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Abstract

In this paper we give results on the counting function associated with the interior transmission
eigenvalues. For a complex refraction index we estimate of the counting function by Ct". In the
case where the refraction index is positive we give an equivalent of the counting function.
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1 Introduction

In this paper we give an estimate to the counting function associated with the interior transmission
eigenvalues. We recall the problem. Let Q be a smooth bounded domain in R™. Let n(x) be a
smooth function defined in €, called the refraction index. We say that k # 0 is a interior transmission
eigenvalue if there exists (w,v) # (0,0) such that

Aw + k*n(z)w = 0 in Q,
Av + k*v =01in Q,

w = v on 0f,

dy,w = v on 0N,

(1)
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where 0, is the exterior normal derivative to 0§2. We consider here the function n(x) complex valued.
In physical models, we have n(x) = ni(z) + ins(x)/k where n; are real valued. Taking u = w —v
and ¥ = k?v, we obtain the following equivalent system if k # 0,

(A+E*(1+m))u+mv=0in Q,
(A +Ek*v =0in Q, (2)
u = 0yu =0 on 01,

where, for simplicity, we have replaced v by v and n by 1 + m.

When k € R, this problem is related with scattering problem. We can find a precise result in
Colton and Kress [8, Theorem 8.9] first proved by Colton, Kirsch and Péivérinta 7] and in a survey
by Cakoni and Haddar [5].

As the problem si not self-adjoint even for n(z) real valued, usual tools used in self-adjoint cases
cannot be applied, in particular, even for operator with compact resolvent, the existence of k is not
always true.

A lot of results was obtained this last years using several methods. When n(z) is real, Pédivirinta
and Sylvester [20] proved that there exist interior transmission eigenvalues; Cakoni, Gintides, and
Haddar [4] proved that the set of k7 is infinite and discrete. For n(x) complex valued Sylvester [23]
proved that this set is discrete finite or infinite. In [22] we proved that there exist a infinite number of
complex eigenvalues and the associated generalized eigenspaces span a dense space in L?(Q) @ L?(Q).

Other related problems are studied in literature, problem with cavities studied by Cakoni, Cayo-
ren, and Colton [2], Cakoni, Colton, and Haddar [3], problem for operators of order m > 2 by Hitrik,
Krupchyk, Ola, and Péivérinta [11, 12].

Lakshtanov and Vainberg [15, 16, 17] studied the counting function for problems with different
boundary conditions. For Problem (1), in [18] they obtain a lower estimate of the counting function
for real interior transmission eigenvalues.

For counting function in [22] we gave some non optimal estimate. This estimate was improved by
Dimassi and Petkov [9]. Their estimate have the same size than the one found below in Theorem 8
except for a factor 3v/3. For constant m there is a recent result given by Pham and Stefanov [21]
where they give an equivalent of counting function in this case.

The main results of this paper are Theorem 7 and Theorem 8. In Theorem 7 we prove than the
counting function satisfies an estimate in Ct" and we prove that if we denote by A; the eigenvalues
of the problem

#: )| | T Pn/2 m(z)"Ple|2P — yp)-t 2 py—1 ot of | 2| —PHn/2
> = 27 /Q/(((H (@) PP — pP) "t 4 (€77 — pP) ) dédm+o(|2] ),
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when |z| goes to co and z in a line outside a domain related with the range of n(z).

In the case where n(x) > 0 is real valued or if ny(z) > 0 in the case n(z) = ni(x) + na(x)/k
this estimate allows, applying a tauberian theorem to give an equivalent of the counting function.
We find that N(t) ~ at™ where the precise value of « is given in Theorem 8. These results are also
proven by Faierman [10] in a preprint. The methods used are very close that the one used here but
he assumes that n(z) # 1 every where. This condition excludes the case of cavity. Here we assume
only that n(z) # 1 in a neighborhood of the boundary.

2 Notations and background

Let © be a € bounded domain in R™. Let n(x) € () be complex valued. We set m(z) =
n(z) — 1. We consider also the case where n(x) = ni(z) + ina(x)/k where n;(x) are real valued and
k the spectral parameter. This case is different of the previous one but can be treated similarly. We
assume that for all z € Q, n(x) # 0, or ny(z) # 0 or equivalently m(x) # —1. We assume that
there exists a neighborhood W of 9Q such that for z € W, n(z) # 1 or ny(z) # 1 or equivalently
m(z) # 0. Actually if n(z) # 1 for all x € 92, such a neighborhood W exists.

We denote by C. the cone in C defined by

C.={z€C, 3x €Q, 3X>0, such that z = \(1 +m(x))}. (3)



In the case where n(z) = ny(x) + ina(z)/k, Ce = [0,00) if ni(z) > 0 for all z € Q, and
C. = [~00,0] if ny(x) < 0 for all x € Q.

Here we give some notations useful for the statement of the results. We use the notations and
the results proven in [22], except some change of sign.

