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FIRST ORDER THEORY OF CYCLICALLY ORDERED GROUPS.

M. GIRAUDET, G. LELOUP AND F. LUCAS

ABSTRACT. By a result known as Rieger’s theorem (1956), there is a one-to-one correspondence, as-
signing to each cyclically ordered group H a pair (G, z) where G is a totally ordered group and z is an
element in the center of G, generating a cofinal subgroup (z) of G, and such that the quotient group
G/(z) is isomorphic to H.

We first establish that, in this correspondence, the first order theory of the cyclically ordered group
H is uniquely determined by the first order theory of the pair (G, z).

Then we prove that the class of cyclically ordered groups is an elementary class and give an axiom
system for it.

Finally we show that, in opposition to the fact that all theories of totally Abelian ordered groups have
the same universal part, there are uncountably many universal theories of Abelian cyclically ordered
groups. We give for each of these universal theories an invariant, which is a pair of subgroups of the
group of unimodular complex numbers.

! Keywords: cyclically ordered groups, first order theory, orderable, universal theory.

1. INTRODUCTION AND BASIC FACTS.

The study of cyclically ordered groups (c.0.g.) was initiated in [13]. Definitions and notations not
given here, about c.0.g. and totally ordered groups (t.0.g.) can be found in [4] (IV, 6, pp. 61-65), [§],
[18] and [17]. The terminology about model theory can be found in [1].

We say that (A, R) is a cyclically ordered set (or R is a cyclic order on A) if A is a set and R is a ternary
relation on A satisfying the following axioms Ry to Ry:

Ry : Va,y,z (R(z,y,2) = x #y # z # x), (R is strict);

Ry : Va,y,z (x £y # 2z #x= (R(x,y,z) or R(z,z,y))), (R is total);

Rs: Vz,y,z (R(x,y,2) = R(y, z,2)), (R is cyclic);

Ry : Va,y,z,u (R(x,y,2) and R(y,u,z) = R(x,u,z)), (R is transitive ).

We say that (G, R) is a cyclically ordered group (c.o.g.) if R is a cyclic order on the underlying set of G
which is compatible with the group law of G, i. e. satisfies:

Rs: Va,y,z,u,v (R(z,y, 2) = R(uzv, uyv, uzv)).

It is easy to check that in a c.o.g. with unit e, R(e,z,y) implies R(e,y~*, 2~ 1). (Remark that R is
determined by its projection: {(z,y); R(e,z,y)}). We shall often let R(z,y, z,t,...) stand for R(x,y, 2)
and R(z,z,t) and ....

The language of c.o.g. will be here L. = {-, R,e,~! }, where the first predicate stands for the group law,
R for the ternary relation, e for the group identity and ~! for the inverse function. (When considering
Abelian c.o.g. we shall also use the usual symbols +,0, —). Remark that the theory of cyclically ordered
groups has a finite set of universal axioms in L..

If G is a c.o.g., H is a normal subgroup of G, and = € G, we shall let T stand for x H whenever it yields
no ambiguity.

The positive cone of (G, R) is the set P(G) = P = {x; R(e,z,2%)} U{e}. [18].

Clearly PN P~! = {e} and G = PUP ' U{x; 2% = e}. We shall set |z| = z if R(z1,e,2), |z| = 27}
if R(z,e,z7 1), and |z| = 2 = 27! if 22 = e. Remark that the positive cone P of a c.0.g. does not always
satify P - P C P (for example the (additive) c.o.g. Z/3Z where R(0,1,2) and Z is the additive group of
integers, we have 1 € P and 1+ 1 ¢ P).

If G is a group, Z(G) will denote its center. If z € G (or X C G) we say that z (or X) is central if z (or
X) lies in the center of G: z € Z(Q)) (or X C Z(Q)). If (G, <) is a t.o.g. we say that z (or X) is cofinal
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2 M. GIRAUDET, G. LELOUP AND F. LUCAS

in G if the subgroup generated by z: (z) (or X: (X)) is cofinal in (G, <).
We must now give three fundamental constructions as follows in 1.1, 1.2, 1.3 below.

1.1. Linear cyclically ordered groups. A t.o.g. (G, <) is cyclically ordered by the relation given by:
R(z,y,2)iff (xt <y<zory<z<uzorz<a<y). In this case we say that (G, R) is the cyclically
ordered group associated to (G, <) and that (G, R) is a linear c.o.g.. (Obviously a c.0.g. (G, R) is linear
if and only if P- P C P). We have e < z iff R(e,z,2?) iff |z| = z (in this case |z| has the same meaning
in the linear c.o.g. it usually has in the t.o0.g.).

J. Jakubik and C. Pringerové proved ([8] Lemma 3) that a c.o.g. (G, R) is a linear c.o.g. iff it satisfies
the following system of axioms: {a} U {8, }nen; n>1

a: Ve #e x2#£e

Bn: Vo # e R(e,x,2?) = R(e,x,z").

1.2. The winding construction. ([4])

If (G,<)is atog and z € G, z > e is a central and cofinal element of G then the quotient group
G/(z) can be cyclically ordered by:

R(3, h, k) iff there are ¢/, b/, k' such that

g=g,h=N,k=FKand (e<g <h <k <zore<h <k <g <zore<k' <g <h<z).
(G/{z), R) is the wound-round c.o.g. associated to (G,<) and z. This construction will be generalized
later. The special cases below are of current use.

1.2.1. Unimodular complex numbers. Let C denote the field of complex numbers and K = {z € C; |z| =
1} = {e"?; 0 < 0 < 27}, equipped with the usual multiplication. For each z € K we let 6(z) be the
unique @ such that = = ¢ and 0 < § < 27 and let K be cyclically ordered by the relation:

R(e® e e )iff (0 <0 <0 or® <0 <forb <6<0)ie.

R(z,y,z) iff (0(z) <0(y) <0(z) or O(y) < 0(z) < b(x) or 6(z) < O(x) < O(y)).
The c.0.g K is the wound-round c.o.g. associated to the additive ordered group of real numbers (R, <)
and 1. It is of crucial importance.

