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Stability properties for quasilinear parabolic equations with
measure data and applications

Marie-Francoise BIDAUT-VERON* Hung NGUYEN QUOCT

Abstract

Let © be a bounded domain of RY, and Q@ = Q x (0,7). We first study problems of the
model type
ur — Apu=p in Q,
u=0 on 02 x (0,7,
u(0) = uo in Q,

where p > 1, 4 € My(Q) and up € L*(Q). Our main result is a stability theorem extending the
results of Dal Maso, Murat, Orsina, Prignet, for the elliptic case, valid for quasilinear operators
ur— A(u) =div(A(z, t, Vu)).

As an application, we consider perturbed problems of type

up — Apu+ Gu) = p in Q,
u=20 on 00 x (0,7,
u(0) = uo in Q,

where G(u) may be an absorption or a source term. In the model case G(u) = = |u|! " u (¢ >
p—1), or G has an exponential type. We give existence results when ¢ is subcritical, or when
the measure p is good in time and satisfies suitable capacity conditions.
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France. E-mail: veronmf@univ-tours.fr
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1 Introduction

Let Q be a bounded domain of RY, and Q = Q x (0,T), T > 0. We denote by My(€2) and M,(Q)

the sets of bounded Radon measures on €2 and @ respectively. We are concerned with the problem

up — div(A(z,t, Vu)) = p in Q,
u=20 on 90 x (0,7, (1.1)
u(0) = up in Q,

where € My(Q), ug € L'(R2) and A is a Caratheodory function on @ x R¥ such that for a.e.
(z,t) € Q, and any &,¢ € RN,

A($,t,§)§ Z C1 ‘§’p7 ’A(x7t7§)‘ g a(m,t) + c2 ‘S‘p_l ) C1,C2 > Oaa € Lp,(Q)? (12)

(A(z,1,8) — Az,£,¢)). (§=¢) >0 i EH#C (1.3)
This includes the model problem
up — Apu = 1 in Q,

u=20 on 90 x (0,7T), (1.4)
u(0) = up in Q,

where A, is the p-Laplacian defined by A,u = div(|Vu[P~2Vu) with p > 1.
As an application, we consider problems with a nonlinear term of order 0:

u — div(A(z, Vu)) + G(u) = p in Q,
u=20 on 092 x (0,7), (1.5)
u(0) = ug in Q,

where A is a Caratheodory function on Q x RY such that, for a.e. € Q, and any ¢, € RY,
A(x7§)§ 2 c ‘§’p7 ]A(x,f)] < ‘ﬂp—l ) ¢z, ¢4 > 0, (1'6)

(A(2,8) = A(z,()). (£ =) > 0if £ # (1.7)

and G(u) may be an absorption or a source term, and possibly depends on (x,t) € . The model
problem is the case where G has a power-type G(u) = + |u|(r1 u (¢ > p—1), or an exponential
type.

First make a brief survey of the elliptic associated problem:

—div(A(z,Vu)) = u in £,
u=0 on 0f),

with p € Mp(Q) and assumptions (1.6), (1.7). When p = 2, A(x,Vu) = Vu existence and
uniqueness are proved for general elliptic operators by duality methods in [58]. For p > 2 — 1/N,
the existence of solutions in the sense of distributions is obtained in [23] and [24]. The condition



on p ensures that the gradient Vu is well defined in (L' (Q))". For general p > 1, new classes
of solutions are introduced, first when pu € LY(Q), such as entropy solutions, and renormalized
solutions, see [13], and also [57], and existence and uniqueness is obtained. For any p € My(2)
the main work is done in [32, Theorems 3.1, 3.2], where not only existence is proved, but also a
stability result, fundamental for applications. Uniqueness is still an open problem.

Next we make a brief survey about problem (1.1).

The first studiess concern the case p € Lp/(Q) and ug € L?(f2), where existence and uniqueness
is obtained by variational methods, see [45]. In the general case p € M,(Q) and ug € Mp(£2), the
pionner results come from [23], proving the existence of solutions in the sense of distributions for

1

1.8
N+1’ (18)

p>pr=2-—
see also [55], [56], and [26]. The approximated solutions of (1.1) lie in Marcinkiewicz spaces u €
LPe> (Q) and |Vu| € L™= (Q), where

P N
pe=p—1l+-5, Me =P N1 (1.9)

This condition (1.8) ensures that u and |Vu| belong to L' (Q), since m. > 1 means p > p; and
pe > 1 means p > 2N /(N + 1). Uniqueness follows in the case p = 2, A(z,t, Vu) = Vu, by duality
methods, see [48].

For i € L'(Q), uniqueness is obtained in new classes of solutions: entropy solutions, and
renormalized solutions, see [19], [54], see also [3] for a semi-group approach.

Then a class of regular measures is studied in [33], where a notion of parabolic capacity cz? is
introduced, defined by

cl?(E) = inf(EcUi(r)lpfenCQ{HuHW cu€eW,u2xy ae inQ}),

for any Borel set £ C @, where

X = IP(0, T; W,y P (92) N L*(Q)),
W={z:2€X, 2z €X'}, embedded with the norm |[u|lw = [|ul|x + ||u]|x’-

Let Mo(Q) be the set of Radon measures p on @ that do not charge the sets of zero cg—capacity:

VE Borel set C Q, cz?(E) =0= |u(E)| =0.

Then existence and uniqueness of renormalized solutions holds for any measure 1 € M;(Q)NM(Q),
called regular (or diffuse) and ug € L'(£2), and p > 1. The equivalence with the notion of entropy
solutions is shown in [34]; see also [20] for more general equations.

Next consider any measure u € My(Q). Let M4(Q) be the set of all bounded Radon measures
on () with support on a set of zero cg capacity, also called singular. Let M;L(Q), MG (Q), M (Q)



be the positive cones of My(Q), Mo(Q), Ms(Q). From [33], i can be written (in a unique way)
under the form

W= Ho + s, Ho € MO(Q)7 Hs = M;r - /1';7 :u';rhu'; € M:(Q)a (110)

and pp € Mo(Q) admits (at least) a decomposition under the form
po=f—divg+h, feL'Q), ge@@)", heX (1.11)

and we write ug = (f, g, h). The solutions of (1.1) are searched in a renormalized sense linked to this
decomposition, introduced in [19],[49]. In the range (1.8) the existence of a renormalized solution
relative to the decomposition (1.11) is proved in [49], using suitable approximations of ug and .
Uniqueness is still open, as well as in the elliptic case.

Next consider the problem (1.5). First we consider the case of an absorption term: G(u)u = 0.

Let us recall the case p = 2, A(x,Vu) = Vu and G(u) = |u|?'u (¢ > 1). The first results concern
the case u = 0 and ug is a Dirac mass in €2, see [28]: existence holds if and only if ¢ < (N + 2)/N.
Then optimal results are given in [7], for any p € M(Q) and ug € My(€2). Here two capacities
are involved: the elliptic Bessel capacity Cq , (o, k > 1) defined, for any Borel set E C RN, by

Cak(E) = inf{||p||pr@ny : 0 € LFRY),  Gaxp 2 xp},

where G, is the Bessel kernel of order «; and a capacity cg (k > 1) adapted to the operator of
the heat equation of kernel G(x,t) = X(07OO)(47Tt)_N/26_|$|2/4t : for any Borel set £ C RN+,

cai(E) = mf{[|@||px@r+1y : 0 € LFRYTY, G o = xp}.

From [7], there exists a solution if and only if 1 does not charge the sets of cq o (E) capacity zero
and g does not charge the sets of Cy/, » capacity zero. Observe that one can reduce to a zero
initial data, by considering the measure p+u® 4} in Qx (=T, T), where ® is the tensorial product
and df is the Dirac mass in time at 0.

For p # 2 such a linear parabolic capacity cannot be used. Most of the contributions are relative
to the case p = 0 with Q bounded, or = RY. The case where ug is a Dirac mass in €2 is studied
in [36], [40] when p > 2, and [29] when p < 2. Existence and uniqueness hold in the subcritical
case ¢ < pe. If ¢ 2 p. and g > 1, there is no solution with an isolated singularity at ¢ = 0. For
q < p¢, and ug € M;(Q), the existence is obtained in the sense of distributions in [60], and for any
ug € My(2) in [16]. The case u € L(Q), up = 0 is treated in [30], and u € L(Q), ug = L}(Q) in
[4] where G can be multivalued. The case p € My(Q) is studied in [50], with a new formulation
of the solutions, and existence and uniqueness is obtained for any function G € C(R) such that
G(u)u = 0. Up to our knowledge, up to now no existence results have been obtained for a general
measure p € My(Q).

The case of a source term G(u) = —u? with u = 0 has beeen treated in [6] for p = 2, where
optimal conditions are given for existence. As in the absorption case the arguments of proofs cannot
be extended to general p.



2 Main results

In all the sequel we suppose that p satisfies (1.8). Then
X =IP(0,T;WoP(Q), X =LV(0,T; W (Q)).

We first study problem (1.1). In Section 3 we give some approximations of p € My(Q), useful
for the applications. In Section 4 we recall the definition of renormalized solutions, that we call
R-solutions of (1.1), relative to the decomposition (1.11) of pg, and study some of their properties.

Our main result is a stability theorem for problem (1.1), proved in Section 5, extending to the
parabolic case the stability result of [32, Theorem 3.4], and improving the result of [49]:

Theorem 2.1 Let A: Q x RN —— RY satisfying (1.2),(1.3). Let ug € L*(Q), and
p=f—divg+h +p —pg € My(Q),
with f € LNQ),g € (LP(Q)N, h € X and uf,u; € MH(Q). Let up,, € L'(Q),
fin = fn = divgn + (hn)e + pn — M € Mp(Q),
with f, € LY(Q), gn € (LPI(Q))N,hn € X, and pp,n, € M;(Q), such that
pn=ph = divl 4 ppe, =1 — AV + s,
with py, 1y, € LNQ), oy € (L7 (Q)N and pa,s, s € MI(Q). Assume that

sup || (Q) < oo,
n

and {ug,} converges to ug strongly in L*(Q), {f.} converges to f weakly in L*(Q), {gn} converges
to g strongly in (L* (Q))N, {hn} converges to h strongly in X, {p,} converges to ut and {n,}
converges to g in the narrow topology of measures; and {p}@} , {77,11} are bounded in L'(Q), and
{p2} . {n2} bounded in (L (Q))N. Let {u,} be a sequence of R-solutions of

Unt — div(A(z,t, Vuy,)) = pin in Q,
U, =0 on 092 x (0,7, (2.1)
un(0) = uopn in Q.

relative to the decomposition (fn + pL — 1L, 9n + p2 — 12, hy) of fno- Let v, = up — hy,. Then
up to a subsequence, {u,} converges a.e. in Q to a R-solution u of (1.1), and {v,} converges
a.e. in Q tov = u— h. Moreover, {Vu,},{Vv,} converge respectively to Vu,Vv a.e. in Q, and
{Ti(un)} , {Tk(vn)} converge to Ty (u), Ti(v) strongly in X for any k > 0.

In Section 6 we give applications to problems of type (1.5).

We first give an existence result of subcritical type, valid for any measure u € My(Q) :



Theorem 2.2 Let A: Q x RN — RY satisfying (1.2), (1.3) with a = 0. Let (z,t,7) — G(x,t,7)
be a Caratheodory function on Q X R and G € C(R1) be a nondecreasing function with values in
R*, such that
|G(z,t, )| < G(|r|]) forae. (z,t) € Q and any r € R, (2.2)
oo

/ G(s)s 1 Peds < oo. (2.3)
1

(i) Suppose that G(x,t,r)r 2 0, for a.e. (z,t) in Q and any r € R. Then, for any u € My(Q) and
ug € LY(QQ), there exists a R-solution u of problem

up — div(A(z,t,Vu)) + G(u) = p in Q,
u=0 in 002 x (0,7T), (2.4)
u(0) = ug in €.

(ii) Suppose that G(x,t,r)r < 0, for a.e. (x,t) € Q and any r € R, and ug = 0,u = 0. There exists
e > 0 such that for any X >0, any p € My(Q) and ug € L' () with X + [u|(Q) + ||uoll 1) £ &,
problem

up — div(A(z,t, Vu)) + AG(u) = p in Q,

u=0 in 02 x (0,T), (2.5)

u(0) = ug in §,

admits a nonnegative R-solution.

In particular for any 0 < g < pe, if G(u) = \u!q_l u, existence holds for any measure u € M;(Q);
if G(u) = —|u|? " u, existence holds for x small enough. In the supercritical case ¢ = pe, the class
of ”admissible” measures, for which there exist solutions, is not known.

Next we give new results relative to measures that have a good behaviour in t, based on recent
results of [17] relative to the elliptic case. We recall the notions of (truncated) Wolf potential for
any nonnegative measure w € MT(RY) any R > 0, 29 € RV,

R 1
W (] (20) = /0 (tp—Nw(B(xo,t)))Fl%.

Any measure w € My(Q) is identified with its extension by 0 to RY. In case of absorption, we
obtain the following:

Theorem 2.3 Let A : Q x RN — RN satisfying (1.6),(1.7). Letp < N, g >p—1, u € Mp(Q),
f €LY Q) and ug € LY (). Assume that

W SweF, withwe M (Q),FeL'(0,T)),F =0,

and w does mot charge the sets of prTq_p—capacity zero. Then there exists a R- solution u of
problem
up — div(A(z, Vu)) + [ultu=f+pu  inQ,
u=0 on 092 x (0,T), (2.6)
u(0) = ug in Q.