Let z € C, we denote by B, (u,v) = (f,g) the mapping defined from HZ(Q) @ {v € L*(Q), Av €
L*(Q)} to L?(2) & L?*(2) by

1+m 1+m

LA -2 u— L2 v=finQ
{ ((Az)v)ginQ 4)

In the case where n = n; +ing/k we must change the definition of B.. We define mi (z) = ny(z)—1
and ma(x) = na(x). The mapping By (u,v) = (f, g) is given by

{ (1;%1A*k2*ik1fﬁn)“+ (11%11 - k(fonl))U:finQ (5)

(-A —k*)v=gin Q

Remark that the principal symbol of By, is the same than the one of B, if we set z = k2.
Under an assumption on z, B, is invertible for some z.

Theorem 1. Assume C, # C, then there exists = € C such that B, is a bijective map from HE(Q) &
{v e L3(), Av e L?*(Q)} to L*(Q) ® L*().

In the case n(z) = ny(z) + na(z)/k, here C. # C and we have the same result.

Theorem 2. There exists k € C such that By, is bijective from HZ(Q) @ {v € L2(), Av e L2(Q)}
to L*(Q) & L*().

If for z € C the solution B.(u,v) = (f,g) exists we denote by R.(f,g) = (u,v). In case where
n(x) = ni(x) +inz(x)/k if for k € C the solution of By (u,v) = (f, g) exists we denote by R (f,g) =

(u,v).

Theorem 3. Assume C, # C, there exists z € C such that the resolvent R, from iin () L%(Q) to
itself is compact.

In particular, applying the Riesz theory, the spectrum is finite or is a discrete countable set.
If X # 0 is in the spectrum, X is an eigenvalue associated with a finite dimensional generalized
etgenspace.

Theorem 4. There exists k € C such that the resolvent Ry, from iin (Q)® L%(Q) to itself is compact.

In particular, we can apply the Riesz theory, the spectrum is finite or a discrete countable set.
If X # 0 is in the spectrum, X is an eigenvalue associated with a finite dimensional generalized
etgenspace.

Remark 1. Actually if 2o ¢ C.UJ[0, 00) for all A > 0 large enough we can take z = Azp in Theorems 1
and 3.

If k2 ¢ C.U[0,00) for all A > 0 large enough we can take k = Mg in the Theorems 2 and 4.
Here we estimate the resolvent in the exterior of a conic neighborhood of C, U [0, 00). In particular
if ny(z) > 0, the eigenvalues k% are in all small conic neighborhood of (0, 4+00), except for a finite
number of eigenvalues.

In general for a non self-adjoint problem, we cannot claim that the spectrum is non empty. In the
following theorem, with a stronger assumption on C,, we can prove that the spectrum is non empty.
We say that C, is contained in a sector with angle less than 6 if there exist 6; < 65, such that
C. Cc{zeC, zzOorle:eW, where 0; < ¢ <05}, and 0 — 01 < 6.
Theorem 5. Assume that C. is contained in a sector with angle less than 6 with 6 < 27 /p where
dp > n and 0 < w/2. Then there exists z such that the spectrum of R. is infinite and the space
spanned by the generalized eigenspaces is dense in HZ(Q) & {v € L*(Q), Av € L*(Q)}.



Theorem 6. There exists k such that the spectrum of Ry, is infinite and the space spanned by the
generalized eigenspaces is dense in H3(Q) & {v € L?(Q), Av € L*(Q)}.

Remark 2. These results are based on the theory given in Agmon [1] and using the spectral results
on Hilbert-Schmidt operators. In this theory we deduce that the spectrum is infinite from the proof
that the generalized eigenspaces form a dense subspace in the closure of the range of R, [resp. Rk]
In [22] we proved that R? [resp.R? | is a Hilbert-Schmidt operator if 4p > n. We can deduce the
spectral decomposition of R, [resp. Rj| from that of R [resp.RY |.

Let z; be the elements of the spectrum of R, [resp. Rk] and F; the generalized associated
eigenspace. We denote by N (t) =3, -1, dim Ej.

If z; is an eigenvalue of R, \; = —z+1/z; is an eigenvalue of By and we have N(t) ~ #{j, |\;| <
t?}, where \; are counted with multiplicity.

3 Results

We denote by w; for j =1,---,p, the roots of 2 = 1.

Theorem 7. We assume as in Theorem 5 that 6 < 27 /p and 6 < w/2 where p satisfies 2p > n and
4dp > 4+ n. Then, there exists C > 0 such that N(t) < Ct".

Moreover let p € C such that |pu| =1 and we assume that wjp ¢ Ce U (0,+00) for j =1,---,p.
We denote by a(z) = (1 +m(x))™ ora(z) = (1 +mi(x))~ if n(z) = ni(z) + k™ na(x). We fiz 29
such that the resolvent R, exist and let p; such that 1/p; are the eigenvalues of R, counted with
multiplicity. Then we have

1 _ W—nZ—P-i-n/Q aP 2p _  p\—1 2p _  py—1 4o Z_p+n/2
S = ) el [ (@ ) (6 ) ) dedo + ol ), (0

jen Hi
when z =rp and r goes to co.

