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MARGIN CONDITIONS FOR VECTOR QUANTIZATION

By CLEMENT LEVRARD
Université Paris Sud, UPMC and INRIA

Recent results in quantization theory show that the convergence
rate for the mean-squared expected distortion of the empirical risk
minimizer strategy, for any fixed probability distribution satisfying
some regularity conditions, is O(1/n), where n is the sample size (see,
e.g., [7] or [12]). However, the dependency of the average distortion
on other parameters is not known.

This paper offers more general conditions, which may be thought
of as margin conditions (see, e.g., [15]), under which a sharp up-
per bound on the expected distortion rate of the empirically optimal
quantizer is derived. This upper bound is also proved to be sharp
with respect to the dependency of the distortion on other natural
parameters of the quantization issue.

1. Introduction. Quantization, also called lossy data compression in
information theory, is the problem of replacing a probability distribution
with an efficient and compact representation, that is a finite set of points.
To be more precise, let P denote a probability distribution over R% and
k a positive integer. A so-called k-quantizer @ is a map from R? to RY,
whose image set is made of exactly k points, that is ‘Q(Rdﬂ = k. For such
a quantizer, every image point ¢; € (]Rd) is called a code point, and the
vector composed of the code points (cy,...,cx) is called a codebook. By
considering the preimages of its code points, a quantizer () partitions the
Euclidean space R? into k groups, and assigns each group a representative.
General references on the subject are to be found in [10], [9] and [13] among
others.

The quantization theory was originally developed as a way to answer sig-
nal compression issues in the late 40’s (see, e.g., [9]). However, unsupervised
classification is also in the scope of its application. Isolating meaningful
groups from a cloud of data is a topic of interest in many fields, from social
science to biology. Classifying points into dissimilar groups of similar items
is as more interesting as the amount of accessible data is large. In many cases
data need to be preprocessed through a quantization algorithm in order to
be exploited.

Keywords and phrases: localization, fast rates, margin conditions
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If the distribution P has a finite second moment, the performance of a
quantizer () is measured by the risk, or distortion

R(Q) := Pllz — Q(x)|,

where P f means integration of the function f with respect to P. The choice
of the Euclidean squared norm is convenient, since it takes advantages of
the Euclidean space structure of R?. Nevertheless, it is worth pointing out
that several authors deal with more general distortion functions. For further
information on this topic, the interested reader is referred to [10] or [8].

In order to minimize the distortion introduced above, it is clear that only
quantizers of the type x — argmin,, ., ||z —¢|* are to be considered.
Such quantizers are called nearest-neighbor quantizers. With a slight abuse
of notation, R(c) will denote the risk of the nearest-neighbor quantizer as-
sociated with a codebook c.

Provided that P|z||? < oo, there exist optimal codebooks minimizing
the risk R (see, e.g., Lemma 8 in [19] or Theorem 4.12 in [10]). The aim
is to design a codebook ¢,, according to a n-sample drawn from P, whose
distortion is as close as possible to the optimal distortion R(c*), where c*
denotes an optimal codebook.

To solve this problem, most approaches to date attempt to implement the
principle of empirical risk minimization in the vector quantization context.
Let X1,...,X,, denote an independent and identically distributed sample
with distribution P. According to this principle, good code points can be
found by searching for ones that minimize the empirical distortion over the
training data, defined by

N s 1~ . )

Bafe) = 2 301~ QUAI” = 3 i, 1% —
If the training data represents the source well, then ¢,, will hopefully also per-
form near optimally on the real source, that is ¢(¢,, c*) = R(¢,)—R(c*) = 0.
The problem of quantifying how good empirically designed codebooks are,
compared to the truly optimal ones, has been extensively studied, as for
instance in [13].

It has been proved in [14] that E((¢,,c*) = O(1/y/n), provided that P
has a finite second moment. However, this upper bound can be tightened
whenever the source distribution satisfies additional assumptions.

For the special case of finitely supported distributions, it is shown in [2]
that E¢(¢,, c*) = O(1/n). There are much more results in the case where P
is assumed to have a density.
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In fact, different sets of assumptions have been introduced in [2], [20] or
[12], for the loss El(¢,,c*) to decrease at the rate O(1/n) in the density
case. As shown in [12], these different sets of assumptions turn out to be
equivalent to a technical condition, similar to that used in [17] to derive fast
rates of convergence in the statistical learning framework.

Thus, a question of interest is to know whether some margin type condi-
tions can be derived for the source distribution to satisfy the technical condi-
tion mentioned above, as has been done in the statistical learning framework
in [15].

Theorem 3.2 of [12] offers a partial answer, proving that a sufficient condi-
tion is that P is divided into k well separated areas. However, this condition
is not fully satisfactory, since it consists in a bound on the density located
at the d — 1 dimensional region between optimal code cells, whereas margin
conditions in the statistical learning framework are bounds on the weight
with respect to P of the e-neighborhood of the critical value 1/2 for the
regression function.

Next, the scope of Theorem 3.2 of [12] is constrained to distributions
with continuous densities, whereas margin conditions in [15] do not require
regularity of the regression function.

This paper addresses both these issues, providing a condition which can
clearly be thought of as a margin condition in the quantization framework,
under which the loss E4(¢,,,c*) = O(1/n).

Moreover, some explicit oracle inequality is derived in this case, that is an
upper bound of the form E{(¢,,c*) < C(k,d, P)/n, where the dependency
of C(k,d, P) on its parameters is explicit, developing the technique used in
[12] or [7]. It is worth pointing out that the parameters mentioned in this
result, such as the smaller distance between two optimal code points, are
rather natural from the quantization point of view.

In addition, this result allows to partially answer the problem mentioned
in [1] about the minimax rates over distributions satisfying Pollard’s con-
dition. This rate has been proved in [1] to be 1/y/n, which is at first sight
contradictory with the individual convergence rate of 1/n derived for every
distribution in this case.

The paper is organized as follows. In Section 2 some notation and defi-
nition are introduced, as well as the so-called margin conditions. The main
results are exposed in Section 3: firstly an oracle inequality on the loss is
stated, along with a minimax result, then it is shown that Gaussian mix-
tures are in the scope of the margin conditions. Finally, proofs are gathered
in Section 4, and the proofs of technical intermediate results are to be found
in Section 5.
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2. Notation and Definitions. Throughout the paper, for M > 0 and
a in R%, B(a, M) will denote the closed Euclidean ball with center a and
radius M. With a slight abuse of notation, P is said to be M-bounded if its
support is included in B(0, M).

To frame the quantization issue as an empirical risk minimization issue,
the following contrast function -~y is introduced as

RN xRT — R
K (c.x) >  min [lz — ¢

ey

where ¢ = (cq,...,¢x) denotes a codebook, that is a kd-dimensional vector.
The risk R(c) then takes the form R(c) = R(Q) = Py(c,.), where we
recall that Pf denotes the integration of the function f with respect to
P. Similarly, the empirical risk R, (c) can be defined as R,(c) = P,y(c,.),
where P, is the empirical distribution associated with Xi,...,X,,, in other
words P, (A) = 1/n|{i|X; € A}|, for every measurable subset A C R

It is worth pointing out that, if P||z|? < oo, then there exist such min-
imizers ¢, and c* (see, e.g., Theorem 4.12 in [10]). In the sequel the set of
minimizers of the risk R(.) will be denoted by M.

Let ¢1,...,¢; be a sequence of code points. A central role is played by
the set of points which are closer to ¢; than to any other ¢;’s. To be more
precise, the Voronoi cell, or quantization cell associated with ¢; is the closed
set defined by

Vie)={eeR) Vizi z-qll<lz—cl}.

It may be noted that (Vi(c), ..., Vi(c)) does not form a partition of R?, since
Vi(c) N Vj(c) may be non empty. To address this issue, a Voronoi partition
associated with c is defined as a sequence of subsets (Wi(c),..., W(c))
which forms a partition of R¢, and such that for every i = 1,...,k,

Wi(e) = Vi(e),
where W;(c) denotes the closure of the subset W;(c). The open Voronoi cell
is defined the same way by

Vile)={eeR) Vii llo—al<lo—ql}.