We show that some of these measures may not lie in M(Q), which improves the existence
results of [50], see Proposition 3.3 and Remark 6.7. Otherwise our result can be extended to a more
general function G, see Remark 6.9. We also consider a source term:

Theorem 2.4 Let A: QxRN — RY satisfying (1.6), (1.7). Letp < N, ¢ > p—1. Let u € M; (Q),
and ug € L>®(Q),ug = 0. Assume that

pEw®Xor), Withwe .MBL(Q)
Then there exist \g = \o(IV, p, q, c3, cq, diam€)) and by = by(N, p, q, c3, ¢4, diamQ) such that, if

w(E) £ X\C 7 q+1(E)’ VE compact C RY, l|uo||so,0 = bos (2.7)

q9—p

there exists a nonnegative R-solution u of problem

up — div(A(z, Vu)) = ul + p in Q,
u=0 on 9 x (0,7T), (2.8)
u(0) = ug in Q,

which satisfies, a.e. in Q,
u(z,t) £ CWIG™ W] (@) + 2||uo||Le, (2.9)
where C' = C(N,p,c3,cyq).

Corresponding results in case where G has exponential type are given at Theorems 6.10 and
6.15.

3 Approximations of measures
For any open set @ of R™ and F € (L¥(w))", k € [1,00] ,m,v € N*, we set ||F||, _ = IF Nl Lk () -

First we give approximations of nonnegative measures in M (Q). We recall that any measure 1 €
Mop(Q) N My(Q) admits a decomposition under the form p = (f, g, h) given by (1.11). Conversely,
any measure of this form, such that h € L>®(Q), lies in M(Q), see [50, Proposition 3.1].

Lemma 3.1 Let p € My(Q) N M (Q) and € > 0.
(i) Then, we can find a decomposition = (f, g, h) with f € L'(Q),g € (L* (Q))N,h € X such that

Il +llglly g +12llx = (L +)u(@), gl o+ 1Rllx =& (3.1)

(ii) Furthermore, there exists a sequence of measures iy, = (fn,n,hn), such that fn,gn, hy €
C>(Q) and strongly converge to f,g,h in LNQ), (L” (Q))N and X respectively, and p, converges
to p in the narrow topology, and satisfying

Ifalli@ + lgnlly g + [1Pnllx = (L +26)u(@),  lgnlly o + [lhnllx = 2e. (3.2)



Proof. (i) Step 1. Case where p has a compact support in Q. By [33], we can find a decompo-
sition p = (f, g, h) with f, g, h have a compact support in Q. Let {¢,} be sequence of mollifiers in
RNFL Then p, = ¢, * p € C°(Q) for n large enough. We see that 1, (Q) = p(Q) and p,, admits

the decomposition u, = (fn,gre,hn) = (on * fyon * g,on * h). Since {fn},{gn},{hn} strongly
converge to f,g,h in LY(Q), (L” (Q))" and X respectively, we have for ng large enough,

IIf = fnoHLQ +lg — gno”p’,Q +|[h = hnllx = emin{u(Q), 1}
Then we obtain a decomposition p = (f, g, fL) = (ttng + f — fro>s9 — Gng> B — hny ), such that
A lle + 119l + 1hllx = A+e)u(@),  [ldllyq+Ilx =& (3.3)

Step 2. General case. Let {6,} be a nonnegative, nondecreasing sequence in C2°(Q) which
converges to 1, a.e. in Q. Set figp = 6op, and fi, = (0 — Op—1)p, for any n = 1. Since fi, €
Mp(Q) N MZF(Q) has compact support, by Step 1, we can find a decomposition fi, = ( fn, Gn, hn)
such that

1Fall1Q + 1Gnlly o + [1nllx £ 1+ )un(@):  dnllprg + 1hallx 27" e
_ noo_ n_ _ n o _ _ _ _
Let fn = Z fka In = 9k and hn = Z hk; Clearly, an;u = (fnaynahn)’ and {fn}’{yn}a{hn}
k=0 k=0 k=0
converge strongly to some f, g, h, respectively in L(Q), (L? (Q))N, X, with
I Fnllne + @l + 1Pallx S X +e)u(@),  [[Gnlly.o + lIhnllx Se.
Therefore, p1 = (f, g,h) and (3.1) holds.
(i) We take a sequence {m,} in N such that f, = ©m, * f1, 90 = Cm, * Gns Pn = Pm,, * b €
Cee(Q) and

- B - € )
1= Fullia + lon = Tl + lln — Bull € —— min{u(@), 1)

Let wun = ©m, * (Onit) = (fn,gn, hn). Therefore, {fn},{gn},{hn} strongly converge to f,g,h in

LYQ), (LP(Q))N and X respectively. And (3.2) holds. Furthermore, {1, } converges weak-* to s,

and u,(Q) = [, ¢ Ondp converges to w1(Q), thus {u,} converges in the narrow topology. [ ]

As a consequence, we get an approximation property for any measure p € M;‘(Q) :

Proposition 3.2 Let € M} (Q) and e > 0. Let {uu,} be a nondecreasing sequence in My (Q)
converging to p in My(Q). Then, there exist fr,f € LYQ), gn,g € (LX(Q)N and hy,h € X,
s, s € MT(Q) such that

M:f_dng+ht+N5a Nn:fn_divgn+(hn)t+ﬂn,3a

and {fn},{gn} , {hn} strongly converge to f, g, h in LY(Q), (L? (Q))N and X respectively, and { i, s}
converges to s (strongly) in My(Q) and

fnllr@ + llgnlly.@ + [1hnllx + pns(Q) = A +e)u(@),  and [lgnlly.q + [lhnllx S (3.4)



Proof. Since {,} is nondecreasing, then {0}, {#n,s} are too. Clearly, || — pinlpq,0) =
Il o — ”nOHMb(Q) + || ps _:“n,SHMb(Q)' Hence, {p, s} converge to pus and {u,0} converge to pg
(strongly) in ./\/(b(Q) Set fio,0 = 0,0, and fino = fn,0 — pn-1,0 for any n > 1. By Lemma 3.1, (i i),
we can find f, € LYQ), gn € (L’ (Q))N and h,, € X such that fi, o = (fn,gn, hy) and

1 falli@ + 11gnlly.@ + 1hnllx S (L +€)ino(Q),  lgnlly@ + llhallx S 27" .

n o
Let f, = z fk, n Z gr and hy, = Y hy. Clearly, pn0 = (fn, gn, hn) and the convergence
k=0

properties hold with (3. 4) since

I fallr@ + llgnllp.@ + [Pallx = (1 +€)po(Q)-

|
In Section 6 we consider some measures p € My(Q) which satisfy |p] < w® F, with w € Mp(Q)
and F € L'((0,T)), F > 0. It is interesting to compare the properties of w ® F and w :

Let clf} be the elliptic capacity in €2 defined by

S(K) = inf{ /Q Vol : 0 = vi g € C2Q),

for any compact set K C Q.

Let Mg ((2) be the set of Radon measures w on that do not charge the sets of zero c}?—capacity.

Then My(2) N Mo (2) is characterised as the set of measures w € My(2) which can be written
under the form f — div§ with f € L1(Q) and § € (L? (Q))V, see [25].

Proposition 3.3 For any F € L'((0,T)) with fo t)dt # 0, and w € M,(Q),

w € M(),e(Q) = w F e My(Q).

, N
Proof. Assume that w® F € M(Q). Then, there exist f € L'(Q), g € <Lp (Q)> and h € X,
such that

x,t)F(t)dw(z)dt = x, x,t)dxd
/Qso( D F(t)dolx)dt /Qso( 0f (@ tyduds + [

g(m,t).Vgo(x,t)dmdt—/ h(z,t)ee(t, x)dxdt,
Q

Q
(3.5)
for all ¢ € C°(Q x [0,T7]), see [50, Lemma 2.24 and Theorem 2.27]. By choosing ¢(z,t) = ¢(x) €
C2°(92) and using Fubini’s Theorem, (3.5) is rewritten as

| ettt = [ e@idn+ [ ga).Tela)da.

where f(z) = ( fo F( dt) Iy flastyde € LH(Q) and g(x) = ( f3' F( dt) Jy gt tydt € (17 (Q)>N~
hence w € Mo,e( ).



. . , N

Conversely, assume that w = f — divg € Mo(Q), with f € LY(Q) and § € <Lp (Q> . So

N ) N
W@ To(F) = fo — divgy, with f, = fT(F) € LY(Q) and g, = §T,(F) € <Lp (Q)) . Then
w ® T, (F) admits the decomposition (fy, gn,h), with h = 0 € L>®(Q), thus w ® T,,(F) € M(Q).
And {w® T,,(F)} converges to w ® F strongly in My(Q), since [lw @ (F' — Tn(F))|[am, @) =
el py ) [1F" = Tu(E)| 10,7y) - Then w @ F' € Mo(Q), since Mo(Q) N My (Q) is strongly closed in
M,(Q). u

4 Renormalized solutions of problem (1.1)

4.1 Notations and Definition

For any function f € L'(Q), we write fQ f instead of fQ fdzxdt, and for any measurable set £ CQ),
fEf instead of fE fdzdt.

We set Ty (r) = max{min{r, k}, —k}, for any k£ > 0 and r € R. We recall that if u is a measurable
function defined and finite a.e. in @, such that Ty (u) € X for any k > 0, there exists a measurable
function w from @ into RY such that VT}(u) = X|u|kW, @-e. in Q, and for any k > 0. We define
the gradient Vu of u by w = Vu.

Let o1 = po+ps € Mp(Q), and (f, g, h) be a decomposition of g given by (1.11), and g = po—he =
f —divg. In the general case g ¢ M(Q), but we write, for convenience,

/wdﬁﬁ::/(fw—kg.Vw), Yw € XNL2(Q).
Q Q

Definition 4.1 Let ug € LY(Q), i = po + ps € Mp(Q). A measurable function u is a renor-
malized solution, called R-solution of (1.1) if there exists a decompostion (f,g,h) of po such
that

v=u—heL°0,T; Wy’ (Q)NL20,T;L}(Q)), Voe[l,m.); Ti(v)eX, Vk>0, (41)

and:

(i) for any S € W2(R) such that S’ has compact support on R, and S(0) = 0,

_/QS(uo)gp(O)dx—/Q thS(v)—F/Q S/(U)A(x,t,Vu).Vgp—i—/Q S”(v)goA(x,t,Vu).Vv:/QS’(v)gpdﬁﬁ,

(4.2)
for any ¢ € X N L>(Q) such that ¢, € X' + LY(Q) and o(T,.) = 0;
(ii) for any ¢ € C(Q),
lim 1 / dA(x,t,Vu).Vo = / ddu (4.3)
{mZv<2m}

10



m—00 M
{—mz2v>-2m}

1
lim — dA(z,t,Vu).Vo = | ¢du. 4.4
im / (.1, V) Vo /Q i (1.4)

Remark 4.2 As a consequence, S(v) € C([0,T]; L' (Q)) and S(v)(0,.) = S(uy) in Q; and u satisfies
the equation

(S(v)), — div(S'(v)A(z,t, Vu)) + 5" (v)A(z, t, Vu).Vo= fS'(v) — div(gS'(v)) + 5" (v)g.Vv, (4.5)
in the sense of distributions in @Q, see [49, Remark 3]. Moreover

ISl 1) £ [[div(S () A, t, V)

R EROEIENA IR

1L,Q
s+ s v

o*

div(s' (v)g)|

X'

Thus, if [—M, M| D suppS’,

|8" @At V0).90 || < 1Sl (A Tzl o + 19T @I Q)

< CSllwzee @) [Vl Xponl]; o + ||a||§:,Q +IVTa )7 o)
thus
1S@)ill x4 r1(0) = ClISllw2ee ) ( H|Vu|pX|v|<MH1/p +H{[IVulPxumll; o + VT I} o
+llally.o+ lalls o+ 1o + lglly o H’VUV)X\U\gMHi/S + 9l o) (4.6)

We also deduce that, for any ¢ € X N L>®(Q), such that g€ X'+ LY(Q),
/ S((T))e(T)dx — / S(up)p(0)dzx —/ oS (v / S'(v)A(z,t,Vu). Ve
Q
+/ S"(v)A(x, t, Vu).Vop = / S’ (v)dig. (4.7)
Q Q

Remark 4.3 Let u,v satisfying (4.1). It is easy to see that the condition (4.3) ( resp. (4.4) ) is
equivalent to

lim — / PA(x,t,Vu).Vu = / pdut (4.8)
m—oo Mm, Q
{m<sv<2m}
resp.
. 1 -
W}gnooE / pA(x,t, Vu).Vu = /Qqﬁd,us. (4.9)

{mzv>—-2m}

In particular, for any ¢ € LV (Q) there holds

o1 .1
mh_r)rloo p- / |Vulp =0, %gnoo p— / |Vulp = 0. (4.10)

m<|v|<2m m<|v|<2m

11



Remark 4.4 (i) Any function U € X such that Uy € X' + LY(Q) admits a unique cg—quasi
continuous representative, defined cg—quasi a.e. in Q, still denoted U. Furthermore, if U € L*(Q),

then for any pg € Mo(Q), there holds U € L*°(Q,dug), see [49, Theorem 3 and Corollary 1].

(ii) Let u be any R- solution of problem (1.1). Then, v = u — h admits a cz?—quasz' continuous

functions representative which is finite cg—quasz' a.e. in Q, and u satisfies definition 4.1 for every

decomposition (f,§,h) such that h —h € L>(Q), see [49, Proposition 3 and Theorem 4 ].

4.2 Steklov and Landes approximations

A main difficulty for proving Theorem 2.1 is the choice of admissible test functions (S, ) in (4.2),
valid for any R-solution. Because of a lack of regularity of these solutions, we use two ways of
approximation adapted to parabolic equations:

Definition 4.5 Let ¢ € (0,T) and z € L}, (Q). For any | € (0,¢) we define the Steklov time-
averages [z];,[z]_; of z by

t+4-1
[2]i(z,t) = % / z(z,s)ds fora.e. (x,t) € Q2 x (0,T —¢),

~+

[2]_i(x,t) = % / z(z,s)ds for a.e. (x,t) € Q x (,T).
t—1

The idea to use this approximation for R-solutions can be found in [22]. Recall some properties,
given in [50]. Let € € (0,7), and ¢ € CX(Q x [0,7)), w2 € C=(Q x (0,T]) with Suppy; C
Q% [0,T — €], Suppps C Q x [g,T]. There holds

(i) If z € X, then ¢i[z]; and pa[z]_; € W.

