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ESTIMATION FOR STOCHASTIC DAMPING HAMILTONIAN
SYSTEMS UNDER PARTIAL OBSERVATION.
II. DRIFT TERM.

PATRICK CATTIAUX # . JOSE R. LEON * |
AND CLEMENTINE PRIEUR °

# INSTITUT DE MATHEMATIQUES DE TOULOUSE
* ESCUELA DE MATEMATICA, CARACAS
Y LABORATOIRE JEAN KUNTZMANN, GRENOBLE

ABSTRACT. This paper is the second part of our study started with Cattiaux, Leon and
Prieur (2012). For some ergodic hamiltonian systems we obtained a central limit theorem
for a non-parametric estimator of the invariant density, under partial observation (only
the positions are observed). Here we obtain similarly a central limit theorem for a non-
parametric estimator of the drift term. This theorem lies on the previous result for the
invariant density.

1. INTRODUCTION.

Let (Zt = (X, Y;) e R¥ ¢ > 0) be governed by the following Ito stochastic differential
equation:

dY, = odW, — (¢(X;, Y))Y; + VV(X,))dt. (1.1)

Each component Y (1 <4 < d) is the velocity of a particle 7 with position X*. Function
¢ is called the damping force and V' the potential, o is some (non-zero) constant and W
a standard brownian motion.

We shall assume that ¢ and V' are regular enough for the existence and uniqueness of a
non explosive solution of (1.1). We shall also assume that the process is ergodic with a
unique invariant probability measure p, and that the convergence in the ergodic theorem
is quick enough. Some sufficient conditions will be recalled in the next section.

In our previous work Cattiaux, Leon and Prieur (2012) we proposed a non-parametric
estimator for the invariant density p, of the invariant measure p. We refer to the intro-
duction of Cattiaux et al. (2012) for some references on this problem, as well as short
discussion of the physical interest of such models.

In the present paper we attack the problem of estimating the drift term

9(z,y) = — (clz,y)y + VV(z)) . (1.2)
Date: October 25, 2013.
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As explained in Cattiaux et al. (2012), if there is an impressive literature on non-parametric
estimation for the invariant density or the drift term, most of it deals with elliptic diffu-
sion processes. Here we are looking at a fully degenerate process, but still hypo-elliptic.
In addition we intend to propose an estimator based on the observation of the positions
X only, at some discretized observation times.

The main result of Cattiaux et al. (2012) reads as follows: if p; denotes the invariant
density (see the next section for its existence), then one can find a discretization step h,,,
bandwidths b; ,, and by, and kernels K such that, defining the estimator

Xt 1) hp —Xihp

. 1 x— Xip, Y~ h
n b : K n? = )
p (l’ y) nb bd Z_: ( b b2,n )

1,n

corresponding to partial observatlon, it holds

e ) = ) 2s N (Ot [ Kot

for all pair (x,y). The previous convergence in distribution holds true under the stationary
distribution. In the non stationary case we have to shift the summation. See Theorem
3.3 and the comment following the statement of the Theorem in section 3.

Here we introduce another estimator g, defined by

. .y X+ D ~Xitn D

. . T — Xip, - (hn/3) i,n
w(2,Y) Pu(2,y) = ———— > K ,

9n(%,y) P, y) (n—1)b¢ b4 ; bin ban (hn/3)?

where

Din = X(it1)hn — 2X(i+§)hn + X(¢+§)hn
The necessity of introducing this kind of increments is hidden in the proof of the main
result (see Corollary 4.11) of the present paper which says that, one can find h,, and b, ,
(1 = 1,2) such that in the stationary regime

d 1d o _ D 2 2
\ 1008 P (G0 (2, y) = g(, y)) m/\/( (3ps @) /K u v)dudv)f> ,

where 7 denotes the identity matrix in R?. As for the invariant density we also prove such
a central limit theorem in the non-stationary regime, shifting the summation (see section
5).

It should be very interesting to estimate separately c¢(z,y) and VV(x), who have
different physical interpretations. Actually, there is no explicit relation between the
invariant density and the drift term, unless ¢ is constant, in which case ps(x,y) =

exp( ('y‘ + V(x ))), so that we have built estimators for both V' and VV. In full

generahty this will require some other ideas.
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2. THE MODEL AND ITS PROPERTIES.

We are obliged to recall some facts on the model. A more detailed discussion is contained
in Cattiaux et al. (2012).

We shall first give some results about non explosion and long time behaviour. In a
sense, coercivity can be seen in this context as some exponential decay to equilibrium.
Let us first introduce some sets of assumptions:
Hypothesis H;:

(i) the potential V' is lower bounded, smooth over R? V and VV have polynomial
growth at infinity and

+00 > liminf z.VV(z)

>v >0,
|| =400 ‘i[)’

the latter being often called “drift condition”,

(ii) the damping coefficient ¢(x,y) is smooth and bounded, and there exist ¢, L > 0 so
that c*(z,y) > cld > 0, V(|z| > L,y € R%), where ¢*(x,y) is the symmetrization
of the matrix c(x,y), given by %(Cij(az, y) + ¢i(x, y))1<ij<d

These conditions ensure that there is no explosion, and that the process is positive recur-
rent with a unique invariant probability measure u. We will denote by P, f(z) = E.(f(Z}))
which is well defined for all bounded function f, P, extends as a contraction semi-group
on LP(u) for all 1 < p < 4o0.

Furthermore p admits some exponential moment, hence polynomial moments of any
order. Another key feature is that the process is actually a-mixing, i.e.

Proposition 2.1. There ezist some constants C > 0 and p < 1 such that:
vyafe]l‘oo(u)? VtZOa
£ [ tdn

Cov, (F(Z2), g(Zo))] < C ' ||g - / g

i.e., in the stationary regime, (Zy, t > 0) is a-mizing with exponential rate.

