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Abstract

We study the hyperbolic scaling limit for a chain of N coupled anharmonic oscil-
lators. The chain is attached to a point on the left and there is a force (tension) 7
acting on the right. In order to provide good ergodic properties to the system, we per-
turb the Hamiltonian dynamics with random local exchanges of velocities between the
particles, so that momentum and energy are locally conserved. We prove that in the
macroscopic limit the distributions of the elongation, momentum and energy, converge
to the solution of the Euler system of equations, in the smooth regime.

1 Introduction

The aim of this paper is to study the hydrodynamic limit for a non-equilibrium system
subject to an exterior time dependent force at the boundary. We consider the most
simple mechanical model with non-linear interaction, i.e. a one dimensional chain of
N anharmonic oscillators. The left side is attached to a fixed point, while on the right
side is acting a force 7 (tension). For each value of 7 there is a family of equilibrium
(Gibbs) measures parametrized by the temperature (and by the tension 7). It turns
out that these Gibbs measures can be written as a product.

We are interested in the macroscopic non-equilibrium behaviour of this system as
N tends to infinity, after rescaling space and time with NN in the same way (hyperbolic
scaling). We also consider situations in which the tension 7 depends slowly on time,
such that it changes in the macroscopic time scale. In this way we can also take the
system originally at equilibrium at a certain tension 79 and push out of equilibrium by
changing the exterior tension.

The goal is to prove that the 3 conserved quantities (elongation, momentum and
energy) satisfy in the limit an autonomous closed set of hyperbolic equations given by
the Euler system.

We approach this problem by using the relative entropy method (cf. [12]) as already
done in [J] for a system of interacting particles moving in R*® (gaz dynamics).

The relative entropy method permits, in general, to obtain such hydrodynamic limit
if the system satisfy certain conditions:

A) The dynamic should be ergodic in the sense that the only conserved quantities
that survive the limit as N — oo are those we are looking for the macroscopic
autonomous behavior (in this case elongation, momentum and energy). More
precisely, the only stationary measure for the infinite system, with finite local
entropy, are given by the Gibbs measures.



B) The macroscopic equations have smooth solutions.

C) Microscopic currents of the conserved quantities should be bounded by the local
energy of the system.

We do not know any deterministic hamiltonian system that satisfy condition [A] and
this is a major challenging open problem in statistical mechanics. Stochastic pertur-
bation of the dynamics that conserves energy and momentum can give such ergodic
property and have been used in [9] (cf. also [8 4 [3]). We use here a simpler stochas-
tic mechanism than in [9]: at random independent exponential times we exchange the
momentum of nearest neighbor particles, as if they were performing an elastic colli-
sion. Under this stochastic dynamics, every stationary measure has the property to be
excheangeable in the velocity coordinates, and this is sufficient to characterize it as a
convex combination of Gibbs measures (cf. [3] and [I]).

About condition it is well known that nonlinear hyperbolic equations in gen-
eral develop shocks also starting from smooth initial condition. Characterization and
uniqueness of weak solutions in presence of shock is a challenging problem in the the-
ory of hyperbolic equations. We expect that a shock will increase the thermodynamic
entropy associated to the profiles of the conserved quantities.

The relative entropy method compares the microscopic Gibbs entropy production
(associated to the probability distribution of the system at a given time) with the
macroscopic (thermodynamic) entropy production. If no shocks are present both en-
tropy productions are small. The presence of the boundary force changes a bit this
balance, since one should take into account the (macroscopic) change of entropy due
to the work performed by the force. It turns out that the right choice of the bound-
ary conditions in the macroscopic equation compensate this large entropy production,
keeping the time derivative of the relative entropy small. It would be interesting to
prove similar cancellation of entropy productions when this is caused by shocks, as it
would allow to prove the hydrodynamical limit in these cases, and provide a micro-
scopic derivation of irreversible thermodynamic adiabatic transformations, between
thermodynaic equilibrium states that increase the thermodynamic entropy. Recent ef-
forts in this direction use different methods (cf. [5]). Similar results on isothermal
transformation are mathematically easier (cf. [10]).

About condition it created a problem in [9]: in the usual gaz dynamics the energy
current has the convecting term cubic in the velocities, while energy is quadratic. This
was fixed in [9] by modifying the kinetic energy of the model: if the kinetic energy
grows linearly as a function of the velocity, the energy current will grow also linearly.
Since we work here in lagrangian coordinates, our energy current does not have the
cubic convecting term. This allows us to work with the usual quadratic kinetic energy.

This paper has been partially supported by European Advanced Grant Macroscopic
Laws and Dynamical Systems (MALADY) (ERC AdG 246953) and by a grant of the
MAThematics Center Heidelberg (MATCH).

