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Introduction.

We study Cauchy (and inverse Cauchy) problem for equation

0 0
o reNL =0 wer, 120 (+)

with initial data f(x,0) = f°(z). The most natural (not equivalent) definitions for solu-

tions of problem (*) consists in the existence of solutions f def fe(x,t) for equations

0 0 0?
a—{+<,0(f)a—£:€a—£, >0, zeR, (la) or
df f(xvt)_f(x_€7t)_
E—f—gp(f) e _0, xERJ <1b)
with property
f€<x70) :fo(x)a e >0, (2)

such that f.(z,t) — fo(x,t), when ¢ — +0.

Equation (la) with linear f — ¢(f) was introduced at first by Riemann (1860) (for
e = +0) and later by Bateman (1915), Burgers (1939) and Hopf (1950) (for £ > 0) as the
simplest approximation to the equations of fluid dynamics.

Equation (1a) for general ¢(f) was introduced later in a very different models: dis-
placements of oil by water (Buckley, Leverett, 1942), consolidation of wet soil (Florin,
1948), the road trafic (Lighthill, Whitham, 1955) etc. Equation (1b) was introduced by
Polterovich, Henkin, 1988, for description of a Schumpeterian evolution of industry. In
physical applications of (1a) the main interest has the inviscid case, when ¢ = 40, but the
application of (la) in the transport flow theory and of (1b) in Schumpeterian dynamics
the main interest presents the viscid case, when ¢ > 0.

It is important to remark that behavior of solutions of (1b) with ¢ = +0 is not the
same as the behavior of solutions of (1la) with e = 40, in spite that for £ = 0 the both
equations (1a), (1b) look identical.

In fact, equation (1b) is a semi-discrete approximation of the non conservative equation

of of = . 0°f
e +90(f)% = 590(f)@-

Assumption 1.

Let o= < at, f%(x) be real-valued function of bounded variation on R such that
fOx) = ot, if £2 > +2F, o= < zT. Let o(f) be a positive, continuous differentiable
function of real variable f such that ¢’(f) has only isolated zeros.

Theorem ([5], [19], [10], [11]).
Under assumption 1 and Ve > 0 the following general properties of Cauchy problems
(1la,b) are valid.



a) Cauchy problem (1a), (2) has a unique (weak) solution f(z,t), z € R, t € R;. This
solution satisfies Rankine-Hugoniot conservation laws for ¢t > 0:
f(z,t) = oF, if z — o0, and
0 0o at
d _
Gl [t = s@ds s [@ = o= [ oy

— 0o 0 o

Moreover, if the initial data f°(z) is nondecreasing in x then f(z,t) is nondecreasing
inzVvVit>0.

b) Cauchy problem (1b), (2) has a unique (weak) solution f(z,t), z € R, t € Ry. This
solution satisfies the following conservation laws for ¢ > 0 and 6 € [0, 1):

f(ke +6e,t) = oF, if k— 400, k€Z, and

- +
0 @ 0o «
d / dy / dy 1
— E —+E ——|=—-(a"—a").
dt [_Oo ely) 4 w(y)} s )
f(ke+0¢e,t) f(ke+0e,t)

Moreover, if for some 6 € [0, 1) the initial data f9(ke+0¢,t) is nondecreasing in k € Z,
then f(ke + 6e,t) is nondecreasing in k € Z with the same 6.

Put
Y(u) = —/go(y)dy, u € [a",a™], for (l.a), (3a)
w(u):/%, u € [a”,at], for (1.b), (3b)

Let us introduce respectively for (3a) and for (3b) the concave function 1 (u) as the
upper bound of the convex hull of the set

{(u,v) : v <Y(u), uela,at]}.

