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SHARP ELLIPTICITY CONDITIONS FOR BALLISTIC BEHAVIOR
OF RANDOM WALKS IN RANDOM ENVIRONMENT

ELODIE BOUCHET, ALEJANDRO F. RAMIREZ, AND CHRISTOPHE SABOT

ABSTRACT. We sharpen the ellipticity criteria for random walks in i.i.d. random
environments introduced by Campos and Ramirez which ensure ballistic behavior.
Furthermore, we construct new examples of random environments for which the
walk satisfies the polynomial ballisticity criteria of Berger, Drewitz and Ramirez.
As a corollary we can exhibit a new range of values for the parameters of Dirichlet
random environments in dimension d = 2 under which the corresponding random
walk is ballistic.

1. INTRODUCTION

We continue the study initiated in [3] sharpening the ellipticity criteria which en-
sure ballistic behavior of random walks in random environment. Furthermore, we
apply our results to exhibit a new class of ballistic random walks in Dirichlet random
environments in dimensions d = 2.

For z € RY, denote by |x|; and |z|y its Ly and Ly norm respectively. Call U := {e €

z%: |e|ly =1} = {ey, ..., eaq} the canonical vectors with the convention that esy; = —e;
for 1 <i<d. Weset P:={p(e):ple) >0,> .., ple) =1}
An environment is an element w := {w(x) : z € Z?} of the environment space

Q := P2*. We denote the components of w(x) by w(z, e).

The random walk in the environment w starting from x is the Markov chain {X,, :
n > 0} in 2¢ with law P, defined by the condition P, (X, = x) = 1 and the
transition probabilities

P,w(Xpsy1 =z +e|lX, =2) =w(z,e)

for each x € z% and e € U.

Let P be a probability measure defined on the environment space 2 endowed with
its Borel o-algebra. We choose {w(z) : € z?} ii.d. under P. We call P, the
quenched law of the random walk in random environment (RWRE) starting from z,
and P, := f P, ., dP the averaged or annealed law of the RWRE starting from x.

The law P is said to be elliptic if for every x € z¢ and e € U, P(w(x,e) > 0) = 1.
We say that P is uniformly elliptic if there exists a constant v > 0 such that for every
rezland e e U, P(w(z,e) =) =1.

Given [ € $%! we say that the RWRE is transient in direction [ if

PO(Al) — 17

with
A ={lim X,, - | = o0}.
n—oo
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Furthermore, it is ballistic in direction [ if FPy-a.s.

X, -
lim inf : > 0.
n—o00 n

Given U C 7%, we denote its outer boundary by
U :={x¢U:|x—ylp =1, for some y € U}.

We denote any nearest neighbour path with n steps joining two points z,y € z¢ by
(1,22, ...,x,), where z; = x and z,, = y. We use the notation

Az = xip1 — i,

for 1 <i < n—1, for the directions of the jumps through this path.

1.1. Polynomial condition, ellipticity condition. In [I], Berger, Drewitz and
Ramirez introduced a polynomial ballisticity condition within the uniformly elliptic
context, which was later extended to the elliptic case by Campos and Ramirez in [3],
that will be of interest for our results. This condition is effective, in the sense that it
can a priori be verified explicitly for a given environment.

To define it, we need for each L,L > 0 and [ € s%! to consider the box

Byypi=R((~L.L) x (=L, L)) nz*,

where R is a rotation of R? that verifies R(e;) = L.
For each subset A C 2% we note the first exit time from the set A as

Ty:=inf{n>0:X, ¢ A}.

Definition 1. Given M > 1 and L > 2, we say that condition (P)ys in direction | is
satisfied on a box of size L (also written as (P)y|l) if there exists an L < T0L? such
that one has the following upper bound for the probability that the walk does not exit
the box B, | ; through ils front side :

1
PO(XTBZ,L,Z 1< L)< T

This condition has proven useful in the uniformly elliptic case. Indeed, (P)j; for
M > 15d + 5 implies ballisticity (see [1]).

For non uniformly elliptic environments in dimensions d > 2, there exist elliptic
random walks which are transient in a given direction but not ballistic in that direc-
tion (see for example Sabot-Tournier [10], Bouchet [2]). In [3], Campos and Ramirez
introduced ellipticity criteria on the law of the environment which ensure ballisticity
if condition (P)y, is satisfied for M > 15d + 5. In this article we will sharpen this
ellipticity criteria.

1

Define 7, := max.cy E (W)’ @ :=sup{a > 0:1n, < oo}. We need the constant

co = %3120d4Jr3000“l(1°*‘§”5/2)2 . throughout the rest of this paper, whenever we assume
that the polynomial condition (P),, is satisfied, it will be understood that this happens
on a box of size L > .

Let us first recall the ellipticity condition of [3]. We say that there exists an asymp-

totic direction if the limit

. Xn
V= 11
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exists Py-a.s. The polynomial condition (P),; implies the existence of an asymptotic
direction (see for example Simenhaus [I1]). Whenever the asymptotic direction exists,
we define the half space

Hy:={les™:1-0>0}.

Definition 2. Let § > 0. We say that the law of the environment satisfies the ellipticity
condition (E')g if there exists an {a(e) : e € U} € (0,00)% such that

(1.1) k({ale):e € U}) —22 ) —sup (a(e) + a(—e)) > 3

ecU

and for every e € U
(1.2) E (626'# C"(e’”"gﬁ) < 0.

Furthermore, we say that the ellipticity condition (E')s is satisfied towards the asymp-
totic direction if there exists an {a(e) : e € U} satisfying (11) and (I.3) and such that
there exists oy > 0 that satisfies a(e) = ay for e € Hy while a(e) < ay for e ¢ Hy.

