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The glassy phase of complex branching Brownian motion

October 29, 2013

Thomas Madaule !, Rémi Rhodes 2, Vincent Vargas 3

Abstract

In this paper, we study complex valued branching Brownian motion in the so-called glassy phase, or
also called phase II. In this context, we prove a limit theorem for the complex partition function hence
confirming a conjecture formulated by the last two authors in a previous paper on complex Gaussian
multiplicative chaos. We will show that the limiting partition function can be expressed as a product
of a Gaussian random variable, mainly due to the windings of the phase, and a stable transform of the
so called derivative martingale, mainly due to the clustering of the modulus. The proof relies on the
fine description of the extremal process available in the branching Brownian motion context.
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1 Introduction

In a recent article [23], the authors studied complex Gaussian multiplicative chaos, a complex extension
of classical Gaussian multiplicative chaos (see [28] for a review on Gaussian multiplicative chaos). More

precisely, consider two independent and logarithmically correlated Gaussian fields X,Y on a subdomain

0 c R?
1

~ In——.
ly—zl-0 |y — =
We denote D(2) the space of smooth functions with compact support in Q and D(2) the space of distri-

butions (in the sense of Schwartz). They adressed the problem of finding a proper renormalization as well
as the limit of the family of complex random distributions

MY () = / XD () dr, € D(Q) (L.1)
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where X, Y. are appropriate regularizations (say of variance of order In %) which converge to X, Y and ~, 8
are real constants. In this setting, they recovered the phase diagram of figure 1 which was first discovered
in the pioneering work [18] in the simpler context of discrete multiplicative cascades, i.e. when X, Y. are
independent branching random walks on a tree-like structure. More precisely, the authors of [18] computed
the free energy of the total mass (or partition function)

. 1 B
liy —— In [M24(Q)

for a subset 2 and found phase transitions according to a diagram similar to our figure 1. In particular,
they distinguished three phases I, IT and IIT which we have indicated on the figure. The work [23] is a step
further in understanding the limit of (1.1). Indeed, the framework of [23] is that of finding a deterministic
sequence c(¢) such that c(e)M2# converges to a non trivial limit in the space of distributions (see also the
interesting and related works [10, 11]). In a series of works [19, 20, 23, 26], this question was essentially
solved for the phases I and III (and their frontiers) but left unanswered in phase II. However, it was
conjectured that in phase II, the behaviour of M # is mainly ruled by two phenomena: the local intensity
of this complex measure is dominated by the local maxima of the field X, whereas the overall phase
resulting from the (strong) windings of the field Y, asymptotically behaves like a white noise. This led to
the following freezing conjecture corresponding to the so-called glassy phase (the freezing and glassy phase
terminology comes from physics, see [17, 21, 22] for example):

Conjecture 1.1. Let 8> 0 and v > \/g be such that § > max(v/2d —v,0). Set « = \/g% There exists

some constant o := o (v, ) > 0 such that we get the following convergence in law:

((m Ly orvai-ay (A)) = (oWig, (4) (1.2)

3 ACR4

ACR4
where, conditionally on Ngy, W2 Ne, is a complex Gaussian random measure with intensity 0'2N](€¢4/ and
N§y. is a a-stable random measure with intensity M’, namely a random distribution whose law is charac-
terized by ]E[equNIC\XJ’(A)] =E[le= "M WD] for every ¢ > 0 and every bounded Borelian, set A .

Let us finally mention that a result similar to (1.2) is proved in the real case on the frontier of phase
IT in the paper [26], i.e. for v > v/2d and 8 = 0 (see also [7, 8, 13] for related results). These results in the
real case were also studied in the Branching Random Walk context in [9, 12, 25, 29].

The purpose of this work is to prove the analogue of conjecture (1.1) in the context of the simpler
but related model, the so-called branching Brownian motion (BBM) where the approximations X., Y. are
defined by particles which split along a Poisson process and then perform independent Brownian motions:
see the next section for precise definitions. Let us mention that, up to some technical adaptations, it
should be possible to prove in the BBM context results analogue to [23] and in particular to recover a
phase diagram similar to figure 1. Over the past years, there has been impressive progress on the the study
of BBM since the seminal works [14, 15, 24]: this progess has culminated in the works [2, 4, 5, 6]. Thanks
to these achievements, it is possible to know with high precision the behaviour of the extreme particles of
the BBM which dominate phase II. Though our work in the context of BBM relies on the fine results of
[2, 4, 5, 6], we believe that it gives insights on the mechanism involved behind the conjectured convergence
(1.2): this will be discussed in more detail in the next section.

The paper is organized as follows. In the next section, we define the setup and cite the main result of
the paper namely theorem 2.1. We also include a discussion on related models, like the branching random
walk or the logarithmically correlated Gaussian fields considered in [26]. Special emphasis will be given to
the case of the maximum of the discrete Gaussian Free Field which has received a lot of attention recently
[8, 13, 16, 19, 20]. In the following section, we prove theorem 2.1.

2 Setup and main result

2.1 Setup and main result

In this paper, we will study the branching Brownian motion (BBM for short). Start with a single particle
which performs standard Brownian motion starting from 0 up to an exponential holding time 7T with



Figure 1: Phase diagram

parameter A\ = 1. At time T, the particle splits into two new particles, both of them following a new
independent copy of the same process starting from its place of birth. Both new particles thus move
according to a standard Brownian motion and split into two after an exponential holding time and so on.
We introduce N (t) the associated Poisson point process which counts the number of particles at time ¢
and (X;(£))1 < i < N(#) the (increasingly ordered) positions of the particles.

We then introduce the properly normalized and shifted quantity

Xi(t) = V2Xi(t) + 2t,

in order to have:

N(#)

N(t)
Z e X | — 1, Z X;(t)e XM =0, vt > 0. (2.1)
i=1

On the same probability space, we consider particles which split according to the same Poisson point
process N(t) but follow Brownian motions that are independent of those involved in the definition of X.
We consider (Y;(t))1 < ; < n() the positions of these new particles.

We introduce the random measure

N(t)
Ni(dX,dY) Z 83X (1), Yi () (2.2)

We will also consider the measure ./\_/w,t which corresponds to the measure N; conditioned to the event that
all particles (X;(t))1 < i < n@) are above —z. If f is some continuous function, we denote

< F(XY), N(dX,dY) >:= Y f(Xi(t),Yi(t))

and similarly for A ;.



In order to state our results, we introduce the limit of the derivative martingale M’ given by the
following limit (first derived in [27])

Je=Xi(®
= i Z Xl

Recall the following classical convergence in law of the minimum obtained in [15]
Xi(t) - St > W 2.3)
! 2 n t—o0 ( '

where W is some random variable satisfying P(W < z) ~ ¢ |z]e” and ¢, some constant.
x o0

We are interested in studying the variable

N(t) B
5 Z X () +AVRYi(t) (2.4)
i=1
in the so-called phase II, i.e. 3 > (1 — )4 and v > 3 where for a real  we set z; = max(z,0). To state
our main result, we recall that a random variable G is a standard complex Gaussian random variable if

G = Gy + iG> where Gy, G- are two independent standard real Gaussian variables. The following theorem
is the main result of the paper:

Theorem 2.1. For (v, ) in phase II, there is some constant c(v,3) > 0 such that we have the following
convergence in law

.5 Ze X (8)+iVEBY: (1) = el B)N1/2g (2.5)

where G is a standard complex Gaussian random variable independent from N, which is a a-stable random
variable with intensity M’ and o = % More precisely, the law of N, is characterized by

E[e~N] = E[e~9"M].

for all g > 0.