(ii) If z € X and 2z; € X' + LY(Q), then, as I — 0, (p1[2];) and (pa]z]_;) converge respectively

to p1z and @2z in X, and a.e. in Q; and (¢1[2];),, (2[2]-1), converge to (p12)s, (p22): in
X'+ LYQ).

(iii) If moreover z € L*°(Q), then from any sequence {l,} — 0, there exists a subsequence {l, }
such that {[z];, },{[#]-i, } converge to z, ¢;-quasi everywhere in Q.

Next we recall the approximation introduced in [42], used in [30], [26], [21]:

Definition 4.6 Let y € My(Q) and ug € L*(Q). Let u be a R-solution of (1.1), and v = u — h
giwen at (4.1), and k > 0. For any v € N, the Landes-time approximation (Ty(v)), of the
truncate function Ty (v) is defined in the following way:

12



Let {z,} be a sequence of functions in Wol’p(Q) NL>®(Q), such that ||z||cc0 S k, {2} converges

to Ti(up) a.e. in Q, and V*IHzVHeVLp(Q) converges to 0. Then, (Ty(v)), is the unique solution of
0

the problem
(Te(v))o)t = v (Tk(v)—(Tk(v))y) in the sense of distributions, (I}(v)),(0) = 2y, in Q.

Therefore, (Ti(v)), € X N L>®(Q) and (Tx(v)),): € X, see [42]. Furthermore, up to subse-
quences, {(T;(v)),} converges to Ti(v) strongly in X and a.e. in @, and || (Ty(v)),, [|r~(Q) = k-

4.3 First properties

In the sequel we use the following notations: for any function J € W1 >°(R), nondecreasing with

J(0) =0, we set

J(r) = / J(T)dr, J(r) = / J'(7)7dT. (4.11)
0 0

It is easy to verify that J(r) = 0,

Jr)+Jr)=J(r)r, and J(r)—JT(s) = s(J(r)—J(s)) vr,s € R. (4.12)

In particular we define, for any k > 0, and any r € R,

i) = [ T, To) = [ T, (4.13)
0 0
and we use several times a truncature used in [32]:
2m —|s — "
Hm("") = X[-m,m)] (T) + THXm<s|§2m(T)a Hm(r) = /0 Hm(T)dT' (4'14)

The next Lemma allows to extend the range of the test functions in (4.2). Its proof, given in
the Appendix, is obtained by Steklov approximation of the solutions.

Lemma 4.7 Let u be a R-solution of problem (1.1). Let J € WLH(R) be nondecreasing with
J(0) =0, and J defined by (4.11). Then,

/S'(v)A(:c,t,Vu).V(£J(S(v)))—i—/ S"(v)A(z,t, Vu).VoEJ(S(v))

Q Q

- / £(0)7(S (o)) S (o) / £ T(5())
Q Q

< / S ()€T(S(v))dfis, (4.15)
Q

for any S € W2®(R) such that S’ has compact support on R and S(0) = 0, and for any & €
CHQ)NWE2(Q), £ 2 0.
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Next we give estimates of the gradient, following the first estimates of [26], see also [33], [49,
Proposition 2], [43].

Proposition 4.8 If u is a R-solution of problem (1.1), then there exists ¢ = c(p) such that, for
anyk 21 and £ 2 0,

/ IVl + / VolP < ckM (4.16)
L2 |v|Sl+k L2 |v|Sl+k
and
[0l oo (0,101 S (M + [82]), (4.17)
where

M = luolly o + s Q)+ I fllq + 9l ¢ + 1l + Tally o-

As a consequence, for any k 2 1,
meas {|v| > k} £ C1 M1k P, meas {|Vv| > k} < CoMok™ e, (4.18)
meas {|u] > k} £ CsMak™Pe, meas {|Vu| > k} < CyMak™ ™, (4.19)
where C; = C;(N,p,c1,¢2), i = 1-4, and My = (M+|Q|)%M and My = My + M.
Proof. Set for any r € R, and m, k,¢ > 0,
Ty ¢(r) = max{min{r — £, k},0} + min{max{r + ¢, —k},0}.

For m > k-+{, we can choose (J, S, &) = (Ty ¢, Hpm, €) as test functions in (4.15),W_here H,, is defined
at (4.14) and £ € C1([0,T]) with values in [0, 1], independent on z. Since T, o(Hy,(r)) = Ty (r) for
all » € R, we obtain

— Jo §(0) T e (w0) Hrn (u0) — i €Tt (Him(v))

+ i EA(z,t,Vu).Vo — £ J EA(x,t,Vu).Vou < fQ Hy, (0)ET 0 (v)djig.
{e=|v]<e+k} {m<v|<2m}

And
— k
/ H, (0)ETy o (v)dpo :/ Hyp (0)ETy o (v) f+ / §Vv.g—a / &Vu.g.
Q @ {<)v|<l+k} {m<|v|<2m}
Let m — oo; then, for any k > 1, since v € L*(Q) and from (4.3), (4.4), and (4.10), we find

—/Q&m(v) + / §A(x, 1, Vu).Vu = / EVv.g + k([[uolly ot s (@)+ [1F1l1.)-

{<)v|<l+k} {l<|v]|<l+k}
(4.20)
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Next, we take £ = 1. We verify that there exists ¢ = ¢(p) such that
A(z,t,Vu).Vv — Vo.g 3%(\Vu!p + Vo) = e(|g]” + |[VRP + |a”)

where ¢; is the constant in (1.2). Hence (4.16) follows. Thus, from (4.20) and the Holder inequality,
we get, with another constant ¢, for any ¢ € C1([0,T]) with values in [0, 1],

—/ ftm(v) < ckM
Q

Thus fﬂ@(v)(t) < ckM, for a.e. t € (0,T). We deduce (4.17) by taking k& = 1, = 0, since
Tio(r)=Ti(r) 2 |r| — 1, for any r € R.

Next, from the Gagliardo-Nirenberg embedding Theorem, we have

T(v) "% <Oy o) X VT (0)]”
e =Sy f, VAR

where C1 = C1(N,p). Then, from (4.16) and (4.17), we get, for any k = 1,

p(N+1)

k=N / |VTk(U)|p §C2M1k‘_pc,
Q

_p(N+1) p(N+1) P
meas (o] > ) £ 45 [ 1" < Ol 0000

with Cy = Co(N,p,c1,c2). We obtain

I
meas {|Vv| > k} < > meas ({|Vv|P > s})ds
0

1 [k
§meas{\v\ >/<?N]i1}+ﬁ/ meas <{]Vv[p > s, |v] §kNL+1}) ds
0

1
S CoMik™™e + w / |Vu|P < CoMak™™e,
N

[o| Sk N+T
with C5 = C5(N,p, c1, c2). Furthermore, for any k = 1,
meas {|h| > k} + meas {|Vh| > k} < Cok™? |||l ,
where Cy = Cy(N,p, c1,c2). Therefore, we easily get (4.19). [

Remark 4.9 If p € LY(Q) and a = 0 in (1.2), then (4.16) holds for all k > 0 and the term ||
in inequality (4.17) can be removed where M = ||ug||1,0 + |¢|(Q). Furthermore, (4.19) is stated as
follows:

meas {|u| > k} < C3M% k~Pe, meas {|Vu| > k} < C4M%—ﬁ k=™ Yk > 0. (4.21)
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To see last inequality, we do in the following way:

I
meas {|Vv| > k} < > meas ({|Vo|P > s})ds
0

A N I A N
< meas {|v| > M NFTEN+T } + E/ meas {|Vv|p > s, |v] & M NFTENAT }ds
0
N+2
S CyMN+1f™™Me,
Proposition 4.10 Let {i,} C My(Q), and {ug,} C LY(Q), with

sup |pn| (Q) < 00, and sup||ugy|li,o < co.
n n

Let u,, be a R-solution of (1.1) with data jin, = pin0 + fn,s and ugp, relative to a decomposition
(fns Gns hn) Of pino, and vy, = Uy — hy. Assume that {f,} is bounded in L'(Q), {gn} bounded in
(L Q)N and {hy} bounded in X.

Then, up to a subsequence, {v,} converges a.e. to a function v, such that Ty(v) € X and v €
L?((0,7); Wol’U(Q)) N L>((0,T); LY () for any o € [1,m,.). And

(i) {vn} converges to v strongly in L7(Q) for any o € [1,mc), and sup |[vnl| oo ((0.1);01 () < O
(i) supysgsup,, k+r1 fQ |VTk(v,)|P < o0,

(iii) {T(vyn)} converges to Ty (v) wealkly in X, for any k > 0,

() {A(z,t,V (Tx(vn) + hn))} converges to some F, weakly in (LP' (Q))V.

Proof. Take S € W2 (R) such that S’ has compact support on R and S(0) = 0. We combine
(4.6) with (4.16), and deduce that {S(v,)} is bounded in X’ + L*(Q) and {S(v,)} bounded in X.
Hence, {S(v,)} is relatively compact in L'(Q). On the other hand, we choose S = S}, such that
Sk(2) = z, if |2| < k and S(z) = 2k signz, if |z| > 2k. Thanks to (4.17), we obtain

meas {|vp, — | > o} < meas {|v,| > k} + meas {|vp| > k} + meas {|Sk(vn) — Sk(vm)| > o}

1
S 2Uloallyg + vmllyq) + meas {[Sk(vn) — Sk(vm)| > o}

A

% + meas {|Sk(vn) — Sk(vm)| > o} . (4.22)

Thus, up to a subsequence {u,} is a Cauchy sequence in measure, and converges a.e. in @ to a
function w. Thus, {T}(v,)} converges to Tj(v) weakly in X, since sup,, [|Ti(v,)| x < oo for any
k> 0. And {|V (Tx(vn) + hn) [P72V (T)(vy) + hy) } converges to some Fj, weakly in (L (Q)N.
Furthermore, from (4.18), {v,} converges to v strongly in L7(Q), for any o < p.. [
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5 The convergence theorem
We first recall some properties of the measures, see [49, Lemma 5], [32].

Proposition 5.1 Let us = pt — p; € My(Q), where puf and py are concentrated, respectively,
on two disjoint sets ET and E~ of zero ¢ -capacity. Then, for any § > 0, there exist two compact
sets K; C E" and Ky C E~ such that

pf(EN\KF) <6,  py (E\K;) <,

and there exist ¢;’, Py € CH(Q) with values in [0,1] , such that 1/)3', Y5 =1 respectively on K;', Ky,
and supp(y) N supp(ys ) = 0, and

i 1 x + 1@ )il xrsrr @) S 0, Y5 1x + (W5 )il x40y = 0

There exist decompositions (1#;')15 = (1/)3')2 + (1#3')? and (Y5 )¢ = (1#5_): + (1/)5_)? in X'+ LY(Q),
such that

[ WSS [ =S [

Both {w;} and {wé_} converge to 0, *-weakly in L°°(Q), and strongly in L'(Q) and up to subse-
quences, a.e. in Q, as § tends to 0.
Moreover if p, and n, are as in Theorem 2.1, we have, for any 6,091,609 > 0,

S (03 S

/Q Oy dpn + /Q G di = w(n,5), /Q rdut <6, /Q SEdus <6, (5.2)
/Q (1= -0 dpn = w(n, b1, 62), /Q (1= Gf 0 )t < 61+ 65, (5.3)
/Q (1 — 5 65 )i = w(n,61,62), /Q (1= 5 5 )iy < 61 + 6. (5.4)

Hereafter, if n,e,...,v are real numbers, and a function ¢ depends on n,¢,...,v and eventual
other parameters «,f,..,v, and n — ng,e — €g,.., Vv — 1y, we write ¢ = w(n,e,..,v), then
this means lim,_,,,..lim. . lim, ,,, |¢| = 0, when the parameters a,f3, ..,y are fixed. In the
same way, ¢ < w(n,e,d,...,v) means lim,_,,,..Jim. . lim, ,,¢ < 0, and ¢ = w(n,¢,..,r) means
—¢ S w(n,e, .., v).

Remark 5.2 In the sequel we use a convergence property, consequence of the Dunford-Pettis the-

orem, still used in [32]: If {an} is a sequence in L'(Q) converging to a weakly in L'(Q) and {b,}
a bounded sequence in L*°(Q) converging to b, a.e. in @, then lim,,_, fQ anby, = fQ ab.
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Next we prove Thorem 2.1.

Scheme of the proof. Let {1}, {uo,} and {u,} satisfying the assumptions of Theorem 2.1.
Then we can apply Proposition 4.10. Setting v, = wu, — hy, up to subsequences, {u,} converges
a.e. in @ to some function u, and {v,} converges a.e. to v = u — h, such that Ty(v) € X and
v e L7((0,T); W&’U(Q))HL“’((O, T); LY(2)) for every o € [1,m,.). And {v,} satisfies the conclusions
(i) to (iv) of Proposition 4.10. We have

fin = (fn — div gy + (hn)e) + (pp — div p2) — (np — divn2) + pr,s — s
= fin,0 + (Prs = Mnys) T = (Prys — Mys) ™

where

L0 = A0+ Pno—Nn0,  With \po = fr—divg,+(hn)e,  pno = pL—divpZ, nno=nl—divy?.
(5.5)

Hence

Pn,05Tn,0 € M;(Q) N MO(Q); and Pn Z Pn,0s Tin Z TIn,0- (56)
Let E*, E~ be the sets where, respectively, uf and u; are concentrated. For any &1,d2 > 0, let
wgrl,ng; and g , ;s as in Proposition 5.1 and set

D5, 5, = 7/);11#3; + ¥5, ¥, -

Suppose that we can prove the two estimates, near E

I = / 5, 5, A(x,t, Vuy,).V (v,— (T (v)),) = w(n,v,d1,02), (5.7)
{lvn|<k}
and far from E,
I = / (1= @5, 5,)A(x,t, Vuy).V(v,—(Ti(v))r) = w(n,v,o1,02). (5.8)
{lvn|<k}

Then it follows that

lim,, , / Az, t, Vuy,).V (v,— (T (v)),) £ 0, (5.9)
{|vn|<k}
which implies
lim,, 00 / A(z,t,Vuy,).V (v, — Ti(v)) £ 0, (5.10)

{lon|=k}

since {(T(v)),} converges to Ty (v) in X. On the other hand, from the weak convergence of {T}(vy,)}
to Tx(v) in X, we verify that

[ AT @) + )T (Ti) - Ti(0) = wln).

