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Summary

We assess in this paper the capability of a pressure correction scheme to compute

shock solutions of the homogeneous model for barotropic two-phase flows. This

scheme is designed to inherit the stability properties of the continuous problem:

the unknowns (in particular the density and the dispersed phase mass fraction y)

are kept within their physical bounds, and the entropy of the system is conserved,

thus providing an unconditional stability property. In addition, the scheme keeps

the velocity and pressure constant through contact discontinuities. These properties

are obtained by coupling the mass balance and the transport equation for y in an

original pressure correction step. The space discretization is staggered; the numer-

ical schemes which are considered are the Marker-And Cell (MAC) finite volume

scheme and the nonconforming low-order Rannacher-Turek and Crouzeix-Raviart

finite element approximation. In either case, a finite volume technique is used for

all convection terms. Numerical experiments performed here show that, provided

that a sufficient dissipation is introduced in the scheme, it converges to the (weak)

solution of the continuous hyperbolic system. Observed orders of convergence for

1D Riemann problems as a function of the mesh and time step at constant CFL

number vary with the studied case, and the CFL number and on the regularity of

the solution. They range from 0.5 to greater than 1 for the velocity and the pressure;

in most cases, the density and mass fraction converge with a 0.5 order. Finally, the

scheme shows a satisfactory behaviour up to large CFL numbers.

Keywords : Barotropic Euler Equations, Shallow Water Equations, Staggered Dis-

cretizations, Finite Volumes, Finite Elements, Pressure Correction Schemes.
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1 Introduction

We address in this paper the following homogeneous two-phase flow model, describing for in-
stance the flow of a liquid-gas mixture:

∂tρ+ div(ρu) = 0, (1)

∂tz + div(z u) = 0, (2)

∂t(ρu) + div(ρu⊗ u) +∇p− div(τ (u)) = 0, (3)

where ∂t is the time derivative, ρ, u and p are the (average) density, velocity and pressure in the
flow, z stands for the partial density of one of the two phases, let us say the gas phase. The first
two equations, (1) and (2), are the mixture and the gas mass balance equations respectively, and
the third equation (3) is the mixture momentum balance equation. The tensor τ is the viscous
part of the stress tensor, given by the following expression:

τ (u) = µ (∇u+ ∇tu)− 2

3
µ (divu) I, (4)

where the viscosity µ stands for a non-negative real number and I for the identity tensor of
Rd×d. The problem is defined over an open bounded connected subset Ω of Rd, d ≤ 3, and
over a finite time interval (0, T ). We suppose that suitable initial and boundary conditions are
provided for ρ, u and z ; in particular, ρ, u and z are supposed to be prescribed at the inflow
boundaries, and the prescribed values are taken such that the phasic densities remain positive.

In order to close the problem, we need an additional relation, which results from the combination
of the mixture equation of state and the phasic equations of state, i.e. relations satisfied by the
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density of each phase. Let us begin with the latter ones. The liquid density ρ` is supposed to
be constant, and the gas density %g is assumed to depend on the pressure only:

ρg = %g(p), (5)

where %g is defined and increasing over [0,+∞), %g(0) = 0 and lims→+∞ %g(s) = +∞. Such a
flow (i.e. a flow where phasic densities are functions of the pressure only) is usually referred to
as a barotropic flow. Finally, the mixture equation of state is usually written:

ρ = (1− α) ρ` + αρg, (6)

where α is called the void fraction (the volume of gas per specific volume) and is related to the
unknowns of the problem by:

z = αρg,

which yields the needed additional relation linking the unknowns of the problem together:

ρ =
[
1− z

%g(p)

]
ρ` + z, (7)

If we introduce the gas mass fraction y = z/ρ (the gas mass per specific mass), we get equiva-
lently:

ρ =
1

y

ρg
+

1− y
ρ`

. (8)

We now recall some estimates which are satisfied, at least formally, by the solution of System
(1)-(3). Equation (1) shows that ρ remains non-negative at all time. Replacing z by ρy in the
gas mass balance equation (2) and using the mass balance equation (1), we get:

∂t(ρy) +∇ · (ρyu) = ρ
(
∂ty + u · ∇y

)
= 0.

Let us suppose that ρ does not vanish (which is not necessarily true at the continuous level,
since divu is not bounded in L∞(Ω), but will be true at the discrete level). Then this relation
implies that y satisfies the transport equation ∂ty + u · ∇y = 0, and thereby obeys a maximum
principle. Specifically, if the initial and boundary conditions for ρ and z are such that y ∈ [ε, 1]
at t = 0, where 0 < ε ≤ 1 (which excludes purely liquid zones at the initial time), we obtain
that y remains in the interval [ε, 1] at all times. From (8) and the fact that ρ > 0, we can deduce
that ρ ∈ [min(ρ`, ρg), max(ρ`, ρg)] and, now from (6), α ∈ (0, 1], so ρg = z/α > 0 and, since %g
is one-to-one from (0,+∞) to itself, there exists a positive pressure p such that ρg = %g(p).

Let us now define the function P, from (0,+∞) to R, as a primitive of s 7→ ℘g(s)/s
2, where

℘g = %−1
g . Then, if we suppose that the velocity is prescribed to zero at the boundary, the

solution to System (1)-(3) satisfies:

d

dt

∫
Ω

[1
2
ρ |u|2 + zP(%g(p))

]
dx ≤ 0. (9)

The quantity zP(%g(p)) is often called the Helmholtz energy, 1
2 ρ |u|

2 the kinetic energy and their
sum is the entropy of the system. Since the function P is increasing, Inequality (9) provides an
estimate on the solution.

When µ = 0, the viscous term τ(u) vanishes and the system (1)-(3) becomes hyperbolic, with
a simple wave structure (see [14] for a comprehensive presentation). The solution to the (1D)
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Riemann problems [23] always involves a contact discontinuity, moving at a celerity equal to
the velocity u, and two genuinely non-linear (shock or rarefaction) waves, moving at the celerity
u−c and u+c, where c stands for the sound velocity in the mixture (see Relation (19) in Section
4 below). Through the contact discontinuity, the pressure and velocity are kept constant, and z,
ρ or y may be discontinuous. The existence of this wave may be inferred by just checking that,
provided that this is consistent with initial and boundary conditions, a solution to the system
with constant velocity and pressure exists: indeed, from the first form of (7), it may be seen
that ρ and z are linked by an affine relation with constant coefficients (for a constant pressure);
(1) and (2) then boil down to the same transport equation (with a constant velocity) and (3) is
trivially satisfied.

Finally, note that, since y satisfies a transport equation, if y = 1 at the initial time (everywhere in
the domain) and at inflow boundaries (at all time), the solution satisfies y = 1 for all x ∈ Ω and
t ∈ (0, T ). In such a case, System (1)-(3) boils down to the governing equations of barotropic
one-phase flows; for the particular equation of state %g(s) = s1/2, we recover in one or two
dimensions the usual shallow-water equations.

The use of pressure correction schemes for compressible single phase flows seems to be widespread
(see e.g. [15] for the seminal work and [28] for a comprehensive introduction). Indeed, pressure
correction schemes are partly implicit, thereby ensuring some stability with respect to the time
step together with introducing a decoupling of the equations which helps the numerical solution
of the nonlinear systems. Extensions to multi-phase flows are scarcer and seem to be restricted
to iterative algorithms, often similar in spirit to the usual SIMPLE algorithm for incompressible
flows [27, 22, 20]. In this paper, we perform a numerical study of a non-iterative pressure-
correction scheme introduced in [10], based on a low order finite element and a finite volume
discretization, which enjoys the following properties:

(i) the scheme has at least one solution, and any solution satisfies the above listed ”discrete-
maximum-based” estimates: ρ > 0, the gas mass fraction y satisfies a discrete maximum
principle (so 0 ≤ y ≤ 1), and p > 0.