2 The Model and the Main Theorem

We will study a system of N + 1 coupled oscillators in one dimension. Each particle
has the same mass that we set equal to 1. The position of atom i is denoted by ¢; € R,
while its momentum is denoted by p; € R. Thus the configuration space is (R x R)N 1.
We assume that an extra particle 0 to be attached to a fixed point and does not move,
i.e. (go,po) = (0,0), while on particle N we apply a force 7(t) depending on time.
Observe that only the particle 0 is constrained to not move, and that ¢; can assume
also negative values.
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Denote by q := (qo,...,qn) and p := (po,...,p~n). The interaction between two
particles ¢ and ¢ — 1 will be described by the potential energy V(¢; — gi—1) of an
anharmonic spring relying the particles. We assume V' to be a positive smooth function
that grows quadratically at infinity, i.e. there exists strictly positive constant C_,C1,b
such that for any r € R:

C_r? <V(r)<Cyr®+0b. (2.1)

Energy is defined by the following Hamiltonian:

Hn(a,p): = ﬁ; (% + Vg — qz'fl)) :

Since we focus on a nearest neighbor interaction, we may define the distance between
particles by
rs =qi — qi—1, iZl,,..,N.
We define the energy of particle ¢ € {1,...,N} as
2

€ = % + V(n)

so that Hy(r,p) = Zil ei, where r := (r1,...,7rn).
Given a smooth function 7(s) that represents the force applied to the particle N at
the macroscopic time s, the dynamics of the system is determined by the generator

NG = NLIY + NySy. (2.2)

Here the Liouville operator L} is given by

2 (2.3)

where we used the fact that po = 0. Notice that the time scale in the tension is chosen
such that it changes smoothly on the macroscopic scale.

The symmetric operator Sy is the generator of the stochastic part of the dynamics
that exchange at random time velocities of nearest neighbor particles. For any smooth
function f, we define the operator Y; ;11 by

Yiit1 = % (f (r, pi‘iH) — f(r, p)) (2.4)

where p"'t! € RY is defined from p € RY by exchanging the coordinates p; and pji1
p;  if jAdi+1

piyr if j=1
P if j=i+1

Qitl
p; =



Then Sy is defined through

Z

-1

Snf(r,p) =

(]

(7 (r.0"*") = f(r,p)) (2:5)

-1 N-1

= =D Yiaf(rp)=2) Yiif(r,p), (2.6)

1 =1

o I

i
With this choice of the noise, the three balanced quantities, i.e. locally conserved, are
given by r;, pi, €.

We define ¢(r,p) = (r,p, —e(r,p))T € R?* x R_, and the partition function Z on
RQ X R+ by

Z(A) = Z(A\1, Ao, Ag) i= / AP gy,
R2

and the canonical Gibbs function as its logarithm:

OA) :=logZ (N), (2.7)

By the condition imposed on V, this function is always finite.
For ¢ € R? x R_ we define ® : R?2 x R_ — R by the Legendre transform of the
canonical Gibbs function

®(¢):= sup {n-¢—-O(n)}. (2.8)
NER2XR |
So that the inverse is
O(m):= sup {n-¢(r,p) — ()} (2.9)
CERZXR_

We denote by A(ii) and @A) := (v,p, —E)”T the corresponding convex conjugate
variable, that satisfy

A=D®() and it=DO(N), (2.10)
where the operator D is defined by
(9] of of
Df(a):= (8a1’ 9e3” 8(13) (2.11)

for any C* function f: R* — R and a := (a1, a2,a3) € R%.
On the one particle state space R? we define a family of probability measure

va(dr, dp) = > P =9 grqy, (2.12)

Observe that
Eu\[C(r,p)] =1
so we can identify it = (t,p, —E)7 as respectively the average distance, velocity and
(negative) energy. We also define the internal energy ¢ = E — p?/2. We have the
relations
A1
= N =

E(@®) =9 =231 =87, P(ye) = E,[V/(r)]
that identify 87! as temperature and 7 as tension. This thermodynamic terminology

is justified by observing that, for constant 7 in the dynamics, and any g > 0, with the
choice A = (87,0, 8) the family of product measures given by:

N
Virp.0.)(dr,dp) = [ [ves0m (dridp),  BeRT

=1



is stationary for the dynamics. These are the grand canonical Gibbs measures at an
average temperature 81, pressure T and velocity 0.

In what follows we need also Gibbs measure with average velocity different from 0,
and we will use the following notation:

N
— [T <P dridp: := g (r, p)drdp,
=1

where ¢; == (Ci,1,Gi2, Gis) " o= (ro, pi, —ei) "

In a similar way we may introduce the local Gibbs measures: For any continuous
profile u(z), z € [0, 1], we have correspondingly a profile of parameters A(z), and we
define the inhomogeneous product measure

N
vy = [ X060 i,
i=1

that we call Local Gibbs measures.

We are interested in the macroscopic behavior of the elongation, momentum and
energy of the particles, at time ¢, as N — oo. Notice that ¢ is already the macroscopic
time, since we have already multiplied the generator by N. Taking advantage of the
one-dimensionality of the system, we will use lagrangian coordinates, i.e. our space
variables will be given by the lattice coordinates {1/N,...,(N —1)/N,1}. Also observe
that at this time scale, the generator of the process is given by N(]T(t)

Consequently, we introduce the (time dependent) empirical measures representing
the spatial distribution (on the interval [0, 1]) of these quantities:

N
dwt = Z (m——)@a() x, for a=1,2,3.