Assumption 2. Suppose that for (3a) and respectively for (3b) the set
S={uela",a™]: P(u) < P(u)} has the following form

S=(ay,o)U (a7, )U...(a7,al), where

4a,b
oz_:oza<oz5r<oz1_<air<...<a2_1<of£_l<ozz<a2“:a+. ( )
Let
Oc+
1 l
o=t [y, for (1) 1=0...L, (50)
ap —q
a;
a+
! -1
a = (a a—)< 4y ) for (16), 1 =0,....L (5b)
[ — - TN ) ) — Y 9
o oy



Assumptions 1, 2 and notation (5a,b) imply the following important inequalities (for (1a))
and respectively for (1b):

a=v(a ), l=1,...,L, (6)

Let us remark that the inequalities above are, in fact, equalities except for the cases
l=0and!l=L.

Motivated by models of fluid mechanics Gelfand, [5], had formulated the following
problem:

Ve > 0 to find asymptotic (¢ — oo) of solution f(x,t) of equation (la) with initial
condition (2).

Gelfand had found solution of this problem for the case € = 40 with special (Riemann

type) initial conditions
- a, it x<x
f(:p,O)—{ at, if x> a9

and had noted that it would be interesting to prove that the main term of the asymptotic
(t — o0) of f(z,t), satisfying (1a),(2), coincides with the solution of (1a), (2) with ¢ = +0.

Motivated by models of economical development similar problems were considered
later [11], [12] for equation (1b).

Theorem. (Gelfand, 1959).
Under assumptions 1, 2, solution of (1a) with ¢ = 40 with initial condition (2):
f(z,0) = o, if &(x — z0) > 0, has the following form:

a”, it x—x9 <cot
flz,t) = at, if ©—x9>cpt
90(_1)(‘%_15&)7 lf Clt S r — Xo < Cl_|_1t, O S l < L

The Gelfand problem for (1a), (2) with € > 0 and with monotonic ¢(f) was solved by
Iljin and Oleinik [16].

Theorem (Iljin, Oleinik, 1960).
Let under assumptions 1, 2 f be solution of (1a), (2), ¢ = +0 and ¢'(f) < 0. Then
dtp > 0 such that

B a-, frx<c+x
f(l',t)_{ a+7 ifl’>Ct+mO7 tZtO

where shift parameter x( is determined by Maxwell formula:

xo 0

[ (@@ —ariz+ [ (@) - )iz =0,

—00 xo
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and c is determined by Rankine-Hugoniot formula

c= ;/sﬁ(y)dy-

at—a-

For semi-discrete initial problem (1b), (2) with & > 0 the analogues of the Iljin-Oleinik
results had been obtained in [11].

The following result of Kruzhkov and Petrosjan [17] gives solution of Gelfand problem
for equation (la) with ¢ = 40 and with nondecreasing initial data (2).

Theorem (Kruzhkov, Petrosjan, 1987).

Let under assumptions 1, 2, f(z,t) be solution of the Cauchy problem (1a), (2) with
¢ = +0 and with nondecreasing initial data function fy(z). Let f(x,t) be solution of the
Cauchy problem (1a), (2) with ¢ = +0, where the function ¢ def —1)’ is replaced by the
function ¢ = —¢’ and the initial function fo(z) is replaced by the function

fO(x) = ulX(—oo,xl)(x) + U?X(ml,xz)(x) +... .+ Um X (2 1,400) (.CE),

where ( ) (w:)
F* Ui41 —F* U; .
z; = =2 s 0 Yodi=1,....m—1,m=2L+2,
Ui4+1 — Uy
- _ o+ o _ o+
UL = Qg UL = O vy Up—1 = O, Uy = O,

Foly) = / fol@)dz, F(p) = sup{py — Fo(y)},
0

pGR

X(a,p) is the characteristic function of (a,b) C R.

Then || f(-,t) — f(-, t)HLl(R) — 0, t — oo and the asymptotic locations
{at+d;, 1=0,1,..., L} of shock waves for f(x,t) coincide with the asymptotic locations
of shock waves for f(z,t), and so the shifts d;, = 0,..., L, can be found explicitly.

Remark 1.