2.2 Heuristic of the proof

In this subsection, we start by giving an insight on the proof of theorem 2.1 which will enable us to discuss
other related models: the branching random walk and the discrete GFF. First, introduce the set Njo.(t)
of local minima of X;(¢) that are close to 3 5 Int, i.e. those particles which are at distance of order 1 from
% Int and that are smaller than all the partlcles sharing with them a common ancestor at distance of order
1. In phase II, the variable 2.4 concentrates on the local minima along with the close neighbours that do
not have atypical high values, which constitute the so-called decoration. Therefore, the variable (2.4) is
roughly equal for large t to

+7 Z Z oYX (D +iV2BY; (1)
UENjoc(t) jru, X; (1)~ Xy (t)

where z & y means that |z —y| is of order 1. Now, one can rewrite the above quantity in the following way

D DRSOl PR 0 ) o7 ()= Xu (D)) +iV2B(Y; ()~ V(1))

u€Nioe(t) Jru, X (1)~ Xy (1)

From the results of [2, 4, 5, 6], the sum % D e N (t) e~ 7Xu(®) converges to s L e YA where

Ay)w > 1 is a Poisson point process (PPP) with intensity ¢M’ e*dx where ¢ > 0 is some constant.
> p p y



Since the local minima are far apart, each sum (eiﬁm/(u)(t) iju,Xj (~Xa(t) ). is asymptotically
independent for different values of u. From the results of [2, 4, 5, 6], one can also deduce that each term
Z e*'y(Xj(t)*Xu(t))Hﬂﬁ(Yj(t)*f’u(t))
JRu, X ()~ Xu ()

converges in law to some non trivial variable Z(*) (which is painful to describe).

Finally, if N is a standard Gaussian the variable e’ converges in law as o — 0o to a random variable
uniformly distributed on the unit circle. Hence iV2BYu(t) converges in law to a variable U, uniformly
distributed on the unit circle and independent from Y (). Gathering the above considerations, we see that
the variable (2.4) converges to

P

u>1

where (U, Z (“))u > 1 is an i.i.d. sequence of isotropic random variables. Though we do not have a friendly
description of the variable U, Z ("), the scaling property of the Poisson sequence and the isotropy of U, Z(®
yield representation (2.5). In fact, a similar mechanism is behind the freezing phenomenon in the real case
(v > 1,8 = 0); indeed, in this case, the i.i.d property of the decoration combined to the scaling property
of the PPP yield a stable distribution.

2.3 Discussion of other models

In the case of the branching random walk, it should be possible to prove analogues of [2, 4, 5, 6] though
it certainly requires non trivial technical difficulties to adapt the proofs of [2, 4, 5, 6]. Therefore, proving
a result similar to theorem 2.1 is clearly within reach (in the lognormal and even the non lattice case).
In the case of the discrete GFF, the situation is a bit more involved and does not just require technical
adaptations: this is due to the fact that the correlations do not involve a hierarchical structure. Consider
a discrete GFF X. on a square grid of size € in a fixed bounded domain D with the normalization
E[X.(z)?] =2In1+2InC(z, D) + o(1) where C(z, D) denotes the conformal radius of a point z € D. Fix

{ > 0. We introduce the set N(l)

oe(&) = {z1, .., :CJE(Z)} of coordinates of the local maxima of X, that are in

the interval 1 3 . 1 3 .
2In=+-Inln-—17,2In-+ = Inln = + ]
e 2 € e 2 €

In view of the results of [13, 26], it is natural to conjecture that the following convergence in law holds for
all k

Y— Ty
((Iu; X(ilfu)v (X(y) - X(qu)a < ){y, |X(y)—X (zu)] < kand [y—z.| < sk}))u <JO
Ty G Bus (11 < 1)y Pul ) < 6)u > 1,80e0-1 (2.6)

where (24, Ay)u > 1 is a Poisson Point process (PPP) with intensity ¢ C(z, D)>M'(dz) x e~Ydy where M’
is the derivative martingale constructed in [19, 20], ¢ some constant and ({4, pu)w > 1 is an i.i.d. sequence
of couples of point processes that are independent from the (A,), > 1. The law of p,, should be isotropic.
Recall the remarkable result of [13] where the authors prove that ((zu, X (74)), < g converges to a PPP
with intensity Z(dz) x 1yye(—1jye” Ydy where Z(dx) should coincide with ¢ C(z, D)?*M'(dx).

Nonetheless, in order to adapt our result to this context, one still has to reinforce the conjectured
convergence (2.6) by adding information on the ”decorrelation time” ¢ of two points in the point process
p. This is certainly a non trivial issue that requires a fine analysis of the discrete GFF.

3 Proof of theorem 2.1

We first recall the following useful lemma, the so-called many-to-one lemma, which states that for all
nonnegative function F

N(b)
E[Y | F((Xi(s))o < s <)l = ¢ BIF(V2B, +28)0 < s < 1)] (3.1)
=1



where (Bs)s > o is a standard Brownian motion.

3.1 Proof of theorem 2.1

Given the technical lemmas of the next subsection, it is not very difficult to conduct the proof. Let F' be
some bounded and Lipschitz function from C to R. We will additionally suppose that F' is bounded by 1
and 1-Lipschitz. By lemma 3.5, there exists C} such that klim Cr =0 and

— 00

N(#) N(#)

— 3y i A 4 Vi

Jm E | (¢ E e X (DFIVABYi(D)) _ p(p E Tix,(t) < 3 mevnye WOHVIBTD) | < Oy
i=1

Following [2], for [ > 0, we introduce H;(t) the set of particles which are the first in their line of descent
up to time ¢ to hit [. Slnce X1(t) converges almost surely to infinity as ¢ goes to infinity, H;(¢) is constant
for ¢ (random) large enough and equal to a set that we will denote #;. Observe that H; is finite almost
surely.