(2.2)

[e.9]

As explained in section 2.2 of Cattiaux et al. (2012), the infinitesimal generator L is
hypo-elliptic, which implies that
p(dz) = ps(z) dz
with some smooth function p,. One can relax the C'*° assumption on the coefficients into
a C* assumption, for a large enough k, but this is irrelevant.

Furthermore it can be shown that p, is everywhere positive, for instance by using an
extension of Girsanov theory which is available here.
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One can relax some assumptions and still have the same conclusions:

Hypothesis H,:

(a) One can relax the boundedness assumption on ¢ in #H;, assuming that for all
N > 0: supjyj<nyerd lc(®, y)||r.s. < +oo0, where H.S. denotes the Hilbert-Schmidt
norm of matrix; but one has to assume in addition conditions (3.1) and (3.2) in
Wu (2001). An interesting example (the Van der Pol model) in this situation is
described in Wu (2001) subsection 5.3.

(b) The most studied situation is the one when ¢ is a constant matrix. Actually almost
all results obtained in Wu (2001) or Bakry, Cattiaux and Guillin (2008) in this
situation extend to the general bounded case.

Nevertheless we shall assume now that c is a constant matrix.
In this case a very general statement replacing H; (i) is given in Theorem 6.5 of
Bakry et al. (2008). Tractable examples are discussed in Example 6.6 of the same
paper. In particular one can replace the drift condition on V' by

|h‘mmf IVV2(x) >0 and [|[V?V|gs < |VV].
Notice that one can relax the repealing strength of the potential, and obtain, no
more exponential but sub-exponential or polynomial decay (see the discussion in

Bakry et al. (2008)).

From now on in the whole paper we will assume that Hypothesis H; (or Hs) is fulfilled.
In all the proofs of the paper C' denotes some constant which may vary from line to line.

3. ESTIMATION OF THE INVARIANT DENSITY.

In this section we recall the central limit theorem for a non-parametric estimator of the
invariant density ps proposed in Cattiaux et al. (2012).

First we consider that one can observe the whole process Z at discrete times with
discretization step h,,, i.e we consider

— Xin, ¥ — Y,
Pn(z,y) R bd Z::K( - ) (3.1)

Second we consider the partially observed case, where only the position process X can
be observed, and we approximate the velocity, i.e. we consider

Yy — KX(it1)hn —Xihny,
_ 'Lhn n
Pn(z,y) o E K( th ) (3.2)

In both cases, the kernel K is some C? function with compact support A such that
[, K 4 K(z,y dxdy = 1. We may also assume, without loss of generality that A is a bounded
ball. Moreover, we assume that there exists m € N* such that for all polynomial P(x,)
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with degree less or equal than m, and more or equal to 1, [ P(u,v)K (u,v)dudv = 0. That
is, we assume the kernel K is of order m.
Let us state the main result in this section (Theorem 3.3 below).

Theorem 3.3 (Cattiaux et al. (2012)). Assume Hypothesis Hy or Ho are fulfilled. Recall
that ps denotes the density of the invariant measure p. Assume that the bandwidths by ,,
by and the discretization step h, tend to zero as m tends to infinity and satisfy the
following assumptions:

(i) nbf,b3, — +oo,

(i) alen ),

(i)  m is such that nbj{n bd o max (b, by, )2 — 0.

Then, in the stationary regime, one gets for any (z,y) € R

\V nbcll,nbg,n (ﬁn(ﬂf, y) - pS(IL‘, y)) ﬁ N (O,pS(I, y) / K2(u, U>dUdv> .

If in addition
(iv)  nh, b2+’; — 0,

pd2-p)/p

(v)  there exists 1 < p such that nh? 1b§+d — 0.

Then, still in the stationary regime, one gets for any (z,y) € R*

b ) = o) 2 N (0uputo) [ Kot

A similar statement holds true starting from any point z, € R??. In this situation we
have to slightly change the definition of our estimators replacing » ", by Z?ﬁlil
some [,, such that [, h,, — +00 as n — +00.

4. ESTIMATION OF THE DRIFT TERM.

In this section we will consider an estimator of the drift function from R?? into R¢,
9(z,y) = —[e(z,y)y + VV(2)].

Let K : R** — R be a C? 2d-dimensional kernel whose support is compact and such
that there exists m € N* such that for all polynomial P(z,y) with degree less or equal
than m, [ P(u,v)K (u,v)dudv = 0. The estimators of the invariant density, p,(z,y) and
pn(z,y) are defined as in Section 3. However, for simplicity we will only use p,(z,y).
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Define for : € N*, n € N*|

Din = Xatnn, = 2Xay2)n, + Xy, (4.1)
(i+1)hn (i+35)hn
_ (Yoe V..o )ds+/ (Y0, —Ya)ds.

Because one observes only the position of the particle and not its derivative, we must
define our estimator by using only the position. For technical reasons, we first introduce
a kernel estimate of g(x,y) ps(x,y), denoted by H,, and defined by:

n—1
7 1 & — Xin, Y—Yin Din
Hy(z,y) = ——— S K n n n_ 42
@) = G, 2 ( b o )(hn/3>2 (42)

To see why this definition is meaningful, let us first study the asymptotic bias of this
estimator in the stationary regime.

