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How do birth and death processes come down from infinity?

Vincent Bansaye! Sylvie Méléard! Mathieu Richard*
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Abstract

We finely describe the "coming down from infinity" for birth and death processes
which eventually become extinct. Our biological motivation is to study the decrease of
regulated populations which are initially large. Under general assumptions on the birth
and death rates, we describe the behavior of the hitting time of large integers. We let
two regimes appear and derive an expression of the speed of coming down from infinity.
In the case of death rates with regular variations, we also get a central limit theorem and
the asymptotic probability of extinction in small times. Finally, we apply our results to
birth and death processes in varying environment in whose the environment influences
the competition.

Key words: Birth and death processes, Coming down from infinity, Law of large numbers,
Central limit theorem, Extinction probability.

MSC 2010: 60J27, 60J75, 60F15, 60F05, 60F10, 92D25.

1 Introduction

Our goal in this paper is to finely describe the "coming down from infinity" for a birth and
death process which eventually becomes extinct. Our motivations come from the study of
population dynamics with initially large populations. In particular we wish to describe the
effect of the competition in large populations and specify persistence criteria in a possibly
varying environment. For this purpose, we decompose the trajectory of the process with
respect to the hitting times of large integers and we use some asymptotic results about sums
of independent random variables and Tauberian theorems.

The population size is modeled by a birth and death process (X(¢),¢ > 0) whose birth rate
(resp. death rate) at state n € Nis A, (resp. uy). In the whole paper, we assume that A, are
nonnegative and p,, are positive for n > 1 and that pg = Ag = 0. The latter implies that 0 is
an absorbing state. These processes have been extensively studied from the pioneering works
on birth and death processes [11] and on the quasi-stationary distribution [20].
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It is well known [11, 12| that

1
Z N @
i>1

is a necessary and sufficient condition for almost sure absorption of the process at 0, where
for n > 1,
PYREED
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Under (1), we let the initial population size go to infinity and focus on the case where the
limiting process comes back to finite values in finite time. This behavior is captured by the
notion of "coming down from infinity". Characterizations of the coming down from infinity
have been given in [2, 7]. They rely on the convergence of the series

1
e Zm<+oo (2)

or on the finiteness of the first moment of time of absorption, uniformly in the initial condi-
tion. As proved in Van Doorn [20], this is also equivalent to the existence and uniqueness of
the quasi-stationary distribution at 0. In particular, the uniqueness of the quasi-stationary
distribution is deeply related to the way the process comes back into compact sets, see [15] or

[7].

In Section 2, we improve this result by an additional exponential moment condition linked to

the Lyapounov function J(n) = > 7"} lek D skl T

We go further in the description of the coming down from infinity, under a slightly more

restrictive assumption than (1) :

%jza. (3)

That allows us to rigorously define the law P, of the process starting from infinity by a
tightness argument. Assumption (3) is satisfied by the parameters of the classical models
motivated by ecology, including competition between individuals or Allee effect. We also need
the following technical assumption on the death rate to obtain the asymptotic behavior of the
integers hitting times :

sup < 0. (4)
kn>1 Bntk

Two interesting classes of sequences fulfill condition (4): the death rates which are non-

decreasing for large enough integers and the regularly varying death rates (see Section A in

Appendix for definitions).

When conditions (3) and (4) are both satisfied, it is easy to check (see Lemma B.1 in the

Appendix) that the series S is finite if and only if

L < (5)

i>1 i

Under the assumptions (3), (4) and (5), we study in Section 3 the asymptotic behavior of
the decreasing sequence (T},),, of hitting times, defined by

T, = inf{t > 0, X(t) = n}.



Then, (1) and (2) are satisfied, X comes down from infinity a.s. at time 0. We put in light two
different regimes which depend on whether the mean time to go from n+1 to n is negligible or
not compared to the mean time to reach n. We are then able to give the asymptotic behavior
of X for small times. We show that the speed of coming down from infinity is obtained
from a deterministic decreasing function ¢t — v(t) tending to infinity at 0 and defined as the
generalized inverse of the mapping n — E.(7,,) = S — J(n — 1). More precisely, our main

result (Section 4) ensures that
L X()
lim =1,
t—0 v(t)

where the convergence is either in probability or almost surely, depending on the respective
asymptotic behaviors of the birth and death rates. For that, we need to control the trajectory
of the process between two successive times T,,. We also require that the rates u,, are regularly
varying to get the a.s. convergence. In addition, we derive in that case a central limit theorem
(Theorem 4.2) and the probability to be absorbed exceptionally fast (Theorem 5.1). The
proofs rely on a central limit theorem for the sum of independent random variables, some
Tauberian results and coupling arguments. Roughly speaking, we prove that

1
Po(To <t) behaves as exp (—tﬁ) ,

as t tends to 0, where p is the index of the variations of (t, ).

These results apply in particular to the logistic birth and death process and to the Kingman

coalescent. In both cases, we improve the known results on the coming down from infinity.
Lambert [14] characterizes the distribution of the absorption time for the logistic branching
process starting from infinity. Our work extends to very general death rates, as polynomial
increase, which are motivated by ecological data for competition of species, see e.g. Sibly and
al [17].
The proof of the speed of coming down from infinity for Kingman coalescent has already been
obtained in Aldous [1]. We complete this result by estimating the probability that the most
recent common ancestor is achieved very fast. Our proof also suggests the way this rare event
occurs by considering the associated successive coalescent times.

Section 6 is devoted to the main application of our results, which is an extinction criterion
for time inhomogeneous birth and death processes. These processes have been studied in the
framework of randomly varying environment, as described in Cogburn and Torrez [9], [18].
Our results allow to obtain extinction results in cases where the environment can be both
unfavorable during some periods and favorable during the rest of the time. We quantify the
minimal duration of the unfavorable environmental periods leading to eventual extinction.
For example, this problem is relevant in epidemiology, when the environment influences the
parameters of the infection (see Bacaer-Dads [3] and van den Broek-Heesterbeek [19]). The
proof relies on the evaluation of the probability of extinction for time homogeneous birth and
death processes starting from oo given above.

The paper is organized as follows. In the next section, we work under the extinction
assumption (1) and gather general characterizations of the coming down from infinity, such
as (2). Focusing on the subclass of birth and death processes satisfying (3), (4) and (5) in
Section 3, we describe the hitting time of large integers when the process starts from infinity.
Under some additional assumption, we can then derive in Section 4 the asymptotic behavior
of X (t) when t is small. Moreover, when the death rate has regular variations, we can also



quantify the probability of extinction before a small time (Section 5) and the minimal time of
competition leading to extinction in varying environment (Section 6). Finally in Appendix,
we illustrate our results by several examples and give some useful details on regularly varying
functions.

2 Coming down from infinity

We first focus on the time spent by the process (X(t),t > 0) to go from level n+ 1 to level n.
We introduce the notation

Tp i=1nf{t > T),11; X(t) =n} —Thy1, Gnla):=E(exp(—ar,)), (a > 0).

By the strong Markov property, 7, has the law of T}, under P,; and the random variables
(Tn)n>0 are independent.

Proposition 2.1. For each n € N, we have

E(r) = Bua(T) = 10— Y. m (6

and for every a > 0,

Pn+a  fin 1
An An Gn-1(a)’ @

Gn(a) = Epq1(exp(—aTly,)) =1+

Proof. The proof of the first part uses the Lyapounov function defined for all m € N* by

1
J(m) = py— Z m  ifm>2,
0 if m < 2.

We denote by L the infinitesimal generator of X: for any bounded function f on N and any
n € N*

L(f)(n) = (f(n+1) = f(n)) An + (f(n = 1) = f(n)) .- (8)
One easily checks that for any m € N*,

LJ(m) = —1.
Thus, the process .
J(X(1)) — /O LJ(X (u))du = J(X (1)) +1

is a martingale with respect to the natural filtration of X. Therefore, we have for all k£ > 0
and t > 0,
Envi1i(J(XEANT))) + Epi(tEAT,) = J(n+1). 9)

Adding that J is bounded by S < +o00, we can use the bounded and monotone convergence
theorems to let ¢ — oo in (9) and get

Eni1(J(X(T0))) + En1(Th) = J(n) + En1(Th) = J(n + 1).



