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Abstract

A continuation problem for finding successive solutions of discretised plane quasi-
static contact problems with friction is proposed and studied. Various formulations
of the first-order system are derived and results of existence and uniqueness of its
solutions are obtained. Conditions guaranteeing continuation of a solution curve
along a direction from the first-order system are given. Numerical continuation of
solution curves is performed on examples with non-smooth folds.

Keywords: contact, Coulomb friction, incremental problem, continuation method, first-
order system.

1 Introduction

In the companion paper [16], we have proposed an abstract continuation problem and we
have laid foundations for continuation of its solution curves provided that the problem is
piecewise C' (PC'). The present paper concerns a special case of this problem, namely,
a continuation problem for discretised quasi-static plane contact problems with Coulomb
friction in large deformations. As far as we know, the only papers dealing with non-smooth
continuation of fully discretised contact problems with friction are [11, 8, 7], but those are
all restricted to elastostatics and the small-deformation framework.

*Corresponding author. Tel.: (+420) 585 63 4606.



After formulating a continuous quasi-static contact problem in large deformations in
Section 2, we discretise it in Section 3. The spatial discretisation is done with a finite-
element method applied to a mixed variational formulation of the problem while the time
derivative is approximated by the backward difference. Following [2], we write the corre-
sponding continuation problem so that it fits exactly the general framework.

Section 4 deals with the first aim of this paper, which is to employ a specific structure
of the present problem to do more precise analysis of its first-order system. Let us recall
that the first-order system consists in computing directional derivatives of a curve solving
the continuation problem. In particular, we formulate the first-order system in such a
way that it is close to a rate problem of a quasi-static contact problem in a sense. In the
rate problem, one computes first-order right rates of change, that is, right-hand side time
derivatives, of a solution of a quasi-static problem for a given rate of input data when
time derivatives are not approximated. This problem can serve for direct study of tangent
behaviour of solutions of the quasi-static problem. Making use of the similarity between
these two problems, we adapt the analysis of the rate problem from [17] to our first-order
system. Moreover, we investigate the result of continuation of solution curves in directions
solving the first-order system from the abstract frame [16].

The second objective of this paper is to test the general method of numerical continu-
ation from [16]. A similar algorithm has already been tested on static contact problems in
[11, 8], but only on finite-element models with very small number of degrees of freedom.
Section 5 here presents results for more realistic models.

1.1 Notation and Preliminaries

The following notation is used throughout the paper: For a vector # € RY, a matrix
A € RM*N and index sets I C {1,...,M} and J C {1,...,N}, x; stands for the ith
component of &, @ is the sub-vector of  composed from the components z;, ¢ € J, and
A; ; is the sub-matrix of A with rows and columns specified by I and J, respectively.
Furthermore, - y = x 'y is the scalar product of vectors £ and y. The gradients of a
real-valued function f and a vector-valued function f at a point x are denoted by V f(x)
and V f(x), respectively, the partial gradients of f and f with respect to y at (x,y) are
denoted by V, f(z,y) and V, f(x,y), respectively, and V?f(x) is the Hessian of f at .

For reader’s convenience, we recall the essentials from theory of PC'-functions [20]:

Definition 1. (i) A function H: RM — RY is PC! if it is continuous and for every
y € RM | there exist an open neighbourhood O of ¢ and a finite family of C'-functions
HY: 0 - RN, iel, such that

VyecO: H(y) e {HY(y);iecl}.

The functions H® are termed selection functions of H at y.
(ii) A selection function H® of a PC'-function H is called active at g if



The set of indices of active selection functions of H at g is denoted by Ig(y).

Obviously, a composition of two PC!-functions is again a PC!-function and a vector-
valued function is a PC!-function if and only if all its component functions are PC*. The
following chain rule holds:

Proposition 1. Let G: RM — RY and H: RV — RF be PC'-functions. Then the
composite function H o G is directionally differentiable at any point and

(H o G)(y:z) = H'(G(y); G'(y; 2)).
If the inner function is a function of a real variable, one can also prove:

Proposition 2. If G: [sg, so+06) — RY is differentiable at sy from the right and H : RN —
R is a PC*-function, then H o G has a right-hand side derivative at s, and

(H o G)'(s0) = H'(G(50); G'(50))

(for any function f of a real variable, f' denotes its right-hand side derivative for brevity
of notation here and in what follows).

2 Plane Contact Problems with Coulomb Friction

We start our exposition with a brief introduction into quasi-static plane contact problems
with Coulomb friction in large deformations. The reader is referred to [4] for a more
detailed introduction to large deformations of elastic materials.

Let us consider deformation of an elastic body in a time interval [0,T]. The reference
configuration of the body is represented by the closure of a bounded domain Q C R?
with a Lipschitz-continuous boundary 0€). The boundary 0f2 is split into three disjoint
relatively open subsets I'p, I'y and I'. such that 02 = TpUTyUT.. By u, we denote the
displacement of the body and the deformation ¢ of the body is defined by ¢ = 2d + wu,
where id is the identity map. At each time t € [0, T, the deformed body ¢(¢,€?) is subject
to body forces with the density f¥ while surface forces with the density h? act on ¢(t,'y).
The displacement U p is imposed on I'p and points from I'. may come into contact with a
fixed curved rigid obstacle represented by a closed set & C R2. It is supposed that there
exist g: R? — R of the class C' and a neighbourhood O of the boundary & such that

g(x) >0, Ve eIntoNO,
g(x) =0,Vx € 00,
g(x) <0,Vx e Ext 0NO,

Vg#0in O and ¢(t,T'.) C O for any t € [0, T]. This enables us to extend the unit inward
normal and tangent vectors to the obstacle to the vicinity O of the obstacle as follows (see
Figure 1):

V()

IVg(@)|lI

v(z) = T(x) = (—1a(z), i (x)).



Figure 1: Geometry of the problem.

Finally, an initial displacement u® is given at the time ¢ = 0.
The classical formulation of this problem is the following:

Find w: [0,T] x Q — R? such that w(t,.) € Yy for any t € [0,T] and )

dive(t,z) + f(t,x) =0, (t,x) € (0,T) x €,

o(t,x) =0(x,I + Vu(t,x)), (t,x)e (0,T)xQ,

u(t,x) =Up(t,z), (t,z) € (0,T)xTp,

o(t,z)n(x) = h(t, ), (t,z) € (0,T) x 'y, (1)

glx+u(t,x)) <0, T,(t,x) <0, glx+u(t,x))T,(t,x) =0, (t,x)€ (0,T) x T,
T, (t,2)| < —F(x)T,(t,x), (t,x)e (0,T)xT,,

T.(t.x) = F ()T, ¢, w)—|zg 3’ if i-(t,x) #0, (t,@) € (0,T) T,

u(0,2) =Uqy(x), x €.

Here, I denotes the identity matrix, Vu is the partial gradient of w with respect to & and
U.q is the set of kinematically admissible displacements:

Ung = {v: Q — R? “smooth enough”; id + v is injective on €, det(I + Vo) > 0 in Q}.
The first Piola-Kirchhoff stress tensor o is defined from the Cauchy stress tensor o¥ by
o(t,x) = (det(I + Vu(t,z)))o?(t,z +u(t,x))(I + Vu(t,x)) " (2)

and & is a given response function for the first Piola-Kirchhoff stress of the elastic material
of the body. By mn, we denote the unit outward normal vector along 02 and

ft,x) =
h(t,x) =

are the densities of volume and surface forces related to the reference configuration. Fur-
ther,

et(I + Vu(t,z))f(t, x +u(t,x)),

d
det(I + Vu(t,z))||(I + Vu(t,z))” n(z)|h?t x +u(t,x))

T,(t,x) =T(t,x) vicx+u(t,x)), T.tx)=T(tx) 17(x+ut )



are components of the first Piola-Kirchhoff stress vector T" at (¢, ) in the directions v and
T, T(t,x) = o(t,x)n(x). The friction coefficient .# is a non-negative function of & and

U, (t, ) = aa—?(t, x) 7(x+u(t,x))
is the tangent velocity of a point & at a time t.

To interpret the boundary conditions on I';, let us consider (¢,x) € (0,7") x I'.. fixed
and assume that ¢ is sufficiently smooth so that ¢(¢,€2) is a bounded domain with a
Lipschitz-continuous boundary 0e(t,2) and dp(t,Q) = @(t,00). If ¥ = = + u(t,z)
denotes the current position of the point & at the time ¢, then the unit outward normal
vector n¥# along 0p(t,€)) can be expressed according to [4] as

(I + Vu(t,z)) "n(zx)

n?(x?) = (I + Vut,z) n@)

From here and (2), the Cauchy stress vector T, T (t,x¥) = o¥(t,x¥)n¥(x?¥), can be
written as

i~ Py _ 1
T2 2%) = T T Va )T~ Vat.z)n@)] L %

and it is readily seen that the contact conditions (1),_4 at (¢,x) are equivalent to

g(x®) <0, TP(t,x?) <0, g(@®)T7(t,xz¥) =0,
|Tf(t,33¢)’ < _g‘l’(m‘P)Tf(tm‘P)?
v (1, @)

TP @) = F@TL )

if v#(t, x¥) # 0.
Here, v#(t, %) = 4, (t,x) is the tangent velocity of the point with the current position
x¥, F¥(x¥) = .7 (x) and

T?(t,x?) =T*(t,x%) - v(x®), TL(t,x¥)=T*(t,x%)  T(x¥).