Given a Voronoi partition W(c) = (Wi(c),...,Wg(c)), the following in-
clusion holds, for 7 in {1,...,k},

o

VZ(C) C WZ(C) C VZ’(C),
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and the risk R(c) takes the form

k

R(e) =) P (lx = cill*Lw, ) (2))

1=1

where 14 denotes the indicator function associated with A. In the case where
(W4, ..., Wy) are fixed subsets such that P(W;) # 0, for every i = 1,...,k,
it is clear that

P(llz = cil 1w, (o) (@) = P(llz = 1il* 1w (e (2)),
where 7; denotes the conditional expectation of P over the subset Wj(c),
that is
_ P@lwi(o(2))
" PWe)

Moreover, it is proved in Theorem 4.1 of [10] that, for every Voronoi partition
W (c*) associated with an optimal codebook c*, and every ¢ = 1,...k,
P(W;(c*)) # 0. Consequently, any optimal codebook satisfies the so-called
centroid condition (see, e.g., Section 6.2 of [9]), that is

o Pty @)
SR UACD)

As a remark, the centroid condition ensures that, for every ¢* in M and
i 7 7,

Pi(e)nVi(e) = P ({z e R o —dill=lle—¢l}) =o0.
A proof of this statement can be found in Theorem 4.2 of [10]. Accord-

ing to this remark, it is clear that, for every optimal Voronoi partition

(Wl(c*), . ,Wk(c*)),

(1)
The following quantities are of importance in the bounds exposed in Sec-
tion 3.1:

@) { B = mineemizllc; —
Pmin = minc*GM,i:L...,kP(‘/i(c*))'

The role of the boundaries between optimal Voronoi cells may be com-
pared to the role played by the critical value 1/2 for the regression function



6 C. LEVRARD

in the statistical learning framework. To draw this comparison, the following
set is introduced, for any c* € M,

N(e) = [JVile) nVi(er).
i#]

Next, the critical region N* is defined as

N*= ] N(c¢).

c*eM

This region seems to be of importance when considering the conditions un-
der which the empirical risk minimization strategy for the quantization is-
sue achieves faster rates of convergence, as exposed in [12]. However, to fully
draw the comparison between the margin conditions for the statistical learn-
ing issue (see, e.g., [15]) and quantization, the neighborhood of this region
has to be introduced. For this purpose the ¢-neighborhood of the critical
region is defined as

Ny = {a; eRY d(z,N*) < t} .

Intuitively, if P(N;") is small enough, then the source distribution P is con-
centrated around its optimal codebook, and may be thought of as a slight
modification of the probability distribution with finite support made of an
optimal codebook c¢*. To be more precise, let introduce the following key
assumption:

DEFINITION 2.1 (Margin condition). Denote by p(t) = P(N*(t)). Then
P satisfies a margin condition with radius ro if and only if

i) P is bounded by M,
i) M is finite,
iii) For all 0 <t <,

Bpmin
t) < .
(3) P(t) < s

Contrary to the conditions required in [15] in the framework of supervised
classification, the margin condition introduced here only requires a local
control of the weight of the neighborhood of the critical region. It is quite
obvious that a global margin condition of the type p(t) < Bpmin/128M?t
for every ¢ > 0 implies the condition defined above. However, requiring only
a local control of the weight function p(t) enlarges the scope of our results,
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since it allows to deal with non continuous probability distributions. This
point is illustrated in the following example:

Example 1: Assume that there exists > 0 such that p(z) =0if x <7r
(for instance if P is supported on k points). Then P satisfies a margin
condition with radius r.

It is also worth pointing out that the condition mentioned in [15] requires
a control of the weight of the neighborhood of the critical value 1/2 with a
polynomial function with degree larger than 1. In the quantization frame-
work, the special role played by the exponent 1 leads to only consider linear
controls of the weight function. This point is explained by the following
example:

Example 2: Assume that P is bounded by M, and that there exists
@ > 0 and ¢ > 1 such that p(z) < Qx?. Then P satisfies (3), with

B < pminB >1/(q—1)
ro = .
07 4v/aM \16v2MQ

In the case where P has a density, the condition (3) can be thought of as
a generalization of the condition mentioned in Theorem 3.2 of [12], which
requires the density of the distribution to be small enough over the critical
region. In fact, provided that P has a continuous density, a uniform bound
on the density over the critical region provides a local control of the weight
function with a polynomial function of degree 1. This idea is developed in
the following example:

Example 3(Continuous densities): Assume that P has a continuous den-
sity f, is bounded by M, and that M is finite. Moreover, assume that

Bpmin
4 d .
) L Wde < e

Then, by considering the derivative at 0 of the map t +— p(t), there exists
ro > 0 such that P satisfies a margin condition with radius rg > 0. It can
easily be deduced from (4) that an uniform bound on the density located at
the critical region can provide a sufficient condition for a distribution P to
satisfy a margin condition. Such a result has to be compared to Theorem
3.2 of [12], where it was required that

r4)B
0 S Pmin
d+5 \fd+1,d/2 ’

Il f

where I' denotes the Gamma function.

Another interesting parameter of the quantization issue is the following
separation factor, which quantifies the difference between optimal codebooks
and local minimizers of the risk.
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DEFINITION 2.2. Denote by M the set of local minimizers of the map
c— Pv(c,.). Then P is said to be e-separated if

(5) inf {(c,c*) =e.
cEMNMe

It may be noticed that local minimizers of the risk function satisfy the
centroid condition. Whenever P has a density and P||z||?> < oo, it can be
proved that the set of minimizers of R coincides with the set of codebooks
satisfying the centroid condition, also called stationary points (see, e.g.,
Lemma A of [20]). However, this result cannot be extended to non continuous
distributions, as proved in Example 4.11 of [10].

The main results of the present paper are based on the following propo-
sition, which connects the margin condition stated in Definition 2.1 to the
condition introduced in Theorem 2 of [2].

PROPOSITION 2.1.  Assume that P satisfies a margin condition with ra-
dius 7o, and is e-separated. Then, for every codebook ¢ in B(0, M)¥,

le —¢*(c)|I* < wol(e, ),

where c*(c) € argmingsen ||c — ¢*||, and ko = 4kM? (% v %).

As mentioned in [7] or [12], the connection between the loss and the Eu-
clidean squared distance can be thought of as a technical margin condition.
It is worth pointing out that the dependency of kg on different parameters
of the quantization issue is explicit. This point allows us to derive explicit
upper bounds on the excess risk in the following section.

3. Results.
3.1. Risk bound. The main result of this paper is the following:

THEOREM 3.1. Assume that P satisfies a margin condition with radius
ro, and is e-separated. Let kg be defined as
1 640>
o siar (LB
€ pminB U
If ¢, is an empirical risk minimizer, then, with probability larger than 1 —
27,

2 *
(6) ey, ") < COHOM + né’;%l + nogx + gaz,
n n n n
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where Cy is an absolute constant, C1 is a combination of square roots of
polynomial functions in k, log(k), d, B and M, Cy is polynomial in k and
M, Cs is polynomial in M and Vk.

Moreover, under the same conditions, with probability larger than 1—2e™%,

M2kd (log(4|M|V/Fd) + 1) RRTTLYCRIY,
Ko T x

n n n

)

(7) £(€n,c*) < Clro
where C{y is an absolute constant.

This result is in line with Theorem 3.1 in [12] or Theorem 1 in [7], con-
cerning the dependency on the sample size n of the loss ¢(¢,,, c*). The main
advance lies in the dependency on other parameters of the loss of ¢,, which
provides a non-asymptotic bound for the excess risk.

In fact, (7) derives from chaining arguments such as one used in [12] or
[7], and involves a classical dimension term of kd. When considering (6), it
seems that this kd term disappears from the dominant term of the upper
bound. This suggests that the dimension of the Euclidean space in the finite-
dimensional case plays a minor role, as pointed out in Theorem 2.1 in [5].
An open question is to know whether such fast rates bounds can be derived
in the infinite dimensional case.

However, (6) may be thought of as a semi-asymptotic bound, since it
involves a dominant term and a residual term with respect to the sample
size n. Although the dependency on other parameters of the dominant term
is sharper in (6) than in (7), the residual term C;/n? in (6) still involves
the dimension d. Consequently, (6) only guarantees that Ef(¢,,c*) can be
bounded from above with a dimension-free term when n grows to infinity.

Another interesting point is that Theorem 3.1 does no require P to have
a density, contrary to the requirements of previous results in [12] or [7]. This
remark makes the link between bounds obtained for point-wise distributions
in [2] and bounds for distributions with densities as in [2] or [12].

It is also worth mentioning that the dependency in e surprisingly turns
out to be sharp, as will be shown in Proposition 3.1. In fact, tuning this
separation factor is the core of the demonstration of the minimax results in

[3] or [1].

3.2. Minimax lower bound. Theorem 1 in [3] ensures that the minimax
convergence rate over the distributions bounded by M of any empirically
designed codebook can be bounded from below by O(1/y/n). A question of
interest is to know whether this lower bound can be refined when considering
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only distributions satisfying some fast-convergence condition. A partial an-
swer is given by Corollary 2 in [1], where it is proved that the minimax rate
over distributions with continuous densities with individual convergence rate
of O(1/n) for the empirical risk minimizer is still O(1/y/n). However, since
no non-asymptotic upper bound has been provided for these distributions,
to understand which parameter is varying in this minimax result remains a
hard issue.

