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ON SETS MINIMIZING THEIR WEIGHTED LENGTH IN
UNIFORMLY CONVEX SEPARABLE BANACH SPACES

THIERRY DE PAUW, ANTOINE LEMENANT, AND VINCENT MILLOT

ABSTRACT. We study existence and partial regularity relative to the weighted
Steiner problem in Banach spaces. We show C! regularity almost everywhere
for almost minimizing sets in uniformly rotund Banach spaces whose modulus
of uniform convexity verifies a Dini growth condition.
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1. INTRODUCTION

This paper contributes to the study of one dimensional geometric variational
problems in an ambient Banach space X. We address both existence and partial
regularity issues. The paradigmatic weighted Steiner problem is

@ minimize fc wdA#t
among compact connected sets C' C X containing F'.

Here #' denotes the one dimensional Hausdorff measure (relative to the metric
of X), w: X — (0, 4+00] is a weight, and F' is a finite set implementing the boundary
condition.

Assuming that problem (&) admits finite energy competing sets, we prove ex-
istence of a minimizer in case X is the dual of a separable Banach space, and w
is weakly™ lower semicontinuous and bounded away from zero, Theorem 3.6. Ideas
on how to circumvent the lack of compactness that ensues from X being possibly
infinite dimensional go back to M. Gromov, [9], and have been implemented by
L. Ambrosio and B. Kirchheim [2] in the context of metric currents, as well as by
L. Ambrosio and P. Tilli [3] in the context of the Steiner problem (with w = 1). The
novelty here is to allow for a varying weight w; the relevant lower semicontinuity
of the weighted length is in Theorem 3.4.

In studying the regularity of a minimizer C' of problem (£?), we regard C as
a member of the larger class of almost minimizing sets. Our definition is less
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2 THIERRY DE PAUW, ANTOINE LEMENANT, AND VINCENT MILLOT

restrictive than that of F.J. Almgren [1] who first introduced the concept. A gauge
is a nondecreasing function £ : RT \ {0} — R* such that £(0+) = 0. We say
a compact connected set C C X of finite length is (£,r9) almost minimizing in
an open set U C X whenever the following holds: For every x € C' N U, every
0 < r < rg such that B(z,r) C U, and every compact connected C’ C X with
C\ B(z,r)=C"\ B(z,r)

one has

AN(C N B(x,r)) < (14 &) (C' N B(x,r)).
One easily checks that if C' is a minimizer of (&?) then it is (£, c0) almost minimizing
in U =X \ F, where ¢ is (related to) the oscillation of the weight w, Theorem 3.8.
For instance if w is Holder continuous of exponent « then £(r) behaves asymptoti-
cally like r* near r = 0.

In order to appreciate the hypotheses of our regularity results, we now make
elementary observations. In case card F = 2 and w is bounded from above and
from below by positive constants, each minimizer C of () is a minimizing geodesic
curve I with respect to the conformal metric induced by w, with endpoints those
of F, Theorem 3.9. Since (') < oo we infer that I' is a Lipschitz curve. In
general not much more regularity seems to ensue from the minimizing property of
I'. Indeed in the plane X = ¢2 with w = 1, every 1-Lipschitz graph over one of
the coordinate axes is length minimizing, as the reader will happily check. However
if X is a rotund! Banach space, then I' must be a straight line segment. Finally,
in case w is merely Holder continuous the Euler-Lagrange equation for geodesics
cannot be written in the classical or even weak sense, and our regularity results
do not seem to entail from ODE or PDE arguments, even when the ambient space
X = /% is the Euclidean plane.

In Section 4 we report on some properties of (£,79) almost minimizing sets C' in
general Banach spaces X. It is convenient — but not always necessary — to assume
that the gauge ¢ verifies a Dini growth condition, specifically that

IS
e = [ 2azip) <.
o P
for each r > 0. We show that for each x € C N U the weighted density ratio
HH(C N B(x,r
expl(r) ZE 0BT

is a nondecreasing function of 0 < r < min{ro, dist(z, X \ U)}, Theorem 4.7. Its
limit as 7 | 0, denoted O (! LLC, x), verifies the following dichotomy:

Either ©' ('L C,z) =1 Or ©'(#'LC,z) > 3/2,

Corollary 4.8. We then establish that reg(C) := CNUN{z : O (1 LC,z) =1} is
relatively open in C'NU and that for each x € reg(C) and every § > 0 there exists
0 < r < ¢ such that C N B(z,r) is a Lipschitz curve that intersects bdry B(z, )
exactly in its two endpoints, Theorems 4.9 and 4.11.

In Section 5 we improve on the regularity of reg(C'). Assume the ambient Banach
space X is uniformly rotund? and let §x (¢) denote its modulus of uniform rotundity,
see 2.10. Let x € reg(C). We assume r; | 0 and each C'N B(z,r;) is a Lipschitz
curve I'; with endpoints x; and :c;r on bdry B(z,r;). We let L; be the affine line

containing z; and :cj We want to show that I'; does not wander too far away
from Lj, i.e. we seek for an upper bound of max.cr, dist(z,L;). Suppose this
maximum equals h;r; and is achieved at z € I';. The triangle inequality implies

Lor strictly convex

2or uniformly convex



WEIGHTED LENGTH 3

AN (T5) = 2= ||+ ||zjfz|\ As X is uniformly rotund, the latter is quantitatively
larger than the length of the straight line segment joining z; and x;r, specifically
Iz = @7 |+ 2 — 2]l > llof — 27 | (1 +dx(Chy))

Theorem 5.2. On the other hand, the almost minimizing property of C says that
ATy < L+ af — a7 |-
It now becomes clear that h; cannot be too large, in fact

hj < C(0%! 0 &)(ry),
which in turns yields the Hausdorff distance estimate
dist »(T'j, L; N B(x, 7)) < C' (65" 0 &)(ry).

Upon noticing that the good radii r; can be chosen in near geometric progression,
we infer that the sequence of affine secant lines {L,} is Cauchy provided

oo

D (050 9)(27) < . (1)

Jj=1

The fact that the relevant inequalities are also locally uniform in x then yields our
main C' regularity Theorem 5.5 under the assumption that dx and & verify the
Dini growth condition (1).

In case £(r) = r®, a change of variable shows that (1) in fact involves solely dx,
namely it is equivalent to asking that

Z 651 (277) < 0. (2)

The condition is met for instance by all L, spaces, 1 < p < oo, as shown by the
Clarkson inequalities. The case when X = {3 is a finite dimensional Euclidean
space has been worked out for instance in [14] (see also [5, Section 12] and [13]).

In Section 6 we apply our existence and regularity results to quasihyperbolic
geodesics for instance in L, spaces. It is perhaps worth noticing that even in the
finite dimensional setting X = £, 2 < p < oo, the problem is not “elliptic”, or
rather the metric is not Finslerian, as the smooth unit sphere Sg;z has vanishing
curvature at +eq,...,=+e,. In fact, in case X is finite dimensional and the unit
sphere Sx is C*° smooth, (2) may be understood as a condition on the order of
vanishing of

fo:TwSx = R:hw—|lv+h| -1,

v € Sx. With this in mind, we show in Section 7 how to completely dispense
with (2) in case dim X = 2, and the norm of X is rotund and C?. The relevant
regularity result Theorem 7.7 states that reg(C) is made of differentiable curves (not
necessarily C1) provided C is (&, 7p) almost minimizing and /¢ is Dini. In order to
prove this we localize the modulus of continuity dx (v;e) relative to each direction
v € Sx. We then consider the subset G = Sx N {v : 9} 1, f,(0) > 0}. We observe
it is relatively open in Sy, and its complement Sx \ G is nowhere dense because
the norm is rotund, i.e. the unit circle Sx contains no line segment. Furthermore,
if v € G then dx(v;e) = c(v)e?, the best case scenario for regularity. To prove the
differentiability of reg(C) at x € reg(C') we need only to establish that the set of
tangent lines Tan(C, z) is a singleton. This set is connected, according to D. Preiss,
[15]. Thus either L € Tan(C,z) NG # () and we can run the regularity proof of
Section 5 “in a cone about L”, or Tan(C,z) C Sx \ G and therefore Tan(C, z) is a
singleton.
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2. PRELIMINARIES

2.1 (Metric spaces). — In a metric space (E,d) we define the open and closed
r-neighborhoods of a subset A C E by the relations

U(A,r)=En{y:dist(y, A) <r}
B(A,r) = En{y:dist(y,A) < r}

where dist(y, A) = inf{d(y,z) : ¢ € A}. If A = {z} is a singleton, these are the
usual open and closed balls U(z,r) and B(z,r). The interior, closure and boundary
of a subset S C FE are respectively denoted by int S, clos.S and bdry S.

2.2 (The ambient Banach space X). — Throughout this paper X denotes a Banach
space with dim X > 2. We do not merely care about the isomorphic type of X,
but also about the specific given norm. Changing the norm for an equivalent one
affects the corresponding Hausdorff measure, and therefore also the solutions of
the variational problems we are interested in, as well as their regularity theory.
Various collections of further requirements about X are made in distinct sections.
Specifically:

(3) In Section 3, X is the dual of a separable space;

(4) In Section 4, X is an arbitrary separable Banach space;

(5) In section 5, X is uniformly rotund, and the main result 5.5 applies when
5;(1 verifies a Dini growth condition, dx being the modulus of uniform
rotundity of X;

(6) In section 6, X is as in section 5;

(7) In section 7, X is a finite dimensional (uniformly) rotund space with C?
smooth norm, and the main result 7.7 also assumes that dim X = 2.

2.3 (Hausdorff distance). — In a metric space (E,d) we define the Hausdorff
distance between two closed sets Ay, As C E as
diStﬂ(Al,AQ) = inf{r >0:A4; C B(Ag,?") and Ay C B(Al,r)} .

If (E, d) is compact then the Blaschke selection principle asserts that (2 (E), dist »)
is a compact metric space, where £ (F) denotes the collection of nonempty compact
subsets of E. It is easily seen that

(I) If lim, dist(An, A) = 0 and = € A then there is a sequence {z,} in F
such that x,, € A,, n =1,2,..., and lim,, d(z,,z) = 0;
(IT) If lim, dist»(A,, A) = 0, 2 € E and {z,} is a sequence in E such that
Tn € Ap,n=1,2,..., and lim,, d(z,,z) = 0, then = € A.
2.4 (Hausdorff measure). — Given a metric space (E,d) we will consider the
1 dimensional Hausdorff outer measure ' defined for subsets A C E by the
following formulas:

%”(é) (A) = inf { Z diam A; : {A;}ies is a finite or countable family of
iel
subsets of F such that A C U;c;A; and diam A; < 6 for all 7 € I}

corresponding to each 0 < § < oo, and

A (A) = sup H5)(A) .

All Borel subsets of E are 7' measurable in the sense of Caratheodory, and the
definition of s#’1(A) remains unchanged if we restrict to closed (resp. open) covers
{A;}ier in the definition of %ﬂ(};) (A). If we want to insist about the underlying

metric space we will write % instead of 1. It is useful to note that if F C E is
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considered as a metric space (F,d | F x F) then 5 (F) = 5} (F). Finally, if E is
a normed linear space and a,b € E, we define the line segment with endpoints a, b
by [a,b] = EN{a+t(b—a):0 <t <1}, and one checks that 71 ([a,b]) = ||b— a]|.
2.5 (A covering theorem). — Given a metric space (E,d) and C' C E, we define
the enlargement of C' as

C = B(C,2(diam C)) = EN {z : dist(z, C) < 2(diam C)} .

In particular B/(x7) C B(z,5r), x € E, r > 0.

A Vitali cover of A C F is a collection % of closed subsets of E with the following
property: For every x € A and every 6 > 0 there exists C € € such that x € C and
diam C < 0. It follows from [8, 2.8.6] that € admits a disjointed subcollection €™
with the following property: For every finite # C €* one has

A\UZ CU{C:Cec*\ F}.

2.6 (Comparing measures). — Given a metric space (E,d) and a finite Borel
measure p on E, we define at each z € E the following generalized upper density:

diam

él(u,x) = lim sup e) :x € CCFE, Cisclosed, and 0 < diamC < § p .
§—0t C

If A C FE is Borel, 0 < t < oo, and él(u,x) >t for every x € A, then
H(A) > 1 (A).

