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EXISTENCE AND STABILITY FOR A NON-LOCAL ISOPERIMETRIC
MODEL OF CHARGED LIQUID DROPS

MICHAEL GOLDMAN, MATTEO NOVAGA, AND BERARDO RUFFINI

ABSTRACT. We consider a variational problem related to the shape of charged liquid drops
at equilibrium. We show that this problem never admits local minimizers with respect to L'
perturbations preserving the volume. However, we prove that the ball is stable under small C*!
perturbations when the charge is small enough.

1. INTRODUCTION

In this paper we study an isoperimetric variational problem where the perimeter, which is
local and attractive, competes with the Riesz potential energy, which is non-local and repulsive.
More precisely, we denote

T.(E) ::inf{/RdXRdM: W(E) = 1},

|z — y|*

where o € (0,d) and E is a compact subset of R? and consider the functional

Faq(E) == P(E) + Q*I,(E) (1.1)
where @) > 0 is a parameter and where P(FE) denotes the perimeter of E (which corresponds to
HIY(OE) if E has smooth boundary, see [4]). We are in particular interested in the questions
of existence and characterization of stables sets under volume preserving perturbations. It turns
out that the answer to these questions depends crucially on the regularity of the allowed per-
turbations. In fact, we prove that on the one hand, there are no local (or global) minimizers of
(1.1) under volume constraint in the L! or even Hausdorff topology. This implies that there are
no sets which are stables under such perturbations. On the other hand, we prove that for small
enough charge @, the ball is stable under small C''! perturbations. This comes as a by-product
of the global minimality of such a ball in the class of “regular enough” sets.

1.1. Description of the model. For a = d — 2, Z,(F) corresponds to the Coulombic inter-
action energy and the functional (1.1) can be thought as modeling the equilibrium shape of a
charged droplet for which surface tension and electric forces compete. Such charged droplets
have received considerable attention since the seminal work of Lord Rayleigh [38] and are by now
widely used in applications such as electrospray ionization, fuel injection and ink jet printing.
Starting with the pioneering experiments of Zeleny [42], the following scenario emerged. For
small charge, a spheric drop remains stable but when the charge overcomes a critical threshold
Q., which depends on the volume of the drop and on the characteristic constants of the liquid
(surface tension and dielectric constant), a symmetry breaking occurs. Typically, the drop de-
forms and quickly develops conical shaped singularities, ejecting a very thin liquid jet [41, 11, 20].
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This jet carries very little mass but a large portion of the charge. This type of behavior has
been since then observed in more details and in various experimental setups (see for instance
[3, 16]). We emphasize in particular on [15, 1], where the disintegration of an evaporating drop
is observed, since a model very similar to (1.1) has been proposed in [39, 17] to explain these
experiments. We should stress the fact that the study of the unstable regime, which is still very
poorly understood both experimentally and mathematically (see for instance [36, 20, 22]), is far
outside the scope of this paper. We focus instead on the rather simple variational model (1.1)
which hopefully captures, at least for small charges, most of the characteristics of the system.
However, the unconditional (in term of @)) non-linear instability of the ball that we obtain in
contrast with numerical and experimental observations, indicates that something is still missing
in this model. A challenging question is identifying the relevant physical effect which stabilizes
a charged drop.

In some applications such as electrowetting [37] it is more natural to impose the electric
potential Vp (see Definition 2.9) on the boundary of E rather than the total charge Q). In that
case the energy of a drop F takes the form

P(E) = Vi Ca(E), (1.2)

where for a set E C R% with d > 3,
Cs(F) := min {/ \Vul|? dz - u € HY(RY), u> 1 on E} ,
R4

is the capacitary functional. Notice that since Zy_5(F) = Cy(E)~! for compact sets (see Remark
2.5), the functionals (1.1) and (1.2) are qualitatively similar. The analogy is in fact deeper since
both functionals give rise to the same Euler-Lagrange equation.

1.2. Main results of the paper. The first main result of the paper is that, when « € (0,d—1),
for every given charge and volume, quite surprisingly the functional F, ¢ has no minimizer
among subsets of R? of this given volume. Indeed, it is more convenient to spread the excess
charge into little drops far away from each other. Such result is contained in the following
theorem:

Theorem 1.1. For every o € (0,d — 1), there holds

da—1
m

nf Foo(E) = <—> - p(B).

i
|El= Wd
Ultimately, this comes from the fact that the perimeter is defined up to sets of Lebesgue measure
zero while the Riesz potential energy is defined up to sets of zero capacity. This phenomenon
is further illustrated when considering the problem among sets which are contained in a fixed
bounded domain 2. In this case we prove that the isoperimetric problem and the charge mini-
mizing problem completely decouple.

Theorem 1.2. Let Q be a compact subset of R with smooth boundary, and let 0 < m < |Q].
Let Ey be a solution of the constrained isoperimetric problem

min{P(E): EC, |E|=m}. (1.3)
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Then, for a € (0,d — 1) and Q > 0 we have

inf  Foo(E) = P(Ey) + Q*Z.(Q). (1.4)
|E|=m, ECQ
As a by-product of our analysis we also get that F, o does not have local minimizers with
respect to the L! or even Hausdorff topology:

Theorem 1.3. For any o € (0,d — 1) and Q > 0, the functional F, g does not admit local
volume-constrained minimizers with respect to the L' or the Hausdorff topology.

Let us stress the fact that Theorem 1.3, asserts in particular that there is never non-linear
stability of the ball. However, we should also notice that the competitors that we construct and
which are made of infinitely small droplets, are very singular. It would be interesting to better
understand the mechanism preventing the formation of such micro drops.

One possible explanation is that global (or even local) L' minimizers are not the right objects
to consider. Ome should instead look for stable configurations under smoother deformations.
These are typically local minimizers for a stronger topology. It is then reasonable to look for
minimizers of F, ¢ in some smaller class of sets with some extra regularity conditions. The class
that we take into consideration, and denote by K, is that of sets which admit at every point of
their boundary an internal and an external tangent ball of a fixed radius ¢ (namely, the J-ball
condition, see Definition 2.18). We denote by IC§° the class of connected sets of K5. The purpose
of introducing such a class is to prove the stability of the ball with respect to C! perturbations.
There are indeed mainly two (mathematical) advantages of working in ICs. The first, is that
it ensures density estimates on the sets. These estimates are usually the most basic regularity
results available for minimizers of minimal surfaces types of problems (see [26, 27, 33, 30]).
Thanks to the constructions of Theorem 1.1, we see that in our problem there is no hope to
get such estimates without imposing them a priori. The second advantage is that, at least in
the Coulombic case @ = d — 2, for every set E € Ks, the minimizing measure for Z,(F) is a
uniformly bounded measure on JF (see the end of Section 2). We use in a crucial way this L>°
control on the charge density in the analysis of the stability of the ball. Our second main result
is then:

Theorem 1.4. Let d > 3 and o = d — 2. Then for any 6 > 0 and m > wgdé?, there exists a
charge Q <#) > 0, such that if

Q ~ 0
ma = QG
the ball is stable for problem (1.6) under volume preserving perturbations with C*' norm less

than 9.

This extends a previous result of M.A. Fontelos and A. Friedman [20], which asserts the
stability with respect to C*® perturbations. These authors also gave a detailed analysis of the
linear stability. We remark that our proof of the stability of the ball is quite different from the
one in [20], and is inspired by the proofs in [21, 30, 10]. In particular it lies between linear and
non-linear stability since it follows from the following three theorems asserting that for small
charge @, the ball is the unique minimizer in the class Cs.

The first result is an existence theorem in the class K§°.
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Theorem 1.5. For all ) > 0 problem
min {F,q(E): |E|=m, E€K§}, (1.5)
has a solution.

To avoid the strong hypothesis on the connectedness of the competitors, it is necessary to
impose a bound from above on the charge Q.

Theorem 1.6. There exists a constant Qo = Qo(cv, d) such that, for every § > 0, m > wgd? and

Q 54
diglja S QO E ;
m
problem
min {Foq(E): |E|=m, E€Ks}, (1.6)

has a solution.

It is worth remarking that the main ingredient of the proof of Theorem 1.6 is the isoperimet-
ric inequality in quantitative form (see [23, 19, 9]). Finally, using delicate estimates on the Riesz
potential energy Z,(E) for small perturbations of the ball, we are able to prove the following
stability theorem in the Coulombic case.

Theorem 1.7. Let d > 3 and o = d — 2. Then for any 6 > 0 and m > wgd?, there exists a

charge Q <#) > 0, such that if

Q )
= = °(5m)

the ball is the unique minimizer of problem (1.6).