The proof of Theorem in [17] is based on the explicit formula of E.Hopf [15] and
M.Bardi, L.C.Evans [2] for the solutions of (1a), (2) with € = 40 and nondecreasing initial
data fo(x)

f(z,t) = 2 sup I(t,z,p),

833 pGR
where y
I(t2.8) = (b2 + 60)) ~ sup(py ~ Falw): Folw) = [ fo(w)da:
yelR 2
Remark 2.



N.S.Petrosjan [20] had announced that under assumption 1 the result of [17] is still
valid for piecewise smooth solutions of the problem (1a), (2) with not necessary monotonic
initial data fo(z) with the property fo(z) € (o™, a™)Vz € (x7,a™).

Assumption 3. Let for (1a) and respectively for (1b) the following inequalities be

valid
a; )#0, Il=1,...,L,

af)#0, 1=0,1,...,L—1,

(p/
90/ 1
olag ) # co, if a6<a8L,
p(of

(af)#cL, if af <aj.

By developing of [17] and of [7], we obtain here the following

Main theorem.
i) Under the assumptions 1, 2, 3, the solutions f(z,t) of the Cauchy-Gelfand problem
(1la,b), (2) with € = 40 have the following asymptotic structure

1FC8) = F DI gy — 0, ¢ = o,

. a”, if ¢ < cot +dy
f(il?,t): 90(_1)(1./26)7 if Clt+dl§$<01+1t+dl+1, l:O,]_,,L—]_
a™, if £ >cpt+dp,

where parameters {c;} determined by (5a) (respectively by (5b)), parameters {d;} are
determined by the respective equations (la,b) and initial data (2a, 2b).

ii) Moreover, 3 t¢* > 0 such that parameters {d;} for problem (la), (2a) are determined
for t > t* by Maxwell type formulas

crt+di (t) v (1)
(f(z,t) —a; )dz + / (f(z,t) — o) )dz = 0,
x:yf(t) r=cit+d;(t)

Flyr 0,0 =a;, [y (t),t) = o, where di(t) =di(t") if t>1",

and parameters {d;} for problem (1b), (2b) are determined for ¢ > t* by formulas

cit+dy (t) v, (t)
V() ~ Wlar e+ [ (WS 0) ~ Wl de =0,
=y, (t) r=cit+d;(t)
g
where \y(f):/wz), () = dy(t*) if ¢ >t

«

The crucial statement of main theorem consists in the equalities d;(t) = 4 (t*), if
t>t*.



Remark 3.

Theorem of Kruzhkov, Petrosjan [17] is the corollary of main theorem, because for
nondecreasing initial data parameter ¢* in the part ii) of main theorem can be taken by
Zero.

Remark 4.

Early T.-P.Liu [18] and A.V.Gasnikov [4] had obtained (only under assumption 1)
a rough versions of part i) of main theorem with shift functions d;(¢) = o(t) instead of
constant shifts d.

1. Comparison result.
For the proof of the main theorem we need the following comparison result developing
Proposition 1 from [6].

Theorem 1.

Under the assumptions 1-3 and definitions (3a,b)-(5a,b) V solution f = f.(x,t) of
(1b), (2) (respectively (1a), (2)) 3 to > 0 such that
YVt > tg, Ve > 0 and for v > 0, b > O(1/v), 1 =0,..., L, the following estimate is valid:

s@“”(%) < el t) < o7V (
for x € [Clt + bl\/g, cl+1t — bl—i—l\/&]-

For the proof of Theorem 1 we can not just apply rescaling of corresponding Proposi-
tion 1 from [6], because now we must take into account that under conditions of Theorem
1 initial function f°(z) = f(x,0) is independent of € > 0. So, we will follow the scheme of
the proof of Proposition 1 from [6], precising the dependence of all parameters on & > 0.
We will give detailed proof only for the case of equation (1b), (2) with e > 0, L = 1,

$+7\/§)

. (1.1)

plag) >co=plag), wlar)=c1>p(af).
The following statement generalizes essentially Proposition 1 of [8].

Lemma 1. Under assumptions of Theorem 1, let L = 1; oy < aar <a; < af; and
let cg, ¢1 be the parameters defined by (3b), (4b), (5b). Put

Ay f(z,t) = fe(x,t) — g}(:r —g,t).