In order to prove this we fix § > 0, € > 0, and we choose an open set U C F
containing A such that p(U) < € + p(A). Our assumption guarantees that with
each z € A and i € {1,2,...} large enough we can associate a closed set Cy; C U
such that z € Cy;, 0 < diam C,.; < i714, and p(Cy ;) > t(1 — &)(diam C, ;). We
extract a disjointed subfamily {C;}jes of {Cy,; 2 € Aji € {1,2,...},C,; CU}
according to 2.5. Since for each finite F' C J one has

Zdiam@ <5 Z diam C; < 5(1 — &) " ' u(E) < oo,

JEF jeF
and since diam C; > 0 for every j € J, we infer that J is at most countable. Thus
we as well assume J = N and we may select k large enough for

Thus,

k [e%S) k
f%ﬂ(é)(A) < Zdiamcj + Z diam@ <(1—g) ! Zu(Cj) +e
j=1 j=k+1 Jj=1
<A —e) Mt e+ p(A) +e.
Letting e — 0 and § — 0 completes the proof.
2.7 (The multiplicity function and Eilenberg’s inequality). — Here we consider a
complete separable metric space (F,d) and a Borel function f : E — R. We recall
that f(A) is £! measurable whenever A C F is Borel, see e.g. [4, Lemma 8.6.1
and Corollary 8.4.3]. It thus follows as in [8, 2.10.10] that the multiplicity function
R — NU{oo} : 7+ card(AN f~H{r})

is .Z! measurable.
Assuming furthermore that f be Lipschitz, the Eilenberg’s inequality [8, 2.10.25]
states that

/]Rcard(Aﬂ FHrY) dZL  (r) < (Lip £ (A).
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We will often apply these two results to the case when f(x) = d(z,z¢), 2o € X.

2.8 (Curves). — A curve in a metric space (F,d) is a topological line segment,
ie. aset I' C F of the type I' = 7([a,b]) where a < b are real numbers and
v : [a,b] — E is an injective continuous map. We call v(a) and v(b) the endpoints
of I', and we write I' := T'\ {7(a),v(b)}. If 2 € " is not an endpoint then I'\ {z} has
two components. If #1(I') < oo then there exists an injective 4/ : [0, #1(T)] — F
such that Lipy’ < 1 and im+’ =T as well. If S C E is compact connected, and
H1(S) < oo, then for each distinct x, 2" € S there exists a curve contained in S
whose endpoints are « and 2’ (see e.g. [3, 4.4.7]).

2.9 (Gauges and Dini Gauges). — Given an interval I = RN {r : 0 < r < b},
0 < b < o0, a gauge on I is a nondecreasing function
&1 — R+

such that lim, o4 £(r) = 0. We often omit to specify the interval I when it is
clearly determined by the context. We say that a gauge £ on I is a Dini gauge
provided

= [ azip) <o

r € I, and we call ¢ the mean slope of £. Notice ( is a gauge as well.

The following are useful examples of gauges. If £(r) < ar®, ¢ > 0,0 < a < 1, we
call £ a geometric gauge and we easily check that it is Dini with () = a=1&(r). As
another class of examples we consider the gauges £(r) = a|logr|~17%, 0 < r < 1,
corresponding to o > 0 and a > 0. We call these log-geometric gauges and we check
they are Dini as well, with ((r) = a~'lallogr|=®. The gauge &(r) = |logr|!,
0 < r < 1, however, is not Dini.

Let 8 > 1. Define I; = [3~U*Y 379] j € N. For any gauge ¢ in I and any
I; C I one has

(5 ) e <2ty g £2)

6 pEl; p
</ j gy
£(p)

< ZLM1y) (sup —) <(B-1)E(B7).

pEl; P

Thus the appropriate comparison tests imply that & is Dini if and only if

DB <0,
j=0
Icr
Furthermore,
> ) < (%) ¢(B=*1),
j=k

whenever k is sufficiently large for I_; C I. Given r such that $%r € I and
choosing j such that r € I;, this also implies that

_; B —(- B
< 7y < (3-1) < 20 .
) <07 < (54 ) o < (52 ) e
2.10 (Uniformly rotund spaces). — We recall that a Banach space X is called
uniformly rotund® (abbreviated UR) whenever the following holds. For every ¢ > 0

Sor uniformly convex
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there exists § > 0 such that for every x,y € Bx,

|w—y|>e:»H””T+y <1-6. 3)

Notice that, corresponding to a fixed € > 0, the set of those 0 < § < 1 for which
(3) holds is a closed interval. Thus there exists a nondecreasing choice € — d(¢) for
which (3) is valid. In fact, given an arbitrary Banach space X and 0 < € < 2, we
put

dx(e) :inf{l—

It is most obvious that §x is a gauge. One notices that X is uniformly rotund if
and only if dx () > 0 for every 0 < £ < 2. In this case dx is called the modulus of
uniform rotundity of X.

We also define

T+y
2

cx,y € X,max{lz], [y} < 1 and ||z —y| > 6} :

55 (t) =sup{e > 0:0x(c) < t}
and we readily infer that §x (¢) < ¢ implies e < 65" (t) foralle > 0 and all ¢ > 0. The
gauge 5;(1, particularly its growth, pertains to the regularity theory of Section 5.

2.11. REMARK. — In the definition of dx(¢) one may require that ||z|| = [jy|| =1
instead of max{||z||, ||y||} < 1. This leads to an equivalent definition of rotundity.
4

3. EXISTENCE

3.1 (Local hypotheses about the ambient Banach space). — In this section X is
the dual of a separable Banach space, with norm || - ||. Its closed unit ball Bx
equipped with the restriction of the weak* topology of X is a compact separated
topological space. It is metrizable as well, owing to the separability of a predual
of X. We let d* denote any metric on Bx compatible with its weak™* topology, for
instance

d*(:Cl)xQ) - 22_n|<yn)$1 - $2>| )

where y1, ¥, ... is a dense sequence of the unit ball of some predual of X. Notice
that d*(z1,22) < ||x1 — 22]|. In the compact metric space (Bx,d*) we denote the
corresponding Hausdorff distance as dist’,. We consider two metrizable topologies
on By: that induced by the norm of X, and that induced by the weak* topology
of X. When we refer to closed (resp. compact) subsets C C Bx we always mean
strongly closed (resp. compact), i.e. with respect to the norm topology of X, and
we use the terminology weakly* closed (resp. weakly* compact) otherwise.

3.2. LEMMA. — Let (E,d) be a metric space.
(A) If C C E is connected, x € C and 0 < r < diam C, it follows that
>

AN C N B(x,r))
(B) IfT if a curve in E with endpoints a and b then s#1(T') > d(a,b).

r;

Proof. (A) There is no restriction to assume C' is nonempty. Given z € C we
consider the Lipschitz function v : E — R : y — d(y, z). Since C' is connected so is
u(C), and r € closu(C) whenever 0 < r < diam C. As Lipu < 1 we infer that

r =6 (0,r]) = 22 (uw(B(z,7) N C)) < 2 (B(x,r)NC).
(B) follows from (A) on letting C =T, x = a, and r = d(a,b). O

4Definition 1.e.1 (Vol. II Chap. 1 Paragraph e) in [11].
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3.3. LEMMA. — FEvery sequence {C,,} of nonempty compact subsets of Bx contains
a subsequence {Cy(ny} such that dist’, (Cr(ny, C) = 0 asn — oo for some nonempty
closed set C C Bx.

Proof. Upon noticing that each C,, is weakly* compact, this becomes a consequence
of the Blaschke selection principle applied to the compact metric space (Bx,d*),
and the fact that a weakly* compact set C is closed. O

3.4. THEOREM (Compactness and lower semicontinuity). — Assume that

(A) {Cyn} is a sequence of nonempty compact connected subsets of Bx ;
(B) dist’,(Cn,C) — 0 for some nonempty closed subset C' of Bx;
(C) w: Bx — (0,+00] is weakly* lower semicontinuous and

n

sup/ wdAt < co.
Ch

It follows that

(D) C is compact and connected;
(E) fC wds" < liminf, an wdAL;
(F) F C C whenever F C C,, for everyn=1,2,....

3.5. REMARK. — If the function w fails to be weakly™* lower semicontinuous, con-
clusion (E) does not need to hold, as the following counterexample shows. Denote
by {ex}72; the canonical orthonormal basis of X = /5, and define w : X — [1,2] by
w(z) := max{1,2 — 8dist(z,span{e; })}. Then consider the sequence {C,} C Bx
of compact connected sets Cy, := v,([0, 1]) where

te, for 0 <t<1/8,
Yo(t) == gen+ (t—3)er for 1/8 <t <7/8,
(1—t)en + 36 for 7/8<t<1.

One easily checks that 3.4 (B) holds with C' = [0, 3e;]. On the other hand we have
an wdA"t =2 for every n =1,2,..., while [wd# =3 > 3.

Proof. Conclusion (F) is a trivial consequence of assumption (B). If inf,, diam C,, =
0 then diam* C' = lim,, diam™ C), < liminf,, diam C,, = 0, thus C is a singleton and
there is nothing to prove. We henceforth assume that a := inf, diam C,, > 0.
The weak* compactness of By together with the nonvanishing and weak® lower
semicontinuity of w guarantee that 7 := infg, w > 0. Therefore J#(C,) <
n! Ie. wd#', n=1,2,... and it ensues from (C) that b := sup,, #(C,,) < cc.

We claim that the sequence of metric spaces {C},} is equicompact. Indeed given
r>0,n=1,2,...,and z1,...,2,, in C, which are pairwise a distance at least 2r
apart, it follows from Lemma 3.2 that

Kt < AN (Co N By, 1)) < A (Cn) < b,
k=1
whence k,, is bounded independently of n. It follows from the Gromov compactness
Theorem (see e.g. [3, 4.5.7]) that there exists a compact metric space (Z,dz), a
subsequence of {C,} which we still denote as {C,}, and isometric embeddings
in: (Cn, |- |I) = (Z,dz) such that D,, :=1i,(C,,) converge in Hausdorff distance in
Z to some compact set D C Z.

We now consider the mappings j, := i, : (Dpn,dz) — (Cp, ||-||). We claim that,
restricting to a subsequence of {D,} if necessary (still denoted by {D,}), there
exists a 1-Lipschitz map j : (D,dz) — (Bx,| - ||) with the following property: For
any sequence { Zy(n) } 0 Z satisfying zpmy € Dy, n=1,2,..., and zpm) — 2z € D,
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we have d*(ji(m)(2kn)),7(2)) — 0. In order to prove this we consider the graphs
Of jn;
Gn = (Z x Bx)N{(z,jn(2)) : 2€ Dy }.

According to the Blaschke selection principle {Gy,} subconverges in Hausdorff dis-
tance, in the compact metric space (Z,dz) x (Bx,d*), to some compact set G.
One readily checks that the projection of G on Z equals D. In addition, we observe
that for any pair (z1,21), (22,22) € G we can find (27, jn(27)), (25, 4n(25)) € G,
such that {(2}, jn(2))}n converges to (zx,zx) in (Z,dz) x (Bx,dw), k = 1,2, as
n — 0o. Referring to the weak* lower semicontinuity of || - ||, and to the fact that
jn is an isometry, we infer that

o1 — wall < tminf [[ju(27) — jn(25)| = liminf dz (27, 28) = dr (21, 72)
n— o0 n—0o0

Consequently G is the graph in Zx Bx of a 1-Lipschitz map j : (D,dz) — (Bx, |||,
ie. G={(z,4(2)): z € D)}. In order to complete the proof of our claim, we need to
establish the asserted property of j. We consider a sequence {2(,)} in Z such that
Zk(n) € Dr(ny, n=1,2,..., and dz(2x(n), 2) — 0 for some z € D. Any subsequence
of {jk(n)(2Kn))} contains a subsequence itself converging weakly™ to some x € Bx.
The Hausdorff distance convergence of {G,} to G then implies that (z,2) € G,
i.e. = j(z). Since this is independent of the original subsequence, the conclusion
follows.

We now establish that C' = j(D), starting with the inclusion C' C j(D). Given
x € C we choose z,, € Cp, n = 1,2,..., such that d*(z,,2z) — 0. Letting z, :=
in(zn), n =1,2,... we infer from the compactness of Z that a suitable subsequence
{2k} of {zn} converges to some z € Z. The Hausdorff convergence of {D,} to
D implies that z € D, and in turn the claim of the preceding paragraph implies
that lim, d* (vy(n),(2)) = lim, d* (ji(n) (2k(n) ), J(2)) = 0, thus & = j(z). The other
way round, given z € D we choose z, € D, n =1,2,..., such that dz(z,,z) = 0.
The claim of the preceding paragraph implies that d*(j,(z»),7(2)) — 0. Since
Jn(zn) € Cp, we conclude that j(z) € C.

The connectedness of D follows from that of each D,,, the Hausdorff convergence
of {D,} to D and the relation g := sup,, #*(D,,) < oo, in the following fashion.
Given 21,20 € D and n = 1,2,..., we choose a curve I';, C D,, with endpoints
21, z2. Since s#1(T',,) < B we may select a parametrization v, : [0,1] — Z of T',, so
that Lipy, < . It follows from the Arzela-Ascoli Theorem and the compactness of
7 that some subsequence of {7, } converges uniformly to some Lipschitz v : [0,1] —
Z. One readily checks that I' = im~ is a curve in D with endpoints z; and z,.
Conclusion (D) follows at once from the equality C' = j(D).