{lon|=k}
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Thus we get

(A, t, Vitm) — A b, V(Tk(0) + ) - (1 — (Te(0) + ) = wi(n).
{lon|=k}
Then, it is easy to show that, up to a subsequence,

{Vu,} converges to Vu, a.e. in Q. (5.11)

Therefore, {A(z,t, Vu,)} converges to A(z,t, Vu) weakly in (L¥' (Q))V ; and from (5.10) we find

M,HOO/ Az, t,Vuy,).VTi(vy) §/A(m,t,Vu)VTk(v).
Q Q

Otherwise, {A(x,t,V (T (v,) + hy))} converges weakly in (L¥ (Q))Nto some Fj, from Proposition
4.10, and we obtain that Fj = A(x,t,V (Tx(v) + h)). Hence

Hn%o/ Az, t, V(Ti(vn) + hp)). V(T (vy) + hy) éﬂn%o/ A(x,t, V). VT (vy)
Q Q
+mn%w/QA(x,t,V(Tk(vn)+hn)).th
< / Az, £,V (T (v) + 1))V (T (v) + h).
Q

As a consequence
{T(vyn)} converges to Ty (v), strongly in X, Vk > 0. (5.12)

Then to finish the proof we have to check that u is a solution of (1.1). [

In order to prove (5.7) we need a first Lemma, inspired of [32, Lemma 6.1], extending [49,
Lemma 6 and Lemma 7]:

Lemma 5.3 Let 15,925 € CH(Q) be uniformly bounded in W1(Q) with values in [0,1], such
thath Y1 sdpy <6 and fQ o sdpt < 8. Then, under the assumptions of Theorem 2.1,

1 1
R / ‘Vun‘pih,& - W(Tl, m, 5)7 R
{mZv,<2m} {mZv,<2m}

\an’plbz,& = w(n, m, 5)7 (513)

1 1
— / |V P15 = w(n,m,d), — / Vo, P11 5 = w(n,m,d), (5.14)
m m

—2m<vp,S—m —2m<vp,<—m

and for any k > 0,

/ |Vup|P1ps 5 = w(n,m,d), / |V [P1ha s = w(n,m,d), (5.15)

{mZvn<m+k} {mZv,<m+k}
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|Vug P15 = w(n,m,d), / Vo, P15 = w(n,m,d). (5.16)

{—-m—k<v,<—m} {—-m—k<v,<—m}

Proof. (i) Proof of (5.13), (5.14). Set for any r € R and any m,¢ =1

"(—m+T dm+2h — 1
Sm(r) = /0 ( m X[m,2m] (1) + X (2m,2m+4) (7) + WX(zmHAmwh] (T)> dr,

T —m+
Sm(r):/o < TX[m,Zm] (T) + X (2m,00) (T)> dr.

m

Note that Sy, /= X[m,2m] /™ = X[2m+e,202m+0)]/ (2m +£). We choose (£, J, S) = (Y25, T1, Sm,r) as test
functions in (4.15) for u,, and observe that, from (5.5),

,Jn\,o = HUn,0 — (hn)t = )\n,O + Pn,0 — Mo = fn —divg, + Pn,0 — TIn,0- (5-17)
Thus we can write Z?:1Ai < 2;2714@-, where

A= —/¢2,5(0)T1(Sm,e(uo,n))sm,z(uo,n), Ay = —/ (¥2,6),T1(Sm,e(vn)),
o Q

Ag = /QS;RJ(Un)Tl (Sm,g(vn))A(x7t7 vun)vw275’

/ 2 ’
Ay = /Qsmj(vn) ¢276T1(Sm,€(vn))A(xat, Vun)vvna

1
As = - / Y2,6T1(Sm,e(vn)) A, 1, Vun ) Von,
{mSvp<2m}
Ag = —— 1 / o5 A, 1, Vi)V
6 — om+ ¢ 2,6 L, T, ViUn Un,
{2m+LSv, <2(2m+L0)}

A7=/QS’m,zz(vn)ﬂ(Sm,z(vn))%,afn, AS:/QS;n,f(vn)Tl(Sm,z(vn))gn-VIbg,g,

/ 2 / 1
A9 = /Q <Sm7£(vn)) Tl(Sm,Z(Un))wzzggn-vvny AlO - E / Tl(Sm,Z(Un))wlzggn-vvna

mZv, <2m
1 /
Ay = —3 / Y2 5Gn.-Vp, Aip = / St (Vn)T1(Spe(vn))¥2,6d (Pno — Mnyo) -
m + 14 Q )
{2m+4-L<vn, <2(2m+-L)}
Since ||Spe(uon)li0 S [ uondz, we find Ay = w(l,n,m). Otherwise
{mZuo,n}
Al S Waollyrmigy [ on 14al S lnsllyrnigy [ (lal + el Tual),
{m=vn} {m=vn}
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which implies A2 = w(¢,n,m) and A3z = w(¢,n,m). Using (4.3) for u,, we have
AG T /Q ¢275d(pn7s - 77n,s)+ + w(f) = W(f, n,m, 6)
Hence Ag = w(¢,n,m,d), since (pns — 1ns)" converges to uf as n — oo in the narrow topology,
and fQ Vo sdpt < 5. We also obtain Ay = w(¢) from (4.10).
Now {S;n’g(vn)Tl(Sm,g(vn))}g converges to S, (v )T1(Sm (vn)), {S;L(vn)Tl(Sm(vn))} converges to

S, (v) Ti(Sm(v)), {S;n(v)Tl(Sm(v))} converges to 0, x-weakly in L>°(Q), and {f,} converges to
f weakly in L'(Q), {gn} converges to g strongly in (L (Q))". From Remark 5.2, we obtain

A? - /QSIm(Un)Tl(Sm(Un))wZéfn + w(ﬁ) - /QS/m(U)Tl (Sm(v))lbz,(sf + w(ﬁ,n) - w(&n,m),

Ag = /QS’m(vn)Tl(Sm(vn))gn.v¢2,6 +wl) = /QS’m(v)Tl(Sm(v))szbgﬁ +wl,n) =wll,n,m).

Otherwise, Ajs < fQ V2 5dpp, and {fQ ¢2,5dpn} converges to fQ Vo sdp, thus Ajg < w(l,n,m,d).
Using Holder inequality and the condition (1.2) we have

9n-Vn — Az, t, V) Vo, < C (ygn\p’ + VAP + ya\p’)

with C7 = C1(p, ¢2), which implies

2 1

Ay = A S Cr [ (Smalon)) T, Smwn)ons (J9ul” + ol +[al”) = (6., m).

Q

Similarly we also show that Ajg — A5/2 < w(¢,n,m). Combining the estimates, we get A5/2 <
w(?,n,m,d). Using Holder inequality we have

A, t, V) Vo, > SVunl = Co|al” + [Vha|?).

with Cy = Co(p, ¢1, ¢2), which implies

1
- / |Vun [P sT1 (Sie(vn)) = w(l,n,m, d).

{mZv,<2m}

Note that for all m > 4, Sy, ¢(r) = 1 for any r € [3m, 2m]; hence T (S (1) = 1. So,

1
p” |V Phy s = w(l,n,m,d).
{%mgvn<2m}
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Since |Vu,|P < 2P~ |Vu, [P + 2P~1|Vh,|?, there also holds

1
— / Voo s = w(l,n,m,d).
m

{%m§vn<2m}
We deduce (5.13) by summing on each set {(3)"m < v, < (%)”Hm} for v = 0,1, 2. Similarly, we
can choose (&,1,S) = (1.6, T1, Sm.¢) as test functions in (4.15) for uy,, where Sy, ¢(r) = Spe(—7),
and we obtain (5.14).
(i) Proof of (5.15), (5.16). We set, for any k,m,¢ = 1,

(k+0+m)—1
E+m-+4¢

r 2
Shmamzaé (nxr—Tau»xmwﬁnwr+k

Sk,m(r) = /Tk(T - Tm(T))X[mpo)dT.
0

X(k+m+é,2(k+m+£)]> dr

We choose (€,v,5) = (Y25, T1, Skm,) as test functions in (4.15) for u,. In the same way we also
obtain

’vun’pr,éTl (Sk,m,f(vn)) - w(ga n,m, 5)

{mSvp<m+k}
Note that 11 (Skme(r)) = 1 for any » =2 m + 1, thus J |V, |[Pps 5 = w(n,m, ), which
{m+1Zv,<m+k}
implies (5.15) by changing m into m — 1. Similarly, we obtain (5.16). ]

Next we look at the behaviour near E.
Lemma 5.4 Estimate (5.7) holds.

Proof. There holds
Il = / @51,52A(1‘,t, Vun).VTk(vn)— / (135175214(1',@ Vun)V(Tk(v»y
Q
{lvnl=k}

From Proposition 4.10, (iv), {A(z,t,V (Tk(vs) + hy)).V{T(v)),} converges weakly in L'(Q) to
FV{(Ti(v)), . And {X{|vn|§k}} converges t0 X|y|<k, a-€. in @ , and @4, 5, converges to 0 a.e. in @
as 01 — 0, and ®;, 5, takes its values in [0,1]. Thanks to Remark 5.2, we have

5, 5,A(x,t, Vuy,).V(Ti(v)),

{lon|=k}

ZLM%y@&MW%VUWW+%»WﬂWh

= / X|o|<k @616 F1- V(T (v)), +w(n) = w(n,v, ).
Q
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Therefore, if we prove that
/ @51,5214(.%', t, Vun)VTk(vn) § w(n, (51, (52), (5.18)
Q

then we deduce (5.7). As noticed in [32], [49], it is precisely for this estimate that we need the
double cut 1/)31 1/)3; To do this, we set, for any m > k > 0, and any r € R,

Stnr) = [ (k= Tu(e)) Hun(r)ar
0

where H,, is defined at (4.14}. Hence suppgkm C [-2m, k] ; and S"k,m = ~Xj_pp T %X[_Qn%_m].
We choose (¢, S) = (Ib(—stl/};;, Sk.m) as test functions in (4.2). From (5.17), we can write

A+ Ay — A3+ A+ A5+ A =0,
where

A = —/Qw;lw;?)tﬁk,m(vn), A, = /Q (k = Ti(vn)) Hon (vn) A, t, Vun ). V(95 7)),
2k

Az = /szglq/}gA(x,t, V). VT (vy,), A4 = / w;wgzﬁl(w,t, V). Vo,

—2m<vn<—m
{

A5 = - / (k= T (0n)) Hon ()65 0 g, Ag = / (k — Ti(0n)) Hon (0 6 (0 — pro) :
Q Q

and we estimate As. As in [49, p.585], since {Sk,m(vn)} converges to S’hm(v) weakly in X, and
Sk.m(v) € L°(Q), and from (5.1), there holds

Ay =— / w(—{)ﬂbggk,m(v)—/ 1/1§L1 (%)ﬁk,m(v) + w(n) = w(n,s).
@ Q

Next consider Ay. Notice that v, = T (v,) on supp(Hp,(vy)). From Proposition 4.10, (iv),
the sequence {A(m, t,V (Tam(vn) + hn))V(Q/)grl 1/)3;)} converges to Fng(i/)grlibg;) weakly in L(Q).
Thanks to Remark 5.2 and the convergence of ¢;1 1/)3; in X to 0 as d; tends to 0, we find

Ay = /Q (k = T3(0)) Hyp (0) Fam . V (5 008 ) 4+ w(n) = w(n, 61).

Then consider Ay. Then for some C' = C(p, ¢3),

2k /
ag=c2 [ (1Vul Ve + ol ) v v,

{—2m<vp,S—m}

Since w;rl takes its values in [0,1], from Lemma 5.3, we get in particular Ay = w(n,dy, m,d2).

23



Now estimate As. The sequence {(k — Ty (vy))Hp, (vn)w;1 w;;} converges weakly in X to (k —

Tk(v))Hm(v)w;w;Q, and {(k — Ti(vn))Hpm(v,)} converges *-weakly in L>®°(Q) and a.e. in @ to
(k—Ty(v))Hy,(v). Otherwise { f,,} converges to f weakly in L' (Q) and {g,,} converges to g strongly
in (L” (Q))"N. Thanks to Remark 5.2 and the convergence of z/)grliﬁg; to 0 in X and a.e. in Q) as
61 — 0, we deduce that

A5 = - /Q (k = T(vn)) Hun (0)85, 05, A + w(n) = w(n, 61),

where 7y = f — divg.
Finally Ag < 2k fQ ¢(§L11,Z)(;;d77n; using (5.2) we also find Ag < w(n,d1, m,ds). By addition, since
Az does not depend on m, we obtain

Ay = /Q%%A(x,t, Vuun)VTi(vn) = w(n, 61, 02).

Reasoning as before with (Ibé_lwé,gk,m) as test function in (4.2), where Sy (1) = —Sp.m(—7), we
get in the same way

/ V5,05, A, 1, Vug )VTi (vn) = w(n, 61, 62).
Q

Then, (5.18) holds. u

Next we look at the behaviour far from E.
Lemma 5.5 . Estimate (5.8) holds.