Using stationarity we get
9

o T — Xo y_YE))@On:|
E[H,(z, = — _E|K , :

9 r—u y—"v @0 n
= K E ? X = Y — R , d d ]
bd b /de ( bln ) bZn ) |: h’% | 0 Uurxo U:| p (u U) udv

Using (4.1), we may write

33]102’” = hi%(o'[/h:(w — W2 )d8+ /3 n(WQ - W )dS] +I<h ))7 <43>

2hn 2ha
:/ / 9(Xs, Y dsdt+/ / 9( X, Yy)dsdt.
2 hn,

The independence of the increments of W and the semigroup properties yield

2h/n
[Q(;"]Xo u,Yo=v] = — [/ / Pguvdsdt+/ /3 Psg(u,v)dsdt]
h2 hi | J2n, J2n, b Jt

= G(hp,u,v).

Notice that, G(hy,u,v) = 5 g(u,v) as n — 400 since hy, — 0.
A change of variable entails

where

~ 9 rT—u y—uv
E[H,(z,y)] = T /RMK< b )G(hn,u,v)ps(u,v)dudv

=9 K(21,29)G(hp,x — binz1, y — bap22)ps(z — binz1, y — bapze)dz1dzy
RZd
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which converges to g(x,y)ps(z,y) as n tends to infinity, according to the bounded con-
vergence theorem. Hence H,, is an asymptotically unbiased estimator of gp;.

_ Starting from this consideration, we first state a central limit theorem for the estimator
H,(z,y). Let denote Z the identity matrix in R?.
During the proof we shall need an additional assumption namely:

Hypothesis Hj: g belongs to the domain of the infinitesimal generator L, in all 1LP(u)
for 1 < p < +o0.

According to the properties we recalled before, for H3 to be satisfied it is enough that:

Hypothesis #,: the function ¢ (resp. V') and its first two derivatives (resp. its first
three derivatives) have polynomial growth.

Theorem 4.4. Assume that Hi, Ha and Hsz are satisfied and that the bandwidths by,
by, and the discretization step h, tend to zero as n tends to co. Assume moreover that
the following assumptions are satisfied:

i) nhybf, b4, — 400,

ii) m € N* is such that nb{,,bg , h, max(by , by ) (m+1) 50,

n—-+00
iii) 3e; > 0 such that n(b¢ b4 )1 b — 0 0,
? i n——+0o0

h 2(1-e2)

iv) 30 <&y, €3 <1 such that > 0.

mb2,n)%3 o
Then, in the stationary regime,

. 2
wmawﬁmcﬂ@w»—a%wmuw»;fiaM(ag&m@wy/K%mwmmm).

Proof of Theorem 4.4:
We may replace v/n by v/n — 1 without any change. Now decompose

S0 = \f(n— VW08 (o2, ) - g, y)pala.y))
= \/(n - 1)bilnbgnhn (Hn(a:a y) - EHn(‘ra y) + Elf[n<x7 y) - g(x, y)ps<x> y))
= TLiy + Iy

To prove Theorem 4.4 we first prove that Z,, — 0 and then that

Tin _r, N(0, (g JQpS(x,y)/K2(x,y)dxdy)f).

n—-+o0o

(i4+1)hn H—
/ / 9(X,,, ds+/ / 9(X,,Y,)ds
’L ’L+ hn Z+ )hn

Define
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(i+1)hy (i+2)hn
mi’n = 9 [ (Ws — W(lJr%)hn)dS + /(; (W(ZJF%)hn — Ws)ds .

i+3)hn i+ 5)hn

and

The vector \/ (n— 1)b‘f7nb§l7nhnf[n(:v, y) can be decomposed in two terms: the one driving
the bias in the central limit theorem

- y—Yn \ 1
K( Zh (A n) —_[Z(hn>7
/(n -1 bd bdn ZZ; 62771 h%

and the one driving the variance

ZK ( - zhn - Y;hn) Qni,n
S — )bd = bon ) bl

Notice that ES,, o(z,y) = 0. We thus have

Ty = ESu(w.y) — 1/ (n — D)W, b g, y)paa.y). (4.5)

Sn,l(‘ra y) =

Sn,Z(xa y) =

while
Iln == (Sn,l - ESn,l<x> y)) + Sn,2<x> y) . (46)

First step: Study of Zs,

We define

('an_

(i+1)hn
/ / (Psg(Xin,» Yin,) — 9(Xin,,» Yin, ) )dsdt
(i+ l+

(i4+Dhn  p(it+2
+/ (Psg(Xihm Yin,) = 9(Xin,,, Yin,))dsdt .

(i+3)hn Jt
Thanks to stationarity, it holds

Ty = (| O i g (K (“3 — Yo y_YO) hiz%,n) T

d phd
bl,nb2,n bl,n b2,n

n—1)h, xr— X — Y
( bd bd> (]E (K ( bl 07 be 0> g(XO? Yb)) - bil,nbg,ng(xa y)ps(‘ra y)) :
1,n"2n n NO)

The second summand in the above expression can be treated as in a classical density
estimation density problem. More precisely, this term is equal to

\/(n - 1)bcll,nbg,nhn / K(“v U) {g(il? - Ubl,am Yy— Ub2,n)ps(x - Ubl,rw Y, UbQ,n) - g(l’, y)p8<x7 y)} dudv .
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Thus assuming there exists m € N* such that for all polynomial P(z,y) with degree less
or equal to m, [ P(u,v)K (u,v)dudv = 0, and performing a Taylor expansion, the above
term converges to zero as n tends to infinity as soon as
b 05 max(by n, by )" —— 0.