We now turn to proving conclusion (E). There is no restriction to assume that
lim inf,, [ o, W d#' < oo and, extracting a subsequence of {D,,} in the first place,
we may also assume that this limit inferior is a limit:

lim inf /
n C

We also notice that there is no restriction to assume diam D > 0, for if diam D =0
then J#1(C) < s} (D) = 0, because Lipj < 1, and (E) is trivially verified.

With each n = 1,2,... we associate a finite Borel measure u, on Z by the
formula

wd At :lim/ wdsr.
n Ch

n

in(B) = /B () A,

B C Z Borel. Since j, is an isometry we observe that

1) = [ wln@) ) = [ i) i @), @)

C’Vl
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Thus {pn} is bounded in C(Z)* and it follows from the Banach-Alaoglu and Riesz-
Markov Theorems that some subsequence, still denoted { ., }, converges weakly* in
C(Z)* to a finite Borel measure u. We establish now that

O (1, 2) > w(j(2)) (5)

for every z € D.

Fix z € D, 0 < r < diam D and € > 0. Choose z, € D,, n =1,2,..., so that
dz(zn,z) = 0. Choose next z,, € D,,\ B(z,r) and a curve I';, C D,, with endpoints
zn, and 2z, according to 2.8. If n is sufficiently large then B(z,,r/3) C B(z,r),
and arguing as in Lemma 3.2 we infer the existence of Z, € T',, N bdry B(z,,r/3).
We let T, i = 1,2, denote the two components of I';, \ {Z,}. Upon noticing that
diamTI?, > r/3,i = 1,2, we infer from Lemma 3.2 that 5} (T': N B(Z,,r/3)) > r/3,
i = 1,2, and therefore

2r

A D0 Bl [3) > 5 (6)

Considering a subsequence if necessary we may assume that dz(Z,,z) — 0 for
some Z € Z. Now we abbreviate p = r/3 4+ 2 where € > 0 is chosen sufficiently
small for (1 —¢)p < r/3, and we further consider only integers n so large that
dz(zn,2) < € and dz(Zn, Z) < £. One then readily checks that z € B(Z, p) and that
B(Zp,7/3) C B(Z,p). It follows from the latter and (6) that

2r

(1 —¢)(diam B(%, p)) < (1 —¢)2p < 3 < Ay (DN B(2,,7/3))

< A7 (DN B(2,p)). (7)

We now make the additional assumptions that w be Lipschitz (with respect to the
norm | - || of Bx) and we observe that for every { € B(Z, p) one has

= w(jn(zn)) — (Lipw)dz (¢, 2n) = w(jn(zn)) — 2(Lipw)p.

It follows from (7) and the above that

in(B(Z,p)) = / W(n(0)) A (C)

B(z,p)
. (Cegl(fgﬁp) w@n(g))) (Do 1 B, p))
> (w(jn(2n)) = 2(Lipw)p) (1 — )(diam B(Z, p)),

for n sufficiently large. Letting n — oo in the above and referring to Portmanteau’s
Theorem, the weak* lower semicontinuity of w, and lim,, d*(j,(2,),j(z)) = 0, we
infer that

H(B(Z,p)) > limsup un(B(Z, p)) > (w(j(2)) — 2(Lipw)p) (1 — &)(diam B(Z, p)) .

Letting ¢ — 0 and p < r — 0 we obtain (5).
Since (5) holds for every z € D we infer from 2.6 that for every 0 < ¢t < 1 and
every k € 7,
w(D¥) > "7 (DF) =t | ©'(n, 2) dA (2)
Dk
where
DF =Dn{z:t"1 >0 2) > t*}.
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Since we have not discussed the measurability of ©(y, -) we refer to [8, 2.4.10 and
2.4.3(2)] for the next estimate. Summing over k € Z and letting ¢t — 1~ yields

W(Z) > u(D) > /D 6, 2) d) (=) > / w(j(z)) dA) (2)

D

Next we infer from the surjectivity of j and the inequality Lip j < 1 that 71 L_C <
Jx (tﬁle L D). Thus
/ wdAt < / wd[j.(s; LD)] = / (w o j)dA} .
c c D
It then follows from (4) that

/wdﬁflé/(woj)dﬁlegu(Z):Hm,un(Z)
¢} D "

:hm/ (wojn)dz%”zlzlim/ wdA?t .
" JD, nJe,

This completes the proof in case w is Lipschitz. It thus remains only to remove
that assumption. To this end we introduce the Yosida approximations wy of w,
defined by the relation

wy(x) = inf {w(y) + klly — z| : y € Bx} ,
x € Bx, k=1,2,.... We easily check that the sequence {wy} is nondecreasing and

converges everywhere to w, and that each wy is both Lipschitz and weakly™ lower
semicontinuous. Therefore,

n n

/wkdjflgliminf/ wkdjflgliminf/ wdAt,
C Chp Cy

for each kK = 1,2,..., and the conclusion follows from the Monotone Convergence
Theorem. ([l

We now consider a nonempty finite set ' C X and a weakly* lower semicontin-
uous function
w: X — (0, +00]
such that infx w > 0. We let ¥ denote the collection of connected compact sets
C C X such that F C C. With each C € ¥ we associate the weighted length

Zu(C) = /dejfl.

We consider the variational problem

(Pr) minimize .Z,(C)
among C € €F,

assuming that inf(%g,) < oco. Note that this finiteness assumption holds for
instance if w is bounded on the convex hull K of F. Indeed if F = {xg,21,...,24}
we let Co = Uf_,[zo, zk], so that Cy € € and £,(Co) < (supg w) > or_y [|zk—0].

3.6. THEOREM (Existence). — Whenever F and w are as above, the variational
problem (szw) admits at least one solution.

Proof. We apply the direct method of calculus of variations. Define 8 := inf(Zp )
and let {C,,} be a minimizing sequence such that .%,(C,,) < 1+ 3, n=1,2,....
Given n, let x € C, be such that ||z — zo|| = maxyec, ||y — zo||, where 2y € F. Let
T" be a curve in C,, with endpoints x and xg. It follows that

1+ﬁ>.z’w(0n)>/

wdA' > (inf w) A1 (T,,) > (inf w) ||z — 20| .
T, X X
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Therefore C,, C B(xg, R) where R = (1 + 8)(inf x w)~" and the conclusion follows
from Theorem 3.4 applied with B(zg, R). (]

We end this section by showing that the minimizers of problem (#g.,) are
almost minimizing in a sense to be defined momentarily, and the remaining part
of the paper will be devoted to studying the regularity properties of these (more
general) almost minimizing sets.

3.7 (Almost minimizing sets). — Given a gauge &, an open set U C X, and r9 > 0,
we say a compact connected set C' C X is (§,70) almost minimizing in U provided
A1 (C) < oo and the following holds: For every z € CNU, every 0 < r < rg such
that B(z,7) C U, and every compact connected set C' C X with

C'\ B(z,r) = C\ B(z,r)
one has
AN(C N B(x,r)) < (14 &)1 (C' N B(x,r)). (8)
A set C" as above is called a competitor for C in the ball B(z,r).

Given an open set U C X, a function w : U — R, and r > 0, we recall that the
oscillation of w at scale r > 0 is defined by

osc(w,r) = sup{|w(z1) — w(x2)| : z1,22 € U and ||x; — 22| < 7}.
Thus lim, ¢+ osc(w,r) = 0 if and only if w is uniformly continuous.

3.8. THEOREM. — Assume that ' C X is a nonempty finite set, that w : X — [a, 1]
(where 0 < a < b < 00) is uniformly continuous, and that the variational problem
(Prw) admits a minimizer C. It follows that C is (§,00) almost minimizing in
X\ F, relative to the gauge

£(r) = osclunr) (221

a

Proof. Notice that ¢ is indeed a gauge since w is both bounded and uniformly
continuous. Define U = X \ F, and fix = and r such that z € C and B(z,r) C U.
We abbreviate B = B(x,r) and we observe that for each competitor C’ in B one
has

a%l(CﬂB)g/ w(x)d%l(x)g/ w(x) dst (x) < b (C' N B),
CnB C'NB

as well as
(w(xo) — osc(w, ) (C N B) / x) dA ()
CﬁB
/ r) A (x)
C’ﬂB
< (w(zo) 4 osc(w, 7)) (C' N B).
Therefore,

w(x) A (C N B) < (w(zo) 4 osc(w, 7)) (C N B) + osc(w, ). (C N B)
b
< (w(zo) + osc(w, 7)) (C" N B) + osc(w, r)a%ﬂl (C'NB),
and the conclusion follows upon dividing by w(zg) > a > 0. O

Since we are considering 1 dimensional geometric variational problems, it is worth
pointing out the easy local topological regularity of minimizers.
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3.9. THEOREM. — Assume that card F = 2 and that w : X — RT\{0} is uniformly
continuous. It follows that every minimizer of problem (Pr.) is a curve I' with

endpoints those of F, and that ©'(#* LT, x) =1 for each x € T".

Proof. If C' is a minimizer then it contains a curve I' with endpoints those of F,
according to 2.8. It follows that ., (C'\T') = 0, and in turn #*(C'\T') = 0. From
this we infer that in fact C\T' = (), for if z € C\T and r > 0 is so that B(z,7)NT' =0
then 0 < #(C N B(z,r)) < 21 (C\T), according to 3.2, a contradiction.

o

Let &g € I' and r > 0 so that B(zg,r) N F = . We choose an arclength
parametrization v : [a,b] = X of ', and a < to < b such that z¢ = 7(to). Define

t_:=inf{t <to:~(t) € bdry B(xo,7)},
ty :=sup{t > to : v(t) € bdry B(zo,7)}.
We create a competitor for the problem () as follows:
C" =(la,t-]) Uy(t-), o] U [wo, v(t)] U ([t+, b)) -
From the relation .%,,(C) < £, (C") we obtain

/ wdA#! / wdt.
(= t4]) [y (t-).zo]Ulzo,v(t+)]

It entails from the definition of ¢t and t_ that I' N B(zg,r) C v([t—,t+])), thus in

fact
/ wdA#! < / wdt.
'NB(zo,r) [v(t=),zo]U[zo,y(t+)]

We next infer from the uniform continuity of w that
(w(zg) — osc(w; )1 (T N B(xo, 7)) < / wdA
I'NB(zo,r)
as well as
wd A < (w(xg) + osc(w;r))2r .
[y (=)ol Ulwo,v(t4)]
Therefore, if r > 0 is sufficiently small then,
AT N B(xo, 7)) c w(zo) + osc(w; )
2r = w(zwg) — osc(w;r)

Letting » — 07 we infer that ©*}(J#'LT,z9) < 1. The reverse inequality
OL(A#1 LT, x0) > 1is proved in 4.6(C). O

4. ALMOST MINIMIZING SETS IN ARBITRARY BANACH SPACES

We establish the basic discrepancy between regular and singular points of almost
minimizing sets.

4.1 (Local hypothesis about the ambient Banach space). — In this section X
denotes a separable Banach space.

4.2. ScHOLIUM. — We will repeatedly use (without mention) the following ob-
servation. If B C X is a closed ball of radius r > 0 and I' is a curve in X with
endpoints a and b so that a € B and b € B, then ' "bdry B # (). This is because if
v :[0,1] — X parametrizes I" so that f(0) = a and f(1) = b, and if x is the center
of the ball B, then f(t) = ||v(t) — «|| is continuous and f(1) < r < f(0). In fact,
there is the smallest parameter ¢* such that v(¢*) € bdry B. Thus the subcurve I
of T' with endpoints a and ~(¢*) is so that I N B = ().

4.3. PROPOSITION. — Assume that:
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(A)

(B)

is compact and connected, #*(C) < oo, x € C, r > 0, and

B(x,r);
N\{O} cardC Nbdry B= N, and

CNbdry B ={z1,...,zn}.

¢cX
B =
N e

If o € B then
C" = (C\ B) U (Up_y[z0, 24])
is a competitor for C' in B. In particular, if N =1 then
=C\intB
is a competitor for C in B.