Let fi(x — cit) be travelling wave solutions of (1b) such that fi(z) — o, 1 = 0,1, z —
3 a 4at . . . .

+oo and f;(0) = ;r L (see Prop. 0 in [6]). Consider the following functions f*(z,t),

depending also on parameters {ali}, {a1}, 1 =0, 1, positive small parameters v and § and

positive bounded functions b (t), b (t):

fo (z,t) = fo(m_TcOt),—oo <z < cot + by Vet,

— — (=1 r—vyVet o CcoE
f(z,t) = Jorlt) =D =) = S e (1.2)
where cot + bg\/g <z <cit+ bl_\/g,

fi(z,t) = A (m_clt_(2@+7+26)\/a), cit + by Vet < x < +o0.

7



(o) = (),

where — oo < x < cot — b V/et,
fH(z,t) = f(a,t) = SZJ(—l)(ﬂchvt\/E) + _cie (1.3)

w’(al )(ert—z)’
where cot — bar\/g <z <cit—0b] TVet,
\ ffr(x,t) = fl(‘r—;lt), Clt — bl \/_ t <x < —4o0.

Then the following statements are valid:
i) Vv,6 >0 3 functions

by (t) =+ o(1),
by (t) =~v+ei +0+4/0%2+26y/c1 +o(1),
by (t) =7+ v/co + 6 +1/02 + 20y/co + o(1),

bf (t) = v+ o(1),
satisfying for t > tge = to and 6 € [0, 1] relations:

fo (cot + by Vet, t) = fo;(cot + by Vet, t)
Ay fo (cot + by Vet +0,t) < Ay for (cot + by Vet + 6, 1)

(1.4)
foi(eit + b7 Vet t) = f (ert + by Vet, t)
Ay foi(ert + by Vet +€0,t) < A fi (et + b7 Vet +€6,t);
fof (cot — b Vet t) = fofi (cot — bF Vet, t)
Ay fof (cot — b Vet +e0,t) > Ay f (cot — b Vet + €0, t) 15)

foi (et = b Vet t) = fit(eat — b Vet t)
A foi(ert —bF Vet +e0,t) > Ay fi (ert — bf Vet + 6,1).

ii) V7,6 > 0 and with b, b from i) 3 £y > 0 such that the functions f¥(x,t),
x € R, t > tge, are sub(super)solutions for (1b), i.e.

+

+ T(rt)— fF(x—¢
e B (16

Complement. Lemma 1 is also valid for equation (1a) if in definitions of f35(x, )

T T
numerators ¢, ¢, are replaced by 2, the differences A, f7, A, fi7 by derivatives aafg , 85;1 ,

Bff
ox

and inequality (1.6) in ii) by inequality

or* |

afi . ani
ot

+
Ox?

o(F5)7




Proof.
Lemma 1 of this paper follows from Lemma 1 of [6], by simple rescaling

-t

~ - T
t——, T =, tg— —.
3 3

M |

Lemma 1 is proved.

Let further function f — ¢(f) be extended outside [a~,a™] keeping assumption 1
and the condition ¢'(f) < 0,if f <a~ or f > a™.

By results of [5], [19], [11], (see Prop. 0 in [6]) V small ¢ > 0 3 travelling type
sub(super)solutions of (1b) (resp. of (1a)) of the form

L (E -t ) (1.7)

with overfalls [ F(—1)o, off (—1)!0] and fl (0) = 2(a; +q;"), 1 = 0,1. For parameters
¢ we have ¢ = ¢;(1+£04(0)).

l,o l,o —

Let us replace in the definitions of f¥(z,t) in the statement of Lemma 1 the travelling
waves fi(x —cit), l = 0,1, by o-modified travelling sub(super)solutions (1.7) and rare type
functions f (z,t) by the o-modified rare type sub(super)solutions for (1b) (resp. (la)) of
the form

— _1 /T — Vet Co. o€

f O.(,I,t) = ‘P( b - — : — ’

o ) S e .
ool = o (V) | fiet

ot e P e )

Lemma 2.
Let fF(z,t) be functions of the form (1.2), (1.3), where parameters ali, cl, bli7 [=0,1,
are replaced by the o-modified parameters:

al_,;F:al (— )ZU O‘za —a;ri(—l)laa
b7, = b +0.(0), (1.9
o =c(l+04(0)).

l,o =
Put o(t) =< and d() = p(Int), p > po. Then functions fJ (x,t) satisfy o- modified
relations i), ii) from Lemma 1, if parameter ty = %0 are big enough.