Remark 3. The first part of the theorem improve [22, Theorem 7] where we found the estimate
N(t) < Ot

Theorem 8. We assume ni(x) =1+ m(x) >0 for all x € Q when n(x) = n1(x) + na/k. Then

N(t) = at™ + o(t") where a = (2m) ™" Vol(By) / (1 +my(x)™?(x) + 1)dz.
Q
Remark 4. By a more precise study in a neighborhood of the boundary we can obtain a result with
a smaller remainder in (6) but this estimate does not allow to prove a result better on the counting
function. Malliavin [19] was proved a tauberian theorem with a sharp remainder but this requires

an estimate on ) jeN /\p—izp in a complex domain except in a parabola neighborhood of (0, 00). Here
J

the estimate are proved in a complex domain except in a conic neighborhood of (0, c0). It is maybe
possible to improve this result following Hitrik, Krupchyk, Ola and Péivérinta [13] where they prove
that the eigenvalues are in a parabolic neighborhood of (0, c0).

4 Proof of Theorem 7

The proof is based on Lemmas 4.1 and 4.2 below. We introduce some notations.
We set S = R,, and T' = SP where p satisfies the assumption of Theorem 7.
We set Ty =T(I — \T)~ 1.

As T) is a matrix of operators we denote

Ty Tia
T\ = ,
A (T21 T22)



We denote by
K11 Ko
, 7
(K21 Kzz) ™

Lemma 4.1. Under the assumption of Theorem 7, there exists C' > 0 such that N(t) < Ct".
Moreover let V' a conical neighborhood of Ce U [0,00), there exists R > 0 such all z € C, satisfying
|z| > R and wjz ¢ V', we have

/Kllxxdx—i—/Kggxxdx—Z/\pin (8)

jeEN 7

the kernel of T.,».

Lemma 4.2. With the notation of Theorem 7 we have |z[P~"/2 ([, K11(z, 2)dx + [, Kao(z, x)dz)
goes to (2m)™" [, [ ((aP|€|*P — + ([€]?P — pP)~1) dédz when |z| goes to co.

Clearly Lemmas 4.1 and 4.2 imply Theorem 7.

4.1 Proof of Lemma 4.1

We recall that w; for j =1,---,p, are the roots of 2z = 1, we have
P
(1 —2zPSP) H 1—w;zS). 9)

The operator (1 — 27SP) is invertible if and only if (1 — w;295) is invertible for all j. Thus we have

If we denote by

We recall that S = R, and
S.=(Rs):=Roy(I —2R.) ' = (R —2) ' =(B.y —2) ' =(Bo— 20— 2) " = Rpyz, (10)

if the resolvent R, 4, exists. In what follows, zg is fixed thus |z| ~ |z + z| for large |z|.

We introduce some notation for Sobolev spaces.

We denote the semi-classical H® norm by Hw||%,sc = [(1+n*€]?)*|a(€)|?d€. Let w be a distribution
on €, we denote by Hw||ﬁ§c(9) = inf{|| 8] e, where Bio = w}. We recall that we denote D = —ih0,

and if s is an integer the quantity >, ., [|D%w H%Z(Q) is equivalent to Hw||2ﬁs o uniformly with

@
respect to h. When h = 1 we denote the space by H ().

We apply the results of [22]. The estimates below are given by [22, theorem 10] for k£ > 1. The
estimate on S12 and Sa for k = 0 are also given by [22, theorem 10]. For k = 0, [22, Proposition 2.3]
gives the estimate on Ss; and [22, Lemma 2.1] gives the estimate on S1;. The relation between z
and h is zh? = y, in particular h?|z| = 1.

—2k —=2k+2 _
Si1: I‘IsC (Q H (Q) with ||SHHH%(Q Hsz+2(Q < C|Z| 1
-2k —
512 : HSC (Q H (Q) with ||512HH (Q)_}ﬁ2k+4( Q) S C|Z| 2
—2k
Sgl : Hsc (Q) H (Q) Wlth ||S21||H2k(ﬂ)—>H S C
-2k —2k+2
SQQ : Hsc (Q) H (Q) with ||S22HH2k (Q)— —2k+2(9 < C| | L (11)



We denote by
S
0 1/4/]7-

We remark that

-1 _ Ay |Z|A12 _ A A
A AN = ((1/|z|)A21 Ay ) where A = Ay Agy ) (12)

We deduce from (11) that A.S,,, .AZ* : L*(Q) EB LQ(Q) — H-,(Q) @ L(Q) with an operator norm

less than C|z|~! and A, S, A" : §k+2(Q) o (Q) — H2H4(Q) @ H%Jr2
norm less than C|z| 7.
As

(Q) with an operator

P
AszPA;1 = HAszjzA;17 (13)

we deduce that
AT AZY: LXQ) @ L2(Q) —» B2(Q) @ H-22(9), (14)
with an operator norm less than C|z|7P.
We can prove that N(t) < Ct". First we weaken (14) to consider A, T,»A;' as a map between
L)@ L2(Q) - BX e T
As ||v||gs < h™ 25||1)HH§C, we obtain

(©), with an operator norm less than C|z|~P.