Proof. Since C’ is the union of C'\ int B and finitely line segments, it is compact.
We now show that any pair of a,b € C’ is connected by a curve contained in C”.
If a and b both belong to B, they are related connected by a curve in C' N B. We
now assume one or both of a and b does not belong to B. Recalling 2.8, we select a
curve I' C C with endpoints a and b. If ' N B = () we are done. Assume a ¢ B and
choose n € {1,..., N} such that z, is closest to a along I', and denote T, ;, the
corresponding subcurve of T, so that 'y ,, C C’. If b € B then b can be joinded
to x, in C'N B by acurve I'y ;,,, and Ty 4, UT,, » C C” is a curve with endpoints
a and b. If instead b € B then let z,,,, m € {1,..., N} be closest to b along T,
and denote I'y 5, the corresponding subcurve of T', so that 'y, C C’. Finally,
choose a curve I'y,, .  contained in C’ N B with endpoints z,, and x,, and notice
that Ty, UTy, 2, Ul » C C’ is a curve with endpoints a and b. O

4.4. THEOREM. — Assume that:

(A) C C X is compact and connected, U C X is open, 0 < r < rg, v € C,
B(x,r) CU, £ is a gauge;
(B) C is (& o) almost minimizing in U;
(C) r < min(diam C,r9).
The following hold:
(D) card(C Nbdry B(z,r)) > 2;
(E) If card(C Nbdry B(x,r)) = 2 then C N B(x,r) contains a Lipschitz curve
whose endpoints are {xo,x1} = C Nbdry B(x,r);
(F) If card(CNbdry B(z,r)) = 2 and 7 is a point of £ approxvimate continuity
of p — card(CNbdry B(x, p)) then for every 0 < e < 1 there exists (1—e)r <
p <1 such that the following dichotomy holds:
either C' N B(x,p) is a Lipschitz curve and C N bdry B(z, p) consists of its
endpoints;
or CNB(xz,r) contains three Lipschitz curves I'1, Ty, I's whose intersection
is a singleton {} =T1 NIy NT3, and T € int B(z,r) is an endpoint
of each T'1,I'y and T's.

4.5. REMARK. — Several comments are in order.

(A) The “temporary” conclusion (E) does not assert that C' N B(x,r) is a Lip-
schitz curve I', but merely that it contains such I' whose endpoints are on
bdry B(x,r); in particular it is not claimed that z € T.

(B) The first alternative of conclusion (F), however, states that C N B(z, p) is
a Lipschitz curve T'; and that C'Nbdry B(z, p) consists of the endpoints of
I, for p close to r.

(C) The function p +— card(C N B(z,p)) is £ measurable on R, recall 2.7,
and hence approximately continuous .#! almost everywhere, see [8, 2.9.12
and 2.9.13].
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Proof of Theorem /.4. We abbreviate B = B(x,r) and we start by proving (D).
Since z € C'N B and r < diam C we infer that C'Nbdry B is not empty. Assuming
C'Nbdry B is a singleton, we infer from 4.3 (applied with g = 1) that ¢/ = C'\ B
is a competitor for C' in B. Now since C is almost minimizing we would have
HHCNB) < (1+&(r)#1(C" N B) =0, in contradiction with 3.2.

We now turn to proving (E). Let C Nbdry B = {xg,z1}. We will show that
C contains a Lipschitz curve I' with endpoints zy and x;, whose interior I =
'\ {z0, z1} is contained in int B. Recalling 2.8 we infer that there exists a Lipschitz
curve I' C C with endpoints zg and z1. If I'Nint B # () then I C int B for otherwise
card(C' Nbdry B) > 3, a contradiction. Thus (E) will be established if we rule out
the case I' C X \ B.

B = B(z,r)

Zo X1

r

FIGURE 1. A case to rule out in proving (E).

Assuming if possible that rcx \ B we verify that
C' = (C \ B) U {wo,l'l}

is a competitor. It is indeed easy to check that C’ is compact and we now show
that it is connected. Given a,b € C’" we will find a curve IV C C’ with endpoints
a and b. According to 2.8, there exists a curve IV C C with endpoints a and b.
IfI" NintB = @ we let IY = I and we are done. Otherwise I contains one
of zp and z1, and hence also both. We denote by I'{j the subcurve of I with
endpoints a and (say) xo, by I'/ the subcurve of I'V with endpoints x; and b, and
we put I, =TI N B. Thus I =T'{ UT";, UTY and we define a new curve I'' C C’
corresponding to I'f UI'UT/. This completes the proof that C’ is a competitor. Now
since 1 (C' N B) = 0 and C is almost minimizing, we infer that /#(C'N B) = 0.
Together with hypothesis (C), this contradicts Lemma 3.2. Thus conclusion (E) is
established.

It remains to prove (F). Let B, = B(x,r), {zo,21} = C N bdry B(z,r), and
let I' € C denote a Lipschitz curve with endpoints ¢ and x;, and I C int B,,
whose existence results from conclusion (E). The .#! approximate continuity of
p — card(CNbdry B(z, p)) at p = r implies the existence of an increasing sequence
{pr} with limit r and such that card(C N bdry B(z, px)) = 2 for every k. Choose
p = pr with k large enough for (1 — e)r < p < r. Taking k even larger we may
assume that card(I' N B(x, p)) > 2 since I' C int B, and Zg,x1 € bdry B, are the
endpoints of I'. The curve I being a subset of C' we must have card(I'NB(z, p)) = 2.
Abbreviate B, = B(z, p). If CNB, = I'N B, then the first branch of the dichotomy
occurs and the proof is finished. Otherwise let {yo,y1} = CNbdry B, = I'Nbdry B,,.
Choose y € (CNB,)\TI'. Thus C contains a curve I'V with endpoints y and yo. Let
y' be the first point on I (starting from y) that belongs to I'. Clearly v’ € B,.
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Whether y' € int B, or y' € {yo,y1}, one checks that C' contains three nontrivial
Lipschitz curves I'1, ', T's whose intersection is {y'}, two of which are subcurves
of I, the other one being a subcurve of I". O

We now state the basic discrepancy regarding the density of points of almost
minimizing sets.
4.6. THEOREM. — Assume that

(A) C C X is compact and connected, U C X is open, & is a gauge, ro > 0,

reCNU;

(B) C is (& ro) almost minimizing in U.
The following hold.

(C) |l LLCz) > 1;

(D) One of the following occurs: either

ap lim 1O N B(z,r)) _

r—0t 2r ’

or

ol LC,x) = 3)/2.
Proof. Given r > p > 0 sufficiently small, it follows from Theorem 4.4 (D) that
card(C Nbdry B(zx, p)) > 2. Thus
2r < / card(C' N bdry B(z, p))dL (p) < #(C N B(x,r))
0

according to Eilenberg’s inequality, recall 2.7. Conclusion (C) readily follows.
In view of (C), conclusion (D) will be established as soon as we show that the
alternative holds with the first condition replaced by the formally weaker

1
ap lim sup A7 (CN B, )

r—0t 2r

<1. 9)

We define an .#! measurable set G = RN {r > 0 : card(C'Nbdry B(z,r)) = 2}, and
I(r) = r 1LY G N0,7]). We choose 0 < rf < 7o small enough for B(z,ry) C U
and &(r()) < 1/4. We claim that if » € GN [0, r{] then
HHC N B(z,r))
2r

<1+4(r) (10)

and

d(r) =1 - 2¢(r). (11)
In order to prove (10) we recall that our assumption card(C N bdry B(z,r)) = 2
implies C' = (C'\ B(z,7)) U ([zo, #]]U[z, z1]) (where {zo, z1} = CNbdry B(z,r)) is
a competitor, according to 4.3. The desired inequality thus ensues from the almost
minimizing property of C. In order to establish (11) we refer to Theorem 4.4(D),
to Eilenberg’s inequality 2.7, and to (10):

221G N0,7]) +3.2([0,7]\ G)
< /T card(C N bdry B(z, p))dZ* (p)
0

<N C N B(x,7) < (1+E&(r))2r.
In other words,
2rid(r) + 3r(1 —9(r)) < (1 +&(r))2r,
from which (11) readily follows. Still assuming that » € G N [0,7(], the bound

&(r) < 1/4 together with (11) shows there exists another # € G with r/4 < 7 < 3r/4.
Iterating this observation, we infer from the hypothesis GN[0, (] # @ the existence
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of a sequence {7} in G N[0, r(] such that limyry =0 and 1 < 7/rp41 < 4. Now
if rpr1 <7 < g then

20,7\ G) _ Z2([0,r]\G) _ 4ZL1([0,74]\ G)

X X
T Tk+1 Tk

< 8&(rk)

according to (11). Therefore
1
lim ZH0,71NG)
r—0+ T
Furthermore it follows from (10) that

HH(C N B(x,r))
2r

=1.

lim sup <1.

r—0t
reG

It is now clear that if G N[0, )] # @ then (9) holds. If instead G N [0,7(] = @ then
Eilenberg’s inequality implies that for each 0 < r < 7 one has

3r < /OT card(C N B(z, p))dZL*(p) < #(C N B(x,7)).

In particular ©L(1 L C,z) > 3/2. O

In the remaining part of this section we will obtain better information under the
assumption that the gauge ¢ is Dini.

4.7. THEOREM (Almost monotonicity). — Assume that:
(A) C C X is compact and connected, U C X is open, rg > 0;

(B) & is a Dini gauge with mean slope (;
(C) C is (& ro) almost minimizing in U;

It follows that for every x € CNU the function

H1(C N B(x,r))

(0, min{rg, dist(z, bdry U)}) — R : r = exp[¢(r)] o

is nondecreasing.

Proof. Fix x € CNU and let r(z) := dist(z, bdry U). We define N(p) = card(C' N
bdry B(z, p)) € NU {oo} for 0 < p < r(z), and

o(r) = #(CNB(x,r)),

for 0 < r < r(x). Notice that ¢ > 0 according to 3.2.
We infer from Eilenberg’s inequality 2.7 (applied to A = C N (B(x,b) \ B(z,a))
that

/ N(p)dZ () < 9(b) — p(a)

for every 0 < a < b < r(z). In particular N is almost everywhere finite and

N(p) < ¥ (p) (12)

at those p which are Lebesgue points of N and at which ¢ is differentiable. Since ¢
is nondecreasing this occurs almost everywhere. We next select 0 < p < r(z) such
that N(p) < oo and we define

¢ = (C \ B(:C,p)) U U [SC,y]

yeCNbdry B(zx,p)
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It follows from 4.3 that C’ is a competitor for C' in B(x,p). Assuming also that
(12) holds, the almost minimizing property of C' yields
¢(p) = A1 (C Nbdry B(z, p)) < (14 £&(p)) A (C" N Bz, p))
= (L+&(p)N(p)p < (L+E()¢ (p)p-

It follows from the above that

4., _ ¥ 1 1-80) _ 4y () esxnl—
dp1 Be(r) o(p) g (1+&(p)p g P dpl g<p Pl C(pﬂ)'

Since this inequality occurs almost everywhere and ¢ is nondecreasing, we infer
upon integrating each member that

log () - Togp(ra) > o (raexplC(ra)]) = o (1 expl-—C(r)]).
for every 0 < r; < rp < r(x). Our conclusion now easily follows. O

4.8. COROLLARY. — At each x € CNU the density

1
O (AL Cyr) = tim L COB@T))

r—0+ 2r

exists, and either O (A LC,x) =1 or OY (A LC, ) > 3/2.
4.9. THEOREM (Lipschitz regularity). — Assume that:

(A) C C X is compact and connected, U C X is open, 0 < r < rg, x € C,
B(z,r) CU,0<71<1/6;

) £ is a Dini gauge with mean slope (;

) C is (§,10) almost minimizing in U;

) explC(r)] < 1+ 7/4;

) &(r) < 7/4;

) card(C Nbdry B(z,r))

=2.
1t follows that there exists T7r/2 < p < 7r and a Lipschitz curve T' such that C' N
B(x,p) =T and C Nbdry B(x, p) consists of the two endpoints of T.

Proof. We start arguing as in the proof of Theorem 4.6. Letting G and ¥ be defined
as in that proof, we infer from our hypotheses (E) and (F) that ¢(r) > 1 —7/2, see
(11), and we infer from our hypotheses (D), (E), (F), and the inequality 7 < 1/6
that

expl¢(r)]1(C N B(z,r)) < (14 7/4)%2r < (1+7)2r, (13)

see (10). Thus there exists p € G N (7r/2,7r) which is a point of .£! approximate
continuity of p — card(C'Nbdry B(z, p)). It then follows from Theorem 4.4(F) that
our conclusion will be established provided we rule out the second alternative in
that conclusion. Assume if possible that such & € C'N B(z, p) exists. The Eilenberg
inequality easily implies that ©' (1 LLC,%) > 3/2. The following contradiction
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ensues:
g <OYA'LC,7)

< explc((1 — r)ry ZLENBE (0 = 1)r))

2(1 —7)r
< expl(((1 -y A L)

< explc((1 — 1y ZLEN Bl llz = 2 + (1 = 7)r) (|x —F+ - T)r)

2llz = 2 + (1 =7)r) (1 —=7)r
which, according to ||z — Z|| < p < 7r and Theorem 4.7, is bounded by
21(C N B(x,r)) (1+ T )

< expl((r)] T— —

which, according to (13), is bounded by

-
< 1
(+T)( +17)
.3
2

since 7 < 1/6. O

4.10. DEFINITION. — Let C C X and x € C. We say that:

(1) « is a regular point of C if for each 6 > 0 there exists 0 < r < & such that
C N B(x,r) is a Lipschitz curve T' and C Nbdry B(x,r) consists of the two
endpoints of I';
(2) « is a singular point of C if it is not a reqular point of C.
The set of regular points of C is denoted reg(C), and the set of singular points of
C' is denoted sing(C) = C'\ reg(C).