Let U denote the torsion part of K (the group of roots of 1 in C). It is the wound-round associated to
the additive ordered group Q of rational numbers and 1.

1.2.2. Finite cyclic groups. For each n the finite cyclic group Z/nZ is cyclically ordered by R(z,7, k) iff
(3,5, €{0,1,....n—1},i=7J=7 k=K and (i<j<korj<k<iork<i<j)).

It is the wound-round c.o.g. associated to (Z, <) and n. Clearly U embeds a copy of each such Z/nZ.
In particular Z/2Z is cyclically ordered by the empty relation. A cyclically ordered group cannot have

more than one element of order 2. (Suppose z # e,y # e,x # y,2*> = y?> = e and R(e,r,y). Then

R(z,e,zy) and R(y,zy,e) so R(x,e,y), a contradiction). Hence if (G, R) has an element of order 2, then

the c.0.g. Z/27 is canonically embedded in (G, R).

1.3. Lexicographic product. ([17], [8])

If (C,R) is a c.o.g. and (L,<) is a t.o.g., we can define a lexicographic cyclic order on C x L by
R'((e,r), (¢, r"), (", 7)) iff
(R(e,d,)or (c=c £ andr <71')or (c#c =" andr <71’)or (c=¢" # ¢ andr” < r) or
(c=cd=cd"and (r<r < orr <r” <rorr’" <r<r)).

We let CX L denote this c.0.g. and call it the lexicographic product of (C,r) and (L, <). The following
classical results on c.0.g. are related to the above constructions.

Rieger’s theorem states that every cyclically ordered group (G, R) can be obtained by the winding
construction: there is a canonical t.0.g. (uw(g), <) and a central and cofinal element z¢ in it, such that
(G, 7) = ((uw(G), <)/(za))- .

Swirczkowski’s theorem states that every c.o.g. can be embedded in a lexicographic product K X L for
some t.0.g. L.

The present model theoretic study of c.0.g. is based on those two theorems. In Section 2 we recall
Rieger’s theorem and we generalize the crucial construction. Section 3 deals with c-convex subgroups
(an analogue of the convex subgroups of t.0.g.’s), normal c-convex subgroups, and problems about their
characterization as kernels of c-homomorphisms, and finally we give a correspondence between proper
c-convex subgroups of (G, R) and proper convex subgroups of (uw(G, R), <) in the nonlinear cases. In
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Section 4 we give a model theoretic version of Rieger’s theorem: we prove (Theorem 4.1) that two c.o.g.
(G, R) and (G’, R") have the same first order theory in L. iff so have (vw(G), <, z¢) and (vw(G'), <, zg/),
in the language of o.g. with parameter. In Section 5 we recall Swirczkowski’s theorem, and Zheleva’s
result which characterizes cyclically orderable groups in terms of their torsion parts. We prove (Theorem
5.6) that a group G is cyclically orderable iff its center Z(G) is cyclically orderable and the factor group
G/Z(G) is orderable (an analogue of the result of Kokorin and Kopitov characterizing totally orderable
groups as those for which Z(G) and G/Z(G) are orderable). We derive from it (Theorem 5.8) an axiom
system for the class of orderable c.0.g.. In Section 6 we study the universal theory of Abelian c.0.g.’s.
Gurevich and Kokorin ([7], [5]) proved that two totally ordered Abelian groups satisfy the same universal
formulas. For Abelian c.o.g., having or not an element of a given order, obviously gives different universal
theories. We give (Theorem 6.2) a full classification of universal theories of Abelian c.0.g.’s.

2. RIEGER’S TYPE CONSTRUCTIONS.

Theorem 2.1. (Rieger, [13], [4]). If (G,R) is a cyclically ordered group, there exists a linearly ordered
group (F,<) and a positive element z € F which is central and cofinal such that (G, R) is the c.o.g.

(F,<)/(2)-

The proof relies on the following theorem:

Theorem 2.2. ([4]). If (G, R) is a cyclically ordered group, then the structure (uw(G),-, <g) is a linearly
ordered group.

Here:
1) (vw(G),-) is the set Z x G,
2) the order relation <g is defined by: (m,g) < (m/,q") iff (m,g9) = (m',g") or m <m’ orm =m’ and
(R(e,g,9") org=¢)),
3) the group law is given by: (k,e)-(m,h) = (k+m,h), (k,g)-(m,h) is either (k+m,gh) if R(e, g,gh),
or (k4+m+1,gh) if R(e,gh,g), or (k+m+1,¢e) if gh =e # g.

Remark 2.3. One can also easily verify that:

(1) If g # e then (k,g9)™' = (=k —1,g7").

(2) (k,9) - (¥, h) = (K, h) - (kg) iff gh = hg.

(3) G is Abelian iff uw(Q) is Abelian.

(4) The element (1,e) which will be denoted by z¢, is central and cofinal in uw(G).

(5) (U’LU(G), SR)/('ZG> = (GaR)

(6) If (F,<) is a linearly orderd group and z is central and cofinal in F and R is the cyclic order
defined on uw(F/(z)) in the winding construction, then (vw(F/(z)), <gr) is isomorphic to (F, <).

(7) If (H,<) is a linearly ordered group, and (G, R) is a c.o.g., we have uw(G?H) = uw(G)?H
where uw(G X H) is the lexicographical product of linearly ordered groups and G?H is the lexi-
cographical product introduced in Section 1.3.

Definition 2.4. The linearly ordered group (uw(G), <g) will be named the Rieger unwound of G.

Lemma 2.5 (winding, unwinding and substructures.). (1) If (G, R) and (G',R’) are c.0.g., and (G, R)
is a substructure of (G', R') then the unwound
(uw(G, R),<Rr) can be embedded in (uw(G, R), <gr) with zg = z¢'.
(2) If (L, <) and (L', <) are linearly ordered groups and (L, <) is a substructure of (L', <) and for
some z € L which is central and cofinal in (L', <), (L, <, z) is a substructure of (L', <, z) then z
is also central and cofinal in (L, <) and (L/(z), R) is a substructure of (L' /{z), R).