In this way, we obtain the unilateral condition and the Coulomb friction law in the part
p(t,T'.) of the boundary d¢p(t,€2) of the deformed configuration.

3 Discretisation and the Continuation Problem

Spatial discretisation of our problem is done by applying a Lagrange finite-element method
to a mixed variational formulation of (1) with Lagrange multipliers enforcing the Dirichlet
and contact boundary conditions. In particular, the contact conditions are discretised
similarly as in the example of the “almost conformal” discretisation of the displacement in
[12, Section 4].



Let {¢; }1<i<on, be a basis of shape functions for displacements and {x;}1<i<n, be the
set of the corresponding finite-element nodes such that

oi(z;) = (di2j-1,025),

where § denotes the Kronecker delta. Let {€,}1<i<on, be a basis of shape functions on Tph.
By {y,}1<i<n,, we denote the nodes from {@x;}1<i<n, lying on T \ T'p and by {n; }1<i<n.,
the basis of shape functions on I', formed by the restrictions of appropriate component
functions of ¢, onto I, such that
Ui(yj) = 0y
The local and global numeration of the nodes on I', \ I'p are linked by the mapping
©:{1,...,n.} = {1,...,nq} such that y, = (). In what follows, we shall assume that
the finite-element partitions corresponding to the bases {¢;}1<i<on, and {&;}1<i<on, are
compatible with the decomposition of 92 into I'p, 'y and T,.
We introduce the following vectors and matrices for w = (w;)1<i<on, and t € [0, 77

2nqo

Aw) = (Aw)hzizans Alw) = [ o(2T+Y 0,90,(@)) : V@)

Bp = (Bpj)i<i<enp, Bpuj= [ &i(x)- ¢;(x)ds,

1<j<2nq Tp
(V1<yi + (wee3)-1, w203))) if 7 =20(i) — 1,
By(w) = (By,lj(w)) 1<i<ne » By,ij (’LU) = V2<yz' + (w2@(i)—17w29(i))) 1f] — 2@(2)7

0 otherwise,

(

T1(y; + (w26(i)—17 wge(i))) if j =20(01) — 1,
B, (w) = (BT,ij(w))11<§i<§2nc , Brij(w) =< n(y, + (w2e(i)-1, w2e())) if § = 20(i),
o 0 otherwise,

\

Lt w) = (li(t,w))1<i<ong,

Li(t,w) = /Q<det <I + Qi wjvcpj(m)))fv (t, x+ %ﬁ%quﬁj(a:)) ¢, (x) da

2nq 2nq

4 /FN (et (1 + > w;Ve,(@)) )| (T+ > w; Ve, (@)) " n(@) H

up(t) = (up,i(t))iciconp, upi(t)= [ Ubp(t, ) §(x)ds,

(9i(w))1<i<n.,  gi(w) = g(y; + (W2e3)-1, W20(3:))),

g(w) =
F = (gi)lgignm gz = gz(yz)



Furthermore, we take u® = (u?)1<j<on, such that 37" u%¢, approximates U, and we
define the sets:

A, =R ={p, = (ti)i<i<ne; Hvi < 0},
AT(‘Q”I’V) = {H‘T = (UT,i)lﬁiSnc; ‘,um' < _gilul/,i}a m, €A,

Then, the spatial semi-discretisation of (1) can be formulated as follows:

\

Find w: [0,T] — R*% Ap: [0,T] — R*2 X, A.: [0,T] = R™ such that u(0) = u°
and for any t € (0,T), it holds that X, (t) € A,, A (t) € A (FA,(t)) and
A(u(t)) = BpAp(t) — Bu(u(t) 'Au(t) — Br(u(t)) "X (t) = U(t, u(t)),
Bpu(t) = up(t),
(b, = Au(1) " g(u(t) 20, VY, €A,
(1, — A-() " B (u(t))u(t) >0, Vu, € A(FA())

.
where wu is the vector of nodal displacements, Ap is the Lagrange multiplier corresponding
to the Dirichlet condition and A,, A, are the normal and tangential Lagrange multipliers
on the contact zone, respectively.
Approximating 4(t) by a backward difference and employing the idea from the abstract
frame [16, Section 2], one obtains the continuation problem:
Find v € R,u € R™ Ap € R X\, € A, A\ € A(FN\,) such that
A(u) — BoAp — B,(u)" A, — B (u)' A, = L(v,u),
Bpu =Up(7),
(IJ’V - AV)TQ(U) 2 Oa VMV € AV7
(B — AT)T(BT(U)U — B (u)w + (1 - ’Y)VT) >0, Vp, € A(FA),

with

L(v,u) = Y(trs1,w) + (1 =)tk w), Up(y) = yup(tre) + (1 —7)up(te),
B, (u®)u* — BT(uk)ukfl‘
le — tk—1

w=u" V.= (t 1)

As in the abstract frame, the benefit of this continuation problem is that any solution
from the kth time level of the corresponding fully discretised problem yields always a solu-
tion of the continuation problem, which can be taken as a starting point for continuation.
Moreover, any solution of the continuation problem with v = 1 yields a solution of the
discretised problem on the (k + 1)st time level.

Due to variational characterisation of a projection onto a closed convex set, this problem
is equivalent to

(&)

Find (v, u, Ap, Ay, A;) € RIF2matnotne) o ch that
H(’}/, u, AD7 AI/7 A’T) - 07



where H : R1t2(natnptne) _ R2(natnptne) ig defined by

A(u) — L(v,u) — BoAp — B,(u)" X, — B.(u)" A,
Bpu —Up(v)
H(’}/,'LL,)\D,A,,,)\T) = )\I/,i_ (Ayi—gi(u))_, 1= 1,...,nc

)\T,i - P[t%()\y,ifgi(u))_,ﬁ%‘()\u,i*gz‘ u))-] ()\Tvi
— (B-(w)u — B (uw)w); — (1 —=7)V;;), i=1,...,n

(see also [2, Section 3]). Here, (a)_ is the non-positive part of a, or equivalently, the
projection of a onto the interval (—oo,0], and Py stands for the projection onto an
interval [a, b].

Since the functions (a,b) — a — (a — b)_ and (a,b,¢) = @ — Pye_ —pe_1(a —0), k >0,
are both PC! (see Figure 2) and a composition of two PC'-functions is again PC*, H is
a PC'-function under the following assumption:

Assumption 1. Let A and l(t,.),t € [0,T], be C'-functions and g demarcating the rigid
obstacle be of the class C?.

In this case, the general theory from [16] can be applied.

Remark 1. In the present discretisation, we treat the Dirichlet condition with the Lagrange
multiplier so that it can be parametrised in a simple way. However, if the Dirichlet condition
does not depend on the parameter (or more precisely, on the time), it can be prescribed
directly in the discrete problem without any principal changes.

4 First-Order System

Let (3, @, Ap, Ay, A;) be a fixed solution of (£?). We shall now give a particular expression
for the first-order system

Hl((’y’ ’1_1,7 S‘D’ XV? X7')7 (/y/a ula Abv A:n A;—)) =0

(compare [16, problem (£?')]) provided that Assumption 1 is satisfied. The dependence
upon 7, @, Ap, A, and A, will not be explicitly indicated in what follows usually.

After tedious applications of the chain rule, the first-order equilibrium equation corre-
sponding to the first block of H reads

Ku' —+'P— BJX, ~ BIX,~ BIX, =0 (7)
where we denote B, = B, (u), B, = B,(u), P = %(7; w), and

K =VA) - V,L#,a) — K,(u,\,) - K.(a,X,)



is the 2ng X 2ng tangent stiffness matrix with

(244 (y,, + (Gao(-1, lzow)) e if i =j = 20(k) — 1,
2 (yy, + (Tao()—1: o)) v if § = 20(k) — 1, j = 20(k),
K, ij(a, ) = 22 (y, + (Gaom -1, o)) Avir if i = 20(k), j = 20(k) — 1,
22 (yy, + (Gao(r)—1, o)) v if i = j = 20(k),
L0 otherwise,
( 80 (yy + (o)1, Uaow))) Ark  if i = j = 20(k) — 1,
S—g(yk + (Gom)-1, Usom))) Mg 1 @ =20(k) — 1, j = 20(k),
Koij(@,Ar) = § 92 (yy + (tao()-1, lzom))) Are if § = 20(k), j = 20(k) — 1,
g—Z(Z/k + (o) -1, Usom)) Ak if i = j = 20(k),
0 otherwise,
Oy, - 9%g 0Ty 1 < 0%g
Orm V9l ; 0x 0z U Oz IVyll ; D10z T

Remark 2. The partial derivatives of the normal and tangent are connected with the
obstacle curvature x: one has

On  Ovs
8951 8:152

(curvature formulae for implicit planar curves can be found, for instance, in [6, Section 3]).

