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A Robustness Analysis of Master-Model Based controller for
stabilizing delayed haptic interaction: An LMI Approach

H. Arioui and A. Kheddar and S. Mammar∗

Abstract

This paper extends previous results on stable hap-
tic and force feedback interaction in the presence of
constant and varying time-delay. The proposed method
evolved from our previous earlier work where we apply
Smith prediction principle on delayed haptic feedback
interaction.

We will show that the proposed approach is easy to
implement and it is original since it investigates another
way to formulate stable haptic feedback algorithm and
can be generalized for n-degree of freedom. It requires
to know only the master interface

1. Introduction

There are many applications which require to feed
back haptic cues to human operator: teleoperation,
telepresence, virtual reality simulators such as virtual
surgery training, driving simulators, etc. Commonly,
haptic cues are fed back thanks to an actuated mecha-
tronic device able to constraint the operator desired mo-
tion against the applied reaction forces.

Contrarily to the vision or auditory human modal-
ities, haptic cues are collected through a direct and dy-
namic (i.e. active) human contact (touch) with its sur-
rounding environment. In teleoperation and telepres-
ence contexts, haptic informations are collected through
a bilateral coupling between the human held or worn
haptic display and a remote robotic system, able to
replicate human desired motions and to collect hap-
tic information during contact or constraint motions.
Other applications based on virtual reality techniques,
such as haptic feedback surgery training simulators, re-
quire also haptic devices to experience haptic interac-
tion between the human operator and virtual environ-
ments (VE). This is made thanks to computer haptics
algorithms which compute collision detection and sub-
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sequent dynamic response motions and forces during
contact between virtual objects.

Consequently, haptic devices are commonly active
actuated mechatronic devices which must be controlled
stably to be correctly used and t o avoid danger to oper-
ator.

In teleoperation technology, the remote executing
machine could be far from the operator. Thus transmit-
ted data (desired operator actions or trajectory and sen-
sory feedback informations) could be delayed. More-
over, industry is also attracted by this technology in
the frame of virtual prototyping. This extend also to
the possibility to work at a distance and to concurrent
engineering. Nevertheless, it is well known that even
small time delay (experimentally reported to be 1/4 sec
in teleoperation) destabilizes any conventional-coupled
haptic feedback architecture. This is an old problem in
teleoperation and many solutions have been proposed
to deal with this problem [3, 10, 15, 11]. Many solu-
tions developed in the frame of teleoperation have been
adapted to VE haptic feedback (i.e. the adaptation con-
sists mostly in a clever discretization of the continuous
ones). At the beginning, the proposed solutions where
designed for constant time delay, and more recently ex-
tended to cope with time-varying delay.

In this paper, an original solution derived from
Smith prediction [14] is proposed to design stable and
transparent controllers for haptic feedback systems.
The proposed controller requires only the master model
[4, 8]. The solution is proven to be stable and also ro-
bust to master device parameters estimation. Simulation
results are convincing and the implementation of the so-
lution in any haptic system is very simple.

The other strong point of the solution is that it do
not require to estimate the time delay or its behavior.

2. Previous work

In a recent previous work [7, 12], the principle of
Smith prediction have been adapted for the synthesis of
a stable haptic feedback controller to be used with con-
stant time delay. Although Smith prediction method is



known since 1957 [14], it has not been implemented in
the early time delayed force reflecting teleoperation sys-
tems. The reason which prohibits using the Smith pre-
diction approach follows reasonably from the practical
impossibility to predict mainly (i) the remote environ-
ment behavior and, (ii) the operator desired trajectories,
since they are given on-line. Concerning virtual reality
applications, since most controllers come from teleop-
eration experience, it was not surprising to notice that
Smith prediction was not investigated as a potential so-
lution for timedelayed VE haptic feedback controllers.