(A T.e A <ClzI7t,

e @ -T2 e @)
AT AZ M| 200 L2(0)— L2 (@@ L2() < Clz| 7P (15)

We can apply the theorem 13.5 in Agmon [1], that is, if m > n/2 we have
n m 1-n/(2m
Il < ST/ e~ ™,

where [||T[| is the Hilbert-Schmidt norm and ||7'[|, is the operator norm of the map L2(Q)®L?(Q) —
H"(Q) ® H"(Q). We apply this estimate with m = 2p — 2 > n/2 and we have

IATor A S J2] 77057 o] 07T = |5 P44,

We can follow the proof of Theorem 7 in [22]. If we denote by u; complex numbers such that ,u;l

1
— 2P

are eigenvalue of S counted with multiplicity, then o are the eigenvalues of T, and thus the
i

eigenvalues of A, T.» Az_l. ‘We obtain

1 —1)12 —2p+n/2
> = S I A < Clef 24,

Let pu € C such that |u| = 1, and wjp & C.U(0,00) for all j = 1,--- ,p. We take z = t?p. If |u;| < 12,
we have |uf) — 2P| < 2t*”. Then we have

> 44P—Z|u p|2_|||sz|||2<Ct

[pj| <t?

Then we obtain N(t) < Ct".

Now we prove Formula (6). Estimate (14) implies that HTllHLZ(Q) < Cz]7P and as

—H?P(Q)
vl s < h_28||UHH§C, we have

1Tt gy 2y < C- (16)

To estimate the norm of Tha, we shall use that S; is a mapping from L?(Q) to FiC(Q). Actually if we

_ -4 -2 _
take g € L*(Q), we have A, S, .AZ1(0,9) € H,.(Q)®H,.(Q) and [|A.S,,, A 1(0’9)Hﬁ26(9)€9ﬁ§c(9) <



Clz] gl r2(q)- We can repeat the previous argument for the p — 1 other factors A, S, A and we
obtain that

I AZTZPAz_l(ng) Hﬁii’“(g)@ﬁii(g) < C|Z|_p”gHL2(Q)-

In particular this means that ||T229Hﬁ§§(9) < Oz 7P|gll 2(q), and
IToagllon gy < Cllgllzaen (17)
By (15), we have
711 2= r20) + 1 T22ll 2> 12(0) < Cl2]7P. (18)

We can apply the theorem 13.9, Agmon [1]. If 2p > n we have for j = 1,2, Kj; € Fq(Q x )
where ¢ = 2p — [n/2] — 1 > n/2. In particular the trace Kj;(x,z) is well defined in L?(Q2) and

)"/(217)

1/2 1-n/(2
(15 () 2da) ' < [ (173 155 e )

HLZ(Q)HﬁZp(Q) + HTJTFJ‘HLZ(Q)%FZP(Q) L2(Q)—L2(Q)

+ 1Ty 2200 22000 (19)

Remark 5. The adjoint of B, is given by an analogous formula than (4). Indeed we find that the
adjoint BZ(p, q) = (g1, 92) is given by

—~A((1+m)"'p)—2Zp=g1in Q
—Ag—zg+m(l+m) 'p=goinQ
qlo0 = au(J\aQ =0 on 0f).

Using the relation between R, and S, (see (10)), we deduce that the adjoint of S, satisfies the same
estimate than S, given in (11). By (13), the adjoint of T, satisfies the same properties than 7T, given
n (16), (17) and (18).

For j = 1,2,(19) implies, from (16), (17) and (18)

1/2
</Q |ij(z,z)|2dz> < Clz|7PH/2) (20)

We recall that /\j_1 are the eigenvalues of S counted with multiplicity the eigenvalues of T are /\;p .
The indices are such that [\;| < |\j41|. As N(t) < Ct", this implies that |\;| > Cj2/™ where C' > 0.
In particular ) 1/|A;|P converges if 2p > n.

By Theorem 12.17 in Agmon [1], there exists a constant ¢ € C such that

1
————5 +c
(W5 — 2P)pf

Tr(TT) = )

jEN

(21)

We recall that the trace is defined in the theorem 12.20 in Agmon [1] for an operator @ = Q1Q2
where )1 and Q2 are Hilbert-Schmidt operators. Moreover if K is the kernel of @, K (z, z) is definite
for almost all , we have [, |K(z,z)|dx < oo and

Tr(Q) = 5 K(z,z)d. (22)

We remark as by assumption p and 2” are not in the same cone, we have |} — 2P| ~ |uf| +|2P].