=—K

Furthermore, the first-order Dirichlet condition is
Bpu' —~y'U, =0 (97'2)

with U, = U (7).
To derive the first-order contact conditions, one can show by other applications of the
chain rule that

giwu) = (Ba), ((B-().— B.()w)) (wu) = (C-u);,
where

C,=C%u)+ B, — C¥(u) € R,

( 3—;1 (y; + (o)1, o)) ) Wao (i)—1

+ 92 (y; + (tao(i)-1, Uae(i)) ) waer  if 20(i) — 1 = j,
Crij(w) = g_;(yz‘ + (U20 ()1, 52@(i)))w2@(i)_1

+ 52 (y; + (W) -1, Taewm) ) waen)  if 20(i) = 7,
0 otherwise.

\



b a—b=0 ]C
F(a,b) =
0 a
F(a,b) =a
(a) F(a,b) =a—(a—0)_. (b) Gi(a,b,¢) = a — Pjge_ —pe_j(a —b) for

k> 0.

Figure 2: Subdivisions for the PC*-functions F' and G}, defined by (4) and (5).

Moreover, we define PC*-functions F': R? —+ R and Gj: R® — R for any k > 0 by

a ifa—0b6>0
F ,b = — _b7: - 4
(a,b) :==a— (a—b) {b fa_b<o, (4)
a it ¢ >0,
b ifC<0’a—b S_kC,
sz(a> ba C) =a— P[kc_yfkc_}(a — b) = - | | (5)

a—kc ifc<0,a—-0b<ke,
a+ ke ifec<0,a—b>—kc

(see Figure 2). It is readily seen that for any a, b, c,d’, V', € R,

a ifa—0>0,
F'((a,b); (d', b)) = ¥/ ifa—0b<0,
a—(a—=V)- ifa—b=0,

Gy((a,b,c); (d' b, ) =d

10



and if k£ > 0,

a’ if ¢ >0,

v if ¢ <0, |a—b| < —ke,

a — kd if c<0,a—0b< ke,

a + kd if c<0,a—0b>—ke,
Gi((a,b,0); (a',b', ) =< d — k() ifce=0,a—0<0,

a +k(d)- ifc=0,a—0>0,

0" — P o0y (@' = 1) ifc<0,a—b=ke,

a' — P_oo—ken(@ = V) if c<0,a—0b=—ke,

\a’ — Py —k(e)_)(@ =b) ifc=a—-b=0.

Hence, Proposition 1 gives the first-order contact conditions in the form:

A =0 if Ay — gi(u) >0,

(B,u'); =0 if \,; —gi(u) <0, (2'3)
)‘:/,7; - (/\:/z - (Byu’)-)_ =0 if 5\1,,- - z( ) =0,
X,=0 if Zi=00r F >0, \,;—g(u) >0, )

(Cou); =V, =0 if Z, >0, N\ —gi(w) <

Q @r% —)%d<ﬂ%@m—mﬁm
Xm — %(Xm — (Byu');) =0 if % >0, \,; —gi(u) <0,

)\ — Ui — (1 =)V < yz’(j\u,i — gi(u)),
N+ Fi(N,; — (Buau);) =0 if 7, >0X1—l()<a

Ai — Ui — (L= )Voi > —Fi( i — gi(0)),
Ny — TN, — (Bou);)- =0 if Z>0, A\, — gi(u) =0,

Ari = Ury — (L =73) V2 <0, (2'4)
A+ Zi(N, — (Bu),)- =0 if Z >0, N\, —gi(a) =0,

)\T’i - 671’ - (1 - '7)‘/;',1 > 07

A = Piaov, —(Bow) o0y (Ary — (Cru)i +9'Vey) = 0
it 7, > O )\Vz —gi(w) <0, )\T,z — Ui — (1 =)V, = yz‘(j\u,i — gi(w)),
Nei = Pleoo—zi0, ,—Bounn) (A — (Crd)i +9'Vei) = 0
if #, >0, A\ —gi(@) <0, \i— s — (1 = F)Vyi = —Fi (i — gi()),
N = Py Bouwny - —700,

wmnﬂk-%CWW+¥%D=0
if JOZZ > 0, 5\,,71' ( ) — Uy — (1 — "_)/)VTJ' =0
where v,; = (B.(u)u — BT(ﬂ)w)i and ¢ passes {1,...,n.}.

To sum up, the complete first-order system for the problem (&) consists in finding
(Y, u', N, X, AL) € RiF2(netnotne) gatisfying (22'1), (£2'2), (£2'3) and (£7'4).

11



Unfortunately, Proposition 2 from [16] guaranteeing existence and uniqueness of solu-
tions of a general PC? first-order system does not seem to be very useful for analysing this
particular system. We can refer the reader to [1] and [15] for attempts to employ some
results from theory of PC'-functions to discrete contact problems. For this reason, we

shall present some other forms of the first-order system.

To start with, we shall reformulate the contact conditions with the aid of the following
lemma, which can be proved by a brief discussion. By Sgn, we denote the multifunction

defined by

L if b0
Sgn(b) = ¢ 1 70
[—1,1] ifb=0.

Lemma 1. For any a,b,c € R and any k > 0, it holds that

(i
(ii

a—(a—b)_=0 <= a<0,b<0,ab=0;

(iv) a — P[kc_ —ke_j(a—0) =0 <= a € kc_Sgn(b).
Next, we introduce the index sets (compare (Z'3) and (2'4)):

I=A{1,....n:}, Iy={iel; A — gi(w) > 0},

L= i€l Ay —gi(@) <0}, L=1{ieL; Ay gi(w) =0}

Iy={iel; # =0},

Ii={iel; Z >0, | ;=0 — (1 —7)Vsl
={iel; Z >0 |\, =0, — (1 -7V,

L={iel; % >0, | \;— 0, — 1=Vl

)

) a—P[kc+oo(a—b)—O<:>a—kczO,bZO,(a—kc)b:
(iii) a = Poo—kqla—0) =0 <= a+kc<0,b<0, (a+kc)b=

)

0;
0;

Observe that the contact conditions corresponding to the last two blocks of components

of H can be rewritten for (7, @, Ap, A, A;) according to Lemma 1 as

/\Vz<0 gz( )<O /_\V,igi(ﬂ’):O) iGI,
i € Fidyi Sgn(v; + (1 = H)V,,), i€l

which can be viewed as contact conditions at each contact node. Consequently, one obtains

I={iel; \,;=0,g(u) <0} (nodes not in contact — free),
I.={iel; \,;<0,g(u)=0

L={icl; \;i=gi(u)
I,={iel, % >0, |\,

u) =0} (nodes in strong contact),

0} (nodes in grazing contact — with zero contact forces),
< —Fidvi, Vi + (1 —=5)V;; =0} (nodes in strong stick),

L={iel, # >0, |\, = —ﬁ}}w, U7+ (1 =%)V;; # 0} (nodes in non-zero slip),
L={iel; % >0, |\il=—FN\, U7+ (1 —7)V,; =0} (nodes in impending slip)
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and I, C I..
To conclude, (£7/3) and (£'4) are equivalent to

N, =0, i€l
(Bu'); =0, i€l, (2'3)
N, <0, (Ba), <0, X, (Bu') =0, icl,

N, =0, i€LUl,
(Cu)i =~V i€,

N =sgn(Ur; + (1= 3)Vei)FN,,, i€ (l.Ul)NI, P
sen(A-)(Crw); = 7/ Vi) <0, sen(Ar )X, + FiX,; <0, (F4)

sgn(Ar) ((Cru'); — 7' Vi) (sgn( M) M., + F; X ) =0, iel.NI,
Afr,i € gﬁ)‘;,z Sgn((CTu )1 - 7/‘/;,1')7 e I,NIL.

The system (22'1), (22'2), (£'3’) and (Z'4’) is close to a rate problem of a quasi-static
contact problem discretised in space only (this problem can be found in [17], for example).
The main difference between the two problems is that in our continuation problem, we
suppress solutions in which slipping contact nodes become stuck when loading of the body
changes to unloading suddenly. Indeed, there is no equivalent of the index set I} in the
rate problem and all nodes in contact are treated either as in stick or as in possible slip in
the near future. Of course, this causes the rate problem to be more complicated (compare
(P'4) fori e Iy and i € L).

Let us also mention that due to nodal discretisation of the contact conditions con-
sidered in this paper, the continuation problem could be formulated without the term
(1 — v)V, approximating a multiple of an initial velocity in the frictional condition and
(0, A5 A" XF) would remain its solution (which is not always the case for other types
of discretisation). However, when starting continuation from this point, one would run into
an analogous situation as in the rate problem. More precisely, one would have 'UT = 0 for
(3, %, Ap, Av, Ar) = (0, 4%, A%, AF XF) the indices i with (B, (u*)u* — B, (u*)u*1); # 0,
which correspond to shppmg nodes at the time t;, would fall into [; instead of I} and I,
would be empty.

By the way, the situation for continuation from (0, u*, A%, A, A¥) in the problem with-
out (1 — )V, is very similar to what happens in the semi-smooth (or piecewise-smooth)
Newton method applied directly to a projection formulation of the fully discretised problem
for the time t;,, with the initial approximation (u®, A%, A¥ XF). Regarding the Newton
method as an active-set strategy, one can employ adaptations of the index sets defined
above to determine an element from the generalised gradient used in each Newton’s itera-
tion and one can see that any slipping node at the time ¢; makes the initial approximation
(u®, A%, A% A% a non-smooth point of the equation being solved!