Proof. . Easy to verify. O
We can generalize the winding construction:

Lemma 2.6. If (G, <) is a linearly ordered group and M a subgroup of G which is discrete, central and
cofinal, with first positive element z, and such that for each g € G there is h in M such that h < g < hz,(
g lies between h and his successor is in M), then G/M can be cyclically ordered following the winding
construction. Moreover if D is the convex hull of (z) in G, then G/M = D/{(z).
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Proof. . For each g there is a unique ¢’ such that § = ¢/ and e < ¢’ < z, so we can define R(g, h, k) iff
there are ¢/, b/, k' suchthat g=¢/, h=h,k=FkK,and (e< g <h <k' <zore<h' <k' <g <zor
e<k <g¢g <h' <z)and it is easy to verify that this is a cyclic ordering of G/M. O

Looking at the behavior of the center in the winding construction we have:

Lemma 2.7. Let (G,R) be a c.o.g. and Z(G) the center of G. Then Z(uw(G)) = ww(Z(G)) and
Z(ww(@))/(za) = Z(G).

Proof. . Easy to verify (z¢ was introduced in 2.1). a

3. C-CONVEX SUBGROUPS.
It will be usefull to have precise settings for the notion of c-convex subgroup of a c.o.g.:

Definition 3.1. ([8]) Each c.o.g. is a c-convex subgroup in itself. If (G, R) is a c.0.g. and H a proper
subgroup of G , it is a c-convex subgroup if it does not contain a non-unit element of order 2 and it is a

c-convex set (Vh € H,Yg € G,(R(h~',e,h) and R(e,g,h)) = g € H).

It is clear that if a c.o.g. is linear, then a subgroup is c-convex iff it is convex in the associated t.o.g..
One can verify that a c-convex subgroup K of a c-convex subgroup H of a c.o.g. (G, R) is a c-convex
subgroup of (G, R).

Lemma 3.2. If H is a c-convex subgroup of (G, R) and z,2',y,y',2,2" € G satisfy R(z,y,2) and T #
Y#Z#T andT=2a,y=1vy',Z =2 then R(z',y,z") (where t denotes the class of t in G/H ).

Proof. . Since R is cyclic, it suffices to prove that R(z,y’,z). Suppose not, then R(y’,x,z), hence
R(z,y,2,y'), Rle,zy~!,y'y™"). From R(y',x,y) we have also R(e,ay' "', yy'~!). If R(yy' ™" e.y'y™")
since H is c-convex zy~! € H contradicting Z # 7. The case when R(y'y~ !, e,yy’ 1) is similar. O

Remark 3.3. Let (G,R) be a c.o.g., H be a proper normal subgroup of G, S be the large cyclic or-
der associated to R (S(x,y,2) iff R(z,y,2) ory = x or y = z), S the quotient relation (32',y', 2" €
G,xx' 1l yy'~t,22/"t € H and S(2',y',2")). Let f be the associated surjective group homomorphism
from G onto G/H, and R the relation defined by R(T,7,%) iff (T #7 #Z # T and S(T,7,%)). Consider
the three following conditions:

(1) H is a c-convex-subgroup of G

(2) R is a cyclic order on G/H

(3) f is a c-homomorphism.
The conditions 2 and 3 are equivalent and they are consequences of 1. One can prove that if G/H ¢ 7/27Z.,
then those three conditions are equivalent, but when G = Z/AZ, H = 27 and [ is defined by f(z) =T
and H = f=1(e), then f is a c-homomorphism but H is not c-convex.

Theorem 3.4. ([8]) Let G be a nonlinear c.o.g., there is a largest c-convex subgroup of (G, R), it will
be denoted by Gy and is called the subgroup of infinitely small elements of G. Gy is linear and it is a
normal subgroup of G.

Each proper c-convex subgroup of (G, R) is linear and the set of c-convex subgroups of (G, R) is linearly
ordered by inclusion. It is closed by finite or infinite unions or intersections. For each g € G there is a
smallest c-convex subgroup of G containing g.

One can prove that the map from G into uw(G) defined by f(z) = (0,z) if z € P and f(z) = (—1,z)
if not, when restricted to Gg is a group homomorphism and an order isomorphism between (Go, <g) and
Gouww = {(0,2),2 € (PN Go)} U{(~1,2),2 # e,z € P71 Go)}.

So, when (G, R) is nonlinear we have an order isomorphism between the inclusion-ordered set of
c-convex subgroups of (G, R) and the inclusion-ordered set of convex subgroups of (G, R).

Definition 3.5. [17] A c.o.g. (G, R) is said to be c-Archimedean if for all g and h there is an integer n
such that R(e, g™, h) is not satisfied.

Examples.
(1) (G, R) is c-Archimedean iff it can be embedded in K, iff it is nonlinear and has no proper c-convex
subgroup.
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(2) If (G, R) is nonlinear and c-Archimedean then its unwound (uw(G), <) is Archimedean.

(3) Z can be equipped with a non-Archimedean c.o.: consider (G, R) = (Z/3Z);>Z, the subgroup H
generated in G by (1,1) equiped with the inherited cyclic order, and C' the c-convex subgroup
of (G, R) and (H, R) generated by (0,3). The group H is isomorphic to Z and the c.o.g. (H, R)
admits C' as a proper c-convex subgroup, so it is not c-Archimedean.

Definition 3.6. Let (G, R) and (G’, R') be two c.0.g., (G, R) being a substructure of (G’, R'), (G, R) is
said to be dense in (G', R') if
Vo' y € G'((32' € G' R(2',2',y")) = (32 € G R(2', 2,v')).

Remark 3.7. .

(1) If (G, R) and (G',R') are linear then (G, R) is dense in (G', R') and (G, <) is dense in (G',<’)
for the associated linear orders.
(2) FEach infinite subgroup of K (equipped with the inherited cyclic order) is dense in K.

As usual we say that a subgroup H of G is pure in G if for each h € H and each integer n, if there exists
g € G such that g™ = h then there exists h’ € H such that h'™ = h.