Thus E,,4+1(7},) = J(n+1)—J(n) which concludes the proof of the first part of the proposition.

We consider now the Laplace transform of 7, and follow [2, p. 264]. By the Markov property,
we have

d)
o1 & Ly, =1} En + Yy, =1y (Bn + 70+ 7,21)
where Y,,, E,, 7,,_; and 7, are independent random variables, E,, is exponentially distributed
with parameter A\, + p, and 7/, _, is distributed as 7,,_1 and P(Y,, = 1) =1 - P(Y,, = —1) =
An/(An + iy). Hence, we get

An + fin An Pn
Guale) = 25 (ot @3 2 3t

and (7) follows. O

We now give the usual definition of coming down from infinity, which means that the state
oo is an entrance boundary for the process X [16, p. 305].

Definition 2.2. We say that the process (X (t),t > 0) comes down from infinity if there exist
a positive number t and a non-negative integer m such that

lim Py (7, t) > 0.
k—1>r-|r—loo k( ms )>

We give now several necessary and sufficient conditions for (X (¢),¢ > 0) to come down from
infinity. The two first ones are directly taken from [7] . We add here an exponential moment
criterion which is useful for the forthcoming proofs. Let us also mention that it is equivalent
to the existence and uniqueness of a quasistationnary distribution (cf. Van Doorn [20]).

Proposition 2.3. Under condition (1), the following assertions are equivalent:
(i
(ii

) The process (X(t),t > 0) comes down from infinity.
)

(iii) supy>oEx[To] < +oo.
)

S < +o0.

(iv) For all a > 0, there exists k, € N such that supy>y, Ey (exp(aTy,)) < +oo.

This result is the discrete counterpart of Lemma 7.4 in [7] for Feller diffusion processes dZ; =
VvZidBy + Zi(r — f(Z;))dt and suitable function f and r > 0. Recall that if (3) and (4) are
satisfied, Assertion (ii), and then (i), (iii), (iv), are equivalent to Condition (5), which can be
seen as the discrete counterpart of the criteria in [7, p.1953| stating that the process Z comes

down from infinity if and only if [ x}ifx) < +00.

Proof of Proposition 2.3. Assertions (i), (ii), and (iii) are equivalent according to [7, Prop
7.10]. Let us now prove that (iv) implies that X comes down from infinity. Indeed, taking
a = 11in (iv), we have M := supy>y, Ex (exp(T%,)) < +oo. Then Markov inequality ensures
that for all k£ > k; and ¢ > 0, Py(T), <t) > 1 —exp(—t)M. Choosing ¢ small enough ensures
that the process comes down from infinity.



Finally, we prove that (ii) implies (iv) by adapting the proof of |7, Prop 7.6] to the discrete
setting. We fix @ > 0 and using S < +o0, there exists k, such that

1 1
Z AT Z 7”55'

n>kg—1 i>n+1

We now define the Lyapounov function J, as

m—1

1 .
Jamy =] Do Ry 2o T Hmz ke,

n=kq—1 i>n+1
0 ifm<k,.

We note that J, is non-decreasing, bounded and recalling the definition of the generator L
from (8), LJ,(m) = —1 for any m > k,. Then,

My = I (X(0) = [ e (@I(X(w) + LI(X @) du. (120)

is a martingale with respect to the natural filtration of X. Using the stopping time T}, and
the fact that J,(X(u)) < Ju(o0) < 1/a , we have for all k > k, and ¢t > 0,

tATk,
Ei (e"Mra J(X(EATE,))) = Ey ( /0 e™ (aJy (X (u)) + LJ, (X (u))) du> + Jo (k)

_ E, < /0 T o (T (X () - 1) du> +Ju(k)
Ja (k)

IN

since u < t A Ty, ensures that X (u) > k, and LJ,(X (u)) = —1. Therefore, for any k > k,,
Pr-a.s. Jo(X(t A Ty,)) > Ja(ks) and

A Jo(k
E (ea T’““) < Ja((ka)).

Then (iv) follows from the monotone convergence theorem and Assumption (ii). O

Under our additional assumption (3), we can now define the process starting from infinity and
check that it indeed comes down instantaneously from infinity a.s.. We set N := NU {co} and
for any 7' > 0, we denote by Dg([0,77) the Skorohod space of cadlag functions on [0, T with
values in N.

Proposition 2.4. Let T > 0. Under (1) and (2) and (3), the law of X under Py, converges
weakly as k — 400 in Dg([0,T7).
We denote by Py the law of the limit and we have

Poo (inf{t > 0: X(t) < 400} =0) = 1.
Proof. First, we show that under Assumption (3) and for any Ny € N* and ¢ > 0,

sup En,(X(s)) < +o0. (10)
s€[0,t]



Indeed, there exists N € N* such that for n > N, A\, — ,, < 0. Hence, for s < t,
S
Eno(Xs) = No+ / Eno (Ax(w) = Hx(w) du
0

< No +/0 Eng (Ax(u) = #x(u)) Ixu<n) du < No + sup. [An — pnlt.

To prove the convergence of the sequence of laws Py, we use Theorem 1 in Donnelly [10],
which gives conditions under which a sequence of processes will converge (in law) to a Markov
process with an entrance boundary. In our setting, the birth and death processes under Py
and Py only differ by their initial conditions k and k’. Thus, we only need to check the
equi-boundedness condition : for any ¢ > 0,

lim liminf Pr(X(¢) < A) = 1. (11)

A—+o00 k—+o0

For that purpose, we combine the first part of Proposition 2.1 and (2) to get E(} .~ 7) < oo.
Then, 2221 7; is a.s. finite and for any t,& > 0, there exists Ny > 1 such that

> t
P Z T | <e (12)
i=Np

We fix t and € > 0. For k > Ny and A > 0,

Pp(X(t) > A) < Pyu(Thy > t/2) + Bu(X(t) > A, T, < t/2)

k
<SP Y m>t/2|+ sup P (X(t—s) > A)
i—No s€[0,t/2]
<et A! sup En, (X(s)),
SE[t/2,t]

using (12) and the Markov inequality in the last inequality. Making A tend to infinity and
recalling (10), we get (11) and the weak convergence of P, to P, . Using again (11) ensures
that for any t,e > 0, there exists A such that Poo (X (t) > A) < e. Therefore,

Poo(inf{s > 0: X(s) < +o0} > 1) < Poo(X(t) > A) <,

so that inf{t > 0: X(t) < 00} = 0 P a.s. It ends the proof. O

3 Behavior of 7, under P,

From now on, we assume that the sequences (\,), and (un,), satisfy the hypotheses (3), (4)
and (5). Thus, according to Propositions 2.3 and 2.4, X comes down from infinity and P, is
well-defined.

In this section, we study the asymptotic behavior of T}, as n — +o0o under P, by establishing a
law of of large numbers and a central limit theorem. Let us note that under Poo, T;, = >

so that (6) yields
1

i>n ti>it

i>n Tis

7



Then S < 400 ensures that Eo(7),) decreases to 0 as n — +00.

In the following theorem, we prove that 7, behaves as its mean E, (7},) as n — +o00. Two
regimes appear depending on whether the ratio of mean times E,,1(7},)/Es(T},) vanishes or
not. In the first case, the time 7T}, can be seen as the contribution of independent random
variables and a law of large numbers holds. In the second case, the time T, is essentially given
by the sums of 7; for 7 close to n and renormalizing T}, by its mean yields a random limit.

Theorem 3.1. We assume that (3), (4) and (5) hold.
(i) [fEnJrl(Tn)/Eoo(Tn) —+> 0, then
n——+00

T, .
Eoo(T},) n—+oo

1 in Po — probability. (13)

Assuming further that Z (Epi1(Th) /Eoo (T)))? < 400, then (13) holds Pog-a.s.
n>0

(i) If Epnt1(T0)/Exe(T))) — « with o € (0,1], then

n—-4o00

T, lﬂL
Eoo(T}) n—+oo

Z::Za(l—a)ka

k>0

where (Zy) is a sequence of i.i.d. random variables whose common Laplace transform
G(a) := Ex (exp(—aZy)) is the unique function [0,4+00) — [0,1] that satisfies

Va>0, Ga)[l(1-Ga(l-a))+1+a(l—1(1-a))]=1. (14)

We refer to Appendix C for some examples and counterexamples. For instance, if A\, = k,
then py, = k¥ log(k)? with v > 1 obeys to the regime (i), whereas py, = exp(Bk) corresponds
to the regime (ii). We also stress that E,+1(7},)/Es(7},) may not converge (Example 3) and
that the a.s. convergence can fail under the assumption (i) (Example 4).