(ii) the scheme is unconditionally stable, in the sense that its solution(s) satisfies a discrete
analogue of Inequality (9),

(iii) the pressure and velocity are kept constant through contact discontinuities.

In addition, the scheme is conservative for ρ and z. As in the continuous case, thanks to the
fact that y is kept constant if it is consistent with the initial and boundary conditions, it also
copes with one-phase barotropic flows, a particular case of which may be formally identified to
the shallow water equations. Finally, the scheme boils down to the usual projection scheme for
incompressible flows (obtained in the present framework when y = 0 or, asymptotically, when
the function %g becomes constant), and is indeed routinely used for the computation of low
Mach number flows, as, for instance, classical bubble columns of chemical engineering processes
or two-phase flows encountered in nuclear safety studies. Its accuracy was assessed for smooth
solutions in [10], and the aim of the present paper is to check its convergence and accuracy in
non-diffusive cases, for weak solutions with discontinuities.

The paper is organized as follows. We first present the scheme (Section 2). Then we study
several Riemann problems, first one-phase (y = 1) (Section 3.1) then two-phase: in this latter
case, we first address a flow that involves only a contact discontinuity and shocks (Section 3.2.1),
and finally a flow with rarefaction waves (Section 3.2.2). Finally, we assess in Sections 4 and
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5 the behaviour of the scheme on two-dimensional test cases; results of Section 5 also show
that the scheme is able to capture the solution of an almost incompressible (or very low Mach
number) problem.

2 The pressure correction scheme

2.1 Time semi-discretization

Let us consider a partition 0 = t0 < t1 < . . . < tN = T of the time interval (0, T ), which is
supposed uniform. Let δt = tn+1 − tn for n = 0, 1, . . . , N − 1 be the constant time step. In a
time semi-discrete setting, denoting by ρ−1 and u0 initial guesses for the density and velocity,
the algorithm proposed in this paper is the following.

0 - Initialization – Compute ρ0 by solving the following mass balance equation:

1

δt
(ρ0 − ρ−1) + div(ρ0u0) = 0. (10)

Then, for n ≥ 0:

1 - Prediction step – Solve the following linearized momentum balance equation for ũn+1:

1

δt
(ρn ũn+1 − ρn−1 un) + div(ρn ũn+1 ⊗ un) +∇pn − div(τ (ũn+1)) = 0. (11)

2 - Pressure correction step – Solve (simultaneously) the following non-linear equations for
pn+1, un+1, ρn+1 and zn+1:

ρn

δt
(un+1 − ũn+1) +∇(pn+1 − pn) = 0, (12a)

1

δt
(ρn+1 − ρn) + div(ρn+1 un+1) = 0, (12b)

1

δt
(zn+1 − zn) + div(zn+1 un+1) = 0, (12c)

ρn+1 = %(pn+1, zn+1) = zn+1
[
1− ρ`

%g(pn+1)

]
+ ρ`. (12d)

Step 1 is the usual prediction step for the velocity, which consists in solving the momentum
balance equation (3) with the beginning-of-step pressure. Step 2 is the pressure correction
step. Its resolution is performed by combining equations (12a) and (12b), therefore obtaining a
non-linear elliptic problem for the pressure, which reads in the time semi-discrete setting:

1

δt2
(ρn+1 − ρn)− div

[ ρn+1

ρn
∇(pn+1 − pn)

]
= − 1

δt
div(ρn+1ũn+1),

with ρn+1 = %(pn+1, zn+1) = zn+1
[
1− ρ`

%g(pn+1)

]
+ ρ`.

(13)

Note that, for a given space discretization, this equation must be established at the algebraic
level [10], with the discrete equivalent manipulations which were necessary to derive it at the
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continuous level (i.e. multiplying the first equation by ρn+1/ρn, taking its divergence and sub-
tracting to the second relation).

Two features are unusual in this algorithm. The first one is the time-shift of the densities in the
prediction step: thanks to this time-shift, the densities satisfy (12b) of the preceding correction
step and therefore the convection operator vanishes for constant velocities (i.e. ũn+1 =cste),
which is shown to be a necessary condition to ensure the conservation of the kinetic energy
[8, 1]. Second, the pressure correction step couples the mixture and dispersed phase mass
balance equations (12b) and (12c); this coupling preserves the affine relation between ρn+1 and
zn+1 through the equation of state (12d), with coefficients only depending on the pressure (taken
at the same time level). Thus, as in the continuous case, both equations boil down to only one
relation when the pressure and the velocity are constant (precisely speaking, when the pressure
is constant and the velocity is divergence-free); consequently, the arguments necessary to obtain
solutions with constant velocity and pressure (i.e. contact discontinuity waves) still hold at the
discrete level.

2.2 Discrete spaces and unknowns

Let M be a decomposition of the domain Ω, supposed to be regular in the usual sense of the
finite element literature (e.g. [5]). The cells may be:

- for a general domain Ω, either non-degenerate quadrilaterals (d = 2) or hexahedra (d = 3)
or simplices, both type of cells being possibly combined in a same mesh,

- for a domain the boundaries of which are hyperplanes normal to a coordinate axis, rect-
angles (d = 2) or rectangular parallelepipeds (d = 3) (the faces of which, of course, are
then also necessarily normal to a coordinate axis).

By E and E(K) we denote the set of all faces σ of the mesh and of the element K ∈ M
respectively. The set of faces included in the boundary of Ω is denoted by Eext and the set of
internal faces (i.e. E \ Eext) is denoted by Eint. For each internal face of the mesh σ = K|L, nKL
stands for the normal vector to σ, oriented from K to L. The outward normal vector to a face
σ of K is denoted by nK,σ. For K ∈ M and σ ∈ E , we denote by |K| the measure of K and
by |σ| the (d− 1)-dimensional measure of the face σ. For 1 ≤ i ≤ d, we denote by E(i) ⊂ E the
subset of the faces of E which are perpendicular to the ith unit vector of the canonical basis of
Rd.

The space discretization is staggered, using either the Marker-And Cell (MAC) scheme [16, 15],
or nonconforming low-order finite element approximations, namely the Rannacher-Turek element
(RT) [25] for quadrilateral or hexahedric meshes, or the lowest degree Crouzeix-Raviart (CR)
element [6] for simplicial meshes.

For all these space discretizations, the degrees of freedom for the pressure, the density and the
variables y and z are associated to the cells of the meshM: the degrees of freedom are therefore{

pK , ρK , yK , zK , K ∈M
}
.

Let us then turn to the degrees of freedom for the velocity.

- Rannacher-Turek or Crouzeix-Raviart discretizations – The approximation for the
velocity is nonconforming (the discrete functions are discontinuous through a face, but the
jump of their integral is imposed to be zero); the degrees of freedom for the velocities are
located at the center of the faces of the mesh, and we choose the version of the element
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where they represent the average of the velocity through a face. The set of degrees of
freedom reads:

{uσ,i, σ ∈ E , 1 ≤ i ≤ d}.

We denote by ϕ
(i)
σ the vector shape function associated to uσ,i, which, by definition, reads

ϕ
(i)
σ = ϕσ e

(i), where ϕσ is the Rannacher-Turek (RT) or Crouzeix-Raviart (CR) scalar
shape function and e(i) is the ith vector of the canonical basis of Rd, and we define uσ by
uσ =

∑d
i=1 uσ,i e

(i). With these definitions, we have the identity:

u(x) =
∑
σ∈E

d∑
i=1

uσ,i ϕ
(i)
σ (x) =

∑
σ∈E

uσ ϕσ(x), for a.e. x ∈ Ω.

