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Stability and instability for subsonic
travelling waves of the Nonlinear Schrodinger Equation
in dimension one

D. Chiron*

Abstract

We study the stability /instability of the subsonic travelling waves of the Nonlinear Schrodinger Equa-
tion in dimension one. Our aim is to propose several methods for showing instability (use of the Grillakis-
Shatah-Strauss theory, proof of existence of an unstable eigenvalue via an Evans function) or stability.
For the later, we show how to construct in a systematic way a Liapounov functional for which the trav-
elling wave is a local minimizer. These approaches allow to give a complete stability/instability analysis
in the energy space including the critical case of the kink solution. We also treat the case of a cusp in
the energy-momentum diagram.

Key-words: travelling wave, Nonlinear Schrédinger Equation, Gross-Pitaevskii Equation, stability, Evans
function, Liapounov functional.

MSC (2010): 35B35, 35C07, 35J20, 35Q40, 35Q55.

1 Introduction

This paper is a continuation of our previous work [16], where we consider the one dimensional Nonlinear

Schrédinger Equation

i%—f+8§\1/+\1/f(|\1!|2) =0. (NLS)

This equation appears as a relevant model in condensed matter physics: Bose-Einstein condensation and
superfluidity (see [60], [32], [37], [1]); Nonlinear Optics (see, for instance, the survey [44]). Several nonlineari-
ties may be encountered in physical situations: f(g) = £ gives rise to the focusing/defocusing cubic (NLS);
f(0) = 1—p to the so called Gross-Pitaevskii equation; f(0) = —0? (see [46] for Bose-Einstein condensates);
more generally a pure power; the “cubic-quintic” (NLS) (see [4]), where

flo) = —aq1 + g0 — as 0

and a1, ag and as are positive constants such that f has two positive roots; and in Nonlinear Optics, we
may take (see [44]):

y y _ o 1 1 _ 0° — 0%
f(0) = —a0” — Bo*, f(g)——;((lhlo)y—(l%)y), 7(e) = —ag(1+ytanh(E—2)), (1)

where «, 8, 7, v, 0 > 0 are given constants (the second one, for instance, takes into account saturation
effects), etc. As a consequence, as in our work [16], we shall consider a rather general nonlinearity f, with
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f of class C2. In the context of Bose-Einstein condensation or Nonlinear Optics, the natural condition at
infinity appears to be
|W|? — rl as |z| = +oo,

where 7o > 0 is such that f(r3) = 0.

For solutions ¥ of (NLS) which do not vanish, we may use the Madelung transform
U = Aexp(id)

and rewrite (NLS) as an hydrodynamical system with an additional quantum pressure

A + 20,00, A + AD>¢p =0 Bp + 20, (pu) =0
924 o 2y P
D0 + (0,0)% — f(A?) — —e =0 Oru + 2udyu — 0 (f(p)) — ax( N ) =0,

with (p,u) = (A2,0,¢). When neglecting the quantum pressure and linearizing this Euler system around
the particular trivial solution ¥ = rq (or (A, u) = (r9,0)), we obtain the free wave equation

8t/i + ToaxU =0

U — 2rof'(r2)0, A =0
with associated speed of sound

¢ =1/—2r¢f'(r3) >0

provided f satisfies the defocusing assumption f’(r3) < 0 (that is the Euler system is hyperbolic in the
region p ~ r2), which we will assume throughout the paper. Concerning the rigorous justification of the free
wave regime for the Gross-Pitaevkii equation (in arbitrary dimension), see [9]. The speed of sound ¢, enters
in a crucial way in the question of existence of travelling waves for (NLS) with modulus tending to ro at
infinity (see, e.g., [16]).

The Nonlinear Schrédinger equation formally preserves the energy

E) = / 0,07 + F(0?) da,

2

5
where F'(p) = / f. Since F(p) ~ C—SQ(Q— r2)? ~
e 875

(Vo — ro)2 when ¢ — rZ, it follows that the natural

[\ ‘fnﬁl\')

energy space turns out to be the space

z2={v e L*®), & € L’(R), [¢] 1o € L’(R) | C (R, ),
endowed with the distance

A2($,0) = 100 = 0uil2ey + 1161 = 16 I2cey + [0(0) = 9(0)|

The Cauchy problem has been shown to be locally well posed in the Zhidkov space {1 € L®(R), 0% €
L?(R)} by P. Zhidkov [69] (see also the work by C. Gallo [24]). For global well-posedness results, see [25]
and [29]. More precisely, the local well-posedness we shall use is the following.

Theorem 1 ([69], [24]) Let U™ € Z. Then, there exists T, > 0 and a unique solution ¥ to (NLS) such
that U,_o = W™ and ¥ — U™ € C([0,T), H'(R)). Moreover, E(¥(t)) does not depend on t.