It would be interesting to understand if our stability result could be extended both to the
case a # d — 2 and maybe more interestingly to a weaker class of perturbations such as for
instance small Lipschitz ones.

Let us point out that for o < d — 2, the optimal measure for the Riesz potential concentrate
on the boundary of the sets whereas for a > d — 2 it has support on the whole set (see Lemma
2.15). Therefore, for o > d — 2, it makes also sense to consider the functional

Ga.q(E) = P(E) + Q*Ta(9E)

for which we can prove similar results to the ones described above.

Let us close this introduction by comparing our results with the analysis in [29, 30, 10, 33, 8,
28] of the non-local isoperimetric problem, known as the sharp interface Ohta-Kawasaki model,

min P(F) + / M, (1.7)
|El=m ExEg [T =yl

which is motivated by the theory of diblock copolymers and the stability of atomic nuclei. The
authors show that there exist two (possibly equal) critical volumes 0 < mj(a) < mg(a) such
that minimizers exist if m < mq, while there are no minimizers if m > msy. Moreover, the
minimizers are balls when a < d — 1 and the volume is sufficiently small. These results have
been generalized to non-local perimeters in [18] (see also [13]). A crucial difference between our



CHARGED DROPS 5

model and the Ohta-Kawasaki model is that in the latter, the non-local term is Lipschitz with
respect to the measure of the symmetric difference between sets (see for instance [10, Prop. 2.1]).
Hence, on small scales, the perimeter dominates the non-local part of the energy. This implies
in particular that minimizers enjoy the same regularity properties as minimal surfaces. In our
case, it is quite the contrary since on small scales, the functional Z, dominates the perimeter. As
already pointed out above, this prevents a priori the hope to get any regularity result for stable
configurations. Let us notice that the same type of existence/non-existence issues in variational
models where the perimeter competes against a non-local energy has been recently addressed in
other models. For instance, in [6] the authors study a model related to epitaxial growth where
the non-local part forces compactness whereas the perimeter part favor spreading.

The paper is organized as follows. In Section 2 we recall and prove some properties of the
Riesz potentials Z,,. In Section 3, we prove the non-existence of minimizers for the functional
Fa,@ (in particular we prove Theorems 1.1 and 1.3). In Section 4, we study this existence issue,
that is we prove Theorems 1.5 and 1.6), before proving in Section 5 the stability of the ball
(Theorem 1.7). Finally, in Section 6, we extend our results to the logarithmic potential energy

liog(E) := inf {/Rded log (ﬁ) dp(x)dp(y) = p(E) = 1}-

2. THE RIESZ POTENTIAL ENERGY

In this section we recall some results regarding the Riesz potential energy (see Definition
2.1 below). Most of the material presented here comes from [31].

In the following, given an open set Q C R%, we denote by M () the set of all Borel measures
with support in Q. For 2 € R? and r > 0 we denote by B,(z) the open ball of radius r centered
in z and simply by B the unit ball and by wy = | B| its Lebesgue measure. For k € [0, d], we will
denote by H* the k-dimensional Hausdorff measure.

Definition 2.1. Let d > 2 and o > 0. Given p, v € M(R?), we define the interaction energy
(or potential energy ) between pu and v by

o du(x) dv(y) ~
Talpov) = /Rded FED [0, +ocl

When p = v, we simply write Zo,(1) := Zo(u, pv). When the measures are absolutely continuous
with respect to the Lebesque measure, that is p = fHYLE and v = gH?LE for some set E
and functions f and g, we denote To(u1,v) = TE(f,g) (and when f = g we denote it by TE(f)).
Similarly, when p = fHY'LOE and v = gHY ' LOE we write To(p,v) = IF(f, g) (and when
f = g we denote it by TP (f)).

The following proposition can be found in [31, (1.4.5)].

Proposition 2.2. The functional I, is lower semicontinous for the weak™ convergence of mea-
sures.

We can then define the Riesz potential energy of a set.
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Definition 2.3. Let d > 2 and a > 0 then for every Borel set A we define the Riesz potential
energy of A by

To(A) = inf {Ia(u) L e M(RY), p(A) = 1} . (2.1)

Remark 2.4. Notice that, if we change p in Qu for a given charge Q > 0, then for any Borel
set A C R4, it holds

027, (A) = inf {za(u) L e M(RY), p(A) = Q} .
Notice also that, for all A > 0, there holds

Zo(MNA) = XY, (A). (2.2)
Remark 2.5. An important notion related to Z,(A) is the so-called a-capacity [32, 31, 34]
1
a(A) = ——.
Cra =)

For @« = d — 2 and K compact, we have the following representation of the capacity [32]:

Cy(K) = inf{/Rd\VfP . feClRY), f>0, leonK}.

We stress however, for the sake of completeness, that there are other notions of capacity in the
literature ( see for instance the discussion in [32, Section 11.15]).

Remark 2.6. It is well known that the ball minimizes the perimeter under volume constraint.
On the other hand in [7] it was proven that if @ > d — 2, then the ball maximizes the Riesz
Potential 7, among compact sets of given volume.

The proof of the following result is given in [31, p. 131 and 132].
Lemma 2.7. If A is a compact set, the infimum in (2.1) is achieved.

Remark 2.8. When the set A is unbounded, there does not always exist an optimal measure
i, i.e. the infimum in (2.1) is not achieved. Indeed, it is possible to construct a set F of finite
volume with Z,(E) = 0. To this aim, consider a € (0,d — 1), v € (417, +00) and the set
E={(z,2)) e R xR : |2/| <1and |2| < #} The set F has finite volume and taking N

B
balls of radius r = N—? inside F, at mutual distance ¢ = NV_l, with charge 1/N distributed
uniformly on each ball, we have

To(B) < € (N9t 4 NO25)

for some C' > 0, so that Z,(F) = 0 if dT11 <y<f< é Similarly, if d > 2 and o < d — 2, taking
v > d_i2 one can even construct a set with finite perimeter for which the same property holds.

Definition 2.9. Given a non-negative Radon measure i on R? and o € (0,d), we define the

potential function
dp(y)
vh(x ::/ = p* ko(x
(x) iTr—yp P (z)

where kqo(x) = |x|~%. We will sometime drop the dependence of u and « in the definition of vh
and we will refer to it as the potential.



CHARGED DROPS 7

Definition 2.10. We say that two functions u and v are equal a-quasi everywhere (briefly u = v
a-q.e.) if they coincide up to a set of a-capacity 0.

The Euler-Lagrange equation of Z,(A) reads as follows:
Lemma 2.11. Let A be a compact set and let p be a minimizer for Z,(A) then v* = Z,(A)

a-q.e. on spt(p), and v* > T, (A) a-q.e. on A. Moreover, the following equation holds in the
distributional sense

d—a

(_A) ot = c(a, d) D (23)
where (—A)® denotes the fractional Laplacian (see [14]). In particular,
d—a

(=A)Z " =0 on RT\ A.

Proof. The first assertions on v* follow from [31, Theorem 2.6 and p. 137] (see also [24] where
these conditions were first derived).
Equation (2.3) can be directly verified by means of the Fourier Transform, namely

o —

a—a

(=20) = 0 (€) = [€" i ha(€) = elon d) (),
where we used the fact [31, Equation (1.1.1)]

o~

ko (&) = c(a,d) kg—q(€) with c(a,d) := 7%~

[S]IoH

P

r(s)

M‘

no[Q

O

We recall another important result which will be exploited in Section 4. We refer to [31,
Theorem 1.15] (see also [32, Corollary 5.10]) for its proof.

Theorem 2.12. For any signed measure p and for any o € (0,d), there holds
2
To(p) = / (UZ/Q(JU)) dx
R4

Za(p) = 0.
Moreover equality holds if and only if u = 0.

and therefore,

Remark 2.13. A consequence of Theorem 2.12, is that the functional Z,(-,-) is a positive,
bilinear operator on the product space of Radon measures on R%, M(R?) x M(R?). In particular
it satisfies the Cauchy-Schwarz inequality

To(psv) < Ta() 2 Za(v) 2. (2.4)
The following uniqueness result can be found in [31, page 133].
Lemma 2.14. For every compact set A the measure minimizing Z,(A) is unique.
In the next lemma, we recall some properties of the support of the optimal measures.

Lemma 2.15. Let o € (0,d — 1). For every open bounded set E, the minimizer u of Io(E)
satisfies:

i) If o« <d—2 then spt(n) C OE. In particular Z,(E) = Z,(0F).

i) If a > d— 2 then spt(u) = E.
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Moreover, when o > d — 2, vh = Z,(E) on E.