The originality of the proposed solution is in the
some-how prediction of the master part within the re-
mote part. Hence, the developed equations lead to
a somehow prediction scheme where only the master
model appears and also the estimation of the time delay
is necessary. The term somehow prediction is used to
signify that in fact the proposed solution is not really
a prediction since only the master model is required,
which means that no prediction of operator behavior
or trajectory is needed. But, the upwards and forwards
time delays must be known.

Figure 1. The master-model-based Smith pre-
diction principle in the frame of a nominal LTI
haptic feedback architecture.

Without loss of generality and to better understand
the concept, a simple LTI model of a VE haptic inter-
face has been taken. Figure 1 shows the implemen-
tation of the proposed controller (colored part of the
block diagram representation) within the haptic archi-
tecture. M(s) is the haptic device transfer function,s
is the Laplace transform variable,E(s) is a VE trans-
fer function (assumed continuous with a high sampling
frequency),xm, xc andxe are respectively master, vir-

tual coupling and VE positions,Fe is the VE computed
force, Fh is the operator applied force on the device,
C(s) is the commonly used virtual coupling [1] and [5],
which guarantee unconditional stability of the haptic in-
teraction system in the absence of time-delay, andτ1,
τ2 are respectively upwards and forwards constant time
delays. The closed loop transfer function of the haptic
system without the proposed controller is given by:

Fe(s)
Fh(s)

=
M(s)E(s)e−sτ1

1+ e−s(τ1+τ2)E(s)(M(s)+C(s))
(1)

the obtained closed loop system has an infinite
eigenvalues because the time delay element is present
in the characteristic equation. This may consequently
imply an instability of the whole haptic interaction.

The proposed solution to overcome this instability
is designed within the colored box of figure 1. The con-
troller uses the process model of the haptic display like
a local feedback loop within the local remote environ-
ment (real or virtual). The resulting transfer function
of the global system is a stable haptic feedback with a
delayed inputFh:

Fe(s)
Fh(s)

=
M(s)E(s)e−sτ1

1+E(s)(M(s)+C(s))
(2)

In the final obtained result, and when using the pro-
posed controller, we can notice that there is no more
delay items in the characteristic equation of the closed
loop system. As stated before, the main advantage of
this control-prediction scheme is in using the model of
the haptic reflecting device only. The latter is well know
and its parameters well identified. However, the con-
troller requires to estimate both upwards and forwards
time-delay.

Obviously, this example can be easily generalized
to any kind of haptic devices and mainly teleoperation
systems. In this last case,E(s) represents the linear
model of the remote system interacting with its envi-
ronment. Simulation results have been performed and
discussed in [2, 4], the experimental one in [7].

3. Controller design

As previously stated, the proposed method needs:

• a good knowledge of the master model, and

• the estimation of time delay

Estimation of the model do not require compli-
cated techniques. Well known model estimation meth-
ods (namely those developed in robotics) can be ap-
plied. Estimation of time delay is also easily made,



especially when the delay is constant. Simple network-
ing commands (such as a ping command) achieves the
matter. Practically, the time delay may fluctuates since
neither public or usual networking access protocols nor
the computer haptics algorithms (collision detection al-
gorithms and dynamic force computation, in the frame
of VE haptics) can guarantee time determinism.

3.1. Extension of the Controller design

When we look well to the proposed controller (fig-
ure 1) we notice that in fact, the desired remote position
is corrupted by a local closed loop on the obtained con-
tact force. Indeed, the actualxe is not directly the de-
sired master positionxm, but the delayedxm minus the
local closed controller based on the master model, the
delayed master model and the obtained contact force.

Figure 2. A novel implementation of the con-
troller

At the beginning, the controller have been imple-
mented as it is. But from a practical and a simple obser-
vation, the structure of the controller made an interest-
ing extension which:

1. avoids the estimation of time-delay, and

2. make a straightforward extension to time varying
time delay.