Remark 3.8. .

(1) A c.o.g. can have torsion and the equation x™ =y can have several solutions.

(2) A c-convex subgroup is not always a pure subgroup: let (G, R) = (Z/3Z);>Z and H the subgroup
generated in G by (1,1) then (0,3) = 3(0,1), the subgroup C generated by (0,3) is a c-convex
subgroup of H, (0,3) is not divisible by 3 in C, but it is divisible by 3 in H. We shall see in 5.2
that if a c.0.g. contains a substructure isomorphic to U then each of its c-convex subgroups is
pure.

4. ELEMENTARY EQUIVALENCE AND SUBSTRUCTURE.

Now we prove a transfer principle between the elementary equivalence of two c.o.g. and the elementary
equivalence of their Rieger-unwound totally ordered groups.

Theorem 4.1. Let (G, R) and (G',R’) be two c.o.g. then:
(Ga R) = (Gla R/) Zﬁ (U’LU(G), Z2G, SR) = (uw(Gl); ZG’, SR’);

and the same property holds for elementary inclusion.

The proof goes through Lemmas 4.2, 4.3 and 4.4. In those lemmas (G, R) and (G’, R’) will be two
c.0.g.. Let (uw(G),<pg) be the unwound (linearly ordered group) of (G, R) and zg € uw(G) such that
(G, R) is canonically isomorphic to uw(G)/(zg). We consider the four different structures:

(1) (G, R) in the language L. of c.0.g.

(2) (vw(G),{(z¢)) in the language Ly of pairs of ordered groups, containing the group law, the order
relation and a predicate M for a subgroup.

(3) (uw(G),zg) in the language L, of ordered groups with a specified element.

(4) Z x G in the language Lzg with two unary predicates Z and G interpreted by Z x {0} and

{0} x G, predicates for the group law and the order relation on Z and the cyclic order relation
on G.

Lemma 4.2. .

(1) (G, R) can be interpreted in (vw(G), (zg)) in the language L.
(2) (ww(G),{zg)) can be interpreted in Z x G.

Proof. .
(1) In (uw(Q), (2¢)) with the language Ljs define
I={gcuw(G); I¢'(¢ =gorg =g Hand g >eand Vt > e (M(t) = e < g <t)}.
For g, h,k € T define:
R(g,h,k)iff (g<h<korh<k<gork<g<h)andg-h=Fkiff M(ghk™!).
Then (T, R) is isomorphic to (G, R).
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(2) In Z x G interpret uw(G) by the whole set and (zg) (which is defined by the predicate M) by
Z x {e}. The order relation < will be defined from the order of Z and the cyclic order of G:
v < iff
(Fe, ' r," ) (Z(r), Z(r"),G(c), G(¢") and
v=r-cand v =¢"-c and ((c=¢ and r =7") or r <7’ or (r =7 and R(e,c,c))));
and the group law is given by: v - v = v" iff
Fe,d, ey "W Z(r), Z(r"), Z(r"),G(c), G(),G(¢") and v = ¢-r and v' = ¢’ - 1’ and
v =7r"-"and " =c-¢ and ((c=eor d =eor R(e,c,c- ) = r" =r+7r') and
((c£eand ¢ #eand R(e,c-c,c)) or
(c£eand d #£eandc-d =e)) = 1" =r+1" +1)).

O

Lemma 4.3. (G, R) and (G', R’) are elementary equivalent in L. iff (vw(G), (zg)) and (vw(G’),{z¢))
are elementary equivalent in Lys, and the same property holds for elementary inclusion.

Proof. . We know that (G, R) = (G', R’) implies (by model theoretic arguments [3] ) Z x G =Z x G’
which implies (uw(G), (2¢), <) =L, (vw(G’),(2¢7),<’) by Lemma 4.2,2. The converse follows from
Lemma 4.2,1, we obtain the result for elementary inclusion in the same way. O

Lemma 4.4. (vw(G),{(zg), <) =1, (ww(G'),{ze), <) iff (ww(G), z¢) =L. (uvw(G’), z¢), and the same
property holds for elementary inclusion.

Proof. .

(1) z¢ is definable in (zq), it is the least positive element, hence:
(uw(G), <ZG>5 S) =Lum (uw(G/), <ZG’>7 S/) implies (’LL’LU(G), ZG) =L. (uw(Gl)a ZG’)a

(we do the same thing for elementary inclusion).
(2) We prove now the other part of the equivalence by proving that (vw(G), z¢) =5, (vw(G'), z¢)
implies (G, R) = (G’, R’) which is equivalent to the needed property.

Suppose that (uw(G), z¢) =1, (uw(G'),zg/). There exist two L,-isomorphic ultrapowers
(H,z) = (uw(G), za)V (respectively (H', 2') = (uw(G"), zg)V") of (uw(G), z¢) (resp. (uw(G'), zqr
). If f is the isomorphism between these two structures, we have f(z) = 2/, but the predicate M
is not in L, and may not be preserved by f.

Define D = (2¢)V C H (resp. D' = (2¢/)U" C H'), because of the definitions and properties
of ultraproducts, D (resp. D’) is a discrete subgroup of H (resp. H') with first element z (resp.
z"), and D (resp. D’) is cofinal and central in H (resp. H').

Let B(z) (resp B(z’)) be the minimal convex subgroup of (H, <) containing z (resp. of (H', <’)
containing z’). The isomorphism f between (H,z,<) and (H’,z’, <), when restricted to B(z)
is an isomorphism between (B(z),z,<) and (B(2'),2’,<). Now z (resp. 2’) is central and
cofinal in B(z) (resp. B(%’)), and the corresponding c.o.g. are isomorphic: (B(z)/(z),R) =~
(B()/('), ).

Furthermore, D and D’ are discrete and for each g € H (resp. ¢’ € H') there is h € D (resp.
K’ € D’) such that g is between h and its successor in D (g’ is between h’ and its successor in
D’). Hence by the generalized winding construction (2.6) we can define a cyclic order on H/D
(resp. H'/D’) and we have (H/D, R) ~ (B(z)/(z),R) and (H'/D', R') = (B(z")/(z'), R').