We expect the measures név(dx,t), a = 1,2,3 to converge, as N — oo, to mea-
sures t(z,t)dz, p(z,t)dr, —E(z,t)dx being absolutely continuous with respect to the
Lebesgue measure and with density satisfying the following system of three conservation
laws:

ot — (‘Lp =0
to(z) = v(z,0), po(x) = p(x,0), Eo(zx) = E(x,0)

p(0,t) =0, P(x(1,t),e(1,¢t)) = 7(¢)

Op — O, P(r,e) =0 ,

OWE — 0;(pP(r,e)) =0
(2.13)

for bounded, smooth initial data o, po, Eo : [0,1] — R and the force 7(¢) depending on
time ¢t. Here we denoted by t the specific volume, p the velocity, E the total energy
and ¢ := F — %pQ the internal energy.

We need the solutions of the system to be C%-solutions. To assure this, the
following additional compatibility conditions at the space-time edges (z,t) = (0,0) and
(z,t) = (1,0) have to be satisfied:

lin po(e) = p(0,0) =0 lim P(eo(a), cofe) = 0) (219
lim d%P(rO(x), (@) =0 . lm %P(to(a:), ¢o(2)) = 7'(0) (2.15)

d on(‘r) =0 , ;*)1 (;) (to(i‘), eo(il?)) = 7—//(0)- (216)

o @

A proof of this can be adapted from Chapters 4.3, 7.5 and 3.5 of [7].



For any test function J : [0,1] — R with compact support in (0,1) consider the
empirical densities

ni (¢, J) = (n (dx,t); J _NZJ( )gm) (2.17)

Our goal is to show that, starting with an initial distribution such that there exist
smooth functions vo, po and Fy satisfying

.08 0,205 0.0) = { [ eo@as, [ s@wota)ds, [ ) Bola)a |

(2.18)
in probability as N — oo, then at time ¢ € [0,7] we have the same convergence of
nX (t,J), o = 1,2, 3 to the corresponding profiles t(x, t), p(z,t) and E(x,t) respectively,
that satisfy 7.

Here is the precise statement of our main result, where we make a stronger assump-
tion on the initial measure:

Theorem 2.1 (Main Theorem). For any time t € [0,T], denote by uf the probability
measure on the path space C([0,T], (R*)™N) of our process with generator NGy, and
starting from the local Gibbs measure vy(. oy corresponding to the initial profiles uo.
Then for any smooth function J : [0,1] = R and any § > 0

L&
NZ‘]( /J u(zx,t)dx
i=1

where u is a C%-solution to the system of conservation laws [@2.13)-(@2.16) and 0 < T <
ts, ts being the time at which the solution u produces the first shock.

> 6 (2.19)

. N[
lim g

N — oo

Remark 2.2. As our proof is based on the relative entropy method of [12], it is only
valid as long as the solution to are C?. Since, even for smooth initial data,
the solution will develop shocks, we are forced to restrict our derivation to a time
0 < T < ts, where t; is the time when the solution to the system of conservation laws
enters the first shock.

Remark 2.3. A proof for the existence of smooth solutions to the initial-boundary-
value problem can be found in chapter 4.3, 7.5 and 3.5 of [7]. Notice that we
can rewrite the pressure P as a function of specific volume v and entropy s:

P(t,s) := P(t,e¢).

Then we can rewrite the initial boundary value problem (2.13)), in the smooth regime,
in terms of the unknown t, p and s(t,¢) as follows:

att — 6mp =0
B t()(:C) = t(:E,O), p()(:C) = p(m,O), Eo(iC) :5(‘7370)
Oup — 0, P(t,8) =0 , (2.20)
p(0,t) = 0, P(e(1,t),5(1,t)) = (t)
8155 =0

where we used the thermodynamic relation

9e(t,s) .

P(t,s) = — 5

Hence the specific entropy s does not change in time and for any z € [0,1] is given
through the initial data s(z,0) := so(x).



In the non-consevative form, equation (2.20) reads as:

T t
O |p| —A(t,p,5)0- | p| =0
5 5

where the 3 X 3-matrix A is defined by

0 1 0 c 0 0
A=[9%2 o 22|=8.10 — 0-87'
0 0 0 0 0 O
with ¢ := ¢(v,5) = %—Ifand

b
Lol =05

S:=S(,p,8)=|c —c 0

0 0 c

With these notations we can rewrite (2.20) in the characteristic form

v c 0 O T
s7t.o(p]-(0 —c o] -st 8. [p] =0
5 0 0 O 5
c(Drt — cDyt) + (Op — cOup) + L 2L (D45 — cOrs) = 0
=9 c(Oer + cOat) — (Oep + cOap) + L 2L (045 + cOps) = 0
8155:().

In this way we can apply the existence proof for C? solutions to (2.13)—(2.16]) for short
times from [7].