Before proving Theorem 3.1, we need a lemma dealing with the asymptotic behaviors of the
first moments of 7,, as n — +o0.

Lemma 3.2. Under hypotheses (3), (4) and (5), there exist positive constants Cy, Co, Cs

such that forn > 1
7!

<E (78) < G 1,2,3.

— Z )

[} Fpg1
Moreover, under the additional assumption | = 0, we have

: il
Ex (1) ~ —— i=1,2,3.
n—-+oo /‘ZH

s . 1 i—1 Aja1 . . n—1 Ajr1 _
Proof. By rewriting (6), we have E (70) = D ;5 proves [T TR with the convention [}, o=

1. Thus, according to Lemma B.2 applied to a; = A\j+1/pi+1 and b; = 1/p41, under (4), we
obtain the expected bounds for the first moment (i = 1). Moreover

E
sup M < 00 (15)

n,k>0 IEoo (Tn)

8



and we can now deal with the second moment of 7,,. Differentiating (7) twice at a = 0, we get

A
Es (7’,371) = ,u_n E(’TEL) +2E (Tn,1)2 , n>1.
n
Adding that (EOO (Tﬁ))n is bounded from point (iv) of Proposition 2.3, that lim,, 1 oo An/pn <
1 and that (Eo (75,))n satisfies (15), another use of Lemma B.2 ensures the desired result for

i = 2. Similarly, the case ¢ = 3 is obtained by differentiating (7) three times. O

Proof of Theorem 3.1(i). We use the notation

E 1(71) m
=E T, = —ntlon/ .
mpy n+1( n)7 Tn Eoo(Tn) Eoo(Tn)

Assumption (i) means that r, — 0. Let ¢ > 0. Using Bienaymé-Tchebychev inequality and
the independence of the random variables (7;,),, we have

o (|t 1| 2) < mieae = e

(16)

As Eoo(Thg1)/mp = 1)1y, — 1 — 400 as n — 400, for all A > 0, there exists an integer ng
such that, for n > ng, Eoo(T)41) > Am,, and

2
EOO(Tn)Z = ka > 2ka2ml > QAZmz,

k>n k>n >k k>n

since Y ;o my = Eoo(Thq1) > Amy,. Coming back to (16), for n > ng, we have

Z Var(7)

T, 1 k>n
Po (‘7"—1 >g> < = . (17)
Eoo(T},) ~ 24¢? E m2
k
k>n

Moreover, according to Lemma 3.2, for n > 1

Hence, the r.h.s. of (17) goes to 0 as A — +o0 and the proof of the convergence in probability
is complete.

We now prove the a.s. convergence when the series Y, r2 converges. According to the law of
large numbers of Proposition 1 in [13], we just need to check that

> i < e 1
n>0 oco\dn

From the first part of the proof, we know that Var(r,) < CE (7,)? for some positive constant
C. So Y., - 72 < 400 ensures (18) and the proof is complete. O

9



Before proving point (ii) of Theorem 3.1, we prove the following key lemma focusing on the
asymptotic behavior of the time 7, (recall that we denote its mean by my,).

Lemma 3.3. Iflim,_, 7, = a € (0,1], we have

. Eoo(Tn-l—l) . Mp+1 . 1
o B (Ta)  nibbe g Y WD = T gy

(19)

and

T, d

n (d)
My, n—>+00

where the Laplace transform of ¢ is the unique solution of (14).
Proof. We obtain the first part of (19) by noticing that Eo(T},41)/Eo(T},) = 1 — 1y, and that

Mp41 o T'n+1 Eoo(Tn—i—l)

my o Boo(Th)

Moreover, differentiating (7) at a = 0 yields

A My 1

1= ;
M Mip—1 HnMp—1

which gives the second part of (19) thanks to (3).

Let us now prove the uniqueness of the function satisfying Equation (14). For any bounded
function ¢ : [0, +00) — [0, 1], we define the function H(g) : [0, +00) — [0, 1] as

1

Hg):a— T e —a) f el =i = a))"

Let g1 and g2 be two solutions of (14). We then have H(g1) = ¢1, H(g2) = g2 and
|91(a) = g2(a)| = [H(g1)(a) — H(g2)(a)| = H(g1)(a)H (g2)(a)l |g1(a(l — @)) = g2(a(l = a))|
<llgi(a(l = a)) = g2(a(l — a))]

where we have used that for any a > 0, H(g1)(a) < 1. We then have ||g1 — ¢2||cc < ||g1 — 9200
with [ < 1, which entails that g; = g» and yields the expected uniqueness.

We can now prove the convergence in distribution of 7, as n — +o0 by a tightness criterion.
Indeed, for n > 0, let Hy, : [0,4+00) — [0, 1] be the function defined as

H,(a) = Ex (exp(—at,/my)), a> 0.

The sequence (H,), is uniformly bounded since 0 < H,(a) < 1 for every n > 0 and every
a > 0. Moreover, for n > 0, H, is differentiable and for a > 0,

|H ()] = En (T—" exp <—a;—">> < B ) _

mn n

Hence, the family (H,,), is equicontinuous since all these functions are 1-Lipschitzian functions.
Then, thanks to Arzela-Ascoli theorem, (Hy,)p>0 is relatively compact.

10



We now need to check that (H,), has a unique limit point. Let us prove that if a subsequence
of (H,,) converges to H uniformly on any compact set of [0, +00), then H satisfies (14) and is
then uniquely defined. For that purpose, we use (7), so for all @ > 0 and n > 1, we have

—1
Gn_1< ¢ )—— [1—1—7& —i——)\" (1—Gn< @ ))]
My _1 PnMp—1  fn My _1

Hy1(a) = [1 + ﬁ + % (1 —H, (“mn::»]_l' (20)

According to Lemma 3.3, my,/m,—1 — 1 —a as n — +o0o. Thus, if a subsequence (also
denoted by H,, for simplicity) converges to H uniformly, we have for every a > 0

m
lim H, ") =H(a(l - a)).
i (o)~ H(a(1 - a)

Letting n — +o0 in (20), since ppmp—1 — 1/(1 — (1 — «) and A\, /p, — 1, H satisfies (14)
and for every a > 0

that is,

hm Ew (exp(—at,/my,)) = H(a).

n—-4o0o
Finally, we check that H is the Laplace transform of some random variable by proving that
H(0") :=limy 0 H(a) = 1. From (14), H(0T) is a solution of [H(0")?— (14+1)H(0")+1 = 0.
If [ = 0, this equation has only 1 as a solution. If [ > 0, the two solutions are 1 and 1/I. But
1/l > 1 and obviously H(0") < 1, so that 1 is the only possible solution. Hence, in all cases,
H(0") =1 and that ends the proof. O

We can now proceed with the proof of the second part of the theorem.

Proof of Theorem 3.1 (ii). Let Z = >, (1l — a)*Z; be defined as in the statement of
the theorem. We use that T, = .., 7 where the 7;,’s are independent and that for all
a1,42,...,0n,b1,...b, € [0,1], a simple recursion ensures that

_ﬁbi Szn:|az‘—bi|- (21)
=1 i—1

Then, for every a > 0

'EOO <exp <_anolz}n)>> —Es (eXp(—aZ))‘

[T (o (o)) T (e it

k>n k>0
DI (e (_GEZ?;H)» ~Ea (o (et =) @)

From Lemma 3.3, we know that in P.-distribution, 7,,/m,, converges to (. Then, thanks to
(19) and the fact that r, — «, we have for k > 0

k
Tk+n anrk H Eoo[T 4] - Tktn ﬂ) a(l - a)kc
Eoo(Tn) n+k i1 IEoo nti— 1] Myt n—>+oo

11



The uniqueness in (14) ensures that the variables (Zj); are distributed as ¢. Then, with the
last display, we get that all the terms of the sum in (22) vanish as n — +o0o. We proceed by
bounded convergence. Using that 1 — exp(—x) < x for any = > 0, we get for k,n >0

B (e (05775 ) ) B (ex0 (maal1 - )t )
‘ ( ( Cx’j*"n >> ‘ + ‘1 _E., <eXp <—aa(1 - a)ka))‘
ao(l —

<a m’}*") )" Eoc(Z0)- (23)

By differentiating (14) at 0, one finds E[Zp] = 1. Moreover,

Mnk  Boo(Tng1) Boo(Tnie)  Eoo(Tngr) Mtk
EOO(Tn) E ( ) (TnJrl) Eoo(Tn-l—k—l)Eoo(Tn-i-k)‘
)/Eoo(

Since My1n/Boo[Tian] < 1 and Eoo(Thi1)/Eo(Th) — 1 — a < 1 as n — 400, there exist
no € N, f < 1and C > 0 such that myi,,/Exc(T},) < CBF* for all k > 0,n > ng. Thus, coming
back to (23), for n > ng, we have

‘Em <exp (‘“EE(%))) R <exp <—aa(1 - a)ka))‘ < OB* + aa(l — ).