For each u € H;(t), we consider the ordered descendants (X{*(t))1 < i < nu(¢) Up to time ¢. Then, we
have

N(t)
+5 Z o Xi(t)+iV2BYi(t)
i=1

Lixit) < 3mttky

N¥(t)
Z 15 ey X (D) FIVBYY (1) Z < I nttk)€ —y (X ()= X1 (1) +ivV2B(V (1) =Y (1) + A, (3.2)
wEH,; (t) Jj=1

where A, ; i, corresponds to the sum on the ¢ which are not descendants of u € H,(¢). Since X1 (t) converges
almost surely to infinity as ¢ goes to infinity, the variable supy, 5 ¢ Atk converges almost surely to 0 as ¢
goes to infinity. Hence, we just have to study the convergence of E[F(3_,cq, ()~ )] Where >0 5/ -
is defined in equality 3.2 . We introduce 7;;(t) the splitting times of particles X}'(t) and X}(t). Now, we
have

N™(t
BF| 3 e Xiervasmo z(:)]l{xy(t)gglnm}ew(x;%t)X;”<t>>+z-ﬂﬁm“<t>Yf(t))
uEH,; (t) j=1
N“(t)
—E|F| Y #FeXimrivasnie 3 Lixoq < 3 mpgrye” 0T O OIHVIBET 07 (0)
wEH, (t) J=1,t=7 (t)<b ’
+ Bt 1k (3.3)

where the remainder term By p is such that |Byjks| < ||F|lccP(Bti k) where By kb is defined by
3
Biiky =137 € [I1, N“(D[]; 7j11(t) <t —band X}'(t) < 3 Int+ k}.

Now for all k¥’ > k, we have by lemma 3.6 that

N (t) i i
EIF Z 15 e X1 () FVREY () Z ]l{x;(t) . %lnt%}e_y(xj ()= X1 () +ivV2B(Y (1) - ¥, (1))
wEH, (t) J=1,t—73, (t)<b
i - NU(1) -
E|F[ Y t7eXOWPTOL sy DL Lxrmy < mgrye 0T O T OFVEBETO)
ueH(t) J=1, t—7 (1) <b
+C bk b (3.4)

where Cy k.1 is such that tm |Ct 1.5,k 6] < Dy where Dy, goes to 0 when & goes to infinity.
— 00



Now, in order to describe the limit, we need to introduce some notations. We consider H; as a subset
of N. We introduce an i.i.d. sequence (U,)yen of random variables uniformly distributed on the unit
circle and an i.i.d. sequence (B(“))UGN of standard Brownian motions. We also consider an i.i.d. sequence

(T™),en distributed like the backward path Y of [2] and the associated Poisson jumps ((T(u))j)ueN.

J
Finally, given u and conditionally to (I‘(“), (T;u)) ), we consider an independent sequence of Point processes
/\_/'F(ZLQT?))’T;M (dX,dY) of distribution that of N s(dX,dY) where z = T'(*) (T;u)) and s = Tju).

Now, using the convergence results of [2], the E; ; ;& 5[ - -] term in the right hand side of (3.4) satisfies
the following convergence

lim hmEtlkk’b["']:E
b—oot—oo

F < S Lwsi<n e—v(Wu+l)UuZ‘(/‘7fz+l)k,>] (3.5)
uEH;

where (W), )uen, is an i.i.d. sequence distributed like the asymptotic minimum of the (shifted) BBM, i.e.
of distribution W in (2.3), and ZISI%ZH w 1s an i.i.d. sequence given by

D) ()Y (w) (. (1) e o
2y g = 1y e T ETITVEERET) < 1w < e WXﬂﬁﬁYaNr(?jo(m o (dX,dY) >
j=1 i /g

The point that does not come out of the results of [2] is the appearance of the sequence (U, )yep, and the

sequence (B (T;u)) ;)u- Observe that if G is a standard Gaussian variable then ¢*Y converges in law as

a — oo to a random variable uniformly distributed on the unit circle. We extend this elementary result to
the following lemma:

Lemma 3.1. Assume that (X™),, is a sequence of centered R%-valued Gaussian random vectors such that
Vz e R1\ {0}, B[ <z, X">|* — oo asn — oco. (3.6)

Then the following convergence holds in law as n — oo

(X1, e i) = (Uy,...,Uy)
where Uy, ...,Uq are independent random variables uniformly distributed on the unit circle.
Proof. Let us consider d smooth functions Fy, ... Fy on the unit circle. We can write the Fourier expansion

of the product F; x Fy

Vry,...,mq €R,  Fi(e) x Fy(e™) = Z cpe' <P,
peZd

The sum is absolutely converging. We deduce

E[F (eiX{l) X Fd(eixc}l)] — Z cp]E[ei<p’Xn>]
p€eZd

The relation E[e!<PX">] = ¢~ 3El<p.X">I] and assumption (3.6) imply that each term in the above sum,
except for p = 0, converges towards 0. The dominated convergence theorem then entails that

E[F (e7X7) x Fy(eiXd)] = co.

The result follows. O

Since [ is fixed here, conditionally on the Poisson process N and the particles X, the sequence (Y(t)u
satisfies the assumptions of the above lemma as they are Brownian motions, the increments of which become
independent after some time t,. Hence, since 8 > 0, the sequence (eiﬂﬁylu(t))u converges in law as ¢t — oo
to an i.i.d. sequence of random variables uniformly distributed on the unit circle and independent from all
the other variables.

The other point to adress is the appearance of the sequence (B (u) (Tgu)

5 )j)u- Recall the following lemma:



Lemma 3.2. Let (B(t)): >0 be a standard Brownian motion. For all fited 0 < t1 < ... < tq and a > 0,
we have the following convergence in law

(eiﬁB(t)7e—ia(B(t)—B(t—tl)), o ,e—ia(B(t)—B(t—td))) _ (U7e—ia§(t1)7 o ,e—iaé(td))
t—o00

where U is uniformly distributed on the circle and B is a standard Brownian motion independent from U.

When u is fixed, each term YJ“(t) — Y(t) is the sum of —(Y%(t) — }71“(7';-f1 (t))) and an independent
branching part. Hence, conditionally on the Poisson process N and the particles X', we can apply a
straightforward variant of lemma 3.2 in the limit (3.5) since b is fixed before taking the limit ¢ — oo.

Now, we wish to take the limit in &’ in (3.5). By lemma 3.8 and because the set H; is finite, we have

F < > Liwari<n GV(W“”)UuZ(")>
UuEH;

lim lim lim By gprp[--]=E
k' —oob—ocot—oo T

where Z(") is an i.i.d. sequence given by (see lemma 3.7)

w) o (u)y . w) (. (u) i (u,j
Z70 — 14 Z oD () —iv2p B (7)) < e—»yXﬂﬂﬁY’NF((jow) _w (dX,dY) > .
= J g

Now, we wish to take the limit as [ goes to infinity. By the results of [2], we get that

lim lim lim Hm By pp ol ] =B | F | Y L, <xpe 2020 |,

l— ook’ —oob—oot—00
u>1

where (Ay)y > 1 is a Poisson Point Process of intensity cM'e®dz where M’ is the limit of the derivative
martingale.
To sum things up, we have proven that

N(t) i
m T T Iim B |F (7Y e XOFV2NR0 || g\ F (N a0, gy e 780,20

l— o0k’ —0c0b—oot—>00 4
i=1 u =1

< lim lim lim t@o (Ck + E[|At711k| A\ 1] + |Bt,l,k,b| + |Ot,l,k,k/,b|>

l—ook! —ocob—00

< Ck + Dy. (3.7)

In fact, the bounds that we have obtained along the proof hold uniformly with respect to the functions F
that are bounded by 1 and 1-Lipschitz. Let F denote the space of such functions. We have thus proved