- MAC discretization. The degrees of freedom for the ith component of the velocity,
defined at the centres of the face σ ∈ E(i), are denoted by:{

uσ,i, σ ∈ E(i), 1 ≤ i ≤ d
}
.

Let us now turn to the treatment of Dirichlet boundary conditions. Let ED ⊂ Eext be the set of
faces located on the Dirichlet boundary, and let uD be the prescribed value of the velocity on
these faces. For the Rannacher Turek (RT) or Crouzeix-Raviart (CR) discretizations, as usual in
the finite element framework, these Dirichlet boundary conditions are built-in in the definition
of the discrete space:

∀σ ∈ ED, for 1 ≤ i ≤ d, uσ,i =
1

|σ|

∫
σ
uD,i,

where uD,i stands for the ith component of uD. For the MAC scheme, the normal components
of the velocity at the Dirichlet boundary are also prescribed:

for 1 ≤ i ≤ d, ∀σ ∈ ED ∩ E(i), uσ,i =
1

|σ|

∫
σ
uD,i,

while Dirichlet conditions for tangential components will be used, as usual for finite volumes, in
the definition of the diffusion term.

2.3 Discrete equations

We now describe the space discretization of each equation of the time semi-discrete algorithm.
We choose to present the equations of the projection step in their original form, i.e. before the
derivation of the elliptic problem for the pressure, which is thoroughly described in [10]. Indeed,
this latter computation is purely algebraic, in the sense that it transforms a non-linear algebraic
system into another non-linear algebraic system which is strictly equivalent, and thus has no
impact on the properties of the scheme (besides, of course, the efficiency issue).

We begin with the discretization of the mass balance equations (12b) and (12c) of the projection
step. Let un+1

K,σ be an approximation of the normal velocity to the face σ outward K, defined by:

un+1
K,σ =

∣∣∣∣∣u
n+1
σ,i nK,σ · e(i) for σ ∈ E(i) in the MAC case,

un+1
σ · nK,σ in the CR and RT cases.

(14)
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Discrete equations are obtained by an upwind finite volume discretization and read:

∀K ∈M,
|K|
δt

(ρn+1
K − ρnK) +

∑
σ∈E(K)

|σ| un+1
K,σ ρn+1

σ = 0,

|K|
δt

(zn+1
K − znK) +

∑
σ∈E(K)

|σ| un+1
K,σ zn+1

σ = 0,
(15)

where ρn+1
σ (resp. zn+1

σ ) is the upwind approximation of ρn+1 (resp. zn+1) at the face σ, the
definition of which we now recall for the sake of completeness. For an internal face σ = K|L,
ρn+1
σ (resp. zn+1

σ ) stands for ρn+1
K (resp. zn+1

K ) if un+1
K,σ ≥ 0 and for ρn+1

L (resp. zn+1
L ) otherwise;

for an external face σ ∈ E(K), ρn+1
σ (resp. zn+1

σ ) is equal to ρn+1
K (resp. zn+1

K ) if the flow
is directed outward Ω (i.e. un+1

K,σ ≥ 0) or given by the boundary conditions otherwise. This

approximation ensures that ρn+1 > 0 if ρn > 0 and if the density is prescribed to a positive
value at inflow boundaries, without any constraint on the time step. In addition, if we set, for
K ∈M, yn+1

K = zn+1
K /ρn+1

K and ynK = znK/ρ
n
K , we may recast the second equation of (15) as:

|K|
δt

(ρn+1
K yn+1

K − ρnKynK) +
∑

σ∈E(K)

|σ| un+1
σ · nK,σ ρn+1

σ yn+1
σ = 0, (16)

where we recognize in yn+1
σ the upwind approximation of yn+1 at the face σ. This relation thus

yields that yn+1 satisfies a discrete maximum principle by standard arguments [21].

Dσ

Dσ′

K L

M

σ′ = K|M

σ
=
K
|Lε = D

σ |D
σ ′ Dσ

K

L

σ = K|L

σ′

ε = Dσ|Dσ′

Figure 1: Notations for control volumes and dual cells – Left: finite elements (the present
sketch illustrates the possibility, implemented in our software (ISIS [19]), of mixing simplicial
(Crouzeix-Raviart) and quadrangular (Rannacher-Turek) cells) – Right: MAC discretization,
dual cell for the y-component of the velocity.

In the case of the MAC discretization, the velocity prediction equation is approximated by a
finite volume technique over a dual mesh. For the RT and CR discretizations, the time derivative
and convection terms are approximated by a similar finite volume technique, while the finite
element formulation is used for the other terms. For each component of the velocity, a dual
mesh of the computational domain Ω thus has to be defined:
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- Rannacher-Turek or Crouzeix-Raviart discretizations – For the RT or CR discretiza-
tions, the dual mesh is the same for all the velocity components. When K ∈ M is a
simplex, a rectangle or a cuboid, for σ ∈ E(K), we define DK,σ as the cone with basis σ
and with vertex the mass center of K (see Figure 1). We thus obtain a partition of K
in m sub-volumes, where m is the number of faces of the mesh, each sub-volume having
the same measure |DK,σ| = |K|/m. We extend this definition to general quadrangles and
hexahedra, by supposing that we have built a partition still of equal-volume sub-cells, and
with the same connectivities; note that this is of course always possible, but that such a
volume DK,σ may be no longer a cone; indeed, if K is far from a parallelogram, it may not
be possible to build a cone having σ as basis, the opposite vertex lying in K and a volume
equal to |K|/m. The volume DK,σ is referred to as the half-diamond cell associated to K
and σ.
For σ ∈ Eint, σ = K|L, we now define the diamond cell Dσ associated to σ by Dσ =
DK,σ ∪DL,σ; for an external face σ ∈ Eext ∩ E(K), Dσ is just the same volume as DK,σ.

- MAC discretization – For the MAC scheme, the dual mesh depends on the component
of the velocity. For each component, the MAC dual mesh only differs from the RT or CR
dual mesh by the choice of the half-diamond cell, which, for K ∈M and σ ∈ E(K), is now
the rectangle or rectangular parallelepiped of basis σ and of measure |DK,σ| = |K|/2.

We denote by |Dσ| the measure of the dual cell Dσ, and by ε = Dσ|Dσ′ the face separating two
diamond cells Dσ and Dσ′ (see Figure 1).

In both cases, for 1 ≤ i ≤ d and σ ∈ E(i), we denote by (div τ(ũ))n+1
σ,i an approximation of the i-

th component of the viscous term associated to σ, and we denote by (∇p)nσ,i the i-th component
of the discrete pressure gradient at the face σ. With these notations, we are able to write the
following general form of the approximation to the momentum balance equation:

|Dσ|
δt

(ρnDσ
ũn+1
σ,i − ρ

n−1
Dσ

unσ,i) +
∑

ε∈E(Dσ)

Fnσ,ε ũ
n+1
ε,i

+|Dσ|(∇p)nσ,i − |Dσ|(div τ(ũ))n+1
σ,i = fn+1

σ,i ,

(17)

this equation being written for 1 ≤ i ≤ d, σ ∈ E \ED in the case of the RT or CR discretizations,
and for 1 ≤ i ≤ d, σ ∈ E(i) \ ED for the MAC scheme. In this relation, ρnDσ

and ρn−1
Dσ

stand for
an approximation of the density on the face σ at time tn and tn−1 respectively (which must not
be confused with the upstream density ρnσ used in the mass balance), Fnσ,ε is the discrete mass

flux through the dual face ε outward Dσ (defined later), and ũn+1
ε,i stands for an approximation

of ũn+1
i on ε which may be chosen either centred or upwind. In the centred case, for an interior

face ε = Dσ|Dσ′ , we thus get ũn+1
ε,i = (ũn+1

σ,i + ũn+1
σ′,i )/2 while, in the upwind case, we have

ũn+1
ε,i = ũn+1

σ,i if Fnσ,ε ≥ 0 and ũn+1
ε,i = ũn+1

σ′,i otherwise.