Consequently, this subsection is devoted to obtaining a minimax lower
bound on the excess risk over the set of distributions satisfying the mar-
gin condition defined in Definition 2.1, in which some parameters are fixed.
Throughout this subsection, ¢, will denote an empirically designed code-
book, that is a map from (R%)" to (RY)%. Let k be an integer such that
k >3, and M > 0. For simplicity, k£ is assumed to be divisible by 3. Let us
introduce the following quantities:

m %
A _ 15?\4
— 96ml/d”

To focus on the dependency on the separation factor e, the quantities
involved in Definition 2.1 are fixed as:

B = A
(8) ro = 711—%
Pmin = ok

Denote by D(e) the set of probability distributions which are e-separated,
and which satisfies a margin condition with parameters defined in (8). The
minimax result is the following:

PROPOSITION 3.1. Assume that k > 3. Then, for any empirically de-
stgned codebook,

E Sup E(én7C*) > COJ\42 )
PeD(c1/v/n) n
where ¢y is an absolute constant, and
(15M)?
Cl == ﬁ.
4(96m1ta)?

Proposition 3.1 can be thought of as an extension of Theorem 1 in [3].
This minimax lower bound has to be compared to the upper risk bound
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obtained in Theorem 3.1 for the empirical risk minimizer ¢, over the set
of distributions D(c¢;1/+/n). To be more precise, Theorem 3.1 ensures that,
provided that n is large enough,

E  sup Sg(k,d,M)7
PeD(c1/+/n) Vn

where g(k,d, M) depends only on k, d and M. In other words, the depen-
dency of the upper bo%nds stated in Theorem 3.1 on ¢ turns out to be
sharp whenever € ~ n™2. Unfortunately, Proposition 3.1 can not be easily
extended to the case where e ~ n™% with 0 < a < 1/2. Consequently an
open question is whether the upper bounds stated in Theorem 3.1 remains
accurate with respect to € in this case.

3.3. Quasi-Gaussian mizture ezample. The aim of this subsection is to il-
lustrate the results offered in Section 3 with Gaussian mixtures in dimension
d = 2. The Gaussian mixture model is a typical and well-defined clustering
example. However we will not deal with the clustering issue but rather with
its theoretical background.

In general, a Gaussian mixture distribution P is defined by its density

k
n 2 : 0; —L@—m)t e (z—my
f(x) = —¢ 2( 1)tzz ( 1)7
i=1

271'\/ |Ez|

where k denotes the number of component of the mixture, and the 6;’s
denote the weights of the mixture, which satisfy Zle 0; = 1. Moreover, the
m;’s denote the means of the mixture, so that m; € R?, and the ¥;’s are the
2 x 2 variance matrices of the components.

We restrict ourselves to the case where the number of components k is
known, and match the size k of the codebooks. To ease the calculation, we
make the additional assumption that every component has the same diagonal
variance matrix ¥; = ¢2I. Note that a similar result to Proposition 3.2 can
be derived for distributions with different variance matrices ¥;, at the cost
of more computing.

Since the support of a Gaussian random variable is not bounded, we define
the “quasi-Gaussian” mixture model as follows, truncating each Gaussian
component. Let the density f of the distribution P be defined by

k
0; la—mg 2

flz) = Z orN ¢ 2 By
i=1 !
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where N; denotes a normalization constant for each Gaussian variable.

To ensure this model to be close to the Gaussian mixture model, we
assume that there exists a constant ¢ € [0, 1] such that, for ¢ = 1,... k,
Ni > 1—e.

Denote by B = inf;;[[m; —m;|| the smallest possible distance between
two different means of the mixture. To avoid boundary issues we assume
that, for all i = 1,...,k, B(m;, B/3) C B(0, M).

It is worth noticing that the two assumptions N; > 1—¢ and B(m;, B/3) C
B(0, M) can easily be satisfied as soon as M is chosen large enough. For such
a model, Proposition 3.2 offers a sufficient condition for P to satisfy a margin
condition.

PROPOSITION 3.2.  Let O, = min;—y 1 0;, and Opge = max;—q, 1 0;.
Assume that

(

9)
Ormin 2048ka> 2048k2 M3

2 max 5, B2 24 (B2 2
Omaa (1 —e)B2(1 — e~ B?/204802) " (1 — £)702B(eB?/320% — 1)
Then P satisfies a margin condition with radius %.

The condition (9) can be decomposed as follows. If

emin > 2048]{70‘2
Omaz — (1 — 5)32(1 _ 6_32/204802)7

then the optimal codebook c* is close to the vector of means of the mixture
m = (my,...,mg). Therefore, it is possible to locate the critical region
associated with the optimal codebook c¢*, and to derive an upper bound on
the weight function defined in Definition 2.1. This leads to the second term
of the maximum in (9).

This condition can be interpreted as a condition on the polarization of
the mixture. A favorable case for vector quantization seems to be when the
poles of the mixtures are well separated, which is equivalent to o is small
compared to B, when considering Gaussian mixtures. Proposition 3.2 gives
details on how ¢ has to be small compared to B, in order to satisfy the
requirements of Proposition 2.1. This ensures that the loss ¢(¢,, c*) reaches
an improved convergence rate of 1/n.

It may be noticed that Proposition 3.2 offers almost the same condition
than Proposition 4.2 in [12]. In fact, since the Gaussian mixture distributions
have a continuous density, making use of (4) in Example 3 ensures that the
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margin condition for Gaussian mixtures is equivalent to a bound on the
density over the critical region.

It is important to note that this result is valid when k is known and match
exactly the number of components of the mixture. When the number of code
points k is different from the number of components k of the mixture, we
have no general idea of where the optimal code points can be located.

Moreover, suppose that there exists only one optimal codebook c*, up
to reindexing, and that we are able to locate this optimal codebook c*. As
mentioned in Proposition 2.1, the key quantity is in fact B = inf;4; [|c] —
c;‘H In the case where k # k, there is no simple relation between B and
B. Consequently, a condition like in Proposition 3.2 could not involve the
natural parameter of the mixture B.

It is also worth pointing out that there exist cases where the set of optimal
codebooks is not finite. For example, assume that P is a truncated rotation-
ally symmetric Gaussian distribution, and k = 2. Since every rotation of an
optimal codebook leads to another optimal codebook, there exists an infinite
set of optimal codebooks. Since, in this case, N* = B(0, M), obviously P
does not satisfy a margin condition.

4. Proofs.

4.1. Proof of Proposition 2.1. The proof of Proposition 2.1 is based on
the following lemma.

LEMMA 4.1.  Let x € Vi(c*) N Vj(c), for i # j. Then

(10) Kx—q;qmrmﬁ‘gm@Mm—cw,

(1) d(z, OVi(c")) < 4\/§M

e =<7

The two statements of Lemma 4.1 emphasize the fact that, provided that
c and c* are quite similar, the areas on which the label may differ with
respect to ¢ and ¢* should be close to the boundary of Voronoi diagrams.
This idea is mentioned in the proof of Corollary 1 in [2]. Nevertheless we
provide here a simpler proof.

PROOF OF LEMMA 4.1. Let z € V;(c*)NVj(c), then|lz—c;||? < ||z —ci|?,
which leads to <c,~ —c¢j,x — (:ZJFTCJ> < 0. Since ||z — ¢f|| < ||z — ¢j|], we may
write

[z = cill < lle = ¢l +llei = Gl + llej = &l



14 C. LEVRARD
Taking square on both sides leads to

lz = cill* = llz = ¢lI* < 2llz = ¢;ll(les = €1l + lle; = €51)
2
+ (llei = il + llej = €511)
< 8M([lei = ci|| + lles = ¢l1)

< 8V2M|jc —c*|.
Since ||z — ¢;||*> — |z — ¢ ||> = 2 <:17 - #, ¢ — cj>, (10) is proved.
To prove (11), remark that, since z € Vi(c*), d(z,V;(c*)) < d(z,h];),

where h; ; is the hyperplane defined by {x € B(0,M)|||z —cf| = ||z — C;H}
Using quite simple geometric arguments, we deduce that

. i+t o —ct
d(w,hz7]): <f1}'— ! D) J, : J > .

* %
& Cj

The same arguments as in the proof of (10) guarantee that

* * * * * * * *
<x—ci+cj G — ¢ B x_ci—kcj ¢ —Cj
2 ’ >k >k o 2 ’ >k >k

AN2M
B

<

le =<7

O

Equipped with Lemma 4.1, we are in a position to prove Proposition 2.1.
Let ¢ € M, and (Wi(c),...,W(c)) be a Voronoi partition associated to c,
as defined in Section 2. Then ¢(c,c*) can be decomposed as follows:

k
Py(e,.) =) Pl - cil 1w, ()
i=1

k k
=> P(lz—cil* 1) + > Plllz = aill* (I, e) — Lvi(en) -
=1

i=1

Since, for all i = 1,...k, P(xly,(c)(2)) = P(Vi(c*))c] (centroid condi-
tion), we may write

P([lz = cil*1y; () = PVi(c))llei — ¢ 11* + P(llz = ¢ [P 1y; (e
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from which we deduce

k

k
Py(e,.) = Py(c*, )+y_ P(Vi(e))lles — i+ Pl = il *(twie) = Ligen)) »
i=1 i=1

which leads to

k
(e,€) = pranlle = <12+ 303 P ((llz = &1 = Il = &)1y, o)
i=1 j#i

Since z € Wj(c) C Vj(c), ||z — ¢j||* — |# — ¢;||* < 0. Thus it remains to
bound from above

k

S P (Ul =l = = ) e @)

i=1 j£i

Noticing that

¢ +Cj
o=l =l = 2 = 2 (5 — ey — 2D,

and using Lemma 4.1, we get

k
. 42M .
> P(lle = cill*(tw, o) — Lvier)) = —8V2M]lc — c*[|p ( 5 lle—c II) :
i=1

. . . B
Consequently, if P satisfies (3), then, if ||c — c¢*|| < 4\/%(1)\4,

fe,c?) = Pt e — |

Now turn to the case where |c — c*(c)| > 4\%‘])\4. Since the support of

P is included on B(0, M), the function ¢ — P~(c,.) is continuous , its
minimum on (R?)* N (Ugc g B(0,M))¢ is attained. Such a minimizer is a

local minimizer, or is at the boundary ||c—c*(c)|| = 45—%. Hence we deduce
* pminBT(%
l >eN———
(e.¢) ze N6
> E/\pminBTg ||C_C*H2.
- 64 M2 4kM?