4.11. THEOREM. — Assume that:

(A) C C X is compact and connected, U C X is open, 1o > 0;

(B) & is a Dini gauge;

(C) C is (& o) almost minimizing in U.
It follows that U Nreg(C) = U N {x : OYALC,z) = 1}, that U N sing(C) is
relatively closed in U N C, and that 51(U Nsing(C)) = 0.

Proof. Let x € U. We first show that if (1 L C,z) = 1 then x is a regular
point of C. Since C is closed, we infer that x € C. If ' > 0 is sufficiently small
then 21" < 2#1(C N B(x,7")) < 3r'; the first inequality follows as in the proof of
Theorem 4.6(C), whereas the second results from our assumption. Therefore there
exists 0 < 7 < 7/ such that card(C N bdry B(z,r)) = 2, according to Eilenberg’s
inequality. One can of course assume that r’ is small enough for hypotheses (D)
and (E) of Theorem 4.9 to be verified as well. It then follows from that Theorem
that C N B(z,r") is indeed a Lipschitz curve, for some 0 < 7/ < r’. Since 1’ is
arbitrarily small, we conclude that x is a regular point of C.

We now assume that x € C' is a regular point of C' and we will establish that
Ol(#* L C,r) = 1. By definition, there are r > 0 arbitrarily small such that, in
particular, card(C N bdry B(z,r)) = 2. If we denote by zo, and x;, the corre-
sponding two intersection points, then

C' = (C\ B(z,r) U ([zo.r, 2] Uz, z1.,])
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is a competitor for C in B(z,r), according to 4.3, and therefore 51 (C' N B(x,7)) <
(1+&(r))2r according to the almost minimizing property of C. If r is chosen small
enough for 1+&(r) < (3/2) exp[—((r)] then O} (1 LC,z) < 3/2 according to 4.7.
In turn, it follows from 4.8 that ©'(#' L_C,z) = 1.

We turn to proving the relative closedness of sing(C) in U. We first observe that
the function

0:U—=R:2— 0 LC,x)
is upper semicontinuous. Indeed, according to 4.7, ©(z) = inf,~¢ ©,(z), where
A1(C N B(x,r))
2r '

It then suffices to note that U — R : z +— (1 LC)(B(x,r)) is uper semicon-
tinuous, for each r > 0. Finally, U Nsing(C) = UN{z : Y1 LC,z) > 3/2},
according to 4.8, and the proof is complete.

To conclude, since C is rectifiable [3, Theorem 4.4.8.] it follows from [10] that
Ol LC,x) =1 for # almost every x € C. Hence s#(U Nsing(C)) =0. O

0, :U — R:z— exp[—((r)]

5. THE EXCESS OF LENGTH OF A NONSTRAIGHT PATH AND A REGULARITY
THEOREM

5.1 (Local hypothesis about the ambient Banach space). — In this section X
denotes a uniformly rotund Banach space, with modulus of uniform rotundity dx,
recall 2.10.

If xg, x1 and z are the three vertices of a nondegenerate triangle in a Hilbert space,
then the length of the broken line from zg to x; passing through z is substantially
larger than the length of the straight path from x( to x1, specifically

B2
max{[|zo — z[|?, |z = =1 [?}°

2o = 2l + [z — 2l = |x0z1|\/1+

where h = dist(z, L), L = zo + span{x; — zo}. This ensues from the Pythagorean
Theorem and from the observation that among all such triangles with same height
h, the isoceles triangle has the shortest perimeter.

If X is an arbitrary Banach space, the collection of inequalities

h
nm—zwuz—xu>|m—xm(1+®( )),

max{||zo — 2|, |z — z1][}

for some gauge Js, is equivalent to the uniform convexity of X, see [7, Lemma
IV.1.5]. Next comes an ersatz of the Pythagorean Theorem that makes this obser-
vation quantitative, showing that do and the modulus of uniform convexity of X
have the same asymptotic behavior.

5.2. PROPOSITION. — Assume that X is a uniformly convex Banach space with
modulus of uniform convexity dx, and that xg,x1,z are the vertices of a nondegen-
erate triangle. It follows that

dist(z, xg + span{z; — x
H%ZHHZ$H>|%$H<1H&< (2,20 + span{z, °”)>.

2(llwo — 2l + Iz — 21 1)

Proof. We let Sx = bdry B(0, 1) denote the unit sphere. Referring to the Hahn-
Banach Theorem, with each unit vector v € Sx we associate a closed linear subspace
H, C X of codimension 1 such that Bx lies entirely on one side of v + H,. We
observe that v ¢ H, by necessity, and that there is no restriction to assume that
H_,=H,.

We denote by V' the 2 dimensional affine subspace of X containing zy,z; and
z, and Vp the corresponding linear subspace. We define v = ||z1 — zo|| = (z1 — z0),
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L, = Vo N Hy,, and L = span{v}. As L, and L/ are nonparallel, the following
defines '

{v} = (@o+ L}) N (z+ L) .
We now distinguish between the cases when y’ lies on z¢ + L] between xy and 7,
or not.

First case : y' € [xo,x1]. We define po = ||zo — ¥'||, Bo = V N B(xo, po), and
we let Sy be the boundary of By relative to V. Our choice of H, guarantess that
By lies, in V, on one side of 3’ + L,. Therefore, among the two points of which
So N (zo + span{z — xp}) consists, one belongs to [z, 2]. We denote it as y.

SC()+L/

v

z+ L,

FIGURE 2. Situation of the first case.

We now abbreviate ¢ = p; '||y’ — y|| and we infer from the uniform convexity of

X that ,
1557 = - o < 4= axtenm. (1)

where the equality defines § (thus 8 > dx(¢)).
We claim that

ly =21l = Bpo - (15)
In other words, we are comparing the lengths of the line segments [y, 2] and [(v" +
y)/2,w], where w is at the intersection of zg + span{(y’ +y)/2 — x¢} and Sp, in the
triangle of vertices y’,y and z (see Figure 3 just after).

With each s € R we associate zs = ¢y +s(z —y'). If we denote by P : V — V the
projection onto the line y’ + span{y’ — x¢}, parallel to the line 3’ 4+ span{z — y'},
then the maps f; = (P f[xg,zs])_l are affine bijections from [zg,y'] to [xg, zs]. We
note that the convex function s — ||zs — zo|| has a mimimum at s = 0 — according
to our choice of H, —, and therefore is nondecreasing on the interval s > 0. It
follows that there exists a nondecreasing function s — A(s), s > 0, such that

A (fo(I)) = Ns) 2 (I)

for each interval I C [xg,y’]. We now choose 0 < s1 < sg such that (y' +y)/2 €
[z0,2s,] and z = z,,. It is easily seen that

P(ly,2D) 2 P +v)/2,2]) 2 Py +v)/2,w])
and the the proof of (15) follows.
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Zo

F1GURE 3. Hlustration of (15): the blue segment is larger than the
tiny red one.

It ensues from (15) that
[zo — 2[| = llzo — yll + [y — =l
z (14 B)llzo =yl (16)
Z (1+0x(e)llwo —wll-
We are now going to establish that

dist(z, 2o + span{z; — x
oo — 211> (14 6 (2T Z DY) oy )
2||zo — 2|

Either ||xg — z|| > 2||zo — y||, in which case (17) readily holds since dx(n) < 1 for
each 0 < n < 2, or ||zg — z|| < 2||zg — y||. In the latter case,

_ Iz = x|

dist(z, zg + span{z; — zo}) = v =20l dist(y, zg + span{x; — zo})
—Zo
< 2dist(y, o + span{z; — zo})
<2y =9l

therefore

o ly — 'l < dist(z, zo + span{z1 — xo}) _ dist(z, zo + span{z; — xo})
po 2[|lzo — yll g 2||zo — 2|l
Thus (17) follows from (16), because dx is nondecreasing.
We now repeat the same argument with the vertex x; playing the role of xg.
Since L_, = L,, we observe that the new point 3’ coincides with the one found
previously. The analogous calculations therefore yield

dist(z, o 4+ span{x; — =
o 211> (14 b (EHEZ =D ) 1o,y
2||z1 — 2|

Upon summing inequalities (17) and (18) we obtain

dist(z, zo + span{z; — :co})>) zo — 21, (19)
2max{ |70 — ||, [z — @1} ’

oo — 2l + 12 — 2] > <1+5x<
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which proves the proposition in this case.
Second case : y' & [xg,z1]. We start by observing that we may as well assume

A i=minfl|lzo — 2|, |z = 1|} < [[wo — x4 | (20)

for otherwise the conclusion

[0 — 2| +[Iz — 2] = 2[lwo — 24|
dist(z, zo + span{z1 — xo})
2 1+5x< ! HSC()flL'lH
( 2(|lzo = 2] + Iz — 2all)
readily follows from the trivial inequality 0 < dx(n) < 1, 0 < n < 2. We define
c=(xo+21)/2, 7 = |z — x1]|/2, and we let
{z6, 21} = (o + L)) Nbdry B(c,7 + \) .

It follows from our choice of A, (20), and the definition of L, that the point g’
defined by

{y'} = (wo+ L) N (2 + Lu)
belongs to the line segment [z, 2]. Therefore the first case of this proof applies to
the triangle with vertices zf, 2} and z. Accordingly,

et = 2l + llz = 241 = (1 + 6 [l — 24| (21)

where

, dist(z, zo + span{z1 — xo})
0 =dx ; ; .
2max{||zg — 2|, Iz — =3[}
We notice that
2o = 2l + llz = 241l < [lwo — 2] + ||z — 21 ]| + 2A
< lwo = 2l + [z — 2]l +2(1 + 6")A
as well as
Iz — 2|l = [lwo — 2]l + 2X.
Plugging these inequalities in (21) yields
llzo = 2l + [lz = 21]] = (1 + 0)[lwo — 2],

and it remains to observe that

, dist(z, zg + span{z; — 20})
0 > dx
2(|lwo — 2l + l|lz — @)
because
max{||z( — 2|, |z — 2411} < max{||lzo — 2|, [z — 1]} + A = |lwo — 2[| + ]2 — @]
The proof is now complete. (Il

The following is an ersatz of the Pythagorean Theorem, valid in uniformly convex
Banach spaces.

5.3. PROPOSITION (Height bound). — Assume that:
(A) C C X is compact, connected, U C X is open, 0 < r < rg, x € C,
B(z,r) CU;

(B) & is a gauge and £(r) < 6x(1/32);
(C) C is (& o) almost minimizing in U;
(D) CNB(x,r) is a Lipschitz curve with endpoints xo and 1, and CNbdry B(z,r) =

{1'07351}7'
(E) L =span{z1 —zo}.

It follows that
(F) Nz —zoll = (1 - &(r))2r;



24 THIERRY DE PAUW, ANTOINE LEMENANT, AND VINCENT MILLOT

(G) For every z € C N B(x,r) one has
dist(z,z 4+ L) < 16(65 0 &)(r).

5.4. REMARK. — Under the same assumptions one can in fact show that
1
=~ disty [C N B(z,7), (x + L) N B(z,7)] <80(0%' 0&)(r),
r

but only the weaker version (G) will be used in the proof of Theorem 5.5.

Proof of Proposition 5.3. We start by observing that
2r < A1(C N B(x,r)) < (14 £(r)||z1 — o] - (22)

The first inequality results from 4.4(D) as in the proof of 4.6(C), and the second
inequality follows from the almost minimizing property of C' together with the fact
that
C' = (C\ B(z,r)) U[xg, 1]
is a competitor for C' in B(x,r), according to 4.3. This proves conclusion (F).
Let z € C'N B(x,r) and define

h, = dist(z,z0 + L) .

Notice that ||zg — z|| + ||z — 1]] < 47, name I" the Lipschitz curve C'N B(x,r), and
write Iy (resp. I'1) for the subcurve of I' with endpoints g and z (resp. z and 7).
It ensues from 5.2 that

h:
oo = aall (14 8x (52 ) < lloo =<l + 11
< AN (Do) + 1 ()

=1 (C N B(x,r))
< (1 +&(r)[lzr — ol

where the last inequality follows from (22). Therefore

o () <€,

h:

r

and in turn,
<805 0 )(r), (23)

recall 2.10.