Proof. Here we estimate Is; we can write

B= [ (-5 At Tun)V (Tufon) - (Tulo)h).
{lvn|=k}
Following the ideas of [51], used also in [49], we define, for any r € R and ¢ > 2k > 0,
R = Topr (0n—(T(v))v) = To— (vn — Tk (vn)) -
Recall that [[(T;(v))vly o < k, and observe that
R, 0 =2k sign(vy,) in {|lvg| 20+2k},  |[Ryupe S 4k, Ry =w(n,vf) ae in @, (5.19)
nh_)rrgo Ryve=Tori (v—(Tx(v)),) — Ti—k (v — Tj (v)), a.e. in @, and weakly in X.  (5.20)

Next consider &; ,, € C([0,7)),&2.n, € C°((0,T]) with values in [0, 1], such that (&1,,)¢ < 0 and
(&2,n0)t = 0; and {&1n, (1)} (resp. {&1m,(t)}) converges to 1,for any t € [0,T) (resp. t € (0,T] );
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and moreover, for any a € C([0,T]; L*()), {fQ a({l,nl)t} and fQ a(&2,n,), converge respectively to
— [a(T,.) and [ a(0,.). We set
Q Q
P = Pnningllal = 517711(1 - CI)51,52)[T5+1€ (Un_<Tk(v)>V)]ll _527712(1 - CI)51752)[T€*1€ (Un - Tk(vn))]—lg :
We can see that
©— (1 =5, 5,)Rn e =w(li,l2,n1,n2) innorm in X and a.e. in Q. (5.21)

We can choose (¢, S) = (Spmm,nzlhlz,bH—m) as test functions in (4.7) for u,, where H,, is defined
at (4.14), with m > £ + 2k. We obtain

Ay +As+ A3+ Ay + As = Ag + Az,
with

A = / o T) (o (T))dr, Ay = — / OV Hs (0 ),
Q Q

Agz—/ 0 Hp (), A4:/ Hp,(vp) Az, t, Vuy,). Ve,

Q Q

ASZ/ @H/m(vn)A(x7tavun)-vvna AGZ/Hm(Un)(Pd)Tn?L
Q Q

A7 = / Hm(’l)n)@d (pn70 - 777%0) :
Q

Estimate of A4. This term allows to study I5. Indeed, { H,,,(v,,)} converges to 1, a.e. in Q; thanks
to (5.21), (5.19) (5.20), we have

Ay :/ (1 =5, 5,) Az, ¢, Vun).VRnMg—/ R, v 0A(x,t,Vuy,) Vo5 5,4w(li,la,ni,na,m)
Q Q
:/ (1= @5, 5,)A(x,t, Vuy,). VR, i+w(ly, l2, 1,02, m,n, v, £)
Q

= -[2 + / (1 - (1)51,52)14(:65 t, vun)-VRn,u,£+w(l1, l2a ni,n2,m,n,v, 6)
{lvn|>k}
= Iy + B1 + Bz + w(ly, la,n1,n2, m,n, v, £),

where

By = / (1- q)5,n)(X]vn—(Tk(v)>u\§é+k - X|\un|—k\§£—k)A(33,ta Vuy,). Vg,
{lvn|>k}

B2 == / (1 - (1)61,62)X|vn*<Tk(v)>u|§€+kA(x’ t’ Vu”)‘v<Tk(v)>V'
{lvn|>k}
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Now {A(z,t,V (Tysok(vn) + hn)).V{(Tk(v)),} converges to Fyy o1 V{Tk(v)),, weakly in L(Q). Oth-

erwise {X\vn\>kx|vn—<Tk(v)>u|§é+k} converges to Xlo|>kX [u— (T, (v), | <4k G- in Q. And {(Ty(v)),}
converges to Tj(v) strongly in X. Thanks to Remark 5.2 we get

By = — /Q (1= ®5,6) Xjo|>k X[u(1y, (), | <ok E 028V (Ti(0)),, +w(n)
= - /Q (1= @5,.65) Xpo|>k X|o—Tx ()| <tk Frr2x-VT(v) + w(n,v) = w(n,v),
since V1 (v) X|y|>k = 0. Besides, we see that, for some C' = C(p, c2),
Blsc [ =) (Va4 [Tul + o).
{6—2k<|vn | <0+2k}
Using (5.3) and (5.4) and applying (5.15) and (5.16) to 1 — ®5, 5,, we obtain, for k£ > 0
(|Vupl? 4+ Vo, [P)(1 = @5, 5,) = w(n,m,d1,02). (5.22)
{m=|vn|<m+4k}
Thus, B; = w(n,v,t,d1,02), hence By + By = w(n,v,{,d1,02). Then
Ay = 1o —|—w(l1,l2,n1,n2,m,n, V,f,(;l,ég). (523)
Estimate of A5. For m > ¢+ 2k, since |p| < 2¢, and (5.21) holds, we get, from the dominated
convergence Theorem,
As = / (1- @51752)Rn,y7gH;n(vn)A(x,t, Vuy,). Vo, +w(ly,la,n1,n9)
Q

2k
= _E / (1 — @51,52)A(1‘,t, Vun).an—i—w(ll,lg,nl,ng);

{m<|vn|<2m}
here, the final equality followed from the relation, since m > ¢ + 2k,

/ 2k .
Rn,u,ﬁHm(vn) = _EXmé\UnEQm, a.e. in Q. (524)

Next we go to the limit in m, by using (4.3), (4.4) for u,, with ¢ = (1 — ®5, 5,). There holds
A5 = _Qk/ (1 - (bél,(gg)d ((pn,s - 77n,5)+ + (pn,s - nn,s)i) +w(ll7127n17n27m)-
Q

Then, from (5.3) and (5.4), we get A5 = w(ly,la,n1,n2, m,n, v, l,d1,02).
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Estimate of Ag. Again, from (5.21),
o= [ Hutonol, + [ 0¥ (Hnlon)o)
Q Q
= /QHm(Un)(l — @5, 5,)Rnvef, + /an-V(Hm(Un)(l — @5, 5,) R vo) +w(ln, l2,m1,m2).
Thus we can write Ag = D1 + Dy + D3 + Dy + w(ly,l2,n1,n2), where
D, = /QHm(vn)(l — @5, 5,)Ruvifn, D, :/Q(l — Ds, 5,) R e H! (0n)gn-Vn,
D3 = /QHm(Un)(l — ®5,.6,)90-V Ryt D,=- /Q Hp(vn) Ry v 09n -V Ps, 5,
Since {f,} converges to f weakly in L'(Q), and (5.19)-(5.20) hold, we get from Remark 5.2,
Dy - /Q (1= @5, (Te (—(Tk(0)),) = T, (0 = Ty (v)) fo(m, n) = w(m, m,v, ).

We deduce from (4.10) that Dy = w(m). Next consider Ds. Note that H,,(v,) =1+ w(m), and
(5.20) holds, and {g,} converges to g strongly in (L (Q))N, and (T} (v)), converges to Ty(v)
strongly in X. Then we obtain successively that

Dy = /Q (1= ®5,,6,)9-V (Toqre (v = (Tk(v)),) = T (v = T, (v))) +w(m, n)

= | (= 25,0009 Tk (0= Ti0) = T (0= Tic () +om, . 0)
=w(m,n,v,l).

Similarly we also get Dy = w(m,n,v,¢). Thus Ag = w(ly,la2,n1,n2, m,n,v,£,81,02).

Estimate of A7;. We have
‘A’?’ = ‘A Slm(vn) (1 - ¢51,52) Rn,u,fd (pn,O - 77n,0) + w(lthanlanQ)
§4k/ (1_@51,62)d(l)n+nn)+w(l17l27n17n2)-
Q

From (5.3) and (5.4) we get A7 = w(ly,l2,n1,n2,m,n,v, 0, 61,02).
Estimate of A1 + Ay + A3. We set

J(r) =T (r=Ty (1)), Vr € R,
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and use the notations J andJ of (4.11). From the definitions of & ,,,, &1y, We can see that

A+ Ag = — /Q T (0n(T) Hon (00 (T)) /Q Trsn(ton — 2 Hon (o) + by, I 1, 1)

= —/ J (v (T))on(T) — / Tk (uom — 20)uopn +w(li, l2,n1,n2,m),
Q Q

where z, = (Tk(v)),(0). We can write A3 = F} + F», where

t

F1 = —/Q (§n1(1 - ¢51,52)[T5+k (Un - <Tk(v)>l/)]l1> H—m(vn)’

We find easily
Gl == / ((I)51,52)t‘](vn)vn+w(ll’ lz’ ni,nz, m)7
Q

G2 :/ (1 — @51752)(§n2)tJ(vn)H—m(vn)+w(ll,lg) = /J(uo,n)uom—i—w(ll,lg,nl,ng,m).
Q

Q
Next consider G3. Setting b = H,,(vy,), there holds from (4.13) and (4.12),

(®)]_1,)eb) (-, 1) = éz (JO)( 1) =T (D)(, T = 1y)).

Hence
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since J is constant in {|r| = m + ¢ + 2k} . Integrating by parts in G5, we find

G3 = /£2n2 — 5, 5,) ([T (v )]_zg)t

Q

- / (Eamn)y(1 — s, 5,)T (00)
/52 2 (®51.65),; T (Vn) /52 o T))+w(ly,ls)

/J (uo,n) / (®5,,6,), T (vn) /.7 v (1)) +w(ly, l2,n1,n2).

Therefore, since J (vn) — J(vn)vn = —J(vn) and J(ug ) =J (U0 )u0.n—T (Uorn), We obtain

Fgg/j(uom) —/ (®5,,8,), ) (vn) + [ T(vn(T))+w(ly,l2, 1, 12, m). (5.26)
o Q

Estimate of Fy. Since m > (+2k, there holds Ty (v, —(Tk(v)),) = Trtk (Hpm(vn)—(Te(Hm(v))),)
on suppH—m(vn). Hence we can write F} = L1 + Lo, with

Li—— /Q (€1 (1 = @5,.00) [Tek (o (0) =Tk (o)), )], ), (Fin(0) (T (Hrm(0)),)
Ly = —/Q <§1,n1(1 — @5, 5,) [Tork (H—m(vn)—<Tk(H—m(U))>u)]h>t<Tk(H—m(v))>V'

Integrating by parts we have, by definition of the Landes-time approximation,

Ly = /s — 5,.5,) [Tisk (Fon (00)— (T (o (0)), )], (T (Fr(0))), ),
+ [ € 0) Tess () = (B0, )], O (Fos(0)), 0)

/Q(l = 51,00) Lok (vn— (T (v)),,) (The(0) = (T (v) +/Tz+k o — 2v) zZptw(ly, b2, n1, n2).
Q

(5.27)
We decompose Ly into L1 = K1 + Ky + K3, where

K =— /Q (517711),5(1 - (I)51,52) [THK‘ (H—m(vn)_<Tk(H—m(U))>u)]ll (H—m(vn)_<Tk(H—m(v))>y)
Ky = / E1my (Ps,.6,) [Tosk (H—m(vn)—<Tk(H—m(U))>u)]zl (Hun(vn)—(Ti(Him(v))),)
/ E1ny (1 — s, 5,) Tz+k (Hun(vn)— (T3 (Hm (v ))>V)]l1)t (Hun(vn)—(Ti(Him(v)),) -



Then we check easily that

Kr = [ Tovs (0= (T00),) (7) (0= (T00), ) (D)ol Lo o, m),
Q

Ky = /Q ((1)61,52)15TK+/€ (Un_<Tk(v)>y) (vn_<Tk(v)>V) _H'u(ll’ la, 1, ma, m)

Next consider K3. Here we use the function 7 defined at (4.13). We set b = H,, (v,)— (T (Hpn(v)))
Hence from (4.12),

v

(s )0)o1) = D T 01t 1) = Teaa )0

ST TerD)((t 1) = Ton(B)8) = (Tesr O], )

Thus

(724 (o) =TI, )], ) (Fon )T (Frn@))),) < ([T (Fon o) (T (Fon (D), )], )

t

Then

K2 = [ €11 = 5,0 (ITeon (TN, ),

= / (gl,m)t(l - ¢51,52)[T€+k (Un_<Tk(v)>y)]ll - / gl,m ((1)51752)15[T€+k (vn_<Tk(v)>y)]ll
Q Q

4 / €10, (0)[ T4 (va— (T (0)),)]; (0)
Q
_ / Teer (0a(T) — (Ti(0)),(T)) — /Q (B51.60), T e (tn—(Ti(0)),)
Q
+ | Tk (uon — 2) +w(ly, l2, n1, n2).
/

We find by addition, since Ty, x(r) — Tp4x(r) = Toyr(r) for any r € R,

Ly z / Ttk (Vo — 20) + / Teii (vn(T) = (Th(v)),(T))
Q

Q

+/ ((I)51,52)t75+k (Un_<Tk‘(U)>u) +w(l17127n17n27m)' (5'28)
Q
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We deduce from (5.28), (5.27), (5.26),

_l’_

Ag > Q/j ug.n) /TM Ugm — 2) + /TM (uon — 2v) 2 (5.29)
/ / T (0n(T / (®51.5,); (Tosr (0 —(Te(0)),) — T(va)
Q

+ V/ (1 = @s,.60) ot (Vn—(Tk(v)),) (T (v)—(Tk(v)),) +w(li,l2, n1, N2, m).

O

Next we add (5.25) and (5.29). Note that J(vn(T)) — J(vn(T))vn(T) = —J(vn(T)), and also
T o4k (won — 20) — Tog (om — 20) (20 — won) = =Ttk (W0 — 2) . Then we find

At Ayt Ay 2 [ (Tluo) =T (o = 2)) + [ Ton (@nT) = (300, (1)) = Toa(1)))
Q Q

+ [ @), Ter (0a=(T(0)),) ~ T(wn)
Q

+ V/ ( (1)51 52)Tﬁ+k (Un <Tk( )>y) (Tk(v)_<Tk(v)>y) _H"J(ll’ l2’ ni, n2, m)

Notice that Ty (r—s) — J(r) = 0 for any 7,s € R such that |s| < k; thus

J
/ Tror (0n(T)~(T(0)), (T)) — T(0n(T)))
Q

v

0.