The quantity fn+1
σ,i is a forcing term, which, for our purpose here, does not vanish only on

external faces where Neumann conditions are prescribed; if these latter read τ ·n− pn = f , we
get:

fn+1
σ,i =

1

δt

∫ (n+1) δt

n δt

∫
σ
f · e(i) dγ.

The finite element discretization of the i-th component of the pressure gradient term reads:

|Dσ|(∇p)nσ,i = −
∑
K∈M

∫
K
pn divϕ(i)

σ dx.

9
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Since the pressure is piecewise constant, using the definition of the RT or CR shape functions,
an easy computation yields for an internal face σ = K|L :

|Dσ|(∇p)nσ,i = |σ| (pnL − pnK) nK,σ · e(i),

and, for an external face σ ∈ E(K) ∩ Eext \ ED:

|Dσ|(∇p)nσ,i = −|σ| pnK nK,σ · e(i).

These expressions coincide which the discrete gradient in the MAC discretization.

The finite element discretization of the viscous term (divτ(ũ))n+1
σ,i , associated to σ and to the

component i, reads:

|Dσ|(divτ(ũ))n+1
σ,i = −µ

∑
K∈M

∫
K
∇ũn+1 · ∇ϕ(i)

σ −
µ

3

∑
K∈M

∫
K

div ũn+1 divϕ(i)
σ .

The MAC discretization of this same viscous term is detailed in [3].

The main motivation to implement a finite volume approximation for the first two terms is to
obtain a discrete equivalent of the kinetic energy theorem, which reads, for instance in the case
of homogeneous Dirichlet boundary conditions:

d∑
i=1

∑
σ∈E(i)int

[ |Dσ|
δt

(ρnDσ
ũn+1
σ,i − ρ

n−1
Dσ

unσ,i) +
∑

ε∈E(Dσ)

Fnσ,ε ũ
n+1
ε,i

]
ũσ,i ≥

1

2

d∑
i=1

∑
σ∈E(i)int

|Dσ|
δt

[
ρnDσ

(ũn+1
σ,i )2 − ρn−1

Dσ
(unσ,i)

2
]
.

(18)

For this result to be valid, the necessary condition is that the convection operator vanishes for a
constant velocity, i.e. that the following discrete mass balance over the diamond cells is satisfied
[1, 8]:

∀σ ∈ Eint,
|Dσ|
δt

(ρnDσ
− ρn−1

Dσ
) +

∑
ε∈E(Dσ)

Fnσ,ε = 0.

This governs the choice for the definition of the density approximation ρDσ
and the mass fluxes

Fσ,ε. The density ρDσ
is defined by a weighted average:

∀σ ∈ Eint, σ = K|L, |Dσ| ρDσ
= |DK,σ| ρK + |DL,σ| ρL

and, ∀σ ∈ Eext \ ED, σ ∈ E(K), ρDσ
= ρK . For the MAC scheme, the flux on a dual face which

is located on two primal faces is the mean value of the sum of fluxes on the two primal faces,
and the flux of a dual face located between two primal faces is again the mean value of the sum
of fluxes on the two primal faces [18]. In the case of the CR and RT schemes, for a dual face
ε included in the primal cell K, this flux is computed as a linear combination (with constant
coefficients, i.e. independent of the cell) of the mass fluxes through the faces of K, i.e. the
quantities (|σ| un+1

K,σ ρn+1
σ )σ∈E(K) appearing in the discrete mass balance (first relation of (15)).

We refer to [1, 9] for a detailed construction of this approximation.

Equation (12a) is discretized similarly to the momentum balance (17), i.e. a finite volume
technique is used for the time derivative term in the RT and CR discretizations. Hence, for both
schemes, the discretization of (12a) reads:

|Dσ|
δt

ρnDσ
(un+1

σ,i − ũ
n+1
σ,i ) + |Dσ|

[
(∇p)n+1

σ,i − (∇p)nσ,i

]
= 0,

10
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this equation being written for 1 ≤ i ≤ d, σ ∈ E\ED in the case of the RT and CR discretizations,
and for 1 ≤ i ≤ d, σ ∈ E(i) \ ED for the MAC scheme.

3 Riemann problems

In this section, we assess the behaviour of the scheme for several 1D Riemann problems (often
called also ”shock tube problems”) for the hyperbolic system (1)-(3) with µ = 0 in (4), for
which an analytical expression of the solution is known and which have been extensively studied
numerically (see e.g. [11]). We have seen that the pressure correction scheme is able to keep
y = 1 at any time, if the initial and boundary conditions allow; we may therefore first address a
single phase flow, namely the solution of the so-called ”Sod shock tube” problem (Section 3.1)
before turning to two-phase flows, namely ”two-fluid shock tube” model problems (Section 3.2).

The computations presented here are performed with the ISIS code [19], built from the software
component library PELICANS [24], both under development at IRSN and available as open-
source softwares. The ISIS computer code is devoted to the solution of 2D or 3D problems (as
the scheme presented in previous sections), so we are led to define a fake 2D problem, designed
to boil down to the addressed 1D Riemann problem. The domain Ω is rectangular, and the
mesh is composed of only one horizontal stripe of cells (see Figures 2–4).

u1: u2:

ρ, p, y:

Figure 2: Primal mesh and location of the unknowns for the Rannacher-Turek element, for a
mesh consisting of only one stripe of cells, with symmetry (i.e. perfect slip) conditions at the
top and bottom boundaries, Neumann conditions at the right boundary, and Dirichlet boundary
conditions at the left boundary.

Figure 3: Dual finite volume mesh for the Rannacher-Turek element, with the same boundary
conditions as in Figure 2.

In order to define a one-dimensional problem on this two dimensional domain, we impose a
symmetry condition to the velocity at the top and bottom of the domain Ω (i.e., with u =
(u1, u2), we set u2 = 0 and ∂x2u1 = 0), which is satisfied by an horizontal flow invariant with
respect to the second coordinate. An easy computation shows that, with the chosen mesh
and boundary conditions, we obtain a discrete problem which exactly coincides with a 1D
discretization for the MAC scheme; this is clearly not the case for the RT element, since degrees
of freedom for the horizontal velocity subsist at three different vertical locations.

11



Pressure correction staggered schemes for barotropic one-phase and two-phase flows

u1:

ρ, p, y:

Figure 4: Primal mesh and location of the unknowns for the MAC discretization, for a mesh
consisting of only one stripe of cells, with the same boundary conditions as in Figure 2.

Figure 5: Dual finite volume mesh for the MAC discretization, for a mesh consisting in only one
stripe of meshes, with the same boundary conditions as in Figure 2.

All the solutions computed in the following are such that the flow enters the domain on the left
and leaves it on the right. So, at the left side of the domain, we impose u = (uL, 0), ρ = ρL
and z = zL; at the right hand side of the domain, we prescribe a non-homogeneous Neumann
boundary condition, with a surface forcing term equal to −pR n, where n is the unit outward
normal vector to the boundary ∂Ω.

As described above, for the velocity convection term in the momentum balance equation, the
approximation of the velocity at the faces of the dual mesh (see Figures 3 and 5) may be
chosen centred or upwind; we will refer to the first option in the following as the centred variant
(although upwinding is always used in the discrete mass balance equations), and to the second
one as the upwind variant.