3 The Hydrodynamic Limit
3.1 The Relative Entropy

On the phase space (R?)" we now have two time-dependent families of probability
measures. One of them is the local Gibbs measure lliv(,yt) constructed from the solution
of the system of conservation laws (2.13)—(2.16)). We denote its density by

N
g = [ r/Moei-oRaN (3.1)
i=1
On the other hand we have the actual distribution, whose density f{ (r,p) is a
solution, in the sense of distributions, of the Kolmogorov forward equation:

afrfN T(t),*
I (r,p) = NGO £ (x,p)

(3.2)

fo'(r,p) =90’ (r,p).
By 6§ = Ly +vS~ we denote the adjoint operator of G with respect to the Lebesgue

measure, where L;* can be computed as Ly = —L};.
The relative entropy of fi¥ with respect to gi¥ is defined by

I VAN I

Hy(t)= [ fi' log o~ drdp (3.3)
t

Our main result will follow from:



Theorem 3.1 (Relative entropy). Under the same assumptions as in Theorem
for any time t € [0,T]
Jim_ %HN (t) = 0.
To see how Theorem [3.1] implies the Main Theorem, see [6} [I]
Remark: Recall that the relative entropy H(«|8) of a probability measure o with
respect to a probability measure 8 can be rewritten as

H(a|B) = sgp{ / odor— log / e*"dﬁ} (3.4)

where the supremum is taken over all bounded measurable functions ¢. It is easy to see
that the relative entropy has the following properties: H(«|8) is positive convex and
lower semicontinuous. It follows that for any measurable function F' and any o > 0:

/F da < élog/e”F ds + éH(a\ﬁ). (3.5)

3.2 Time Evolution of the Relative Entropy

In this Section we will prove Theorem [3.1]
Notice that with the choice of our initial distribution

Hy (0) = 0.

The strategy is to show that for some constant C

Hy(t) < C / " H(s)ds + / " R (s)ds (3.6)
with .
Jim_ %/ Ruv(s)ds = 0. (3.7)

Then it follows by Gronwall’s inequality that limy_ o HNT(” = 0 which concludes the
proof of Theorem [3.I] We first prove the following inequality:

Lemma 3.2.
H(t) < — /0 ds / 7Y (NGZ +0,) 1og o dr dp (3.8)
Proof. Observe that we can rewrite the time increment of the entropy as
Hy(s+ 1)~ Hx(s) = [ flalog fldr dp— [ 2 log Y dr dp
~ [ nroggXadr dp+ [ £ ogg dr ap

By convexity of the function ¢(f) = flog f, since Lebesgue measure is stationary for

the dynamics generated by g}\,“)

, we have that
/ N log £ dr dp < / N log fNdr dp (3.9)

Denote by TS]YHU the evolution, from time s to some time s 4+ v corresponding to the

generator N QJTV(h). Then the probability density evolves as
TN 1Y = . (3.10)



where TV:% is the adjoint of Tgs+v with respect to the Lebesgue measure. Then, since

s5,54+v

gs is smooth, we have

h
7(v 0
TSJYSJrh IOggé\fkh - 10ggiv = / Ts s+ |:(NGN( ) + *> loggﬁv] dv.
0

Ov
Hence with (3.9)):

Hy(s+h) — Hn(s) Sf/fsN (Tgﬁhloggﬁ;hfloggs) dr dp

h
= —/ dv/fﬁ_v <NQITV(U) + g) log gY.pdrdp .
0 ov

We conclude the proof by setting s = 0 since H™ (0) = 0.

O

Before we proceed in the proof, we have to introduce some further notations. For

any C' function F := (f1, f2, f3)* : R® = R® we define

DF(a) := ((Df1)(a), (Df2)(a), (Dfs)(a))",

with Df;(a), i = 1,2,3 defined by (2.11). Recall that &t = (v,p, —E)7, ¢ := E —

and let us denote by

A1 (t,e) A1(r,e)

T(7) -— _ T — —
3@) 1= (. P50 Pl ) = (10 R0
the flux of (2.13)), that can be rewritten as
Ot = DJ(11) 0,1t

with the Jacobian

0 1 0
J(5 aopP oP oP

“Ph —PHPISE R
With the dual relation ([2.10]), A is solution of the symmetric system
O[DON)] = 0:[DE(N)],
where ~
S(A) =X J(DO(N)).
Equation (3.13]) can be rewritten as
(D’©)9 A = (D’T)d .
Since
D*O(A(t,z))”" = (D*®)(u(t,z)),

it follows that
IXN(D*®) = (D*T)0, .

Since
(D*%) = (D*®)(DJ (1))

the following system of partial differential equations is satisfied:

At z) = (D) (W) A(t, ).

%

2

p

(SIS

(3.11)

(3.12)

(3.13)

(3.14)



Let us define the microscopic fluxes:
Jic1i = (=pi—1, =V (ri),pim1V'(r:))" i=1,...,N -1,
JIv,n+1 = (—pn, —T(t)J?NT(t))T
By the definition of the Liouville operator given by ,
L}rv(t)Ci =Jdi—1,i — Jijit1.

Finally let us define
2 o\ T
V= (Oapj7 7p]/2) .
Hence with the definition of the symmetric operator given by (2.5)),

Sn(C)==2vj+ Vi1 +va, j=2,...,N-1
SN(Cy)=—-VvNn+vVvN-1, Sn(¢1)=-Vvi+Vv2

Lemma 3.3.
al i
NL P log gl =3 0:A(-, 1) - Jio1i + NAa(L,)7(t) + an(t)
i=1 N
where an (t) is such that

t
lim — / / an(s)fNdpdrds =0
N 0

N—o0

Proof.