And {ug,} converges to ug in L*(Q2) and {v,,} converges to v in L'(Q) from Proposition 4.10. Thus
we obtain

A+ A+ A3 2 [ (J(wo) = Togr (uo — 2)) + fQ D5,.6,); (Tesr (V= (T (v)),) — J(v))

+v fQ (1 - (1)51752)Tf+k (v_<Tk(v)>y) (Tk(v)_<Tk(v)>y) _H"J(ll’ l2’ ni, n2,m, ’I’L)

Moreover Ty (r—s) (Ti(r) — s) 2 0 for any r, s € R such that |s| < k, hence

A+ Ay + Az 2 /Q (J(uo) = Toqr (w0 — ) + /Q (®5,.50); (Toqr (v—=(T(v)),) — J(v))

+w(l,l2,n1,n2, M, n).
As v — 00, {z,} converges to Ti(ug), a.e. in §2, thus we get

Ayt Ayt Ay > / (T(uo) — Tk (up — Th(uo))) + /Q (®5,.5,), (Tear (v — Ti(v)) -
Q

J(v))

+ w(l17127n17n27m7n7 V)'
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Finally |Toqp, (r—Tg(r)) — 7(r)| = 2k|r|x{jr|z¢y for any r € R, thus
Al + A2 + A3 2 w(lla l2, niy,no,m,n,v, f)

Combining all the estimates, we obtain Iy < w(ly,la,n1,n2,m,n, v, ¢, d1,02) which implies (5.8),
since Is does not depend on [q, 19,1, n9, m, £. [

Next we conclude the proof of Theorem 2.1:
Lemma 5.6 The function u is a R-solution of (1.1).

Proof. (i) First show that u satisfies (4.2). Here we proceed as in [49]. Let ¢ € X N L>®(Q)
such ¢ € X' + LYQ), o(.,T) = 0, and S € W?>(R), such that S’ has compact support on R,
S(0) = 0. Let M > 0 such that suppS’ C [~M, M]. Taking successively (¢, S) and (py5,S) as
test functions in (4.2) applied to u,, we can write

Ay + Ao+ Az + Ay = As + Ag + Az, Ass++ Ags+ +Ass+ = As s+ + Ags+ + A7 s+,

where

A = _/QSD(O)S(UO,n)’ Ay = —/QSDtS(Un)’ Azst = —/Q(gmﬁ;t)tS(vn),

A3:/ S (vp) Az, t, V).V, A3757i:/ S'(vn)A(ﬂ:,t,Vun).V(gowgt),
Q Q

A4:/ S" (vp)pA(z, t, Vuy, ).V, A4,5,i:/ S"(vn)gm,l)gtA(x,t,Vun).an,
Q Q
A= [ Swpdi. A= [ SCnedpng, Ar=— [ Son)eno

Asps = /Q S'(on)pts dAno,  Aggy = /Q S (vn)pvy dpno, Arss=— /Q S (vn) b5 din 0.

Since {uo,,} converges to ug in L*(Q), and {S(v,)} converges to S(v) strongly in X and weak* in
L>(Q), there holds, from (5.2),

A = —/@(O)S(uo) +w(n), Ay= —/QSDtS(U) + w(n), A2,5,wgc = w(n,9).
Q

Moreover Tys(vy,) converges to Thas(v), then Ths(vy,)+ hy, converges to Ty (v) 4+ h strongly in X, thus
Ay = [ 8(n) AtV (Tar () + ).V
Q
= / S' (v)A(z,t,V (Tas (v) + h)). Ve +w(n)
Q

:/QS’(U)A(m,t,Vu).th—i-w(n);

32



and
Ay = / S (o)A (£, 5 (Tag (vm) + hn))-V'Tt ()
Q
_ / S"(0)pA(z, £, (Tar (v) + 1)).VTas (v) + w(n)
Q
:/ S"(v)pA(x,t, Vu).Vv + w(n).
Q
In the same way, since wgt converges to 0 in X,
Ay = | S0V V0T (p05) + () = w(n, ),
Q
Agsse = / S" ()i A, t, Vu). Vo + w(n) = w(n,d).
Q
And {g,} converges strongly in (L*' (Q))V, thus
A5 = / S/(Un)@fn"i_/ S/(Un)gn-v@"i_/ S//(Un)wgn-VTM(Un)
Q Q Q
= [ SC)er+ [ SEaVet [ 8" 0hesTTh(0) +wn)
Q Q Q
:/ S’ (v)pdug + w(n).
Q

and A575¢:fQ S’(v)apwgcd)\/n:) +w(n) =w(n,d). Then Ags+ + A7s5+ = w(n,d). From (5.2) we
verify that A7 5 =w(n,d) and Ags_ = w(n,d). Moreover, from (5.6) and (5.2), we find

|As — Ago.+| = /Q | (vn)o| (1 = 5 )dpn,o = (1S llyy2.00 ) 21| Lo ) /Q (1 =5 )dpn = w(n, ).

Similarly we also have |A7 — A75_| < w(n,0). Hence Ag = w(n) and A7 = w(n). Therefore, we
finally obtain (4.2):

—/QD(O)S(UQ)—/QthS(U)—F/QS/(U)A(x,t,vu).VgD—F/QS”(U)QDA(x,t,VU).V’U :/QS'(v)godﬂB.

(5.30)

33



(ii) Next, we prove (4.3) and (4.4). We take ¢ € C(Q) and take ((1 — 5 )p,Hy,) as test
functions in (5.30), with H,, as in (4.14). We can write D1, + D2m = D3 + Dy + Ds 1, where

Dy = _g ((1 - wa_)ﬁﬂ)tH—m(U)a Da m, :@me(v)A(x,t, Vu).V ((1 - 7/15_)()0)7

Dy = [ Hu(v)(1 = ¥5 )¢diin,  Dam =7 [ (145 )pA(2,t,Vu). Vo, (5.31)

Q m<v<2m

D5 = —% f (1 =95 )pA(z,t, Vu)Vo.

—2m<v<-m

Taking the same test functions in (4.2) applied to uy, there holds DY, + D3, = D3 .+ D} ,,,+ D5 .,
where

Dy, = —g (1= ¥5)p) Hu(v,), Dy, :gHm(Un)A(x7ta Vun).V (1= 5)9) ,

Dg,m = me(vn)(l - w{)sﬁd()\/n:) + Pn,0 — nn,O)a DZm = % f (1 - T,Z)(;)QDA($,75, Vun).an,
Q

mZv<2m

Dy, =—1 [ (1—45)pAla,t, Vu,). Vo,

m
—2mZv,<—m

(5.32)
In (5.32), we go to the limit as m — co. Since {H,(vn)} converges to vy, and {Hp,(vn)} converges
to 1, a.e. in @, and {VH,,(v,)} converges to 0, weakly in (LP(Q))" , we obtain the relation
DY + D3 = D3 + D", where

Dp == [ (A=vi)e) o Di= [ AwtVu)¥ ((1-vp)e). Di= [ (- wp)eding
D = / (1= 5 )d(pnp — o) + / (1= 45 )0d((Pns — Tms) ™ — (Prs — 1e) ")
Q Q
- / (1= 05 )d(on — 1n).
Q

Clearly, D; , — D' = w(n,m) for i = 1,2,3. From Lemma (5.3) and (5.2)-(5.4), we obtain Ds ,, =
w(n,m,d), and

% s @A(z,t,Vu).Vv = w(n,m,o),
{m=v<2m}
thus,
Dy = = / pA(z,t,Vu).Vu + w(n,m,d).
m{m§v<2m}
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Since ‘fQ (L =95 )pdnn| = lloll e Jo (1 =5 )dnn, it follows that [, (1 — 45 )edn, = w(n,m, o)

from (5.4). And ‘fQ U5 pdpn| = (6l Lo Jo Y5 dpn, thus, from (5.2), [ (1 — 5 )edpn = [, edud +
w(n,m,d). Then D™ = fQ edut + w(n,m,d). Therefore by substraction, we get

1
— / wA(z,t,Vu).Vo :/ edp +w(n,m,9),
m Q
{m<v<2m}
hence )
lim — / gpA(x,t,Vu).Vv:/ edu?, (5.33)
m—oo M Q
{mSv<2m}

which proves (4.3) when ¢ € C2°(Q). Next assume only ¢ € C°°(Q). Then

limy, o0 % J pA(z,t,Vu).Vou
{mZv<2m}

= lim,;, 00 % / od Az, t, Vu) Vo + limy, o0 % / (1 — Az, t, Vu).Vo

{mSv<2m} {mZv<2m}

= Jo ety duf Flimy oo i [ @(1 =¥ )A(2,t,Vu).Vo = [ edpd + D,

{m=v<2m}
where,
D= / (1 —f)dut + nhn;()% / (1 — ) A(z, t, Vu).Vo = w(d).
{m=v<2m}
Therefore, (5.33) still holds for p € C*(Q), and we deduce (4.3) by density, and similarly, (4.4).
This completes the proof of Theorem 2.1. [

As a consequence of Theorem 2.1, we get the following:

Corollary 5.7 Let ug € LY(Q) and p € My(Q). Then there erists a R-solution u to the problem
1.1 with data (u,ug). Furthermore, if vg € LY(Q) and w € My(Q) such that ug < vy and p < w,
then one can find R-solution v to the problem 1.1 with data (w,vg) such that u < v.

In particular, if a = 0 in (1.2), then u satisfies (4.21) and ||Vl oo (o). 11 () = M with M =
[uoll1,0 + |KI(Q).

6 Equations with perturbation terms

Let A : Q x RV — RV satisfying (1.2), (1.3) with a = 0. Let G : Q@ x (0,7) x R ~ R be a
Caratheodory function. If U is a function defined in ) we define the function G(U) in Q by

GU)(x,t) = G(x,t,U(x,t)) for a.e. (z,t) € Q.

35



We consider the problem (1.5):
up — div(A(z,t, Vu)) + G(u) = p in Q,
u=0 in 0 x (0,7,
u(0) = ug in Q,

where pu € My(Q), ugp € L'(2). We say that u is a R-solution of problem (1.5) if G(u) € L*(Q)
and u is a R-solution of (1.1) with data (1 — G(u),up).

6.1 Subcritical type results

For proving Theorem 2.2, we begin by an integration Lemma:
Lemma 6.1 Let G satisfying (2.3). If a measurable function V in Q satisfies
meas {|V| = t} £ Mt™Pe, Vit =1,
for some M > 0, then for any L > 1,
/ G(v)) < pcM/ G(s) s~ Peds. (6.1)
L
{lvizL}
Proof. Indeed, setting G'1,(s) = X([1,00)(5)G(5), we have
G(|V|)ddt = / GL(V)dedt < / GL(VI(s))ds
Q 0
{lvizL}
where |V[* is and the rearrangement of |V, defined by
[V|*(s) = inf{a > 0 : meas {|V]| > a}) < s}, Vs 2 0.
From the assumption, we get |V|*(s) < sup ((Ms_l)pgl, 1). Thus, for any L > 1,
/ G(|V])dzdt = / Gr, (sup ((qu)p;l’ 1)> ds = pcM/ G (s) s~ Peds,
0 L
{lvizL}

which implies (6.1). [

Proof of Theorem 2.2. Proof of (i) Let pu = po + pus € Mp(Q), with ug € Mo(Q), us €
M,(Q), and ug € L'(). Then pug, ug can be decomposed as pug = (f1,91,h1), g = (f2, 92, h2)-
Let pin s € C°(Q), fin,s,i = 0, converging respectively to uf, u in the narrow topology. By Lemma

, N
3.1, we can find fy, ;, gn.i, hni € C°(Q) which strongly converge to fi, gi, h; in LY(Q), <Lp (Q)) and
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X respectively, 1= 172’ such that IU’E]F = (flaglyh1)7 lu’a = (f2592)h2)5 and Hn,0,i = (fn,iagn,ia hn,i)a
converging respectively to ,ug , o in the narrow topology. Furthermore, if we set

Pn = Pn,0,1 — Un,0,2 T tn,s,1 — tn,s,2;
then |, (@) < |u|(Q). Consider a sequence {ug,} C C°(€2) which strongly converges to ug in
LY(Q) and satisfies ||ug /1.0 < |Juol)1.0-
Let u,, be a solution of
(un)e — div(A(z,t, Vuy,)) + G(upn) = pn in Q,

U, =0 on 092 x (0,7T),
un(0) = uopn in Q.

We can choose ¢ = e~ 1TL(u,) as test function of above problem. Then we find

1T (u,, Az, t, VT (up)). VT (up Gz, t,un)e T (uy) = T () d i,
[ ETw),+ [ A VL 0) VT ) + [ 0ot Te) = [ T

Since

[ T, = [ T @s — [ Teunade 2 Ao,

Q
there holds

/Qg(:v,t,un)elTe(un) = [l (Q) + luomllpr o) = [1l(Q) + luoll1.0-

Letting ¢ — 0, we obtain

/Q Gt )] < 1l(@Q) + [l (6.2)

Next apply Proposition 4.8 and Remark 4.9 to u, with initial data ug, and measure data p, —
G(un) € LN(Q), we get

+N

meas {|un| Z s} < C(|ul(Q) + [Juollpr ) ™~ 577, Vs >0,¥neN,

for some C' = C(N,p,c1,c2). Since |G(x,t,up)| < G(|uy|), we deduce from (6.1) that {|G(uy)|} is
equi-integrable. Then, thanks to Proposition 4.10, up to a subsequence, {u,} converges to some
function u, a.e. in Q, and {G(u,)} converges to G(u) in L'(Q). Therefore, by Theorem 2.1, u is a
R-solution of (2.4).