Proof. o- modified relation i) for fI(z,t) follows from non-modified relations (1.4),
(1.5), taking into account that modified parameters (1.9) coinside with non-modified pa-
rameters up to O(%). Taking parameter to = %0 big enough permits to keep sense of strict
inequalities in modified relations (1.4), (1.5), i.e. ini). o- modified relation ii) follows from
o-modified relation i), from non-modified estimates (1.6) and from estimates of derivatives

0 o t
md%) 0, 5;0(0) <0

9



permitting to keep sence of o-modified inequalities (1.6), if parameter £y = %0 is big enough.

Lemma 3.

Let f = f(x,t) be solution of (1b), (2) (resp. (1a),(2)) with L = 1. Let o(£) = £,
d(ﬁ) = p(In ﬁ) If parameters £y = %0 and p are big enough, then function f(x,t) satisfies
YV ¢ > c; the following inequalities:

fo () < fla,t) < f(x,t), <0, t>to,

- 1.10
fo(ct,t) < f(ct,t) < ff(ct,t), z=ct, t>t. (1.10)
Proof.
For proving (1.10) it is sufficient to prove inequalities
fo(zt) <oy, fl(zt)>ap, if ©<0, t>tge, (1.11)
fo(et,t) <ai, fi(ct,t)>ay, if t>te. (1.12)
If + < 0 and parameters fy = %0 and p are big enough, then definitions above imply

existence of \g > 0 independent of € such that

o = (T e b gty < F (e Pt

fa (.T,t) - fO,U(6 60’08 d(g>) S f0,0’( 60,05 plng) S
t t

oy — U+O(exp [(—)\OCOE — Aopln E)D <

ay — % + O(exp [(—)\ocog])o((i

)p>\0) < 060_,
to

1 ~ t
if p>— and ty= U big enough.
)\0 3

Note, that by estimate (6.3) from [13], parameter \¢ can be chosen up to O(%) equal
to solution \g of the equation

Xo = p(ag )P(ag,af ) (1 —e ),

where
ag
_ 1 dy
Yoy, o) = — / .
( 0 0 ) CY(J)F — o SD(y)

%o

For fif(z,t), x <0, estimate follows more easily

oz t t t
ff(z,t) = f({a(g — c;ag + (2§, ++ 26)(5)1/2 + d(g)) >ag +0>aq,
if o big enough.
Inequalities (1.11) are proved.
Let us prove (1.12) by the similar way.

10



For ¢ > ¢y, x = ct and ty = %0 we have

~ x t t
fo (ct,t) = fig(g — Cl_,ag — d(g)) <af —o<af,

ety = Fr (et —er Laaldy = Fro(el —ei— o)t !
fU(Ctﬂt)_fl,a(Cg Cl7a€+d(€))_fl,a(cé_ Cl(l O(t))€+,01n )Z

S
af 4+ 0 —O(exp [(—Xi(c— cl)é + A1pln %D >
t
Oéi’_ + % . O(exp [(_)\1(0 — cl)g])O«%)PM) > Oéii_a

if p > /\% and ty = %0 big enough.
Inequalities (1.12) are proved.
Lemma 3 is proved.

Lemma 4.
Under conditions of Lemmas 1,2 3 7 > 0 (independent of € > 0) such that for ¢t > T
function f = f.(x,t) satisfies inequalities

fo(x,t+7T) < fo(z,t) < ff(x,t = T), z€R. (1.13)

Proof.