Let us now study the first summand. As each of the coordinates of the drift function
g belongs to the domain of the infinitesimal generator L according to Hs, V1 < p < +o0
(P.g — g)/t is bounded in L?(x) uniformly in ¢ for ¢ € [0, 1], say by M,,.
Now write

O g (1 (7520, L0 L) = [0

d 1d
bl,an,n

with

1 hn t o _
Ay =5 / / / (Pog(u,v) — g(u,v)) K (ﬂj u, Y U) da dt p(du, dv)
hn 2hn/3 J2hy,/3 bl,n b2,n

2hn /3 2hn/3
hn/3 t

and Aj, being similar just changing f;:; /3 f2thn /3 into . We thus only study

Atn.
Using Fubini’s theorem we may first integrate with respect to ¢t and write

1 fin P,g(u,v) — g(u,v) T—u Yy—uv
Ay = — hy — ’ ’ K , —— | dap(du, dv).
] //th/i’,( a)a ( a bin  ban ap(du, dv)

Now we integrate with respect to u, use Cauchy-Schwarz inequality and the remark we
have made about P,g — ¢ (assuming that h, < 1). We thus have (|.| denoting the norm

in Rd)
M h'rl T —1u y — v 1/','
|A,| < P (hn, —a)a (/ K" ( ) p(du, dv)> da

)
h% 2hn/3 bl,n b2,n

_ _ 1/r
< CM,h, /K’“ LU YUY du, dv)
bl,n bQ,n

with 1 < p, r < +00 € N* such that }D + % = 1. It follows, using again the change of
variables

n—1)h, L.
% A < Gy /(0= DI, (brabaa)™ ™)
1,n"2mn

Thanks to assumption iii), one can choose r such that this last term tends to zero as n
tends to infinity.

Second step: Study of S, 2
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We now consider the term driving the variance. To study the weak convergence of this
sequence we adapt the proof of Theorem 3 in Beska et al. (1982) and study the charac-
teristic function of S, 2. Let us recall that

- 2 y - Y;lh wzn
Spala.y) = K ( i, ) ’
2 (n — 1>bd N 2 bon /B3

and that ES,, »(z,y) = 0.

The sketch of the proof of this step is the following. We first prove that the sequence
of random variables {S, 2(z,y), n > 1} is tight. We then prove that if S,, o(z,y) is a
subsequence of the original sequence, which converges in distribution, then it converges
to Y ~ N(0,1). We then conclude that the sequence itself converges in distribution to Y.

We proceed now with the proof.
Define for any k € N, Fj, :=0 ((XhYl), 0 <1< k). We now introduce

n—1 = Xiny Y~ Yiny, )‘mz n
3/2

( b
fn(t) = H [ \/(n 1)b1 n 2n *1n b2,n ‘«Ehn] ‘

i=1

Thanks to the independence of the Brownian increments we get

2 22 2
d ac—Xihn r— Yzhn) t“ 30 d z—Xihn r— Yzhn)

2 _ n— 1K2
| |6 (n— l)b1 7,Lbd ( bin 7 ban —e 2(7L71)b‘1inbgnEz 1 ( bin 7 ban

Now define

— Y,
Z, = K? Zh" SCON
(n—1 bd bd ZZ < b2,n )

It satisfies
1 — —
EZ, = / K? (a: vy U)ps(u,v)dudv %ps(x,y)/Kg(u,v)dudv = A.
R2d

bd b8 bin = ban
Furthermore
r—u Yy—v
E(Z,— A)) < /\(b (5 ) - A dude

r—U —v
< W / K . [ps(u, v) = ps (@, y)| dudv
bl,n bQ,n

< / K?(u,v) |ps(z — by pt, y — bypv) — ps(, y)| dudv

and the latter goes to 0 by using the bounded convergence theorem and the continuity of
Ps-
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Thus Z, — ps(z,y) [ K?(z1, 22)dz1dz, in L'. Using the bounded convergence Theorem,
we deduce that

t2(3)0%d
RS 2L

fult) B e " e [tz o)

Passing to subsequences if necessary, we can assume that this convergence holds almost
everywhere i.e.

fn(t) = o(t) ae. (4.7)
Let us now define for £k = 1,...,n the sets
_ 30%d k1 g @ Xing Y~Yiny
an = {6 2("_1)blli,nbg,n Zl:l K ( bin 7 ban ) Z %Qb(t)}
Of course
Hn,n C Hnjnfl Cc...C Hn,27
and using (4.7)
P{limsup H,, , } = 0. (4.8)

n—oo

Finally, introduce the random variables

_ g K xr — X’ihn Yy — }/;hn Smi,n
Cn,i - 7 14 b 5 b 3/2 Hy
(n - 1)61 nb2 n Ln 2mn h”
and also
nl n-l t2%02(i 2(17Xihn yiyihn ) 1H
‘ é Bl n— d d by n 7 ban n,i
I (t) = H E[ez<t,Cn,z>|]:ihn] _ H e 2] of L 2, '
=1 i=1
It holds

1
frt) > §¢(t) by definition and [ (t) — ¢(t) a.e. by (4.8) .
So, we can assume that these two properties hold for the initial variables.

Let us now come back to the study of the weak convergence of S, 2(z,y). By using
Markov property and the independence of the Brownian increments, we obtain

z2=Xip, Y= Yin, )wi,n

1,n"2,n

i<t g K( >
) ’ d pd by, »bg, 3/2
B |:ez<t,Sn72(:v,y)>i| I Hn_l . \/(n—l)bl’nbzn n nR3
= j— 22,2 —x, v,
fn(t) =1 B t 32 d . KQ((E bXZh‘IL ’z szhn
e 2(n71)b1,nb2’n 1,n 2,n
. - e=Xin, U=Ying \Win , o e X(n-Dhy Y Y- 1)hn B (n-1),n
i<t d .d b1 7 by ) 3/2 7 <t d d K by ’ bo ) 3/2
H _ tZ%O'Qd K2(z7Xihn sz,L-hn ) _ t2%0'2d K2(17X("*1>hn w—Y(n71>hn )
i=1 2(n—1)b¢ bd bin ' b2n 2(n—1)bd b2 b1 n b,
e mo2,mn e 1,n"2,n
X Y 2.
i<t, 24 K(z 5 ihy Y 5 ihp y 70
\/(nfl)bd bd 1,n 2,n n3/2
n—2 e 1,n"2,n n . . .
=E ][5 — = = 1 using induction.
1= B t 50 d 2<zinhn T — ihn)
2(n—1)b¢ b9 bin 7 b2n
e