Then
1 <0 1
S S
| — 2P|l = |ph] |uh — 2P|

This implies that

— 0 when |z| = +o0.

1
jEN W — 0 When |Z| — +OO



In [22] we proved that |||T.»||| < C|z|'~P+/* as 1 —p+n/4 < 0 thus |||T.»||| goes to 0 as || goes
to +o0o. We have | Tr(TT.e)| < |||T)|||||T22]|| goes to 0 as |z| goes to +o00. Then ¢ = 0 in (21). We

obtain that
1 1
TY(ZPTTZP) = Z <p7 — —p> .
Gan \M — Ay

We have 2PTT.» = 2PT*(I — 2PT)"t = —T(I — 2PT)(I — 2PT)"' +T(I — 2’T)"* = T.» — T. By
Formula (22) the trace of zPTT,» is given by the integral of its kernel and, as the integral of the
kernel of T.» exists by (20), the integral of trace of kernel of zPTT,» — T,» does not depend of z, we
obtain

1 1
Kii(z,x dw—f—/Kgg :C,:v)d:z::g —  — — | +ec 23
/Q (@) Q ( S\m A @)

By (20), for j = 1,2, fﬂ K;i(z,x)dx goes to 0 when |z| goes to 0 and as Iu% < Cm—lpl and
i ]

zP| —
1

— 0 when [z — +o00, we obtain ¢ = 3,y - Then (23) gives the statement of Lemma 4.1.
J

_ 1
7
[uf —=P]

4.2 Proof of Lemma 4.2

We recall some facts on pseudo-differential operators. Let a(x, &) be in °(R"™ x R™) we say that a
is a symbol of order m if for all o, 3 € N", there exist C, g > 0, such that

1020 a(x, )| < Ca,p(€)™ 171,

where (£)? = 1+ [¢]?. In particular a polynomial in ¢ of order m with coefficients in > (R™) with
bounded derivatives of all orders, is a symbol of order m.
With a symbol we can associate an semi-classical operator by the following formula

1

Op(a)u = a(z, D)u = (2hm)™

[ etatwnyiee = o [ et hate.epate e

1
(2m)"

If a(x, &) is a symbol of order m (which can depend of h), if a(x, &) = b(x, &) + he(x, £) where b(z, §)
and c¢(z, ) are symbols of order m, we call b(x, ) the principal symbol of a(x,§) which is definite
modulo h. This formula makes sense for u € ./(R™) and we can extend it to u € H® for all s. For
a, a symbol of order m, there exists C' > 0 such that for all u € H?,

Ha(x,D)uHH;;m < COllullgs, -

In the following, when we use pseudo-differential operator we have always cut-off functions supported
in ) in each side of the operator. We do not have to consider the action of pseudo-differential operator
on H' () space as in [22].

We begin with a description on S, in all compact set in 2.

Lemma 4.3. Let i € C such that || = 1 and we assume that p & C. U (0,+00) for j =1,---,p.
Let z € C such that z/p € (0,00) is large enough. Let 0 and 0 be functions in 65°(S) such that
O(x) =1 if z in the support of 0, and 6(x) =1 if x in a compact subset of Q1. Then we have

OM.S.AY = |2|710B6O + |2|"V2WOA .S AT, (24)
where W :~AZKAZ_1 and W* are bounded on ES(Q) and the principal symbol of B is given on
the support of 0 by
<(a|£|2 —m)7h (el = W V(I ~ u)‘1> _
0 (&P = p)™

Proof. We apply the result proved in [22]. Let us recall the notations and the main results.
We multiply Equations (4) by h?, we denote by p = h%z where u belongs to a bounded domain
of C,a=1/(1+m) and V =m/(1+ m). We change (f,g) in (—f, —g).



We recall the assumption made on m, we have m(z) # —1 for all € Q and m(x) # 0 for = in a
neighborhood of 99).
Thus following (4), we obtain the system

(—ahQAfu)uthVv:th in
(—h2A — p)v = h%g in Q (25)
u = 0y,u =0 on ON.

In case where n(z) = ni(z) +na(x)/k we multiply Equations (5) by h?, we denote by u = —h?k?,
a=1/(14+m1), V. =mi/(1 4+ m1)+ hma/(v + vmy) where v = hk. We change (f,g) in (—f, —g).
Thus following (5) we obtain the system

(fahQAnLhWO 7#)11,7}12‘/’0 =h%fin Q
(—h2A — p)v = h%g in Q (26)
u = dyu =0 on 0,

where Wy = —vma/(1+msz). In particular the principal semi-classical symbol of —ah?A +hWy — u
is —al|¢|? — u, the principal semi-classical symbol of V' is my/(1 + m1). In what follows only the
principal symbols of —ah?A 4+ hWy — 1 and —h?A — p must be take account. For simplicity we write
the proof for the system (25), the case of system (26) may be treat following the same way.