Example 1. Let us consider the simple example from [9, Section 4] modified to the quasi-
static case (which is nothing else than a special case of the example with Coulomb’s law

13



T2

T

Figure 3: Geometry from Example 1.

of friction in [13]): contact of a single P, triangle with a flat foundation in the framework
of linearised elasticity (Figure 3). The volume forces and the initial state are supposed to
be null, the triangle is fixed along I'p and the Dirichlet condition is prescribed directly in
this example.

The problem can be formulated as follows (compare (3) and (£)):

Find uy,ug, Ay, Ar: [0, T] — R such that (u1(0),u2(0), A\, (0), A-(0)) = (0,0,0,0)
and for any t € (0,T'), it holds that

0

0

() GE)-()-6)-

— (A (t) —ui(t)) -
Ar(t) = Pz )—u ) - —F 0w (- ()] (A7 (1) — 2(t))
where a := (A +3p)/2 and b := (A + p)/2 are given by Lamé constants A and p. The

loading is considered to be (I1(t),l2(t)) = (0,1).
According to the analysis in [13], the unique solution of this problem is

Y

IL(t) — Fl(t t
ui(t) =0, wus(t) = 2<C>L+ﬁbl():a+9‘b’
Ault) = a+.Fb a+ .Fb Ar(t) = FA (1) = a+ .Fb

and it corresponds to slip of the only contact node to the right. The rate problem at each
solution point for ¢t > 0 is:

Find (1,1, Ay, Ar) € R such that )
(& ) E)-0)-6)-0)
b a Us 1 p 0/’ (7)
i =0,
Uy >0, =M\ +FN\ <0, dp(—A+.FN\)=0, |



that is, one has to deal with a complementarity between slip and stick at each time (in
fact, the contact node would get stuck if the loading changed to unloading in the opposite
direction).

On the other hand, solutions of the fully discretised (also called incremental) problems,
which can be derived by analysing all possible cases similarly as in [9] for the static case,
are:

o b)) - Zht)

k _ —
uy =0, uy =

a+ .Fb a+Zb
A= — = — No=FN\N = —
v a+ Fb a+ Fb 7 v a+ Fb

and the continuation problem proposed in this paper reads as follows:

Find (7y,u1,u2, Ay, \r) € R such that

(5 )0 - () - () = (3) -
)\ ()\l,—ul O
A = Pz n—w) - =70 —u) ) (A — (g — uf) — (1 = 9)V;) = 0.

Here, (L1(7), La(7)) = (0,5 + Y(tx+1 — tx)) and

tht1 — ¢
V. = k+1 k(ug ug—l)

by — th—1

is positive for any k > 1. Solutions of this problem can be computed analogously as the
solutions of the incremental problems and they form the set:

Ly(y) = FLi(y)  tr+y(tesr — te)

{(’y,ul,ug,)\y,)\T) eER’ v € [0,1], ug =0, ug =

a+ Fb a a+ Fb ’
\ _aLi(y) +bLa(y) _ bt + (e — )
v a+ Fb a+ Fb ’
Fb(ty + v(tes1 — tr))
o _
Ar=F A = a+ Fb }

Then, the corresponding first-order system for any 4 € [0, 1] becomes:

Find (v, 4y, ub, X, X.) € R® such that

a =b\ (fup) 0 (A _ (0
—-b a ul Y gy — tr) X)) N0
uy =0,
N o=FN\,.

In comparison with the rate problem (7), the complementarity conditions are replaced by
an equality here, which is apparently easier to handle.
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Finally, solutions of the continuation problem without (1 —-y)V, would remain the same
as with it, however, the first-order system would contain the following frictional condition
at vy = 0:

uy >0, =N +FXN <0, uy(—=\ +FN\)=0.
Therefore, it would be more complicated to find a suitable initial tangent vector for nu-
merical continuation.

Due to the similarity of the first-order system to the rate problem mentioned above,
we shall follow steps in [17] and we shall reformulate it as a mixed complementarity inclu-
sion and an explicit complementarity problem. To this end, we shall need the following
assumption.

Assumption 2. Let the matriz

have full row rank.

One can easily verify that this assumption is equivalent to the following inf-sup condi-
tion:
T(RrT T T
) u (BpAp+ B, A\, + B_ A\,
38 > 0: inf sup (BpAp £ rAr)
0£(Ap A Ar)ER2MD+1E) gLy cR2ng [[w][[[(Ap; Avs A )]

> 3.

This is a reasonable assumption on the used spatial discretisation because it prevents the
discretised problem from being over-constrained. If it is satisfied,

dimIm(B") = 2(np +n.), dimker(B) = 2ng —2(np + n.)
and one can define a non-singular matrix
Tp := (N B+) ,

where the columns of the matrix N € R?"ex(2ro=2(np+ne)) form a basis of ker(B) and
Bt = B"(BB")! is the right inverse of B. Then

A/ A/ 02n9—(2np+2nc)
T(pT BT RT 7 i NG X,
Ty (B, B, B)) X, = (BN BBY) X, | = \ . (9)
A A /
T T AT

Remark 3. For the nodal discretisation of contact conditions considered in this paper,
the rows of (g:) are always linearly independent and they are orthogonal to the rows of
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Bp. Therefore, Assumption 2 is satisfied provided that Bp has full row rank, which is
equivalent to the inf-sup condition on the Dirichlet boundary solely:

TBIA
38 > 0: inf sup v ZpAD
0AADER?D oy epng |[8||[|AD]|

> .

If it is the case,
+
Ts=(N B (5))
and the columns of N and (3" )+ form a basis of ker(Bp).

Similarly, we shall need the following additional assumption.

Assumption 3. Let the matriz
Bp

have full row rank.

Let us note that if the rigid obstacle is plane, that is, V2¢g = 0, then C, = B, and this
assumption is always satisfied provided that Assumption 2 is fulfilled. Under Assumption 3,
one can introduce a non-singular transformation matrix

To:= (N CY)

with the columns of N constituting a basis of ker(C) and C* = C"(CC")~! (invoking the
introduction of C, one can easily verify that IN may be taken the same as above). Conse-
quently, any displacement direction u’' € R?*"¢ in the first-order system can be represented
by a vector @’ of the same length in the following way:

g

/
u=Tcu, u=| P1, (10)

/
v
/!
T

2
~
g
<

g &8

where u}, € R*"? is a part imposed to the first-order Dirichlet condition, u/,u. € R"
correspond to the normal and tangential components on the contact zone and wu €
R2me=2(mp+ne) g free of the first-order Dirichlet and contact conditions (unconstrained).
In fact,

BD’LL/ BD ’U,,D
Bu |=|B, | (N CHa'=|u,|. (11)
C.u C, ul
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Making use of (9) and (10) and introducing further partitioning of @', A, and ., we
can write (#'1) as

{{u,u -{{u G -{{u N {{u Z I;{u vzl Ku,‘rcl {{u,le {{u,ci ’u,{l
Kgw Kec Kox Koz Keua Kera Kora Kagi uy
Knuw Kyne Ky Kynz Kynpan Kynra Knea K uy
{{Z,u {{z G {{Z N KZ,Z Kz,uzl KZ,TCI {{Z,ml {{Z,ci Uy,
Kz/zl,u Kzzzl G Kzzzl N KVZLZ Kuzl,uzl KVZLTCI KVZLTZI IN{I/ZI,Ci U,

Krcl,u KTC] G KTC] N KTCI,Z KTCI,Z/ZI KTCI,TCI KTCLTZI K'rcl,ci U

r r r r. !/

K‘rzl,u KTzl G KTZ] N KTZI,Z KTZ],Z/ZI KTZI,TC] KTzl,‘rzl KTzl,ci u7/21

Kci,u Kci G Kci N KCi,Z Kci,uzl Kci,‘rcl Kci,Tzl Kci,ci Uei

0 P,
€ Po
N Py

_ IZ / P Z

;Zl * K Puzl ’ (12)
7—01 PTCl
lel 1? 77l

A<:i Pci

where K = TTBKTC, P = T]TBP, G denotes jointly the indices D, vs, vc0, vcl and 7s, N
the indices vf, 7f, 7¢0 and 720, ci the indices vci and 7ci, Z the indices vz0, vzi and Tzi,
and s stands for the indices from I, cO for the indices from I. N Iy, cl for the indices from

I.N I and so forth.
The values of the components of ug, and u), are given by (£'2), (£'3’) and (£'4’)

combined with (11):

! ITT! r ! . r o /
Up =7 D> u,, = 07 Uy = 07 Uy = 07 U, =7 VTS? Uy = 0

and A can be expressed directly from (12). In particular,

! L / L ! I / I / I ! r /
Kzzcl,uuu + Kzzcl,NuN + Kucl,ZuZ + KUCI,VZluyzl + Kucl,TcluTcl + Kl/cl,rzluTZ1

vel —

+ kucl,rciul - /y/(PVCI - KVCI,DU/D - KVCI,TSVTS)'