! 1
Remark 1. Replacing (1.2) by E (eZe’ a(e)log w(076’>) < 0o gives an equivalent condi-

tion. The direct implication is straightforward. And since 1 < ) o, Lw(0.e)> L), we
get

E (62 o a(e’) log (0, e/)) < Z 6oz(e) log(Zd)E (626/# a(e’) log (0, e/)>

ecU
This gives the reverse implication.

Remark 2. The results of [3] still hold (with no changes in the proofs) if we replace
the previous definition of 1, by

1
o (= El———].
= mpes ()

It means that the constant cy in the definition of condition (P)y; depends only of the
integrability towards the asymptotic direction.

1.2. Ballisticity results. Our main results are a generalization of theorems 1.2 and
1.3 of [3] where we remove the "towards the asymptotic direction" condition of Theo-
rems 1.2 and 1.3 of [3].

Let 70 be the first renewal time in the direction o, its precise definition is recalled
in the next section. We prove the following tail estimate on renewal times, which
improves proposition 5.1 of [3].

Theorem 1. Let [ € s¥1, 3> 0 and M > 15d + 5. Assume that (P)y|l is satisfied
and that (E')s holds (¢f. (I1), (I3)). Then

lim sup(log u) "' log Py(7{ > u) < —f.

U—00

The condition (E}) is sharp in a sense that is made precise in remark [ below.
Together with previous results of Sznitman, Zerner, Seppélédinen and Rassoul-Agha,
of |14 17, 12, |], it implies the following

Theorem 2 (Law of large numbers). Consider a random walk in an i.i.d. environment
in dimensions d > 2. Let | € S* ! and M > 15d + 5. Assume that the random walk
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satisfies condition (P)y|l and the ellipticity condition (E");. Then the random walk is
ballistic in direction | and there is a v € R, v # 0 such that

lim =% =wv, Py —a.s.

n—oo n
Theorem 3 (Central limit theorems). Consider a random walk in an i.i.d. environ-
ment in dimensions d > 2. Let | € S* ! and M > 15d + 5. Assume that the random

walk satisfies condition (P) |l
a) (Annealed central limit theorem) If (E')y is satisfied then

gl/? (Xpe-1p) — [5’171]1))

converges in law under Py as € — 0 to a Brownian motion with non-degenerate
covariance matriz.
b) (Quenched central limit theorem) If (E')176q is satisfied, then P-a.s. we have
that
El/z(X[Efln} — [6_171]1))
converges in law under Py, ase — 0 to a Brownian motion with non-degenerate
covariance matric.

Remark 3. The condition of theorem [l is sharp under the following assumption on
the tail behavior of the environment at one site: there exists some (Be)ecv, Pe = 0, and
a positive constant C' > 1 such that for alle € U

ct ( 1T tfﬁ’) <P (w(0,¢) <tw, Ve €U, #¢) < C( 11 tfﬁ’)

e’'eU,e'#e e’eU,e'#e

for all (te')ecu\(e}, 0 < te < 1. Dirichlet environment (cf the next section) is a typical
example of environment that satisfies this condition. Indeed, in this case we easily see
that (E')g is satisfied if and only if B < 2, f(e') — sup.cy (B(e) + S(—€)). On the
other hand if B > 2", B(€') — sup.cy (B(e) + B(—¢)) then E ((17)%) = co. Indeed,
consider a direction ey which realizes the maximum in sup,c; (B(e) + B(—e)) and set
K ={0,e0}. We denote by 0L K the set of edges that exit the set K, which is composed
of the edges {(0,€) }ere, and {(eo,€)}er—e,- For smallt > 0, under the condition that
w(z,y) <t forall (z,y) € 0+ K we have Py ,(Tx = n) > (1 — (2d — 1)t)". Hence,

Py(Tx >n) > (1—(2d—1)/n)"P (w(z,y) < 1/n, Y(z,y) € 0,K)
> (1—(2d—1)/n)"C~ 1, ~((Zer B(e)) ~(Bleo) +5(~<0)))
T

which implies that Eo( f() = 00. Since Ty is clearly a lower bound for the first renewal

time it gives the result.

Remark 4. Theorem 1.1 of [3] states that for i.i.d. environments in dimensions d > 2
satisfying the ellipticity condition (E')o, the polynomial condition (P)y|l (forl € 471
and M > 15d + 5) is equivalent to Sznitman’s condition (T")|l (see for example [13]
for the definition). We can therefore replace (P)y|l by (T")|l in the statements of
Theorems[2 and 3

1.3. New examples of random walks satisfying the polynomial condition. In
this article we also introduce new examples of RWRE in environments which are not
uniformly elliptic and which satisfy the polynomial condition (P)y; for M > 15d + 5.
In subsection [.3.1l we prove the polynomial condition for a subset of marginal nestling
random walks, including a particular environment introduced by Campos and Ramirez
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in [3]. In subsection [L3.2] we prove the polynomial condition for a class of random
walks in Dirichlet random environments which do not necessarily satisfy Kalikow’s
condition.

1.3.1. Ezample within the class of marginal nestling random walks. Following Sznit-
man [12], we say that a law P on Q is marginal nestling if the convex hull K, of the
support of the law of

d(0,w) = Z w(0,e)e

ecU

is such that 0 € 0K,. We will prove in section (4] that a certain subset of the marginal
nestling laws satisfies the polynomial condition.

Theorem 4. Consider an elliptic law P under which {w(z) : x € 24} are i.i.d. Assume
that there exists an v > 1 such that w(0,e;) = rw(0,e14q4). Then the polynomial
condition (P)le, is satisfied for some M > 15d + 5.

The above result includes an example suggested in [3], by Campos and Ramirez,
of an environment which satisfies the polynomial condition and for which the random
walk is directionally transient but not ballistic. They showed that on this environment,
(E"), is satisfied for a smaller but arbitrarily close to 1, and that the walk is transient
but not ballistic in a given direction. The proof that this environment satisfies the
polynomial condition was left for a future work.