Proof. The case a < d— 2 can be found in [31, page 162]. If « > d—2, by [31, Theorem 2.6 and
page 137] we know that vh = Z,(E) a-q.e. on E and vh < Z,(E) on RY. Moreover, outside of
spt(p), vh is smooth and Avh > 0. Assume that there exists z € E \ spt(u). Then there exists
an open ball B,(z) C E \ spt(u). But this is impossible since this would imply vh = Z,(E) in
B, (z) and hence Avh = 0 in B,.(z) contradicting Avh > 0. The last claim of the lemma follows
by the fact that v is, in this case, a regular function on E which is a-q.e. equal to Z,(F). O

We now prove a density result which is an adaptation of [31, Theorem 1.11 and Lemma 1.2].

Proposition 2.16. Let E be a smooth connected closed set of R, then for every a € (0,d),
Zo(E) = inf {If(lu) : p= fdz, feL>®E), / fdx = 1} .
E

Proof. By Definition 2.3 and Lemma 2.7 the proof reduces to the approximation of I, (u) for
a given measure p supported on E and such that pu(F) = 1. Let u be such that u(E) =1
spt(p) C E and Z,(p) < oo then for € > 0 consider the measure p. dz defined as

dp(y) d
dues(x) = / ——— | dHLE.
«() ( (x)nE [E N B:(y)]
Notice that by definition spt(u.) C E. Moreover we have, by the Fubini Theorem,
XB (z) y)
E — €
)= [ nctorin = [ [ STt i
ot
|B:(y) N E] E

Since ||pte|poe(py < (mingep |Be(x) N E|)™ < (Ce)™!, we only have to prove that Z2(u.) —
Zo(p). By Theorem 2.12 we have

TEpe) = [ (tta@) da

)

Let us show that for all z € R,
05;2(56) < CUZ/Q(x) and 5%05;2(33) = 05/2(3:)

from which we can conclude by means of the Dominated Convergence Theorem. Denoting by
x4 the characteristic function of the set A, we have, for any = € R,

du(z)
)= [ prarame e On g d
L et dp(2)
= d
/E </s(z)ﬂE |Be(y) N E| |$ — yIO‘/Q J |x — z|0f/2 (2-5)

_ |a/2
S/ Qd/ |z — 2| dy du(z)
B\ JB.(z) |z — y|o/? |z — 2|2/




CHARGED DROPS 9

Moreover it is possible to prove that the function

(z,2,€) l—>6d/B( u dy (2.6)

2) o —y|2
is uniformly bounded in (z,z,¢) (see [31, Theorem 1.11]) so that v/ (ac) < Cot ( ) for a
suitable constant C' > 0. Consider now a p01nt r € R? such that v /2(33) < —i—oo Then for
every 6 > 0 there is a ball B,(z) such that v" /2 < 0 where y/ = pl_By(x). By the previous

g}gi(x) < 9. Moreover, lim._,q v(“ﬂtl)f(m) = a/2 ( ). Indeed,

computations, we know that v )2

denoting for simplicity v := p — i/, we have that

’UVE (ﬂj) :/ dVE / / XBg(y (Z Z) dy
o/2 E Icﬂ—ylo‘/2 Be(z) NE| |x — y|o/?
// XBE(Z( dy
(2 ﬂE\ ]w— |ov/2

/ 1 dy dv(2)
= _ —_— VizZ).
g \|B:(2) N E| Jgnp.(2) lv —y|*/?

JFrom this the claim follows since the last quantity inside the parentheses uniformly converges
to the function |z — z\*a/ 2 on every compact set which does not contain z, and since spt(v) =
spt(p — p') C B(z,n)".

Furthermore, we have that v

(M—M/)s
/2

e

- va/2 a/2

Thus we get

vg/z(:c) = vg//z(:c) +v“72 (z) <5+ hm v(%“)s(:c)

< (1+C)5—|—hmv (x) < (l—l—C')(S—i—Ev“E (x)
/2 e—0 a/2 (2 7)
3 € (M 13 )8
§(1+C)5+gl_>r%va/2( )—i—hmv a2 (T)
<2(14+C)5+ 05/2( x)
so that letting § — 0 we get that lim._,q UZ;Q(QJ) = UZ/Q(QJ) as claimed. O

For the unit ball, since the problem is invariant by rotations, it is not hard to compute the
exact minimizer of Z,(B) or Z,(9B), see [31, Chapter II1.13].

Lemma 2.17. The uniform measure on the sphere OB

dUg = Ldﬁd*ILaB

P(B)
is the unique optimizer for L,(0B). For d > «a > d — 2, the measure
~ Cy
dUp = —"——=dHL

(1= [z[*)=

is the unique optimizer for L,(B) (where Cy is a suitable renormalization constant).



10 MICHAEL GOLDMAN, MATTEO NOVAGA, AND BERARDO RUFFINI

Definition 2.18. Given § > 0, we say that E satisfies the internal d-ball condition if for any
x € OF there is a ball of radius § contained in E and tangent to OF in x. Analogously, E
satisfies the external d-ball condition if for any x € OF, there is a ball of radius 6 contained in
E€. Finally, if E satisfies both the internal and the external §-ball condition we shall say that it
satisfies the d-ball condition.

We remark that the sets which satisfies the d-ball condition have C'*! boundary with princi-
pal curvatures bounded from above by 1/4, see [12]. We denote by s the class of all the closed
sets which satisfy the d-ball condition and by K§° the subset of K5 composed of connected sets.

Remark 2.19. An equivalent formulation of Definition 2.18 is requiring that dp € CH1({|dg| <
d}), where

[ dist(z,0F) ifx¢FE
dp(x) = { _dist(z,0E) if x€E

is the signed distance function from OFE. See for instance [12].

Lemma 2.20. Let § > 0, then every set E € K§° with |E| = m satisfies

diam(E) < Vd 242 L 51—,
Wq
Proof. Consider the tiling of R? given by [0,26)¢ + 26Z% and for k € Z% let Cy, = [0,26)¢ + 26k.
For every k € Z¢ such that C, N E # ), let Bs(xy) be a ball of radius ¢ such that Bs(zy) C F
and Bgs(z) N Cy # 0. The existence of such a ball is guaranteed by the d-ball condition. Any
such ball can intersect at most 2¢ cubes C; so that

ﬁ{keZd:EﬂCHé@}:% Y IBs(a)| <

By !E\
O fCunE£0

\B\

where A is the cardinality of the set A. The fact that E is connected implies that, up to

translation, E C [0,46 2

R m]?. Thus we can conclude that

| Bs| wd

2d d m
diam(E) < diam [0 46 —— } = Vd 2?2 — s,

O

Remark 2.21. As already pointed out in the introduction, in some sense the J-ball condition is
the analog of the famous density estimates for problem in which the perimeter term is dominant
see [26]. Since, in the problems we are going to consider, both the perimeter and the Riesz
potential energy are of the same order, there is a priori no hope to get such density estimates
from the minimality. It is a classical feature that for connected sets, these density estimates
provide a bound on the diameter [27].

Proposition 2.22. Letd >3, a =d—2, 6 > 0 and E C R? be a compact set which satisfies
the d-ball condition. Then the optimal measure p for Io(E) = Io(0F) can be written as p =

SHTLOE with ||, (05) < To(E)(d—2)5".
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Proof. By Lemma 2.15 we know that the optimizer y is concentrated on E. Denote by v = vl ,
the potential related to p on E. By Lemma 2.15, we know that v = Z,(F) on E, and that
—Awv = p. By classical elliptic regularity (see for instance [25, Cor. 8.36]), v is regular in R%\ E,
and C# up to the boundary of E. Consider now a point = € 9E and let y € E such that the
ball Bs(y) is contained in F and is tangent to OF in x. The existence of such a y is guaranteed
by the d-ball condition satisfied by E. Let u be a solution of

Au=0 in B§(y); u=uv(x) =Zy(E) on 0Bs(y).

d—2
Notice that u(z) = % out of Bs(y). By the maximum principle for harmonic functions,

u < Z,(F) on OF. Thus, again by the maximum principle, applied to u — v, we get that v > u
on R\ E. Since u(z) = v(x),

Vo(z)| < [Vu(z)| = Zo(E)(d —2)5~ " (2.8)

Let us prove that u = |Vo|H? 'L OE. For this, let # € E and r > 0 and consider a test
function ¢ € C2°(RY). Then we have

/ soduz—/ sDAUZ/ Vo, Vv) dy
OF R R
:/ (Vo, V) dy:/ o(Vo, vE)dH !
¢ oF

where v is the external normal to E. Since v is constant on JF, its tangential derivative is
zero. Thus, since v < Z,(E) on RN\E we have that (Vuv,v”) > 0. Therefore, (Vuv,vF) = |V
on OF. Hence, by (2.9) we conclude that for every test function ¢,

/wdu:/ | VoldH !,
oFE OF

which is equivalent to the claim pu = |[Vo|H 'L OE.