Tci

Further, one has from (£'3’) and (£'4’) that

!/

!/ / /! /
Ax =0, ra = SaFaX,q, 70 = SaFaX,,,

where

Sa = Diag(sgn(v,; + (1 —4)V;,)), i € . N1, F, = Diag(%#,), i € I.N 1,
SZ] = Diag(sgn@_}‘r,i + (1 - /7)‘/;',1))7 (S IZ N Ib le = Diag(gl)a (&S Iz N Il-
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Hence, (12) can be transformed into

= = x = x x = = val
Kl/zl,u Kl/zl,N KVZLZ Kuzl,yzl Kuzl,Tcl Kuzl,‘rzl KllZl,l/Ci Kl/zl,Tci ’U,/ |
z B ~ = TC

KTCl,u KTC],N KTCI,Z KTCLI/ZI KTCLTCI KTcl,Tzl KTC],Vci KTCI,TCi fu’frzl

KTzl,u KTZI,N KTZI,Z Krzl,l/zl KTZI,TC] K’rzl,TZl KTzl,uCi KTzl,Tci 0
/

= x = = = x = = u
Kci,u Kci N Kci,Z Kci,uzl Kci,Tcl KCi,TZl Kci,l/ci Kci,Tci

P,
0 =
0 Py
A, -:PZ
= AZIZI + ’y/ ?VZ] (13)
O / 'NPTCI
SZIleAyzl =
. ‘ETZI
Pci
with
K, K,
KN7. KN,.
IN{Z,. KZ,.
kyzl’_ - Kz/zl,. )
chl,. KTCI,‘ - SCIFCIKVCL‘
k‘rz]’, KTZL.
j{ci,. f(m,
Pu - Ku,DU/D - -ku,’rsv’rs
PiN - IgN,DU,D - IN{N,TSVTS
~ PZ — KZ,DU/D — KZ,TSVTS
P = Puzl - Kzzzl,DU,D - Kl/zl,‘rsVTs
P‘rcl - KTC],DU/D - KTCI,TSVTS - SCIFCI(PVCI - KVCI,DUID - KVCI,TSVTS)
PTzl - KTZI,DU,D - KTZI,TSVTS

, ~
Pci - Kci,DUD - KCi,TsVTs

Denoting the indices u, N, Z, vzl, 7cl and 7zl jointly by E, we want to eliminate uf
now. This leads us to the following assumption.

Assumption 4. Let the matrix I~(E7E be invertible.
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As we shall show in the proof of Corollary 1, this holds, for example, for a model of
linearised elasticity with a properly constrained body in contact with a plane rigid obstacle
provided that the coefficient of friction is sufficiently small. The assumption enables us to
express up from the first six rows of (13):

up = Egz\y + Eg, )\, + 7 Eg, EPE — B, EKE il iy (14)

where ~
= _
EE7E = KE,Ev EE,Vzl = EE,I/Z] + EE,TZISZIFZI-

Then, substituting for it into the last row of (13), we obtain
A,Ci /P(n + Kc1 EEE ZAZ + K01 EEE I/ZlAyzl + K(n TCluTCl
with _ ~ ~

Pci = Pci - Kci,EEE,EPE> Kci,Tci = Kci,‘rci - Kci,EEE,EKE,Tci'

From here, we have

Sl — FuX

= ' Proi+ K i 7iS% (U — V' Vira) + KraipEBrgNy + KrapEruaX,,, (15)
where
S = —Diag(sgn(\,;)), i € I.NL, Fg= Diag( Fi), 1€ 1N,
Krirei = Sk rire — FeKyire, Krin = SaKrip— FaKp,
Pr- = Sa(Pra = KraizaVra) = Fa(Pua — KuciraVre)-
(14) with the indices from vz0, vzl, vzi and 7zi, and the remaining condi-
") and (£'4’), we arrive at the mixed complementarity inclusion:

Find (z,y) € RM x RM such that)
Dz =y ++'b,

Cri 20, Yo 2 0, PG =0,
Cuao =0, ¥, >0, 1/)Izocuzo =0, (16)
Con =0, %, >0, ¢IZ1CVZ1 =0
Cri =0, %,,; >0, ¢Izicuzi =0,
Yoy € =Su(Crn) Frithy i, J

where M = ng + n,0 + 1y + 2ny, with ng = #(1. N L), no = #(1, N 1y), ny = #(1, N 1)
and Ny = #(Iz N Ii),

Taking (15),
tions from (&’

CTCi SCi ('u’;'ci - f}/VTCi) chi SClAf]‘Cl FCIA:/CI

Yy —X0 Cua0 —Uy,0
=Y, | = —X ;Y= Cu | = —U,, ;

Yy, _}‘/Vzi Cui —U,,;

lpﬂrzi )‘;zi CTZi uTZl ,VTZI
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KTCi,TCiSCi _KTCi,EEE,VzO _KTci,EEE,Vzl _KTci,EEE,Vzi KTCi,EEE,Tzi

EVZO,E{{E,TCiSCi EUZO,VZO EVZO,Z/ZI EVZO,VZi _EI/ZO,TZi
D = Euzl,EKE,TCiSCi El/zl,l/zO Euzl,uzl Euzl,yzi _Euzl,Tzi )
EVZi,EKE,TCiSCi EVZi,VzO El/zi vzl Euzi vzi _Eyzi,Tzi
_ETZi,EkE,TCiSCi _E‘rzi,uzﬂ _E721 vzl ‘er vzi ETzi,‘rZi
PTCI
l/ZOE PE - KE TCI TCl

(
b= VzlE(PE_KE'rm rei)
E, E(PE — Kg Vo)
—Em,E(PE — KE,m rei) + Vi
F, = Diag(%,), i € I,N I,

and S,;: R = R"*"i ig a matrix-set-valued map defined by

Szi(Crzi) = Dlag(sgn((CTm) ) Sgn<<CTzi>nzi)'

It is readily seen from the construction that there is a one-to-one correspondence between
solutions of the first-order system (1), (£'2), (£’'3’) and (£'4’) and of (16) for v/ € R

given.

To transform (16) into the announced explicit complementarity problem, we start with
an easy observation.

Lemma 2. For any a,c € R and any b,k > 0, the following two conditions are equivalent:
(i) a € —kbSgn(c);
(ii) — |a| + kb >0 & ac+ kb|c| = 0.

Next, we define closed convex cones of admissible values of & and y from (16) (all
inequalities have to be understood component-wise):

(gm = {w - (CTCi? wyzm ,l/)I/Zh ¢uzi7 d)Tzi) € RM;

Crci > 07 lpuzO > 07 ’(pyzl > 07 ¢yzi > 07 _"(pTZi’ + FZi’lpum el }
(gy = {y = (¢Tci7 CI/ZO? Cl/Zl? Cyzi? CTZi) S RM?

chi Z 07 CVZO Z 07 CVZ] Z 07 Cuzi Z 07 C‘rzi € ani}

and a mapping h: RM — RM by

¢7—ci

Cua0

h(¢7ci7 CyzOv Cuzl? CVZi? Crzi) = szzl
Cuui + FuilCryil

Crai
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("przi)i (Crzi)i

o| ¥
5

("/’uzi)i 0 (Cuzi)i

(a) (b)
Figure 4: Components of the cones for the indices i € I, N I;: (a) €5; (b) €, and h(%,) =
(€a)".

Clearly, these objects enjoy the properties summarised below (see also Figure 4). Recall
that a dual cone €* of a cone € C RM is introduced as

¢ ={yecRM, y'x >0, Ve c¥})

Lemma 3. It holds that

(1) h(cgy) = {y = (qvchi’ CI/ZO7 CVZ]’ szzi? C‘rzi) € RM’
¢Tci 2 07 CZIZO 2 07 Cyzl 2 07 Cz/zi Z 07 Cz/zi - FZi|C7—zi‘ 2 0} = (ng)*7
(i) h is a bijection.

Finally, we define a map f.,: RY — R by
f,(x) = h(Dx —+'b)

for any 7/ € R fixed.
Altogether, one can easily verify that there is a one-to-one correspondence between
solutions of (16) and the following explicit complementarity problem:

Find x € € such that f.(x) € (¢%)" and} an
x'f.(x)=0.
4.1 Results of Existence and Uniqueness
We are prepared to adapt the existence and uniqueness results from [17].
Proposition 3. Let the matriz D be strictly co-positive in €, that is,
x'Dx >0, Vrc%,, x+#0. (18)

Then (17) possesses a solution for any 7' € R and any b € RM.
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Proof. The assertion follows directly from [10, Corollary 4.13]. Since % is a closed convex
cone and f., is a bounded continuous finite-dimensional operator, it suffices to verify that
J., 1s coercive in the following sense:

-
T T
|z —+o00 |||
TEC

But this is ensured by (18) as it gives Dy > 0 such that

.