Let us define the environment introduced in [3]. Let ¢ be any random variable taking
values on the interval (0,1/4) and such that the expected value of ¢~/2 is infinite,
while for every ¢ > 0, the expected value of ¢~ (1/279) is finite. Let X be a Bernoulli
random variable of parameter 1/2. We now define w(0,e;) = 2¢, w(0,—e;) = ¢,
w(0,e2) = X+ (1 — X)(1 —4p) and w(0, —ey) = X(1 —4¢p) + (1 — X)ep.

For every ¢ > 0 this environment satisfies (E’);_.: traps can appear because the
random walk can get caught on two edges of the type (z, e5), (x+e3, —e3). Furthermore,
it is transient in direction e; but not ballistic in that direction.

1.3.2. Ezamples within the class of Dirichlet random environments. Random Walks in
Dirichlet Environment (RWDE) are interesting because of the analytical simplifications
they offer, and because of their link with reinforced random walks. Indeed, the annealed
law of a RWDE corresponds to the law of a linearly directed-edge reinforced random
walk ([4], [7]).

Given a family of positive weights (51, ..., f2q), a random i.i.d. Dirichlet environ-
ment is a law on  constructed by choosing independently at ecach site x € z¢ the
values of (w(z,€;));cp 24 according to a Dirichlet law with parameters (51, ..., B2q).
That is, at each site we choose independently a law with density

I_I(ZF ﬁz> (H Bi— ) dxy ... dxog_q

=1

on the simplex {(x1,...,72) €]0,1]%, 2?11 x; = 1}. Here I' denotes the Gamma
function I'(B) = fooo t?=le~tdt , and dx; . .. dweg_1 represents the image of the Lebesgue
measure on R*¥~! by the application (x1,...,22q-1) — (T1,...,T2q-1,1 — 21 — -+ —
Zaq—1). Obviously, the law does not depend on the specific role of .
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Remark 5. Given a Dirichlet law of parameters (P, ..., Paq), the ellipticity condition
(E')s is satisfied if and only if

2d
£ ((Br, ... B2a)) =2 (Z @‘) - ig}aXd(ﬁz + Biva) > B.
i=1

In the case of RWDE, it has been proved that Kalikow’s condition, and thus the
(T") condition, is satisfied whenever

(13) max ‘6@ — ﬁi+d| > 1

1<i<d

(see Enriquez and Sabot in [5] and Tournier in [15]). The characterization of Kalikow’s
condition in terms of the parameters of a RWDE remains an open question. On
the other hand, we believe that for RWDE condition (7”) is satisfied if and only if
maxi<i<q |B; — Bivra| > 0. Nevertheless, in this article we are able to prove the following
result.

Theorem 5. Let (1, Ba, ..., Ba, Baro, - - -, Paq be fixed positive numbers. Then, there
exists an € € (0,1) depending on these numbers such that such that if 51414 is cho-
sen so that B11q < €, the Random Walk in Dirichlet Environment with parameters
(B1, ..., Paa) satisfies condition (P)yler for M > 15d + 5.

Theorem [l gives new examples of RWDE which are ballistic in dimension d = 2
since they do not correspond to ranges of the parameters satisfying condition of
Tournier [15] and Sabot and Enriquez [5]. Indeed, by Theorem [2 if

1<i<d

2
Z Bi — sup (Bi + Biya) > 1
i1

and one of the parameters {f; : 1 <1 < d} is small enough, the walk is ballistic.

Remark 6. In dimension d > 3, in |9, 2], precise conditions on the existence of an
invariant measure viewed from the particle absolutely continuous with respect to the law
have been given ; this allows to characterize parameters for which there is ballisticity,
but it fails to give information on (T°) condition and on tails of renewal times.

2. FIRST TOOLS FOR THE PROOFS

In this section we will introduce some tools that will prove necessary for the proofs
of theorems [2 and [3

2.1. Regeneration times. The proofs in [3] are based on finding bounds on the
regeneration times. We thus begin by giving the definition and some results about the
regeneration times with respect to a direction [.
We define {6, : n > 1} as the canonical time shift on 2" . For [ € s* ' and u > 0,
we define the times
T :=inf{n>0:X,-1>u}
and 3
T :=inf{n >0: X, -1 <u}.
Set

(2.1) a>2Vd
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and
D' :=min{n >0:X, 1< X,-1}.
We define
So:=0, My:=Xqy-1,
S| = T]l\/10+a, Ry :=D'o Os,,
My :=sup{X, -1:0<n< R},

and recursively for k£ > 1,
Sks1 =Ty 1o Rir1:=D'obs,, + Sk1,

M1 :=sup{X,, - 1:0<n < Ry}

The first regeneration time is then defined as
7 c=min{k > 1: S, < oo, R = 00}.

We can now define recursively in n the (n + 1)-th regeneration time 7,1 as 71(X.) +
Tn (X1 — X5y ). We will occasionally write 71, 74, . . . to emphasize the dependence on

the chosen direction.

Remark 7. The condition (21) on a is only necessary to prove the non-degeneracy
of the covariance matriz of part (a) of theorem[3.

It is a standard fact (see for example Sznitman and Zerner [14]) to show that the
sequence ((71, X(r4+)ar—Xn ), (T2=T1, X(ry49am — X1, ), - - .) is independent and (except
for its first term) i.i.d.. Its law is the same as the law of 7y with respect to the
conditional probability measure Py(-|D! = 00).

Those regeneration times are particularly useful to us because of the two following
theorems :

Theorem 6 (Sznitman and Zerner [14], Zerner [17], Sznitman [12]). Consider a RWRE
in an elliptic i.i.d. environment. Letl € 54! and assume that there is a neighbourhood
V' of | such that for everyl' € V the random walk is transient in the direction l’. Then
there is a deterministic v such that Py-a.s.