(2.9)

E

3. NON-EXISTENCE OF MINIMIZERS

Definition 3.1. Let d > 2 and a > 0. For every Q > 0 and every open set E C R? we define
the functionals,
Fa(E) := P(E) + Q°To(E), (3.1)
and
Gu.o(E) := P(E) + Q*Z,(0F). (3.2)
Notice that by Lemma 2.15, for o € (0, d —2] the functionals F, ¢ and G, ¢ coincide. Notice
also that F, o(F) = +oo if @ > d, and G, g(E) =40 if a >d— 1.
In this section we consider a closed, connected, regular set Q C R? (not necessarily bounded)
of measure |2| > m and address the following problems:

inf ~o(E), 3.3
\E\:lr{Ll,ECQJT ’Q( ) ( )

and
inf Ga,0(E), (3.4)

|E|l=m, ECQ
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where the (implicit) parameter a belongs to (0, d).
Theorem 3.2. For every o € (0,d — 1), there holds

d—1
m d
inf F,o(F)= inf G, E:minPE:(—) P(B).
Jnf Foq(B) = inf Gao(E) = min P(E)= (=) P(B)

In particular, problems (3.3) and (3.4) do not admit minimizers when Q = RY.

Proof. Let N € N and consider a number 8 which will be fixed later on. Consider N balls
of radius ry = N~ which we can consider mutually infinitely far away (since sending them
away leaves unchanged the perimeter and decrease the potential interaction energy), and put
on each of these balls a charge % Let Vy = N rflvwd be their total volume and consider the set
E given by the union of these balls with a (non-charged) ball of volume m — V. If we choose

Be(1/(d—-1),1/a), then we get

11
lim Nri ! = im —— =0. :
L N 3
which implies that Viy — 0 and
a \% a Q%1
m m— VN d—1
— P(B) < P(E ’T,(B) < P(B)+C (N = .
(2) " pw <P+ @z < (M) 7 py o (vt + S
d—1
Since the right-hand side converges to <wﬂd> ¢ P(B), as N tends to +o00, the claim follows. [

The following result follows directly from the construction made in the previous theorem.

Corollary 3.3. Let a € (0,d—1) and m > 0. For every 0 < § < (m/wd)% there exists a charge
Qs = Qs(a,m) such that Qs — 0 as § — 0, and the ball of volume m is not the minimizer of
Fa,Q, among sets in Ks with volume m and charge Q) > Q5.

We now consider the case of bounded 2 where the situation is more involved.

Theorem 3.4. Let Q be a compact subset of R with smooth boundary, and let 0 < m < |Q].
Let Ey be a solution of the constrained isoperimetric problem

min {P(E): EC, |E|=m}. (3.6)

Then, for a € (0,d — 1) and Q > 0 we have
inf Lo(F)=  inf o(E) = P(E, 27.,(9). 3.7
L Fao(B)= i Gaq(B) = PUE) + QTa(®) 1)

Proof. We divide the proof into three steps.

Step 1. For e > 0 and f € L*>°(Q), with f > 0 and / fdx = 1, we shall construct a measure
Q
fe with spt(i:) C Q, @:(Q) = 1, satisfying
Pspt(fi)) < = (3.8)

and
Za(fic) < Zg(f) +ée. (3.9)
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Let > A > 0 be small parameters to be fixed later and consider the tiling of the space given
by [0, A\)¢ 4+ A\Z%. For every k € Z% such that (A +[0,\)?) NQ # 0, we let Cj, = Ak + [0, \)¢ and
denote by xj be the centre of Cj. Notice that the number N of such squares Cj is bounded by

C(Q)A~L Letting fi := | f da, it holds
Ck
3 fuli .- / ;(/X |z — 1y i dy
|z —x]>26 ‘xk B xj’ |zp—,]|>26 CrxCj ’1‘ - y‘ ’xk - 1’]‘
/ a ) e = 2 +§A) da dy (3.10)
‘xk 2, |>25 Y CkxCi ’x_y‘ |z), — ] .
< Z / f(x)f(a) <1+C( ))\>d$ dy
o —a;]>26 7 O ¥ Ci [z =yl Y

where we used the fact that

[ L gy [ LW o, g9 < oo
|p—a|>20 Y CR¥Ci |z —yl|* axa T —yl®

Let now 7 = (A/2)?, with § > 1. If dist(z;, R? \ Q) < r, we replace the point z;, with a point
Tg € Cjr), With [T — 24| > A/4, where Cj(;) C 2 is a cube adjacent to Cy. For simplicity of
notation, we still denote Zj by xr. We consider N balls of radius r centered at the points zp,
and we set

~ Tk
e 1= Z mXaBr(mk)-
k

Notice that such measures are suitable competitor in the definition of both the minima appearing

in the definition of F, ¢ and G, g. By construction it holds spt(/i.) C € and /i (Q2) = / fdx =1.
Q

We have

Z fkf] / dH ! () dH (y)
Hi-1 0B, (2;)x 0B, (zx) |z —y|*
AR (z) dH (y)

Z H- 1 /83T(mk)><aBr(:vk) |z — y|@
n 3 Jif / dH (x) dHE (y)
|z j— | <26, k] HH(B)? 0By (z5)x 0B (1) [z —yl
. It dH (2) dH (y)
%d*l(B )2 |,I — |a
‘:ijll?k‘225 r aBT(xJ)XaBT(‘Tk) y

:Il+12+_[3.

Moreover we have that

1 —a
I < CNHfH%oo(Q)’Ck\QT—a < CIf I Fme @A, (3.11)
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and .
1 0
I < C5dN2HfH%oo(Q)’Ck\2)\—a < CHf”%OO(Q)F' (3.12)
Eventually, from (3.10) it follows
Jiti 1 / loe — x| g d—1
Iy = Wk Z 31 43441 () apd=1y
xj%:lz% |2k — 25| HIN(B)? Jop, (a,)x0B,ax) &= yI* ) W)
< Z _ Jefi <1 —|—C(a)f)
g — x| o
|xg—x5|>20 (313)
A r
< 1% z ~
< 1) <1 +C(a)5> (1 +C(a)5)

<Tf) + OIS

Letting A = 47, from (3.11), (3.12), (3.13) we then get
To(fie) = I+ I + Is < T2f) + C@)TLN)T ™ + Ol 3y (870707 4 6707

Choosing 1 < f < d/a and 1 < v < d/a, for § small enough we obtain (3.9).
We now show that (3.8) also holds. To this aim, we notice that

HI N spt(fie)) < CNrd—t = CN M- = ¢\fld—1)—d (3.14)
so that, for A small enough, (3.8) follows from (3.14) by letting d/a > > d/(d — 1), choice

which is allowed since oo < d — 1.

Step 2. Let now Ej be a solution of the constrained isoperimetric problem (3.6), and let

e E
E.:= | EgU| |B.(xk) | \By, e '= "5
£ < L]CJ T n € 1 _ ME(B,?)

where B, C Ej is a ball such that |E.| = m. Notice that spt(u.) C E. and p.(E.) = 1. Since

1Byl = |Bo U\ Bolan)| — 1Ec| < | Bulan)
k k
by (3.14) we have
T
BT < UBr )| <cp (U B,,(xk)> < C\Pd-D—d,
k k

so that n < o\’ _d;il. In particular, recalling (3.9), for A sufficiently small the measure p.
satisfies

Zo(pe) < Zo(ftc) +e < Ig(f) + 2e. (3.15)
From (3.15) we then get

lim P(E.) + Q*Ta(pe) = P(Eo) + Q°T3(f)- (3.16)

e—0
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Step 3. By Proposition 2.16 we can find a function f € L*°(£2) such that / fdr =1 and
Q

T f) < Zo(Q) 4 €. Thus (3.7) follows by (3.16) and a diagonal argument.
O

Thanks to Theorem 3.4 we are able to prove

Theorem 3.5. For any o € (0,d — 1) and Q > 0, the functional F, g does not admit local
volume-constrained minimizers with respect to the L' or the Hausdorff topology.