D
qZDo, Ve € €, © # 0.
[ed|
Hence,
vw € Cgma T # 0:
o' f (x) 1
ol = e & (P2 =70+ ¢uiFal(De —7/B)rl) > Doz — 170l

where we have used the non-negativity of the elements of v, and F;, and (Dx — 7'b),,

vz

denotes the last sub-vector of Dx — +'b. [

Before stating a consequence of this result, we recall the concept of positive definiteness
of a matrix on a subspace: Let M be a square matrix of order n and V' be an m-dimensional
subspace of R". We say that M is positive definite on V if " Mwu > 0 for any non-zero
w €V, or equivalently, if the matrix T' MT is positive definite for any matrix T € R"*™
whose columns form a basis of V.

Corollary 1 (Existence). Let (£?) correspond to a model of linearised elasticity where
the body s properly constrained by the Dirichlet condition, that is, the rows of Bp are
linearly independent and the stiffness matrix A is positive definite on ker(Bp). If g satisfies
Assumption 1 and ||V3g||/||Vyll and Z;, i € (I, UIL,)NL)U(I.N L), are small, then the
first-order system (2'1), (27'2), (2'3’) and (P'4’) has at least one solution for any
v €R, P eR*™ gnd U, € R*>.

Proof. Suppose for a while that the assumptions are satisfied even with V2g = 0 and
F;=0forie ((I.Ul,)NL)U((.NI). Then K = A, C,; = B, and both Assumptions 2

and 3 hold according to Remark 3. Furthermore, K is a principal sub-matrix of IV EK Np,
where the columns of N p are formed by the columns of N and (g; )+ constituting a basis

of ker(Bp). Thus, K is symmetric positive definite and so are K g, and its inverse Eg g.
Consequently, Assumption 4 is fulfilled, the first-order system can be transformed into (17)
by the procedure described above and

T T 7
z Dz = CTCiSciKTCi,TCiSCiCTCi

EVZO,VZO EVZO,VZ] EVZO,VZi EVZO,Tzi wyzo
Euzl,uzl El/zl,uzi Euzl,’rzi d)yzl

T T T T Euzl vz0
+ (¢ 0 Yoa VYo —Y ) ’
ve ve vl T El/Zi,l/ZO Euzi,uzl Euzi,uzi EI/Zi,TZi ’l)byzi

ETzi,Z/zO ETZi,I/zl ETzi,uZi ETZi,TZi _’(pTzi
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. = 15 . . .. =
The matrix S¢iK rcirciSei = S¢ KreiriSe in the first term above is similar to K ¢ rei =

K. i i — K TCi’EEE,Ef{ B, which is a principal sub-matrix of the Schur complement of
K EE ID K. Thus, it is positive definite and so is the principal sub-matrix of E in the
second term above. This implies the positive definiteness of D, a fortiori fulfilment of (18)
and application of the previous proposition is justified under the stronger assumptions.

Continuous dependence of the elements of C,, K and D on the elements of V2g/||Vgl|
and .%;, i € (I.UI,) N 1)U (I.NI), completes the claim. O

The uniqueness result uses the notion of a P-matrix, which is a matrix whose all
principal minors are positive.

Proposition 4. A sufficient condition for uniqueness of a solution of (16) for v € R and
b € RM given is that the matrix

©C O QOO MN
©C OO NO
N O o O
o Qoo

0
0
I
0
0 _Szini I

is a P-matriz for any S,; = Diag(51,. .., 5, ) with §; € [—1,1].
Proof. Let (x',y') and (x?, y*) be two solutions of (16) for the same b and

wizi = _Siini"piuzi: S; < Szi(cizi>7 1=1,2, (19)
(compare (16),). One can write
=1 Sl 22
,l/)”lrzi - ¢72'zi - _SziFZi(,lpll/zi - wl%zi) - (Szi - Szi)FZiqﬂbIQ/zi (20)
and taking the difference for the two solutions in (16),, one obtains
¢}'ci - ¢zci I 00 0 0 C71—ci - Czci
CiZO - ClQIZO 010 0 0 17/)11/1Z0 - ’(/)zzo
Cizl - C?le =D |0 0 I 0 0 wuzl - ’(/)Vzl
Cizi - 12/zi 000 I 0 ’(pizi - wl%zi
Cra = Ca 00 0 —8,F, I) \~(5,—S,)Favl,
By the complementarity conditions (16), 4, one has
(1)071-(:1 - ¢72-ci)T(C71-Ci - Cici) < 07 (CiZO - CizO)T(lpizO - ¢12/ZO) < 07
(Clllzl - C?JZI)T<¢I£Z1 - ’(/)12121) < 07 (Clllzi - Cizi)—r<’¢'izi - ’(/)Zzi) < 0

2

vzi’

and by (19), monotonicity of the multifunction Sgn and non-negativity of F',; and v
1

_(C}'zi - C’zrzi)—r(gzi - Sji)FZid)IQJZi <0.
Since a P-matrix does not reverse the sign of any non-zero vector ([5, 3.3.4 Theorem]), the
imposed assumption and (20) imply that ! = z? and y' = y>. O
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Invoking that a symmetric positive definite matrix is a P-matrix and arguing as for
Corollary 1, one gets the following:

Corollary 2 (Uniqueness). Let (&) correspond to a model of linearised elasticity where
the body is properly constrained by the Dirichlet condition. If g satisfies Assumption 1
and |V3g||/IVygll and F;, i € (I.UIL,) N (L UL), are small, then the first-order system
(22'1), (22'2), (2'3) and (P'4’) has a unique solution for any v € R, P € R*® and
any U', € R*™.

Example 2 (Large coefficient of friction). (i) Let us consider the simple continuation
problem (8) from Example 1 with .# = a/b, (Li(7), L2(v)) = (1,—v) and u§ = V; = 0.
Similarly as in [9], one can show that this problem has solutions corresponding to stick of
the only contact node for v € [0,.%], which form the set

{(77”17“27)‘117)\7') S ]R5a Y € [Oag]a Uy = Uz = 07
Ao=—Li(y) = -1, A, = —La(y) = v}, (21)

solutions corresponding to non-positive slip for v = .% forming the set

L 1
{('y,u1,u2,)\y,)\7—) ER y=F,u =0, us € [— IZEV),O} = [—E,O},

M= —Li(y) —bus = —1 —bug, A\, = —FA, = F(1 + buQ)}

and solutions corresponding to separation for v > .%#, which form the set

ali(y) +bLy(y)  a—1by
a2 _ B2 a2 —b?
vy — bLi(7y) +als(y)  b—ay A\, =\, = O}.

a2 — b2 a2_b2’

{(’y,ul,ug,)\y,)\T) ER v>F uy =

Taking (7, @y, U2, Ay, \r) = (F,0,0,—1,.%) (strong contact with impending slip), we
get the first-order system:

a —=b\ (u] (P Y _ (0
Y £ B ) N
Wy =0, uy <0, X+ FXN, <0, uy(N. +.FN)=0

with (P, Py) = (0,—1). Its solutions in the two cases (uy = 0 & X, + .Z X, < 0) and
(uh <0 & N +.ZX, =0) form the sets

(o o Xy ) € R < 0,0 =y = 0, X, = /Py =0, X, = —/P =7},
and
{(+,ul,ub, A, N) € R5; v =0,u} =0, u, <0,
N = /P — by = —bily, X = —FN, = Fbi),
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that is, there is no solution for 7/ > 0 but infinity of solutions for 7" = 0.
The first-order system for (%, u, a2, A\, \r) = (£,0,8,—1 — bB, Z(1 + bB)), B €
(—1/b,0) (strong contact with positive slip) consists of (22) and
uy =0, X, +.FX, =0
and its solution set is
{(y,u),uh, X, \) € R v/ =0, uf =0, uly € R,
N, == Pr=buy = —buy, X = —F N, = Fbus}.
It has no solution for o/ # 0 but infinity of solutions for 7" = 0.
Finally, the first-order system for (7, @y, 2, Ay, ;) = (F#,0,—1/b,0,0) (grazing contact
with positive slip) is composed of (22) and
uy <0, X <0, uhN, =0, X + FX, =0
and its solution subsets in the two cases (v} =0 & A, < 0) and (u] <0 & N, =0) are
{(y,ul,uh, X, \) € R 4/ =0, uh =0, uhy >0,
N = —'Py —buy = —buy, N, = —FN\, = Fbu,}

and
ay' Py + by' Py —by
{0 g, N ) € B oy 2 0,0 = T2 = —,
by' Py + av' Py —ay/
! _ o\
B _aZ—b2’)\”_)\7_O}'

There is no solution for v < 0 but infinity of solutions for 7/ = 0.

(ii) Now, let us consider the problem (8) with .# = a/b, (Li(7), L2(7)) = (by, —a7y) and
uf =V, = 0 and choose (7, @1, U, A\, Ar) = (0,0,0,0,0) (grazing contact with impending
slip). In this case, the first-order system comprises (22) with (P, P») = (b, —a) and

uy <0, X, <0, upA, =0, AL e FN Sgn(ul).
Trying all possible cases, one can find the following solution set for 4" > 0:
{(%u’l,% N A) ERY (Y 20, Uy =uy =0, X, = —7'Pr= by, A, = =Py = aY)
v (7’ >0,u) =0, u, € [—%,0} = [+, 0],
Ay == P —buy = —b(y +uy), AL = —FN, = Fb(y + U/z))
v (720, u = —W];; * 23/132 =0, u = —bV/SEtzzlpz ==, N =N =0) ).