N(t)
- 3 . >
Tmsup |E |F[t2 S e XO+v28Yi) | | _p |p 1 PR yAC
t—)ooFEl;)-‘ ; ugl {Bu <
< Cy + Dy (3.8)

Now, we conclude by using the following trick. Recall that the sequence (1%377 Zij\;(f) e_"YXi(t)‘”ﬁﬂYi(t))t is
tight. Indeed, by lemma 3.5, it suffices to show that for all fixed k the sequence

N(t) )
(7D Ty < 2 mppgpe HOTVIVO),
i=1
is tight. But this results from the real case [2, 4, 5, 6] and the bound

0)
3y _ . i V. . 3 _ —31n
5D Lixw < dmepme HOTVERO G Xi(8) < St 4 ke 70Oz INY
=1



Since the sequence (t377 Zfi(f) e 7 Xi(D+iV2BYi(t)) is tight, we can find a sequence (t;); > 1 going to
infinity and such that it converges in law towards a random variable. From this subsequence, we can
extract an increasing subsequence (t;, );, > 1 such that for all k, we have

N(tjk)
3y . >
sup IE|F¢2 e~ 1 Xi(ts, ) +Hiv2BYi(t;,) _EI|F 1 e_WA“UuZ(“)
Felz])-‘ Jk ; ugl {A, < k}
1
<Cr + D + w2

Hence, we conclude that ) >1 A, <k} e~ 72U, Z™ converges in law as k goes to infinity. We would
like to identify this law. Let 2 € R?. We denote the scalar product by <, > and Ex expectation with respect
to a variable X. By isotropy of the uniform law on the unit circle, the random variables (< U,Z®, z >),
have the same laws as (|2||UL(|Z()|e, ), where U} is the first component of U, and (g,,),, is an independent
family of i.i.d random variables with law P(e, = 1) = 1 — P(g,, = —1) = 3. Recalling that (A,), is a
Poisson point process with intensity cM’e* dz, we have

. —vAqy w [ ’ e V<2, UZ> v
Ele! Sl < e 20 <ol 23]y, oM B i <@ De dv]}

[ , e~V UL Z]e _ 1y v
= eCMEU*ZVE[f{vSk}(e “—De dv]]

M’ ie TV | |UL|Z] 4 —ie TV 2| | U1 Z] _gy v
—Eu eC2 ]EU,Z[f{v < k}(e +e 2)e dv}

r ’
_CMT|I|1/’Y]EUZ |:|U1Z‘1/‘Y Jtw > ek jajju ) 23 (1—cos(w)) ldzl]
= ]EM/ e w 2l .

Then, by the monotone convergence theorem, we have the following convergence

lim Ey, 2 |UlZ|1/7/ (1 = cos(w))——~
k—00 {w > ek |z||ULZ|} wity
It is important to observe that the expectation By z[|U'Z|*/7] is necessarily finite, otherwise the family

Do >11{a, <k} e~ 12U, Z® could not converge in law as k — oo. In conclusion, there exists some
constant ¢(vy, f) < oo such that for all

d
wl ‘| =& EU7Z[|U1Z|1/V]-

. ; —vAy (w) _ VAT
klim Ele’ 2ulia, <kye < UuZ™>1 = By [e c(7,8)M'|=z| ) (3.9)
o0

Now, inequality (3.8) yields that % Z?L(f) e 1 Xi(+iIV2BYi(1) )50 converges in law as t goes to infinity to
the variable whose Fourier transform is defined by the right hand side of (3.9).

3.2 Technical lemmas

Study of the BBM at a fixed time

In this technical subsection, we do not suppose that the particles are ordered and we will identify the
interval [|1, N(¢)|] with a random tree. In particular, given two particles 4, j, we will denote 7;; their
splitting time and set n, ; to be the node of the random tree where the splitting occurs. We start with
the following lemma which we will need in the next subsection

Lemma 3.3. Let > 0 and v e]%, 1] such that v+ § > 1. Then there exists some constant C > 0 such
that

N(t)
f;‘%E[( Z ef'yXi(t)*vXj(t)*2ﬁ2(t*ﬂ,j(t)))l/(27)” <C
> ij=1



Proof. For simplicity, we suppose t is an integer. We have

N (D) 1/(27)
E Z o287 (t=7i (1) o =7 Xi (t) =7 X; (1)
i,j=1
. 1/(2v)
<E Ze—2ﬂ2(t—1) Z o027 X0 (7) Z e~ V(Xi(®)+X,;(#)—2X0, (7))
1=1 r€[l,1+1] 4,03 Tig =T
. 1/(27)
<E Zefﬂ—j(tfl) Z o Xnr () Z e V(X (O)+X;(8)=2Xn, (1))
1=1 re[l,l+1] 003 Ti g =T

We introduce for any ! > 0, U; ) < oél) . the times of successive branching after I. We have
1/(27)
E Z e~ Xnr (T) Z e~ V(X0 +X; (1) =2Xn, (1))
TE[LI4+1] 6,05 Tij =T
1/(27)
Xn_ ) (@) —V (XX, () =2Xn ) (03)
BORE NORE
= Z L g Lo < ipy Z € !

p20 .73 le_a'i()l)
1/(27)
~Xu_ g (@) VXX (O=2Xn ) ()
< E E |e P ]l{gél) <141} E[ E e P |0'p ]
p20 .73 le_a'i()l)
~Xn oy (@) -2 ¢=af))
p— o
=2 Bl (ol <ty
p=20

Hence by using (2.1), we get

\ 1/(27)
Zefi(t*l) Z e Xnr(7) Z e~ V(Xi(0)+X;(1)—2X7, (7))
=1 T€(l,l+1] 0,5 Ti,j =T
t
E Ze(l 252 (t=1) Z e X (T)
=1 TE[l,1+1]
t
C’Ze(1 L (1)
=1
<C

since (1 —v)% — 8% < 0.

Now, we state an intermediate lemma which we will need to prove the important lemma 3.5. First, we
introduce a few notations we will use in the sequel. For L € R, set I;(L) := [2Int — L, 3Int — L 4 1]. For
any i € [|1,N(¢)|] and = > t/2, we denote by s(i,z) € [t/2,x] the real which realizes the infimum of the
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trajectory on [t/2, z]

Xi(s(i,x)) = ue%gfz r Xi(u).