Proof. Let K be a compact set, and let 2., for ¢ > 0, be a family of open sets with smooth
boundary, such that K C Q. for any € > 0, and Q. — K as ¢ — 0 in the Hausdorff topology (in
particular |2 \ K| — 0 as ¢ — 0). By Theorem 3.4, it is enough to show that Z,(£2.) < Z,(K)
for any e > 0 (with strict inequality), which follows directly from Lemma 2.15. O

Remark 3.6. Notice that when a € (d—2,d—1), Problem (3.4) relaxes to its “natural” domain,
in the sense that the infimum is P(Ep) + Q?Z,(Q2) and not P(Ep) + Q*Z,(99) as one might
expect.

Remark 3.7. Notice also that as soon as ) contains a ball of volume m then the solution of
the isoperimetric problem (3.6) is a ball.

Remark 3.8. In the statement of Theorem 3.4 it is possible to replace P(E) by the relative
perimeter P(E;() (see for instance [4]) almost without changing the proof. In other words,
under the hypotheses of Theorem 3.4 we have that

inf  P(E;Q)4+Q’T.(E)= _inf P(FE;Q)4+Q?Z.(0E) = P(Eq; 0)+Q*Z.(Q), (3.17)

|E|l=m, ECQ |E|l=m, ECQ
being Eq a solution of the relative isoperimetric problem
min  P(E;Q).
ECQ,|E|=m

Remark 3.9. An interpretation of Theorem 3.4 is that Problem (3.7) decouples into the isoperi-
metric problem (3.6) and the charge-minimizing problem (2.1), which are minimized separately.
This is essentially due to the fact that the perimeter is defined up to a set of zero Lebesgue
measure, while the Riesz potential energy is defined up to a set of zero capacity [31, Chapter 2].
A consequence of this is that the minimum problem

min {F, o(E): |E|=m, E C A}
has in general no solution.

Remark 3.10. For a € [d — 1,d), it seems difficult to construct a sequence of open sets with
vanishing perimeter but of positive capacity. This is due to the fact that sets of positive a-
capacity have Hausdorff measure at least « (see [34]). As a consequence, the infimum of (3.7)
should be strictly larger than P(Ep). In order to study the question of existence or non-existence
of minimizers, one would need to extend the definition of F, g to sets which are not open. There
are mainly two possibilities to do it. The first is to let for every Borel set

Faq(E) := P(E) + Q°Ta(E)

where now P(F) denotes the total variation of yg (see [4]). It is easy to see that the problem
is still ill posed in this class. Indeed, for every set FE, it is possible to consider a set F' of
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positive a-capacity but of Lebesgue measure zero so that Fo o(E U F) < Fo q(FE). The second
possibility would be to consider the relaxation of the functional F, ¢ defined on open sets for
a suitable topology. Because of the previous discussion, we see that the L! topology, for which
the perimeter has good compactness and lower semicontinuity properties, is not the right one.
The Hausdorff topology might be more adapted to this situation. Unfortunately, the resulting
functional seems hard to identify.

Remark 3.11. When considering a bounded domain A it is also interesting to study the Riesz
potential associated to the Green kernel GG 4, with Dirichlet or Neumann boundary conditions.
Since

Ga(z,y) = ka—2(|z —y|) + h(z,y)
with A harmonic in A (see [31, Chapter 1.3], [10]), Theorem 3.4 can be easily extended to that
case.

4. EXISTENCE OF MINIMIZERS UNDER SOME REGULARITY CONDITIONS

In the previous section we have seen that we cannot hope to get existence for Problem (3.3)
without some further assumptions on the class of minimization. In this section we investigate
the existence of minimizers in the classes Ks and K§°, defined in Definition 2.18. More precisely,
we consider the following problems:

min{F, o(EF): |E|=m, E€ K}, (4.1)
min{G,o(E) : |E|=m, E €K}, (4.2)
min{F, o(E): |E|=m, E€Ks}, (4.3)
min{Goo(E): |E|=m, E€Ks}. (4.4)

!

Notice that, up to rescaling, we can always assume that |E| = wg. Indeed, if we let E :=
(%)Ud E, so that |E| = wy, from (2.2) we get

Pt =7 ((2)"E) - AN 5)

Wd Wd o, () Q

Go,0(E) = Gag ((%)Ud E> - (%) E G (%)d_ﬁaQ(E). (4.6)

Definition 4.1. For any set E with |E| = wg, we let 6P(E) := P(E) — P(B) > 0 be the
isoperimetric deficit of F.

Theorem 4.2. For all Q > 0 problem (4.1) and (4.2) have a solution.

Proof. Let us focus on (4.1) since the proof of the existence for (4.2) is very similar. Let £, € K§°
be a minimizing sequence, with |F,| = wy. And let p, be the corresponding optimal measures
for Z,(E,). Since P(E,) + Q*Z,(E,) < P(B) + Q*Z.(B), we have that

SP(Ey) < Q*Z4(B),

therefore P(E),) is uniformly bounded. By Lemma 2.20, the sets E,, are also uniformly bounded
so that by the compactness criterion for functions of bounded variation (see for instance [4]),
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there exists a subsequence converging in L' to some set E with |E| = m. Similarly, up to
subsequence, p, is weakly* converging to some probability measure .

Let us prove that FE, converges to E also in the Kuratowski convergence, or equivalently, in
the Hausdorff metric (see for instance [5]). Namely we have to check the following two conditions:

()xp >z, z,€E, = x€k,
(ti)x € E = 3x, € E,such that z,, — x.

The second condition is an easy consequence of the L!-convergence. To prove the first one, we
notice that by the internal J-ball condition, up to choose a radius r small enough there exists
a constant ¢ = ¢(d,§) > 0 such that |B(x,,r) N E,| > cr? which implies, together with the
L'-convergence, that a limit point 2 must be in E. Similarly one can also prove the Hausdorff
convergence of OE, to OE. Since the family K§° is stable under Hausdorff convergence, we get
E e Ky,

Recalling that P is lower semicontinuous under L' convergence, and Z,(p) is lower semi-
continuous under weak*-convergence (for the kernel is a positive function, and thus Z,(-) is the
supremum of continuous functional over M), we have

lim P(E,)+ Q°Za(pn) > P(E) + Q°Ta (i)

n—-+400

By the Hausdorff convergence of E,,, there also holds spt(u) C E, which concludes the proof. [

Thanks to the quantitative isoperimetric inequality [23], we can also prove existence for small

charges of minimizers even without assuming a priori the connectedness. This is reminiscent of
[29, 30, 10].

Theorem 4.3. There exists a constant Qy = Qo(c, d) such that, for every § > 0, m > wg6® and

Q &4
e < Qo—,
m~ 2d m

problems (4.3) and (4.4) have a solution.

Proof. We only consider (4.3), since the proof of (4.4) is identical. Assume first that m = wy.

As noticed in Theorem 1.5, for every minimizing sequence E,, € s, with |E,| = wg, we can
assume that there holds

6P(Bp) < Q°Zo(B).
Thus, up to translating the sets E,, by the quantitative isoperimetric inequality [23] we can
assume that
|BAE,|* < C(d)6P(E,) < C(d)Q*Z,(B)

so that |E, N B¢| < CQ. Since every connected component of F,, € Kz has volume at least
|Bs| = wqd?, for Q < c(a,d)d? the set E, must be connected. The existence of minimizers then
follows as in Theorem 1.5.

The case of a general volume m can be obtain by rescaling from (4.5). U

It is natural to expect that, for a charge @) large enough, it is more favorable to have two
connected components rather than one, which would lead to non-existence of minimizers in Cs.
Let us prove that it is indeed the case, at least for small enough . We start with the following
lemma.
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Lemma 4.4. Let a > 0 and let E be a compact set then

1
T, (E)> —
( )_diam(E)O‘
In particular,
d—1
m d —
inf  Fao(E)>(— P(B Vd 20+2 25(d=Da 4.7
it FaalB) > () T P+ (Vaz) " (17)
and
o
m —Q
inf  Fao(E)>|— P(B d24+2 2g(d=Da 4.8
it Faol®)= ()7 P+ (VA2) 7 Q (48)

Proof. Let p1 be any positive measure with support in E such that p(E) = 1 then

d d d d 1
7.(E) 2/ p(x)dp(y) >/ pz)dpty) _ _
Bxp T =y pxp diam(E)*  diam(E)"
By Lemma 2.20 and thanks to the isoperimetric inequality, we get (4.7) and (4.8). O

We can now prove a non-existence result in K.

Theorem 4.5. For all o < 1 there exist ¢ = co(a) > 0 and Qo = Qo() > 0 such that, for
every § >0, m > c¢pd?, and

Q m da«g(lifa
—rm > Qo (52
m-2d

problems (4.3) and (4.4) do not have a solution.