Now we compute the symbol of the resolvent in €.

Let ¢o, ¢1 and ¢ € 65° () where ¢pod1 = ¢ and @1 = ¢1. We take ¢ such that ¢g = 1 on
the support of 6. Let Q be a parametrix of —ah?A — p such that ¢oQe1(—ah?A — p) = ¢o — hK
where K is of order —1 and the principal symbol of Q is (al£|? — p)~!. As

¢1(— ah®A — p)ou = h*V v+ h?¢ f in R™,
applying ¢oQ to this equation, we obtain

gou = h¢oQé1 f +h*poQ (V¢1v) + hK dou. (27)

We apply the same method use above to compute v (see [22, Section 2.2]). Let ¢35 € 65°(£2)
where ¢a¢3 = ¢ and 0 = 1 on the support of ¢3. The choices of the ¢; are compatible with ¢ and
61. We have ¢1Q¢o(—h2A — ) = ¢y — hKK_; where K_; is of order —1 and the principal symbol of
Qs (|§* —p)

We apply ¢2 on the equation on v in (25), we have

G2(—h*A = p)dsv = h*¢ag.
Applying the parametrix ¢;Q, we have
P10 = h2p1Q¢ag + hK _1430. (28)

With this equation and (27) we obtain

dow = h200Qe1 + h*60Q (V61Q02g) + hE dou+ h*K 165, (29)

where [(_1 is an operator of order —1 .

Let
~ (R?Qé1 h'QV$1Qds _ (Kn WKy,
4= ( 0 h2¢1Q¢2 > and K= < 0 Koo >’

where K11 = K¢o, Kio = K_1 and Koy = K_1¢». In particular K is bounded on F:C(Q) for
all s > 0. Indeed, all the operators contain cut-off thus Kj,¢su is compactly supported in € if
uweH..(Q).

We recall that S = R, and by (10), S, = R4z,



if the resolvent R, , exists. In what follows, zq is fixed and we have the relation z = —u/h% — 2.
In particular |z|='/2 ~ h for large |z|. With these relations we have, following (28) and (29),
S:(f:9) = (u,v), and

$0S. = PoAdps + |z| V2K p3S..
Thus we can write
GoA.S A = |27 g0 Bos + 2|72 W s AL S ALY, (30)

where W = A, KA ! is bounded on " (©) and the principal symbol of B is given on the support

of ¢o by
<(alél2u)‘1 (alg)? — )tV (lg M)_1>
0 (€ =)t '

As O¢p = 0 and $30 = ¢3, (30) gives (24). As K is a semi-classical pseudo-differential operator, W*
is also bounded on H' (1) ]

Remark 6. Formula (24) does not give a description on the operator S, in Q. It gives ouly S, in
all compact in Q. In the proof below we need also estimates on S, up the boundary given in (11) to
absorb the error terms.

Lemma 4.3 gives the principal symbol of S,, the following lemma gives the principal symbol of
Too.

Lemma 4.4. Let p € N\ {0}. Let po and @1 be functions in 65°(2) such that w9 = 1 on a
neighborhood of supp ¢1.

010, Tow AT Y00 = |2|7Pp1 Bpgo + 12| P~ 201 Rpo, (31)

11 12
where 1Ry satisfies the following property if we denote by p1 Rppo = (g@l 222)
P

RI: L2(Q) = HL(9)

R L%(Q) » o ()

R2: L2(Q) — Ha *(Q)

R L%(Q) — Hor (), (32)

where the norm operator are uniformly bounded with respect h,
and the principal symbol of B, is

(ap|§|2p - Mp)71 Q72p72(x7§)
(s ) )

Moreover the adjoint of qu satisfies (32) where the norm operator are uniformly bounded with respect
h.

Proof. We argue by induction on k and for that we must introduce a sequence of cut-off functions.
Let xx and X1 be cut-off functions such that XiXk+1 = Xk+1, XeXk = Xks XkXk+1 = Xk+1- We can
assume that Yo = 1 on the support of ¢y and and X, = 1 on the support of ¢;. We can apply
Formula (24) where 6 is replaced by ¥ and 0 by xz. We have

el S ATY = |2 e Bk + 2| TV AW AL S A Y, (34)

where W and W* are bounded on H' ().