This is obtained simply as depicted in figure 2. The
controllers in the fgures 1 and 2 are identical. Neverthe-
less, the second implementation highlights that it is no
more necessary to estimate time delay, and more impor-
tantly: the behavior of time delay may have no effect
on the stability of the system. The next section gives

a more generic discussion and proves the given asser-
tions. The dynamic model of a haptic display can be
approximated in a linear form, considering an apparent
massm and frictionb:

Fh(t)−Fe(t − τ2(t)) = mẍm +bẋm (3)

wherexm, ẋm andẍm are respectively the Cartesian
space position, speed and acceleration,Fh andFe denote
respectively human and VE forces applied to the haptic
device. Delays uses for the proof of the stability with
the proposed control scheme are variable.

The fundamental idea is to emulate a passive be-
havior of the haptic device and the transmission chan-
nel. In the second comparator we havexh = xm+xc and
knowing thatFe(t − τ2(t)) = m̂ẍc + b̂ẋc we obtain:

Fe(t − τ2(t)) = m̂(ẍh − ẍm)+ b̂(ẋh − ẋm) (4)

Wherem̂ is the estimate apparent mass,b̂ is the es-
timate friction. The previous equation is used to cancel
the effect the delayed controlFe(t−τ2(t)) from the hap-
tic device (master) position xm to be sent to the slave
site.

Just after the transmission channelτ1(t), at the
third comparator we have:

Fe(t) = m̂(ẍh(t − τ1(t))− ẍmr)+ b̂(ẋh(t − τ1(t))− ẋmr)
(5)

wherexmr is the after-master position transmitted
to the slave site. Substraction equation 4 delayed by
τ1(t) into the equation 5 leads to:

Fe(t − τ1(t)− τ2(t))−Fe(t) = m̂(−ẍm(t − τ1(t))
+ẍmr)+ b̂(−ẋm(t − τ1(t))+ ẋmr)

(6)
At last, equation 1 is delayed also byτ1(t), and the

obtainedFe(t − τ1(t)− τ2(t)) is substituted in equation
5 leads to:

Fh(t − τ1(t))−Fe(t) = m̂ẍmr + b̂ẋmr

+(m− m̂)ẍm(t − τ1(t))+(b− b̂)ẋm(t − τ1(t))
(7)

If we assume that the estimation error of the appar-
ent mass and friction is zero (m− m̂ = 0 andb− b̂ = 0),
then the equation 7 will have the following form:

Fh(t − τ1(t))−Fe(t) = m̂ẍmr + b̂ẋmr (8)

This last equation shows a passive behavior of the
equivalent new master side. The correction is equivalent



to delay the inputFh. Assuming that the virtual environ-
ment passive, a fundamental property is that the feed-
back interconnection of passive systems is again pas-
sive(see [6] and [13] for more informations), it ensues
from it, that the haptic interaction is stable.

4. Robustness Analysis

This section focuses on robustness analysis, which
involves effects of error estimation in the model of the
haptic device on stability of whole interaction. To sim-
plify the robustness analysis of the control we consider
the following linear model of the haptic interface (and a
constant time delay), equation 7 becomes:

Fh(t − τ1)−Fe = m̂ẍmr + b̂ẋmr

+(m− m̂)ẍm(t − τ1)+(b− b̂)ẋm(t − τ1)
(9)

After slight calculation, we have:



















X1 = xmr,X4 = xm

X2 = ẋmr = Ẋ1

Ẋ2 =
1
m Fh(t − τ1)+

m̃
m̃m Fe(t − τ1− τ2)

− 1
m̂ Fe(t)− b̂

m̂ X1−
1

m̂(b̃−b m̃
m )

X4(t − τ1)

(10)

The virtual environment that we adopted is stiff vir-
tual wall of Ke, the forceFe(t) generated by the virtual
environment is:

Fe(t) = Ke(Xe −Xwall) (11)

TheC(s) is a proportional derivative controller (Bc:
friction coefficient, Kc: stiffness coefficient) relating
Fe(t) to Xmr andXe:

Fe(t) = Bc(Ẋmr − Ẋe)+Kc(Xmr −Xe) (12)

this last equation can be rewritten as:

X3 = Xe

Ẋ3 =
Kc
Bc
(X1−X3)+X2+

1
Bc

Fe(t)
(13)

Form the original haptic device, we have:

1
m
(Fh(t)−Fe(t − τ2)−bẊm) = Ẍm (14)

In non nominal parameters conditions, the closed
loop of the autonomous system takes the following state
space form:

Ẋ =









0 1 0 0

0 − b̂
m̂ 0 0

Kc
Bc

1 −
Ke+Kc

Bc
0

0 0 0 − b
m









X +









0 0 0 0

0 0 0 − b
m̂ (

b̂
b −

m̂
m )

0 0 0 0
0 0 0 0









X(t − τ1)+









0 0 0 0
0 0 − m̃

Kem̂m 0
0 0 0 0
0 0 0 0









X(t − τ1− τ2)+









0 0
1
m̂ 0
0 0
0 1

m









[

u1

u2

]

(15)

where the state isX = [xmr, ẋmr,xe,xm]
T , u1 =

Fh(t − τ1)−Fe(t) is the control input of the new mas-
ter side andu2 = Fh(t)−Fe(t − τ2) is nominal master
control. The term m̃

Kem̂m is neglected, becauseKe is very
important coefficient to simulate rigid wall. Stability of
this system can be established on the basis of the au-
tonomous systeṁX(t) = A0X(t)+AdX(t − τ1) . In [9],
stability of such systems against delay values has been
studied using combination of integral quadratic (IQCs)
constraints and linear matrix inequalities (LMIs). The
delayτ1 is first modeled in an inverse uncertainty for-
mulation of the form∆(s) = 1

τ1s (e
−τ1s − 1). The au-

tonomous system can thus be transformed into an inter-
connection feedback configuration :







Ẋ = AX +Bu
y =CX +Du
u = ∆(y)

(16)

whereA = A0+Ad , B = τ1H, C = EA, D = τ1EH,
H andE are full column and row rank respectively such
thatAd = HE.

Assuming that the closed loop system is stable
when there is delay, the autonomous system with de-
lay is stable if there exist symmetric definite matricesP
andQ and a skew matrixS such that

[

AT P+PA+CT QC PB+CT S+CT QD
BT P+STC+DT QC DT QD+ST D+DT S−Q

]

< 0

(17)
For given matricesA0 andAd , it is thus possible to

determine the maximal acceptable delay by maximizing
τ1 under LMI using classical available software pack-
age. As our matrices are parameters varying, the stabil-
ity region is determined as 3D plot function ofb, m and
τ1.

5. Simulation results

This section presents simulation results of the de-
veloped controller. The haptic display is a one DOF ac-



tuated arm with apparent massm = 0.2kg and friction
of aboutb= 3Ns/m. We took a virtual environment and
a virtual probe to be the slave. The contact will be per-
formed between the rigid probe and a virtual walls of
stiffnessKe ∈ [1000−10000]N/m (tosignify rigid con-
tact interaction). In this first simulation, time delays
are taken constant but different, indeedτ1 = 1sec and
τ2 = 0.5sec.

Figure 3. Simulation of delayed virtual contact
with a stiff wall and force feedback.

Figure 3 shows the result of a simulation virtual
contact. The operator apply a sinusoidal forceFh which
drops the master and probe positions to increase until a
contact is made between the probe and the wall.

This is done when the virtual probe position reach
20cm. From this time the local VE controllerC(s) guar-
antees the local stability of the virtual interaction and
the calculation of the virtual force to feed back to the
operator. One can notice that when the contact is make,
the mater velocityvm drops to zero and the fed force
Fe (the controller) increases accordingly toFh during
the contact. The position discrepancy, when the con-
tact is made, is unavoidable whatever is the controller
or the approach (unless a very prediction is made in the
master side), this is due to the undergo physical time-
delay. Nevertheless, the virtual probe positionxe is sta-
bly maintained by the operator during the whole con-
tact time. We conducted many other simulation cases
with multiple hard and viscous contacts that show that
the behavior of the force feedback interaction is stable
whatever the time delay. Obviously, one must not sus-
pect that functional performances are acceptable for an
actual use in the presence of important time delays.