This proves Proposition 2.1
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4.2. Proof of Theorem 3.1. Throughout this subsection P is assumed to
satisfy a margin condition with radius 79, and to be e-separated. A non
decreasing map ® : R — R™ is called sub-« if o % is non increasing.

The following localization theorem, derived from Theorem 6.1 in [6], is

the main argument of our proof.

THEOREM 4.1. Let F be a class of bounded measurable functions such
that there exist b > 0 and w : F — RT satisfying

@) VfieF |flle <0

(ii) Vf € F  Var(f) <w(f).
Let K be a positive constant, ® a sub-a function, o € [1/2,1]. Then there
exists a constant C'(«) such that, if D is a constant satisfying D < 6KC(«),

and r* is the unique solution of the equation ®(r) = r/D, the following
holds. Assume that

Yr > r* E( sup ](P—Pn)f]> < P(r).
w(f)<r

xT

Then, for all x > 0, with probability larger than 1 —e™7,

6KC(a)\ = , (9K2+16Kb)z
— r* + :
D 4dn

VieF Pf—P,f<K! (w(f)Jr <

A proof of Theorem 4.1 is given in Section 5.3 of [12]. Notice that an
explicit calculation of C'(«) is given by C'(a) = ;gfl<1 + x“ (% + 1,1,7}1_1»

4.2.1. Proof of (6). The proof of (6) follows from the combination of
Proposition 2.1 and a direct application of Theorem 4.1. To be more precise,
let 1 denote the set

Fi={re,) = aler(e), ) eeBO, M)
Since, for all i € {1,...,k},

[l = eill? = llz = ¢ () |1?] < 4M]les — ¢i ()],
it follows that, for every f € Fi,

[flle < 8M?
Varp(f) < 16M?|lc —c*(c)|*.

Define wy(f) = 16M?||c — c*(c)||®. It remains to bound from above the
complexity term. This is done in the following proposition, derived from the
proof of Theorem 1 in [7].
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PRroroOSITION 4.1.

(12)

One has

E s |(PPy)f| < 2V2HO6OVR ( log (4| M|V/kd) + 1> N
FeF w1 (f)<6 Vn

The proof of Proposition 4.1 derives from classical chaining arguments,
and is given in Section 5.1. Let ®; be defined as the right-hand side of (12).

Observing that ®(0) takes the form ®;(0) = =;,/0/n, the solution &7 of
the equation ®;(d) = §/D may be written, for any D > 0,

2=2
.D \—41

o1 =

n

Let K > 0 and choose D = 6K C(1/2). Applying Theorem 4.1 to F; leads
to, with probability larger than 1 — e™*

)

(P = Pu)(y(c,.) = v(e*(c),.)) < K~116M?||e — c*(c)|?

36KC(1/2)222 9K + 128 M2
N (1/2°5F | 9K + N

n 4n
Introducing the inequality kof(c,c*) > |lc—c*(c)

|2 provided by Proposition
2.1, choosing K = 32M?k( and taking into account that C(1/2) < 4 leads
to (6).

4.2.2. Proof of (7). The proof of (7) also relies on an application of
Theorem 4.1. Let the loss of ¢, be decomposed as follows,

(P — P)(en —c*(€n), A(c™(€n), )
1) (P = Pa)llén — € (@) [R(ns (0 ),
where
A(c™, @) = =2((z — D)y, (er)s - (@ = )Ly (),
and

Recn)= Y lyepmolle— ™ [Hci e
i=1,k

+2 <x - #,ci — cj>] ,
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where we recall that W;(c) denotes an element of a Voronoi partition, such
that W;(c) C Vi(c). The proof of (7) consists in applying Theorem 4.1 to
the two terms in the right-hand side of (13).

The first term on the right-hand side of (13) may be thought of as the
dominant term in the decomposition of the loss. Define

Fo ={{c—c*(c),A(c*(c),.)))] ce€BO,M)}.
In order to apply Theorem 4.1, the following lemmas are needed.
LEMMA 4.2.  Let f € Fo, then

{ [fle < 8M
Varp(f) < 4]lc —c*(c)||*R(c*).

PROOF OF LEMMA 4.2. Elementary calculation shows that

Var({c — c¢*, A(c*,.))) =P((c — c*, A(c*,.)))? — (P({c — c¢*, A(c*,.))))?

O

Let wa(f) be defined as 4[jc — c¢*(c)||?R(c*). It remains to bound from
above the expectation of the maximum deviation between P and P, over
the set F».

LEMMA 4.3. One has

2| M|
(14) E sup [(P-DB)fl<==Vs
FEFawa(f)<6 vn

PROOF. This proof is inspired from the proof of Lemma 4.3 in [5]. The
first step is the following

E  sup  [(P—F)f]
€F2wa(f)<0

<E sup (P — Py (c — ¢*, A(c*, )] .

c*eM,|le—c*||<+/6/AR(c*)

For a general function h(Z) depending on a random map Z, we denote
by Ezh the expectation of h taken with respect to Z. Introducing some
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Rademacher independent random variables o; and using a symmetrization
inequality such as in Section 2.2 of [11] leads to

E sup (P — Py) (c—c*,A(c",.))]
le—c*||<+/3/4R(c"),c* €M
1 n
< 2ExE, sup <c—c*,—ZaiA(c*,Xi)>
lle—c* | <A/3/AR(c),c*eM N3

< \/0/4R(c*)2ExE, sup

c*reM

I

1 n
— ZO’iA(C*,Xi)
i

using Cauchy-Schwarz inequality. Eventually,

1 & 1 &
ExE, sup _ZJiA(C*aXi) < Z ExE, —ZUiA(C*aXi)
creM || ceM i3
1 @ ?
< > \|ExE, EZO'Z'A(c*jXZ‘)
creM i=1
1 2
< 5 —=\Ex A, x)]
c*EM\/ﬁ

NG

where Jensen’s inequality has been used to obtain the second line. This gives
the desired result. O

_ 2MIVER(E)

The contribution of the first term in the right-hand side of (13) is de-
scribed by the following proposition.

PROPOSITION 4.2. Let K5 be a positive constant and x > 0. Then, with
probability larger than 1 —e™*

(P = Py) (&, —c*(€n), A(c*(€n),.) < Kz_l 4R(c*)[en — C*(én)Hz

A2\ M2K2  9K2 + 128 M2VEK
" |-A:| 3 95 = vk 2,

The proof follows from a direct application of Theorem 4.1 to the set Fs,
replacing the value C'(1/2) with 4 to ease the calculation.
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The second term in the right-hand side of (13) may be thought of as a
residual term. Deriving sharper bounds on this term requires more accurate
chaining techniques, as exposed below. Define

F3 = {[lc = c*(c)|| R(c,c"(c),.)|c € B(0, M)} .
In order to apply Theorem 4.1, the following intermediate results are needed.
LEMMA 4.4. Let f € F3, then

Iflo < 2MVECy
Varp(f) S CfoHC—C*(C)|’2=

with
Coo = (2VE +8V2) M.

PrOOF OF LEMMA 4.4. The proof of Lemma 4.4 follows from a bound
on R(c,c*(c),x), namely

R(e, )] = fle — 7 3 Lygenym o (uci e

Z‘?j

+ 2<$—¥,Ci—6j>>‘

<lle—c™! [Z llei = ¢ 113 )
7

+Z2‘<LE— %,Ci—6j>

i#]

Ly, (e )nw;(e)

Since, for all j in {1,...,k}, Wj(c) C Vj(c), applying Lemma 4.1 leads to

‘R(Ca C*,Z')‘ < HC - C*”_l |:HC - C*”2 + 8\/§MHC - C*”lN*(‘l*/gMHc—c*H)

(15) < lle = "l + 8VEM1. (smus ooy = Flle—er (@):

—c*||
Elementary calculations show that, for any § > 0,
[ Eslloe < 2V +8V2)M = Cy,

from which we deduce the desired upper bounds on Varp(f) and || f||~, for
f in ./."3. U
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Let w3(f) be defined as C% ||c — c*(c)||?>. The complexity term associated
with the class of functions F3 can be bounded as follows.