Furthermore, the following are satisfied.
a) If Ey(1) < 00, the walk is ballistic and v # 0.
b) [f E0(7'12) < 00,
gl/? (Xe-1m — [ '0]0)
converges in law under Py to a Brownian motion with non-degenerate covari-
ance matrix.

Theorem 7 (Rassoul-Agha and Seppélédinen [8]). Consider a RWRE in an elliptic
i.i.d. environment. Take | € S%1 and let 71 be the corresponding regeneration time.
Assume that

Eo(Tf) < 00,
for some p > 176d. Then P-a.s. we have that
gl/? (Xe-1n — [ '0]0)

converges in law under Py, to a Brownian motion with non-degenerate covariance
matriz.
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2.2. Atypical Quenched Exit Estimate. The proof of theorem [I] is based on an
atypical quenched exit estimate proved in [3]. We will also need this result, and thus
recall it in this section. Let us first introduce some notations.

Without loss of generality, we can assume that e; is contained in the open half-space
defined by the asymptotic direction so that

v-e; > 0.
We define the hyperplane :
H:={recrR":2-¢ =0}

Let P := P; be the projection on the asymptotic direction along the hyperplane H

defined for z € z¢ by
Z-€e1\ .
P(z) :=
@)= (22

and ) := @); be the projection of z on H along ¥ so that

Q(z) ==z — P(2).

Now, for z € z%, 3> 0, p > 0 and L > 0, we define the tilted boxes with respect
to the asymptotic direction v by :

(2.2) Bgp(z):={ye z%st. —LFP <(y—x)-e; < Land |Q(y — 2)||e < pLﬁ}.

and their front boundary by
8"'35@(1‘) = {y S 8Bng(x) s.t. (y — l‘) cep = L}
We have :

Proposition 8 (Atypical Quenched Exit Estimate, proposition 4.1 of [3]). Set a > 0

such that 1, = sup,cy E ((ﬁ)a) < oo. Take M > 15d + 5 such that (P)p|l is

satisfied. Let 5y € (1/2,1), p € (502“,1) and ¢ € (0,080). Then, for each v > 0 we
have that

lim sup L9049 Jog p ( Py ( X1y, 0 € a+Bg,L(O)> < e-%‘*) <0,

L—oo
where

9(Bo, 8,¢) :=min{5 + (,36 — 2+ (d — 1)(5 — So) }-

2.3. Some results on flows. The main tools that enables us to improve the results
of [3] is the use of flows and max-flow-min-cut theorems. We need some definitions
and properties that we will detail in this section. In the following we consider a finite
directed graph G = (V| E), where V is the set of vertices and F is the set of edges.
For all e € E, we denote by e and € the vertices that are the head and tail of the edge
e (the edge e goes from e to €).

Definition 3. We consider a finite directed graph G = (V,E). A flow from a set
ACV toasetZ CV isanon-negative function 0 : E — R, such that :

o Vr e (AU Z) divb(x)=0.

e Vre A, divf(z) > 0.

o Vre Z, divf(zx)<O.
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where the divergence operator is div : RF — RY such that for allz €V,

divO(z)= > 0e)— Y  0(e)
ecFE.e=x e€FEe=x

A unit flow from A to Z is a flow such that ) ., div6(z) = 1. (Then we have
also Y .., divf(x) =—1 ).

We will need the following generalized version of the max-flow-min-cut theorem :

Proposition 9 (proposition 1 of [9]). Let G = (V, E) be a finite directed graph. Let
(c(€))ecr be a set of non-negative reals (called capacities). Let xog be a vertex and
(p)zev be a set of non-negative reals. There exists a non-negative function § : E — R
such that

(23) div 6 = pr(5$o - 5x)7

zeV

(2.4) Ve € E, 0(e) < c(e),

if and only if for all subset K C'V' containing xo we have

(2.5) c(01K) = > pa

zeKe
where 0, K ={e € E,e € K,e € K°} and c(0:K) = 3 ¢y, c(e). The same is true
if we restrict the condition (2.3) to the subsets K such that any y € K can be reached
from O following a directed path in K.

Idea of the proof. 1f 6 satisfies (2.3) and (2.4) then

Z 0(e) — Z Z div (x Z D

e, ecK,ecKe° e,ecK, ecK¢ rzeK rzeKe

It implies (Z3) by (24 and positivity of 6.
The reversed implication is an easy consequence of the classical max-flow min-cut
theorem on finite directed graphs (see for example [6] section 3.1). If (c(e))ecr satisfies

(1), we consider the new graph G = (V U {4}, F), where
E=EU{(z0), zeV}.

We define a new set of capacities (é(e)),.; Where c(e) = ¢(e) for e € E and ¢((z,6)) =

pz. The strategy is to apply the max-flow min-cut theorem with capacities ¢ and with
source zo and sink 8. It gives a flow 6 on G between z, and ¢ with strength I
and such that § < & The function @ obtained by restriction of 6 to E satisfies (24)

and (2.3). O

For the proof of theorem [ we will consider the oriented graph (z¢, E,4) where
E,a = {(x,y) € (z%)?s.t. |x — y|; = 1}. This graph is not finite, but we will only
consider flows with compact support (f(e) = 0 for all e except in a finite subset of
E,4). We can then proceed as if the graph were finite, and use the previous definition
and proposition.
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3. PROOF OF THEOREM [

Let [ € 571, 8> 0and M > 15d + 5. Assume that (P)y|l is satisfied and that
(E') holds.

Let us take a rotation R such that R(el) = 0. We fix ' € (3,1), M > 0 and for
simplicity we will write 7 instead of 7.