From Lemma 3 and from results of [22] (section 2) it follows the existence of T' > 0
such that initial values f(z,to) = f°(x) satisfy (1.13) with to = T

From this and comparison principle for solutions of (1b) (see Lemma 7.3 in [13]) we
deduce inequality (1.13) for t > to = T with T and ?, big enough. Lemma 4 is proved.

Proof of Theorem 1.
From o- modified versions (1.8) of (1.2), (1.3) for fT(z,t) we have

_ Ly = et
f01,a($»t):‘P( 1)(55 Z - ) - o' (ag ") (@ — ¢ 4t)

if cg o t+ by, Vet <a < ey t+ by Vet,

Co.0€

9

where -
c(;,a = QD(Oé(J)ri) = 00(1 + O-i—(z))a Co = Qp(a(J)r)a
_ _ € _
iy =i ) =a(l+04(5), o =gla),

by =v+ e +0+4/62+26y/ci +o(1),

_ _ 5 _ _ _ €
bo.o = bg +O+(¥)> by =+ o(1), by, =b; +0+(g)«

I o, 1) = ot (T IVED oot
0l,0 ’ - — 9
! t (o e ,t — )

if cf t—by Vet <a<cf t—0bf Vet

11



where

£ £
e = Co(1— O+(¥)), & y=c(1- 0+(;))>

19
by.o = by —0+(;);b§ =+ /o + 8 + /62 + 26,/co;
bi, = b — O+(%);bIL =7+ o(1)

Let v =~ + I be such that

90(—1)(90 - 7\/5) < (_1)(95 — Vet

) Co,€ d
- an
t ! t @'ag )l —cq ) )
o1 (m i 7\/5) 0.0 < o1 (5’7 t @\/g)
t ' (ar ) (el gt —a) ~ t 7
where
Coot + by Vet <x < cf jt—bf Vet (1.15)
To obtain (1.14) we must have under condition (1.15) the following inequalities for
I'>0:
1 T Co.o€
\/E < _ 0,0 _ and
(supy’) ¢t ¢ (ag )@ = cgqt) (1.16)
o€ 1 Vet '
o' (ar )l t—x) ~ (supy’) ¢
where
, , /T £
From (1.15) and (1.16) we obtain the following condition for parameter I'":
r €0,0
> ——— and
(sup’) = /(g )by,
N (1.17)
r CO,O'

> i .
(sup ') = ¢’ (ag )T,

To satisfy (1.17) it is sufficient to take I' such that

/ CO,O'
I'> (supyp’) (ot )i and
0 0,0
N oo
I'> (supyp’) TPYeal
0 1,0

From Lemma 4 and inequalities (1.14), (1.15) for ¢ > T and

12



€ [cot + bovet, cit — by \/E] we obtain

oD (— 1 f(;Jr D) < fat) <ot (22 Z”_s(jf —Dy, (1.18)

where by > v+ 0(1), by >v+O(1), y =~ + O(%)
Theorem 1 is proved.

2. Vanishing viscosity method for Cauchy-Gelfand problem.
Theorem 1, incorporated in the proof of Proposition 2 from [7], implies the following
improved version of this proposition as well as of Theorem 2 of [9].

Theorem 2. 3
Let under assumptions and notations of Theorem 1, b; > b, > O(1/v), 1 =0,...,L,

~ > 0. Then 3 tg > 0 such that V ¢t > tg and € > 0 the difference Af = M for

a solution f = f.(x,t) of (1b), (2) and the derivative 8f = (x,t) for a solution f = f.(z,t) of
(1a), (2) satisfy the following estimates

Af) 1 y
P) = +0 (2.1)
( o )= o TG
fOl“IL'G[Clt+bl\/g,clt+gl\/§],ZZO,...,L—l,tZtQ,and
Af) 1 y
) = — + O — (2.2)
( o )= e G

for x € [Clt—gl\/g,clt—bl\/g],l=1,...,L,t2t0.

Corollary.