PROPOSITION 4.3.

E s [(P-Pofl < 28D fo,5/cu)Ve,

fEF3,w3(f)<o ~ VCOxn
where
Co(r) = r+8v2Mp (4\/_M >
Q(k,d) =  8\/KoP(k,d)log(k?(4k — 2))

P(k,d) = k?>(2(k —1)(d+ 1)+ 24(3d + 4)),

and Ky is an absolute constant.

The proof of Proposition 4.3 is based on a result of Mendelson and Ver-
shynin in [18] and its application to a more accurate version of Dudley’s
integral. For clarity, the proof is postponed to Section 5.2. Since P satisfies
a margin condition with parameters (rg, k), with k < g%’x/}g , considering the
two cases 4v/2Mr/B < ry and 4v/2Mr/B > rq yields that

AN2M 6402
8V2Mp(—5=r) < Bro

for » > 0. Using this inequality to bound Cs from above in Proposition 4.3
leads to the following complexity result

Sy s
(16) E  suwp |(P-B)f| < =241,
fEFsws(f)<b vn
where
_ 8MQ(k,d)
= Coo BTQ .

(=%}
,Mw

Let ®3 be defined as . Remark that ®3 is a sub-3/4 function. Conse-
quently, for any D > 0, the solution of the equation ®3(d) = 0/D is

S

(D=3)*

*
05 = 5

n

Choosing K3 > 0, and D = 6K3C(3/4) in Theorem 4.1 and taking into
account that C'(3/4) < 10 leads to the following proposition.
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ProPOSITION 4.4. Let K3 > 0. Then, with probability larger than 1 —

e ",

(P =Py ([eén — c™(&,) || R(€n, c*(€n),.)) < K?,_l Cc%oHén - C*(én)H2

601 K324 9KZ + 32MVEkC K3

+ ) + x|,
n 4dn

with Z3 = %{‘JQ*\/(;%), and @ is a function composed of products of square

roots of polynomial functions in k, d, and log(k).

We are now in position to prove (7). Proposition 2.1 provides kg such that
roble,c®) = Jlo — (o)

Choosing Ky = 8R(c*)kg in Proposition 4.2, K3 = 2C2 ko in Proposition
4.4 and summing the two resulting inequalities leads to (7), valid on a set
which has probability larger than 1 — 2e™*.

4.3. Proof of Proposition 3.1. Throughout this subsection, for a code-
book c, let @ denote the associated nearest-neighbor quantizer. In the gen-
eral case, such an association depends on how the boundaries are allocated.
However, since the distributions involved in the minimax result have a den-
sity, how boundaries are allocated will not matter.

Let k > 3 be an integer. For convenience k is assumed to be divisible by 3.
Let m = 2k/3. Let z1, ..., z, denote a 6A-net in B(0, M — p), where A > 0,
and wy, ..., w,, asequence of vectors such that ||w;|| = A. Finally, denote by
U; thAe ball B(z;, p) and by U/ the ball B(z;, p). Slightly anticipating, define
p= .

To1 6get the largest A such that for all i = 1,...,k U; and U] are included
in B(0, M), it suffices to get the largest A such that there exists a 6A-net
in B(0, M — A/16). Since the cardinal of a 6A-net is larger than the largest
number of balls of radius 6A which can be packed into B(0, M — A/16), a
sufficient condition on A to guarantee that a 6A-net can be found is given

by
M —A/16\*
<|—— .
e (M)

Since A < M, A can be chosen as

16M

A= Semird
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For such a A, p takes the value p = % = LM __ Therefore, it only depends

1536m1/d "
on k, d, and M.
Let z = (%)i=1,...m and w = (w;)i=1,...m be sequences as described above,
such that, for i = 1,...,k, U; and U/ are included in B(0, M). For a fixed
o € {—1,+1}" such that >.", 0; = 0, let P, be defined as

P,(U) = bt
Po(U}) = Lzt
Py (0= o = 2l Tja-s <A @)

P,

q
S S

(P — |7 — zi — wil)1)jz—2, —w, | <pdA (),

where A denote the Lebesgue measure. These cone-shaped distributions are
designed to have a continuous density, as done in [1]. To be more precise,
for 7in {—1,+1}%, o(7) is defined as the sequence in {—1,+1}" such that

{ai(T) - 7

0’z‘+%(7') = —oi(7),

fori=1,..., 2. Finally, for a quantizer @ let R(Q, P5) denote the distortion
of ) in the case where the source distribution is P.

Similarly, for o in {—1,+1}" satisfying > ", 0; = 0, let Q, denote the
quantizer defined by Q,(U;) = Qo (U}) = 2z +w;/2 if 0; = —1, Q,(U;) = 2
and Q,(U]) = z + w; if 0; = +1. Let Q denote the set of such quantizers.
It can be proved that only quantizers in © have to be considered.

PROPOSITION 4.5.  Assume that A > 6, 6 < 1/3, A > 0, and p < 1A_6'
Then, for every quantizer () there exists a quantizer Q, in Q such that

V Py R(QU,PU’) < R(Q’PU’)'

The proof of Proposition 4.5 follows the proof of Step 3 of Theorem 1 in [3],
replacing distributions supported on a finite set with distributions supported
on small balls. Provided that the radius of these balls are small enough, the
results are nearly the same in the two cases. The proof of Proposition 4.5 is
given in Section 5.4.

For any o and ¢’ in {—1,1}", denote by p(o,0’) = >" | |o; — ol|, and by
H(P,, P,/) the Hellinger distance between P, and P,. To apply Assouad’s

Lemma to the set { P, }re 1% the following lemma is needed:
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LEMMA 4.5. Let 7 and 7' denote two sequences in {—1,+1}% such that
p(1,7) =2, then
4no?
n n
H( 0(7—)7P0.(T/))S m 9
where P®™ denotes the product law of a n-sample drawn from P.
Furthermore, for any o and o’ in {—1,+1}™,

A%
R(QO'/7P0') = R(QU’PU) + %p(d, 0/)'

Equipped with Lemma 4.5, a direct application of Assouad’s Lemma as

in Theorem 2.12 of [21] yields that, provided that § = %,

. k=i
E ns Po(ry) — P > coM?
Sup R(Q ) cr(T)) R(Qo(7)7 0(7))) = Co n

re{-1,4+1}%

for any empirically designed quantizer Qn, where ¢q is an explicit constant.
Finally, it may be noticed that, for every § < % and o, P, satisfies a

margin condition as in (8), and is e-separated, with

B A%§
=5
This concludes the proof of Proposition 3.1.

As a remark, it is worth mentioning that, whenever ¢ ~ 1/n®, with
a < 1/2, no interesting minimax lower bound can be derived using the
distributions {P,}’s. In fact, it can be proved, making use of the approach
exposed in [3], that the empirical risk minimization strategy Q.. achieves the
uniform rate

n172a

sup R(Qn, P,) — R(Q,, Py) < C(M, k,d)yn"%e~%) 7
{Poloc{-1,4+13m

where C(M, k,d) and c(k) are constants. Consequently, in order to get a
minimax lower bound matching the bound offered in Theorem 3.1, more
general probability distributions should be used.

4.4. Proof of Proposition 3.2. As mentioned below Proposition 3.2, the
inequality

emin > 2048]{70‘2
Omaz — (1 — 5)B2(1 — 6—32/204802)’
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ensures that, for every j in {1,...,k}, there exists 7 in {1,...,k} such that
e —m;|| < B/16. To be more precise, let m denote the vector of means
(mq,...,myg), then

. 0; g _lz—my)?
m)SZQﬂ'U2Ni /_m |z —mg||“e 20 x

pmax

2_—r
SQ 7TO'22/ e = mal d

< 2kpma:c0'2
- 1-¢

Assume that there exists i in {1
Then

k} such that, for all 7, [|cf—m;[| > B/16

- B2 _le-m)?
R(c) > 922/ ——e 202
210% JB(m,B/32) 1024

B?0,in _lle—m)?
> (& 202
~ 204872 /B(mi,é/?ﬁ)

B Hmzn __B
> 24 (1 e ﬁ)
> R(m).

1,....k}

Hence the contradiction. Up to relabeling, it is now assumed that for i =
1,...,k, ||m; — cf|| < B/16. Take y in N*(z), for z < £ then, for every i in
) 9y

B
ly—mal = 2,
which leads to
k
0; o _ly=—my)? k6,00 52
Y o lly—milfe” 27 <
= 2mo*N;

- (1- 6)27‘1’0‘26 ot

Since the Lebesgue measure of N*(x) is smaller than 4kw Mz, it follows that
. 2k2M 0oy B>

P(N*(z)) < e

On the other hand, ||m; — ¢|| < B/16 yields that

o2 1.