3.1 Sod shock tube problem

In order to simulate the Sod shock tube test, the gas mass fraction is set to y ≡ 1 (one-
phase problem); we consider here the non-viscous homogeneous model resulting from Equations
(1)–(3), with µ = 0, with the equation of state p = ρ, which corresponds to the isothermal
Euler equations. The (1D) continuous problem is posed over the interval (−2, 3) and, for the
computation, we take Ω = (−2, 3)× (0, 0.01). The two initial constant states are given by:(

ρ
u

)
L

=

(
1
0

)
,

(
ρ
u

)
R

=

(
0.125
0

)
.

With this initial condition, the solution consists in a rarefaction wave traveling to the left and
a shock traveling to the right.

We first address the results obtained with the RT discretization. The first outcome is that the
scheme converges to the exact solution as soon as some diffusion is introduced in the momentum
balance equation, either by adding a small artificial viscosity term to the centred approximation
or by using the upwind scheme; for µ = 0 and the centred variant, the usual (for a centred
discretization of the advection operator) odd-even oscillations affect the computed velocity, and

12
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convergence is lost. More precisely, due to the particular structure of the mesh (see Figures 2 and
3), we observe in this latter case that the solution seems to result from the superposition of two
different regular functions, one associated to the degrees of freedom located at the intermediate
elevation and the second one associated to the degrees of freedom located on the top and bottom
boundaries; surprisingly, these two functions do not change when refining the mesh and time
step at constant CFL number. As an example of the numerical results obtained in convergent
cases, the solution at t = 1 obtained with a mesh consisting of 2000 cells, δt = 0.00125 and a
residual viscosity of µ = 0.001 is presented in Figure 6, together with the exact solution. Using
v = 1.6 (which corresponds approximately to the velocity of the faster wave, namely the shock)
as velocity range, these numerical parameters correspond to a CFL = v δt/h = 0.8.

Since combining a centred discretization of the momentum balance equation with the addition
of an artificial viscosity may seem to be an appealing technique to avoid an excessive numerical
dissipation (for instance, associated to an adjustment of µ as a function of the regularity of
the solution, in the spirit of [12, 13]), we now investigate the influence of the value of µ on the
accuracy of the centred scheme. We observe in Figure 7 and Figure 8 that taking a large viscosity
yields inaccurate results, which is easily explained by the fact that the solved problem is too
far from the original one. On the other hand, for too low values of the viscosity, oscillations
appear, and the numerical error increases. In between, the error remains small, and one can
remark that the optimal value for µ with respect to the L1 norm of the error decreases with the
time and space steps, as would also be the case for the numerical dissipation introduced by the
upwinding technique. In addition, the optimal viscosity seems to be significantly smaller than
the artificial dissipation introduced by the upwinding (i.e. ρ uh/2). Comparing Figures 7 and
8, we note that the plateau is wider for CFL=9.6 than for CFL=0.8, but the overall shape of
the curves remains essentially similar for both CFL numbers.

We end this study of the RT discretization by reporting the accuracy of the schemes as a function
of the time and space step, with two constant CFL numbers. We study the centred scheme with
µ = 0.001 and the upwind scheme with µ = 0 (we shall always set µ = 0 for the upwind scheme
hereafter). For the centred scheme, the observed orders of convergence (Figure 9) are about 0.5
at CFL=0.8 and 1 at CFL=9.6 respectively, for both the velocity and the pressure. For the
upwind variant, the order of convergence is 0.75 for any CFL.

With the MAC discretization, the behaviour is quite different, since the scheme seems to be
convergent in both its velocity-centred and upwind version, without any additional artificial
viscosity. The solution at t = 1 obtained with the same parameters as for the RT discretization
(i.e. 2000 cells, δt = 0.00125, so CFL= 0.8, and a residual viscosity of µ = 0.001) is presented in
Figure 10. The influence of the addition of an artificial viscosity to the centred variant is shown
in Figures 11 and 12. Finally, we once again assess the accuracy of the schemes as a function
of the time and space step, keeping a constant CFL for two different numbers (Figure 13); all
the computations are now performed with µ = 0. Results seem to indicate that the order of
convergence does not depend on the CFL number, nor on the upwind or centred choice: in all
cases, the order of convergence is close to 0.8, for the velocity and the pressure; note that the
convergence is reported to 1 for a collocated upwind scheme [2].
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Figure 6: Sod shock tube problem – Centred RT scheme – Numerical solution of the perturbed
viscous problem at t = 1 with µ = 0.001, 2000 cells, δt = 0.00125 (i.e. CFL=0.8). Velocity (left)
and pressure (right).
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Figure 7: Sod shock tube problem – Centred RT scheme – L1 norm of the error between
numerical solutions of the perturbed viscous problem and the exact solution of the inviscid
problem at t = 1, for three meshes, as a function of the viscosity µ, with CFL = 0.8. Velocity
(left) and pressure (right).
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Figure 8: Sod shock tube problem – Centred RT scheme – L1 norm of the error between
numerical solutions of the perturbed viscous problem and the exact solution of the inviscid
problem at t = 1, for three meshes, as a function of the viscosity µ, with CFL= 9.6. Velocity
(left) and pressure (right).
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Figure 9: Sod shock tube problem – Centred and upwind RT schemes – L1 norm of the error
between numerical solutions of the perturbed viscous problem and the exact solution of the
inviscid problem at t = 1, as a function of the mesh (or time) step, for two fixed CFL numbers.
In the centred case, the used artificial viscosity is µ = 0.001, i.e. a value close to the one which
yields the most accurate results. Velocity (left) and pressure (right).
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Figure 10: Sod shock tube problem – Centred MAC scheme – Numerical solution of the per-
turbed viscous problem at t = 1 with µ = 0.001, 2000 cells, δt = 0.00125 (i.e. CFL=0.8).
Velocity (left) and pressure (right).
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Figure 11: Sod shock tube problem – Centred MAC scheme – L1 norm of the error between
numerical solutions of the perturbed viscous problem and the exact solution of the inviscid
problem at t = 1, for three meshes, as a function of the viscosity µ, with CFL = 0.8. Velocity
(left) and pressure (right).
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Figure 12: Sod shock tube problem – Centred MAC scheme – L1 norm of the error between
numerical solutions of the perturbed viscous problem and the exact solution of the inviscid
problem at t = 1, for three meshes, as a function of the viscosity µ, with CFL = 9.6. Velocity
(left) and pressure (right).
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Figure 13: Sod shock tube problem – Centred and upwind MAC scheme – L1 norm of the error
between the numerical solution and the exact solution at t = 1, as a function of the mesh (or
time) step, for two fixed CFL numbers. Velocity (left) and pressure (right).
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3.2 Two-fluid shock tube

We present here the numerical results for two-fluid shock tube problems. The continuous problem
is posed over (−3, 2) and we use a computational rectangular domain Ω = (−3, 2) × (0, 0.01).
The equation of state is given by (7), with the following phasic equation of state for the gas
phase:

p = 10 ρg.

The constant liquid density is set to ρ` = 0.8. We perform two tests, where the initial left
and right constant states are chosen in order to yield two different flow structures: a contact
discontinuity (in both cases), propagating between two shock waves in the first case, and between
two rarefaction waves in the second one.

3.2.1 First case: shock – contact discontinuity – shock

The two initial constant states are given by: ρ
u
y


L

=

 1
5
0.3

 ,

 ρ
u
y


R

=

 2
1
0.8

 .