Fln-1)h
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Now we are ready to prove the weak convergence

i<t5n,2(0.0) e [ictSuaar> _ elstona >
|E [e"<tSne@)>] — g(t)| = ‘ [ S E[gb(t) =0 H'
— i<t,Sp,2(z,y)> . ¢(t) >:| ‘ l B
‘E [e ’ (1 22 || < Bl — o) 0

We may conclude the proof of the tightness of {S,2(x,y), n > 1}. To this end, let
Sny.2(z,y) be a subsequence of the original sequence. We know that f,,, (¢) 5 ¢(t). Whence
there exists another subsequence fy, (1) L ¢(t). By the above result S, converges
weakly to a r.v. Y, moreover E[e*<tY>] = ¢(t). Thus the tightness.

All the limits of the convergent subsequences being the same, we directly conclude that
the sequence {S,2(z,y), n > 1} converges weakly and that its limit is Y. It concludes
the proof of the second step.

Third step: study of Z, := S, 1(z,y) — ES,1(z,y)

Let us denote as before by &B’“ the k'™ coordinate of the vector ;.. Defining
Th(i,z,y, X,Y) = K(&X, &= Y) LBE | we write

bl,n ) bz,n h2 ,n?

Zk: Fk 9 (3 7Y;
" (n—1)bd bdn; (0 X Vi)

so that

(n— l)bln ERIR P (Zk)

ZV&T (1,2,y, Xin,, Yin,) +Z Cov(Tk (i, 2 y,Xihn,Yihn),Fﬁ(l,x,y,thn,}ﬁhn)))_
1#£l
To bound the above expression we first write as we did for the first step
E(FZ(Zv z,Yy, Xihna Y;hn))Q = Uln + U2n

where, using stationarity,

C r— X, y—Y hn 2
U= S B | k2 ( 0 Y °> ( / (hn — 5) (Pag(Xo, Vo) — 9(Xo, Yo)) ds) |
bl,n b2,n 2hn /3

h4
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Us,, being similar just replacing fz};:;/g(h s) by f2hn/3 — (ha/3)).
Using Cauchy-Schwarz inequality we get

hn _ _
v < & ( [ = ( vy ) (Puglu,v) — glu, v))? du) s
hn 2hn /3 bl,n b2,n

oh /hn /K2 r—u y—v P.g(u,v) — g(u,v) 2d ds
" 2hn /3 bin ' ban s ' |

We may argue as in the first step, this time using Holder inequality for some conjugate
pair (p,q) and H3z in 2%, to conclude that

Upp < Ch2 (bynbon)??

IN

It follows
h n—1 1
AT ZVar (Ch 62, X, Yin,)) = O (B (brnba,) "G

One can choose p such that the right hand term tends to zero thanks to assumption iv).

Let us now compute the covariances.
One has thanks to stationarity and mixing
Z Cov (Ffb(la z,Y, Xihna Y;lhn)7 Fﬁ(la z,Y, thna Ylhn))
i#l
n—2
<n Y min (p"/? Var(T5(0, z,y, Xo, Yp)))

j=1
n—2

<n Z min (pjh"/Q, (bl,an,n)%h721>
j=1

=0 (n(blﬁnbg,n)%(l_“)hi_z") for any 0 < a < 1.
We thus get

hn, .
m Z Cov (Fﬁ(% T, Y5 Xihy s Yinn ) Pl;;(la z, Y, Xin,, Yihn))

1n"2mn il

:O<(b1nb2n) p1-a)—dp2(1- a))

One can choose p and a such that the right hand term tends to zero as n tends to infinity
thanks to assumption iv). This completes the proof. O

We now deduce the following theorem:
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Theorem 4.9. Define

X(H— % )hn 7Xih"

n—1
X 1 T=Xin, Y= 7 w3 | Din
Ho(ryy) = ——— SO K 3 " n_
(z.9) (n—1)b{, b4 z; bin ban (hn/3)?
Then, under the assumptions of Theorem 4.4 and assuming moreover
d(t-1) _
v) there exist 1 < p < 400 and ¢ > 0, such that hibl(é’ 1)b2 ;2+d) T 0 and
’ ’ n—-+o00
d—1 1y .4
ha/b i Y 0,
’ ’ n—+4o00
one gets
~ D 2
nb‘li,nbg,nhn (Hn(ma y) - ps('xa y)g(xa y)) m N <07 (502}73(3:7 y) / KQ(“? U)dUdU)I> :
Proof of Theorem 4.9:
Starting from Theorem 4.4, it remains now to consider D,, defined by
oot _ Zorna A
1 Y |k (95 — Xjn, Y- thn> [ X Y (hn/3) Djn
V(n—1)bf b8, = bin " bo bin ban h3/2

X, . —-X
_ (]+%)hn ih

Let us define A; = K (H—jh", %) - K (ijh” 2 hn/3) ) We then write

bln 2n bln b?n

_ o W + 1(hn))

1 n—1 @ 1 n—1 (
A, =R A;
\/<n—1>bfnb5n; G \/<n—1>bfnbgn; ’ hi/?

D, =

. . . 1 n—1 ) Ij(hn)
Using Holder Inequality, we bound E ‘—m LA S Tin

Jj=1

by

n—1
1 _ e\1/(1+¢) e)/e\ &/ (1+e)
Wy (BIA ) (Bl (ha) ") :
(TL - 1)b%,nbg,n Jj=1

with € > 0.