Then for any ky,k, v € N, L € R we define Z¥:*(v, L) the subset defined by

i€ ZFoF(y, L)
—
sigftXi( s) = — k1, X;(t) € I(—k), s(i,t) € [v,v + 1], Xi(s(i,t)) € I,(L)

Lemma 3.4. Let 8 > 0 and ~ 6]%,1] be such that 8 > 1 — . Let K > 0 be such that % <YK < % Ay
There exist C,6 > 0 and « €]0, 1[ such that, if ar, = e®", then for any Lo €N, ky € N, t > 1

2Int N(t)

_ . _3 ; V.
Pl > [D Tuey U Zrik(pyye KO- MOHVITO] 5
LeLot1 | izt o vettera Dimtansy

2Int
e7RC((1 + ky)e Lo 4 &M Z e %) (3.10)
L=Lo+1

Proof. In the proof, for simplicity, we will suppose that ¢/2 and ar, are integers. We denote 7, ; := 7; ;(t)
the time where two particles X; and X; have split. Let x > 0 such that % < vk < % A7y. According to the
Markov property, then the sub-additivity, the probability in (3.10) is smaller than

K

2Int N(t)
3 . \/
R e | iy gy TXHO—FIOHVIST(O)
2 R by, U,z
olnt 2K %
< e E 1, ki gy e VKO =5 ) +iV2EY; () : 3.11
L:LZO-i-l Z {EkGZvE{t/2,g,tfaL}Z rHe L)} ( )

Let us study for any L € [Lo 4+ 1,2Int] the expectations in the right hand side of (3.11). We take the
conditional expectation according to the real part of the BBM, then via the Jensen inequality we deduce
that

N(t) 2K

E Z ]l{ze U Zklvk(ny)}e_V(Xi(t)_% Int)+iv28Y; (1)

kEZue{P/2 ..... t—ayp }

[N(t) ,
287 (t=7i,;(1))

N
=

—(X;(t)—2Int) . —~v(X,;(t)—S Int

Liijey U B L A

= kEZ ve{t/2,...,t—ap}

- K
t—ar

Z —25%(t-1) Z Z =27 (Xn, (1)=3 Int) Z Ty Uzklwk(v,L)}e_W(Xi(t)J'_Xj(t)_2X”T(T))
L I1=1 v=t/2 T€[l,l+1] s Ti =T kEZ

N
=

(3.12)

where in the first inequality we have applied Jensen’s inequality with x — 22 and E[.|X], the conditional
measure with (X;); < i < n() fixed. By sub-additivity of x + 2", this is smaller than

K

t—ar
E Z —2r2(t-1) Z Z e 2V XKnr (=3t Z o~V (Xi(O)+X; (1) =2Xn, (7))
=1 v=t/2 T€[l,l+1] 0,05 Ti,j =T

11



where n, € A(v,l) means:

infs < » Xnr(s) = — k1 if 1+1<t/2,
infy < 7 Xn, (s) = — ki1, infyep/o,r) Xn, (s) = 3Int — L if t/2<l4+1<v+2
infs < 7 X, (5) = — k1, s(nr,7) € [,0 4+ 1], infyep2.7) Xn, (s) € I:(L) it v+1<l,

where s(n., ) satisfies X,,_(s(nr,7)) = infye/2,7] Xn, (u). By introducing, as in the proof of lemma 3.3,

for any [ > 0, the times agl) < O'él) < ... of successive branching after [, one can use the branching property

at these times and Jensen’s inequality (with x — z") to get

K

t t—ar
—2kB%(t— —2K 7)—32 In — i j - T
Ze 2kB%(t=1) Z E Z e 257(Xn  (1)—31 t)ﬂ{nTeA(l,v)}E Z e~V (Xi()+X;(1)=2Xn, (7))
=1 v=t/2 TE[LI+1] 4,5 Ti,j =T
¢ . t—ay N(t—7) 2

—2K - —2K 7)—21n - i(t—7

=Y e N Y ety B YD e )
=1 v=t/2 TE[lI+1] =1
t t—ar

—K — —2K o (T)—2 In
< Oze 0(v,8)(t=1) Z E Z e 267(Xn, (1) =51 t)]l{nTeA(w)}
=1 v=t/2 Te(l,I+1]

where, in the last inequality, we have used the many-to-one lemma to evaluate I& (Zfi(lt ) = Xilt=7) |7')

and with 6(v, 8) := 2(8% — (1 — 7v)?) > 0. Let us estimate I (Zre[l,lﬂ] 6_2"‘7()("*(7)_%lnt)]l{nTeA(M)})

according to the value of v and . For any i € {1,..., N(I)} we denote by T the set of all the branching
times occurring along the BBM starting from X;(1).

E Z e—2m(an(T)_%lnt)]l{nTeA(vyl)}

Tl l41]
N()
- Z 2 (Xi()—5 Int) Z e—%v(xnf(T)—Xi(l))]l{nTeA(w)}
=1 TEYO 7 L I+1
N()
<E Z 6_2'“(&(”_%lnt)ﬂ{ieB(v,l)} E Z e 2r7(Xnr (7)) , (3.13)
=1 <1

where i € B(v,l) means

infs g[Xi(S) 2 — kl if l+ 1 < t/2,
infs <1 X;(s) = — ki, infeepyoy Xi(s) = 3Int — L if t/2<li+1<v+2
infs <1 Xi(s) = — k1, s(i,1) € [v,0 4+ 1], infyep2 Xi(s) € It(L) if v+1<l

where s(i,1) satisfies X;(s(7,1)) = inf,cp/2,) Xi(u). We bound IE (ng 16’2’”()("7(7))) by C and we
deduce by the many-to-one lemma and the Girsanov lemma that

N(1)

—2K i()—21n K —2K
E | Y e 0300 epy | < CECE (e 2 7(ﬂB’Jrzl)ﬂ{\/iB,+2»eB(v,z)})
=1

— O R (e\/i(l_2N’Y)Bl1{\/53.63(1},[)}) . (3'14)

where, in a slight abuse of notation, the condition v/2B. € B(v,[) means that the trajectory satisfies the

12



same conditions as X; when ¢ € B(v,l). Finally, we have established the bound

2K
N(t)
I 1 g 1,k e —v(Xi(t)— 2 Int)+iv2BY;(t)
Z {Ekezve{t/zg,pamz v (v,L)}
t— ar,
Cz —k0(~,8)(t—1) Z t3n'YE( 2(1— 2/@7)3111{\/5363(%“}). (3.15)
v=t/2

Recall that 1—2k7 < 0. According to the definition of B(v, ), we divide the estimation of E (e\/i(l_%V)Bl LTS eB(v,l)})

in the following cases:
-First case, [ + 1 < 3t/4.

TR (V202 VB 2 pyy) S ePe T2, (3.16)
-Second case, 3t/4 <l <v+1.