Since the r.h.s. in the last display is summable, the proof is complete. O

We end this section by giving a central limit theorem (C.L.T.) satisfied by the sequence (7}, ).

Theorem 3.4. We suppose that assumptions (3), (4) and (5) hold. Then, if

. Var, (75,)
1 = 24
n—1>r-‘:I-1c>o Varo (1) 0 (24)
and if
im Vare (T,) " Ex. (\Tk B (Tk)\?’) —0, (25)
k>n
we have
Tn —Ex (Ty)  (d) N

Varoo (T3)1/2 nortoo

where N follows a standard normal distribution.

Notice that by applying Lemma 3.2 and by using assumption (4), there is C' > 0 such that

Ez((;’;)) <C X:ﬁ;‘:((;")) Thus, hypothesis (24) implies that we are in the regime (i) of Theorem

3.1. We refer to the first example in Appendix.

Proof of Theorem 8.4. First, Lemma 3.2 gives that for every n > 0, Vary (7,) < % Re-
n+1
calling Assumption (4), we get for k,n > 0

Cy—1 Cy—1)K?
Vareo (Thin) < 22 < (C 5 ) < (Cy — 1) K* Vary, ()
ot k1 Mot

12



where K = supy, ,>1 fin/fin+k- Thus assumption (24) entails the uniform convergence

Varoo (Tk-i-n)
_ 0. 26
21;10) Vary, (T,) n—>—+>oo (26)

Let us now prove that
_ Tn - IEoo (Tn)
Var (Tn)l/ 2

converges in distribution as n — +o0o toward a standard normal random variable. We follow
ideas of the proof of Theorem 27.2 in [5] where Billingsley establishes a central limit theorem
for partial sums of independent random variables thanks to Lévy theorem. Let ¢ be a fixed
real number. We note that by (26),

2 Varee (Thgn) 2
Zlog (1_ 2 Vare (T},) ) n-too

t Vareo (Thin) 12
2
k>0

Vare (T,) 2’

so we just need to prove that

U, = Eq (exp (itZ,)) — H <1 — ﬁM)

10 2 Vary (Ty)

vanishes as n — +o0o to conclude. First, since the 7,,’s are independent, for all t € R,n >0

ox ktn — Eoo (Tk:Jrn) _ t_Varoo (Tk+n)
= |1 <p< Vars (T,)" )) H<1 2 Varoo<n>>' &7

According to (26), for n large enough and for any k, all the factors of the second product of
(27) are less than 1. Hence, thanks to (21), we have the inequality

-E t2
0 <3 e <exp ( Tetn ~Eoo <j’;;n>>> g £ Vet ()|
>0 Vary, (1) arco (1)
According to equation (27.11) in [5, p.369|, for any centered random variable £ with a finite

second moment, we have |E (exp(it§)) — 1+ Var(f)tQ/Q‘ < E (min(|t&|?, [t£]?)), ¢ > 0. Using
this inequality with the random variables 7,41 — Eoo (7,41 ), We obtain from (28) that

(28)

IE:oo <‘Tk+n - IEoo (Tk+n)‘3)
|Un| S |t|3z 3/2
>0 Vary, (1},)

and using assumption (25), U,, goes to 0 as n — 4o00. Is completes the proof. O

4 Behavior of X (¢) as t goes to 0

From the results of Section 3, we can describe the behavior of X for small times, when it
starts at +4o0.

13



4.1 Law of large numbers

We first prove that under P, X (¢) behaves as v(t) as t — 0 where

v(t) :=inf{n > 0; E(T,) < t} (29)

is the generalized inverse function of n — Eoo(T},) = 5= Y5 piq i
n/itn p

The function v is a non-increasing function which tends to infinity when ¢ tends to 0.

Two asymptotic behaviors appear, which are inherited from Theorem 3.1. First, we assume
that A\, /pun, — 0 as n — oo and that the death rate regularly varies in the neighborhood
of +00, see Section A for details. Indeed, it ensures that the a.s. convergence of Theorem
3.1(i) holds and these assumptions are then essential to derive the behavior of X from that
(T, : n € N).

Theorem 4.1. (i) If limy, 100 An/ptn = 0 and (pn)n reqularly varies with index p > 1, we

have
X()

150 v(t)

=1 Py — a.s.

(ii) Under assumptions (3), (4) and (5) and if E,y1(T))/Ex (T) — a > 0 as n — 400,

then X(0)
=1 n Pso — ility.
lim oD i Po — probability
We refer to Appendix for some examples. Further, we remark that if A, = 0 and pu, =

n(n —1)/2, X(t) is the number of blocks of the Kingman coalescent at time ¢. We recover
here from (i) the speed of coming down from infinity obtained for these processes by Aldous
in paragraph 4.2. of [1]: tX (t) P 2 as.

ﬁ
The extension to the general case of A-coalescent has been solved by Berestycki, Berestycki
and Limic [4], but it is not directly included in our work for simultaneous deaths.

Proof of Theorem 4.1(i). First, we notice that the hypotheses of point (i) imply that assump-
tions (3), (4) and (5) with [ = 0 are all satisfied. We now prove that 3°, (Ep11(T)/Eoo(Th)) <
+00 to get the a.s. convergence from Theorem 3.1(i).

Since [ = 0 and according to Lemma 3.2, m, ~p—i00 1/ftns1, which implies that (m,),
regularly varies at +oo with index —p < —1. Then, according to Lemma A.4 in Appendix
applied to (1/pn)n, we have

-1

E T, 1 -1
Eni1(Tn) st Y — ~ P
Eoo(T)) n—+oo g n—+4o0 n + 1

k>n+1

2
which entails that ) <]EE":((TZ’S)> < +00. So Theorem 3.1(i) yields

T,
Eoo(Tn) n—+o0o

1 Py — a.s. (30)

The proof is now organized as follows: firstly we consider the a.s. non-increasing process Y

14



defined by
Yt)=n it tell,,T,-1)

and prove that this (more regular) process comes down from infinity at speed v(t). Secondly,
we compare the process X (t) to Y (t) as t — 0 to get the result.