We first consider E|I;(h,,)|1*4)/e = E|ly(h,)|1+9)/ by stationarity. We use (4.3) and
we get that E [[Ig(hn)\(lJre)/E | Xo=u,Yy = v] is bounded by

hn t hn %hn
/ / Pig(u,v)dsdt +/ / P,g(u,v)dsdt
2hn J Zhy, oo Jy

3

(1+e)/e

win
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which is itself bounded by
hn t l+e %hn %hn Ite
/ / Pylgl ™= (u, v)dsdt + / / Pylg| ™= (u,v)dsdt
2 J3m, o Ji

C hih2Ge(hn, u,v)
with G.(h,,u,v) — lg]7=" (u, ).
n—-+0o0

Chi

which is equal to

Using now similar arguments as in Step 2 in the proof of Theorem 3.3 in Cattiaux et
al. (2012) (Theorem 3.3 of the present paper), one bounds E|A;|'™¢ by

9, (h”%l by n””) . (4.10)

Thus E | ——— TR bd Zn IA] h3/2

is bounded by
(n— 1)b1n

(h \/_b p(1+s) %) Q’Elg+1)>

with 1 < p < 4+00. It converges to zero as we assumed vii).

It remains now to bound E m Zn 1 A, U:E/]; The terms A; 20, 1 < j <
In"2n
A2902
n—1 are centered and uncorrelated. Thus by stationarity we have to bound ﬁE s

First conditioning now on Z», one gets EA22 = h3EAZ. We then conclude by using
3

(4.10) for € = 1 which yields EAZ25 ,, = hihi, bd/pb 4 for all 1 < p < +o00. This completes
the proof, using v). .

To estimate the drift g we have to divide H, by some estimator of p,. The natural
choice would be to define g, = 7, /Dn. For technical reasons (which will be explained in
the proposition following the corollary), we have to slightly modify this natural choice,
introducing two different bandwidths b, ,, and c¢; ,,, but with the same discretization step.

We state the following corollary, which is the main result in the stationary situation:
Corollary 4.11. Assume that the assumptions in Theorem 4.9 and Theorem 3.3 are

satisfied respectively with b;,, and ¢;,. Define §,, = I:In(b)/ﬁn(c) where the indication into
braces indicates the bandwidths we are using. Assume in addition that

ha(byc) i= hy —"=" — 0 asn — +oo.

Then

\/nbi{nbg’ B (G (2, 9) — gz, y)) %N <O (gp /K2 u v)dudv)l) )
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A similar statement holds defining similarly G, = H,(b)/pn(c) under the assumptions in
Theorem 4.4 and i)-iv) and in Theorem 3.3 respectively.

Proof of Corollary 4.11:
We have

A~ A

N Hn Hn_psg Fy ]- 1
n—g=""—g=—"——+1H, (7 ——) :
n DPs Pn Ds

For the first term, we have according to Theorem 4.9,

s n—+oo gps (37 > y)
We shall show that the second one goes to 0 in probability and then conclude by using

Slutsky theorem.
We thus decompose

/11 ha(b, ¢) H,
\/nbi b e (7 - —) = <\/ncdncdn ps—ﬁn) :
1,n"2, p Ds Pn Ps b ( )

n

i, - .
nbcll,nbg,nhnn—psg(%y) LN(O,( g /KQ(u, v)dudv)Z) )

The second term of this product converges in distribution according to Theorem 3.3. We
shall show that the first term in the product goes to 0 in probability.

Indeed, according to Cattiaux et al. (2012), p, — ps — 0 in probability as n — +o0, and
as we previously saw, H, is bounded in L!. Let @ > 0. We have

p (M . ) <P < (5/2) + B (. > (@2/2/A05.0))

Pn Ps
and both terms go to 0, using Markov inequality for instance for the second one.
To conclude it remains to recall that if U, goes to 0 in probability and V,, goes to V in
distribution, the product U, V,, goes to 0 in probability. 1.

We conclude this section by giving an explicit class of examples for the parameters h,,,
bin, cin to satisfy all the required assumptions in Corollary 4.11.

Proposition 4.12. Choose h, =n~", b;,, = n~% and ¢;,, = n=P for some v, oy, B; > 0.

If
1—2
(1) a2 = P2 ~ Gty = auria)
(@) b= o = b+ 5 — g,
1 1 3
(3) 24 <172<dﬁ+4+id’
(4) m> 5=

for some € > 0 small enough. Then Corollary 4.11 holds true.
3e
In addition the rate of convergence is of order strictly smaller than na+d.
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Proof. For Theorem 3.3 to be satisfied in this situation we must have (see Remark 3.4 in
Cattiaux et al. (2012))

(a) 61 > L5B42d) 5 particular By > Be,

1+2d
()1—51d—:52(2+d)<7< 3(BL+Ba) < 2d’
() m > =S,

Condition (a) ensures that 1 — S1d + 2(2 + d) < (51 + B2), so that we may find some ~
sandwiched by both terms. For both (a) and (b) to be satisfied, it is necessary that

1
B2 <

A4+ 4d)’ (4.13)

and then we can choose . 24 By(3 4 24)
+ P2(o +
- — > >
g~ P> h 1+2d
Remark that our interest is to take (5 as close as possible to its upper bound, 3; as close
as possible to Cll — [35 so that m can be chosen as small as possible (1 is possible). v can
then be chosen smaller than and close to 1/2d.