It consists of a continuous branch of solutions for any 7' > 0 fixed.

To sum up, we see that the first-order system can lack solutions for some 4/ if .%; are
large for i € I.N I, i € I.N 1}, or i € I, N I;. On the other hand, it can possess multiple
solutions for some ~" if .%; are large fori € I.N L, i€ l.NL,i € [,NLoriel,NI.
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Figure 5: Geometry of Example 3.

Example 3 (Large ||[V3¢||/||Vgl|)- Let us modify the simple continuation problem (8) to
the case where the rigid foundation is demarcated by

g: x = (11, x2) »—>r2—(x1—r)2—x§

for r > 0 fixed (Figure 5). Then

Vo) = -2 (") Vgl = 2yfler 2+ o

v(a) = m:;+@ciﬁ’“@:(mipmﬂ4fwﬂ

and the continuation problem becomes

a =b\  (Li(v)\ _ B (0
(—b a ) u <L2(7) Av(u) — A1(u) = o)
A= (A —g(u)- =0,
Ar = Pz g 7 0u—ow) ) (A = (T(0) 'u = 7(w) 'w) = (1 =9)V7) = 0.
Here, we consider (L1(7), L2(7)) = (1,—7), w = 0, V, = 0 as in (i) of the previous example
and .# > 0 arbitrarily fixed.
It is readily seen that the set given by (21) is a part of the solution set in this case too.

If one takes (7, iy, U2, Ay, Ar) = (F,0,0,—1,.%) (strong contact with impending slip), one
has

”@:G»T@:G)‘wwchg>im$ﬁ +01)
K= (y V). Kw@i=1() 7)

and the corresponding first-order system reads

(a2 () 0)- () -6)-

uy =0, uy <0, X+ FN, <0, up(\, + FN)) =
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As in the previous example, the case (uy = 0 & A +.Z X, < 0) leads to the solution subset

{(,ylvu/hu%)‘, A/) S R5; 7/ < O’ ull = u/Q = 0’ )\/V - O’ )\ff - 7,}>

vy T

whereas if one supposes that (uy < 0 & X +.# X, = 0) and r is small enough so that
a—bF — (1+ .Z?)/r <0, one obtains solutions forming the set

/
oo X )\/ R5' /<O /:0 I -7
(67 ) €8 0 =0
SR UL Lo\ R (a7
Y a—-bF -1+ F)r T a—bF — (1+F2)r

Hence, this first-order system has no solution for 4" > 0 and two different solutions for
7" < 0. This shows that large ||V2g]|/||Vg|| can cause both lack and multiplicity of solutions
for some 7.

Let us point out that the first-order system can lack solutions for some +' for larger
coefficients of friction even in the case of linearised elasticity with the body properly con-
strained by the Dirichlet condition and in contact with a flat obstacle. This is in stark
contrast to the corresponding incremental problem, where existence of a solution is guar-
anteed for any coefficient of friction [14, Section 6]. Nevertheless, it is in accordance with
the analysis of the rate and quasi-static problem. It was shown in [17, Subsection 5.2] that
solvability of the rate problem requires smallness of the coefficient of friction for nodes in
strong contact with possible slip in near future and an example of non-existence of solu-
tions of a quasi-static problem for high values of the coefficient of friction can be found in
[13].

To add, the uniqueness result for the rate problem presented in [17] involves an as-
sumption on smallness of the coefficient of friction for nodes in contact with possible slip
in near future and for nodes in grazing contact. In [13], an example with multiple solutions
of a quasi-static problem with high values of the coefficient of friction was shown.

4.2 Continuation in a Direction Solving the First-Order System

To show the possibility of continuation of a solution curve in a direction solving the first-
order system, we shall apply Theorem 2 from the companion paper [16]. First of all, we
restate the theorem, taking into account Remark 2 from the same paper.

Theorem 1. Let H: R x RN — RY be a PC'-function and (3,%), (7,x') € R x RY
satisfy H(7,2) = 0 and H'((7,2); (v, 2')) = 0. If {HD},c; is a family of C* selection
functions of H at (3, &) and there exists ig € I such that

(1) H(’O)(% z) = H(7,2);
(i) VHO (3,2)(v,2') = H'((7,); (v, ') # VHY (3, 2)(7, '), Vi # io;
(iii) VH") (5, 2) has the mazimal rank N,
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then there are § > 0 and a C*-curve ¢: [5,5+ ) — R x RN such that
() e(s) = (v,2); (i) Vs e [5,5+0): H(e(s))=0; (jjj) €(5) = (+/,2).

Moreover, if (v, 2') # (0,0), the image of any other curve €: [5,5 + 0) = R x RN with
0 > 0 and such that

() e(3) = (. 2); (i) Vs €[5,5+0): H(es) =0; (i) &) e | Jr(v ) (23)

r>0
coincides with the image of ¢ in a neighbourhood of (¥, &).

Now, let (7,4, Ap, Ay, ;) (= (7, &)) solve (), that is, H(7, 4, Ap, Ay, A;) = 0. Tak-
ing into account the continuity of H and using the index sets defined by (6), one can
construct the set { HY} of selection functions of H at (3, @, Ap, Ay, A;) such that, after
eventual reordering of components, it consists of functions (compare the functions F' and
Gy, introduced by (4) and (5)):

HY (7,4, 2p, A, A,)
A(u) — L(y,u) — BhAp — B,(u)" A, — B.(u)" A,
Bpu —Up(y)
>\1/,i7 1€l U [Zf
= gz<U), 1€ ICUIZC
)\7—71‘, 1€ IfUIZfUIO
(Br(uw)u — B (w)w); + (1 =)V, i€ UIZUIE
i+ 8:Fi( M — gi(u)), i€ (l.Nh)UIGUILUITTuIg

Here, in a similar spirit as in [3], the index sets IS, I, IS and IS~ pass all possible

ciy
combinations such that

Iccl, ILc(I.nh), I 19 c(IEnk), ITTnId =0 (24)
and
L=IL\I, Ii=INH\ I I = (N E)\ (T ULg), Iy=1; 01, (25)
—sgn(v; + (1 —)V5,) ifie (I.Nh)Ulg,
_ Jsen(ry) ifi e I, (26)
) -1 if i € IS,
1 ifi e I5.

It is worth noticing that I' and I¢ constitute a decomposition of I,, IS and I, constitute
a decomposition of I, N [; and I¢, I9" and Izcil’ constitute a decomposition of IS N I;.

zi) Tzl
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Gradients of these selection functions at (7,4, Ap, A, A;) are given by

VHY 7,1, Ap, A, M) (7, ', Ny, XL, AL)
Ku —+'P—-B XN, — B\ — B\
Bpu' —+'UY,
>‘sz 1€ ;U [Zf
= (Buw');, i€l UI (27)

N i z‘eIfuIqulo
(Cu); —~' Vi, 1€ LUILUILT

N+ siFi (N, — (Ba);), i€ (I.NL)UIGUILUIGT ULy

(compare (Z'1), (£'2), (£'3") and (£'4")).
Next, assume that (7, u’, X}, A/, L) solves the first-order system at (7, @, Ap, A, A;),
or equivalently,
H'((7,w,Ap, Av, ) (7, 6/, XD, X, AT)) = 0. (28)

If we want to find a selection function HY) with

VHY (5,2, Ap, A, A ) (Y, 0/, XN, X, XL
= Hl((i/v 11, XD: XV: 5‘7'); (fy/’ ’U/, AlDa >‘:/7 A:—)) - 07 (29)

one can see from (Z’'3) and (£?'4) that it suffices to choose the determining index sets so
that the following conditions are fulfilled:

)‘:/,i - (Bl/u/)i >
)‘:/,z' - (B,u'); <
—Fi(A — (Bou')), 1€ I
— (N, —

—Fi(N,, —

$i(X = (Cr)s + v'v ) <
|Xm‘ - (CTU ) | <
s\ — (Coad), + v’V ) >

B, icl,ulituld))
with s; introduced by (26) and s; = Sgn(/_\m») for 7 € I3,
We are prepared to state the continuation result based on Theorem 1.

Theorem 2. Let Assumption 1 be satisfied, (3, @, Ap, Ay, Ar) be a solution of () with
non-empty I, U (I.N L), and (v, 4/, Np, X, X)) solve the first-order system (2'1), (2'2),
(22'3") and (P'4). If one can find index sets IS, I\, I9F, 197 I I, IS and IS in
accordance with (24) and (25) and such that

(i) all the inequalities in (30) are satisfied in strict sense;

(ii) the gradient of the corresponding selection function HY at (7, @, Ap, Ay, X;) given
by (27) has the mazimal rank,
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then there exist 6 > 0 and a C'-curve c: [5,5 + §) — RIF2(natnotne) gych that
(i) €(3) = (3@, Ap, A, Ar);
(i) H(c(s)) =0, Vs € [5,5+0);
(ji3) €(8) = (v, u', Xp, A, L),
Moreover, the image of any other curve &: [8,5+0) — RIT2natnotne) with § > 0 and such
that _ S
(J) é<‘§) = (7a ,a’ AD» A,,, A7)7
(i) H(&(s)) = 0, ¥s € 5,5+ 0); (31)
(jij) €(5) # 0 satisfies (30)
coincides with the image of ¢ around (3,1, Ap, Ay, Ay).
Proof. Let (7,u, A, A, A) and (7,4, X}, A, AL) meet the imposed assumptions and
HY be the selection function corresponding to the particular index sets from the assertion.
We shall verify the assumptions of Theorem 1 for g = j.