Thanks to Proposition A.3, v regularly varies at 0 with index 1/(1 — p) and v(Ex(73)) ~ n
as n — +o0. Thus, from (30) and Lemma A.5 we obtain that almost surely

o(T,) ~ v(E(T,) ~ n.

n—-4o0o n—-+o00

Adding that v is non-increasing, we get a.s. that for every € > 0, there exists ng € N such
that for n > ng

l—e<— < — " <14
—€ E.
~o(T,) T v(Th-1)
Let t < T, so that Y (t) > ng, then if ¢ € [T,,,,T5—1),
n Y(t) n
I-e< < < <l+e.
o(Ty) — o) ~ v(Th-1)
That ensures v
t
im ®) =1 as. (31)
t—0 v(t)

Let us now check that X(t) ~ Y (¢) as t — 0 by proving that the heights of the excursions
of X between T}, and T;,_1 are negligible compared to n. For that purpose, we introduce the
number of birth events between the times 7T}, and T},_1:

Hy, =#{se[T,Th-1): X(s) — X(s—) >0}, n>1.
For any t € [T,,,T5,—1), Y(t) =n and 0 < X(t) — Y(t) < Hy, so

X0 Y _
To(t) w(t) T
Using (31), we just need to prove that H,/n — 0 a.s. as n — oo to conclude that X (¢)/v(t) —
last—0.
For that purpose, we consider G, (a) = Eo (exp(—aH,,)) the Laplace transform of H,. In the
same vein as we have obtained (7), by applying the strong Markov property at the first time
when X jumps after T;,, we have the recursion formula

Hyw _HywmY(t)
o(t) Y (t) o(t)’

(32)

~ Lhn )\n PN ~
n = n n s >0, > 1.
Gn(a) pW— + pw— ,Une Gn(a)Gpyi(a), a>0,n (33)

Differentiating (33) twice at a = 0, the second moment of H,, satisfies the following recursion
formula

%Eoo (H721) =Ex (H72L+1) +1+2 (Eoo (Hn) + Eoo (Hn—f—l) +Eoo (Hn) Eoo (Hn—I—l)) : (34)

Let us prove that the right hand side of the latter is uniformly bounded in n > 0. Notice that
H,, equals the number of positive jumps between time 7,, and T,,_1 of a random walk whose

15



transition probabilities are given by p;it1 = Ni/(Ni + i), pii—1 = pi/(Ni + p;) for ¢ > 1. Since
An/ iy, vanishes as n — 400, one can choose ng large enough so that

p = sup An/(An + pin) < 1/2.

n>ng

Moreover, for n > ng, H,, is stochastically dominated by 7', the hitting time of n—1 by a simple
random walk starting at n, with probability transitions (1 —p,p). Thus, sup,,>,, Ex (Hfl) <
Eo (T?) < 00 because p < 1/2 and the sequences (Eoo (Hy))n and (Eo (H2)), are bounded.

It entails that the right hand side of (34) is bounded and there is C' > 0 such that

EmUﬁ)gC%% n>1. (35)

n

Finally, using that [ = 0, Ey <Zn21 (&)2) < CYls #2—2 < oo. In particular, H,/n

almost surely goes to 0 as n — 400 and we get the expected convergence. O
Proof of Theorem 4.1(ii). From Theorem 3.1(ii), we know that under Py,
Ty (d)

Z = 1-a)"Z
Eoo(T) nrtoc kzmo‘( o)" 2

with o € (0,1] and where (Z;)x is a sequence of i.i.d. random variables whose Laplace
transform satisfies (14). From this equation, one deduces Eo,[Zy] = 1, which implies Eo(Z) =
1 < oo. In particular, Poo(Z < +00) = 1. Furthermore, using again (14),

Poo(Z =0) < Poo(Zo =0) = lim G(a) = 0.

a—+00

Hence, for any € > 0, there exist 0 < A < B such that P (Z € [A,B]) > 1 —¢/2 and for n
large enough,
Poo(A < Tpp/Eoo(Th) < B) > 1 —e. (36)

Moreover, according to (19), for N > 0,

IEoo [TnJrN] N
Es (Tn) n——4o00

(1—a)V.
Since 0 < « < 1, there exists Ny such that for all n, N > Ny,
Eoo[ThntnN]/Eoo(T,) < min(1/(2B), A/2). (37)
By the definition (29) of the function v, we have
Eoo (To(r)) <t < Eoo (Ty(e)-1) -
It implies that for any ¢t > 0 and N > 1,

Ew(ﬂ@ﬂ>zzp < Tin . Bw(Tuw) )
[e.e] E — N

t
Py <Tv(t)+N < 5) > Py (Tv(t)+N < 9
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Hence, using (36) and (37), there is N > 1 such that for ¢ small enough

T,
v(t)+N
Poo( Ty < £/2) > Pog | — N __ < B >1--
@ Eoo (Tv(t)-l-N)

We similarly get that for £ small enough

Tot)—-N

_ TN S 4 > 1 -
Eoo (Ty)-n) )

POO(Tv(t)—N > Qt) 2 P <

Then, we have
Poo(Ty)+n < t/2,Ty)-n > 2t) > 1 — 2e.

It means that Poo (X (t) € [v(t) — N,v(t) + N]) > 1 — 2¢ and ensures that X (t)/v(t) tends to
1 in probability as ¢t — 0. U
4.2 Central limit theorem

We have proved that X satisfies a strong law of large numbers when | = 0 and (u,, ), regularly
varies. Under a little stronger assumption, we are now giving a central limit theorem (C.L.T.).

Theorem 4.2. If lim,_, Z‘—Z =0, > .1 %2—2 < 400 and (pn)n regularly varies with index
p>1, then

2o = 1o(0) <%t)) - 1> @ N, (38)

where N follows a standard normal distribution.

Proof. We first prove that under the assumptions of Theorem 4.2, T, satisfies the C.L.T.
stated in Theorem 3.4. We have already shown at the beginning of the proof of Theorem
4.1(i) that assumptions (3), (4) and (5) hold if I = 0 and (), regularly varies. It then
remains to check that (24) and (25) are also satisfied. From Lemma 3.2, Vare, (7,) ~ 1/p2
as n — 400, which implies that (Vars, (75,)), regularly varies with index —2p. Then the fact
that Vare, (Tr) = > ;2,11 Vare (7,) and Lemma A.4 ensure that Vary, (7)) regularly varies
with index 1 — 2p and we get

1

Varoo (Tp) ~ .
Ben (o) (1= 2p)pp 1y

(39)

Varso (7n) -~ 1-2p . . . . .
Vet (o) o which entails (24). By the triangular inequality and

the binomial theorem, we have

Therefore we have

Eoo (I~ Eoo (m)[*) < Boc (75) + 3maEog (v2) + 4.

Thanks to Lemma 3.2, all the terms of the r.h.s. are of order of magnitude 1/43 ,; as n — +oc.
Thus, using again Lemma A.4 and (39), there is a positive constant C” such that

> k>n Boo (’Tk — Ex (Tk)\3> <o 2p—1
Vara (T,)/? ~ @Bp-Dvn
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and vanishes as n — +o00. So (25) holds and T;, satisfies the following C.L.T.

> :Tn_Eoo(Tn) ﬂ)

AN N. (40)
Vary, (T),) n—+oe

We now prove that X satisfies the C.L.T. (38). To do so, we first establish a C.L.T. for the
process Y where we recall from the proof of Theorem 4.1(i) that Y denotes the a.s. non-
increasing process defined as Y'(t) = n if t € [T,,T,,—1). This process is more tractable than
X and we will derive the C.L.T. for X from that of Y.

As Y is non-increasing, we can follow the proof of C.L.T for renewal processes (as suggested
by Aldous for Kingman’s coalescent, cf. [1]). More precisely, for any ¢ > 0,2 € R, we have

IP’OO< ) (i((f)) - 1> > ;c) = Poo(Y (1) > 52(t)) = Poo(T, ) > 1)

where we denote s, (t) := |v(t) + x+/v(t)]| (|-] is the floor function). We then have

P (V0 (35 =) 2) =P ot 2 = (éj:)))

Using (40), we just need to prove that

t —Eo (T,
QX0 — 22— 1 (41)

Varoo (Tsz(t)) =0
to obtain the expected C.L.T. for Y. From the definition (29) of the function v, we have

Eco (Tot) = Eoo (Tet) <t = Eoo (Te, (1)) < Eoo (To-1) = Eoo (Te,0)) - (42)

Let us first deal with the 1.h.s. and write

[n+zy/n]—1
Eoo (Tn) —Ex <TLn+m\/ﬁJ) - kz: m n—r:r-oo x\/ﬁmn
Indeed,
[n+zy/n]—1 [n+zy/n]—1 i
Z my — ([n+avn) —n)m,| < my Z m—n—l‘
k=n k=n
m
< xv/nm, sup [ntuyn 1,
u€(0,z] Mn

and the second part of Lemma A.5 ensures that the latter supremum vanishes as n — 400
since m,, regularly varies.