B(m;,3B/8) C Vi(c*).
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Therefore,

0; _llz—my)?
L e” 22 dr

P(V(c")) >
(Vi(e™)) 2102 N; JB(m, 38/8)

_9B?
>0, 1—e 12802 ,

952

hence pmin > Omin <1 — e 12802 > Consequently, provided that

Ormin, - 2048k M3
emax - (1 — 6)702B(632/3202 — 1)

)

direct calculation shows that

Bpmin
B xZ.

PIN"(@)) < 15837

5. Technical results.

5.1. Proof of Proposition 4.1. The proof of Proposition 4.1 is derived
from the proof of Lemma 3 in [7]. Let ¢* be an optimal codebook, and ¢ be
a codebook. We denote by fc ¢ the function v(c,.) —v(c*,.), so that

flz{fc*(c),C’ CGB(QM)k}
Let Wy(r) denote the function

Ui(r) =E Sup ‘(P - Pn)fc*(c),c"
c*eM,|lc—c*(c)||<r

Since
{(c"(c),c)| lle=c* ()] <7} C{(cc)] c"eM,|c—c|<r},
it is easy to see that

Uyi(r)<E sup |(P— Pp)ferc

M fe—ct|<r

The rest of the proof is derived from a chaining technique, used in the
proof of Proposition 5.1 in [12] or Lemma 3 in [7]. Set £; = 2777, for j > 0,
and for every ¢* in M, denote by N;(c*) an €; net of B(c*,r), such that
for every c in B(c*,r) there exists ¢; in N;(c*) such that [c; — c|| < ¢j.
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According to the proof of Theorem 2 in [2] or Lemma 3 in [7], such an
Nj(c*) can be defined, with

INj(e >|_<2rm> = n(e;).

€j
By a dominated convergence Theorem, for any fixed c¢* in M and c,

L1(P a.s.

fc*,c] fc* c

This allows us to decompose the expression of Wy as follows.
i(r) <E  sup (P = Pp) fer
c*EM,[le—c*|<r
<E sup (P = Pn) fer o
C*GM,C()ENQ(C*)

+ZE sup |(P_Pn)(fc*70j _fC*,ijl)L
i1 c*eM,c;eN;(c*),cj_1EN;_1(c*)

= Ay + As.
It remains to bound from above these two terms.
Bound on A4;

Introducing some Rademacher random variables ;,¢ = 1,...,n and using
the symmetrization principle as in [11] leads to

E sup |(P = Pp) fer o
C*E/VLC()EN()(C*)

< 2ExE, sup - Z TN fer co
A=*+1,c*eM C()GNQ(C
Let introduce here a maximal inequality derived from Lemma 2.3 in [16].
LEMMA 5.1.  Let z1,...,x, denote a sequence of points in X, and let

o1,...,0, denote a sequence of independent Rademacher random variables.
Let F be a set of real valued functions over X such that |F| < oo, and

2
sup — fe(x
I
Then

E, sup oif(z;) < +/2vlog(|F|).
Wz (7D
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In our case, for all ¢* in M and ¢y in Ny(c*),

1 — 16M2r2
E2f3*7co(Xi) < ’
=1

n

and
A = £1,¢* € M, ¢y € No(c*)} < |IM|(4VEd)H.

Therefore, a direct application of Lemma 5.1 yields that

A < SgM \/kdlog(zlwy\/ﬁ).

Bound on A,
Let j > 1. Using the same symmetrization argument as above leads to

Ay =FE sup ‘(P — Pn)(fc*’cj - fc*7cj71)‘
C*EM,CJ'ENJ'(C*)7Cj,1€Nj,1(C*)

1 n
R A= il,iglé M, n ; TiM(fer,e; (Xi) = fer,e;1 (Xi)).
cj € Nj(c*),cj—1 € Nj_1(c*)
Since
ch*vcj(') - J"l:*,cj,l(.)Hoo < 8Mr2-U=1)
and

’{)\ =+1,c* e M,Cj S Nj(C*),C]’_l S Nj_l(c*)}\ < 2]./\/l]n(sj)2,

a direct application of Lemma 5.1 leads to

As; < 64Mry/kdlog(|M|v/kd2i+2)2-G-D),

Comparing a sum with an integral, and observing that

1
/ Viog(—z)dx <1
0
ensures that

256 M
A2 = ZAQJ' < O6Mr < log(\M\\/E) + 1> .
=1 Vi

Combining the two bounds and remarking that

Vo
E  sup [(P=P)f| <1 |
FEF1w1(f)<b 4M

gives the result of Proposition 4.1.
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5.2. Proof of Proposition 4.3. The proof of Proposition 4.3 is based on
a sharper chaining technique than the one used in Proposition 5.1 in [12].
We intend to bound from above the complexity term

E sup (P — P,)f|
w3 (f)<6,feF3

To this aim, define

Us(r)=E sup |(P— P,)R(c,c",.)|,

[e—c*(e)l<r

where we recall that

Rec )= Y lyeymole -l [Hci e

ij=T,...k
¢ + ¢
+2<x—7l—; j,ci—cj>] ,

where (Wi(c),...,Wg(c)) is a Voronoi partition, defined in Section 2. For
technical reasons, this Voronoi partition must be specified. Denote by C(p)
the set of subsets of R? made of intersections of at most p half spaces (closed
or open).

Since R(c,c*,.) does not depend on how ties are broken, or, in other
words, R(c,c*,.) does not depend on the choice of Wj(c)’s among the par-
tition cells satisfying

o
Vi(e) € Wj(e) C Vj(e),
we choose a Voronoi partition such that every W; € C(k — 1). For instance,

o
if H; j denotes the closed half-space {||x —¢;|| < ||z —¢;||} and H; ; the open
half space {||z — ¢;|| < ||z — ¢;||}. It is possible to build a Voronoi partition
such that every cell is in C(k — 1), choosing

Wj(c) = ﬂ ](;)IZ'J N ﬂ Hi,j-
1<j (>

In short, this convention consists in allocating points on boundaries between
Vj’s to the smallest possible index. As a consequence, it is immediate that

Uy(r) = E sup (P = P)R(c,c™,.)].
le—c*(c)||<r,W;(c)eC(k—1)
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The following set of function of interest is then introduced.

1 el "
() = 10} U 3 £ M = <17 S tvieunereonn (e~ i
" irj

+2<a:— C’;Cj,c,-—cj»y A=41,¢ce€B(0,M)* c e M, W, €Ck—1)

where F, is defined in (15) as an envelope of G(r).

Let 0q,..., 0, denote a sequence of independent Rademacher variables. As
developed in the proof of Proposition 4.1, the first step is a symmetrization
inequality

Us(r) <E sup |(P — P,)R(c,c",.)|
c*eM,|lc—c*||<r

1
< 2ExE, sup o 2 oiR(e,c’, X))
A=£1,c*eM,|c—c*||<r T [T
n

1
< 2ExE, sup — E o F(Xi)g(X)
9eg(r)

=2ExR,.

The next step is to chain the set G(r). To this aim, define for any set of
real valued function F, any norm || || on F and any € > 0, the covering
number NV(F,|| |,e) as the cardinal of the smallest covering of F with
balls of radius € for the norm || ||.

To be more precise, for any g in G(r), and any finite subset S C R, we

define
1
9/l o (5) = ?Zgz(s),
’ ’sES

and, with a slight abuse of notation, ||g|lz,p,) = v/1/n > 1 9>(X;). The
technical result concerning the covering numbers of G(r) is the following.

PROPOSITION 5.1. Let S be a finite set, and 0 < € < 1. There exists
some constant K > 0, not depending on S, such that

k2(4k — 2)>KP(k,d)
€

N(G(r),e, La(8))) < (

)

with P(k,d) = k*(2(k — 1)(d + 1) 4+ 24(3d + 4)).
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For clarity, the proof of Proposition 5.1 is postponed to the following
subsection. An immediate consequence of Proposition 5.1 is that

KP(k,d
M) e = n(e)

€

N(G(r),e, La(Py)) < <

for any n-sample X1, ..., X,,. Consequently, let X1,..., X, be fixed, and set
eo=1,¢; =2"%¢g, for j > 1.

For j = 0, since F, is an envelope of G(r), a 1 covering of G(r) for the
Lo(P,) norm is the ball of center gy = 0 and radius 1.

For j > 1, Proposition 5.1 provides a ¢; covering G;(r) of G(r) for the
Lo (P,) norm with cardinality at most n(e;). For any ¢ in G(r), denote by
g; the projection of g onto this covering, so that ||g — g;ll.(p,) < €;. For
short we will write n; = n(ej).