For u > 0, take

1 ﬁi 1
L=L(u) = log u)#",
(@) (4M\/8) (logu)
—L - L
= z¢: <z -Re) < =——, for 0<i <2
Cr {:ce 20 er) z - R(e;) 2T o) or 0 <1 d}

Following the proof of proposition 5.1 in [3], we write

PO(Tl > ’LL) < PO (7’1 > ’LL,TCL(U) < 7'1) +E (Flc, P07w <TCL(u) > u)) +P(F1),
with

El,_.

Fil=<we:t, (CL(u)) > v
(log u)?
and

1
tw(A) ;= inf {n >0: supr,w (Ty >n) < 5} .

As in [3], the term Py <7‘1 >u, Tey,, 7'1> is bounded thanks to condition (P)|l,

and the term E (F1 , Pow (TCL(u) > u)) is bounded thanks to the strong Markov prop-

erty. This part of the original proof is not modified, so we will not give more details
here. It gives the existence for every v € (4, 1) of a constant ¢ > 0 such that :

e—cL7 (u) . (1) {(logU)ﬁJ

PQ(Tl >u) < +P(F1)

2

It only remains to show that we can find a constant C' > 0 such that P(F}) < Cu™"
for u big enough.
For each w € €, still as in [3], there exists zy € Cp(,) such that

2|Crw)
to(Crw))
where for y € 24, H, = inf{n > 1: X,, = y}. It gives

C

Pxo,w(ﬁwo > TCL(u)) <

/\

2(log u) 7
P(F) <P (w € Qst. Fug € Cry 8. PagulHay > Toy)) < ((’i | u)y>

We define for each point x € Cp,) a point y,, closest from x + 2 @ To bound
P(F}), we will need paths that go from z to y, with probability big enough and the

atypical quenched exit estimate (proposition []).

Define :
|0|log u

T OMVA(D ey

It is straightforward that
N-1<|ys—x)s <N+1
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The following of the proof will be developed in three parts : first we will construct
unit flows 0;, going from {z,z + €;} to {y, ¥, + €;}, for all x € Cp(,). Then we will
construct paths with those flows, and use the atypical quenched exit estimate to bound
P(F}) in the case that those paths are big enough. We will conclude by bounding the
probability that the paths are not big enough.

3.1. Construction of the flows 6, ,. We consider the oriented graph (2%, E,) where
Fya = {(z,y) € (2%)?*s.t. |z —y|; = 1}. We want to construct unit flows 6; , going
from {z,z+e;} to {ya, Yz +€;}, for all x € Cp,). But there are additional constraints,
as we will need them to construct paths that have a probability big enough. The aim
of this section is to prove the following proposition :

Proposition 10. For all x € Cp,, for all ay, ..., azq positive constants, there exists
2d unit flows 0; , : E,a — Ry, respectively going from {x,x + e;} to {yu, v +e€;}, such
that :

(3.1) Ve € Byu, f,(e) < 29
Ri
where K; := 2 Z?dzl aj — (o + aitq), and ale) == o, for e of the type (z,€;).
Furthermore, we can construct 0; , with a compact support, and in a way that allows
to find v and S C Eya, |S| independent of u, such that 0; .(e)k; < v < a(e) for all
e €S

We will construct the 6, , to prove their existences. For this we need three steps.
Let B(z, R) be the box of zZ? of center x and radius R, and B;(x, R) be the same
box, where the vertices x and x + e; are merged (and we suppress the edge between
them). We note Ep ) = {(z,y) € Eza N (B(z,R))*} and Ep,ur = {(z,y) €
E,a N (Bi(z, R))?} the corresponding sets of edges. We will construct a unit flow in
the graph (B;(z, R), Ep,(z,r)) from {z,x + ¢;} to Bj(x, R)°, a unit flow in the graph
(Bi(Yx, R), EB,(y,,r)) from Bi(y,, R)° to {y,,x + e;}, and then connect them. At each
step, we will ensure that condition [3.1] is fulfilled.

First step : construction of a unit flow from {z,z + ¢;} to B;(z, R)® :

max; K

. , there
mlnj Ol]

Lemma 1. Set x € Cr,, and ay,. .., azq positive constants. If R >
exists 2d unit flows 0; 5 : Ep,(z,r) — R4 such that :

. 1
dZ’U 92‘7$ = Z M(@ — 53)

z€0B;(z,R)

and
a(e)
Ki

where 0B;(z, R) = {z € B;(x, R) that has a neighbour in B;(x, R)°}.

Ve € Ep,(a,R), 0iz(e) <

The divergence condition ensures that the flow will be a unit flow, that it goes from
x, and that it leaves B;(z, R) uniformly on the boundary of the box.

Proof. The result is a simple application of proposition @ We fix x € Cp,) and ¢

between 1 and 2d. Define p, = Wle)l if z € 0B;(z, R), p. = 01if 2z ¢ 0B;(z, R).

To prove the result we only have to check that VK C B;(z, R) containing z,
ZeemK %e) > Engpz, where 0, K = {e € Ep, ;) st. e€ K ande ¢ K}.
We have two cases to examine:
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o If KNOBi(z,R) =0, > 45 p- = 1. We then need -, xale) > ;. For
K = {z}, > co, xale) = r; as we merged z and = +¢;. For bigger K, we
consider for all j # i the paths (x 4+ ne;)ney and for all j # i + d the paths
(x +e;+nej)nen. They intersect the boundary of K in 2d + 1 different points,
and the exit directions give us the corresponding «;, that sum to ;. It gives

that 3 cp, x ale) = ki
o If KN OB; (ZE R) # 0, 45 - < 1. As K contains a path from z to dB;(z, R),

Zee&rK O‘ée) > M It is bigger than 1 thanks to the hypothesis on
R. Tt gives the result
O
Second step : by the same way, we construct a flow 6; , : E'g,(,, r) — Ry such that

. 1
div 9@1 = Z m(éz — (5%0)

2€0B;(Y«,R)

and

a(e).