Now we look at Theorem 4.9 starting with conditions i)-iv) in Theorem 4.4
(1) 1>7+d(ar + az),
(2) 1< d(al + lez) + 2(m + 1)(@1 AN 052) + 7,
(3) 1 <37+ d(a; + a2) is enough for getting £; > 0 in iii),
(4) 2y > 3 (o1 + a2) is enough for getting €5 in iv).
We see that the latter will be automatically satisfied for €3 small enough. We have to add
(5) 2y > (24 d)ag,
(6) % <'y—l—§l(0z1—a2) — Qo,
which is enough to furnish both p > 1 and £ > 0 in v) of Theorem 4.9.
Finally we have to add

(7) v >d((B1+ B2) — (1 + a2)) .

Look at (1). The compatibility with (b) imposes
VHdlon +az) <1<y+d(Bi+ fa) — fa(242d).

That is why we cannot take the same bandwidths b and c.
We thus have a first necessary condition

d(ar + ag) < d(f1 + P2) — B2(2 +2d),

which is satisfied as zoon as

d(ar + az) = d(B1 + B2) — 2—1d (4.14)
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Now we choose for some small ¢ (say less than 107°/d?),
1—e¢ 3—2+4d
%= Javan 0 P T darad
(4.13) and the following inequalities are satisﬁed as well as the final upper bound in (b).

We have thus to choose v such that, first v > o= for (7) to be satisfied, next for (1) and
the first lower bound of (b) to be satlsﬁed ThlS amounts to

1_6+ 3e - <1+ 3e
20d A+4d " 2 T axad

The left hand side of the previous inequality is less than 5 since d > 1. So we only have
to choose

2_1d<7<%+4i€4d' (4.15)
The upper bound in (b) are then satisfied. If we look at (3) it reduces to
1 3e 3
24 154d =7
which is satisfied. Now (6) becomes
3e 1
4+4d+ﬁ+(2d+2)a2 < 2y
which implies (5) and which is satisfied as soon as
3e 1
1+ ad (2d+2)&2<ﬁ
Notice that the latter implies ap < ;. Notice that for ¢ > 0 we may choose ay =
B2 — grrraay- 1t remains to choose m for (2) to be satisfied. O

Remark that contrary to the case of Theorem 3.3, where it is possible to have m = 1

here m growths linearly with the dimension (m > %)

5. NON-STATIONARY CASE

In Section 3 we stated the central limit theorem for the estimate of the drift g(z,y) in
the case where the process is in the stationary regime. Let us now define the new estimate
Xy, ~Xin
(H‘g)h’n "
ntln =1 g [ @=Xiny, Y7 Ga/m | _Din
TL 1 b bd Zl =lp+1 < bin ’ ban ) (hn/3)2

gn('r’ y) = X(i41)hn = Xihp (5'1)

1 ZnJrln K —Xih, Y~ fin

b b7 Lai=lo+1 bin b2

We remark that given Zy ~ u(dz), g,(x,y) £ gn(z,y) Yn € N*.

Theorem 5.2 below states that we can estimate g(x,y) by using g,,(z,y) with Zy = zg =
(l’o, yO)
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Theorem 5.2. Under the assumptions in Corollary 4.11, starting from any initial point
20 = (zo,Yo), it holds

2
ot @) = o) 2 N (o <3My [ & auanz)

provided l,, appearing in the definition (5.1) of §,,(x,y) satisfies l,,h,, —+> +00.
n—-+0oo

Proof of Theorem 5.2:
Recall that p, : R* +— R, denotes the invariant density of Z and p the associated
invariant probability measure.

Denote by Cp(R) the set of bounded continuous functions ~ : R — R. It is only necessary
to prove that, for any h € C,(R), the difference

An(h) = E[h(,/h b b G (2, 9)| Zo ~ 1) — h(y/ho nbd b2, (2 y)|Z0—ZO)]
= E[h(./h nb{ b4, 9, (x,y)| Zo ~ ) — h(y/hnnb$, 08,7, (z, y)\Zo—zo)}

goes to zero as n tends to infinity. Let h € Co(R) and denote 6 = ||h] -
To evaluate E (h(g,,(x,y))|Zo ~ ) — E(h(g,,(x,y))|Zo = 20). Let us fix n € N*. We
first make the computations conditionally to Zj;,,, j > [, + 1.

One may write
gn(gj y) gn($ Y, Z(ln+1)hn7 Z]hn7j > l + 1) and
hZ hn s ]>ln+1< ) - gn(x y,Z Z]hn?] > l + 1)

Now, conditionally to Zj,, 7 > [, + 1, one has:

[E (h(9n (2, 9))|Z0 ~ p) = E((G,(x,¥))[ Zo = 20)]
= ‘/ hzjhn,j>zn+1(2/) (ps(Z/) - Q(zn+1)hn(20, Z’)) dz’
< ODplln g () (5.3)
using Inequality (2.1) in Cattiaux et al. (2012).
Finally, as 0 < p < 1, we can conclude that A, (h) goes to zero as n tends to infinity as

soon as [,h, —+> ~+00, which concludes the proof of Theorem 5.2. O
n—-+0oo
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6. EXAMPLES AND NUMERICAL SIMULATION RESULTS

In this section, we consider examples of stochastic differential equations defined by
(1.1) and implement the estimator on simulated data. However, the choice of the optimal
bandwidths by ,,, bap, c1,, and ¢, as far as the choice of the optimal discretization step
h.,, and the optimal choice of the kernel K, although interesting, is not the purpose of
this section nor this paper. This is a separate study to be addressed in future work.

To simulate sample paths, we use an approximate discrete sampling generated by an
explicit or implicit Euler scheme. We consider three specific examples. The first one has
been proposed in Pokern et al. (2009). It corresponds to a linear oscillator subject to
noise and damping. The second example is one example of generalized Duffing oscillators
described in Wu (2001) subsection 5.2. The last example is the Van der Pol oscillator
whose damping force depends on both position and velocity coordinates. These three
models are of type (1.1) and satisfy assumptions needed to apply our estimation results.
Simulations are run with the Epanechnikov kernel.