Under conditions of Theorem 2 dyy > 0 small enough and 4 ¢, > 0 big enough
such that for ¢ > to, v < 79 and € > 0 functions x — f.(x,t) from (la,b), (2) are
increasing functions on the intervals = € [¢;t + bjv/et, ¢t + El\/&], l=0,...,L—1, and
S [Clt—i)l\/g,clt—bl\/g], = 1,...,L.

From theorem 1 and from corollary of theorem 2 Ve > 0 and for big enough ¢ > 0 and
I' > 0 we deduce existence of functions t + yljE (t,e),l=0,...,L, t > ty, with properties

/€F el
fs(yo,t —040 t fs yL7 =ap — 77
f(yl,)—ozli:t“T l=1,...,L—1,

r
ag < fe(z,t) <a8r+\/€?, if =<y (te),
r
07—\ < flet) <af, it 2> yp(te)

T
al_—\/%<f€(:c,t)<al++ < l=1,....,L—1, if y; (t,e) <z <y (te).



This implies correctness of the following definition of Maxwell type shift-functions
d;(t,e) for solutions of (1la,b), (2) with € > 0.

Definition 1.

Under assumptions and notations of Theorem 1 for Cauchy problem (1a), (2) Vtp > 0
and I" > 0 big enough 3! well defined functions d;(t,e) and yljE (t,e), l=0,...,L, t > tg,
€ > 0 such that

cot+do(t,e) yg (t,e) -
B e
(fe(x,t) —ay )dx + / (fe(z,t) —043' — T)dm:O,
—00 cot+do (t,e) (23)
T
fE(yJ’t>:aE)i_+ %7
crt+d;(te) - Y (t.e) -
(o) =ar +y[des [ (it —af =/ Frds =0
y; (t,€) cit+di(t,e) (24)

[el’
fs(yl:tat):a/lij: g_,lzl,...,L—l,

CLt+dL (t,E)

(fe(z,t) —ap + \/?)d:v + / (fe(z,t) — ozz)dac =0,

yy (t,€) crt+dr(t,e) (2.5)

T
fs(yzv )= ap — \/g

To define Maxwell type shift-functions for Cauchy problem (1b), (2) it is sufficient to
replace in definition 1 function f.(z,t) and parameters of° by functions W(f.(z,t)) and

8

)
parameters ¥(ai), where U(f) = [ OR

Theorem 3.

Let ®(f) be such that ¢( f)% = Mg—g). Then under notations of Theorem 1 and
definition 1 V t > tg and € > 0 the following formulas for Maxwell type shift-functions
d;(t,e) for solutions of Cauchy problem (la), (2) are valid:

I d r r
(of —ay +2 %)a(clt—l—dl(t,s)):q)(af—l—\/?)—@(al_— 87)—
Ofe ofe, _
(L 1,00, — P2y 1,2),0)- (2.6
%\/?(ym’@;yl_(t’g) —at—dy(te)), if 1=1,...,L—1,

14



(0 =0 /D)L et + .2)) = 0 + /D)~ b(a )

(2.7)
g(aa];s (y(—)’_(tag)7t) - %\/?(ya_(@g) — cot — d0<t76))7 if 1= )
(af —ap + \@)%w Fdu(t,2)) = B(a7) ~ Blag )+ .

Ofe 1 /e

e, Wrt:e) = 5/ —ert —de(te)), if 1= L.

Proof.
Let us consider firstly the case [ = 1,...,L — 1. Derivation of equality (2.4) from
definition 1 gives equality

d _ el’
%(an—dz(t,s))(fs(clt+dl(t,g),t) —a + T)_
d el’

T (at +di(t o) (fe(at + di(t,e) £) — aff — [ —)+
yr(t,e)