The other quantity formally conserved by the Schrodinger flow, due to the invariance by translation, is
the momentum. The momentum is not easy to define in dimension one for maps that vanish somewhere
(see [10], [11]). However, if ¢ does not vanish, we may lift 1) = Ae’®, and then the correct definition of the
momentum is given by [45]:

Py = [l (1- 25 o= [ (42 .6 an

where (-|-) denotes the real scalar product in C. We define

Zny ={ve Z,i%f [v] > 0},

which is the open subset of Z in which we have lifting and where the hydrodynamical formulation (2) of
(NLS) is possible through the Madelung transform. It turns out that if the initial datum belongs to Zi,,
the solution of (NLS) provided by Theorem 1 remains in 2y for small times, and that the momentum is
indeed conserved on this time interval (see [24]).

1.1 The travelling waves and energy-momentum diagrams
The travelling waves with speed of propagation ¢ are special solutions of (NLS) of the form
U(t,z) =U(x — ct).
The profile U has then to solve the ODE
Q2U +UF(|U?) = ico,U (TW,)

together with the condition |U(z)| — ro as & — £oo. These particular solutions play an important role
in the long time dynamics of (NLS) with nonzero condition at infinity. Possibly conjugating (TW,), we
see that we may assume that ¢ > 0 without loss of generality. Moreover, we shall restrict ourselves to
travelling waves which belong to the energy space Z (so that |U| — ro at 200 by Sobolev embedding
HY(R) — Co(R,C) = {h € C(R,C), limy h = 0}). For travelling waves U. € Z that do not vanish in R,
hence that may be lifted U, = A.e*?c, the ODE (TW.) can be transformed (see, e.g., [16]) into the system

¢ Me
2 nCJrrg’

0P = 283277c +Vi(ne) =0, with e = A? — r%,

and where the function V. is related to f by the formula
Ve(€) = €% — 4(r§ + E)F (r§ + ).

To a nontrivial travelling wave U, is associated (see [16]) some &. > —r2 such that V.(£.) = 0 # V.(£.) and
V. is negative between &, and —rg, and 7. varies between 0 and &, that is there holds {infg |U.|,supg |U.|} =
{ro,\/r¢ + &.}. Moreover, the only travelling wave solution (if it exists) that vanishes somewhere is for ¢ = 0
and is called the kink: it is an odd solution (up to a space translation) and then &, = 0.

We have also seen in [16] that any travelling wave in Z with speed ¢ > ¢ is constant; and also that any
nonconstant travelling wave in Z of speed ¢, € (0, ¢s) belongs to a unique (up to the natural invariances:

phase factor and translation) local branch ¢ +— U, defined for ¢ close to c,.

In [16], we have investigated the qualitative behaviours of the travelling waves for (NLS) with nonzero
condition at infinity for a general nonlinearity f. A particular attention has been payed in [16] to the tran-
sonic limit, where we have an asymptotic behaviour governed by the Korteweg-de Vries or the generalized
Korteweg-de Vries equation. In order to illustrate the very different situations we may encounter when we
allow a general nonlinearity f, we give now some energy-momentum diagrams we have obtained (one is taken



from the appendix in [17], where we have performed numerical simulations in dimension two for the model
cases we have studied in [16]).

e The Gross-Pitaevskii nonlinearity: f(9) =1 — o (see figure 1).

E

>0

. c 7C=>Cg P

Figure 1: (a) Energy (dashed curve) and momentum (full curve) vs. speed; (b) (E, P) diagram

e A cubic-quintic-septic nonlinearity (I): f(0) = —(0— 1) + 2(0 — 1)? — (0 — 1)? (see figure 2).

E=E ¢ (P-P)

Figure 2: (a) Energy (dashed curve) and momentum (full curve) vs. speed; (b) (E, P) diagram

e A cubic-quintic-septic nonlinearity (I1): f(o) = —4(0 — 1) — 36(0 — 1)® or f(0) = —4(0 — 1) — 60(0 — 1)3.
For these two nonlinearities, the graph of E and P vs. speed c is given in figure 3, but the (E, P) diagrams
are respectively those in figure 4.
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Figure 3: Energy (dashed curve) and momentum (full curve) vs. speed
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Figure 4: The two (E, P) diagrams

e A cubic-quintic-septic nonlinearity (IIT): f(o) = —4(0—1) 4+ 3(0 — 1)> = 2(0 — 1)? (see figure 5).



| c d P

Cousp O 0

Figure 5: (a) Energy (dashed curve) and momentum (full curve) vs. speed; (b) (E, P) diagram

o A degenerate case: f(gp) = —2(p—1)+3(0—1)>—4(0—1)> +5(0 — 1)* —6(0 — 1)° (see figure 6).

cusp

Figure 6: (a) Energy (dashed curve) and momentum (full curve) vs. speed; (b) (E, P) diagram

o A perturbation of the previous degenerate case: f(0) = —2(0—1)+(3—-10"3)(0—1)2 —4(0—1)3 +5(0—
1)* —6(0 — 1)° (see figure 7).



