❛♥ ❡q✉❛❧ t♦

(log(νm1) + log(νm2))/2✱ ❛♥❞ ✈❛r✐❛♥❝❡ s❡t t♦ log(1 + (s)2)✱ ✇❤❡r❡ s ✐s r❡s♣❡❝t✐✈❡❧②
❡q✉❛❧ t♦ 0.1, 0.3 ❛♥❞ 0.5 ❢♦r ❛ s♠❛❧❧✱ ❛ ♠❡❞✐✉♠ ♦r ❛ ❜✐❣ ♠♦✈❡✳ ❉✉r✐♥❣ ❛ s♣❧✐t ♠♦✈❡✱

♦♥❡ ♠✐①t✉r❡ ❝♦♠♣♦♥❡♥t m0 ✐s s♣❧✐t ✐♥t♦ t✇♦✳ ❋♦r ❛ ❜✐❣ ♠♦✈❡✱ t❤❡ ♣r♦♣♦s❛❧ ♠❡❛♥

✈❡❝t♦r µ · ,m2 ✐s ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ♦♥ Sd✳ ❋♦r s♠❛❧❧ ✭r❡s♣✳ ♠❡❞✐✉♠✮ ♠♦✈❡s✱

µ · ,m2 ❢♦❧❧♦✇s ❛ ❉✐r✐❝❤❧❡t ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♠♦❞❡ ❛t µ · ,m0 ✱ ❛♥❞ r❡❝❡♥tr✐♥❣ ♣❛r❛♠✲

❡t❡r ǫµ = 0.05✱ ✭r❡s♣✳ ǫµ = 0.3✮✱ ✐✳❡✳ t❤❡ ♠❡❛♥ ✈❡❝t♦r ❢♦r t❤❡ ♣r♦♣♦s❛❧ ❉✐r✐❝❤❧❡t

❞✐str✐❜✉t✐♦♥ ✐s ǫµ(1/d, . . . , 1/d)+(1−1/ǫµ)µ · ,m2 ❛♥❞ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♣❛r❛♠❡t❡r

✐s νµ = d/ǫµ✳ ❚❤❡ ✇❡✐❣❤t pm1 ❢♦r t❤❡ ♣r♦♣♦s❡❞ ❝♦♠♣♦♥❡♥t m1 ✐s ❞❡t❡r♠✐♥❡❞ ❜②

❞r❛✇✐♥❣ v ∈ (0, 1) ❛♥❞ ❧❡tt✐♥❣ pm1 = v pm0 ✱ t❤❡♥ pm2 = pm0 − pm1 ✳ ❋♦r ❛ ❜✐❣

♠♦✈❡✱ ǫv ✐s ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞✳ ❖t❤❡r✇✐s❡✱ ✐t ❢♦❧❧♦✇s ❛ ❇❡t❛ ❞✐str✐❜✉t✐♦♥✱ ✇✐t❤

♣❛r❛♠❡t❡r (a1, a2) = 2/ǫv [ǫv(1, 1) + (1− ǫv)(1, 0))]✱ ✇✐t❤ ǫv r❡s♣❡❝t✐✈❡❧② ❡q✉❛❧ t♦

0.05 ❛♥❞ 0.3 ❢♦r ❛ s♠❛❧❧ ✭r❡s♣✳ ♠❡❞✐✉♠✮ ♠♦✈❡✳ ❚❤❡ ♣♦s✐t✐♦♥ ♦❢ µ · ,m1 ✐s ❞❡✜♥❡❞

s♦ t❤❛t t❤❡ ❢♦r♠❡r ♠❡❛♥ ✈❡❝t♦r µ · ,m0 ❜❡ t❤❡ ❝❡♥t❡r ♦❢ ♠❛ss ❢♦r t❤❡ t✇♦ ♣r♦♣♦s❛❧s

µ · ,m1 ❛♥❞ µ · ,m2 ✳ ❋✐♥❛❧❧②✱ t❤❡ s❤❛♣❡ ♣❛r❛♠❡t❡rs νm1 ✱ νm2 ❛r❡ ♣r♦♣♦s❡❞ ✐♥ ❛ s✐♠✐❧❛r