Figure 4 shows the result of the previously set up
system under similar parameters and time-varying de-
lay. The variation of the delayτ1 is represented on
the same figure 4 and satisfies the causality constraints:

Figure 4. Similar simulation of haptic interac-
tion under time-varying delay.

t−τ1 > 0 andτ̇1 < 1∀t. In the simulation 0.5≤ τ1(t)≤
1.5sec. We performed three different simulations: 1)
time-varyingτ1(t) with τ2(t) constant, 2) time-varying
τ2(t) with τ1(t) constant and, 3) time-varyingτ1(t) and
τ2(t). Obtained simulation results shows thatτ2(t) dy-
namics has no effect on the stability of the overall force
feedback system. This results make true the derived
theoretical assumption stating that the adopted new im-
plementation of the developed controllers cancels the
effect of time delay. By analogy to the constant time
delay case, since the time delay exponential are not
present (after correction) in the characteristic equation.
So in case 2, the simulation shows a stable behavior of
the system, as ifτ2(t) was constant i.e. the dynamic
of τ2(t) is compensated by the controllers. For cases
1 and 3, clearly the dynamic ofτ1(t) affects the dy-
namic of the force reflecting system. Figure 4 shows
clearly that in the transitions between two time delays
behavior ofτ1(t) i.e. varying and constant, the force
reflecting response switches between two over-all sys-
tem corresponding behaviors. The transitions seem to
be abrupt but do not affects the overall stability of the
system. Similarly to the constant time delay linear case,
this is related to the fact that theτ1(t) exponential is
still present in the closed loop transfer function numer-
ator. Indeed the behavior ofτ1(t) affects the behavior of
force feedback but not its stability, as proven in theory
(equation 8).

Robustness results of the above system has been
also performed according to the algorithm described in
section (4). Figure 5 shows that within a determined
margins, force reflection is still stable although some
light oscillati ons app ear in t he master positionxm

and the reflected forceFe. In this simulation in figure



Figure 5. Simulation behavior with an error es-
timation of the master model parameters (mass
and friction).

5 m̂ = 0.3kg andb̂ = 5Nm/s are the estimated parame-
ters, we can notice that the behavior of the interaction is
still stable with some oscillations which become more
important when the error− b

m̂ (
b̂
b −

m̂
m ) (the only term in

the matrixAd) is greater.

6. Conclusions

The paper presents a master-model based controller
to stabilize delayed force feedback systems. The pro-
posed method lies in an astute implementation of a
somehow Smith prediction scheme, which requires only
the haptic device model and do not necessitate the esti-
mation of both (upwards and downwards) delays. The
simulation results confirm a stable force reflection from
the VE in presence of constant and also time-varying
delays. A robustness analysis of the proposed controller
has also been conducted. The error margins that guar-
antee the stability of fed back forces are found to be
wide enough to allow using a linear model of the hap-
tic interface based only on a apparent mass and friction
estimation.

Comparing to wave-based approaches, this pro-
posed solution is more transparent to the user, since
there is no additional corrupting damping as engendered
from the transformation of force and flux parameters
into waves. The price to be paid is in the importance
of the position discrepancy between the master and the
slave when the contact is made (here the actual vir-
tual object position) which may be more important in
our case comparing to wave-based methods. In fact,
in wave-based method, the artificial damping increases
with speed (in free motion), which prevent important
master-slave position discrepancies, but the price paid

is an additional felt force which is not directly related
to actual remote contact forces, that is to say more sta-
ble but less transparent.

Future work is focused in the following :

• improve performances in virtual environment hap-
tics. A prediction within the master site is possible
based on computer haptics algorithms,

• extend the theory to a more generic non-linear case
(in progress and results will be published soon
elsewhere).
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