Ve € EBi(yz,R)7 92‘7$(6) < o

Third step : we will join the flows on Ep,, r) and Ep,(, r Wwith simple paths,

to get a flow on E,q. Take R > 2% and make sure that m

J ) 7
e € F,q (always possible by taking R big enough, R depends only on the «; and the
dimension).

We can find 0B(x, R) simple paths 7; C E,a satisfying :

e Vj, m; connects a point of dB(x, R) to a point of 0B(y,, R).

e Vj, m; stays outside of B(x, R) and B(y,, R), except from the departure and
arrival points.

e If two paths intersect, they perform jumps in different direction after the inter-
section (no edge is used by two paths). If (z,¢;) is in a path, then (x + ¢;, —e;)
is not in any path.

e The number of steps of each path is close to N : there exists constants K; and
K, independent of u such that the length of 7; is smaller than KN + K.

(For example we can use the paths 7(+7) p45 of [3], and make them exit the ball B(x, R)
instead of {x,z + ¢;}).

For all ¢, 0B;(z,R) = 0B(x, R) and 0B;(y., R) = 0B(y., R) as soon as R > 1.
By construction, — div 6; ,(z1) = div 0;,(22) = m for any z; € 9B;(z, R) and
29 € OB;(y., R). We can then join the flows of the first two steps by defining a flow
0;.(e) = leﬂ)l for all e € m; (and 0 on all the other edges of E;a).

We have thus constructed a unit flow 6;, on E,a, from {z,z + ¢;} to {y., v + €},
satisfying (B.I) ( (B.I) is satisfied on Ep, (g and EB (vo,R) a8 R > marz'(’;l thanks to

lemma [I and outside those balls as | 83(11 ol T for all e € E,a). It concludes the
proof of the first part of proposition 10
As 0; ,(e) = 0 out of the finite set Ep,; r) U Ep,(y,.r) U {e € 7rj, 1< j<0B(z,R)},
a(e)

the flow has a compact support. And as we made sure that we can

take S = B(z, R) U B(y,, R) and v =

|BB($7R)| Ki

m to conclude the proof.
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3.2. Bounds for P(F}). We apply proposition [I0 for the oy, ..., asy of the definition
of (E')s (see (LI and (L.2))). It gives flows 6, , on E,a, constructed as in the previous
section.

We can decompose a given 6, (for i and z fixed) in a finite set of weighted paths,
each path starting from x or x + e; and arriving to y, or y, + e;. It suffices to choose
a path o where the flow is always positive, to give it a weight p, := minee, 6; .(e) > 0
and to iterate with the new flow 0(e) := 6, .(€) — Py leco-

The weigh p, of a path o then satisfies : for all e € E,a, 0;,(e) = > containing ¢ Do
As 0, , is a unit flow we get > _ path of 6; , Po = 1. We will use those weights in the next
section, to prove that those paths are "big enough" with high probability.

We now introduce :

Fy; = {w € Qs.t. Vo € Cp), Vo path of 0; 5, w, := Hwe > uﬁ,l}

and

2d
Fy =) Fa.
=1

Define

L

- 2(1 za
Fg:{weﬁsnmmeq@wxf%MHm>ﬂmM<—ﬂ%i—khu}g}

We get immediately :
P(Fy) < P(F3) + P(Fy).

It gives two new terms to bound. We start by bounding P(F3). For this we will use
the same method as in [3] : on the event Fj, for all 1 < i < 2d we can use a path o of
8; » to join x or x + ¢; to y, or y, + e;. It gives :

w(:po,ei)uﬁ_l inf P, (T, < -E[ano) <

Cru
2€{Yag Vg tei} Ll

< Hg;o) < Pam,w(TCL(u)

where the factor w(xg, e;) corresponds to the probability of jumping from z to x + e;,
in the case where the path o starts from x + e;.
As S w(zo, e;) = 1, it gives

1

4d(log u)#

a1
um b inf Pzw(TCL() H,,) < ”

26V (Yayq)

’CL(U } )

where V(Yu) := {Yuos (Yao + €i)i=1,.. 24}
In particular, on F3, we can see that for u large enough V(y,,) C Cr). As a result,

on Fj, we have for u large enough

1 B’
inf P, (X ,orep>z-e) < inf P, (T, < H, )< — e 2VdL(u)
2€V (Yag) Zw( TetUsr 1 ! 1) = 2€V (Yag) Zw< L) xO) h u211v1 ’

where

Upp ={zxez?:—LF <z-e <L}
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From this and using the translation invariance of the measure P, we conclude that :

o)

P <E|ZL‘0 S CL(u) s.t. inf PZ,W(XTz+U RS >z - 61) < 6_2\/311(“)’8/>
2€V (Yag) B

~ 4d(1
P (31‘0 € CL(u) s.t. Pmo,w<H:vo > TCL(u)) < (Oi

< (2d+1) |Cpw)|P (POM(XTUB, oy 1> 0) < —2VaLw? )
< (2d+1) O B (Poul(Xry, ,  -er > 0) < 2807,

where the titled box By 1y is defined as in ([2.2).
We conclude with the atypical quenched exit estimate (proposition [§]) : there exists
a constant ¢ > 0 such that for each 3, € (3,1) one has :

)

1 _ (Bo+B".C)
P(F cL(u)g 0
P(F) < e

where g(5o, /', () is defined as in proposition [§
Note that for each 8’ € (%, 1) there exists a 3y € (2, 6) such that for every ¢ € ( )

one has g(6y, 5',() > B’. Therefore, replacing L by its value, we proved that there
exists ¢ > 0 such that :

P(Fg) < cuiﬁ.

3.3. Bound for P(Fy¥). To conclude the bound for P(F}) and the proof of theorem [I]
it only remains to control P(Fy). It is in this section that we will use the conditions
that were imposed on 6; , during the construction of the flows.