Proof. We only discuss problem (4.3), since the non-existence result for problem (4.4) follows
analogously.

As in Theorem 1.6 we first consider the case m = wq, so that § < 1. If there exists a
minimizer then the optimal measure p is necessarily contained in a connected component of the
minimizer. From (4.8) it then follows that the energy of the minimizer is greater than

P(B)+ (Vd212) " 5eq2, (4.9)

which bounds from below the energy of any set in X§° with volume wy. Hence, in order to prove
the non-existence, it is enough to construct a competitor F € K5 with energy less than (4.9).
Consider the set E given by N (which we suppose to be an integer) balls of radius §, equally
charged. Up to increasing their mutual distances, we can suppose that the Riesz potential energy
of E is made only of the self interaction of each ball with itself. Since N = §~! we then have
2 o d—1 Q2 o 1 d—a 2
P(E)+ Q“Z,(F) = N0 "P(B) + WIQ(Bg) = EP(B) + Zo(B)d* Q" (4.10)
Notice that, if d —a > (d — 1)a, i.e. if o < 1, there exists dyg = dp(a) such that for all § < 4
there holds

IQ(B) 5dfa < % (\/g2d+2) - 6(d71)a‘

With this condition in force, from (4.10) we get

P(E) + Q*Z,(F) < P(B) + (\/g 2d+2) Y Q2sd-Da
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for
3 1
Q > V2P(B) (Vd2'?)* e
datl-a
The general case can be obtain by rescaling from (4.5). U

Remark 4.6. If a < d%dl, we can improve the previous estimate on ) by considering a construc-
tion similar to the one of Theorem 3.2. Indeed, for § € (da,d — 1), taking N := 6P charged
balls of radius 0 and a non charged ball of volume m — wgNd§¢, we find a contradiction if

0 N LEESIESS
——= > Qo(a) <5—d>
m-~ 24
Notice that, if @ < 2=L we can choose 3 such that the exponent A=(1-a)(d=1) g negative
) 2d—1° 2d :

Remark 4.7. We expect that the non-existence result in Theorem 4.5 also holds for a@ > 1,
but we where unable to show this, as the class s is fairly rigid which makes the construction
of competitors quite delicate.

5. MINIMALITY OF THE BALL

In this section we prove that, in the harmonic case o« = d — 2, the ball is a minimizer for
Problem (4.3) (for = R?%) among sets in the family of the nearly spherical sets belonging to
<% introduced in Definition 2.18, that is, the sets which are a small W1 perturbation of the
ball and that satisfy the d-ball condition.
Consider a set F such that |E| = wy, and such that OF can be written as a graph over 0B.
In polar coordinates we have

E ={R(z)z : R(z) =1+ ¢(z), v € OB}.

The condition |E| = wy then becomes

/aB (0 + g —1) am' (@) =0

which implies that if |||l (9p) is small enough, then

/a P = Ol o) (5.1)

Letting

_ 1 d—1
Q=0 [ pdHT,
10B] Jan

the Poincaré Inequality gives

C(d 2
/ |Vgp|2df]_[d71 > C/ |S0 _ ¢|2d7_[d71 — C(d)/ S02/]_[6[71 _ d( ) (/ SDdf]_ld1>
OB OB OB Wd OB

2
C(d) / Q2dHI — @ ( / g02d7-[d1> (5.2)
aB ddwq \Jop
C(d) / P2dH!
0B

>

>~ w
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as soon as
/ O2dHT < duwy. (5.3)
0B

Up to translation, we can also assume that the barycenter of F is 0. This implies that
zp(z)dH ™ (2)] = O (|l¢l? : (5.4)
. ¥ PllL2(0B)

Lemma 5.1. Suppose that ¢ : 0B — R? parametrizes OF and l¢llLee(am) is small enough so
that (5.3) is satisfied. Assume also that the barycenter of E is in 0. Then,

O N e (5.5)

OB OB 2 |JoB
Proof. We refer to [21] for the proof of the first inequality. The second inequality is (5.2), while
the third one follows from (5.1). O

A consequence of Lemma 5.1 is the following corollary.

Corollary 5.2. Suppose that OF is parametrized on OB by a function @ which satisfies the
hypothesis of Lemma 5.1. Then there exists a positive constant C' = C(«,d) such that

295 ()| < C oP(B), (5.6)
and, for any positive constant \,
IZ2P (N, )| < CASP(E). (5.7)

Proof. Inequality (5.7) is an immediate consequence of (5.5). Concerning the first one we have,
by the Holder inequality and the Fubini Theorem,

0B _ e@)e(y) 0 a1 d-1
1) = [ EE i @) )

<</6 2@ i1 )Cmdl(y)>”</8 oy)? dﬁdl()dﬁdl(y)yﬂ

BxoB [T —yY|* BxoB | —y|*
—C/ )2 dH T (z).

So (5.6) follows again from (5.5). O

We will use the following technical lemma.

Lemma 5.3. Let E = {R(z)z : R(z) =1+ ¢(z), z € OB} and let g € L™(dB), then there

exists €o(a, d) and a constant C C(a,d) > 0 such that if ||| 1 o 9B) <gp <1,

L S-St
/aBXaBQR()—R( B g )g( IR @D HT W]
< Clord)(1 +<0)lgl>... P(E).

L>(0B)
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Proof. First, notice that since |z| = |y| = 1 we have

|R(z)x — R(y)yl* = o — yI> (1 + o(x) + o(y) + e(x)e(y) + (. y)) (5.9)

(p(@)—0(y))

where ¢(z,y) = o 2 Hence, for any =,y € 0B there holds,

(1 2p(@)(1 — 2o()) + 22 0(@)p(y) — 2(b(z,y) +n(z,y))

|R(z)x — R(y)y|~* =

|z —yl*
(5.10)
where
0 <n(z,y) < C(¢%(x) + ¢*(y) +¥*(x,9)) .
By (5.10) we get
1 C A =5e@)A — 50N d-1() gayd-1

/BBxaB <\R(x) _ R(y)’a \x _ y‘a > g(x)g(y)dH (z)dH (v)

_ad—a) pla)ely) a1 -1

el [ D ety ant want o) .11

o« Y(z.y) +nly) a1y g3y
s DN () a0t o)

By Corollary 5.2 we get

/ 90(-%')()0(3(/3 d?—[d_l(x)d%d_l(y) _ IgB(QO) S C5P(E)
oBxoB |7 — Yl
Furthermore, we have

and

/ ()’ dH (@) dH (y) / aH ()
0Bx0B 8

2 d—1 2
|z —y|® B |lTr—yl* /aBtp(x) AT () < e(e, d)ey,

for a suitable constant ¢(c,d). Therefore, since n(z,y) < C (¢*(z) + ¢*(y) + ¥(2,y)), to prove
(5.8) we only have to check that

/ EY). g1 (gyam-L(y) < CaP(E).
oBxoB |T —Y|*

To this aim, consider z,y in B and denote by I'; , the geodesic going from x to y and by
{(z,y) the geodesic distance between x and y (that is the length of I'; ). Notice that on 0B,
the euclidean distance and ¢ are equivalent so that it is enough proving

/ Uz, )" (p(x) = p(y))? dH ™ (@)dH ™ (y) < CoP(E).
0Bx0B
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We have

/ ()~ () — o))
OBx0B

v N Can)) 20 N\dz dHO1 () dHd1
< e(d) /BBXaBa )t / V2(2)dz dHo () dH (y)

T,y

2T
d) / / (ot =1 ( / \w\?(z)cmdl(z)> dt A" ()
oB Jo {t(z,2)<t}
2T
— ¢(d) / Hd=D=(a+1) ( / / \Vw\Q(Z)del(x)del(z)> it
0 OB J{l(x,z)<t}

= c(d)HI2(S97?) / 27rt<d—1>—a ( /8 N |Vg0|2(z)d7-£d_1(z)> dt

0

27
_ o dy (s (d-1)-a
— () H (s 2)/0 -1 dt(/ Vil (2)aH 1())
< C6P(E)

where S92 is the (d — 2)-dimensional sphere and where we used the fact that o < d— 1 together
with (5.5). O
Before we prove our main stability estimates, we recall a classical interpolation inequality.

Lemma 5.4. For every 0 < p < q < r < +o00, there exists a constant C(r,p,q) such that for
every o € H"(RY), there holds

r—q q9—p

10l sraggey < € (10l rcge) ™ (19 nggey) ™ (5.12)

where we adopted the notation ||ul| gpray = |[|€[P0] 12(ray and HP(RY) = {u € L2(R?) : ||Jullgr <
+oo}, being U the Fourier transform of the function u.