Proof of (ii). Let {uy},>; be defined by induction as nonnegative R-solutions of

(ul)t - le(A(x’ t vul)) =p in Q’ (un+1)t - le(A(,I, t, vunJrl)) =H—= Ag(un) in Q’
up =0 on 09 x (0,7), Upt1 =0 on 02 x (0,7),
U1(0) = Uo in Q, unJrl(O) = Uo in Q,
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Thanks to Corollary 5.7 we can assume that {u,} is nondecreasing and satisfies for any s > 0 and
neN
meas {|u,| = s} < C1K,s™ e, (6.3)

where C] does not depend on s,n, and

Ky = (Juollo + (@)~
Kns1 = (uollia + 11(Q) + NG (un)1.0) ¥,

for any n = 1.Take ¢ = A + |u|[(@) + [|uol|r1 (@) = 1. Denoting by C; some constants independent
on n, e, there holds Ky < Cse, and for n > 1,

< 5
K1 = Cse(l|G(un)lly o" + 1)

From (6.1) and (6.3), we find

1G(un)llzr(q) = 1Q1G(2) + / G(lun|)dzdt < 1Q|G(2) + CiK, /2 G (s) s~ Peds.

{un|22}]

P
Thus, Kp41 < C5€(K711+N +1). Therefore, if € is small enough, { K, } is bounded. Then, again from

(6.1) and the relation |G(z,t,u,)| < G(|uy|) we verify that {G(u,)} converges. Then by Theorem
2.1, up to a subsequence, {u,} converges to a R-solution u of (2.5). |

6.2 General case with absorption terms

In the sequel we assume that A : Q x RY — RY does not depend on t. We recall a result obtained
in [53],[17] in the elliptic case:

Theorem 6.2 Let Q be a bounded domain of RN . LetA : QxRN —— RN satisfying (1.6),(1.7). Then
there exists a constant k depending on N,p, c3,cy such that, if w € My(Q) and u is a R-solution of
problem

—div(A(z,Vu)) =w in €,
u =0 on 051,

there holds _ .
—RWiBam [, 7] < gy < gWEdamQ ], (6.4)

Next we give a general result in case of absorption terms:

Theorem 6.3 Letp < N , A: Q x RN —— RY satisfying (1.6),(1.7), and G : Q x R — R be a
Caratheodory function such that the map s — G(z,t,s) is nondecreasing and odd, for a.e. (z,t) in

Q.
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Let p1, po € M (Q) such that there existw, € M; (Q) and nondecreasing sequences {p1.n} , {f2,n}
n MZF(Q) with compact support in Q, converging to pi, pa, respectively in the narrow topology,
and

diam (2
sz S wn @ Xy G((n+ kWY W) € LYQ),

where the constant c is given at Theorem 6.2. Let ug € L' (), and p = py — po. Then there exists
a R-solution u of problem (1.5).

Moreover if ug € L®(Q), and w, < v for any n € N, for some v € M; (Q), then a.e. in Q,
[u(z, )] = KWEG (@) + [Juo| |, (6.5)
For proving this result, we need two Lemmas:

Lemma 6.4 Let G satisfy the assumptions of Theorem 6.3 and G € L*°(Q x R). Fori = 1,2, let
up,; € L>°(§2) be nonnegative, and X\j = X\jo+Ni s € M;(Q) with compact support in Q, v € M;(Q)
with compact support in 2 such that A\; = v ® X1y Let Xio = (fi,9i,hi) be a decomposition of
A0 into functions with compact support in Q. Then, there exist R-solutions u,u1,us, to problems

up—div(A(z, Vu))+G(u) = A=Ay in Q, u=0 ondQx(0,T), u(0) = up,1 —uoz2, (6.6)
(ui)e — div(A(x, Vu;)) + G(u;) = N in Q, u; =0 on 0Q x (0,7T), u;(0) = up4, (6.7)

relative to decompositions (fin— fon—G(Un)s 91,0 — 92.n, Pin —hon), (fin—GUin), Gin, hin), such
that a.e. in @,

~[uoalloc. = kWG (2) € —uz(2,1) < ulz,t) < wi(z,t) € KWIGTy(2) +[Juo,1 ||, (6.8)

/\g IS Y (@ + lwilloey), and [ Gw) SX(@ + Il T=12 (69
1=1,2

Furthermore, assume that H, K have the same properties as G, and H(z,t,s) < G(x,t,8) < K(z,t, )

for any s € (0,+00) and a.e. in Q. Then, one can find solutions u;(H),u;(K), corresponding to
H, K with data A;, such that u;(H) = u; = u;(K), i =1,2.

Assume that w;,0; have the same properties as N\; and w; < N, < 0;, up;1,u042 € LH(Q),
u0,i2 S uo; S ug41. Then one can find solutions u;(w;), ui(0;), corresponding to (wj, uo;2), (8i,10,.1),
such that ui(wi, uOmg) § Uq § uZ(HZ, ’LL07Z'71).

Proof. Let {¢1,},{p2n} be sequences of mollifiers in R and RY and ¢, = ©1nP2,n. Set
Yn = P2, * 7, and for i = 1,2, ug;n = P25 * Uo,,

)\i,n = Pn * i = fz’,n - div(gi,n) + (hi,n)t + Ai,s,n,
where fz’,n = on * fi, Gi;n = Pn * Gi, hz’,n = @y * h;, Az’,s,n = Pn * >\i,3a and

)\n - )\1,n - )\Z,n - fn - div(gn) + (hn)t + )\s,na
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where f, = fl,n - f2,na In = Jin — 92,n; hp = hl,n - h2,na >\s,n = >\1,s,n - )\2,s,n- Then for n
large enough, Ai ., A2n, An € C(Q), 7 € C°(2). Thus there exist unique solutions uy,, u; n, Vi n,
i = 1,2, of problems

(up)r—div(A(z, Vuy))+G(un) = A=A InQ, u, =0 ondx(0,7), u,(0)=wup1n—uo2, inf,

(wim)e—div(A(z, Vu;n))+G(uin) = Nin in Q, uin =0 on 00Qx(0,T), Uin(0) =ug;n in Q,
—div(A(z, Vwy,)) = v, in Q, wy, =0 on 09,
such that

—luo2lloo,0 = wn(2) = —ugn(@,t) < un(2,t) = urn(2,t) = wa(z) + [[uo1llco,0r  a.e. in Q.

Moreover, as in the Proof of Theorem 2.2, (i), there holds

/Q Gun) £ Y

i=1,2

(AZ(Q) + ||u0,i,n||1,§l) , and /Qg(uzm) § )\Z(Q) + ||u0,i,n||1,ﬂa 1=1,2.

By Proposition 4.10, up to a common subsequence, {uy, U1 5, U2, } converge to some (u, ui,us), a.e.
in Q. Since G is bounded, in particular, {G(u,,)} converges to G(u) and {G(u; )} converges to G(u;)
in L1(Q). Thus, (6.9) is satisfied. Morover {\;, — G(uin), fin — G(Win), Gins Pin, Nisns U0,in}
and {A, — G(un), fn — G(un), gn, hn, Ao, U0, 1.m — Uo2.n} are approximations of (A, — G(w;), fi —
G(ui), gis hi, Nis, o) and (A — G(u), f — G(u),g,h, As,u01 — ug2), in the sense of Theorem 2.1.
Thus, we can find (different) subsequences converging a.e. to u,u;,us, R-solutions of (6.6) and
(6.7). Furthermore, from [47, Corollary 3.4], up to a subsequence, {w,} converges a.e. in @ to a
R-solution

—div(A(z, Vw)) =~ in Q, w=0 on 0,

such that w < cW%i}amQ'y a.e. in Q. Hence, we get the inequality (6.8). The other conclusions
follow in the same way. [

Lemma 6.5 Let G satisfy the assumptions of Theorem 6.3. For i = 1,2, let up; € L*™(2) be
nonnegative, \; € M; (Q) with compact support in Q, and v € M (Q) with compact support in Q,
such that

NEv@xor,  (Iluoillen + kW@ )) € L1(Q), (6.10)

Then, there exist R-solutions u,uy,us of the problems (6.6) and (6.7), respectively relative to the
decompositions (f1 — fo — G(u), g1 — g2, 1 — ha), (fi = G(wi), gi, hi), satifying (6.8) and (6.9).

Moreover, assume that w;,0; have the same properties as \j and w; < Nj < 0;, ugi1,u0i2 €
Lo (Q), w2 < uoi < ugy1. Then, one can find solutions u;(w;, uo42), ui(0i,u041), corresponding
with (wi, UO’Z‘,Q), (92, u07¢71), S’LLCh, that ui(wi, UO,Z‘,Q) é U; é uZ(HZ, uO7i71).
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Proof. From Lemma 6.4 there exist R-solutions u,, u;, to problems

(un)e=div(A(z, Vun))+T0(G(un)) = Ai=A2 in Q,  u, =0 ond0x(0,T),  un(0) = uo1—uo2

(win)e—div(A(z, Vuin))+ 15 (G(uipn)) =N in Q, uin =0 on 00Qx(0,T), u;in(0) = uo,
relative to the decompositions (f1 — fo — T (G(un), 1 — 92, h1 — h2), (fi — T0(G(win), gi, hi); and
they satisfy

—||uo,2||00,0 — W2dlamQ Y(z) £ —ugn(z,t) S up(x,t)

< upn(2,t) < kWG (@) + [Juo ||, (6.11)

/|T ()| £ 3 Q) + [uosl10), and /QTn<g<u@-,n>>§A< )+ ol

i=1,2

As in Lemma 6.4, up to a common subsequence, {uy, U1, u2,n} converges a.e. in @ to {u,u;,us}
for which (6.8) is satisfied a.e. in Q. From (6.10), (6.11) and the dominated convergence Theorem,
we deduce that {T,,(G(u,))} converges to G(u) and {T,(G(u;n))} converges to G(u;) in L(Q).
Thus, from Theorem 2.1, u and wu; are respective R-solutions of (6.6) and (6.7) relative to the
decompositions (f1 — fa — G(u), g1 — g2, h1 — ha), (fi — G(w;), gi, hi), and (6.8) and (6.9 hold. The
last statement follows from the same assertion in Lemma 6.4. |

Proof of Theorem 6.3. By Proposition 3.2, for i = 1,2, there exist f;,, fi € LY(Q), gin, i €
(LPI(Q))N and N, hi € X, fin.s, tis € MT(Q) such that

pi = fi —divg; + (h)e + i Wi = fin — div gin + (hin)e + tin,s:

and {fin},{9in},{hin} strongly converge to f;, g;,h; in LYQ), (LPI(Q))N and X respectively,
and {fin}, {fin,s} converge to w;, i s (strongly) in My(Q), and

finlln@ + lginllp.@ + 1hinllx + pins(2) = 21(Q).

By Lemma 6.5, there exist R-solutions u,,, u;, to problems
(up)r — div(A(x, Vuy)) + G(up) = g1 — p2n  in Q, U, =0 on 9N x (0,T), up(0)="T,(up)
(win)t — div(A(z, Vuipn)) + G(uin) = tin in Q, ui=0 ondQx(0,T), wuin(0)= Tn(ug),

for i = 1,2, relative to the decompositions (f1, — forn — G(un), g1.n — 92,0 P10 — hon), (fin —
G(uin), Gin, hin), such that {u;,} is nonnegative and nondecreasing, and —us,, < up < uj,,; and

/\gun S m(Q) + p2(Q) + l[uollre, and /Qum S wi(Q) + luollne, i=1,2. (6.14)

As in the proof of Lemma 6.5, up to a common subsequence {uy,u1y,u2,} converge a.e. in Q
to {u,u1,u2}. Since {G(u;n)} is nondecreasing, and nonnegative, from the monotone convergence
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Theorem and (6.14), we obtain that {G(u;,)} converges to G(u;) in L*(Q), i = 1,2. Finally,
{G(un)} converges to G(u) in L1(Q), since |G(un)| < G(u1,n) + G(uan). Thus, we can see that

{Ml,n — H2n — g(un), fl,n - f2,n - g(un),gl,n — 92.n; hl,n - h2,n, H1,s,m — H2,sm5 Tn(ua—) - Tn(ua)}

is an approximation of (p1 — p2 — G(u), f1 — fo — G(u), g1 — g2, h1 — ha, 11,5 — pi2.s, Uo), in the sense
of Theorem 2.1; and

{,Ui,n - g(ui,n)a fi,n - g(ui,n), Gin, hi,n, Hi s s Tn(UB‘L)}
is an approximation of (u; — G(u;), fi — G(wi), gi, hi, pi,s uac) Therefore, u is a R-solution of (1.5),
and (6.5) holds if uy € L>(2) and w,, < 7 for any n € N and some v € M; (). ]
As a consequence we prove Theorem 2.3. We use the following result of [17]:

Proposition 6.6 ( see [17]) Letq>p—1, a € <0, W), r>0and v € MJ(Q). If v does

not charge the sets of C,,, ++—capacity zero, there exists a nondecreasing sequence {vy,} C .M;,L(Q)
Tq+1-p

with compact support in 0 which converges to v strongly in My(S2) and such that Wy, [v,] €
LARN), for any n € N.

Proof of Theorem 2.3. Let f € LY(Q), ug € L' (), and p € M,(Q) such that |u| S w® F,
where F' € L*((0,7)) and w does not charge the sets of C, = -capacity zero. From Proposition
’q+1-p

6.6, there exists a nondecreasing sequence {w,} C M;(Q) with compact support in € which
converges to w, strongly in M(£2), such that W%%amﬂ [wn] € LIRY). We can write
fru=m—p, m=fT+u",  m=f4p, (6.15)

and ut, u” S w® F. We set

Qu={(r) €0x (. T— ) dw,00) >}, F=Tulxip nF),  (616)

n

pin = Tn(xo, f1) +inf{p" w, ® F,}, pon = Tn(xo,f7) +inf{p ", w, ® F,}. (6.17)
Then {p1n},{p2n} are nondecreasing sequences with compact support in @, and fi1 5, 2.5
Wn ® X(0,7), With @, = n(xq +wy) and (n + /@W%%“mﬂ [wn])? € LY(Q). Besides, w, ® F,, converges
to w ® F strongly in M;(Q) : indeed we easily check that

[IA

llwn ® Fry —w @ Fl sy Q) = |1Fnllnr o, llwn — wllamy @) + lwllag @ 1 — Flloo,m)
Observe that for any measures v, 0,17 € My(Q), there holds
linf{v, 0} — inf{v,n}| <16 —n|,

hence {1}, {p2n} converge to i, po respectively in M;(Q). Therefore, the result follows from
Theorem 6.3. u
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Remark 6.7 Our result improves the existence results of [50], where p € My(Q). Indeed, let
pe = N(p—1)/(N — p) be the critical exponent for the elliptic problem

—Apw A+ w T w=w inQ, w=0 ondN.