We abbreviate 7 = 8r(d5" 0 £)(r). So far we showed that given z € C'N B(z,7),
there is v, € L such that ||z — (v, + 20)|| < n. As z € C'N B(x,r), there exists
v, € L such that ||z — (v; + 20)|| < 1. Therefore ||z — (v, — v, + 2)|| < ||z — (ve +
2o)|l + |z — (vg + x0)|| < 217 and the proof of (G) is complete. O

In the following we use the terminology universal constant for real numbers that
do not depend on the data (X, C, £ etc).

5.5. THEOREM (C! regularity). — There are universal constantsm > 0 and C > 0
with the following property. Assume that:
(A) C C X is compact, connected, U C X is open, ro > 0, xg € C, B(xg,r0) C
U;
) £ is a gauge and the gauge 5;(1 o ¢ is Dini;
) C s (&,79) almost minimizing in U;
) exp[¢(ro)] < 1+ m where ¢ is the mean slope of &;
)
)

B
D
X
s
S
S
N
=
+
s
[N}
S
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It follows that C' N B(zo,mro) is a C' curve T'. Furthermore if v is an arclength
parametrization of I' then

osc(v';m) < Cw(Cn)

where w is the mean slope of the Dini gauge 5;(1 o€.

5.6. REMARK. — Several comments are in order.

(A)

Since dx(e) < €2 for every 0 < ¢ < 2, see [11, p. 63], we infer that
t < Vi< 5;(1 (t) whenever 0 < ¢ < 1. Thus for any gauge £ and any ¢ such
that £(¢) < 1 one has

£(t) <05 (E))

and it immediately follows from the definition that £ is a Dini gauge when-
ever 0y o ¢ is Dini. In particular hypothesis (D) makes sense. In our
statement ( is the mean slope of £ and w is the mean slope of 5;(1 o&.
Under the assumptions of the Theorem, if 0 < 7 < 1, x € C' N B(xo, 7r0)
and 0 < r < (1 — 7)r then 4.7 (almost monotonicity) implies that

1O N B(z,r)) 1O N B(z, (1 —7)rg))

< exp[C((1 = 7)ro]

2r 2(1—7)ro
< explg(ro) PGP (L)
< (11+ n)’

In particular, when 7 is small, a version of hypothesis (F) holds (with a
slightly worse constant that n) for = close to zp and r sligthly smaller than
ro. We will refer to this observation in the core of the proof.

It is useful to notice that the Theorem applies at all. In fact, if C' C X is
compact, connected and s#1(C) < oo, and if ¢ is a Dini gauge, then for
1 almost every g € C there exists ro = ro(z) > 0 such that assump-
tions (D), (E) and (F) are verified. Of course assumptions (D) and (E) are
satisfied for r¢ small enough independently of x(, whereas assumption (F)
follows from the rectifiability of C' [3, Theorem 4.4.8.] which implies that
O A LC,x0) =1 for #* almost every xg € C, see e.g. [10]. Thus the
only nontrivial assumption of the Theorem, apart from the almost mini-
mizing property of C, is that 5)_(1 o ¢ be Dini.

Let us spell out the kind of regularity obtained in case £(r) < Cr*, 0 < a <
1,and X = L,, 1 < p < 0co. Here we consider an L,, space relative to any
measure space, and we point out that the (£, r9) almost minimizing property
is verified by a solution of the variational problem (£F ) (see near the end
of section 3) provided the weight w is Holder continuous of exponent « (see
3.8). One infers from [11, p.63] that 55;(5) < Cpe'/max{2p} - Thus the

gauge 51171 o ¢ is geometric and it follows that I is Lo/ max{2.p}

Proof of Theorem 5.5. We say a pair (x,7) € C x (RT\ {0}) is good if C N B(z,r)
is a Lipschitz curve I'; . and if C N bdry B(x,r) consists exactly of the endpoints

of I'y .

CLAIM #1. For every x € C N B(xg,79/6) and every 0 < r < (5/6)rg, there
exists r/144 < p < /6 such that (x,p) is good.
We first notice that

A1(C N Bz, (5/6)r0)) < A(C N Blxg, o)) < (14 1/6)2r,
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according to hypothesis (F). Thus we infer from hypothesis (D) and 4.7 (almost
monotonicity) that

HH(C N B(x,7r)) H1(C N B(x,r))

L < expl((r)
< expl¢((5/6)r0)) ZE E(f/(g;ff o)) <1 + i) @ -3

We next define an .#! measurable set G = [0,7] N {p : card C N bdry B(z, p) = 2},
recall 2.7. Tt follows from 4.4(D) and Eilenberg’s inequality that

22(G) +3(r — L1@)) < /0 (card € N bdry B(z, )AL (p)

3 1
<t - - — .
< (CNBx,r)) < (2 24) 2r
It readily follows that #1(G) > r/12. Pick ' € G with 7' > r/12 and apply 4.9
(with 7 =1/6). ]

We apply CLAIM #1 to z = z¢ and r = (5/6)rg to find some pg such that

A (oo o 150
12a\6 ) SP°S6\ 6

and C N B(xg, po) is a Lipschitz curve Ty.

We define r; = 7277, j € N, and for the remaining part of this proof we assume
Jj = jo where jo is chosen sufficiently large for r;, < (5/6)ro. For such r; and
x € CNB(zo,po), CLAIM #1 applies to yield p, ; such that

Tji+1 T; T5
5 =TSP S =12 (24)

and C' N B(z, py ;) is a Lipschitz curve 'y ; whose two endpoints coincide with
C Nbdry B(z, pg,j). We easily infer that

3< Ll <1708, (25)
Px,j+1
We parametrize I'g by arclength + : [a,b] — X. Corresponding to each good pair
(x, ps,;) obtained above, we notice I';, ; C 'y, and therefore
Fm,j = '7([3z + hz_ﬁj, Sz + h;]])

where a < s; < b is so that z = 7(s;) and h, ; <0< h;j.
CLAIM #2. One has

paj < by 5| < (1+26(r)))pa.; (26)
and
|hy ]
3/2 < — < 3456. (27)
|hz,j+1|

The first of the four (set of) inequalities simply follows from Lip~y < 1,
prg = V(82 + N ;) = (sa) | < [yl

We next infer from the almost minimizing property of C' and the fact that (x, pg. ;)
is a good pair,

_ 1/p— 1 1
|he ;1 + |hj7j| = (U, ;) + (F;j) =" T5;)
= AN CNB(,ps,5)) < (L+E(p.5))2pa,j -

The second inequality ensues easily from this and from the first inequality.
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The third and fourth inequalities are consequences of (25) and of |h;IE il < 2paj
which itself follows from the second inequality and £(r;) < 1/2. |

Next we apply 5.3 to each good pair (z, p,;), * € C N B(xo, po). This provides
us with a 1 dimensional linear subspace L, ; € X such that

max{dist(z,z + Ly ;) : 2 € Ty ;} < (1) paj s
where we have abbreviated
e(r) = 16(dx" o &)(r)-
It is useful to recall that § < €, cf. 5.6. Associated with each h € [h ;,h, ;4] U

I]’

[h;jﬂ, h;j] we choose vy, € Ly,; such that

e(rj)pa,; - (28)

We choose a unit vector w, ; € X spanning L, ;, and t; 5 ; € R such that vy, ; =
te.n,jWz, ;. Replacing wy ; by —w, ; if necessary, we also assume that ¢ bt > 0.

17(s2 + ) =2 = v gl <

In the remaining part of this proof we will also use the following abbrev1at10ns:

+ _
V2,5 = Va,nt j

+ _
tz,j - tm,hfd ) "

B('T’pﬂﬂaj)

v(sz + h;j) (82 + h;r,j) Wy, j

FI1GURE 4. Notation of the proof of differentiability.

CLAaM #3.The following hold:
“ti — paj| <&(r)pay, (29)

cmdtJr >0 as well as t, ; <O.

Slnce [lv (82 +hi )— x|| = pg,; the first inequality is an immediate consequence of
(28). In order to determine the signs of the ti ; we proceed as follows. As t; ;=20
(by choice of wy ;) we infer from the first conclusion of the claim that t; ;> 0.

We now show that ¢, ; < 0. We infer from (28) that

1v(se + hj) = v(se + b ) = (125 =t ) )wa 51l < 26(r)paj - (30)
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It follows from 5.3(F) that

17(s2 + Rt 5) = ¥(s0 + g )| = 2p2,5(1 = €(r5)) - (31)
Thus,
e = tal = 2pa4(1 = 3e(ry)), (32)
according to (30) and (31). If t; ;and ¢, had the same sign it would follow from
the first conclusion of this claim that

|t;r,j - t;,j| < 25(7"j)Pm,j .
Plugging this into (32) would yield
2(1 = 3e(ry)) < 2e(ry),

in contradiction with hypothesis (E). [ |
We now introduce a notation for the difference quotients of 4. Let s € [a, b] and
h € R\ {0} such that s+ h € [a,b]. We define

Av((& h) _ ’Y(S + h]?L — ,Y(S) )

We will prove that A (s, k) and A, (s, b

+;) are close, for h € [h, ; h, ;4] U

z,77 " Yx,j+1
[h Gt hf |- To this end we will observe these two vectors are close to positive
multiples of w; ;, and they both have length nearly equal to 1.

CLAIM #4. For every x € C N B(xg,nr), every j > jo, and every h €

[hey s b i U U[hl .., k] one has

x,5° z,j+1 "2 g
1= Co&(rj) < |Ay(s2, M) < 1,

for some universal constant Cy > 0.

The second inequality simply follows from the fact that Lipy < 1. In order to
establish the first inequality we abbreviate x; = v(8z + hZJ), y = v(sy + h), and
x;r =y(sz + h;r,j). We will also denote by I'y, , the portion of the curve I'; ; with
endpoints p,q € I'y ;. We first show that there exists a universal 179 > 0 such that

nolhl < l7v(sz +h) = v(s2)ll = lly — 2| (33)
for every h € [h, ;b ;4] U [hF 11 h;r]] We note that for such h,
1
A (Lay) = |h] 2 pojr1 2 1728

where we used the fact that v is parametrized by arclength, inequalities (26) (ap-
plied to j+1) and (25). Now assume if possible that ||z —y|| < no|h| for some small

7o to be determined momentarily. We would then infer that
ATy o) 2 ly =2 || > pa = Nz =yl = (1= 2m0)pa

according to 3.2 and (26). In turn,

1 1
1 1 1
T = Tyy)+ r Zpei| 1+ =22 2 pri |l 1+ ==

if 7o is small enough. Of course the same estimate holds with z; in place of :cj
Therefore,

1
20,414+ — ) < #Y - Nr

= #(CN Bl psy)) (34)

1 2
< (Hin)) 2025 »
1—mn
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according to Remark 5.6(B) applied with 7 = 1 and r = p, ;. One can choose 1
small enough to yield a contradiction, thereby proving the validity of (33).

We next improve on (33) by showing that there exists a universal Cy > 0 such
that

||
—— < Se+h)—v(sz)| = ||y — | . 35
T Cot(ry) [ ) = (s2)ll = lly — 2| (35)
We define 0 < n(h) by the the following first equation
I A (Cay)
ly — =zl = = g

 14nh)  14+n(h)
(the second equation ensues from the fact that 7 is an arclength parametrization)

and we seek an upper bound for n(h). We define set S” C B(z, p,;) by
g — T, Ulzy]uT, +.

x!
J

We notice that S’ is the image of a (possibly non injective) Lipschitz map [—1,1] —
B(z, ps,j) that sends —1 to z; and +1 to xj It is now easy to check that

C" = (C\ B(@,pz,5)) U S
is a competitor for C' in B(z, p5 ;). Therefore
AN CNB(w,pa) < (1+E(r) 2 (C N B(x, pa,j)) - (36)
Furthermore,
HNC O Bw.pr ) S HC,- ) 4l —yll + AT, ). (37)
Since also
ANCO B, pu)) = HMay) = A, )+ AT y) + AT, ),
it follows from the definition of n(h) that
HNC O B2, pag)) — H(C O Bz, puy)) = H(Tay) — 2 — 3l
> n(h)lly — zl| = n(h)nolh] = n(hyo b 541l = n(hyiopa 41
according to (33) and (26) (applied to j + 1). Plugging this into (36) we obtain
N(h)opa.jr1 < E(r) 2 (C" N B, pay) -