Hence we can conclude (G, R) = (G', R') because by (4.3) (G,R) = (H/D,R) and (G',R’) =
(H'/D', R).

All what we did can be done even when adding new symbols for all the elements in uw(QG)
and we can prove that the elementary equivalence in this language:

(uww(G), 26, <) =r. (vw(G’), zg:, <') implies (G, R) =) (G', R') ie. if (uw(G), zg) is an

elementary substructure of (uw(G’), zg+) then (G, R) is an elementary substructure of (G, R').
0

This achieves the proof of Theorem 4.1.
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5. EMBEDDING THEOREM OF SWIRCZKOWSKI AND CYCLIC ORDERABILITY.

Theorem 5.1. [17] Let (G, R) be a c.o.g., there are a linearly ordered group (L, <) and an embedding f
of (G, R) in the lexicographic product Kx L. Such an embedding is called a representation of (G, R).

Let m; (i =1 or i = 2) be the i*" projection associated with f, then:
(1) 71 o f does not depend on the representation [8]. Therefore we write 7 (x) instead of m(f(z))
and 7 instead of 1 o f. (When usefull we shall mention the domain: 71 ). The image w1 (f(G))
will be called the winding part of G and denoted by K(G). We have K(Gy) = 1.
(2) m(f(Go)) = LN m(f(G)).
As a consequence, if a c.0.g. (G, R) is a substructure of K and f is a one-to-one c-isomorphism from G
to K, then for each z we have f(z) = .
One can prove that if g is a nontrivial c-homomorphism from (G, R) into (G’, R’) then ker(g) is c-
convex iff m,¢ = (m,¢) 0 g.
As usual for a group G its torsion part is T(G) = J,,cn19 € G/g" = e}. Remark that for each prime
p, (G : pG) is 1 or p, and that T'(G) C T(K(G)).

Lemma 5.2. If a c.o.g. (G, R) contains U then each of its c-convex subgroups is pure.

Proof. . Let f be an embedding of (G, R) into K(G)?L and C' be a proper c-convex subgroup of (G, R),
we have f(C) C f(Go) = L f(G). Suppose z € C, y € G and y" = z. Let f(z) = (1,¢) and
f(y) = (e, 8). Then f(y™) = (a™,s™) so a™ = 1. We know that G contains U so there is u € G such that
f(u) = (a,e). Therefore f(yu=') = (1,s) € LN f(G). We have y" = zso s" = t, (1,s)" = (1,5") € f(C)
which is linear and convex so (1,s) € f(C), i.e. yu™' € C and (yu™')" = . O

Recall that a group is said to be locally cyclic if each finitely generated subgroup is cyclic. This is
equivalent to being embedded in (Q,+) or U (see for instance [15]).

Theorem 5.3. (Zheleva [19]) A group G is cyclically orderable iff its periodic part T(G) is central and
locally cyclic and G/T(G) is orderable.

Proof. . We give a detailed proof.

(1) If G is cyclically ordered then G can be embedded in K x L where L is a linearly ordered group.
Hence T'(G) is central. It is locally cyclic because it is a subgroup of T(K) = U. Now G/(UNG)
embeds in (Kx L)/(Ux {e}) = (K/U) x L which is linearly orderable because it is abelian without
nonzero periodic element.

(2) If T(G) is locally cyclic it can be embedded in U, so it is cyclically orderable. If T(G) is cen-
tral, then G is a central extension of T'(G) by G/T(G) and G can be cyclically ordered by the
lexicographic order defined in the following lemma.

O

(Remark that, when applied to the Abelian case, this result is related to the result of G. Sabbagh [14]
giving the same characterization for the Abelian groups which can be embedded in the multiplicative
group of a field).

Lemma 5.4. If C is an Abelian c.o.g., L is a linearly ordered group and G is a central extension of C
by L, then G can be cyclically ordered by the following cyclic order R:

Let {gr,m € L} be a family of representatives of L in G. Fach element of G is represented by a pair
(¢,gr) with c € C and r € L. We define:

R((¢,9r), (¢s gr), (¢ gon)) iff R(e, ") or (c=¢ # ¢ and Gy < G) or (¢ # ¢ =" and G < gpr)
or(c=d"#cd and gy > grr) or (c=¢ =" and (Gr < G < Grr 07 G < Goir < Gr 0T Goir < Gp < Gr7).

Proof. . We have to verify that this cyclic order is compatible with the group law in G. Let (m, 5,7, s € L)
be the factor system associated to the family of representatives (g,.,r € L) and if R((c, g,), (¢, gr), (¢, grr))
and (¢, gs) € G-

(Cma gs) : (Ca gT) = (Cl” "G Gsr ms,r)

(Cl/la gs) : (C, gr’) = (C”/ *C Gser ms,r’)

(6/1/7 gs) : (C, gr”) = (CW *CyGsr ms,r”)-



8 M. GIRAUDET, G. LELOUP AND F. LUCAS

Remark that the factors m,,, are in C' and that in G/C = L we have Gy, - o = Juv-

If (c=d # " and R(c,d, ")) then (¢ -c=" - # " - " and R(¢" - ¢, -, " - )).
If(c=d # " and gy <Gm) then (¢ -c=" - # " - and Gsr < Gsrr)-

If (ce=c"#¢ and g7 < Gpr) then ¢ -/ =" - " # " - ¢ and Gor < Goprr)-

If (=" #c¢ and gy > Gpr) then (" -c=¢" - " # " - and Ggp > Goprr)-

If (c=cd =c" and §r < G < Grv) then Gsr < Gsrr < Gsorr-

Hence R((c",gs) - (c,9r), (<" gs) - (', 1), (", g5) - (¢, gr)).

In the same way we could obtain

R((¢,9r) - (¢ 95), (¢, 970) - (¢7g5), (¢ grr) - (¢, 95))- 0
Recall the following.