✇❛② ❛s ✐♥ t❤❡ ❝♦♠❜✐♥❡ ♠♦✈❡s✱ ✇✐t❤ t❤❡ ♠❡❛♥ ♦❢ t❤❡ ❧♦❣✲tr❛♥s❢♦r♠❡❞ ✈❛r✐❛❜❧❡s s❡t

t♦ log(νm0)✳ ❉✉r✐♥❣ ❛ ▼❈▼❈ ♠♦✈❡✱ ❛ ♣❡r♠✉t❛t✐♦♥ {σ(1), . . . , σ(k)} ♦❢ {1, . . . , k}
✐s r❛♥❞♦♠❧② ❝❤♦s❡♥ ✭❜② s❛♠♣❧✐♥❣ ✇✐t❤♦✉t r❡♣❧❛❝❡♠❡♥t ✐♥ {1, . . . , k}✮✳ ❚❤❡♥✱ ❛ ❝♦♠✲

❜✐♥❡ ♠♦✈❡ ❢♦❧❧♦✇❡❞ ❜② ❛ s♣❧✐t ♠♦✈❡ ✐s s✉❝❝❡ss✐✈❡❧② ❛♣♣❧✐❡❞ t♦ ❡❛❝❤ ♣❛✐r (σ(i), σ(j))✱
❢♦r i ∈ {1, . . . , k − 1} ❛♥❞ j ∈ {i+ 1, . . . , k}✳

❆❝❦♥♦✇❧❡❞❣♠❡♥ts

P❛rt ♦❢ t❤✐s ✇♦r❦ ❤❛s ❜❡❡♥ s✉♣♣♦rt❡❞ ❜② t❤❡ ❊❯✲❋P✼ ❆❈◗❲❆ Pr♦❥❡❝t

✭✇✇✇✳❛❝q✇❛✳❝❤✮✱ ❜② t❤❡ P❊P❊❘✲●■❙ ♣r♦❥❡❝t✱ ❜② t❤❡ ❆◆❘ ✭▼❖P❊❘❆✱ ▼❝❙✐♠✱

❙t❛❘▼■P✮ ❛♥❞ ❜② t❤❡ ▼■❘❆❈❈▲❊✲●■❈❈ ♣r♦❥❡❝t✳ ❚❤❡ ❛✉t❤♦rs ✇♦✉❧❞ ❧✐❦❡ t♦

t❤❛♥❦ ❆♥♥❡✲▲❛✉r❡ ❋♦✉❣èr❡s ❛♥❞ ❆♥t❤♦♥② ❉❛✈✐s♦♥ ❢♦r t❤❡✐r ✈❛❧✉❛❜❧❡ ❛❞✈✐❝❡✱ ❛♥❞

❙✐♠♦♥ ●✉✐❧❧♦tt❡ ❢♦r ❦✐♥❞❧② ♣r♦✈✐❞✐♥❣ t❤❡ ❝♦❞❡s ✉s❡❞ ✐♥ ●✉✐❧❧♦tt❡ ❡t ❛❧✳ ✭✷✵✶✶✮✬s

♣❛♣❡r✳



❘❡❢❡r❡♥❝❡s

❆s♠✉ss❡♥✱ ❙✳ ❛♥❞ ●❧②♥♥✱ P✳ ✭✷✵✶✵✮✳ ❍❛rr✐s r❡❝✉rr❡♥❝❡ ❛♥❞ ♠❝♠❝✿ ❆ s✐♠♣❧✐✜❡❞ ❛♣♣r♦❛❝❤✳ ❚❤✐❡❧❡
❘❡s❡❛r❝❤ ❘❡♣♦rts✱ ❉❡♣❛rt♠❡♥t ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❙❝✐❡♥❝❡s✱ ❯♥✐✈❡rs✐t② ♦❢ ❆❛r❤✉s✳

❇❡✐r❧❛♥t✱ ❏✳✱ ●♦❡❣❡❜❡✉r✱ ❨✳✱ ❙❡❣❡rs✱ ❏✳✱ ❛♥❞ ❚❡✉❣❡❧s✱ ❏✳ ✭✷✵✵✹✮✳ ❙t❛t✐st✐❝s ♦❢ ❡①tr❡♠❡s✿ ❚❤❡♦r② ❛♥❞
❛♣♣❧✐❝❛t✐♦♥s✳ ❏♦❤♥ ❲✐❧❡② ✫ ❙♦♥s✿ ◆❡✇ ❨♦r❦✳

❇✐❧❧✐♥❣s❧❡②✱ P✳ ✭✶✾✾✾✮✳ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s✳ ❲✐❧❡② ❙❡r✐❡s ✐♥ Pr♦❜❛❜✐❧✐t② ❛♥❞
❙t❛t✐st✐❝s✳