Finally, we notice that (37) and (34) imply that 5 (C’' N B(z, p,;)) < 1 (C N
B(z, ps,j)) < 3pg,; (if  is small enough). Thus,
Pz 1
—5(7’) )
prj+10
which proves (35) in view of (25). |
CLAIM #5. Let x € C N B(xg,mr) and j > jo. If hy; < h < hg ;i then
teng <0 and if h} o <h<hl, thent, ;> 0.
We prove it in case h;jﬂ < h < h;j,
from (28) that
[v(sz + h;_,j) —(sz +h) — (t;n‘r,j — to,h,j ) Wa g
and in turn from (26) (applied to both j and j 4 1) that
lta; = tengl < (sa +hyj) = (sa + D)l +26(r5)pa
< h;:J —h+ 2€(Tj)pz,j
Shyj=hy i1 +2e(r))pa;
< (L+2e(r)))pag = Pajr1 +26(r) s -

n(h) <3

the other case is analogous. We infer

< 2€(Tj)pm,j N
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Assuming if possible that ¢, 5, < 0 we would infer from (29) that
o (1= €(r5)) + [tanjl <55+ [twn il = [t = tonl-
Thus,
|tz ,n,j| < 5&(rj)pz,; — paj+1 < (5.1728&(r;) — 1)pa i1 < (5.16.1728 0 — 1) pg,j41 -

Since the right member of the inequality is negative if 7 is chosen small enough, we
obtain the sought for contradiction. |

We are now ready to finish off the proof of the theorem. We start by fixing
x € B(xo,mro) and we will show that « is differentiable at s,. To this end we fix
first j > jo and h € [hy ;. hy ;4 ]U [h:ﬁp h:J] Dividing (28) by |h|, and referring
o0 (26) and (25), we obtain

ta,hj

h

\|A7<sm,h>| -

<€(rj)pm,j < ( ) Px,j <e Tj)m
lhy 1l Pz, j+1

<1728¢(r;). (38)

[
-

We notice that t,5.;/h and t; ;/h} ; are both positive according to CLAIMS #3

and #5. It therefore follows from CLAIM #4 that

tog _ tag
+

h h%j

Lah,j
h

—IAW(Sz’h)|‘+|IA7(Smh)I—IIA (52, 2y |

h ‘

+

Cl)

A ma -
185 e 2N - |52

z,j

< 2.1728 E(Tj) + C()f(?“j)

= Coe(r;)
for some universal constant C} > 0. In view of (38) we thus obtain
th
18 (25 bz 3) = Do (2 )< || D50, 1 ) = 355w 5
]

+

Jr
tw,j o tm,h,j W s
hiy h )

< 2.1728 e(rj) + Che(r;)

0e(rs).

Applying temporarily this inequality to h = h; j+1 we see that
185 (52, b 1) = Dy (50 by )l < Cile(ry) -
Thus for any k£ > jo and any [ > 1 we have
k411
185 (52, b gr) = Do(s2, by Z 185 (52, b 1) — By (s2, 27 )l
(16 72/71)Clw(rg—1) =: C{'w(rr—1). (40)

according to 2.9. Therefore {A,(sz,h; ;)}; is a Cauchy sequence, whence also
convergent, and we denote its limit by 7/(s;). In order to verify that +/(s;) is
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the derivative of v at s, we combine (39) with (40) in which we let I — oco: If
helhg ,hy ;] Ul 40, hy ] then

17 (s2) = 8y (s, I < 117 (50) = Dy (s0: B )+ 185 (50, 57 5) = Dy (52, h)|
Coe(ry) + Cp'w(rj-1)
206”&)(7’]',1)

= Cé”w(rj,l).

<
<

(41)
We notice that (24), (25) and (26) imply that r;_1 < 144.1728 |h|. Thus (41) finally
yields
17 (s2) = Ay (52, W] < CGw(CglRI)

thereby establishing the differentiability of v at h.

Finally, if z1,20 € C N B(xo,mro) we let 1 = s, and so = s;, and h =
HY Ty wy) = |81 — 2| (since 7 is parametrized by arclength). Upon noticing that
Ay (s1,h) = Ay (s2,—h) we infer from the above inequality that

17/ (s1) = 7/ (s2)| < 11 (51) = o (1, )| + (185 (2, 1) =7/ (s2)]
< 205w (CyIh]) < Cw(Clsy — 52])

for some universal constant C > 0, and the proof of the theorem is complete. [

6. APPLICATION TO THE QUASIHYPERBOLIC DISTANCE

6.1 (Local hypotheses about the ambient Banach space). — In 6.2 X is an arbi-
trary Banach space, in 6.3 X is a reflexive Banach space, and in 6.4 X is uniformly
rotund and 5;(1 is Dini.

6.2 (The quasihyperbolic distance). — In this section we assume D C X is a
nonempty open subset with the following property: For any pair z,y € D there
exists a curve I' C D with endpoints z and y, and #1(T") < co. We now proceed
to define on D a new metric dg, so-called the quasihyperbolic distance of D. We
start by abbreviating

h:D —=R:zw— dist(z, X \ D).
Since D is open and bounded we notice that 0 < h(x) < oo, z € D. It is also
helpful to note, for further purposes, that 1/h is locally Lipschitzian. In fact, if
n>0and D, := DN {x: h(z) > n} then Lip(1/h) [p, < 12, as follows from
’ 11 ‘: ‘h(y)—h(w) < ) —h@)] _ lly — =
h(z)  h(y) h(y)h(z) Uk U
z,y € D,,. For xg,yo € D we now define

1
dq(zo,yo) = inf { / Ed%ﬂl :I' € D is a curve of finite length
r

with endpoints xy and yo} .

It is obvious that for each given competitor I' one has 1/h € Ly (X, 'L T); in
particular dq(zo,y0) < co. There are two points to this section:
(A) The infimum in the definition of dq(xo,yo) is achieved by some curve I'
provided X is a separable reflexive Banach space and D is convex;
(B) If T is a curve that achieves the infimum in the definition of dy(zo, yo) then

I'\ {z0,%0} is a C* open curve provided X is uniformly rotund and 5)_(1 is
Dini.
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In case X = ¢ is a finite dimensional Euclidean space, both results have been
obtained by G. Martin [12]. J. Véisdld proves the existence part (A), [16], and
obtains the regularity part in case X = ¢ is Hilbert, [17]. It should be noted that
our method shows a quasihyperbolic geodesic in £ is C''/2 in the interior, when in
fact the stronger C1'! regularity entails from its quasihyperbolic property, see [17].

6.3 (Existence of quasihyperbolic geodesics). — We assume X is reflexive. As
mentioned before, the existence part (A) above was proved by J. Viisdld. We now
briefly comment on the proof. In order that 3.4 apply to a minimizing sequence
{T',,}, we ought to show that
(1) the weight w : X — (0,+oc] defined by w(z) = 1/h(x) if z € D and
w(x) = +oo otherwise, is weakly* lower semicontinuous, i.e. weakly lower
semicontinuous since X is reflexive;
(2) there exists R > 0 such that I',, C B(z, R) for every n.

The Hahn-Banach Theorem implies that clos D = N& where & is the collec-
tion of translates z + Ej of closed half spaces Ey C X such that D C z + Ej.
Therefore h(x) = inf{dist(z,E) : E € &}, and establishing (1) boils down to
showing that each ¢¥g : x — dist(z, E) is weakly upper semicontinuous. In fact,
as H = bdry E is a hyperplane, there exists a linear form z* : X — R such
that dist(z, bdry E) = |(x,2*)|. Since this function of z is Lipschitzian, one has
x* € X*, and the weak continuity of ¢y now readily follows. To establish (2) we
assume that M := sup,, [, wdA#" < oo, and we write L, := " (I'y). Consid-
ering an arclength parametrization v, : [0,L,] — X of T';, with 7,(0) = x¢, we
estimate

- Ly, 1 Ly, 1
/F wdA ‘/o @) ‘“2/0 h(wo) + (D — O] ©

>/L" LI | (1+ Ln )
> ————dt =1o .
o (o) +1 ST hwo)

Whence L, < h(xg)e™. Since ||x — xo|| < Ly, for every x € T',,, item (2) is proved.
See [16] for details.

We now apply 3.3 and 3.4 to obtain a connected compact set C' C clos D and a
(not relabeled) subsequence still denoted {I',,}, such that dist’,(I,,C) — 0 and
Jowds" < dg(xo,y0). Recall 2.8 that C' contains a curve I' with endpoints xo
and yo; thus [ wdA# < dg(wo,yo). It remains to establish that I' N bdry D = (.
For each 0 < 2n < min{h(xo),h(yo)} we note that if ' N (D \ D,)) # 0 then
A1 ('N(D,\ D2y)) = n and therefore fFﬁ(DT,\Dgn) wdA? = L As [LwdA < oo,

T can therefore meet at most finitely many annuli Dy—; \ Doy—j+1.

6.4 (Regularity of quasihyperbolic geodesics). — We assume X is uniformly rotund
and 5;{1 is Dini. Letting I' be a quasihyperbolic geodesic with endpoints xy and yo,
we recall from the argument above that I' C U = D,, for some 7 > 0, and also that
Lipw p,< n~2. It follows from 3.8 that 5.5 will apply with £(r) < Cr at points
2 € I such that ©(' LI, z) = 1. This is the case of each x € I, according to
3.9. Thus I is, near x, a C1* curve where w is the mean slope of 5)_(1 o &. Since
&(r) < Cr, w is asymptotic to the mean slope of 5;(1. See also 5.6(D).

7. DIFFERENTIABILITY OF ALMOST MINIMIZING CURVES IN 2 DIMENSIONAL
ROTUND SPACES

7.1 (Local hypotheses about the ambient Banach space). — In this section X is 2
dimensional and (uniformly) rotund. We also assume that its norm z + ||z is C?
smooth on X \ {0}. We let Sx = X N {v: ||v|| = 1} be the unit circle.
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7.2 (Local modulus of rotundity). — Here we localize (in direction) the definition
of modulus of uniform rotundity of X. Specifically, for v € Sx and 0 < ¢ < 1, we
define

ox(v;e) = inf{l — w

H:heX,|v—|—h|<1 and |h|>5}.

Our first aim is to show that the rotundity and C? smoothness of the norm imply
dx (v;€) has the best possible behavior (i.e. is asymptotic to £2) except possibly for
a closed nowhere dense set of directions v.

7.3. THEOREM. — There exists G C Sx with the following properties.

(A) Sx \ G is closed and has empty interior in Sx;
(B) For every vy € G there exists p > 0 and C' > 0 such that for each v € Sx,
if |lv —wol| < p then 65 (v;e) < C/E for every 0 < & < 1.

Proof. We denote the norm of X as f : X = R : v +— ||v]|. Given v € Sx we choose
a unit vector e,, € X that generates the tangent line T7,Sx. Thus v, e, is a basis of X
and we denote as v*, e’ the corresponding dual basis (i.e. = (x,v*)v + (z,¢el)e,
for each z € X). We observe that Df(v) = v* and that D?f(v) is a positive
semidefinite bilinear form on X (owing to the convexity of f),

[0+ hll =1+ (h,v") + %DQf(v)(h, h) + o(|[]?) (42)

whenever h € X, where o(||h||?) is little o of ||h||? uniformly in v.
Upon noticing that the function

Sx = R:vs D*f(v)(ey, e)
is continuous, we immediately infer that
G = Sx N{v:D*f(v)(ey,e,) > 0}
is an open subset of Sx and that
B:=8x\G=SxnN{v:D*f(v)(ey,e,) = 0}.

Assume if possible that B contains a nonempty open interval V' C Sx. For each
v € V one has D?f(v)(ey,e,) = 0 and D?f(v)(v,v) = 0 (because the norm f is
homogeneous of degree 1). Since D? f(v) is also symmetric, this clearly implies that
D?f(v) = 0. The same argument applied to points of r.V, r > 0, shows that D?f
vanishes identically in the open connected cone C' = X N{rv:r > 0and v € V}.
Therefore f [¢ is the restriction to C of a linear function [ : X — R, which in turn
shows that V.= C N {l = 1} is a line segment, in contradiction with the rotundity
of f. This proves (A)

We now turn to proving (B). Let V' C G be an open interval containing vg. With
v € V we associate a(v) = £D?f(v)(ey, €,), so that a(v) > 0. Since v — a(v) is
continuous, there is no restriction to assume that V' is small enough for a(v) > a > 0
uniformly in v € V. If £ € R then (42) implies

1
v+ tey|| = 1+ (te,,v*) + §D2f(v)(tev, tey) + o(t?) = 1 + a(v)t? 4 o(t?).

We let hy € X be so that v + h; € Sx,

and we define e, = ||h¢]|. Since

e = <1 + a(v)zf2 - 0(t2)> “r (1 -(11—(2222); 1(222))

4
—

W

w
S~—



34 THIERRY DE PAUW, ANTOINE LEMENANT, AND VINCENT MILLOT

we readily verify that

lim —t =1 uniformly in v € V. (44)
t—0 ¢t
Furthermore, (42) shows that
hy 1, . 1(1., )
vt o :1+§<ht,v )—1—1 (§D f(v)(ht,ht)) + o(t%), (45)
and it follows from (43) that
N t N a(v)t? + o(t? N
{he, v7) = 1+ a(v)t? + o(t?) few,v") = 1 +(a2v)t2 +(0(352) v, 07)
a(v)t? + o(t?)
T T 1+ a() +o(82)
= —a(v)t? +o(t?),
as well as
1DZf(U)(ht hy) = £ <1D2f(v)(ev €v))
2 ’ (14 a(v)t? + o(t?))? \ 2 ’

. ( a(v)t* + o(t?) ))2 (%DQf(v)(v,v))

1+ a(v)t? + o(t?
3 t(a(v)t® +o(t?)) o2 e e
2 (et o) (32 0e)
_ a(v)t? 3
(14 a(v)t? +o(t2))? +0)
= a(v)t? + o(t?).