With this initial data, the exact solution consists in two shocks, the first one traveling to the
left and the second one to the right, separated by a contact discontinuity slowly moving to the
right.

The convergence behaviour of the schemes is quite similar to that of the one-phase case, namely
convergence of the upwind scheme or of the centred scheme with a residual viscosity in both
cases and non-convergence of the centred scheme with µ = 0 and the RT element. A numerical
solution given by the centred scheme at t = 0.1 with 5000 cells, δt = 4. 10−5 and µ = 0.002 is
plotted in Figure 14 and Figure 15 for the RT and MAC discretization respectively, together
with the exact solution. Taking v = 18.16 (the velocity of the fastest wave, namely the right
shock), the CFL number for these numerical parameters is CFL=v δt/h = 0.75.

We then plot the solution obtained at t = 0.1 for various CFL numbers, with the centred
schemes, 2500 cells and µ = 0.002. We observe in Figure 16, that with the RT discretization,
the solution is qualitatively correct up to a CFL of the order of 20, and then strongly deteriorates,
showing in particular wild velocity and pressure oscillations at the contact discontinuity. On
the contrary, we observe more reasonable profiles for the MAC discretization in Figure 17: the
oscillations only affect the pressure in the vicinity of the contact discontinuity for large CFL
numbers (≥ 80). Note that, in any case, the structure of the solution seems to remain correct,
i.e. we do not observe the apparition of spurious waves (for instance, non-entropic shocks), as
often happens with a scheme without any numerical diffusion.

We then assess the accuracy of the scheme as a function of the time and space steps, with two
constant CFL numbers, for the centred variants with µ = 0.002 and for the upwind variants.
The observed orders of convergence for the centred RT scheme (Figure 18) are about 1.5 and 1.
at CFL=0.75 and 9 respectively, for both the velocity and the pressure; for ρ and y, the order
of convergence is 0.7 and 0.5 respectively, for both CFL numbers. For the upwind RT scheme,
the order of convergence is 1 for both the velocity and the pressure and 0.5 for ρ and y, at any
CFL number. Again, for the MAC scheme (Figure 19), the order of convergence does not seem
to depend on the CFL number nor on the upwind or centred choice: in all cases, the order of
convergence is 1 for both the velocity and the pressure and 0.5 for the density and the gas mass
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fraction. This behaviour is consistent with what is usually observed with finite volume collocated
upwinding schemes: the convergence order is about 0.5 for first-order schemes (respectively 2/3
for second-order schemes) for the variables which are not Riemann invariants of the contact
discontinuity (here ρ and z), while, for the other variables which only vary through shocks (here
u and p), the convergence order is close to 1 (for both first-order and second order schemes),
when the scheme exactly preserves the contact discontinuity.
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Figure 14: Two-phase test: shock / contact discontinuity / shock – Centred RT scheme –
Numerical solution at t = 0.1, with 5000 cells, δt = 4. 10−5 (so CFL= 0.75) and µ = 0.002.
Velocity (top left), pressure (top right), gas mass fraction (bottom left), density (bottom right).
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Figure 15: Two-phase test: shock / contact discontinuity / shock – Centred MAC scheme –
Numerical solution at t = 0.1, with 5000 cells, δt = 4. 10−5 (so CFL= 0.75) and µ = 0.002.
Velocity (top left), pressure (top right), gas mass fraction (bottom left), density (bottom right).
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Figure 16: Two-phase test: shock / contact discontinuity / shock – Centred RT scheme –
Numerical solutions at t = 0.1 with 2500 cells, µ = 0.002, for several CFL numbers. Velocity
(top left), pressure (top right), gas mass fraction (bottom left), density (bottom right).
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Figure 17: Two-phase test: shock / contact discontinuity / shock – Centred MAC scheme –
Numerical solutions at t = 0.1 with 2500 cells, µ = 0.002, for several CFL numbers. Velocity
(top left), pressure (top right), gas mass fraction (bottom left), density (bottom right).
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Figure 18: Two-phase test: shock / contact discontinuity / shock – Centred and upwind RT
schemes – L1 norm of the error at t = 0.1 between the computed solution and the exact one,
as a function of the mesh (or time) step, for two fixed CFL numbers. In the centred case, the
used artificial viscosity is µ = 0.002, i.e. a value close to the one which yields the most accurate
results. Velocity (top left), pressure (top right), gas mass fraction (bottom left) and density
(bottom right).
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Figure 19: Two-phase test: shock / contact discontinuity / shock – Centred and upwind MAC
schemes – L1 norm of the error at t = 0.1 between the computed solution and the exact one, as
a function of the mesh (or time) step, for two fixed CFL numbers. In the centred case, the used
artificial viscosity is µ = 0.002, i.e. the same value as for the RT discretization. Velocity (top
left), pressure (top right), gas mass fraction (bottom left) and density (bottom right).

3.2.2 Second case: rarefaction-contact discontinuity-rarefaction

We conclude this study by the numerical simulation of a two-phase flow with rarefaction waves.
The two initial constant states are given by: ρ

u
y


L

=

 1
0
0.3

 ,

 ρ
u
y


R

=

 2
2
0.8

 .
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The numerical solutions at t = 0.1, obtained for 5000 cells, δt = 0.0001 and µ = 0.002 with
the RT and MAC centred schemes, presented in Figure 20 and Figure 21 respectively, are in
close agreement with the exact solution. Convergence studies, performed here only for the
centred variants, show similar convergence rates for both the RT and MAC discretizations; for
all the variables, the orders of convergence lie in the interval (0.6, 0.8), the variables which are
discontinuous (resp. continuous) across the contact discontinuity corresponding to the lowest
(resp. highest) orders.
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Figure 20: Two-phase test: rarefaction wave / contact discontinuity / rarefaction wave – Centred
RT scheme – Numerical solution at t = 0.1 with 5000 cells, δt = 0.0001 and µ = 0.002. Velocity
(top left), pressure (top right), gas mass fraction (bottom left), density (bottom right).
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Figure 21: Two-phase test: rarefaction wave / contact discontinuity / rarefaction wave – Centred
MAC scheme – Numerical solution at t = 0.1 with 5000 cells, δt = 0.0001 and µ = 0.002. Velocity
(top left), pressure (top right), gas mass fraction (bottom left), density (bottom right).
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4 Wind tunnel with a step

We now turn to two-dimensional test cases. To this purpose, we use in this section a ”barotropic
one-phase version”, which we then extend to obtain a two-phase flow problem, of a test which
is classical for (non-barotropic one-phase) Euler equations [29, 13], and is often referred to as
”the Mach 3 wind tunnel with step”.

The flow enters through the left boundary a L-shaped domain, with a forward facing step, with
the following geometry:

Ω = (0, 3)× (0, 1) \ (0.6, 3)× (0, 0.2).

All the conservative variables, i.e. ρ and ρu for the one-phase flow and ρ, ρy and ρu in the
two-phase case, are prescribed at the inlet (i.e. left) section.

In the one-phase case, the equation of state of the fluid is p = ρ and the inlet values are such
that the Mach number is 3, which is obtained here by taking u = (3, 0)t and ρ = 1. On the top
and bottom wall, we use symmetry (i.e. perfect slip) boundary conditions. The flow is free at
the outflow (right) section, which means, since the resulting Mach number at this boundary is
greater than one, that the three eigenvalues of the Jacobian matrix of the system are positive
and therefore no boundary condition should be prescribed here; however, since our discretization
of the pressure gradient is centred and, less importantly, because we use a physical-like diffusion
term in the momentum balance equation, we need an expression for the force which exerts at
this surface, which we suppose given by:

τ · n− pn = p0n,

where p0 is given the same value than the inlet pressure, i.e. p0 = 1. We discuss later the effects
of this boundary condition. The initial condition is u = (3, 0)t and ρ = p = 1.