N .
. i
NLylogg' (r,p) = NZA(ﬁ,t) “(Jicrs = Jiig)
=1

(3.16)

N
7 1 —1
= NY ()\(Nﬂf) - Al ,t)> Jic1i = A0,1) - Jo1 + A(L,t) - In.n+1
=1

Taking into account the boundary conditions on A we have
A(0,8) - Jo,1 = X2(0, )V (r1) = p(0, )V’ (r1) =0

and

A(Lt) - Inv+r = —pnA(1, 1) — Ao (L, 8)7(t) + A3 (L, 8)7(t)py = —A2(1,8)7(2t)

because 7(t)A3(1,t) = A1(1,t). Since A is a C*-functions, we obtain (3.16]) with

C N-1
lan (] = ; 19l

(3.17)

(3.18)

It remains to show, that limy_ o fot f QNT(S)dVéVds = 0. This will be an easy conse-

quence of Lemma [3.15]

Lemma 3.4.
oitoga = > (DI (3(37-0) 22550 (¢ = a0

i=1

10

O



Proof.

%loggiv = gﬁ:( Jif 60 ((%’t)))
iat (g - DO (A(]i, t)))

By (2.10), DO (A(4%,t)) = (4, t), and (3.14) the result follows. O

Lemma 3.5. Recall the definition of the symmetric operator given by (2.5).

~ lim 7/ / NSy logg! )fs dpdr ds < lim —/ Hy(s)ds,

Nooo N
where o is a constant independent of N with 0 < o <sup, , m
Proof.
Sn log g3’

i 1
(%,t) “(Vier = 2vi + vie) £ A(501) - (=vi+v2) + AL ) - (Vv — V)

Il
i
>

- .7 (,\("_1 )—QA(N,t)—F)\(Z;l t))-vi

+ ()\(z,t) A t)) Vit (A(N]; Lo 7>\(1,t)) v

N N’

In Lemma we will show that the expectation of + Y, ||v;|| is uniformly bounded
for all N and hence, since X is in C?, the first term vanishes in the limit as N — oo.
Recall that by the entropy inequality (3.5)), for any o > 0 we have fork € {1,...,N}:

1 2 N 1 op2 N 1
N/pkfs dpdr < mlog/e PEyNc.s) + WH(S)
Since this inequality is true for any o > 0, the integral on the right hand side of the

inequality is bounded as long as o < sup,, m and hence the first term vanishes as
N — oo. The expected value of py can be controlled in a similar way. O

So far we have from Lemma [3.3] [3-4] and [3-5]

o< [ '/ iam]@,s) 3= 03 Gl (6= 8359 )| 72 v as
f/t NT(S)AQ(Ls)dH%/Ot HN(s)ds+/0t R (s)ds (3.19)

where RN ) is such that . ) holds.

By (3.11]) we have

/O A (z,1) - I(ii(x, t))dw = / % (W) dz = ()Xo (1,t).

and consequently we can replace —N7(t)A2(1,t) by
- Ay ) IE( e
Z 0, (@(.1)

11



with an error uniformly bounded in N. It follows that from (3.19) we have

</Ot/§;8”>‘(zir’s)x

[Ji,l,i _3 (a(% s)) _ (Dj)T(ﬁ(%, 5)) <¢i _ a(% s)ﬂ FNdp dr ds

+§/Ot HN(s)ds—l—/Ot R(s)ds.  (3.20)

Our next goal is to prove a weak form of local equilibrium. In view of this we
introduce microscopic averages over blocks of size 2k + 1: In what follows, for any
vector field Y; := (Y14, V2,1, Y3:)" : (R?)® — R® we denote by Y := (Y}, Y&, V)T,
block averages over blocks of length 2k + 1, where k£ > 0 is independent of N. For
example

Cf = (C{C,h Cg,ia CLI;,Z’)T = (Tf7p§7 —6f) = 2k Z Cl (321)
+
li—t|<k
These blocks are microscopically large but on the macroscopic scale they are small,
thus N goes to infinity first and then k goes to infinity. We also need to introduce
another small parameter ¢ and consider small macroscopic blocs of length ¢N at the
boundaries.
For any smooth and bounded function F : [0,1] — R and any bounded function
1 : R? » R, we obtain the following summation by parts formula

N . N—[N¢] .
1 i 1 i k+ N¢
— F(— i Di) = — F , . (3.22
S EGr) = % Y Pzt Y v + oY )
i=1 i=[N£] l7—i|<k
Here we first restricted the sum to configurations over {[N/],..., N — [N{]}, for some

small £ > 0, such that { — 0 after N — oo and ¢N >> k. In this way, we avoid
touching the boundary when we introduce the block averages. The error we made will
vanish in the limit since £ — 0.

We also need to do some cut off in order to have only bounded variables:
Let C;p := {ei—1,e; < b}, and define

b b
Jic1i = Jim1,ile,, and ¢ i=¢le,,,

then these functions are bounded. Also denote J b( i) the corresponding expectation
with respect to the Gibbs measure of parameters (i), that converges to J(ii) as b — oc.