B3R (e\/i(l—vay)Bl ]l{ﬂB GB(UJ)})

< Ce— (1720 Z oV2(1-2r7)j ;3 p <1nf V2B, > —k, inf V2B, > lnt—L V2B, € I,(L — j))
ji>0 sE[t/2,]]

< Cem(1=20L § o(1=2m1)ig} (1+ k1)§(1 +7)
iz0 t2

< C(1 4 ky)e”1727L (3.17)

where we have used standard estimates for Brownian motion (see for example Lemmas 2.2 and 2.4 in [1]).
-Third case, 3t/4 < v+ 1 < [. By introducing o := inf{s > t/2, Bs < %lnt — L + 1}, via the Markov
property at time o, we have for any j > 0

]P’(iréfl\/ﬁBs> — ki, 0 € w,v+1], inf V2B, € L(L), ﬂBleIt(L—j)>

s€[t/2,]

< E (1{infs <o V2B, > 7k1,U€[’U1'U+1]}]P)B°'7% Int+L (Se[t/2ll—1£' I—o] \/iBs > - 17 \/iBl—(T S [.77] + 1]))

1+

s C(l —v)2 (sl\fv V2B, > —hi o€t 1])

(14+5)(1+ k)
(1—wv)3t2

<C

3

where we have used standard estimates for Brownian motion (see for example Lemmas 2.2 and 2.4 in [1]).
Thus we deduce that
3R (e\/i(l—vay) e—(l—?n'y)L Z e\/§(1—2nv)jt% (1 +.7)(1 + kl)

Biq ) <C
{V2B.€B(v,l)} (l _ v)%t%

Jjz0

1+k
< OEZZLT;) e~ (1=2eNL, (3.18)
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Going back to (3.15), and by combining (3.16), (3.17) and (3.18) we get

2K
N(t)
I Z Liey U 21k (y L)}e_'Y(Xi(t)_% Int)+iv/28Y;(t)

k€ZvE{t/2 ,,,,, t—ar}

t t—ar
—k0(~,8)(t—1 K R
SO e 5 (VBTN i)
=1 v=t/2

<(A)+(B)+ (C)+ (D) (3.19)
where

3t/4 t—ar

— k0 1 3k 1 2k~y)B,
Ze (7,8)(t=1) Z t ’YIE( ") l]l{\/as.em,z)})
v=t/2

3t/4 t—ar
< Cze%e(y,g)(m) Z 367 o (1—267) k1

=1 v=t/2
< Ct3nv+lek1e—fi9(%6)t/4 (320)
and

t_aiL t—ar

—k0(v,B)(t—1) 3K V2(1-2kv)B
= 3 O S e (BB )
1=3t/4 v=i+1

— 2

<C Z e*w(%ﬁ)(t*l)(t D1+ kl)e*(lf%v)L
1=3t/4

<O+ kl)e—fw(%ﬂ)%/4—(1—2m)L7 (3.21)

where we have used the inequality ze~* < Ce~*/2 for any = > 1,

t—2L

5 (I-1)A(t—ar)

—kO(, -1 K 2K
(G DD D (eﬂ(l ’ V)Bl]l{\/iB,eB(v,z)})
1=3t/4 v=t/2

(l—l)A(t—aL)(l )

—
—k0(7y,8)(t—1)
<0 Z € ! Z (l _ ’U)% €
1=3t/4 v=t/2
—

<C Z eflie('%ﬁ)(tfl)(l 4 k/.l)ef(lan'y)L
1=3t/4
<C+ kl)e_NG(Vvﬂ)aL/2—(1—2nv)L

—(1—2kv)L

(3.22)

t—ar,

0 1 3K V2(1—2kv)B
(D) : Z R0 AED N "y 7IE( 22 lﬂ{fBeB(vn})

I=t— L v=t/2

t
<C Y eame- ”Z 1+k1 o (1-28)L

1=t— L o= t/2 (1 -v)?

<C Z e 0B (t— l)(1—|—k1)

5
I=t—°L ag,

—(1—2kv)L

<O+ ky)ay 2 e~ (1=20L, (3.23)
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where we have used the inequality ). j L < Ci2 for any j > 1.
= iz
Recall here that the condition on x ensures that 2ky —1 > 0 and % — (2ky—1) > 0. Hence we can find
« €]0,1] and ¢ > 0 such that § — (2ky — 1) > ¢ leading to a;%e_(l_Q’”)L < e %L, We also suppose that
§ < 0(v,B)/4. Then combining (3.19) with (3.20), (3.21), (3.22), (3.23), it is plain to deduce that for any
t, L>0

2K
(Xi(t)—2 Int)+iv2BYi(t)

N(t

)
L ey U zoswope’

i—1 kE€Zve{t/2,...,t—ap}

<C (t3nv+lek16—n0(7,6)t/4 + (1 + kl)e—(1—2nw)L (e—ne('y,ﬁ)aL/4 + e—n@(’y,B)aL/2 + a;%))
< O((1 4 ky)e 0L 4 ekre=0t), (3.24)
Going back to (3.11), by using (3.24) for any L € [Lo + 1,21nt] we get:

2Int N(t)
P Z Z Tpe U Zkl,k(v)L)}ef'v(Xi(t)*% In ¢)+ivV28Y; () >e
L=Lo+1|i=1 kezZve{lt/2],..., t—lap ]}
2Int
< Z 67'{\/0((1 + k1)e—0L 4 ekre—dt)
L=Lo+1
2Int
e O/ (I ke o2 g b2 N 02
L=Ly+1

which is the desired result.

Here we prove the main lemma of this subsection -
Lemma 3.5. Let § >0 and v > % such that 8 > (1 — ). Then we have for any e > 0,
N(t) . .
Jn lim P ; Lix,)-3me s mpe O720 DHVIBY(| 5 o | S0 (3.25)

Proof of Lemma 3.5. If v > 1,we have the following obvious bound

N(t) N(#)

(X () — 3 In )i v, —(X;()—2 In
Y Lixi-gmes gye FOTERORVINOL NI ) g1y s e 1O,
=1 =1

and therefore it suffices to adapt (from the branching random walk to the BBM) the proof of Proposition
4.6 in [25] to obtain the result.
Hence, in the sequel, we suppose that ~ E]%, 1]. For simplicity, we suppose t/2 is an integer. Recall
from a minor adaptation of [3] that for any k1 > 0, we have
P(inf  inf = X;(t) < — ki) <e F1, (3.26)

t>01<i< N(t)

For any k1 > 0, L > 0, the probability in (3.25) is less or equal than

N(t) i
e +P Lint, < o Xi(s) > —k1 X ()= 2 Int > pe 1TV 5 (3.27)
i=1
Clearly, we have
3
{i € [LNOI, inf Xi(s) > —k, Xi(t) — gt ek k+1} = |J U  2"*@.L) (3.28)

ve{t/2,... tYLe{—k,....2Int}
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We consider § > 0 and « €]0, 1] according to lemma 3.4 (recall that ay, = e*! that we will also suppose

to be an integer for simplicity). According to the proof of Lemma 3.3 in [3] (or more precisely its analogue
to BBM), we know that for any ¢, ki, L € N*,

P(Jie [LN®I, ie | U 2"*L) <cO+k)age " (3.29)
k€Z ve{t—ar,...,t}

This inequality is useful for L large.
Now, according to lemma 3.4, we have for any k1, ¢t > 1 and L > 0,

N(¥) _
P Z Lixiw-gme> k}e_W(Xi(t)_% OV > ¢
=1
N(t) _
<e M 4P Z {infy <+ Xi(s) > —k1,X; () =2 Int > k}efv(xi(t)ig ) +ifVIYi(t)| > ¢
N(t)
_ (X ()— 23 i v;
ki 4 p Z {inf, < ¢ Xu(s) > —hnsinfucpeog Xi(s) > 21nt—L, Xo(8) > & In t4k}€ Y (Xi(t) =2 Int)+iBV2 Yi(t) >e
2Int
+ Z P|ielL,N®,ie | U z"*er)
=L+1 k€Z ve{t—ar,...,t}
2Int N(t)
_ . _3 i Y
P D 1D Lpey U zhrope (OTEROTISVERO) 5
L'=L+1 | i=1 kEqu{t/2 ,,,,, t—ayp }

e M4 C(l + k1)e L + ekt Inte 0

4P (X(D=3mD+iBVETLD)| 5 .