6.1. Model I: harmonic oscillator. We consider an harmonic oscillator that is driven
by a white noise forcing:

dX, = Yidt
dY, = odW, — (kY + DX,)dt. (6.1)

with kK > 0 and D > 0. In the following we choose D = 2, k = 2 and ¢ = 1. For
this model we know that the stationary distribution is gaussian, with mean zero and an
explicit variance matrix given in Gardiner (1985), e.g. With our choice of parameters, the
gaussian invariant density is

2v2

ps(w,y) = ——exp (—42” — 2¢°) .

And the drift is defined by g(z,y) = —2(y+x). In the following we make use of the explicit

Euler scheme to simulate an approximated discrete sampling ()~(,, ?;)ZEN of (X¢,Y?)ter, -
For a given step 0 > 0, the scheme is defined as

)NQH — )Zz = 37;5
Yy =Y = 0 (Wiyns — Wis) — (kY + DX;)0 (6.2)
()?0,170) = (0,0). We take n = 5000, h = 0.28, by, = by, = 0.18, and the step for the
explicit Euler scheme § = 5h/3.
The drift at some fixed point z, g(zo, -), is estimated on a grid (2)i=1,..r. = (To, Yi)i=1,...,L-
The drift at some fixed point yo, g(-, ¥o), is estimated on a grid (2;);=1,....c = (21, Y0)i=1
On Figure 1 below we chose L = 40 and yo = 0.0597.
On Figure 2 below we chose L = 40 and xg = —0.0183.

L-

PR
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6.2. Model II: generalized Duffing oscillator. We consider the noisy Duffing oscil-
lator known as Kramers oscillator. The system (1.1) writes now

dX, = Yt
dY, = odW,— (Y, +aX} — BX,)dt (6.3)

with o, k, @ and 5 > 0. The potential is then V(z) = oﬂ%f - % The invariant density
is in that case ) . ) )
plea) = Lsew (ZEF I+ D).
NZza® o 4 2 2
with C' the normalizing constant.

And the drift is defined by g(z,y) = —(ky + ax® — Bz).

We make use of the implicit Euler scheme to simulate an approximated discrete sam-
pling. The explicit Euler scheme is indeed known to be unstable for that case (see 7).
The choice for the parametersisoc =1,k =a == 1.

We take n = 10*, h,, = 0.30, b1, = b2, = 0.30, and the step for the explicit Euler
scheme § = 75h/3.

The drift is estimated at some fixed point yo, g(-, ¥o), on a grid (2;)1=1,...c. = (21, Y0)i=1,....L.-
It is also estimated at some fixed point zg, g(xo,-), on a grid (z;)i=1,..1. = (o, Y1)i=1,...L-

On Figure 3 below we chose L = 40 and yy = 0.0533. On Figure 4 below we chose
L =40 and g = —0.0498.

6.3. Model III: Van der Pol oscillator. We consider the Van der Pol oscillator defined
by

dX; = Yt
dY;, = odW, — (X7 — )Y, +wiX,)dt (6.4)

with o, ¢, ¢o and w2 > 0. In the following we choose 0 = ¢; = ¢y = wy = 1. The drift
is then defined by g(x,y) = —((2* — 1)y + 4z). The invariant density is unknown in that
case. However, we know that it is solution of the following corresponding Fokker-Planck
equation

1Pps(z,y)  Ips(z.y) Ips(x,y)
2 Oy? Y or dy

Thus the invariant density ps(z,y) may be approximated by solving Equation (6.5)
above, e.g. using a finite difference scheme. Doing so we remark that this density, although
positive, is very small in many points. Therefore we plotted g(z,y)ps(z,y) to avoid
numerical instabilities.

We made use of the explicit Euler scheme to simulate an approximated discrete sam-
pling. We also implemented an implicit scheme, but it slowed too much the simulations,
and the results were not better.

On Figures 5 and 6 below we took n = 10°, h,, = 0.18, b1, = b2, = 0.10, and the step
for the explicit Euler scheme 6 = 5h/3.

+ (@, y)ps(z, y) + (c(z, y)y + V'(2)) =0. (6.5)
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The drift at some fixed point yo, g(+, yo), is estimated on a grid (2;);=1,.... = (21, Y0)i=1,....L-
On Figure 5 below we chose yo = 0.0597 and plotted g(-, yo) * ps(-, ¥o)-

The drift at some fixed point z, g(zo, -) is estimated on a grid (2)i=1,... = (To, Yi)1=1,...L-
L. was chosen equal to 40.

On Figure 6 below we chose xy = —0.0183 and plotted g(xo, -) * ps(xo, -).
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FIGURE 1. Drift’s estimation for the harmonic oscillator: theoretical
g(+,yo) in plain line, estimated in dashed line for yy = 0.0597
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FIGURE 2. Drift’s estimation for the harmonic oscillator: theoretical
g(xo,-) in plain line, estimated in dashed line for o = —0.0183
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FIGURE 3. Drift’s estimation for the Duffing oscillator: theoretical g(-, yo)
in plain line, estimated in dashed line for yy = 0.0533
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FIGURE 4. Drift’s estimation for the Duffing oscillator: theoretical g(zo,-)
in plain line, estimated in dashed line for zy = —0.0498
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FIGURE 5. Drift’s estimation for the Van der Pol oscillator: theoretical
9(+,yo) * ps(+, 7o) in plain line, estimated in dashed line for yo = 0.0597
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FIGURE 6. Drift’s estimation for the Van der Pol oscillator: theoretical
g(xo, ) * ps(xg, ) in plain line, estimated in dashed line for zy = —0.0183
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