Proof. Let ¢ € H"(RY) and A > 0, then we have

o0 ey = [ 167160 = [ 0PI+ [ (oPlelrigamag
[§1<A €|>X

2(q—p) —2(r—q) 2
<A lel? + A HSDHHT(

HP(R4) Rd)’

An optimization in A yields (5.12). O
Proposition 5.5. Let a € [d—2,d—1), f € L>(0F) and
OE = {R(z)z : R(z) =1+ ¢(x), = € OB}.

Then there exist eg(a) > 0 and C' = C(a) > 0 such that if ||o|| < g then

W1 (9B)
I35(f) = I3 (f) = =C| f 17 (o) 0P (E), (5.13)

where f := ﬁ /aE fdHAL,
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Proof. We have

IgE(f) — / f(x)f(y) d’Hd_l(x) ded—l(y)
1o}

EXOFE ’w - y’a

= M d—1 P d—1
- /BBXBB |R(z) — R(y)|* dH™ (2)dHT(y)

where we set

g(x) = f(R(z)2)R(x)"*/R(x)? + [V R(x) 2.
Up to choose gy small enough, we can suppose that
9l a8y < 2/ f|lL~@E)-

P(E)

1 _
Let § = ———= =1 = _—2f Th h
et g PB) /8B gdH P(B)f en we have

IP(f) = TP (F) = TP (f) = T35 (9) + T3P () — T3P (F).
Focusing on the last two terms in the previous equality we have
_ . - P(E)\?
OB (= _ +0B _ 70B _
225(9) - 7220|220 |1 - (339 )
P(E)+ P(B)

~ Oy
< C(a, d)| f |7 (om)P(E).-

|P(E) — P(B)]

Therefore, to prove (5.13) we only need to show that

TE(f) > T28(g)  llg)2e o) OP(E).
Formula (5.14) together with Lemma 5.3 imply
a
I28(f) = 727 (9(1 - 59)) + Rig,)
with
R(9,0)| < cllglli(om) OP(E),
so that
OF B @ 2
Z25(f) 2 257 (91 = 5)) = cllgll}w o) P (E).

We need to estimate Z9P(g(1 — a/2)y). By the bilinearity of Z0? we have that

23

(5.14)

(5.15)

(5.16)

(5.17)
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T3P (g(1 -

| o

(0%
=72%(g §)+IBB(9 9,9 — g)—aIaB(g—g,gso) aZ28(g, gp)

Oé a2
2 (ge.g0) + S I @e (9 - 9)¢) + 127 (9~ 9)e. (9~ 9)¢)

=10%(9) + 1% (g - 9) + i - L9 = 9)9) — 03" (9 — 5, (9 — 9)¢)

2
_ _ o (0% _ _
—aZ3%(g, (9 = 9)¢) — aZ3P (g — 5.99¢) + 2P (a9, (9 — 9)¢)

Oé2

oZ3(9,50) + 13" (3%).
(5.18)
Thanks to (5.7), the last two terms in the right hand side of (5.18) satisfy:
_ « _ _
~I2°(9.9¢) + 7237 (g9) > —cg® OP(E). (5.19)

By the Cauchy-Schwarz inequality (2.4) and Young’s inequality, we get that for every functions
h1 and hs and for any ¢ > 0,

L7081y, (5.20)

2P (hi, ho) < TP ()2 2P (ha)? < T3P () +

In particular, applying such inequality to the functions hy = g — g and hy = (g — §)¢ in the
fourth term in the right hand side of (5.18), and then to h; = g — g and hy = g in the sixth
term, and exploiting (5.19), we obtain the existence of a positive constant C' such that

&) _
2% (9(1 = 5¢) = Z37(9)
L _oB OB OB (5.21)
> 0 (3720~ 9) - T2(a. (0 - o) - (g - 9)9) ~ P 4P(E) ).
Again, by Lemma 5.1, we have that

~Z3%((9 = 9)9) = ~llgllE = omZa” () = ~CllgllE < (o5 P(E)-

Let us show that the term Z98(g, (g — §)¢) can be estimated by the term Z28(g — g).
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Let @ : R? — R be a regular extension of ¢, and let § = (g — §)dH* 'L 0B. By a Fourier
transform we get

d—1 T PN
79%(g, (g - gw>(Af@—ilyégg—mwﬂlww:cmﬂmjcﬁ

B |z —yl® R
1 ~2 %
_ =~2 4\ 2 g
(7o) ()
Rd € Ra €]
1
—gIISDHHT(Rd)I Plg-9.9-9)
dB/. i
C@gllelyize T2 (g — 9)%,
We now observe that, if
_ _ 1 _
72%(9: (9 — 9)9) < 522%(9 - 9), (5.22)
then we would get
Q@

2% (9(1 = 5)) = Z2%(g) = ~Cllgll7~ o) OP(E),

which would imply (5.16) and so the claim of the proposition. On the other hand if (5.22) does
not hold, then, up to consider again a regular extension ¢ : R — R of ¢, we have

oB(  _ OB(  _ ~\%
Lo (9 —9) < Cd)gllel  ase , Ta" (9 — 92,
which implies

OB i
La7(9 = 9)% < Callell age s

so that

25%(3. (9 — 9)%) < Cylgl 4 P99 <CPllel a

Z
2% (0B)"* “(©B)

If d*Ta < 1 then using (5.12) with p =0, ¢ = %‘J‘ and r = 1, up to once again regularly extend
¢ on R?, we obtain

d—a d—«

12 gy <0 (o 0) 7 (0l3a0m) ™ < 1 (el o) + Il a)) < COPIR),

which concludes the proof. ]
Theorem 5.6. Let d > 3 and o = d — 2. Then for any 6 > 0 and m > wgd?, there exists a
charge Q < 1/d) > 0, such that if

Q ~ )
d—lta <@ ( 1/d>
m= 2d

the ball is the unique minimizer of problem (4.3).
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Proof. Up to a rescaling we can assume m = wy. By Theorem 1.6, there exists C' > 0 such that
problem (4.3) admits a minimizer Eq for every @ € (0, C(S%). Since |EgAB|? < CdP(Eg) <
Q?*T,(B), Eg converges to B in L' when Q — 0. As in Theorem 1.5, there is also convergence
in the Hausdorff sense of Eg and 0Eg thanks to the d-ball condition. Again, by the §-ball
condition and the Hausdorff convergence of the boundaries, for ) small enough, 0E( is a graph
over OB of some C! function with C*! norm bounded by 2/§. ;From this we see that if
0Eg = {(1+ ¢g(x))z : = € OB} then H‘pQHWI,oo(aB) is converging to 0. We can thus assume

that ¢q satisfies the hypotheses of Proposition 5.5.
Let u = fdHI 1L OEg be the minimizer of Z,(Eg). Since Z,(Eg) < P(B) + Q*Z,(B), by
- 1 1
(d—2)6~1(P(B)+Q*Tn(B)). Let f := = faHt.
P(Eq)  P(EQ) Jor,

By Lemma 2.17 we know that the optimal measure for Z,(B) is given by Hd%f%)aB. By the

Proposition 2.22, Hf”Loo(aE) <

minimality of Fg we then have
0P(Eq) = P(Eq) — P(B) < Q*(Za(B) — Ia(Eq))
= Q2 (T2P(f) - 2272 () + 2P (1/P(B)) — T2P (1 P(EQ)) ) -
A simple computation shows that
10 (1/P(B)) — I2P (1/P(Eq)) < C* 6P (Eq)
for a suitable positive constant C' = C(«, d). Hence, by Proposition 5.5 we have that
P(Eq) < CQ*6P(EQ)(1 + | fl (o5, < CQ*OP(Eq),
which implies 0P(Eg) = 0 that is Eg = B, for @ small enough. O

Remark 5.7. We recall that a counterpart of Theorem 1.7 holds as well. Indeed, in [20] it
was proven that if () overcome a certain threshold, any radial set (and in particular the ball) is
unstable under small C*# perturbations.

Remark 5.8. The previous proof of the stability does not apply to the case a > d — 2. Indeed,
this proof relies on L bounds for the optimal measure u for Z,, which we are not able to obtain
in that case. For the very same reason, our approach seems not to work if we replace the class
Ks by the class of convex sets. In fact, for a set with Lipschitz boundary, the optimal measure
is not expected to be in L*°. In particular, if F is convex, than its optimal measure blows-up
at every non-regular point of 0F, as shown in Example 6.5.