It is easy to see that for every i in {1,...,n},

9;(Xi) — g(Xy).

j—)OO

Then R,, may be decomposed as follows:

n
R =E, sUp — AgiR(e, ¢’ X))
A=%1,c*eM,|le—e*||<r T ]

< S Eosups 3 (X5 (X:) - gi1(X0)

A direct application of Lemma 5.1 for every b; yields that

bj < — sip 1(9j = 9j-1) 17, log(njmj-1)
j \/—\/ b j Lo(Py) 37

< %\/2 log(njnj—1) sup 2C||Frllrypollgs — gi-1llLapy)

g€g(r)
4v/Cs
<
T Vn

VIE a1y log(n(e) VET T

Denote by ¢/ the quantity \/&j = 277. Since = +— y/log(n(z?)) is non-
increasing, it is quite easy to see that

\Jlog(n(e?))e
e = /log(n ]+1</ V1og(n(x?))dz.
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From this we deduce that

1/2
Z \/€j—1log(n(e;)) < 4/0 Vl1og(n(z2))dx

i>1
1/2 Ak —2),
< /0 \/KP(k:, d) log(——5—")d
< 2/KP(k,d)log(k2(4k — 2))
+4y/KP(k,d) /1/2 V1og(1/22).
0
Since f01/2 Vdiog(1/22) <1, we get
> \/ej—1log(n(e;)) < 8K P(k,d)log(k2(4k — 2)) := Q(k, d).

j>1
Thus (. )
4Q(k, d)+/Cx
Ry < — 1 El Lo l-
It remains now to take expectations with respect to the n-sample X1, ..., X,,.

Since x — /x is a concave map,

Ex(Y/I1F Iapn) < (/1B ILae) = V).

Gathering all terms leads to

8@(1{7’ d) C’ooC’2 (T‘)
\/ﬁ .

Substituting v/6/Cs with 7 gives the result of Proposition 4.3.

\1’3(7‘) §

5.3. Proof of Proposition 5.1. Let S be a finite subset of R?, and denote
by C(p) the set of subsets of R which are intersections of at most p half
spaces (closed or open). For short, N'(F,¢e) will denote N (F, Lo(S), €).

The proof of Proposition 5.1 is based on the following result, Theorem 1
in [18].

THEOREM 5.1. Let P denote a measure on §2. Let F be a set of maps
from Q into [—1,1]. Then, for every 0 <t <1,
2>ch(f,ct)

N(F,t, Ly(P)) < <;

9

where K and ¢ are constants, and ve(F,ct) denotes the t-shattering dimen-
sion of F, as defined in [18].
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Remark that, for every ¢t > 0, ve(F, ct) < d,(F), where d,(F) denotes the
pseudo-dimension of F, that is the largest integer p such that there exists
Z1,...,Tp € Q,and t1,...,t, real numbers, satisfying the following property:
for every o € {—1,1}P there exists f, € F such that, for i = 1,...,p,
oi(fo(x;) —ti) > 0. As a consequence, the quantity of interest is d,(G(r)).

Recalling that every g in G can be written

R(e,c*,a) = fle — |- 121% R (ch—c,u?

+2<Z’— Ci;cj,ci—6j>>,

where, for every j in {1,...,k}, Wj(c) is in C(k — 1), it may be noticed that
g takes the form of a sum of k? maps of the type ¢1c1 B(0,1), Where £ denotes
an affine map, and C is an element of C(2(k — 1)). Let Aff(R% R) denote
the space of affine maps between R? and R.

It is worth pointing out that every map (1¢1p5(g,1) involved in the above
decomposition of R(c,c*,.) admits F,. as an envelop.

Denote by

g/(T) _ {61013}20, M)

T

e Aff(RYR), C e C(2(k — 1))} .
We immediately deduce that

N(G(r),e) < (N (g’(r%s/kz))kz

Consider now the set of functions N'(G'(r),€). The following lemma offers a
decomposition of N(G'(r),e).

LEMMA 5.2.  Denote by Fs s = 1,...,p a collection of set of functions
taking values in [—1,1]. Then

p p
N(H}“g,a> < H (Fs,e/p).
s=1 s=1

In order to apply Lemma 5.2, a crucial point is to only deal with maps
taking values in [—1,1]. To this aim, we define the set

<Ry
He
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where f is in Af f(R% R), and the set
Pa = {{1{59}!5 € L(RY,R),a € ]R} U {1{3@}]6 € L(RY,R),a € ]R} } :

where £(R?,R) denotes the set of linear maps from R to R. We may write

2(k—1)
G'(r) CH x H Pa % 15(0,0m)>
i=1
It is well known that
dy (Pq) = d.

Since every set of functions in this decomposition is composed of functions
taking values in [—1, 1], we intend to apply Theorem 5.1 to every set. Con-
sequently it remains to bound from above the pseudo-dimensions of these
sets of functions.

First we deal with H:

LEMMA 5.3.  One has
dp(H) = dy ({ FLypirm|f € AFFROR) ) < 24(3d 4 4).

ProOF oF LEMMA 5.3. The first equality is obvious, so we only have to
deal with the inequality. We recall that the pseudo-dimension of the set of
functions { flyp<ealf € Aff (Rd,R)} is the Vapnik dimension of the set
of functions

H = {1{f1{‘f‘w_t§0} If € AfF(RYR), ¢ € R} .

Let z1,...,29, denote 2m points in R Since F,(x) = c; + Coln«(z),
where ¢; et ¢y are constants, at least m points fall in an area on which F;.
takes the form F,(x) = ¢, for some constant c¢. Without loss of generality,
we assume that x1,...,x,, fall in such an area. Consequently, we have to

bound from above the quantity Hl{fl{‘ch}—th} } (1, .. ,:Em)‘ Observing
that

{lus=ar} = {1r<a X 1pzar}
we deduce that
Hl{fl{\f\Sc}—tSO}} (1, ,wm)‘

< Hl{fl{fgc}—tﬁo}} (xl,...,:nm)‘ X Hl{fl{fzfc}—tSO}} (T1,. oy Tm)| -
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Noticing that dy ¢ ({l{fgc} If € Aff(R, R)}) = d+ 1 and making use of
Sauer’s lemma leads to, provided that m > d + 1,

em \ (@+1)
L e [ e

which ensures that

IN
A/~
S8
)
E
—
S~
[\~
=
_l’_
=

{Lgpica ) (@1 zm)]

Choose a configuration of {l\f(x1)|§cv"'71\f(xm)\§c} , for instance by
indexing the x;’s so that |f(z1)] > c,...,|f(zy)] > ¢ and [f(zy41)] <
¢y |f(xm)] < e For the r first z;’s, only two configurations remains for
H'(x1,...,2,), the configuration (0,...,0) and (1,...,1). Considering the
m =71+ 1last z;’s, |’ (@m—rit1s- . 2m)| < [{Lpoi<0r } @m—rs1,-..,m)|.
Next, Hl{f—tgo}} (Tm—rt1y--- ,m)‘ < ‘{1{f—t§0}} (x1,... ,m)‘ Eventually,
Sauer’s lemma guarantees that |{1{f_t§0}} (21, .. ,m)| < %) (d+2), pro-

vided that m > d + 2. Consequently, we get, for m > d + 2,

|’H'(m1,...,x2m)‘ = ‘{1{f1{‘f‘§FT}_tSO}} (ml,...,xgm)‘

=27 x Hl{fl{\f\sC}—tSO}} (@1, ’$m)‘

- o\ 42
< 2™ x Hl{mgc}} (:El,...,:Em)‘ X 2 <d—|—2>

U em \ 200D /o N d+2
- . d-+1 d+2 '

To give an upper bound on dy,(#), we have to find m > d + 2 such that

e \20@+D £\ d¥2
2 < 2™,
d+1 d—+ 2

Noticing that = — log,(z) is a strictly concave map, we deduce that

3em

em em

Consequently, a sufficient condition on m is given by

3em, \ 34+ )
< 2MmTh
(5it5)
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Using the same method as in [4], the choice m = [3(3d + 4) log,(3e)] turns
out to be adequate. At last, noticing that 2m < 24(3d + 4), we immediately
deduce that dy(H) < 2m < 24(3d + 4). O

Applying Lemma 5.2 and Theorem 5.1 yields that

N (G'(r),e) SN (H,e/(2k — 1)) x N (Pag,e/(2k — 1))
<4/<; _ 2>K[24(3d+4)+(d+1)(2k—2)]
< :

€

At last, the result of Proposition 5.1 is given by

N (G(r),e) gN(Q’(r),e/kQ)kQ

2(2k — 1)k2 Kk2[24(3d+4)+2(d+1)(k—1)]
() -
€

5.4. Proof of Proposition 4.5. The proof of Proposition 4.5 is based on
elementary properties of distributions with finite support, which are ex-
tended to the case where the source distribution is supported on small
balls. Throughout this subsection, a source distribution P, is fixed, so that
R(Q, P,/) may be denoted by R(Q).

LEMMA 5.4. Let 2, and zo be points in R%, denote by R the quantity l|21—
29||, by U; the ball B(z;, p). At last, let P denote the cone-shaped distribution
with density

2(d+1)
%
over each ball U;, where V' denote the volume of the unit ball. Then, if

(“4||x—zl||§p(p - H‘T - Zi”)a

add+1) <

(R/2—3p)* > P2m 5

then the best 2-quantizer Q% is such that Q5(U;) = z; for i = 1,2. Further-
more, the best 1-quantizer Q7 is such that Qi (U; UUsz) = (21 + 22)/2.