Theorem 5.5. (Kokorim and Kopitov [9]). A group G is orderable iff its center Z(G) and the factor
group G/Z(G) are orderable.

We can obtain a similar result for cyclically ordered groups.

Theorem 5.6. A group G is cyclically orderable iff its center Z(Q) is cyclically orderable and the factor
group G/Z(G) is orderable.

Proof. .

(1) If Z(G) is cyclically orderable and G/Z(QG) is orderable, then G is a central extension of G/Z(G)
by Z(G) and then can be cyclically ordered using Lemma 5.4.

(2) Let G be cyclically ordered, uw(G) is totally ordered and by Theorem 5.5 ww(G)/Z(uw(G))
is orderable. The subgroup (zg) is normal in uw(G) (and contained in Z(uw(G))), hence
ww(@)/Z(uw(Q)) = (uw(G)/{za))/(Z(uw(G))/{za)). We have by Lemma 2.7 Z(vw(G))/(z¢) =~
Z(G) hence vw(G)/Z(uw(G)) =~ G/Z(G) and G/Z(G) is orderable.

O

Finally we give, in the language of groups, a system of axioms for cyclic orderability. First recall the
characterization of orderable groups given by Onishi and Los.

Theorem 5.7. (Onishi, Los [12], [11], see also [9] ch. 2 th. 3) A group G is orderable iff for any finite
set of non identity elements x1,...,x, there is an e = (€1,...,€,) € {1, —1}" such that e does not belong
to the semigroup generated by the conjugates of x5, ..., xtr. Furthermore the class of orderable groups is
aziomatizable by the following family (O, n € N) of formulas where Oy, is: Va1,..., 20 ((A\ N;cp ®i # €)

€; -
= \/ v(El,...,En)E{l,—l}" /\ /\kEn,il,...,ikEn vyi17 s lYi, € # Hj:l'r""rk(yi]‘)l : :I:ij] yij)'

Theorem 5.8. Let G be a group, the following are equivalent:
(1) G is cyclically orderable
(2) T(G) is locally cyclic and G/Z(QG)is orderable
(3) G satisfies the following system of axioms an,b,,n € N

(@) an V2o, ..., n((A\ Nocicn @i = €=V Vocicjcn Ti = ;)
(i.e. the n-torsion part of G has dimension at most one).

(b) b :Var, ... 20 (AN, i  Z(G) = V V... eEfl—1}r
A Nicnin.oiven Wins - Yin Wizt w (i) ™27 - yiy) & Z(G).
Proof. . Using Theorem 5.5 G is cyclically orderable iff G/Z(G) is orderable and Z(G) is cyclically

orderable. Now by Theorem 5.3 Z(G) is cyclically orderable iff T'(Z(G)) is is central in Z(G) and locally
cyclic and Z(G)/T(Z(Q)) is orderable. Remark that:

(1) If G/Z(G) is orderable then T(G) C Z(G) so T(G) = T(Z(G)).
(2) Z(GQ)/T(G) is orderable because it is Abelian without torsion part.

Therefore G is cyclically orderable iff T'(G) is locally cyclic and G/Z(G) is orderable. O
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6. REMARKS ON THE UNIVERSAL THEORY OF ABELIAN CYCLICALLY ORDERED GROUPS.

(Looking at Abelian c.o0.g., the group law will be denoted additively).

Remark first that, without the Abelian hypothesis, one can prove that two c.o.g. have the same uni-
versal theory iff their unwound linearly ordered groups have the same universal theory in the language
with a constant realised by z¢: (G, R) =v (G', R') iff (uw(G), z¢) =v (uw(G’), zg/). The proof uses the
same argument that the one given for Theorem 4.1.

Gurevich and Kokorin ([7] in Russian, see also [5]) proved that two linearly ordered Abelian groups
satisfy the same universal formulas. For Abelian c.0.g. the existence, or not, of an element of a given
torsion type gives different universal theories. C.o.g. without torsion part can also have different uni-
versal theories, for example the formula JxR(z, 2z, 3z, 4x,0) A -~ R(z, 2z, 3z, 4z, 5x,0) is satisfied in the
c.o.subgroup of K generated by €™ with 9 an irrational number, but it is not satisfied in the c.o.g. H
of Example 3 in Section 3.

Recall that if G is an Abelian linearly ordered group and C' is a convex subgroup of G then G is
elementary equivalent to the lexicographical product G/C X C. Here we have an analogue:

Theorem 6.1. i{ (G, R) is an Abelian c.o.g. and C a c-convex subgroup of G which is pure in G, then
(G,R) = (G/C)XC.

Proof. . Let Lo be the language obtained by adding to the language of c.0.g. a predicate P which we
interpret by C. Let (G1,C1) be an w;-saturated model of the theory of (G, C), then by a result of Eklof
and Fisher [2], when considering the group structure we have G; ~ H x C1, for some subgroup H of Gj.
C is linear and c-convex in G so (' is linear and c-convex in G;. Now we verify that the cyclic order of
(G1 coincides with the lexicographic cyclic order Ry on H ?C’l defined by: for a, o’ in H and b, b’ in C1,
Ry (0,a+b,a’ +b') iff (R(0,a,a') or (a=0#a" and0<b)or (0#a=2a" andb<b')or (a#0=a and
b < 0)or (a =a =0and R(0,b,0'))). It is clear that R« and R coincide on H and on C;. Moreover,
because Cj is c-convex, we have when a # 0 and o' # 0: R(0,b,a’ +¥') iff b > 0, R(0,a + b,V’) iff
b<0,and R(0,a+b,a+1?b)iff R(0,0' —b,—a—10)iff ¥ —b > 0. We have G;/C; = G/C, C;, = C. We
saw (Remark 2.3) that for each G and H ww(GX H) = uw(G);)H. We also have ([3]) that for t.o.g.
the lexicographical product preserves the elementary equivalence, so passing through the unwounds we
obtain: (vw(G), z¢) = (vw(G1),2¢,) = (uw(Gl/Cl)?Cl, (z¢, +C1,0)) = (uw(G/C)?C, (z¢ +C,0)) =
(uw(G/CXC), (z¢ + C,0)), Hence G = G/CXC. O

Theorem 6.2. Let G and G’ be two Abelian c.o.g.. Then G and G’ satisfy the same universal formulas if
and only if their torsion subgroups are isomorphic and, either K(G) and K(G') are finite and isomorphic,
or K(G) and K(G') are infinite.