10



We prove by recurrence the following formula

k

Xk [T A=Su,2A2 %o = |21 XaBio + 1217 * Rixo, (35)
j=1

where the semi-classical principal symbol of By, is given by

B <H§_1<a|s|2 o)™ Qaa(@) ) | (36)
0 Hj:1(|‘£| — wjp)
where Q_o,_o(x,€) is a symbol of order —2k — 2. The operators Riq and their adjoints satisfy
Estimates (32) with p = k. _
For k = 1, Formula (36) and properties (32) for RJ? and their adjoints follow from (12), (11),
Remark 5 and (34).
If Formula (35) is true for k we have

k+1
)N(kJrl H AszjzAz_l)N(O == Ll + L2;

J=1

where

k
Ll == )?k+1Aszk+1zAz_1)~(k H AszjzAz_l)?O
j=1
k
L2 = Xk—i—lAszkJrle;l(l - )Zk) H Asz]'zA,;l)ZO-

j=1

By (34) for k + 1 and (35) for k, we have

Ly = (|Z|_1>Zk+1BXk+1 + |Z|_1/2WXk+1AzSZAz_1) (|Z|_k>2’€Bk5<0 + |Z|_k_1/2Rk>20) '
The term |z|~'=*¥Xi11Bxrt1X6BrXo gives the first right hand side term of (35), where Bjy =
Bxk+1Xk B and the principal symbol is given by Formula (36) on the support of Yj41.

The three other terms have the form of Ry and satisfy Estimates (32). Indeed, the power of |z|
is obtained as the operator norm of A,S,A;! is bounded by |z|~!. To prove the mapping between
the H,, we denote by A, a generic operator of order ¢ mapping H*® to H*~9. We check that

Ao Ay Aop  Agk—2) _ (Aok—2 A ok (37)
Ay A o) \A g Ay Ao Ao o)’
The properties on adjoints follow from the recurrence assumptions on Ry, the properties on W* and

Remark 5.
By (34) for k+ 1 and as xx+1(1 — Xx) = 0, we have

k
Ly = [2[2WxA-SAZ (1= Xk) [ [ A2Su,=A7 Yo

Jj=1

By (12) and (11) the operator norm of this term is |z|7*~1/2. The proof that Lo satisfies Esti-
mates (32) for p = k + 1 is obtained by (37). The properties on the adjoint of Ly follow from
Remark 5 and the properties on W*.
From (36) for k = p, and as 2P — p? = [[¥_, (2 — w;p), we obtain that [T)_, (al¢* — wjp)™" =
(a?|€|*? — uP)~1. This gives the diagonal terms of the symbol of B, in Formula (33).
[

11



Now we can finish the proof of Lemma 4.2. We take ¢y such that ¢g(z) =1 is d(z,R™\ Q) > 24
and ¢o(z) = 0is d(z, R\ Q) < J§. We take o1 such that ¢ (x) = 1is d(x, R™\ Q) > 46 and ¢1(z) =0
is d(z,R™\ Q) < 36.

With the notation of (31) we deduce from (32) that for j = 1,2 we have

[1E e S J2| P2,

WlR ‘POHLZ(Q)—>H2P(Q)
This implies as for T}; in (17) and (18) that

=772 01 RY woll L2 120y S 1277742 and |2 727201 RE 0ol 12 ) v () S 121712

By Formula (19) applied to the kernel of |z|_p_1/2501R§j<p0 denoted by Kﬁ and the properties on
R, and its adjoint given in Lemma 4.3, we obtain

1/2
(/Q |K;.§(x,x)|2dz> < C|z|7PHn/2-1/2, (38)

By the principal symbol of B, given in Lemma 4.4 we can compute the integral of the kernel
K,;(z,z). Denoting by b(x f) either (aP|€]?P — puP)~! or (|€* — pP)~!, the kernel of a diagonal
term is given by (27h)™™ [e/@¥E/ Py (2)b(x,€)po(y)dé and this integral make sense if p > n/2.
Denoting by fj (x,y) the diagonal terms of the kernel of |z| P¢1Bppo, we obtain

Ku (z,x der/ K22 x, z)dx
= (2m) ")z P2 / / 1) (€2 — p) "+ (€[22 — ) 1) deda + O(|2]PH+D/2) (39)

where the error term O(|z|("*1)/2) is given by the lower order terms in the symbolic calculus. From
(31), (38) and (39), we deduce

[ er@)En(e.0) + Kas(o )i
= )l [ [ a0 (@leP = )t 4 (6P - ) ) dedo + O(1z| PHO),
Now we can write
AT AT = 01 AL Tow A oo + o1 AuTon A (1 — o) 4+ (1 — 1) AT AL
If K(z,y) is the kernel of A,T.,»A; !, the kernel of the left hand side terms are respectively,

o1(2) K (z,y)p0(y), e1(z)K(z,y)(1 — po(y)) and (1 — ¢1(2)) K (z,y).