Assumptions on the potential assert that by the entropy inequality with
reference measure dl/f(‘,t), the error we make by the replacement of J;_1; and ¢; by
Jf_m and ¢? respectively is small in N if we can show that %HN(S) —0as N — O
For any ¢ > 0 small enough

N .
7
/ E axA(N,S)Jifl,ilcabduév

< g Zlo (/ eadl)\(N’S)L : llc’c"dl’A( t)> + H]\;(S)
< = Zlog (1 Uam)‘(]if’s)‘]il,idy)\<.,t)> i HJ\;(S)
N b H
g o

12



where limy—, o C(b,0) = 0 for any o > 0.
Using that X and u are in C? and formula (3.22)), we arrive at

Za A {Jf 11—J”< (]iv,s)> — (D})” (ﬁ(%ﬁ)) (c’; —ﬁ(%,s))]
N[N

= Z@AN,

[Ng)

[t X a3 (g0 ) - 00" (a5.9) (¢ a0 ]

ll—i|<k
+O(k + NY)

The following theorem will be proved in Section
Theorem 3.6 (The one-block estimate). For any ¢, b:

. b ( .k N .
kll)rglol\;gnoo— Z // T D R | (c) fNdp dr ds =0 (3.24)

i=[N¢] [l—i|<k

With this Theorem we obtain:

Hy (t N- [Ne

- // : ))fsdpdrds

i=[N{]
t t
Ry k,eb(8) Hn (s)
g vy ly .2
+/0 N Bt TNy 4 (329

for some o > 0. Rn ke is such that

t
lim lim lim lim / %ﬁ’(s)db‘ =0,

b—00 £—0 k—o0o N—oo Jq

and we used (3.14)) to define

Q6,8 =02 (J(6) =T (@) -~ 9A- - 9).
Hence
D, 1) = (D17 () =2 — 2.2 (3.26)

is equal to zero if 3 is a solution of (3.14) and consequently:
Q(u,u) =0, D;Q(u,u) = 0.

Applying the entropy inequality (3.5) on the sum in (3.25), we obtain that for some
o > 0 it is bounded above by

No /log/exp o Z Q¢ u ,s)) Js dpdrds—i——/ Hn(s)ds (3.27)

i=[N£]

Hence it remains to prove, that the first term of this expression is of order (9(%)
This will be done using the following special case of Varadhan’s Lemma;:

13



Theorem 3.7 (Varadhan’s Lemma). Let vy be the product homogenuous measure with
marginals va given by [2.12) and with rate function I : R* x R_ — R defined by

I(x) = ®(x) —x- A+ O(N).

Then for any bounded continuous function F on R® x R_

lim + log / T OGR — sup{F(x) — I(x)}

n—oo N,

Proof. A proof of this Theorem can be adapted from [1I, [6] [11]
O

In order to apply this Theorem we arrange the sum in as sums over disjoint
blocks and then take advantage of the fact that the local Gibbs measures are product
measures:

Assume without loss of generality that 2k + 1 devides N — 2[N/{], then

Sacaia= Y Y et )
N

N j€{—Fk,....k} ;- gN—2[N£].k
i=| J€d }163[1\”]

where BN_Q[]W]”C = { (2k+1)+ [N+ k;re {0 ,w}} In this way,

[Ne) 2k+1
for any fixed j, the terms in the sum over ¢ € B[Iy\,ﬁ NaLk depend on configurations in

disjoint blocks. Thus the random variables
)
TjQ(Ci‘cv u(ﬁ? S))

are independent under V/]\V(,? )
Using Holder inequality, the first term in (3.27) is bounded above by

ko0 N
NO’/ log/ H exp o Z TjQ(Ci,u(ﬁ,s)) gs dp dr ds

k,. N—2[N¢],k
je{- ieB 2N

1 t
[ —
= NU(2k—|—1)/0

Z log/exp o2k +1) Z Tjﬂ(Cf,ﬁ(%,s)) g dp dr ds

ce{—k,. N—2[N¢],k
jel- ZGB[NZ]

—[N4]

2k+1 Z /IOg/eXP{ (2k + 1)Q(CT, (N 5))}givdpdrds.

Then, since all the functions in this expression are smooth and the family of local
Gibbs measures converges weakly, we obtain that

N—[NZ

. N
kllﬁn;o]\}ﬁoo 2k:+1 No Z /log/exp{a(2k+ 1)Q(¢k (N s))}gs dpdrds

=[N/

- m - ko=
= kll}rr;o a(2k ) /0 /0 10g/exp {(Qk + 1)o2(¢;, u(z, s))} dva(z,s)dzds.

14



So now for each z € [0, 1], the distribution of the particles in a box of size k is given
by the invariant Gibbs measure with average u(z, s). such that we can apply Theorem
[377 on this product measure to obtain that the last expression is equal to

%/Ot/o Sgp{aﬂ (3,0(z, 5)) — I(3)}d. (3.28)

To conclude Theorem [3.1]it thus remains to show that this is equal to zero. Since I and
Q are both convex, and both functions and their derivatives are vanishing at 3 = u, it
follows from assumption on the potential that o€Q(3,1) < I(3) for o small enough.
Hence there exists a o such that the last expression is equal to zero.

This concludes the proof of Theorem [3.1}

Since

t t
HN(t) < C/ HN(S)dS +/ RN’kyzyb(S)dS,
0 0

for some uniform constant C, it follows by Gronwall inequality that

HN(t)

IA

t
HN(O)QCt+/ R]\hk,[’b(s)eC(tis)ds
0

et <HN(O) + /Ot RN,k,z,b(s)ds> .