For z in the linear part Gy of G, we will denote by H(z) the convex subgroup of G generated by z,
and by Hi(x) the greatest convex subgroup of Gy which doesn’t contain . We know that the quotient
group Ho(x)/Hi(x) is Archimedean, it will be called the Archimedean component of Gy associated to x.

One easily checks that the cardinal of K(G) is n if and only if G satisfies the formulas

Jz, R(0,z,...,nx) A-R(0,z,...,nx, (n+ 1)x), and, for every m > n,

Va, ~R(0,z,...,mx)V R(0,z,...,mz,(m + 1)x), and that the torsion subgroup of G is determined by
the formulas 3z,  # 0 Anx = 0 and Vz, = # 0 = nz # 0. It follows that if two Abelian c.0.g. G
and G’ satisfy the same universal formulas then their torsion subgroups are isomorphic, and K(G) and
K (G") are either finite and isomorphic or both infinite. For proving the converse, we can assume that
G’ is wy-saturated, and by a property of universal formulas, it is sufficient to show that for every finite
subset F of G there exists a finite subset E’ of G’ and a one-to-one mapping x — z’ from E onto E’ such
that for every z,y,z in E, we have: R(x,y,z) < R(2',y,2') and x =y + 2z < 2’ =y’ + 2’. So Theorem
6.2 is a consequence of Proposition 6.3 a) and Corollary 6.6 above.

Proposition 6.3. Let G be an wi-saturated infinite Abelian c.o.q..

a) If K(G) is infinite, then K(G) ~ K.

b) The linear part Gy of G has no maximal proper convex subgroup.

¢) For every x in the positive cone of Go, there exists y € Go such that R(0,x,y) and the Archimedean
component of Gy associated to y is isomorphic to R.
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Proof. .

a)Ifn>2 andf = e where a € [0, 27[, then the formula R(0, z, 2z, ..., (n—1)z) & —|R(0 x, 2z . (n—
1)z, nx) implies 2 T <a < 2” . Let m € N*_ if for every y such that 7 = ezﬁ where 2Z < ﬁ < —,
have R(0, my, z), then we have 2m7 < a. Now, if there exists y such that § = e, Where T <pB< n2”1,

and R(0,z, (m + 1)y), then: a < 27rm"’1 We fix some «a € [0,2n[, and for every n > 2, denote by m.,
the integer such that 2772 < o < 27 ™ets m"“ . If z is a realization of the type:
{[vy, (R(0,y, 2y, oy (n— 1)y)&ﬁR(0,y, 2y,...,(n = 1)y, ny)) = R(0,mny, v)]&
[Fy, R(0,y,2y,...,(n — 1)y)&—R(0,y,2y,...,(n — )y, ny)&R(0, z, (m,, + 1)y)]; n > 2}.
then T = €. Since K(G) is infinite, it is dense in K, and every finite subset of this countable type has
a realization. By wi-saturation the type has a realization in G, which proves that K(G) = K.

b) First we show that Gg is nontrivial. This is obvious if K (G) is finite, since G is infinite. Otherwise,
K(G) is dense in R, hence for every n > 2 there exists 2 € G such that R(0,z,nz). So, every finite subset
of the type {R(0,x,nx); n > 2}, which characterizes the elements that belong to the positive cone of
Gy, has a realization in G. By wj-saturation the whole type has a realization in G, which proves that Gy
is nontrivial. Let x belong to the positive cone of Gy and consider the type {R(0,z,nx,y,ny); n > 2},
which says, on the one hand that y is an element of Gy, and on the other hand that y is greater than Nx
within Gp. A finite subset of this type is a consequence of some formula R(0, z, nz,y,ny), and it has a
realization (n + 1)z, hence by w;-saturation the whole type has a realization in G, and « is not cofinal in
Gy. It follows that Gy has no greatest proper convex subgroup.

¢) Let x belong to the positive cone of Gy, 2 < & be an irrational element of R, and (a,,/by,) be a strictly
increasing sequence of rational numbers such that for every n € N a,, /b, < £ < (apn + 1)/b,. Consider
the type {R(0,z,y,ny), R(0,z,z,nz), R(any,bnz, (an + 1)y); n > 2}, which says that there exist y and
z in Gy which are greater than x and such that the class of z in Ha(y)/H1(y) is the irrational number £
(where the class of y is assumed to be 1); hence, Ha(y)/H1(y) is dense in R. A finite subset of this type is
generated by some formula R(0, z,y, noy)&R(0, x, z, no2)& R(an, Y, bny 2, (any + 1) Y)&R(GnyY, bny 2, (Any +
1)y), and it has a realization: y = x and z = (3ay, bn, +2)x. By wi-saturation, the type has a realization.
Now, let ¢’ in R and let (al,/b,) be a strictly increasing sequence of rational numbers such that, for every
n €N, (a,/b,) <& < ((a,+1)/b). Consider the type {R(0,a,y,b.t, (a!, + 1)y), R(0,t,nt); n > 2},
which says that the class of ¢ is £’. A finite subset of the type that we defined is characterized by some
formula R(0, al y, bl,t, (al, + 1)y)&R(0,t,nt) which has a realization since Hz(y)/H1(y) is dense in R. By
wi-saturation, ¢’ has an image in R under the canonical embedding which associate 1 to y. This proves
that this embedding is an isomorphism. 0

we

Proposition 6.4. Let G be a finitely generated Abelian c.o.g., T(G) be its torsion subgroup and T( (@)
be the torsion subgroup of K(G). Then G decomposes as a disjoint union G = C U (zg+C)U---U ((n —
1)ag + C), where n € N*,

C=TG) ®Zxr ® - & Lrym ® Gy, where x1,...,T, are torsion-free elements of G whose classes
1, , Tm modulo Gy are rationally independent within K (G),

the class To of xo modulo Gy generates T(K(G)), if n > 1 then there exists a generator u of T(G) such
that nxo — u is a positive and cofinal element of Gy, and if p divides nxg — u within G, then p and n are
coprime.