In particular, from the properties of the supports of ¢;, we have ¢1(z)K (z,z)(1 — ¢o(x)) = 0. Let
F(x) = K11(z,z) + Koo(x, ), to show that

’/ IZI”‘"/2F(:C)d:v—(27T)‘”//((a”|§|2p—up) + (€2 — pP)7Y) dedz| < OO + Cs| 2|7V2,
Q Q

(40)

We shall prove

|2[P="/ 201 (2) F () da — (QW)in/ /((ap|§|2p — iP) T (€ - pP) ) déda
Q
<C+Csl 2712 (41)
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and
|z|p—n/2

< osY2. (42)

/ (1 - 1 () F(2)de
Q

Obviously (41) and (42) imply (40), and (40) implies Lemma 4.2. To prove (41), we apply (39). We
have

/ Sl =yt 4 (g = )t deda
{z, d(z,R"\Q)<25}

<C / (€)™ ?Pdedr < O,
{z, d(z,R"\Q)<25}

indeed |£[? and aP|€]?P are not in the same cone as pP by assumption. Thus the principal term in
(41) given by the principal term from (39), can be estimate by C'd and the error terms from (39) can
be estimate by Cs|z|~1/2,

To prove (42), using (20) we obtain

1/2

1/2
< (/ (ij(x,x))Qdac) (/ dx) < Clz| P25,
Q {z,d(z,R"\Q)<45}

/Q(l — p1(2))Kjj(z)dw

which is Estimate (42).

5 Proof of Theorem 8

We shall apply the following tauberian Theorem cited in Agmon [1, th. 14.5], The proof is given in
Karamata [14].

Theorem 9 (Tauberian Theorem). Let o(\) be a non decreasing function for X >0, let 0 < a < 1,
let o be a non-negative number, and suppose that as t — 400,

e do()\) 1 1
= ot a1y,
/O T o)

Then as A — +o0o
sin Ta

o(A) =« A% 4 o(A).

Theorem 8 is implied by tauberian theorem and Theorem 7 which gives

S = A o )

jen M T F

where 4 = (1) [ [ (@16 w2 4 (€7 1)) dedo, with = /|2l (43
Q

We take z = t1/Pe'™/P where ¢t > 0, we obtain

Z pl :At71+n/2p+0(t71+n/2p). (44)
en My t
Let p1; = 0; + iv; where 6; and v; are real. Let A(t) = .y ﬁ
By assumption (see Remark 1), for all ¢ > 0, there exists R. > 0, such that if §; > R. then
|vj] < &d;.
We have for j large enough such that |v;| < &4,

1 1
P P
F o+t pl+t

1

< Ce— 4
_C€6§+t, (45)
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where C' depends only on p.
Denoting N, such that for all j > N, then |v;| <ed;. We have

Ne 1 Ne 1
Y =<0y < CN./t. (46)
p p
= |1 + ] = 0y +t
We deduce from (44), (45) and (46) that
A(t) + O(N-/t) + O(eA(t)) = At~ 17/ 4 o(¢ =141/ (47)

For & small enough we deduce there exists C' > 0 such that
(1/O) =142 < A(t) < Ot 1Hn/2p,

Using this in (47) we obtain

> 5p1+t = AT (iR,
jEN J

Denoting o(\) = #{j € N, §% < A} where the number is counted with multiplicity. We have

“+o0
0

By tauberian Theorem we obtain

sin (n7/(2P)) |/ (2p)
nm

t{jeN, 5§7§)\}:2p14 +0()\n/(2p)),

which is equivalent to

sin (nm/(2p))

8j €N, §; <t} =2pA t" + o(t"™). (48)

We recall that u = z/|z| and z = t'/Pe=""/P thus u = —1. To compute A from (43), we must
compute integral as [(bP|£|* + 1)~'d€, where b > 0. We have

—+o0
/(bp|g|2p +1)7tde = nVol(Bl)/ (PP 1) "
0

+oo
= n(zp)*lb*”ﬂvol(Bl)/ oo 1) Lo
0

= n(2p) 16"/ 2Vol(B,)msin~(nw/(2p)),

where the last integral is computed by residue theorem (see Cartan [6, p 107]).
This gives that

sin (nﬂ'/(2p))

2pA = (2m)""Vol(B,) / (a™"/?(z) + 1)dz = o

Q

Now to prove the statement of Theorem 8, we must prove that a = lim¢~"#{j € N, §; < t*} =
lim¢="#{j € N, |u;| < ¢*} when ¢ goes to co. Except for a finite number of values, §; > 0 and as
d; < |p;| there exists C' > 0 such that

tieN, [yl <*y<t{jeN, § <’} +C
Thus
limsupt "#{j € N, |u;| < *} < o (49)
t—o00
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For all € > 0, there exists J. such that for all j > J., |v;| < €d; then |u;| < (14 ¢€)d;. Thus there
exist Cz > 0 such that

HieN, 6 <’y <tljeN, (1+e) 'l <} +C,
which is equivalent to
HieN, 6 < (L+e)7't*} <#{j €N, |py <7} + Ce.

We obtain
(14¢e) 20 < liminft~"4{j € N, |u;| < ¢*}.
— 00

As this estimate is true for all € > 0 and from (49) we have

a <liminft "#{j € N, |u;| <} <limsupt "#{j € N, |y;| < t?*} < a.
t—oo t—oo

This is the statement of Theorem 8.
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