❇♦❧❞✐✱ ▼✳ ✭✷✵✵✹✮✳ ▼✐①t✉r❡ ♠♦❞❡❧s ❢♦r ♠✉❧t✐✈❛r✐❛t❡ ❡①tr❡♠❡s✳ P❤❉ t❤❡s✐s✱ ❊❝♦❧❡ P♦❧②t❡❝❤♥✐q✉❡
❋❡❞❡r❛❧❡ ❞❡ ▲❛✉s❛♥♥❡✳

❇♦❧❞✐✱ ▼✳✲❖✳ ❛♥❞ ❉❛✈✐s♦♥✱ ❆✳ ❈✳ ✭✷✵✵✼✮✳ ❆ ♠✐①t✉r❡ ♠♦❞❡❧ ❢♦r ♠✉❧t✐✈❛r✐❛t❡ ❡①tr❡♠❡s✳ ❏♦✉r♥❛❧ ♦❢
t❤❡ ❘♦②❛❧ ❙t❛t✐st✐❝❛❧ ❙♦❝✐❡t②✿ ❙❡r✐❡s ❇ ✭❙t❛t✐st✐❝❛❧ ▼❡t❤♦❞♦❧♦❣②✮✱ ✻✾✭✷✮✿✷✶✼✕✷✷✾✳

❇✉♥❦❡✱ ❖✳ ❛♥❞ ▼✐❧❤❛✉❞✱ ❳✳ ✭✶✾✾✽✮✳ ❆s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ ❇❛②❡s ❡st✐♠❛t❡s ✉♥❞❡r ♣♦ss✐❜❧②
✐♥❝♦rr❡❝t ♠♦❞❡❧s✳ ❚❤❡ ❆♥♥❛❧s ♦❢ ❙t❛t✐st✐❝s✱ ✷✻✭✷✮✿✻✶✼✕✻✹✹✳

❈♦❧❡s✱ ❙✳ ❛♥❞ ❚❛✇♥✱ ❏✳ ✭✶✾✾✶✮✳ ▼♦❞❡❧❧✐♥❣ ❡①tr❡♠❡ ♠✉❧t✐✈❛r✐❛t❡ ❡✈❡♥ts✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❘♦②❛❧
❙t❛t✐st✐❝❛❧ ❙♦❝✐❡t②✳ ❙❡r✐❡s ❇ ✭▼❡t❤♦❞♦❧♦❣✐❝❛❧✮✱ ♣❛❣❡s ✸✼✼✕✸✾✷✳

❈♦♦❧❡②✱ ❉✳✱ ❉❛✈✐s✱ ❘✳✱ ❛♥❞ ◆❛✈❡❛✉✱ P✳ ✭✷✵✶✵✮✳ ❚❤❡ ♣❛✐r✇✐s❡ ❜❡t❛ ❞✐str✐❜✉t✐♦♥✿ ❆ ✢❡①✐❜❧❡ ♣❛r❛✲
♠❡tr✐❝ ♠✉❧t✐✈❛r✐❛t❡ ♠♦❞❡❧ ❢♦r ❡①tr❡♠❡s✳ ❏♦✉r♥❛❧ ♦❢ ▼✉❧t✐✈❛r✐❛t❡ ❆♥❛❧②s✐s✱ ✶✵✶✭✾✮✿✷✶✵✸✕✷✶✶✼✳

❞❡ ❈❛r✈❛❧❤♦✱ ▼✳✱ ❖✉♠♦✇✱ ❇✳✱ ❙❡❣❡rs✱ ❏✳✱ ❛♥❞ ❲❛r❝❤♦➟✱ ▼✳ ✭✷✵✶✸✮✳ ❆ ❊✉❝❧✐❞❡❛♥ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛✲
t♦r ❢♦r ❜✐✈❛r✐❛t❡ t❛✐❧ ❞❡♣❡♥❞❡♥❝❡✳ ❈♦♠♠✉♥✐❝❛t✐♦♥s ✐♥ ❙t❛t✐st✐❝s✲❚❤❡♦r② ❛♥❞ ▼❡t❤♦❞s✱ ✹✷✭✼✮✳

❞❡ ❍❛❛♥✱ ▲✳ ❛♥❞ ❋❡rr❡✐r❛✱ ❆✳ ✭✷✵✵✻✮✳ ❊①tr❡♠❡ ❱❛❧✉❡ ❚❤❡♦r②✱ ❆♥ ■♥tr♦❞✉❝t✐♦♥✳ ❙♣r✐♥❣❡r ❙❡r✐❡s ✐♥
❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤ ❛♥❞ ❋✐♥❛♥❝✐❛❧ ❊♥❣✐♥❡❡r✐♥❣✳