Of(x,1) y, +y yd [el
VDl gy 4 2t +dy — L TIY L[S g
/ o dxt2(at+d; > a7 =0

y, (t,e)
This equality and equation (la) imply

+ el d

(o —a; +2 T)E(Clt +di(t,e))+
ym@aw af 1 [eD "4yt
e e € Yy
— dr — =/ — (gt +d; — +—) = 0.
| o oG gy ek
yf(t,ét)
Using equality ¢( f)% = Mg;f ) we obtain further
_ el d af ofe, _
(of —a; +2 7)£(clt+ di(t,e)) = —¢( 8; (y,",t) — 8.; (y, ,t))+
_ 1 [Tyt +y
DLy 1) — B(felur 1) — 1/ T (T et —ay),
This gives (2.6), taking into account equality
el’
flyi ) = of £ i

15



If I = 0 then derivation of (2.3) implies

i(cot +do(t,€))(fe(cot +do(t,€),t) —ag )—

dt
d el’
%(cot +do(t,e))(f-(cot + do(t,€),t) — af — 7)4—
"1 0s e 4 [T
x,t 3
2 d t+do(t,e) —yd)—1/— =0.
[ D e+ dofrne) - ) | T =0
Using (1a) we have further
r d g 0*f of.
+ _ 3
(ag —ay + 1/ )7 (cot +dolt,€)) + /(s 5z — P(f)5)de—
el’
W(Cot +do(t) —yg) =0
Finally,
_ el'. d of
(af —ag + 7)£(cot+ do(t,e)) = —¢( 8336 (yg . t) — 0)+
_ el’
B(Jy ) — @(fo(00)) — oz (uf — cot + do(®))
This gives (2.7). Equality (2.8) can be proved by a similar way.
Theorem 3 is proved.
Remark 5.
Result similar to Theorem 3 is valid also for shift-functions for Cauchy problem (1b),

(2).
From Theorems 1, 2, 3 we can deduce the following.

Theorem 4.

Under assumptions and notations of Theorem 1 and definition 1 Maxwell type shift-
functions d;(t,e) for solutions of Cauchy problem (la,b), (2) have the following small
viscosity estimate:

d
%dl(t,s):O( e/t), e>0,t>ty, l=0,...,L. (2.9)

Proof (for problem (1a), (2)).
Let us consider the case [ = 1,...,L — 1. In order to obtain estimate (2.9) for this
case we must estimate all terms of (2.6). For these estimates we note that equalities

fg(yli, t) = ali + % and Theorem 1 for I' big enough imply the following inequality
at —TVet <y <y <t +TVet, t >t (2.10)

16



Using (2.10) and Theorem 2 we obtain the following equality

(P i (00,0) — Py (1,2),1) =
£ (— L) (14 0(—— + ) .
the' (o) o(ey) ()t (g )t

Definition 1 and (2.10) imply inequality

lﬁ(yf(t,@ +y;(t,€) —Clt—dl(t,f‘f)) _ O(% E/t\/g) — O(&/t). (2.12)

t 2

Formula (5a) gives equality
(0 —ap ) = ®(af) — ®(ay ). (2.13)

Using (2.13), we obtain

{;T—QZ+z@>%<m+dz<t,e»—@<ai o oter - - 214
Zdi(t,2) + O(VE /).

Finally, (2.11), (2.12), (2.14) imply (2.9). The cases [ = 0 and | = L can be obtained
by a similar way.
Theorem 4 is proved.

Corollary.
Under conditions of Theorem 1V ¢ > ¢

3 HH})dl(t,E) = dl(t,O) = dl(tO,O), = 0, BN ,L.
e—

Proof of the main theorem.

The first statement of the main theorem was obtained in [7], theorem 1. The second
statement of the main theorem follows directly from the first statement and corollary of
Theorem 4.

Remark 6.
Note that in [7] in the proof of theorem 1 there are misprints, which we correct here:
”From (10) and (11) of [7], Proposition 3 with A = (£)1/4 we obtain

A _ 4
dt 4t
o O(%), if A> /%

t
aa% A= {0(\@), it A< /%

17



[11]
[12]

[13]

[14]
[15 ]

[16]

Cat.Cym =0

€13/4
dt ‘e’ 't t>+0(t) )

This gives property (28) in [7] and as a consequence a strong version of theorem 1 in
[7] 'n
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