PrROOF OF LEMMA 5.4. Let V; denote the Voronoi cell associated with
z; in the Voronoi diagram generated by (z1, z2). Denote by Q3 the quantizer
satisfying Q5(U;) = z; for i = 1,2.

For any quantizer @) denote by R;(Q) = sz |z — Q(x)||?dx the contri-
bution of the cell i to the distortion of ). Denote by V' the volume of the
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unit ball, and by S its surface. Recalling that S = d x V, an elementary
calculation shows that

1d+1
RZ(QQ 2 d+1V/ S d—l—l d+2)d

,  dd+1)
P+ 2)(d+3)

Let mi" = |Q(U;)NV;| and m¢* = |Q(U;))NV;¢| denote the number of images
of U; sent inside and out81de V;. For a given 14, there are three situations of
interest, which are described below.
1. m¢u = 0 and mi™ = 1, then it is clear that R;(Q%) < R;(Q).
2. m¢“ =0 and mi” =2, then R;(Q) > 0= R;(Q*) — p2%
3. mout > 1, then there exists z € U; such that Q(z) ¢ V;. Consequently,
|z — Q(z )H > B . Let 2 € B(z,p), then

/ !/ !/ R
127 = QNI = NIz = QEI = 20 2 l2 = Q)] = 20 > 5 = 3p.

Hence we deduce

RiQ) 2 1/2 530 = Ru@p1/2 ((F — 0 - e D).

Since @ is a 2-quantizer, it is easy to see that
| {ismi® > 2} | < | {i;m"* > 1} ].
From this we deduce that

RQ= Y  R@Q+ Y R@+ Y = R(Q

{iymin>2,mout=0} {i;mout>1} {iymin=1,mo**=0}

1((R 2 d(d +1)

SRS SR <<__3p> _pddrD )

{i;ménzz’mfutzo} 2 2 (d + 2)(d + 3)

2d(d+1 X

Taking (R/2 — 3p)? > 2% ensures that R(Q) > R(Q%). O

Considering the distributions P,, o in {—1,+1}"™, taking p < % ensures

that the conditions of Lemma 5.4 are satisfied when considering Py, u:-
We turn now to the proof of Proposition 4.5.

Let @ be a k-quantizer. The following construction provides (), € Q such

that R(Q,) < R(Q). Let V; denote the union of the Voronoi cells associated



38 C. LEVRARD

with z; and z; + w;, in the Voronoi diagram generated by the sequences z
and w. We adopt the following notation

ni(Q) = |Q(B(0,M)) NV
Q) = |QVi)NVE
L@ = {imQ) =}
Q) = L(Q)
i»(Q) = ;@(Q)-

The first step is to add code points to empty cells. From the k-quantizer
@, a quantizer ()7 is built as follows

e If n;(Q) > 1, then we take Qqy, = Qv;-
o If n;(Q) = 0, then we set Q1(U;) = Q1(U)) = z + 5.
140

Notice that Q1 is a (k+io(Q))-quantizer. Denote k1 = k+ig and p+ = 52,
then R(Q1) can be bounded as follows.

Let ¢ be an integer between 1 and m. We denote by R;(Q) the contribution
of V; to the risk R(Q). If ¢ € I>q, then R;(Q) = R;(Q1). Otherwise, if
i€ Ip(Q),

d(d+1) A?
d+2)d+3) P

Furthermore, if i € Iy, then n¢“*(Q) > 1, which ensures that, as in the proof
of Lemma 5.4,

Ri(Q) = p+ <(A_%)A - 2P>2-

Ri(Q1) = 2psp’

Since A > 6 and p < 1%, we may write

2
Ri(Q) — Ri(Q1) = p+ [(ZA —2p)2 —4p? — %]
2
> P+ [QA(%) — %}
3A?
> p—T

Summing all the contributions of V;’s leads to

3AZ2

R(Q1) < R(Q) —io(@)p-—~

Next, we build the quantizer Q2 according to the following rule:
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o If n;(Q1) > 2, then Q2(U;) = z; and Q2(U]) = z; + w;.
o If n;(Q1) =1, then Q2(U;) = Q2(U)) = z + 4.
Since for i = 1,...,k, n;(Q1) > 1, Q2 is defined on every V;. Notice that,

since ;(Q1) = 1;(Q) for j > 2, Q2 has ke = k +i0(Q) — >_,53 (p — 2)1,(Q)
code points. The following lemma offers a relation between R(Q2) and

R(Q1).
LEMMA 5.5. One has

P+ A?

R(Q2) < R(Q1) +1i>3(Q) T

PrOOF OF LEMMA 5.5. Let i be an integer between 1 and m. Several
cases may occur, as described below.
e Assume that n;(Q1) = 1.
— If n¢"(Q1) = 0, then R;(Q1) > Ri(Q2), according to Lemma 5.4.
— If n%“(Q1) > 1, then, using the same technique as mentioned to
bound R(Q1) from above, R;(Q1) — R;(Q2) > pig, which leads
to Ri(Q1) = Ri(Q2).
e Assume that n;(Q1) = 2.
— If n9"*(Q1) = 0, then R;(Q1) > R;(Q2), according to Lemma 5.4.
— If ny"(Q1) > 1, then, since R;(Q2) = QPi% < pr B, Ri(Q1) —
Ri(Q2) > A? > 0.
o At last, assume that n;(Q;) > 3. If n*(Q1) > 1, then R;(Q1) >
Ri(Qo). If n¢"/(Q1) = 0, then R;(Q1) > 0 = Ri(Q1) — 2p+ A% In both
cases R(Q2) < R(Q1) +p+%.

Noticing that I>3(Q1) = I>3(Q), and summing the contributions R;(Q2)
leads to the desired result. O

The last step is to build a quantizer @, from Q5 with exactly k code
points.

o If ko = k, set Q, = Q.

o If ky < k, choose (k — ko) V; such that n;(Q2) = 1 (elementary calcu-
lation shows that there exist at least k — ko such V;’s). For every such
Vi, set Qo (U;) = z; and Q,(U]) = z; + w;. Then

A2
R(Q,) < R(Q2) — (k — k‘2)P—7-
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o If ky > k, choose (ko — k) cells V; such that n;(Q2) = 2. For every such
Vi, define Q,(U;) = Qo (U]) = 2z + %-. Then

A2
R(Qs) < R(Q2) + (k2 — k)PJr?-
By construction, ), has exactly k code points, and is an element of Q.
Finally, a result on the risk of Q. is given by the following proposition.

PROPOSITION 5.2. Let Q be a quantizer and Q. built as mentioned
above. Then,

R(Qo) < R(Q).

PROOF OF PROPOSITION 5.2. Since § < %, easy calculation ensures that
_ P 1
P+ — 27
Suppose that ke < k. Comparing the risk of @ to the risks of @)1, Q2 and
Q. leads to

2 A2 A2

. 3A . ) ) .
R(Qs) < R(Q) — iop-—5—+ (to + 2i>3 — ;’mp)p—7 +izsP+ oo

Since Zp>3pz’p > 3i>3, it is clear that

2
R(Qs) < RIQ) —poiva + Aizy(2o - 1)

128 2
< R(Q).
Next, suppose that ko > k. Then
: , . Az A% 3A?
R(Qs) < R(Q) + | do + 2i>3 — ;}p% P+ + 128D+ 750 — G0P-—5
~A? , 11
< R(Q) + 207(]94— —3p-) —|—p+123A2(ﬁ — 5)7
which yields that R(Q,) < R(Q). O

5.5. Proof of Lemma 4.5. Let introduce, for distributions P and @ with
densities f and g the affinity

o(P.Q) = [ Vo,
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so that H?(P,Q) = 2(1 — a(P,Q)). Elementary calculation shows that, if
p(o,0’) =4, then

au;f;yzy+%(V1—$—¢>zl—%§
Hence we deduce
HA(P", PS") = 2(1 — a(PE™, PE"))
— 2(1 - a"(Py, Py))
Ans?

IN

m

Finally, since p(7,7') = 2 implies p(o(7),0(7")) = 4, for 7, 7/ in {=1,+1} 2,
the first part of Lemma 4.5 is proved.

Next, for simplicity assume that ¢ is such that o1 = c.om o= 41 and
Omiy =...=0m = —1. Let S~ and S*denote the set of mistakes of o/,
that is

S = {i=1,....,% o,=-1}
St = {i=%+1,....m| oj=+1}

Finally let s* and s~ respectively denote |ST| and |S~|. Since Y ;" o} =0,
it is clear that sT = s~ := s.

As in Subsection 5.4, let R;(Q,+) denote the contribution of U; UU] to the
distortion. Then, for 7 in §7, elementary calculation shows that

' . (1+0)A2
RZ(QU’) = RZ(QO’) + m. .
Symmetrically, for ¢ in ST,
' . (1—6)A?
RZ(QU’) - RZ(QO’) Am .
Summing with respect to 7 and taking into account that s™ = s~ = s leads
to
R(Qw) = R(Q) + 55
o) 7 2m

Remarking that s = p(ng/) concludes the proof of Lemma 4.5.
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