2d
< QPR
=1

2d
Z Z P(Vo path of 6, ,,w, < uﬁ_l)

1=1 Z‘ECL(u)

. . . a1
As 0, , is a unit flow, if Vo path of 6, ., w, < um I then :
14 11
E DoWo < UM E Do = uM .
o path of 6; o path of 6; .
Jensen’s inequality then gives :
Po 03, (e) 21
[T e = T o0 <uit
o path of 6; eGEZd

It allows to write :

2d
F3) < Z Z p H wgi,z(e) < wirl

i=1 2€Cp(u) e€Ey,
- z’9i,x(€))
2d E f
3y Py
~

1
—ri(—1)
i=1 2€C, () u M\ar
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We will use the integrability given by the flows to bound the expectations. The
independence of the environment gives (for ¢ and z fixed) :

E (H w@—mﬂi,x(ﬁ)) — H E < H we—niei,x(e)>

z€zd es.t. e=z
e e
zeS es.t. e=z z¢S e s.t. e=z

where we recall that S = B(x, R) U B(y., R).
As 0, , satisfies (3.1]), the ellipticity condition (E’)s gives that each of the expecta-

tions E (H w;’”"i’”(e)) are finite.

e s.t. e=z

By construction | S| is finite and does not dependonu: [], ¢ E (He ot e w;’”"i’”(e))

is a finite constant independent on wu.

It remains to deal with the case of z ¢ S. As we chose R to get 0, ,(e)r; < 7 for the
edges outside S, and thanks to the bounds on the number of edges with positive flow
(there is a finite number of paths, and each path has a bounded length), we have :

ci1N+c
HE< [1 we“”i’”(e))@( 11 wJ)l 2,

zgés es.t. e=z e s.t. e=0

where ¢; and ¢, are positive constants, independent of . Then, putting all of those
bounds together,

Z Z CCC’gN nl(—fl

i=1 {L'GCL(u)

Cs+ry
<Y Y

i=1 $ECL(U)

Cr 8 ming
< Co(logu) Ty ar ~mimi

where all the constants C; are positive and do not depend on u. As remark [ tells us
that we can choose M as large as we want, we can get % as small as we want.

Then we can find a constant C' > 0 such that P(F§) < Cu=" for u big enough. It
concludes the proof.

4. NEW EXAMPLES OF RANDOM WALKS SATISFYING THE POLYNOMIAL CONDITION
4.1. Proof of Theorem (. Consider the box B, ; ; for L = 70L*. We want to find
some L > ¢y such that

1
JZk
for some M > 15d + 5. We first decompose this probability according to whether the
exit point of the random walk from the box B, ; ; is on the bottom or on one of the

PO (XTBelLi.61<L> <
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sides of the box, so that,
ja <XTB e < L)
e1,L,L

:PO<XTB '€1Z—L>—|—P0<XTB LL'@QIE)—FP()(XTB ~'€2:—E>.

1,L,L 1,L,L

We will first bound the probability to exit through the sides. We do the computations
for P, (XTB g = E) but the other term can be dealt with in the same way.

ey, L,

Suppose that X7,  -ey = L, and define ny, . . . ,nj_, the finite hitting times of new
e1,L,L
levels in direction ey as follows :

ng :=inf{n > 0 s.t. X,,-es > k}.

To simplify notation define p(x) := w(x,e114). We now choose a constant 1 > ¢ > 0,
and we will call "good point" any = € 22 such that ¢(z) > §. We define p := P(p(z) >
9). Note that p does not depend on z since the environment is i.i.d., so that it depends
only on ¢ and the law of ¢.

We now introduce the event that a great number of the X,,, are good points :

C = {XTBE ey = L and at least gi of the X,,,,1 <k < L—1, are good }

1,L,L

We get immediately
PQ (XTB GQZE}Q(Cf)>
el

By construction of the X,, and independence of the environment, and with Z an

ey = E) = (C) + Py ({XTBq

L,L L,L

independent random variable following a binomial law of parameters p and L, we can
bound the second term of the sum :

where the last inequality is Hoeffding’s inequality.
It only remains to bound Fy(C}). For that, we introduce the following new event

oD ~
Cy = {Cl and X, 11 — X, = e; for at least ZpL of the good Xnk} ,

that states that the walk goes often in direction e; just after reaching a X, that is a
good point.
We can then write

Po(Ch) = Po(Ca) + Po(Cr N (C5)).

To bound Py(Cy N (CS)), we use the uniform bound "p(z) > §" for good points that
gives us that w(z,e;) > rd on those points. And we get Z’ an independent random
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variable following a binomial law of parameters rd and gf/ :

Po<0m<c;>><p(zf 55)

- 1\ 2
< exp (—p52L <r — 5) ) .

It only remains to bound Py(C3). Set n™ (respectively n~) the total number of
jumps in direction e; (respectively —e;) before exiting the box B, ; ;. We will need a

third new event
147
Cs:= {n+ > n_} ,
r
that allows us to write

Py(Cy) = By(Co N Cy) + Py(Cy N (CE)).

First notice that for L big enough, C,NC3 = (). Indeed, C} implies that we exit the box
B, 1.i by the side "z-e; = L". Now, since the vertical displacement of the walk before

exiting the box Be L8 nt —n~, on the event C3 we know that this displacement is
354p L3
2

at least equal to 1 —L_pn*. Therefore, since on Cs the walk makes at least 6” L=
moves in the direction e;, on Cy N Cj its vertical displacement before exmng the box
is at least 355” L3 Since on Cy N C5 the walk exits the box by the "z - e; = L" side

2(1+
we see that for L larger than Ly := %}rr)

We now want to bound Fy(Cy N (CY)).

the event Cy N C3 is empty.

~ 1
F(Can(C3)) < Ry <n+ > %pL and n" < JrTn)

r

op ~
<Py <n++n_ > ZpL and (n++n_)112r <n_).