§ : -y
ﬂ{lnfs <t Xi(s) = —k1,infeeqy2, Xi(s) = $Int—L, X;(t) > 2 Int+k} €

3

(3.30)

where, in the last inequality, we have used the bound Z?:LH e 0L < Ce oL,
Thus in order to prove (3.25), it remains to study for ¢, L > 0,

P (Xi(0-FmO+iBVIVi(0)| > .

Z Liing, o, Xi(s) >~ infucpejong Xi(s) > S Int—L, Xi(t) > SIntrk}€
(3.31)
According to the Markov inequality and Jensen’s inequality, the probability in (3.31) is smaller than

t

-2 —2B2(t—1) —27(Xn, (1)—21Int)
€ E(Z e e 2 Liint, < o Xi(s) > —kr,infucejog Xi(s) > 8§ Int—L, Xi(t) > 3 Int+k}
=1 TE[LI+1] 0,05 Ti,j =T

X eV X; (1)=2Xn, (7))

(3.32)
t—el t
=ePE( Y | +e B D
=1 I=t—el +1

Again by introducing for any ! > 0, a§” < O'él) < ... the times of successive branching after [, by the
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branching property at these time we can write:

t

e2E Z

I=t—el+1
t
—210 (43 1—v)2—2
< Ce E(t K Z [( ") a Z Z {inf,; < ¢ Xi(s) = —k1,inf g/, Xi(s) > %ln t—L, X;(t) > %ln t+k}
I=t—el +1 TElI41]i>T;
« eI+ X (M) (3.33)

where ¢ > 7 means that 7 is a spliting time of particle <. In the above equality, we have averaged out the
trajectory of particle j on the interval [r,¢]. We also have

t—el t—el
e?E (Y ] < B[ D] 0D N X (=501 gy (3.34)
=1 1=1 T€[L,I+1]

where we have averaged out the particles 4, j on [,t] and n, € A(l) means:

inf, ngnT(S) > —k if I1+1< 3t/4,
infy < 7 Xn, () = — ki, infyepjor Xn, (s) > 2Int — L if 3t/d<l+1<t—e"

First let us bound the term in (3.34). By reasoning as in (3.13) and (3.14) we have

t—eL t—eL N(l)
e’ Z < C Z e 0BMNE-VER Z e’QV(X"(l)*%lnt)]l{ieA(z)} E Z e (Xn (7))
=1 =1 i=1 r<1

t—eb
< Y el (eml—%)BlﬂmB‘eA(l)})

where v/2B. € A(l) means

V2inf, <1 By > — kg if  1+1<3t/4,
V2infy < By > — ki, V2infecpjo Bs > 3Int — L if 3t/A<l+1<t—eh
Then it follows that
t—el 3t/4 t—el
) Z L < Cz e 0BNE-D3v(1=2v)k1 4 Z e~ 0B (=) —(1=27)L
=1 =1 1=3t/4
e V2(1- 2’yﬂt2P<1nf V2B, > — ki, l[n/f ) V2B, > lnt—L V2B, € I,(L — ]))
se(t/2

j=0
< Ot37e1=20k1g=0BMNL/4 | Ce=(1=20L=0(BMe" (1 4 [,
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Now we need to bound the term (3.33). We can bound the term in (3.33) by

t N(t)
ey el1= =280 -3 D Lint, < Xu(s) 3 —r e Xu(®) > $ni-L, Xo(0) > 3lneprpe O O FMein Xi()
I=t—el+1 =1
t
— 2 Z 137 o ((1=7)2=26%)(t~1)
I=t—el+1

V2B —~ (V2B +inf, e 141) V2Bs)
x B (6 [ ! ’ ]l{infs <t V2B 2 —k1,infoe(i/2,q V2B, > %ln t—L,V2B; > %lﬂt'l‘k?}

t
< e7243/2(1=27)k Z el(1=)2=28%)(t=1)

I=t—el +1

o
X E 6(1*2’)’)3‘1}3 (e*'}’(infseu,l+1] V2Bs—/2B;

)
ﬂ{infs <t V2Bs = —ki,inf g2, V2Bs > 3 Int—L,V2B:€I;(—j—k)}
j=1

t
< O(L)e 2321720k N o(A=)*=26% (D)
I=t—el+1

N (1o (1+E)(L+5+F)
Xze( 'Y)] t3/2

j=1

< O(L)e (1 + ky)(L + k)et 20k

where C'(L) is a constant depending on L and we have used standard estimates on Brownian motion (see
for example Lemmas 2.2 and 2.4 in [1]). In conclusion, we have the following bound

(t)
—v(X:(t)—§ Int)+iBvV2 Yi(t)
P Z Liing, ¢, Xi(s) >~k infucpejong Xi(s) = 3Int—L, X;(t) > 3 Int+k} € 2 ze
=1

< 312Nk =8B L Ce=(1=2NE=0BM" (1 4 o)) 4 O(L)e 2(1+ k1 )(L + k)e=20F (3.35)
Gathering (3.30) and (3.35), we finally obtain

N(®)
P> Lixisime s gy KO- ROTVNO) 5 ¢
i 7 int =z
=1

<e ™M 4 C(1+k)e L + Cefrinte
4 O3 e(1=2Vk1 ,—0(B,7)t/4 | Oe*(1*2’7)L*9(51’7)EL(1 + k1) + C(L)E*Q(l + k1) (L + k)e(lfﬁ)k.

Now, one concludes by letting ¢t — co and then choosing successively ki, L, k.

O
Lemma 3.6. We have the following limit for all € > 0
. NU(t) i
A ;u)pk b,Slu>po t@]}p ue%z:(t) t%]l{Xf(t) s A =1, tzfj;,l(t)q]l{xf(t) > %lnt+k’}€_7X;(t)+i\/§ﬂYju(t) z¢e ) =0.
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Notice that we can write:

N™(t

> tHeTOTEN O ) < g Z() Lixr s 3 megprye " OF O X OHVEAT (-
wuEH,; (t) j=1, tf‘rj?fl(t)<b

N(t)
= Z t2 e N +“/_Bmt)11{x () > & Int-+k', JueH, (£),i€BBM(u), X (1) < & Int-+k, t—7, <b}

N(t)
= Z t%wefvxi(t)ﬂﬂﬁmt)ﬂ{xi(t) > 3tk L{icatb,k)}

=1

where BBM (u) is the branching Brownian motion rooted at w, 71« is the splitting time of X;(¢) and
Xi(t) and i € A(l,t,b, k) means:

3
Ju e Hi(t), i € BBM(u), X{{(t) < St +k, t =7y <.

An important observation is that: {i € A(l,#,b,k)} is a set which belong to the sigma field generated by
the real branching Brownian motion, and therefore which is indenpendent of the (Y;(s))s > o, ic[1,N ()] We
want to bound

N(t)
P Z EE e (t)n{xi(t) >3n ey Liieaqpmy| 2 € |- (3.36)

Reasoning as in (3.31), we have:

Y (t))

N(t)
39 X ()4iV/3BY
P Z tze 7XZ(t)JrZ\/EWl(t)]l{xi(t) > 3tttk ) LiicA bk} | =€
i=1
N(t)
—k —y(Xi(t)—2 Int)+iBv2 Yi(t
Le M4P Z Ling, <, xu( > —k1,infaepe/z, Xi(s) = 3 Int—L, Xi(t) > § Int+k,i€A(L,t,b,k)} € Y(Xi(t)—5 Int)+iBv2 Yi(t)
2Int
+ Z P(3ie|l,N@), i€ U U Zhuk(y L)
=L+1 k€Z ve{t—ar,..., t}
2Int N(t)
3 : %
+P Z Z Taey U Z’“lv’“(v,L/),ieA(l,t,b,k)}e_V(Xi(t)_élnt)-H'@ﬁYi(t) >e
L'=L+1|i=1 kez ve{t/2,..., t—ar }

e M L C(1+k)e L +Cefrnt e 2+

) N(#)

+ 5k Z Lhing, < o Xi(s) >~k infucieyog Xi(s) > $Int—L, Xi(t) > & Int+k, i€ A(Lt,b,k)}

1 — (t)—2 1n i Y
o 2 B{[X iy U zmreaaeanunre COTEROTIVERO
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By Jensen’s inequality, we therefore get

e P L O+ Ek)e ™ 4 CePrint e+
t
+ 572E(Z 67252(15—[) Z 6727(Xn7_(7')7g Int) Z
=1 TE[lI+1] 6,J; Ti,j =T

—v(Xi(t)+X,(t)—2X. T
X Lint, <o Xi(s) > —ku,infacieyog Xi(s) > BInt—L, X;(£) > & Int+k, i€ A(Lt,b,k)} € GO (07230 (7))

2Int t—ar,
4 Z E 26—2/3 (t=1) Z Z e~ 27 (Xn, (1)=§ Int) Z e U 250 (0.L), € A0}
L=Lo+1 v=t/2 T€[l,1+1] i\j; Ti,j=T kez
o L
e—y(xi(t)+xj(t)—2xnf(T))} )2
2Int
1
<e k4 C(1+ kl)e_‘sL +CefrInte 0 + A+ er Z (Bp)?,
L=Lo+1

where A and By, are the expectations defined respectively in (3.32) (with &’ in place of k) and (3.12) (to
get the last inequality, it suffices to remove the indicator 1;c(;+,5,k)). We then conclude along the same
lines as the proofs of lemmas 3.4 and 3.5.

O

Study of the limit of the BBM
Here, we define the limit Z(*) defined formally by

u) — AT W) (W) —iv/28B™ 7 — i (u,
Z( )—1+ Ze v (J ) s (J ) X VapY NF(g (u)),T;u)(dedY)>
jz1
We introduce for all m > 1
Z0 =1 4 Ze—vF(u)(TJ(u))—i\/iBB(u)(Tj(“)) e VX +iV2BY /\/’F(?ug( () 7 (dX,dY) >

j=1
We have the following convergence theorem:

Lemma 3.7. Let >0 and v > % be such that B > (1 —)4. The sequence (Zr(#))m converges absolutely
and almost surely towards a non trivial random variable that we denote

u) _ —AT (£ —4/28B0 (7 (W) —X+iv28Y  jr(uw.d)
Z()_1+Ze AL (%) BBYUTT) « T XHIV2B =Np<uf(7(“>),f(“>(dX’dY)>
j>1 PR
Proof. We consider the less obvious case, i.e. § > 0 and ~ E]%, 1] such that 4+ 3 > 1. Since the law of Z(*)
does not depend on u, we consider the case u = 1 and remove the superscript (*) for clarity. We denote
E[.|T, 7] the conditional expectation with respect to I' and (7;); > 1. Now, we have (below C(T, (75); > 1)
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denotes a finite constant depending on I" and (75); > 1)
B[Y e )| < e VY N (dX,dY) > [T, 7]
j*l

Ze WEE[| < e X HV2BY /w w (dX,dY) > [T, 7]

(),

< C(F, (Tj)j S 1) Z ef'yF(Tj)E[(Z e*’YXi(Tj)*’YXi/(Tj)*2[327-i:“;c,)1/2|F77_]

j=1 ko k!
<O, () 1) Y e MODE(Y e XX /@0 7
j=1 ke k'
SO, (ry)521) Y e
=1

< 0

since v €]1/2,1] and where we have used lemma 3.3.

Finally, it is not hard to see that the limit variable Z = lim Z,, is non trivial. Observe that, condi-
m—0o0
tionally to I" and (7;); > 1, the variables (Z,, — Z;,—1)m > 1 are independent and non constant hence Z is

non trivial.
O

Lemma 3.8. Let f >0 and v > % be such that 8 > (1 — ). The sequence 7O defined by

u —AT ) (MY W) (7w — i valy)
Z(97 ) =1+ Z e AT ( j ) V28B ( j ) < ]]-{X < 9}6 yX+ \/§BY7NI(‘(1LQT‘(U)) ) (dX, dy) >
i>1 J k)

converges in probability to Z(™) as 6 goes to infinity.

Proof. We consider the less obvious case, i.e. § > 0 and E]%, 1] such that v 4+ 8 > 1. Once again, since
the law of Z(*) does not depend on u, we consider the case u = 1 and remove the superscript () for clarity.
Now, we have (below C(T, (7;); > 1) denotes a finite constant depending on I" and (7;); > 1)

E[Z" — Z| [T, ]

SB[ e )| < Lyagpe ¥ VY N (dX,dY) > T, 7]
j=1

_ Ze—'yF(Tj)EH < ]l{X>9}e—VX+i\/§,3Y, _lz(‘rj)ﬂ'j (dX,dY) > ||F,T]

= — T —y X (75)— Xj, Ti)—2 27—j‘jl
SO (13)52 1) D¢ B L ny sy Lixg, rpome | H R T 1)
j= k,k’

s
X)X (73) =28 7-’11Z€’)1/2|F,7'] is bounded by the same

Bach term B[(3 4 v Lixi(r))>01Lixs, (r)>0)€
quantity without the indicator function and converges to 0 as 8 goes to infinity. Hence, by the dominated
convergence theorem, we have

T - Xj X7, (m5)—2B%777,
Ze MBS Uixgrpsoy Lixt, ryser R0 o 2T, 7}, 0
k,k’

Therefore, the variable E[|Z(®) — Z| |T', 7] converges almost surely to 0 as 6 goes to infinity. Now, one
concludes by using the following inequality for all € > 0

E[|Z2® — Z||T, 7]

P(Z® - Z] > ) <E
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