Then, by successively applying Lemma A.5 with f(y) = v,9(y) = |y + u\/y] and h(n) =
Vars, (7,,), Lemma 3.2, Lemma A.4(i) and (39), we have the equivalences

Ex (Tn) —E <T\_n+$\/ﬁj) -~ x\/ﬁmn - x\/ﬁ
n—+4oo Vars, (Tn) n—+4o0 P ’
Varoo <T\_n+$\/ﬁj)
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Following the same steps for the r.h.s of (42) ensures that (41) holds. We end the proof by
deducing (38) from the C.L.T. satisfied by Y. Indeed, since

it is now sufficient to show that the second term of the latter goes to 0 in probability as ¢ — 0.
Keeping the same notation as in the proof of Theorem 4.1(i), from (32), we almost surely have

o< X -YQ) < Hyw VY1) (43)

From (35), there is C' such that
H,\’ 1\,

Ew — <C» ——.

(R ) <o

Since this series converges by hypothesis, H,,/+1/n almost surely goes to 0 as n — +oo. Hence,
since we also have Y (t) ~ v(t) as t — 0 with probability 1, the r.h.s. of (43) vanishes as ¢ — 0,
which ends up the proof. O

5 Tail distribution at 0 of the extinction time

In the following result, we focus on the probability that the extinction of the process X occurs
for small times.

Theorem 5.1. (i) If for every n >0, A\, =0 (pure death case) and if (u,) regqularly varies
at +o0o with index p > 1, then

t — —logPoo(Tp < t)
regularly varies at 0 with index 1/(1 — p).
(i) If limp— 400 2—:: =0 and (un)n regularly varies with index p > 1,

1 —
og(~logPu(To<t)) , 1
logt t=0 1 —p

In the pure death case (i), the time of extinction is the sum of independent exponential random
variables. That allows us to get an explicit expression of its Laplace exponent and the result
comes from a Tauberian theorem (Lemma A.6). It’s a key point where we needed the regular
variation of (i, ),. To prove (ii), we first use the speed of coming down from infinity obtained
in Theorem 4.1 on time interval [0,¢/2]. Then we compare the trajectory with the pure death
case via a coupling argument and conclude thanks to (i).

Proof of Theorem 5.1(i). Let ¢ denote the Laplace transform of Tj

¢(a) .= Eq [exp(—aTp)], a>0.
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Let us prove that — log ¢ regularly varies with index 1/p at +oco. Lemma A.6 will thus imply
the result.

In the pure death case, the times 7; are independent exponential random variables with re-
spective parameters p;1. Then, for a > 0,

o(a) = [T Elexp(~as)] = ] —

i>0 i>1 1+a/p
Using that log(1 + a) = a(1 + r(a)) with r satisfying lim,_,o 7(a) = 0, we write
—logg(a) = Y log(l+a/m)+(1+R@) > a/m
irp;<aloga it >aloga

where

0 < R(a) < sup  r(y) — 0.
y€[0,1/ log a] a—r+00

Moreover, since (p;); regularly varies with index p, we know (cf. [6, Thm 1.5.3]) that the
increasing sequence (inf,>; py, ); regularly varies with index p. Therefore, according to Propo-
sition A.3, the application

a+— ig :=min{i € N: ir;fun > aloga}
n>i

is regularly varying at co with index 1/p. Then,
a 1
NOTHED SR
itpi>aloga Tt 12>1q Hi

is regularly varying at oo with index 1+ (1 — p)/p = p since » ;,; 1/pu; is the composition
of the two functions a — i, and n — > .o 1/u;, which both regularly vary with respective
indices 1/p and 1 — p. N

Furthermore, for a > 1, we have

1 1 1 1
ho(a) = g log(1+a/p;) = g (loga+log <E+M_>> =ig4loga+ E log <E+,u_> .
i<ia i<ia i = i

The second term in ther.h.s. isless than ) ;- log (1 4+ 1/u;) which is finite since (11;); regularly
varies with index p > 1. Hence, hy regularly varies at +00 as 4,, that is, with index 1/p.
Putting all the pieces together, log ¢ = hy + ha(1 + R) is a negative function which regularly
varies with index 1/p at +o00. Then, according to Lemma A.6, the function

t — —log Poo(Tp < t)

regularly varies at 0 with index 1/(1 — p), which concludes the proof. U
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Proof of Theorem 5.1(ii). We now suppose that [ = 0 and that (uy,), regularly varies with
index p > 1. Let (E;);>1 be a sequence of independent exponential random variables with
respective parameters A; + p;. First, to go from 400 to 0, the process X has to reach each
integer level. That gives the upper bound

Poo(Ty < t) < Poo (ZE <t> t>0. (44)

Moreover, for n > 1 and ¢t > 0, we have

P (To <t) > Pp(X V)P, (To < X |) = X‘fﬂPn (Z E; < t) :
i=1"" v i=1

where X |:= {The process X is non-increasing}. Indeed, conditionally on X |, (X (¢) : ¢t > 0)
is a pure death process with death rates p, = A\, + -

For n € (0,1) and ¢t > 0, we denote n; := v(t)(1 + 7). Hence, for t > 0, by applying the
Markov property, we get the lower bound

Poo(To < t) = Poo(X(t/2) < nt/2)Pm/2 (To < t/2)

ne/2 ) n/2
> Poo(X(t/2) < nypo) [[ +oPoo | Y Ei < t/2] . (45)
i1 N i=1
Putting together (44) and (45), at a logarithmic scale, we obtain
00 nt/2
—logPe (Z E; < t) < —logPoo(Th < t) < —log Pos (Z E; < t/2> (46)
i=1 i=1
N /2

+Zlog <1 + ) —log Poo (Xt /2 < myya).

We know from the pure death case that
ne/2 00
t — log P (Z E; < t/2> and ¢ — log P (Z E; < t)
i=1 i=1
both regularly vary at 0 with common index 1/(1—p). Moreover, according to Theorem 4.1(i),

X(t/2)
v(t/2)
Let us deal with the remaining term of (46), namely S0 log(14+\;/p). Since I = 0, (An/tin)n

is bounded and 3277 log(1 + Ai/p;) < Cny o for some C > 0. Then, Y2 log(1 + \i/p;) is
upper bounded by a regularly varying function with index 1/(1—p) since n(t/2) =v(t/2)(1+n).

log Poo (X (£/2) < ny2) = log Pog ( <1+ n) 0
t—0

Plugging our four estimates into (46) ensures that there exist two slowly varying functions [
and [ such that )
t/0=P(t) < —logPao (Th < 1) < £1/1-P(1).

So fort < 1 )
logl(t) _ log(—logPee(To <t)) 1 _ logi(t)
logt — logt 1—p — logt
Adding that the right and left hand sides tend to zero according to Lemma A.2(ii), the proof
is complete. O
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6 Application to inhomogeneous birth and death processes

Thanks to the previous results, we can estimate the probability of extinction for birth and
death processes. An estimation of the probability of extinction before a small time comes from
Theorem 5.1 and an estimation to be extincted after a large time ¢ can be obtained from the
exponential moments obtained in Proposition 2.3 by Markov inequality.

As an application, we can now state some asymptotic results for population dynamics in vary-
ing environment. We consider a time inhomogeneous birth and death process (Z;,t > 0),
associated with a varying environment. The birth and death rates at time ¢ are respectively
Ai(t) and pg(t) when the population size is equal to k. We say that an environment is favor-
able if the process persists with positive probability in this environment.

In case of random environment and under uniform assumptions on the birth and death rates,
which make that either all the environments are favorable or all the environments are non
favorable, extinction criteria are known, see e.g. Theorem 3.2 in [18] and Theorem 3.3 in [9].
Here we consider a case where favorable and non favorable environments can be mixed, succes-
sively in time. The assumption below focuses on time intervals of unfavorable environments.

Assumption A. There exists a sequence of successive and disjoint time intervals ([a;, a; +
ti),7 € N) such that for each ¢t € U;>¢ [a;, a; + t;),

where A /pr — 0 as k — 400 and (ug)i regularly varies with index p > 1.

Assumption A means that on the successive intervals [a;, a; + ¢;), the environment is unfavor-
able and strongly increases the sub-criticality of the process. The intervals [a;, a; + ;) can be
seen as competition phases. We will show that under Assumption A and even if the population
is very large at time a;, the process can go down to extinction during the time [a;, a; +1;), even
for some ¢; tending to zero and whatever happens during the phases |a; + ¢;, a;+1]. Neverthe-
less, the durations ¢; cannot go to zero too fast and we provide a quantitative criterion. Such
a framework is motivated from ecology by the fact that favorable environments can alternate
with unfavorable environments. It may be due to variations of the climate conditions and the
resources available, which can affect both the natality, the mortality and the competition. One
particular motivating example is a case with linear birth rates and p > 1 corresponding to a
polynomial competition term (p = 2 yields the logistic competition). See [17] for discussions
about the value of p.