The mesh is built from a regular 3n×n Cartesian grid of the rectangle (0, 3)×(0, 1), suppressing
meshes at the right bottom part of the domain (i.e. (0.6, 3) × (0., 0.2)) to take the step into
account. The computations presented in this section are performed with the centred MAC
scheme, and we use an artificial viscosity in the range of what would be the numerical viscosity
introduced by an upwinding technique, for the meshes used in this study.

The pressure field obtained with n = 1000 (i.e. from a 3000 × 1000 grid) and δt = 10−3, with
a viscosity µ = 5 10−4, is shown in Figure 22. As in the non-barotropic case, we obtain a shock
upflow the step, which propagates and reflects on the boundaries. Here, however, the shock
moves slowly upward, while it is stationary in the non-barotropic case (so, contrary to this
latter case, the flow is not steady at t = 4). We studied the mesh convergence and, at n = 1000,
the upper bound of the pressure in the domain (reported in the caption of Figure 22) seems
to have reached a value almost independent of the mesh; it is not the case of the lower bound,
which is obtained at (or just after) the step corner, and seems to still be mesh and artificial
viscosity dependent. Finally, we have to mention that, for the same computation, the upwind
scheme with an artificial viscosity equal to zero yields a pressure field showing localized and
(probably) spurious structures near the reflection on the bottom of the domain.

Besides the fact that we use, for numerical reasons, a non-physical outflow boundary condition,
the time-splitting of pressure correction methods is also known to introduce spurious pressure
boundary conditions. It is indeed the case for the present scheme, even if it is derived by an
algebraic splitting (i.e. by discretizing first the equations up to obtain an implicit fully discrete
scheme and then splitting in time, instead of first writing a split time semi-discrete algorithm
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Figure 22: Wind tunnel with step, one-phase case – Centred MAC scheme – Isolines of the
pressure field obtained at t=4 with a 3000 × 1000 mesh and δt = 10−3. Minimal value (blue):
p = 0.37 – Maximal value (red): p = 9.5

with (artificial) boundary conditions explicitly stated at each step): we show in [7] that the
elliptic problem solved at the correction step for the pressure increment takes the form of a
finite volume diffusion problem, with homogeneous Neumann conditions at the boundary where
the velocity is prescribed and homogeneous Dirichlet conditions when the velocity is free. In
the present case, it means in particular that the pressure suffers from a numerical boundary
condition at the outlet section which tends to fix it at the initial value. Note, however, that this
boundary condition is only prescribed in the ”finite volume way” (i.e. through the expression of
the flux), which may be seen as a penalization process with a δt/h coefficient, so this condition
is relaxed when this latter ratio is small [7]. We observe in Figure 22 that this outlet condition
indeed generates a pressure boundary layer. To investigate this phenomenon in more detail,
we plot in Figure 23 the value of the pressure along the x2 = 3 line, for various meshes and
time steps. We observe that the perturbation of the solution remains localized, and that, as
well known for incompressible flow problems, the extension of the affected zone decreases with
the space step. Besides, we also see that the computation is at least qualitatively correct for
rather coarse meshes and time steps (using v = |u| + c = 4 with c the speed of sound at the
inlet section, δt = 0.1 (resp. δt = 0.01) corresponds with n = 100 to CFL=40 (resp. CFL=4));
in particular, convergence with respect to the time step seems to be reached, for this particular
flow, for CFL numbers far greater than 1.

We now turn to a two-phase case, which is obtained by initializing the gas mass fraction by
y = 0.1 for x2 ≤ 0.6 and y = 1 in the rest of the domain. We choose ρg = p and ρ` = 10. We
recall [14, Relation (93)] that the speed of sound is given, in the two-phase case, by:

c2 =
∂p(%g) ρ

2
` y

(ρ` + z − ρ)2
, (19)

with z = ρy and, here, ∂p(%g) = 1. This relation shows that the speed of sound is lower for
y = 0.1 (c ≈ 0.6) than for y = 1 (c = 1), and we adjust the inlet velocity to keep the value of the
Mach number at 3 in the two-phase zone. Inlet conditions are then given by u = (3c(y = 0.1), 0)t,
y = 0.1 for x2 ∈ (0, 0.6) and y = 1 for x2 ∈ (0.6, 1), and ρ given by the equation of state of the
mixture with the local value of y and p = 1.

As a first step, we only solve the equations with y(x) fixed at its initial value and independent
of time (doing so, we compute in fact a barotropic flow in a medium with a space-dependent
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Figure 23: Wind tunnel with step, one-phase case – Centred MAC scheme – Pressure obtained
at t=4 along the line x2 = 0.3, with an 300 × 100 mesh and various time steps, and with a
1500× 500 mesh and δt = 2. 10−3.

equation of state). As a consequence of this change of equation of state, we observe that the
shock moves upward more rapidly, and interaction with the inlet boundary conditions occurs as
soon as t ≈ 2; consequently, we restrict the time interval of computation, and stop at t = 1.6.
The final time pressure, with a mesh built from the 1500× 500 grid, δt = 2 10−3 and µ = 10−3,
is shown in Figure 24. We observe that part of the pressure waves reflects at the y transition,
the reflected wave propagating in a direction almost parallel to the transition (i.e. horizontal),
thus giving a quite complicated structure. The pressure is very small just after the step corner,
and its lowest value still decreases when refining the mesh; once again, the upper bound of the
pressure in the domain is much less sensitive to the discretization parameters.

Finally, we perform the same computation with the whole set of equations governing the two-
phase flow. The obtained pressure, still at t = 1.6 and with the same grid, time step and
artificial viscosity, is shown in Figure 25. The fist part of the flow shows some similarities with
the previous computation, but the pressure evolution is quite different downstream, due to the
fact that the liquid phase is now transported by the flow.
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Figure 24: Wind tunnel with step, non-uniform y case – Centred MAC scheme – Isolines of the
pressure field obtained at t=1.6 with a 1500×500 mesh and δt = 2. 10−3. Minimal value (blue):
p = 0.003 – Maximal value (red): p = 14.0

Figure 25: Wind tunnel with step, two-phase case – Centred MAC scheme – Isolines of the
pressure field obtained at t=1.6 with a 1500×500 mesh and δt = 2. 10−3. Minimal value (blue):
p = 0.003 – Maximal value (red): p = 13.8.
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Figure 26: 2D flow around a cylinder – Geometry.

5 Flow past a cylinder

We address in this section two test cases which are derived from a benchmark referred to as
the 2D-2 case in [26], which consists in the computation of a one-phase two-dimensional flow
past a cylinder. The mesh is thus unstructured, and the space discretization is based on the RT
element. We suppose that the equation of state reads:

y = 1, ρ = %g(p), with %g = ℘−1 and ℘(s) =
9.81

2
s2.

so that the problem may be identified to the so-called shallow-water equations, with ρ the water
depth.

Our study is split into two parts. In the first step, we address conditions in which the wave
celerity is far greater than the material velocity; the flow is thus ”almost incompressible”, and we
can compare our results to the reference ones provided in [26]. In a second step, we investigate
a configuration where compressibility effects are dominant.