Furthemore, the t.o.g. Gg is equal to a lexicographically ordered direct sum of finitely generated Archime-
dean subgroups.

Proof. . By [16] Lemma 1.2 p. 2, Gj is equal to a lexicographically ordered direct sum of finitely
generated Archimedean subgroups. Since G is finitely generated, K(G) = G/G is finitely generated,
and by [10] Theorem 4.8 p. 49, there exist 21, ...,z in G such that K(G) = T(K(G))®Zi1® - - - ® LT,
and T, -+ , T, are rationally independent within K (G). Furthermore, T(K(G)) is a finitely generated
subgroup of K hence it is cyclic and finite, let g € G be such that T (K (G)) is generated by Zg. In the
same way, T(G) is cyclic and finite, we let u be a generator of T'(G). Denote by [ the cardinal of T(G)
and by n the lowest element of N* such that nzg = u. If n = 1, we can assume that zog = u. If n > 1,
if necessary, we can take xo + y in place of xy, where y is a positive and cofinal element of Gy, and we
assume that nzy — u is positive and cofinal within Gy.

Set y = nxo — u, and let d be a divisor of n such that d divides nxg — u within G, say y = dy’, and
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n=dn’. Then u = d(n’zg — '), and since T'(G) is pure in G we have: v’ =n'zg —y' € T(G). It follows
that the cardinal of the quotient set T'(K(G))/T(G) is at most equal to n’. Now, we know that this
cardinal is equal to n, hence n’ =n and d = 1.

Set H = Zx1 @ -+ @ Zxy,; we have: H N Gy = {0}, and since H & G is torsion-free we also have:
T(G)N(H & Gy) = {0}, consequently, G contains the subgroup T(G) & H ® Gy. Let « € G, T decomposes
in an unique way as T = kZTo+a1T1 + - - - + @mTm, where the a;’s belong to Z and 0 < k < In (the cardinal
of T(K(G))). Let k = ng+r, where ¢ > 0 and 0 < r < n, then T = rZg + qu + a1T1 + - - - + amTm, and
x decomposes as x = rxg + qu + a1T1 + - -+ + ATy + Yy, where y € Gy, this concludes the proof. 0

Proposition 6.5. Let G be an Abelian c.o.g. and G’ be another Abelian c.o.g. such that T(G) embeds
in T(G"), K(G) embeds K(G') (in both cases as c.0.g.), and if Go is nontrivial then G, has no greatest
proper convex subgroup and for every &' in the positive cone of Gy, there exists y' € Gy such that &’ <y’
and the Archimedean component of G|, associated to y is isomorphic to R. Then G embeds in G'.

Proof. . Denote by ¢ the embedding of K(G) in K(G'), and let 2, x1, . .. T, and u be defined in the same
way as in Proposition 6.4. Let o, ..., 2}, in G’ be such that p(77) = x_’l, s 0(@Tm) =l 2y, ., 2, are
rationally independent because 77, . .., T, are rationally independent. Set H' = Zz| @ - -+ ® Zx),,. Since
T(G’) embeds in T(K(G")), and K contains one and only one subgroup of every cardinal, T'(G’) contains
an element u/ which has the same torsion as u and such that v’ = ¢(%). Then T(G) ® H = (u) & H
is isomorphic to (u'y ® H'. If Gy = {0}, then G = T(G) & H embeds in G’. Assume that Gy # {0},
and decompose it as a lexicographically ordered direct sum of finitely generated Archimedean subgroups
Go=As®As_1D--- D Ay Let 2/ € G’ be such that 2/ = p(Tg) and na’ — v’ > 0. According to the
hypothesis, Gf) contains elements 0 < y; < --- < y,_; < y, such that Ha(y]) < --- < Ha(y.), and for
1<j<s, Hg(y;)/Hl(y;) ~ R, and we can assume that y. > na’ —u'. If Ho(nz' —u') < Ha(yl), we
take 2’ + ¢ in place of 2’. Since Gy is finitely generated, there exists a greatest integer p which divides y
within Gg. According to Proposition 6.4, p and n are coprime. If p divides 3 within G{), we set xj, = 2.
Otherwise, we let a and 8 in Z be such that ap + fn = 1, and we set z, = (1 — fn)z’ + Sfu’. We let

%(nx’o — ') be the image of %(nzo —u). If Gy # Z, there exists an unique embedding f from A, into R

such that f(}—lj(nxo —u)) = 1, and an unique isomorphism g from Hs(naj —u')/H;(nxj —u') onto R such
that g(%ac_o') = 1. We set B, = g~! o f(Ay), since B, is finitely generated, there exists a subgroup A’ of

{ which contains %(mcg — ') and such that B, = A /H;(nxy —u’). We define subgroups A,_,,..., A4}
in such a way that we get an ordered groups isomorphism between Gg = A;®---® Ay and A, P ---® A,
which extends to an isomorphism of c.o.g. from (u) ® H ® Gy onto (u') @ H' @ A, & --- & A}. Finally,
since the image of nzo — u is nxj — «/, this isomorphsim extends to an isomorphism from G onto the
subgroup of G’ which is generated by z( and (') @ H' @ A, & --- @ A]. O

Corollary 6.6. Let G and G’ be two Abelian c.o.g. having isomorphic torsion subgroups, where G’ is
infinite and wy-saturated, and such that either K(G') is infinite, or K(G') is isomorphic to K(G). Then
every finitely generated subgroup of G embeds into G'.

Corollary 6.7. There are 280 distinct universal theories of Abelian c.o.g., each one determined by a
couple of invariants which are subgroups of U: T(G) and K(G) if K(G) is finite, T(G) and U if K(G)

is infinite.
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