Let us also remark that the environment may also model the effect of some predation, when
the dynamics of the predator does not depend on the number of preys (generalist predator),
see e.g. [8]. As a last motivation, we mention the use of inhomogeneous birth and death
processes in epidemiology, see for example [19, 3| in the linear case. The two forthcoming
results give the minimal duration of the competition phases which leads to a.s. extinction.

Proposition 6.1. Under Assumption A, if there exists 5 < p—1 such that, for i large enough
and some constant ¢ > 0,

ti > c/log” i, (47)

then for every n € N, the process Z becomes extinct in finite time Py, -a.s.
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Proof. We denote by Ty the absorbing time of a process with birth rate A\; and death rate
p and P its law issued from infinity (which is well defined since I = 0 and (u);, regularly
varies with index p > 1). By the Markov property and a monotonicity argument, a simple
induction yields for every n > 0, k > 1,

Pp(Zay 41, > 0) = E, (Pn (Zapstn > 0| (Zs,s < ay)) 1{2%_1+tk_1>0}) <[] Be(To > ta),
i<k

so that

log P, (Vt > 0: Z; > 0) < > logPeo(Tp > ti) = »_log (1 — Poo(Ty < 1,)).

>0 >0

We know from Theorem 5.1(ii) that for every n > 0 and for ¢ small enough,
~ S (o
Poo(Th < 1) > exp (—t <ﬂ-1+’7>) .

Since ]T”OO(TO <t;) > Iﬁ’oo(To < ¢/log? i), we get that for any n > 0 and 4 large enough,

log? i g
Poo (To < ti) > exp —< = >

C

logB i ﬁ-l—n
By hypothesis, there is 7 small enough such that 3 (pTll +n) < 1. Therefore, < o8 z) <

logi for i large enough and

+
<10g z)” Y
S e [ - .
c

>0
Finally, P,,(Vt > 0: Z; > 0) = 0, which ends up the proof. O

The result of Proposition 6.1 is completed by the following example where (47) fails and where
the process survives with positive probability. Let us define the birth and death process Z as
follows. We assume that ap = 0 and that \;(t) = A > 0 for any &k (for simplicity). Moreover,
for every t € Uj>q[ai,a; +t;), px(t) = pi regularly varies with index p > 1 and for every
t e Uizo[ai + ti,ai+1), ,uk(t) =0.
We assume that ¢; < ¢/log? i with § > p—1. Let n > 0 be such that 5(pT11 —n) > 1. We now
prove that the sequence (a;);>1 can be chosen such that the process Z survives with positive
probability.
Let €; € (0,1) such that [[,,(1 —¢;) > 0. Let 9 = 1 and for each ¢ > 1, choose x; € N such
that

]P)a:i (To > ti) >1-— (1 — fi)Poo(TO > ti),

so that for ¢ large enough, by Theorem 5.1(ii),

_(pil 77)
Py, (To > t;) > 1 —€exp | —t, .
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Then,
(1
H]P’xi(TO > 1) > H (1 — (1 —¢€;)exp (—ti = n))) > 0.
i>0 >0
Observing that the process Z is a pure birth process during the time intervals [a; + i, ai11),
one can choose the times a; (i > 1) such that for every i > 0, Py(Za;, | —a;—t; = Tiy1) > (1—¢€;).
By Markov property for every n > 1, it yields

Po(Vt>0: 2> 0) > [[Pei(To > t)P1(Zasyy—a;—t; > Tit1) >0
i>0

and ends up the proof.

A Regular varying functions

In this section, we give several results that deal with regularly varying functions. The inter-
ested reader can see |6] for more details.

Definition A.1. (i) A function g : [0,4+00) — (0,+00) has regular variations at L €
{0, +o0} if there exists p such that for all a > 0,

lim 9(az) =a”.
a—L g(x)

(ii) A sequence of real non-zero numbers (up)n>0 reqularly varies if there exists p such that
for all a >0
lim Ylon] _ a’
n—+00 Uy
where [-] is the floor function.
In both cases, the real number p is called the index and when p = 0, one says that variations

are slow.

According to [6, Thm. 1.9.5], (uy), regularly varies if and only if the function @ + e
regularly varies at +oo. Then, all the following results that we state for regularly varying
functions also hold for regularly varying sequences.

Regularly varying functions can be compared with power functions as it is recorded in the
following proposition.

Lemma A.2. Let g be a slowly varying function at L € {0,400}, with index p.

(i) Foralle >0, lim,_,1, g(x)/(2P~¢) = L and lim,_, 1, g(z)/(xP*¢) = 1/L, where we use the
convention 1/(+00) =0 and 1/0 = +o0.

(ii) lim,_ 1 logg(z)/logz = p.

Proof. We prove the first point when L = +o0. By the definition of a regularly varying
function, for a > 0 and x large enough, g(ax) > g(x)a” /2. Then, for € > 0,

glaz) _ . g9()
(ax)P—¢ =a 2xP—e
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and by letting a — 400, we obtain liminf, . g(x)/(x"7¢) = +o0.

The second point stems from the first point. Indeed, if for instance L = +o0, for all € > 0
and t large enough, we have t#~¢ < g(t) < ¢7¢ and at a logarithmic scale, we have the result.
The proof is the same if L = 0. U

In the two following results, one sees that the class of regularly varying functions is stable by
inversion and summation.

Lemma A.3. [6, Thm 1.5.12] Let g be a reqularly varying function at +oo with index o > 0.
Then, the generalized inverse

g Ht) :==inf{s >0; g(s) >t}, t>0
is well-defined, regularly varies at +oo with index 1/« and as t — 400,

glg™ () ~ g7 (g(1)) ~ t.

The same result holds if g reqularly varies at 0 with a negative index and if g~'(t) = inf{s >
0; g(s) <t}

Lemma A.4. Let g be a function that regularly varies at 400 with index p < —1. Then
R(n) =3 1>, 9(k) regularly varies with index p + 1 and

Y gk) ~ - ng(n)

k>n nes p+l .

Proof. We only prove the first point since the proof of the second one uses similar arguments.
First, since p < —1, according to Lemma A.2, 37, - g(k) and f0+oo g(z)dx are both convergent.
Moreover, thanks to [6, Thm 1.5.3], any regularly varying function with a negative index is
equivalent to a non-increasing function. Then, without loss of generality, one can suppose that
g is non-increasing. If I, := frjoo g(z)dx, since g is now non-increasing, a classical comparison

9(n)

between series and integrals entails that 1 — T < }f—: < 1. Using that g regularly varies,
according to [6, Thm 1.5.11],
. ng(n)
Jm =—(p+1). (48)

n

Hence, from the last two displays, we get I,, ~ R,, as n — +oo. We also see from (48) that I
regularly varies at +o0o with index 1+ p. Since I and R are equivalent, R also regularly varies
with the same index. O

We end this section by giving two results that involve regularly varying functions. The second
one is a Tauberian theorem, which is a key result in the proof of Theorem 5.1(i).

Lemma A.5. Let zp € [0,4+00] and let f and g be two positive functions such that

f(x) — L e{0,+o0}, @) — 1.

T—o g(x) z—mzo

If h regularly varies at L, then
h
(f@)
h(g(z)) e=wo
Moreover, if f(x) = f(x,t) = g(z)(1 4+ te(x)) with limy_,,, e(x) = 0, the previous convergence
holds uniformly in t in any compact subset of R.
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Proof. We only prove the case L = 0. Let fix ¢ > 0. By definition of a regularly varying
function, there exist 7,7’ > 0 such that for every a € [1 — 7,1+ 7] and y € (0,7),

h
1—e< May) <l+e.
h(y)
Furthermore, for z close enough to zg, we have g(z) <7’ and (1 —n) < f(x)/g(z) < (1 +n),
so that
h (g(w) : %) .
- 7 < 6,
h(g(x))
which ends up the first part of the proof. The second part follows in the same way since
1+ te(z) goes to 1 uniformly in ¢ in any compact set. O

Lemma A.6. [6, Thm. 4.12.9] Let v be a positive measure on (0,400) whose Laplace trans-
form

o) = [ e

converges for all a > 0. Let p < 1. Then, a — —log ¢(a) regularly varies at 400 with index p
if and only if x — —logv(0, x] regularly varies at 0 with index p/(p — 1).