First, the construction of the selection functions above guarantees that all selection
functions corresponding to various combinations of the index sets restricted by (24) and
(25) are active at (3, @, Ap, Ay, A;). In particular,

HY (7, @, Ap, A\, ;) = H(7, @, Ap, Ay, A;) = 0.
Second, since (30) holds for (v, u/, X, X, %), (29) is valid for our selection function H'.
Finally, if a selection function HY) corresponds to I¢, IY, IS, 1= It I5, IS and IS that

v Teir tzio 0 Tz Tz feb Tzl | - b
fulfil the same conditions as in (24) and (25) and at least one of the sets ¢, I\, 9%, I¢~
differs from I¢, I, IS or IS, respectively, then we claim that

VHD (5,3, Ap, A, A) (Y, 0, N, X, AL) # 0.

Indeed, making use of (29) and the assumption (i), one gets either

ielinll = (Ba);=-\,,+(Bu); <0
or

iellnly = X,=\,,— (Bu); <0
if I¢ # I¢. Similarly, assuming that I¢ = I¢ but another couple of the index sets does not
coincide, one can show that

(i€ ZNIy V@ elZn (it UIi) = si((Cru)i—7'Vei) <0,

Gel*nIi)vieli nIgh)vie (G Tuli)nIg)
= A+ &N, — (Bou);) # 0,
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where s; are defined by (26) and
sen(An) ifi e Il
! if i € IS,
1 if i € I,
Therefore, the assumptions of Theorem 1 hold and existence of the announced curve ¢
follows.
Now, let € be a curve from the second part of the assertion. Comparing (23) and (31),

we have to show (23)(jjj):
d(s) e | Jr( w Xp, X L), (32)

>0
From (31)(jj), we see that (H o&)'(5) = 0. In addition, we deduce from Proposition 2 that
(Hoe)(5) = H'(¢(5); &(5)). Taking into account (31)(j) and (jjj), we thus have similarly
as before that ' -
VHY (7,8 Ap, Xy, A,)E (5) = H'(¢(5); €(5)) = 0.

This combined with (29) and the assumption (ii) implies that

& (5) € span{(7/, v, N, AL, X))}
But (7,4, A, X, X)) satisfies all the inequalities in (30) strictly, so it is clear that these
conditions are violated for any (v, u’, Xy, AL, X)) with r < 0 and any i € If U IS U IS U
ISUTLUIST U™ = 1,U(I.N ), which is assumed to be non-empty. This together with
(31)(jjj) lead to (32) and the uniqueness part of Theorem 1 applies. O

In the trivial case when I,U(I.NI;) = @, H is smooth in some vicinity of (¥, @, Ap, A, Ar)
and the classical implicit function theorem can be employed.
Theorem 3. Let Assumption 1 hold, (3, @, Ap, A, Ar) be a solution of () with I,U(I.N
L) = 0 and (v, 4, Xp, A, X)) be a non-zero vector solving the first-order system (2'1),
(2'2), (2'3") and (P'4). If VH (¥,u, Ap, Ay, A;) has the mazimal rank, then there exist
§ >0 and a Ct-curve c: (5 — 6,5+ §) — RIFAnatno+ne) gych that
c(3) = (3,4, Ap, A\, Ar), Hic(s) =0,Vs€ (5—0,5+6), c(5)=(,u,Np, X, Q).

Moreover, the image of any other solution curve passing through (¥, %, Ap, Ay, Ar) is in
some neighbourhood of (7,w, Ap, Ay, A;) contained in the image of c.

Remark 4. Assume that the vector (7/,u’, Ny, AL, X!

~) satisfies (28). Then one can easily
verify that (30) holds strictly if and only if

A, =0, (Byu); <0, i€l (— no contact); )
(Bou'); =0, \,; <0, i€l (— strong contact);
(Cru'); =7V =0, s\ ; < =FiN,,;, i€y (— strong stick); (33)
(Cru'); =7 Vo =0, |\l < =FN,,;, i€l; (— strong stick);

v,1)

N+ s:FN,, =0, s;(Cru'); —9'Vyy) <0, i€, UIGT UILE™ (= non-zero slip) )

i
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(compare (22'3’) and (£'4’)). This means that the direction (v, u', A, X, X)) satisfying
the assumption (i) in Theorem 2 leads to solutions with strict contact modes of all nodes,
without any grazing contact or impending slip.

Similarly, non-strict inequalities in (30) correspond to (33) with non-strict inequalities
above. Thus, the uniqueness part of Theorem 2 means that there is only one branch of so-
lutions with the nodal contact modes corresponding to (30) according to the interpretation
above with non-strict modes. From this mechanical point of view, the claim of Theorem 2
resembles the one of [17, Proposition §].

Proposition 5 (Satisfaction of the assumption (ii) in Theorem 2). Let (&) correspond to
a model of linearised elasticity with a body properly constrained by the Dirichlet condition.
If g satisfies Assumption 1 and ||V3g||/||Vg| and Z;, i € (I.UL)N(LUIL) are small, then
the gradients of all selection functions H'Y given by (27) have the maximal rank for any
P e R*™e qnd any U’y € R*p,

Proof. We shall argue similarly as in [3, proof of Proposition 3.2]. By (27),

-P K -B, -B)] -B/
~U/, Bp 0 0 0
0 0 0 Iy 0
VHY(y,@,Ap, A X)) =] 0 (By)c.s 0 0 o |.
0 0 0 0  Ins
—(Vo)s (Cr)s. 0 0 0
0 —(SFBV)LJ 0 (SF)LJ ILJ

where J = {1,...,2nq}, F denotes jointly the indices from I; and If, C the indices from
I. and IS, N the indices from Iy, If and Iy, S the indices from I, I and IS, and L the
indices from (I. N 1), IS, I%, IS and IS, Further,

z) “cir tzi

s; ifie(I.NL)UIGUILUIST UL,

S:Diag(su,...,sncnc), Sii = {

F = Diag(#i,...,%,).

0 otherwise,

Suppose first that V2g = 0 and .%#; = 0 for any i € (I, UIL,) N (L UI). Then K is
positive definite on ker(Bp), C, = B,, SF = 0 and we claim that the partial gradient

V(%)\D,AM\T)HU)(W, @, Ap, A, A;) is non-singular for any HY). Indeed, one has

K -B}, -B] —-B]
Bp 0 0 0
0 0 Ir; O
VeroamanHOF, @, A0, A, A) = | (B)ey 0 0 0 |,
0 0 0 In;
(BT)S,J 0 0 0
0 0 0 Iy
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which is obviously a non-singular matrix iff the matrix

K -B], —(B))jc —(B])s
;| Br 0 0 0
T (BV)QJ 0 0 0 ’
(B.)sy O 0 0

is non-singular. But taking any (u/, A%, AL, Xg) such that J(u', N5, ALq, Alg) = 0, one

gets from the last three blocks of lines that
u' € (ker(Bp) Nker((B,)c,s) Nker((B;)s,s)) C ker(Bp).
This together with the first block of lines of the system gives
0= u" (K — BRAp — (B])soXe — (B])ssX.s) = u' Ko’
and positive definiteness of K on ker(Bp) implies that ' = 0. Consequently,
BpAp +(By)scAyc + (B])isXAig =0

and taking into account Remark 3, we have necessarily A7, = 0, XA, = 0 and A’ = 0 due
B
to full row rank of (gﬁ ) This shows that J is non-singular and the conclusion is valid

in the special case.
Continuous dependence on the elements of V2g/||Vg|| and .%; completes the assertion.

[

5 Numerical Experiments

This section presents results computed with the predictor-corrector continuation method
described in [16, Section 4] and performed with the finite-element library GetFEM++ [19].

5.1 V-Shaped Body

The first experiment is done for a V-shaped body from [17, Subsection 8.2], which is
depicted in Figure 7(a). It is approximately 0.82 m wide, 0.8 m high and we consider a
plane-strain model of linearised elasticity with the Lamé constants A = 100 GN/m? and
p = 82 GN/m?. The body is subject to volume forces of the density f(v) = (=5 GN/m?, 1—
8(1—~) GN/m?) and it is fixed along both parts of I'p and free of surface tractions on T'y,
that is, Up = 0 and h = 0. The continuation problem is taken with w = 0 and V. = 0.

Three unstructured meshes with 2220, 8380 and 35520 linear triangles (M2220, M8880
and M35520) are used for the finite-element discretisation. The numerical continuation is
initialised with e = ¢/ = 5- 1072, ciin = 0.99999, jinr = 4, Jmax = 9, Adec = 0.5, hine = 1.3,
hagin = 5 - 1077, hmax = 0.1 and after a change of the tangent performed by Algorithm 2
from [16], the predictor-corrector is restarted with A =5 - 107
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