6. THE LOGARITHMIC POTENTIAL ENERGY

In this section we investigate the same type of questions for the logarithmic potential which
is given by —log(|z|). This potential naturally arises in two dimension where it corresponds to
the Coulomb interaction. Let then

Tiog(B) = min [ —log(le — ydu(e)du(y) (6.1)
w(E)=1 JRIxRA
and consider the problem

nin P(E) + Q*Tiog(E). (6.2)
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In analogy to the notation adopted for the Riesz potential we define, for any Borel functions f
and g, the following quantity

Tiog?(f9) = /a  —toa(le ) () g ) ),

We list below some important properties of Zj,, without proof, since they are analogous to those
given in Section 2 for the Riesz potential. We refer to [40, 31] for comprehensive guides on the
logarithmic potential.

Proposition 6.1. The following properties hold:

(i) for every compact set E, there exists a unique optimal measure p for Liog(E) which is
concentrated on the boundary of E,
(ii) for every Borel measure p it holds

I = x d.’)f 0
>

log(lu') /Rd (Ud/z( ))

’U)h,€7 €

V) o(@) =/ —log |z — y| du(y),
Rd

(ili) for every smooth set E, if p is the optimal measure for Iiog, then the equality / —log(|Jz—

oF
y))du(y) = Lieg(E) holds for every x € OE. Moreover the optimal measure for the ball

is the uniform measure,
(iv) ifd = 2, then for every bounded set E satisfying the 0-ball condition, the optimal measure
Ilog(E)

is given by some measure = fH L OE with HfHLoo(aE) < e

In this setting, since the potential can be negative, the picture is slightly different from that
related to the Riesz energy. Indeed, we have the following Theorem.
Theorem 6.2. The following statements hold true:

(i) inf| g P(E) + Q*T1og(E) = —o0.

(ii) for any & > 0, if m > 2wg6? then inf| 5| =, pec, P(E) + Q*Tiog(E) = —o0,

(iii) for every Q >0 and every m > wqgd?, there exists a minimizer of

i P(E 2Tiou(E
R (E) + Q"Tog(E),

(iv) for every bounded smooth domain S,

inf  P(E) + QTiog(E) = in_ P(E) + QZi0e().

|El=m.ECO (E) + Q Tiog(E) \Bl=m.BCQ (B) + Q"Tiog()
Proof. Statement (i¢) implies (¢) while (#i7) can be proven exactly as in Theorem 1.5 and (iv)
as Theorem 3.4. To prove (ii) we set E,, = Bs(z}) U Bs(z}) and notice that if dist(z}, z) goes
to infinity, then Zjoe(FE,) — —o0 as n — +o0. O

Since Ziog(AE) = Liog (E) —log(A) for every A > 0, without loss of generality we shall assume
that m = [ By 5| = 7/4 in Problem (6.2). The following result is the counterpart of Proposition
5.5.
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Proposition 6.3. Let d =2, E = {R(x)x : R(x) =1+ ¢(x), 2 € 0By} and let f € L>°(JE)
then there exists €9 and a constant C' = C(a) > 0 such that if ||| ;1 o 0By 2) < ¢eg. Then
5 (F) = Tog (1) 2 ~Clf o) OP(E)
log log L>°(0F) )
= 1
where f 1= —— fdHt.
P(E) Jor

Proof. Notice that since £ C B, the logarithmic potential is positive. As in the proof of
Proposition 5.5, we have

IOE(f) = / —log(|R(z) — R(y)|)g(x)g(y)dH" (z)dH (y),
0B1/2%0By 2

where g(z) = f(R(z)z)\/R(x)? + [VR(z)[]>. Reminding that from (5.9), we have

|[R(z)e = R(y)y| = |z — yl (1+ @(x) + 0(y) + pl@)p(y) + lz,)'"?,
where, ¥(z,y) = M, we see that

lz—y[?

e - | —togi(x — ) 9(w)g(y) K () K ()
0B1/2%0By 2

+1 / —log(1 + ¢(x) + () + e(x)e(y) + v(x,y)) g(x)g(y) dH" (x)dH (y).
2 JoBy )3 x0By

1
As in Proposition 5.5, letting g := m / gdH", we have
1/2) JoB, s

0B 0B _ 0B _
Ty " (9) = / —log(|z — y|) g(2)g(y) dH' (x)dH ' (y) = T,,,*(G) + Ty (9 — 9)
8B1/2><8B1/2

and

0B
z-logl/Q( ) Ilog( ) < CHfH%OO(BE) 5P(E)

Using that for [t| <1, [log(1+t) —¢t| < %, we see that
/ ~log(L+ p(a) + ¢ly) + £()e(y) + V() 9@y (y) A ()M 1)
aBl/QXaBl/Q

= - / (e(x) + @) + @(x)p(y) + (@,y) +n(z,y)) g@)g(y) dH' (x)dH (y)
831/2 X831/2
where the function n(z,y) is well controlled. As in Lemma 5.3,
/ p()p(y)g(@)g(y) dH (2)dH (y) < Cllgllteop, ,) P (E)
8B1/2><8B1/2

and

27
/ bla,y) g(@)gly) ! (@)dH () < C ( [ dt) 5P(E).
8B1/2><8B1/2 0
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Since
/ P@g)gdH @aH ) =g [ ele) (gla) - 9) (@)
8B1/2><8B1/2 8B1/2
~PPB) [ @i @)
1/2
and since / o(x)dH! () < COP(E), we are left to prove that
8By 5
Loy M9 -9) =3 | ola)(gla) - 9)dH! (@) = CPaP(E). (6.3)
8By 5

As in the proof of Proposition 5.5, we use the Fourier transform to assert that for some regular
extension ¢ of ¢ and for g := (9 — g)H'LIB s,

OB _
< Ol Thog (9 — 9)

from which (6.3) follows arguing exactly as in the last part of the proof of Proposition 5.5. [
Arguing as in the proof of Theorem 1.7, we get the following result.

Corollary 6.4. Let d =2 then for any § > 0 and m > 0, there exists a Q (%) > 0 such that,

if ﬁ <Q (%), the ball is the unique minimizer of problem (6.2) among the sets in K5 with
charge Q.

Example 6.5. In this example we show that if the boundary of a convex set is non-regular at a
point x, then the optimal measure for K is not bounded at x. For simplicity we offer the example
just in dimensions 2 and 3. It is not difficult to extend such an example in any dimension. Let
us start with the case d = 2. Let K C R? be a compact convex set and let p be the optimal
measure for K in the sense of (2.1). Suppose that z € JK is not a regular point, that is the

tangent cone of K at z spans an v < w. Let us denote such a cone by C. Up to a rotation and
a translation of K we can suppose that x = 0 and that C takes the form

C={(z,y) : 0 > y > tan(y)z}.
Let, as usual, v be the potential of K with respect to the logarithmic kernel, so that, in particular
—Av=0 on R?\ K
v=c on 0K.

Let us consider the function u which, in polar coordinates takes the form

u(r,8) = rem—y sin( T 6) .

2m — 7y
Then we can construct the barrier function u. as follows:

Ue = C — €U,
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where ¢ is a positive parameter that will be fixed later. Notice that u. is an harmonic function
on R?\ C which is constantly equal to ¢ on C. Since v is a continuous function, we can choose
a radius R > 0 such that v > ¢/2 on B(0, R) N (R?\ C). By imposing

Ue >V on dB(0,R) N (R*\ C),

that is,
c

e < )
2 maxge(o 2n—) W(R, 0)
we get, by the comparison principle between harmonic functions, that u. > v on (R?\ C) N
B(0, R). Since v(0) = u(0) = ¢, this entails that

i [Vo(y)] > [Vu(o)].
Moreover we have |Vu(p,0)| = C(W)p#_l which is finite in 0 only if v > 7. We conclude
thanks to Proposition 2.22 that yu = |Vo|H! LK holds.

To deal with the case d = 3 we simply notice that if 0K is not regular at a point = € 0K,
where K is now a convex set contained in R3, then there exist two tangent planes intersecting
at = which divide R? into two conical components of the form C’ = C x R, and R?\ ', being
C a cone of R?, and such that K C C’. Thus, by considering the function which in cylindric
coordinates takes the form

_mT ™
u(p,0,z) =r2 — sin 0.
(0.0.) ===
and as before, u. = ¢ — u, since such a function is harmonic in R3\ €’ and equals v on , we
can repeat an analogous argument to that performed in the two dimensional case to show that
oo = |Vue(z)| < |Vo(z)l|, being v the (Coulombic) potential of the set K.
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