Notice that p. < pe, since p > p1. If ¢ 2 pe, there exist measures w € M;(Q) which do not
charge the sets of C,, 4 -capacity zero, such that w ¢ Mg (Q). Then for any F' € L'((0,7)),
’q+1-p

F20,F #0, we have w® F & My(Q).

Remark 6.8 Let A: QxRN —— RY satisfying (1.6),(1.7). Let G : Q x R — R be a Caratheodory
function such that the map s — G(x,t,s) is nondecreasing and odd, for a.e. (z,t) in Q. Assume

that w € Mg (). Thus, we have w({z : Wiiiam(ﬂ) [w](z) = o0}) = 0. As in the proof of Theorem
2.8 with wy, = Xyydiame |, <,w, we get that (1.5) has a R-solution.
5P =

Remark 6.9 As in [17], from Theorem 6.3, we can extend Theorem 2.3 given for G(u) = |u|? " u,
to the case of a function G(x,t,.), odd for a.e. (z,t) € Q, such that

Gt )] < G(lul), /OO G(s)s~\ds < oo,
1

where G is a nondecreasing continuous, under the condition that w does not charge the sets of zero

s 1-capacity, where for any Borel set E C RY,
7q7p b

. 41
(B) = mf{H(pHL#IJ(RN) o e Lt (RY), G, > xp)

q
Prg—p+1°
where LQ*ZH’I(RN) is the Lorentz space of order (¢/(q —p+1),1).

In case G is of exponential type, we introduce the notion of maximal fractional operator, defined
for any n >0, R > 0, 29 € RY by

MZ,R[W](xo): sup M

) where h,(t) = inf((—Int)™", (In2)™7)).
s S (1) = inf((~ 10 1), (1n2)™7))

We obtain the following;:

Theorem 6.10 Let A : Q x RY —— RY satisfying (1.6),(1.7). Let p < N and 7 > 0,3 > 1,4 €
My(Q) and ug € LH(2). Assume that |u| £ w@F, withw € My (), F € LY((0,T)) be nonnegative.
Assume that one of the following assumptions is satisfied:

() [|Fl| oo ((0,7) = 1 and for some My = Mo(N,p, 3,7, c3, cs, diamS2),

p—1

M.~ [w]ll o mvy < Mo, (6.18)

p,2diamg

p—1

(1) there exists By > B such that Mglmmfz [w] € L>®(RYN).
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Then there exists a R-solution to the problem

up — div(A(z, Vu)) + (eTWﬁ — 1)signu = F + in Q,
u=0 on 99 x (0,7,
u(0) = wug in .

For the proof we use the following result of [17]:

Proposition 6.11 (see [17], Theorem 2.4) Suppose 1 < p < N. Let v € M;(Q), 8> 1, and
S0 = ((128)"1)PpIn2. There exists C = C (N, p, 3, diam®Q) such that, for any & € (0,d),

2diam)
@ " = AT
‘ ’Mp,QdiamQ [V] ’ ‘zoo (RN)

Proof of Theorem 6.10. Let @, be defined at (6.16), and w,, = wxq,,, where Q,, = {z € Q:
d(z,09Q) > 1/n}. We still consider pu1, 1o, Fn, 11,0, pl2,n as in (6.15), (6.17).
Case 1: Assume that [|F|[re (o)) = 1 and (6.18) holds. We have pi pn, p2n = nxo + w. For any
e > 0, there exists ¢. = c.(e, N, p, 8, k,diam€) > 0 such that

i Pp .
(n+ KWIE™ g + @)’ < conp T + (1+ )i (WG w])?
a.e. in Q. Thus,
: 5 .
exp (T(n + “W%f;amﬂ[nXQ + W])ﬁ> < exp (Tcgm’_—’&) exp <7’(1 + 6)/@5(W%$amﬂ [w])ﬁ)

If (6.18) holds with My = (50/7%5)(1)_1)/6 then we can chose € such that

p—1 B

71+ )8 M, g M1 gy <

p,2diamg

From Proposition 6.11, we get exp(7(1 + 6)/@5W%$amﬂ[w])ﬁ) € LY(9), which implies exp(7(n +
#P W%ijamg [nxa + w])?) € L}(Q) for all n. We conclude from Theorem 6.3.

Case 2: Assume that there exists € > 0 such that Ml()p ;dz{é%ﬁ)l[w] € L*>®(RY). Now we use the

inequality fi1 5, 2. < n(xq + w). For any € > 0 and n € N there exists ¢, ,, > 0 such that
(n+ KWL (g + W)]) < e + (WL

Thus, from Proposition 6.11 we get exp(7(n + RBW%ﬁamQ[n(XQ + w)))?) € LY(Q) for all n. We
conclude from Theorem 6.3. ]

44



6.3 Equations with source term

As a consequence of Theorem 6.3, we get a first result for problem (1.1):

Corollary 6.12 Let A : Q x RY —— R satisfying (1.6)(1.7). Let ug € L¥(Q), and p € My(Q)
such that |p| £ w® x (0,1 for some w € M (Q). Then there exist a R-solution u of (1.1), such that

fu(z,t)] £ kWIS P w)(@) + [Juolleg,  forace. (z,1) € Q, (6.19)

where K is defined at Theorem 6.2.

Proof. Let {¢,} be a nonnegative, nondecreasing sequence in C2°(()) which converges to 1,
a.e. in Q. Since {¢,u™}, {¢dnp } are nondecreasing sequences, the result follows from Theorem 6.3.
[ |

Our proof of Theorem 2.4 is based on a property of Walf potentials:

Theorem 6.13 (see [53]) Let g >p—1,0<p < N, w € M} (Q). If for some A > 0,
wE)SAC _a (E) for any compact set E C RY, (6.20)

Prp—q+1

then (W%i}amﬂ[u}])q € LY(), and there exists M = M(N, p,q,diam(Q)) such that, a.e. in €,
2diam§? 2diam§2 7 < q_,—pf% 2diamS2
Wi [wl,p [w]] < MAGD? W2lamQ) o o (6.21)
We deduce the following:

Lemma 6.14 Let w € M (), and b = 0 and K > 0. Suppose that {un,},,>1 is a sequence of
nonnegative functions in  that satisfies

up < KW%fgamQ[w] +0b, Uil S KW%fEamQ [ul, +w]+b Ym = 1.

Assume that w satisfies (6.20) for some XA > 0. Then there exist A\g and by, depending on N,p,q, K,
and diam{, such that, if A < Ao and b < by, then W%i}amﬂ (1] € LYQ) and for any m =1,

. 2
U < 28, KW 2] 25§, = max(1,37°1), (6.22)
Proof. Clearly, (6.22) holds for m = 1. Now, assume that it holds at the order m. Then
ug, £ 2971(26,) T KI(WEG* [w])? + 2971 (2b)°
Using (6.21) we get
1 < KW (2071 (28 J (WS Q]) 4 2971 (26)7 + ] + b

< Bk (AW (Wm0 1)) 7]+ WD [(20)7] 4 W OL]) 4

Lp
g=p+1 . |
< BpK (ALMAG=D? + WG] + 6, K W™ [(20)7] + b
g=p+1 .
= By (ALMAG=D? + 1) WG] 4 Asbo T +b,
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where M is as in (6.21) and Ay = (2971(23,)1K1) 1/(p71), Ay = ﬁp[(2q/(p*1)‘Bl]1/(17*1)(p/)*1(2diamQ)p/.
Thus, (6.22) holds for m = n + 1 if we prove that

g—p+1 q
A MNG-1% < 1 and Asbr—1 < b,
which is equivalent to
(=12 __p=1_
A< (A M) a»+ and b < A, TP
Therefore, we obtain the result with \g = (AlM)*(Pfl)Q/(q*PH) and by = A;(P—l)/(q—erl). .

Proof of Theorem 2.4. From Corollary 5.7 and 6.12, we can construct a sequence of nonneg-
ative nondecreasing R-solutions {u, },,>1 defined in the following way: u; is a R-solution of (1.1),
and u,,+1 18 a nonnegative R-solution of

(um1)t — div(A(z, Vigy1)) = uh + p in Q,
Umt1 =0 on 90 x (0,7T),
um+1(0) = Ugp in €.

Setting U, = sup;e (o, 7y um(t) for all m = 1, there holds

T < AW+ luolloog, T S AWML, +0) + [fuglben V2 1.

From Lemma 6.14, we can find A\g = \o(N, p, ¢,diam€)) and by = by(N, p, q, diam ) such that if
(2.7) is satisfied with A\g and by, then

U, S Uy < 28, kWD) + 2|ty YV 2 1. (6.23)

Thus {u,,} converges a.e. in @ and in L'(Q) to some function u, for which (2.9) is satisfied in Q
with ¢ = 28,k. Finally, one can apply Theorem 2.1 to the sequence of measures {uf, + u}, and
obtain that u is a R-solution of (2.8). |

Next we consider the exponential case.

Theorem 6.15 Let A : Q x RY —— RV satisfying (1.6),(1.7). Let 7 > 0,1 € N and 8 = 1 such
that I3 >p—1. Set

E(s) =¢€® — Z i Vs € R. (6.24)

Let i € .MBL(Q), w € MZF(Q) such that p1 < X0,y ® w. Then, there exist by and My depending on
N,p, B, 7,1l and diam$2, such that if

(P*l)ﬁ(ﬁfl)

the problem
ug — div(A(z, Vu)) = E(Tul) + p in Q,
u=0 on 99 x (0,7, (6.25)
u(0) = ug in Q
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admits nonnegative R- solution w, which satisfies, a.e. in Q, for some ¢, depending on N,p,cs,cy
u(z,t) = cW%ijamQ [w](x) 4 2bo. (6.26)

For the proof we first recall an approximation property, which is a consequence of [47, Theorem
2.5]:

Theorem 6.16 Let 7 >0,b=20, K >0, € N and 8 2 1 such that I3 >p—1. Let £ be defined
by (6.24). Let {vy,} be a sequence of nonnegative functions in Q such that, for some K > 0,

v1 £ KW@ 4 p 0y £ KWISQg(ryl ) + ) +b, Ym 2 1.

Then, there exist by and My, depending on N,p, 3, 7,1, K and diam$Q such that if b < by and
(=1)(5-1)
IM,, sdiame [lloo rv = Mo, (6.27)

2
then, setting c, = 2max(1,2p_—117),

exp(r(K ey W22 ) 1 9p0)7) e L1(9),

U S chWﬁ%iamQ (] + 2by, VYm = 1. (6.28)
Proof of Theorem 6.15. From Corollary 5.7 and 6.12 we can construct a sequence of non-

negative nondecreasing R-solutions {u,},,>; defined in the following way: u; is a R-solution of
problem (1.1), and by induction, w,,+1 is a R-solution of

(1)t — div(A(z, V1)) = E(Tugb) + 1 in Q,
Ums1 =0 on 09 x (0,7),
Um+1(0) = ug in Q.

And, setting Up, = supe(o,1) U (1), there holds
up < nWﬁ‘},iamQ[w] + ||uol| 00,0, U1 S nWﬁ%iamQ[E(Tﬂfn) + w] + [|uo]|o,0s Vm = 1.

Thus, from Theorem 6.16, there exist by € (0,1] and My > 0 depending on N,p, 53, 7,1 and diam(2
such that, if (6.27) holds, then (6.28) is satisfied with v, = W,,. As a consequence, U, is well
defined. Thus, {u;,} converges a.e. in @ to some function u, for which (6.26) is satisfied in .

Furthermore, {5 (Tu,ﬁn)} converges to £(tu?) in L'(Q). Finally, one can apply Theorem 2.1 to the

sequence of measures {E (rud) + u} , and obtain that u is a R-solution of (6.25). |
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7 Appendix

Proof of Lemma 4.7. Let J be defined by (4.11). Let ¢ € C1([0,7T)) with values in [0, 1], such
that ¢; £ 0, and ¢ = (£[j(S(v))];. Clearly, ¢ € X N L>°(Q); we choose the pair of functions (¢, S)
as test function in (4.2). Thanks to convergence properties of Steklov time-averages, we easily will
obtain (4.15) if we prove that

i (- /Q (CEL(S(0))]),Sw)) = — /Q £.J(S(v)

We can write — fQ (C&LH(S()]),S(w) = F + G, with

Fe- /Q (CENLISW)],S W), / ceS(w (.t +1) — (S(0)) (1)) .

Using (4.12) and integrating by parts we have

Gz / e7 (2, + =T (S@))(x,1))

/%t :/ N+ [ co (0

> | TS,
since J(S(v)) = 0. Hence,
—/ (€L (Sw)]pS(v) 2/(C£)t[j(5(v))]l+F=/ (€€): ([T (S())]; = [J(S(w))];S(v))
Q Q

Otherwise, 7(S(v)) and J(S(v) € C((0,T]; L (), thus {(CE) ((T(Sw)]; — [/(S)],S(u))} con-
verges to —(C&);J(S(u)) in LY(Q) as | — 0. Therefore,

im (- [ (G0N, S(0) 2 I - / (co (st )

1—0,(—1 c—1

2 (- / CeI(50)) = - [ s

which achieves the proof. ]
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