B Proof of Technical results

We first prove the equivalence of (5) and S < co under the assumptions (3) and (4).
Lemma B.1. The series

S:Z”’*Z)\lﬂ Z T and ZML (49)

i>1 n>1 " i>n41 n>1

have the same behavior.

Proof. First, according to (3), as n — +00, Ap/pn — 1 < 1 and the first term of the r.h.s. of
(49) converges. It remains to study the convergence of the series >, -, A, where for n > 1,

by R
A=y St
i>1 Hn+1 Hn+j

We have A,, > 1/piy,4+1 since it is the first term of the sum. Moreover, according to assumption
(3), for n large enough, we have \,,/u, <1 :=(1+41)/2 and

TR DN

where M = sup{n/tj4n : j,n > 1} is finite thanks to assumption (4). Putting all pieces
together, for n large enough, we have

Loy, M

Hn4-1 1= Hn4-1

and the series ) ;%n and ) A, have the same behaviors. O
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Now we consider a bounded sequence (uy),>1 satisfying for every n > 1

Up = Aplpi1 + bp, where a, >0, limsupa, <1, b, >0. (50)

n—-400

We prove the following result used in particular in our work to control the moments of 7,,.

Lemma B.2. Assuming (50), then for every n > 1,

i—1 n—1
Uy = Zbi a;  (where by convention H a; =1). (51)
i>n j=n j=n

Moreover, if sup{byir/bn : k,n > 1} < 0o, there exists C > 0 such that for every n > 1

b < u, <Cb, and thus sup Yntk < 00. (52)
kn>1 Un

If in addition we assume that a,, — 0, then w, ~ by,.

n—-+00 n—-+o0o

Proof. By the recurrence property (50), for all N >n > 1,

N i—1 N
U, :ZbiHaj—i—uNHHaj. (53)
j=n j=n

i=n

Since limsupa, < 1 and (uy,), is bounded, the second term of the r.h.s. of (53) vanishes as
N — +o0 and (51) is proved.

We now suppose K := sup{b,1r/bn : k,n > 1} < +00. Moreover limsup,, a, < 1 ensures that
there exists € > 0 and ng such that for n > ng, a, <1 —e. So writing (51) as

b, i+n—1
Zrn H CL]' 5 (54)
j=n

U, = by, 1—|—Z

i>1

Then, for n large enough,
bn Sun <by [1+E> (1—g) |,
i>1
which ends the proof of (52). If we also have lim,,_, { o a,, = 0, we obtain wu,, ~ b, as n — +00
from (54) thanks to the dominated convergence theorem. O
C Examples

In this paragraph, we give examples that fulfill the Assumptions (3), (4) and (5). They il-
lustrate the law of large numbers and central limit theorems of this paper. Special attention
is payed to the examples motivated by population dynamics, such as Example 1. For these
motivations and convenience, we assume here that the birth rate satisfies A,, < C.n for some
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constant C' > 0 and every n € N. It captures the linear branching rate and allows for ex-
ample to take into account cooperation for small populations, as Allee effect. We are also
focusing on the case [ = 0, which means that the death rate prevails for large population
owing to the competition. Let us note from Lemma 3.2 that such assumptions ensure that
Eoo () ~ 1/pin41 as n — +o0.

Example 1. We assume that u, = n”log” n with either p > 1 or p =1 and v > 1. This death
rate regularly varies with index p, so that the almost sure convergence of Theorem 3.1 holds.
Thus, T,, satisfies a strong law of large numbers with speed

1 —1)n,—Tlog” n if p > 1
n——+o0o k;l kr logfy k n—+oo W if P = 1

Moreover, since Vars, (1)) ~ 1/[(2p — 1)n*~!log* n] as n — 400, according to Theorem 3.4,
T,, satisfies the C.L.T.

%\/ﬁ{(p—l)npllog'ynﬂl—l} W@,y (p>1)

n— 0o
Vnlogn y—1 (d) -
Concerning the asymptotic behavior of X (¢) as t — 0, when p > 1, v regularly varies at 0
with index 1/(1 — p) and is generally not explicit. However, if v = 0, that is, if u, = n”, we
have v(t) ~ ((p — 1)t)YE=P) ag ¢ — 0.

Example 2. Let us illustrate the regimes (ii) of Theorems 3.1 and 4.1.

If i, = ()Y with v > 0, Eoo (T,) ~ ((n+1)!)77. Hence, lim, s+ oo Exo (70) /Eco (T3,) = 1 and
Theorem 3.1(ii) yields
(n+ 1T, Y E

n—-+0o00
where FE is exponential with parameter 1.

If pp = e " with 8 > 0, B (T},) ~ e P+ /(1 — e7#). Thus, the conditions of Theorem
3.1(ii) hold true with o = 1 — e~ and

St ﬂ) ZeiﬁkEk

n—-+o00
k>0

where the E}’s are i.i.d. exponential with parameter 1. In that case, we can explicit the speed
v of Theorem 4.1 and we get X (t) ~ —(logt)/5 as t — 0, in probability.

Ezxample 3. In Theorem 3.1, we did not consider the case where 7, = E (7,) /Exo (T},) does
not converge. Then one can (only) state analogous results along the convergent subsequences.
For instance, if po, = popr1 = 372" we have

4 d 4
ron, — = and 71 — -
n n——+o0 9 2n+l n—+o0o H

Theorem 3.1(ii) still holds in that case, but for the two subsequences (T%,/Eo (1)), and
(Ton+1/Eoo (T2n+41))n, which converge in distribution to different limits.
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One can also find examples where 0 = liminfr, < limsupr,. Then, (7},), has two subse-
quences satisfying the two regimes (i) and (ii) of Theorem 3.1.

Ezample 4. In this last example, we exhibit a sequence of death rates (i), such that the law
of large numbers of Theorem 3.1(i) holds in probability but not almost surely.
For that purpose, we set p, = exp(n/logn)logn. One can check that [ = 0 and

IEoo (Tn) ~ 1/Mn+17 IE:oo (Tn) ~ S(TL + 1) = Z 1//“4:
k>n+1

as n — 400. Moreover, as (i, is non-decreasing,

0 efm/log(:v) [ efm/log(:v) efn/ log(n)
n log n log logn

oo ,—x/log(x oo
[T e [ () e o
n log « n—+oo  J, log x (log 1-)2

Combining the two last displays and recalling 7, = Eo (75,) /Eoo (T1), we have

and

S(n) ~exp(—n/logn), o~ 1/logn, =0, > r2=oc,
n

so that T}, /S(n+1) goes to 1 in probability but the almost sure convergence is not guaranteed.
Indeed, let us assume now that V,, := T,,/S(n + 1) does converge a.s. toward 1 and find a
contradiction. We have

(55)

S 2 "
Vil =V = Vo (1— (n+ )>— 7

S(n+1) Sn+1)

By hypothesis, the left hand side of the latter a.s. vanishes as n — 400. Moreover, simple
computations leads to S(n +1)/S(n) — 1 and the first term in the r.h.s. of the last display
a.s. goes to 0 since our assumption implies that V,, is bounded a.s. Hence, putting all pieces
together, the term 7,,/S(n + 1) of (55) has to go to 0 a.s.
To get a contradiction thanks to Borel-Cantelli’s Lemma, it suffices to prove that for ¢ small
enough,

ZIP’OO(Tn/S(n +1) >¢) =00,

n>0
recalling that the r.v. 7, are independent. By a coupling argument, 7,, stochastically dominates
7, the hitting time of n by a pure death process with death rates (ux)x and starting at n + 1.
In other words, 7, is stochastically larger than the exponential r.v. 7,, with parameter fi,41.
Then, Poo(7,/S(n+1) >¢) > exp(—eunt+15(n + 1)). Thanks to previous computations,
pnS(n) ~ logn as n — +oo. Then, there is C' > 0 such that

1
nce’

Poo(n/S(n+1) > ) > e~5C1osn =

which completes the proof because >, (P (7,4+1/5(n) > ¢) is infinite as soon as ¢ is small
enough.
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