❊✐♥♠❛❤❧✱ ❏✳✱ ❞❡ ❍❛❛♥✱ ▲✳✱ ❛♥❞ P✐t❡r❜❛r❣✱ ❱✳ ✭✷✵✵✶✮✳ ◆♦♥♣❛r❛♠❡tr✐❝ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ s♣❡❝tr❛❧
♠❡❛s✉r❡ ♦❢ ❛♥ ❡①tr❡♠❡ ✈❛❧✉❡ ❞✐str✐❜✉t✐♦♥✳ ❚❤❡ ❆♥♥❛❧s ♦❢ ❙t❛t✐st✐❝s✱ ✷✾✭✺✮✿✶✹✵✶✕✶✹✷✸✳

❊✐♥♠❛❤❧✱ ❏✳ ❛♥❞ ❙❡❣❡rs✱ ❏✳ ✭✷✵✵✾✮✳ ▼❛①✐♠✉♠ ❡♠♣✐r✐❝❛❧ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ s♣❡❝tr❛❧
♠❡❛s✉r❡ ♦❢ ❛♥ ❡①tr❡♠❡✲✈❛❧✉❡ ❞✐str✐❜✉t✐♦♥✳ ❚❤❡ ❆♥♥❛❧s ♦❢ ❙t❛t✐st✐❝s✱ ✸✼✭✺❇✮✿✷✾✺✸✕✷✾✽✾✳

❋r❡❡❞♠❛♥✱ ❉✳ ✭✶✾✻✸✮✳ ❖♥ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ ❇❛②❡s✬ ❡st✐♠❛t❡s ✐♥ t❤❡ ❞✐s❝r❡t❡ ❝❛s❡✳ ❚❤❡
❆♥♥❛❧s ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❙t❛t✐st✐❝s✱ ✸✹✭✹✮✿✶✸✽✻✕✶✹✵✸✳

●❡❧♠❛♥✱ ❆✳ ❛♥❞ ❘✉❜✐♥✱ ❉✳ ✭✶✾✾✷✮✳ ■♥❢❡r❡♥❝❡ ❢r♦♠ ✐t❡r❛t✐✈❡ s✐♠✉❧❛t✐♦♥ ✉s✐♥❣ ♠✉❧t✐♣❧❡ s❡q✉❡♥❝❡s✳
❙t❛t✐st✐❝❛❧ s❝✐❡♥❝❡✱ ♣❛❣❡s ✹✺✼✕✹✼✷✳

●❤♦s❛❧✱ ❙✳✱ ●❤♦s❤✱ ❏✳ ❑✳✱ ❛♥❞ ❘❛♠❛♠♦♦rt❤✐✱ ❘✳ ❱✳ ✭✶✾✾✾✮✳ ❈♦♥s✐st❡♥❝② ✐ss✉❡s ✐♥ ❜❛②❡s✐❛♥ ♥♦♥✲
♣❛r❛♠❡tr✐❝s✳ ■♥ ❆s②♠♣t♦t✐❝s✱ ◆♦♥♣❛r❛♠❡tr✐❝s ❛♥❞ ❚✐♠❡ ❙❡r✐❡s❀ ❆ ❚r✐❜✉t❡ t♦ ▼❛❞❛♥ ▲❛❧ P✉r✐✱
♣❛❣❡s ✻✸✾✕✻✻✼✳ ▼❛r❝❡❧ ❉❡❦❦❡r✳

●❤♦s❤✱ ❏✳ ❛♥❞ ❘❛♠❛♠♦♦rt❤✐✱ ❘✳ ✭✷✵✵✸✮✳ ❇❛②❡s✐❛♥ ♥♦♥♣❛r❛♠❡tr✐❝s✳ ❙♣r✐♥❣❡r✳

●r❡❡♥✱ P✳ ✭✶✾✾✺✮✳ ❘❡✈❡rs✐❜❧❡ ❥✉♠♣ ▼❛r❦♦✈ ❝❤❛✐♥ ▼♦♥t❡ ❈❛r❧♦ ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ ❇❛②❡s✐❛♥ ♠♦❞❡❧
❞❡t❡r♠✐♥❛t✐♦♥✳ ❇✐♦♠❡tr✐❦❛✱ ✽✷✭✹✮✿✼✶✶✕✼✸✷✳
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