Plugging these into (45) yields

h
1- v+?t :@tQjLo(tQ).
In view of (44) this means that one can find €9 > 0 such that
h a(v
{2 > e vin <z (46)

Taking if necessary a smaller £¢, we can also assume that any h € X satisfying both
v+ h € Sx and ||h|| < &g is of the form h; for some ¢.

We let now £ > 0 be given and consider an arbitrary v + h € Sx with ||h]| > e.
We distinguish two cases. Firstly if ||h]| < ¢ then (46) says

1—

h a(v) o
—ll > g2,
v+ 2” 5 €
Secondly if ||h|| > €¢ then
1—

U—l—gH >M€2,
where M is defined by
1—|jo+ b
M::min{% : {v,v+h} € Sx and ||A| 250},

which is positive due to the uniform rotundity of the norm. We just have proved,
owing also to Remark 2.11, that
5)((’0;5) > 0062 Yv eV,

with Cy = min(M, £) and Conclusion (B) now easily follows. O
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7.4 (Excess of length of a nonstraight path). — Here we notice that 5.2 can be im-
proved in the following way. In case xg, z1 and z are the vertices of a nondegenerate
triangle in X, one has

dist(z, zo + span{z1 — xo})
o — 2l + 12 — 2]l > llzo — 1] (1+5X <
2(wo — 2] 1 1z — )

where
L1 — 2o
V=
1 — o
The proof is ezactly the same as that of 5.2 once one recognizes that dx(¢) can be
replaced by dx (v;e) in (14).

7.5 (Height bound). — Under our assumptions on X, the height bound 5.3(G)
can be improved to

dist(z,z 4+ L) < 16.65" (v; £(r))

where v = (21 — 20)||x1 — x0||~*. Here 65" (v;£(r)) denotes the value at £(r) of the
reciprocal of the function dx (v;-). The proof, based on 7.4, is identical.

7.6 (Tangent lines). — We now indicate how to apply the previous “localized”
observations to the study of regularity of almost minimizing curves, using the notion
of tangent measure. We point out that everything we do in this number makes sense
in a finite dimensional rotund Banach space. We will often refer to [6] and [15], but
only to elementary results in these papers, in particular those that do not depend
on the Euclidean structure of the ambient space R™ considered there.

Given C' C X a set which is (&, ro) almost minimizing in U C X with respect to a
Dini gauge £, we consider the finite Borel measure y = ' L_C in U. Given x € U
and r > 0 we next consider the finite Borel measure =1 (T} ;). on (U —z)/r, where
Ter(y) = (y—x)/r. A 1 dimensional tangent measure of p at « is, by definition, a
weak* limit of some sequence {r;l(Tm,Tj)* w}, where 7; | 0. The collection of those

is denoted TanV (u, z). We gather useful information about tangent measures.

(A) If 2 € C N U then Tan'™ (1, z) # 0;

B) Ifz € CNU, O (A LC,2) =1, and v € TanM (u, 2), then v = A LW
for some line W € G(X, 1);

(C) Ifz € CNU and O (' L C,x) = 1, recall 4.11 that z is a regular point of
C: If v is an arclength parametrization of some C'N B(x,r) with v(0) = «,
then « is differentiable at 0 if and only if Tan(l)(u, x) is singletonic;

D) If x € CNU, OY#1_C,z) = 1, then the collection of tangent lines
G(X, 1) N{W : A LW € Tan"W (u, 2)} is connected.

Proof of (A). The proof of (A) depends on our assumption dim X < oo through
the application of a compactness Theorem for Radon measures, see e.g. [6, Propo-
sition 5.4]. The relevant almost monotonicity property of p is in 4.7. (]

Proof of (B). Letr; | 0 be such that v is the weak™ limit of the sequence {y;} where
i = rj_l(Tm,Tj)*,u. Abbreviate C; = (C — z)/r;. Using the translation invariance,
and behavior under homothethy, of the Hausdorff measure, one immediately checks
that Cj is (§j,70/7;) almost minimizing in U, ., = (U —x)/r;, where §;(t) = £(tr;),
and that p; = 'L C;. In the vocabulary of [6], each p; is 1 concentrated,
according to 4.6(C). Notice that 4.7 does not show p; is (§;,1) almost monotone in
the sense of [6] (because the condition is verified only at those points of the support
of yij, not all points of U, ,;): We will emphasize this by saying that ju; is (§;,1)
almost monotone on its support. Carefully reading the proofs of [6, 4.2 and 4.1]
reveals that
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(1) For every A > 0 and every ¢ > 0 there exists jo such that C; N B(0,) C
B(suppv, §) for every j > jo;
(2) ©'(v,2) = 1 for every z € suppv.
We put Z = suppv, Zy = ZN B(0,\) and F) = Z) Nbdry B(0, \) for each A > 0.
Select a subsequence {j} satisfying Y, 2¥¢(2%r;,) < 1/6. By the assumption on
the density and 4.4 (D), we may assume that
H1(Cj, N B(0,2%)) 1

2k+1 BRE

and that card Cj, N bdry B(0,2%) > 2 for every k > 1. Setting
Gr = {\ € [0,2%] : card C}j, N bdry B(0,\) > 3},

we infer from 2.7 that #1(Gy) < 2¥/3 . Then we can find for each integer k > 1 a
radius A\, € (2871/3,2%) such that card Cj, Nbdry B(0, \) = 2. Writing {x}, 27} :=
Cj, Nbdry B(0, Ax), the set Cf = (Cj, \ B(0, \x)) U [0, 23] U [0, 23] is a competitor
for Cj,. From the almost minimality of C;, we infer that

A (C]k N B(O’ )‘k)) < 2)‘k(1 + £(Akrjk)) < 2kt + 2k+1£(2krjk)'

Setting Hy = Gj N [0,\], we deduce from 2.7 that L1(Hy) < 2FH1¢(2%r,,).
Therefore £ (H) < 1/3 where H := Uy Hy. Consequently, for each integer k > 1 we
can find a radius Ry, € (Ax—1/3, \x)\G. We shall keep in mind that R, € (2571, 2F)
by construction.

Let us now fix an arbitrary integer k£ > 1. The way we have selected the radius Ry,
ensures that card Cj, Nbdry B(0, Ry,) = 2 for every h > k. We write {y}. ,, vz ,} =
Cj, Nbdry B(0, Ry). Noticing that the set C7 := (Cj, \ B(0, Ry)) U [y3 1, Yi 5] 15
a competitor for Cj, , the almost minimality of C}, yields

H(Cj, N B(0, Re)) < (1+ &(Rerji)lykn — vl

On the other hand, limj, #1(C;, NB(0, R)) = 2Ry, = diam B(0, Ry,) by the density
assumption. By the inequality above, it then follows that limy, |yt , —v7 .|| = 2Ry.
Referring to (1), we now choose a sequence d;, | 0 such that for every h > k
there exist zj ,, 2, € B(0, Rg + dn) with [y} ,, — 24 [ < 0n, @ = 1,2. Taking a
subsequence if necessary, z}'mh — 21 as h — o0, 2} € Fg,, and ||z} — 27| = 2Ry
According to 5.2, the rotundity of the norm implies that the line segment [z}, 23]
is a diameter of B(0, Rg), i.e. 0 € [z}, 27]. We claim that [z}, 23] C Zg,. To prove
the claim, we first notice that C}, N B(0, Ry) contains a curve I';, whose endpoints
are {yj. ;Y n}> see 4.4 (E). By the Blashke Selection Principle, up to a further
subsequence, I'y, — K, in the Hausdorff distance for some compact connected
set K. C B(0, Ry) containing 2} and 27. In particular S (K,) > ||z} — 23| =
2R}.. On the other hand, by lower semicontinuity of .#°! with respect to Hausdorff
convergence, we have

HHK,) < lim inf A Ty) < Jim H1(Cy, N B(0, Ry,)) = 2Ry, .
— 00 — 00

Hence 7' (K,) = 2Ry, and the rotundity of the norm yields K, = [z}, 27]. In view
of (1), we have thus proved the claim. It now follows from (2) and [8, 2.10.19(3)]
that v L B(0, R,) > 'L [z},z7]. Finally, the monotonicity stated in 4.7 and
the density assumption classicaly implies that v(B(0,A)) = 2A for every A > 0.
Therefore v(B(0, Ry)) = #([21, 23]), whence v L_B(0, Ry,) = #' L[z}, 2]. From
the arbitrariness of k we conclude that Z is a line through the origin and v =
AV Z, which completes the proof of (B).

O
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We leave the easy proof of (C) to the reader. It relies on the local convergence
of C; to Z in Hausdorff distance, as was already used in the proof of (B).

Conclusion (D) is our principal tool in this section. It is a consequence of [15,
Theorem 2.6] as we now explain.

Proof of (D). Let us recall that a tangent measure of 4 at the point z in the sense
of [15] is a weak™ limit of some sequence {c;(T;,r;)+p}, where r; | 0 and ¢; > 0.
Following the notations of [15], we write Tan(u,z) the collection of all tangent
measures of p at . The set Tan(u, ) is endowed with the topology induced by the
metric
D(vy,1s) := Z 27Pmin(1, Fp,(v1, 1)),
peEN

/nfdz/lf/nfdyg

(recall that the weak* convergence of Radon measures coincides with the conver-
gence with respect to D). Now we observe that 3.2 together with 4.7 shows that
for r > 0 small enough,
oty BB
T

for some constant £ > 0. It implies that Tan(u, 2) = {ev : ¢ > 0, v € Tan® (u, 2)}.
In turn, we infer from (B) that Tan(u,z) = {c*LW :c >0, W € G(X,1)}.
According to [15, Theorem 2.6], we can conclude that Tan(u,x) is connected. It is
now elementary to check that the map v = ¢ LW € Tan(u,z) — W € G(X, 1)
is continuous, and (D) follows. O

where

Fy(v1,12) = sup {

csupp f € B(0,p), f >0, Lip(f) < 1}

7.7. THEOREM (Differentiable regularity). — We recall our general assumption
for this section that X is a 2 dimensional rotund Banach space. Assume that

(A) C C X is compact, connected, U C X is open, ©9 € CNU, rg > 0,

B(SC(),T()) Q U,'

(B) ¢ is a gauge and \/€ is Dini;

(C) C is (& ro) almost minimizing in U;

(D) YL C, 20) = 1.
It follows that there exists r > 0 such that C' N B(xg,r) is a differentiable curve.

Proof. We explain how to modify the proof of 5.5. Since z is a regular point of C,
recall 4.10, we may assume (letting ¢ be smaller if necessary) each x € CNB(xq, 7o)
is regular as well, and C' N B(x,r() is a Lipschitz curve, according to 4.11. In order
to establish the differentiability of a corresponding arclength parametrization, it
suffices to show Tan(l)(u,xo) contains excatly one element, according to 7.6(C).
We let G be the set associated with the norm of X in 7.3. Abbreviate Tan(C, x¢) =
Sx N{v: AL span{v} € Tan™ (1 LC,x0)}. We will consider the following
alternative: Either Tan(C,z9) NG = (), or Tan(C, z9) N G # (. In the first case,
the connectedness property stated in 7.6(D) and the fact that Sx \ G has empty
interior imply easily that Tan(C,xo) is a singleton and the proof is complete. In
the second case we pick span{vo} = Wy € G(X, 1) such that vg € G, LW, is
a tangent measure to S L_C at x¢, and we choose > 0 so that if v € Sx and
|lv — o]l < m then v € G. The proof of 5.5 remains unchanged until the end of
the proof of CLAIM #2. The application of 5.3 is replaced by an application of 7.5
together with 7.3(B). To each r > 0 such that (zg,r) is a good pair we associate
the unit vector v, generating the line that joins the endpoints of I'y, ,. We may
choose r; > 0 small so that ||v,, — vo|| < n/2. We proceed through the remaining
part of the proof of 5.5 until near (39). In our new notations, this shows that
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lvr; o, — vrll < Cy/&(r;). However for the computations to be valid, one must
make sure at each stage of the iteration that the unit vectors v, still belong to G,
in fact we ought to guarantee that [v,; —vol| < 7 in order that 7.3(B) applies. This

of course can be enforced by choosing 1 so small that C Z;’il VT <n/2. O
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