IN

Hence the claim follows, since

b—o00 £—0 k—o0o N—oc0

t
lim lim lim lim / Mds =0.
0 N

3.3 The one block estimate (Theorem [3.6))

In this section we will prove the one block estimate. With respect to the usual proofs
of similar results, we have here the difficulty of the boundary conditions, so we need a
further averaging on small macroscopic blocks of length e N.

We define the space—time average of the distribution

N(1—¢)
Nk _ L /t 1 N,k
= foi (r—k,D—ky,---, Tk, Pk) ds (3.29)
k tJo [N(1—20)] i;g ’
where we defined the projections

IR Gk ook ThyPR)
:/fSN(Thplv""T’i—k—lapi—k—hf—kvﬁ—kv"'7fk7ﬁk7n+k+17pi+k+1""7TN7pN) Hdrzdpl-
liml|>k
(3.30)
and we denote

dpl bk = Frek H dry dp; (3.31)
[HI<k

3.3.1 Tightness
We have the following

Lemma 3.8 (Tightness). For each k fized , the sequence (fiy "**)n>1 of probability
measures is tight.

15



_N,Z,k

Proof. From the definition of i we have

1 _
[ S ) 20 T anean

[1<k [l<k
Lt 1 N(1—8) 1
N,k
_ 1t odr_g dp_y, . .. drid, d
R Y Ul E= = o) e P
i=N¢ 1<k
< //( Zel> £ T dridpi ds <
ez
by lemma |3.15] and this implies the tightness. O

Lemmaasserts that for each fixed k there exists a limit point uf‘k of the sequence
(i "**)n>1. On the other hand, since the sequence (u:*)g>1 forms a consistent family
of measures, by Kolmogorov’s Theorem, for k — oo, there exists a unique probability
measure £ on the configuration space {(rs,p;)icz € (R*)*}, such that the restriction
of pton {(rj,pj)je(—rk,....txy € (R*)Z 1} is pp*

3.3.2  Proof of the one-block-estimate

Let us define the formal generator G of the infinite dynamics by
G:=L+7S, (3.32)
with the antisymmetric part

£=S {0 (g = g ) V) =V b 63

JEZL

and the symmetric part
s=3 (£ (x0""*) - frp)) (3.34)
i€Z
In section [3:3:3] we will prove the following Proposition:

Proposition 3.9. Any limit point u of ﬂiv’é’k, for N — oo and then k — oo, satisfies
the following properties:

(i) it has finite entropy density: there exists a constant C > 0 such that for all subsets
ACZ
A
H (a3, < CIAL

(%) it is translation invariant: For any local function F and any j € Z,

[Fau= [ dn

where T; denotes the spatial shift by j on the configurations.

(4ii) it is stationary with respect to the operator G: For any smooth bounded local
function F

/ (GF)dp = 0.

With this Proposition, we can apply the ergodic theorem from [3]:

16



Theorem 3.10 (Ergodicity). Any limit point u of ﬁf\f’z‘k(dr, dp) is a convex combina-

tion of Gibbs measures i.e
p(dr,dp) = [ ] gx(rs, pi)dridps.
i€z

The proof of Theorem is contained in [3], see also Chapter 2 of [I] for more
details. The idea of the proof is the following: With Proposition [3.9]one can prove that
1 is separately stationary for £ and S. This implies that the distribution of momenta
conditioned on position u(dp|r) is exchangeable. It is here where we use the noise in
the dynamics. For details of this result see [3], or Chapter 2.3 of [I]. In Chapter 2.2 of
the same notes [I] there can be found a detailed proof of how this implies

Proof of Theorem[5.6
Reacall (3.24]):
—[N{]

ot 1 -
0 i=[N/] li—il<k

By Lemma [3.8|and (ii), (iii) of Proposition it then is enough to show that for
each b and /¢

lim sup sup /
k—oo peg
where G is the set of Gibbs measures. But this is just the law of large numbers and
holds in the limit as kK — co.

dp =0

k k
1 ) . 1
2%k +1, Z Jii=J <2k+1l Z C’)

=—k+1 =—k+1

O

3.3.3 Proof of Proposition [3.9

Lemma 3.11. Any limit probability p of ﬂiv’l’k, for N — oo and then k — oo, is

translation invariant.

Proof. Let F' be a bounded, local function depending on configurations only through
—-m,...,m for some m > 0. Then there exists for each z € Z an integer k such that
|m + z| < k. Since (f}"“*)n is tight, it suffices to prove that for each z

. . 7Nk, _
klgr()lo A}gnoo (F—1.F)f, H dridpy =0 (3.36)
[lI<k
The integral is equal to:
Lt 1 N(1-¢)
2 R F — 1oy F) Nk dridp; ds.
tA [N(1*2£)] Z /(TJ Tz+j )fs,] H riapy as
j=Ne <k
Because k > |m + z|, and Fj is bounded,
N(1-2)
Z /(TjF—TerjF)fs]\f]?k H dridp,
i=N¢ <k
N(1-8)
= / > (5 F =7y B [ drrdpr = O(2),
j=N¢ rez

and (3.36)) follows.
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Lemma 3.12. Any limit measure p is stationary in time with respect to the generator
G = L +~S8, that means for any bounded smooth local function F(r,p)