5.1 A low Mach number case

The geometry is sketched on Figure 26. A disk of diameter D = 0.1 is located inside a 2D
channel (the axis of the cylinder lying slightly below the centre line of the channel) and the fluid
enters the domain on the left boundary, with an imposed parabolic velocity profile:

u1(0, x2) = 4um x2
H − x2

H2
, u2(0, x2) = 0,

where H = 0.41m is the height of the channel and um = 1.5. The velocity is prescribed to
zero at the other boundaries except the right-hand side, where the flow leaves the domain; in
our computation, we impose on this latter boundary a Neumann condition. The fluid density
at the initial state and at the inlet boundary is ρ = 1000, and the constant viscosity is set to
µ = ρ/1000 = 1. Since the celerity of waves c ' 100 (c2 = 9.81 ρ), the Mach number is close to
0.01, and the flow is almost incompressible.
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Figure 27: A coarser version of the mesh.

The flow is unsteady, with a periodic shedding of vortices behind the cylinder. The character-
istic flow quantities quoted in [26] are the maximum drag coefficient cDmax, the maximum lift
coefficient cLmax and the Strouhal number St (see [26, section 2.2]). Drag and lift coefficients
are defined as follows. First, the drag and lift forces are expressed as:

FD =

∫
S

(ρν
∂ut
∂n

n2 − p n1) dS, FL = −
∫
S

(ρν
∂ut
∂n

n1 + p n2) dS,

where S stands for the boundary of the cylinder and ut for the tangential component of the
velocity (namely ut = u · t with t the tangential vector to S). Then, cD and cL are obtained by
scaling FD and FL by 2/(ρ ū2D). The Strouhal number is St = Df/ū, f being the frequency of
separation, evaluated from the time evolution of the lift coefficient.

A ”coarse version” of the mesh used for the computation is given on Figure 27; the actual
mesh is refined with respect to this one, by prescribing the discretization step to smaller values
along some characteristic lines (the boundaries and concentric circles around the cylinder). The
numbers of cells is close to 105, and the computation is performed with δt = 10−4.

From a qualitative point of view, we obtain the expected vortex shedding phenomenon. The
density is almost constant in the flow, with deviations from the inlet value ρ = 1000 which lie in
the interval (−0.13, 0.21). The computed maximum drag and lift coefficients and the Strouhal
number are cD = 3.24, cL = 1.01 and St = 0.300; these values belong to the reference intervals
determined from the benchmark exercise [26], namely (3.22, 3.24), (0.99, 1.01) and (0.295, 0.305)
respectively. They are also close to the values obtained with an algorithm based on the same
space discretization but solving the equations of the asymptotic model for low Mach number
flows [4].

5.2 A compressible case

We now adapt the data to obtain a flow governed by compressibility effects, by just lowering
the density (or water depth) range to the order of unity (and so the wave celerity also, to the
same range). The computational domain is enlarged by adding the surface (−0.8, 0) × (0, H)
and, at the initial time, the density and velocity are given by:

for x1 ≤ 0, ρ = 1 and u =

[
uL
0

]
; for x1 > 0, ρ = 0.5 and u =

[
0
0

]
,

with uL = 1.9180067779. The boundary conditions at the top and bottom lines are perfect slip
conditions. At the inlet (left) boundary, ρ is prescribed to 1 and the velocity is prescribed to
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Figure 28: Flow past a cylinder (1/3) – Isolines of the pressure field obtained at t = 0.08 (top)
and t = 0.1 (bottom). The minimal value (blue) of the pressure is p = 1.23 (value at the right
state) – The maximal values (red) are p = 8.57 (top) and p = 8.24 (bottom).

(uL, 0)t. Without the disk and for an inviscid fluid, the solution of the problem thus would be a
1D flow with only one (non-zero amplitude) shock wave traveling to the left at the velocity 2uL
and connecting the left and right initial states. The considered final time is T = 0.28. At this
time, the leading shock does not reach the right boundary, so the velocity remains to zero here
all along the computation, so we can use a homogeneous Dirichlet boundary condition without
perturbing the flow. Finally, we keep the same density to viscosity ratio as in the previous study,
so µ = 0.001, and no-slip conditions are prescribed on the boundary of the cylinder.

The mesh used for this study is composed of about 4 105 cells. For x1 ≥ 0, it is built from a
coarse mesh as sketched on Figure 27, by splitting each cells in sub-quadrangles; for x1 ≤ 0, we
use a uniform grid, which has the same edges as the ”right mesh” along the line {0} × (0, H),
so that the resulting composite mesh is conforming. The time step is δt = 10−4.

The pressure obtained at various times is sketched on Figures 28-30. We observe an interaction
of the shock with the cylinder and the walls which generates multiple reflections. At the end
of the transient, it seems that shocks are rather smeared, and an extension of the scheme to
more accurate (MUSCL-like, for instance) discretizations should be suitable; this work is to be
undertaken in a next future.
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Figure 29: Flow past a cylinder (2/3) – Isolines of the pressure field obtained at t = 0.13 (top)
and t = 0.16 (bottom). The minimal value (blue) of the pressure is p = 1.23 (value at the right
state) – The maximal values (red) are p = 8.56 (top) and p = 8.35 (bottom).
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Figure 30: Flow past a cylinder (3/3) – Isolines of the pressure field obtained at t = 0.2 (top)
and t = 0.28 (bottom). The minimal value (blue) of the pressure is p = 1.23 (value at the right
state) – The maximal values (red) are p = 8.36 (top) and p = 7.58 (bottom).
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6 Conclusion

In this paper, we have assessed the capability of a scheme issued from the incompressible flow
context, namely a pressure correction scheme, to compute discontinuous solutions of hyperbolic
systems. This scheme was already known to be unconditionally stable [8, 10]. Numerical tests
performed here show that, provided that a sufficient numerical dissipation is introduced in the
scheme, it converges to the (weak and entropic) solution to the continuous problem; in addition,
it shows a satisfactory behaviour up to large CFL numbers. Since the scheme boils down to a
usual projection scheme when the density is constant, this approach yields an algorithm which
is robust with respect to the flow Mach number, and the present solver is indeed now routinely
used to compute viscous two-phase low Mach number flows, as bubble columns for instance.

The present work may be extended in various ways. First, the observed convergence can be
comforted by theoretical arguments; even if a complete convergence proof seems difficult at this
time, because of the lack of compactness of sequences of discrete solutions due, in particular,
to the absence of diffusion terms, it is possible to show, for one-phase flows, by passing to the
limit in the scheme, that any limit of a convergent sequence is an entropy weak solution to the
continuous problem [17].
Second, several variants of the scheme may be envisaged. The time discretization may be
changed to an explicit one, to compute highly transient flows where a time-step limitation is not
too stringent in practice; such a scheme has been implemented, and first numerical result are
promising. The extension of the above mentioned theoretical results to such a time discretization,
under stability restrictions, seems possible. Third, in its present state, the scheme appears to
be rather diffusive. Several directions exist to cure this problem. For instance, the artificial
viscosity necessary for the scheme to converge could be monitored by a posteriori indicators,
following the ideas developed in [12, 13]. Another route, especially for the explicit variant of the
scheme, is to implement MUSCL techniques; this work is underway.

Finally, let us mention that the present scheme has been extended to usual (i.e. non-barotropic)
Euler and Navier-Stokes equations, with a quite similar numerical behaviour and theoretical
basis [17].
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pressure correction scheme based on staggered discretizations. to appear in International
Journal for Numerical Methods in Fluids, 2013.

36



Pressure correction staggered schemes for barotropic one-phase and two-phase flows

[5] P. G. Ciarlet. Handbook of numerical analysis volume II : Finite elements methods –
Basic error estimates for elliptic problems. In P. Ciarlet and J. Lions, editors, Handbook of
Numerical Analysis, Volume II, pages 17–351. North Holland, 1991.

[6] M. Crouzeix and P. Raviart. Conforming and nonconforming finite element methods for
solving the stationary Stokes equations. RAIRO Série Rouge, 7:33–75, 1973.
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