Now note that whenever we go through a vertical edge from a point x, the law of the
environment tells us that it is an edge (z,e;) with probability £, and (z, —e;) with

probability —-. Then, defining Z” as a random variable following a binomial law of

1+r"

parameters ﬁ and pr, we have the bound :

PO(CQH(Cg))<P<Z” 4 péL)

1+2r 4

~ T T 1 2
<exp [ —4psiL -—) ),
eXp( b (r—|—1+1—|—2r 4p5L) )

where we need 1 < T”fi (1 ot +2r) to apply Hoeffding’s inequality in the last in-

equality. We can find Ly such that this is true for L > L.
Choose M > 15d+5. By putting all of our previous bounds together, we finally get,
for all L > Lo,

PO (XTBelLL '62:z>

p2l~/ 1\? T T 1 2
< —— —p&?L (r— = —4pSL -
eXp( 2)+exp( p <T 2>>+exp< p <T+1+1+2T 4p5L))’
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where we recall that L = 70L3, § > 0 and p = P(p(z) > 6). Then, for any choice of 4,
we can find Ls > max(co, L1, Lo) such that for all L > Ls,

~ 1
Py (XTBel,L,Z ceg = L) + P (XTBel,L,i ceg = —L) ST
We now only need to bound B <XTB L= —L) to prove (P)ys]e;. We will use
e1,L,
again the notations n™ (respectively n~) for the total number of jumps in direction e;
(respectively —e;) before exiting the box B, ; ;. Suppose that Xr, e =—L
It e1,L,
Then necessarily nt < n~, which gives nt < ’ﬁ% As n* conditioned to n* +n~
follows a binomial law of parameters £ and n +n~, Hoeffding’s inequality gives the
bound :
nt+n” _ - r 1\?

P0<n+<T}n++n )gexp<—2(n++n)(1+r—§) :
But X, e = —L also gives that necessarily, n= > L. Then

ey,L,

+
+n~
jo) <XTB e :—L) < Py <n+ < andn” L
e1,L,

ZeXp< i )

Therefore we can find Ly > L3 such that for all L > Ly,

PO<XTB '61:—L><—

20 M’

el,L,Z
from where we conclude that for all L > Ly,

1

jo) (XTB 7

e < L>
e1,L,L
4.2. Proof of Theorem [Gl It is classical to represent Dirichlet distributions with
independent gamma random variables : if fyl, . ,fYN are independent gamma random
variables with parameters (1, ..., By, then Z“f R, Z is a Dirichlet random variable

with parameters (f1,...,On). We get a restriction property as an easy consequence of
this representation (see [16], pages 179-182) : for J a non-empty subset of {1,..., N},

Zj

the random variable follows a Dirichlet law with parameters (/;);e; and

Yics i jeJ
is independent of ) ._, ;. This property will be useful in the following.
We consider the box B, ; j for L = 70L3, and want to find some L > ¢, such that

Py (XTBel Lora< L) < LM to prove (P)le;.

Let I; .= {x € 2%st. w-e; =i} and t; :=inf{n >0: X, € l;, X,,;1 & l;}. We first
consider the events that, when the walk arrives on [; for the first time, it gets out of
it by an edge in direction e; (the alternative being getting out by an edge in direction
—eq) -

Gl,i = {Xthtl - Xy, = 61}-
At the point X;,, we know that the walk will go either to X;, + e; or to X, — e;.

w(Xti ,e1)
w(Xt,,e1)+w(Xe,;,—e1)

Thanks to the restriction property of the Dirichlet laws, we know that
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follows a beta law of parameters (01, 51 + 51+q) and is independent of the previous
trajectory of the walk on [;. Then

B I3}
B(Gro) = b1+ Bita

Now define
L—1
G, = m Gl,i7
i=0

and note that

Bi+d
P(GS) <« L——"F—.
b(G1) B1+ Bita

We can now write

PQ (XTBel,L,L e < L) < PQ ({XTBel e < L} N Gl) + Po(Gi:)

L, L

/81+d
< PQ ({XTBeI,L,L e < L} N Gl) + Lﬁl T 61+d’

and we only need to bound the first term of this sum. If () is satisfied, the walk
cannot get out of the box B, ; ; by the "lower boundary" {z € z%st. x-eg = —L}.
Then the walk has to get out by one of the 2d — 2 "side boundaries" :

B, ({XTBel,L,i ce1 < L} N Gl> =k (U;l:2 {XTBel cej = :l:i} N Gl) .

On the event U?ZI{XTB61 e = +L} define ng, ...,n;_, as the finite hitting times
of new levels in any direction perpendicular to e; as follows :

ny = inf{n > 0s.t. sup |X, -e;| > k}.
2<j<d

L,L

B

—=2—— and consider the event
142041445

Let now p =

Gs = {G1 and X,, 11 — X, = e; for at least gﬂ of the points Xnk} .

Suppose f11q4 < 1, then p < E(w(0,e1)). Consider now a random variable Z with a
binomial law of parameters p and L. Using Hoeffding’s inequality, we see that

L 2
P(GS) <P (Z < %) < exp (—%L).
But clearly Gy NG5 =0 for L > Ly := , /ﬁ. Therefore we have in this case

~ 2~
%(@ﬁ{xb ~@:ii}ﬂGO<em(—%L)

Putting the previous bounds together, we finally get for all L > L :

el,L,f,

51+d pZ =
P<X : <L)<L————— AN
o\, 5t Bitbia T\T2

Let now L; be such that for all L > L,

2
pe = 1
e (‘#) S gp
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Take now L := max{cy, Lo, L1} and then choose 1.4 (< 1) so that

Br+d 1
2 < >+
61 + 61+d 2L2
We then conclude that for this choice of 814 there exists an L > ¢y such that

_'€1<L><

e1,Lo,L

PO <XTB L—M
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