/gF dp = 0. (3.37)

Proof. We have to show that for some k > m

lim lim / GF, f°F T dridp =o.

k—o0 N—oo

llI<k
With (3.31)), the integral is equal to
Lt 1 N(1—0)
N,k
;/ ) > /gFfSJT [ dridp: ds (3.38)
0 J=N¢ <k
Define the space average
{ N(1-£)
Fi= F
a2 2 "
Jj=NZ{

Observe that g}v(”F = GF, then we can rewrite (3.38) as
1 ¢ 7(8) & N 1 t — N
— N F — Fo.f,
Nt/o/( GnTF) fs drdp ds tN/O/ s f, dr dpds

= % {/FftN drdp—/Ff({V drdp}.

We conclude the proof by observing that this expression converges to 0 if N — oo,
since F' is a bounded function. O

3.3.4 Entropy density

For some integer n > 1, define by A™ a box of length 2n + 1 and by A} a box of length
2n + 1 and centered at ¢. Furthermore, let

V0.6 (dr,dp) := [ [ ¥s.0.6) (drs, dp:)
i€z
and
oo k
H e (ulvizs,0,8)) = H(plarV(75,0,8))-
We obtain the following Lemmas:

Lemma 3.13. The limit point u has finite entropy density, that means there exists a
constant C > 0 such that for all subsets A

Hyk (M|VE)$B,0,3)) < C|Ak|-

Proof. By convexity of the relative entropy, we have

(5 o)
) N(1-0) Lt
< - H<7/ FNEdr_dp_y . .. drudpr ds’uk.r o )
[N(1—20)] g;z tJo 757 (74,0.8)

) N(1—¢)
=~ N1 -20)] > Hu (ﬂ””gﬂ,o,m) (3.39)

j=N¢
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where i := fNdr dp with
_ 1 [t
= E/ Nds. (3.40)
0

Relative entropy is superadditive in the following sense (see for example [I]): let
(As)iercw be a family of disjoint subsets of Z. Then

_N|. N _N| N
Hy,ep i (Nt ‘ V(rﬂ,o,m) > Ha, (m ‘ V(rﬂ,o,za)) ‘
il
The sum in (3.39) can be rearranged in 2k + 1 sums of sums over disjoint blocks, then
applying the superadditivity (3.39) is bounded by

vt oyt (2 | nen).

We will prove in Lemma that there exists a finite constant C' independent of N,
such that
H (" | viis0,)) < CN. (3.41)

By Lemma the sequence (/liv’l’k)N is tight. Since by Lemma each limit point
_N,0,k . . . . . .

wof (5, "")n is translation invariant and stationary, we can conclude the proof with

the lower semicontinuity of the relative entropy. O

To complete the proof of Lemma it remains to show (3.41)).
Lemma 3.14. If
H (f00drdp | vl 50)) < CLN

for some uniform constant Ci1 > 0, then for any N € N there exists a constant Co > 0
such that

H (ﬂfv | V(IZB,O,B)) < CaN,
where fiy is defined by (3.40)).

Proof. Recall from Lemma that the relative entropy with respect to Lebesgue
measure is nonincreasing in time since the Lebesgue measure is stationary with respect
to the generator Q]T\,<t) (for any t). Therefore, as in the proof of Lemmaﬁwe can write

H (ftNdr dp ! g(l\iﬁﬁo,ﬁ) dr dp) —H (févdr dp ‘ gfiﬁ,oﬁ)dr dp)
< —/10gg<]iﬁ,o,5)fﬁvdrdp+/logg%,o,mfévdrdp.

The last line is then equal to

t
—/ /fSNNGJTV(S) logg(j\lg,oﬁ)drdpds
0

_ﬂN/t T(S)/fszNdrdp ds.
0

Since the last line is equal to the expectation of 3 Z;.V:l(ej (t) — e;(0)), by lemmam
it is bounded by C'N for some constant C.
Hence, by convexity of H(:|-),

H (/_Liv | Vg\rfﬁ,o,ﬁ)) < (Ci+ Cs)N.
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Lemma 3.15. If the initial configuration satisfy

> ei(0) <CN

=1

then there exists a constant é(t) independent of N such that

N
> ej(t) < C(t)N (3.42)

j=1

Proof. Define

N N
IZGJ —1(t)gn(t :Z t)r;(t))

j=1 j=1

Computing the time evolution of this function we have

Fy(t) = Fn(0) — /0 7'(8)gn(s) ds (3.43)

Consequently

> eslt) = v (®) = r0an (0)+ X es0) = [ F@an(ds  (344)

Jj=1

By condition , we have that
1/2
lav| <Y Irsl < VN <Z|Tj|2> <cZ'*VN <ZV(T1)>
J J J
Then we can estimate

[ paxts) as

Defining en(t) = « Z] 1 €;(t) we have then

D <l (V@ + Vi) +en0) + Tl [ e

that implies (3.42]). O

1/2

1/2
<oTPYN (Z )
J

Tlevw [ (zej )1/2ds

< |’ uoo/ lan (s)]ds < |
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