Figure 7: (a) Energy (*) and momentum (+) vs. speed; (b) qualitative (E, P) diagram

o A saturated (NLS): f(o) = exp

(

1-p

Qo

Figure 8: (a) Energy (dashed curve) and momentum (full curve) vs. speed; (b) (E, P) diagram

e Another saturated (NLS): f(o)

I
\CO

1

E

) — 1 with g9 = 0.4 (see figure 8).

>0

1

2

1+ 0/00)?

(1+1/00)

), with go = 0.08 (see figure 9).
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Figure 9: (a) Energy (dashed curve) and momentum (full curve), (b) (E, P) diagram

e The cubic-quintic nonlinearity: f(o) = —(o — 1) — 3(0 — 1)? (see figure 10).

c 7> P

c
cusp

Figure 10: (a) Energy (dashed curve) and momentum (full curve), (b) (E, P) diagram

Through the study (in [16]) of these model cases, we have shown that if the energy-momentum diagram is
well-known for the Gross-Pitaevskii equation, the qualitative properties of the travelling waves solutions can
not be easily deduced from the global shape of the nonlinearity f. In particular, even if we restrict ourselves
to smooth and decreasing nonlinearities (as is the Gross-Pitaevkii one), we see that we may have a great
variety of behaviours: multiplicity of solutions; branches with diverging energy and momentum; nonexistence
of travelling wave for some ¢y € (0, ¢,); branches of solutions that cross; existence of sonic travelling wave;
transonic limit governed by the (mKdV) or more generally by the (gKdV) solitary wave equation instead of
the usual (KdV) one; existence of cusps...



We investigate now the behaviour at infinity of the nontrivial travelling waves, which depend whether
¢ = ¢g or not. We denote N the set of nonnegative integers and N* the set of positive integers. We consider
for m € N the following assumption:

) ) (2 ) ) 2
(Am) f is of class C™*2 near 73. Moreover, for 1 < j < m + 2, we have “— (TO)T2J = (—I)JHC—S but
J

4
(m+2) (,.2 2
f(_i_g?)rg(mw) + (71)"”3%S (note that for j = 1, equality always holds by definition of the speed of
m !

sound ¢5 = /=278 f'(r2)).

Proposition 1 Let U. € Z be a non constant travelling wave of speed 0 < ¢ < c¢;.
(i) If ¢ = 0, then there exist ¢g € R such that €Uy is a real-valued function and there exist two real
constants My # 0 (depending only on f and &) and x¢ such that, as x — Fo0,

e Up(w)Fro ~ Moexp (—colo—zol ) if &= —13, e Up(x)—ro ~ Myexp (—cslo—zol) if &0 # —rE.

(ii) If 0 < ¢ < ¢, then U, does not vanish, hence can be lifted: U, = A.e'®c. Furthermore, there exist four
real constants M., ©. (depending only on f, ¢ and &.), xo and ¢g such that, as x — Fo0,

2 2
Uel@)[? = 78 = ne(w) ~ Z20,(x) ~ Meexp (= /&= Pl — o),
and

¢(z) — do F Oc ~ —sgn(x

cM,
)7exp<— V2 =3z —:ro|>.
2r¢ /2 — 2

(#91) If ¢ = c5 then U._ does not vanish, hence can be lifted: U, = Acsei‘j"s. We assume that there exists
m € N such that (A,,) is verified and denote

A= 4 [rg(mﬂ) FomeD 42y 4 (_1)m+2§} £0.
" L+ 3)! ° 1
Then, we have, as T — F00,
2rk

Dup() ~ Sgn(gcs)<;) T

2 _ 2 ~
U, (2)|* = 15 = e, (2) (m + 1)2] A2

S

and
sgn(z) In |z| if m=1
o) ~ cssgn(&e,) ( 4 )%
2 2 1 e
2rg (m+1)2|Ap,| m J_r 1sgn(z)|l”|’“7+} if m>2,
and if m = 0, there exists O, € R and ¢g € R such that
2¢,

¢5($) — ¢ F @cs ~ Sgn(fcs)

r3|Aolz”
In particular, since we impose U., € Z, we must have m € {0,1,2}.

For the Gross-Pitaevkii nonlinearity (f(0) = 1 — ¢), we may compute explicitly the travelling waves for
0<c<cy =12 (see [67], [10])

2 — 2

Uc(z) = 5

\/m) e

£ h(
an X 2



up to the invariances of the problem: translations and multiplications by a phase factor. On this explicit
formula, the decay of the phase and modulus can be checked. In particular, as x — 400, we have

2
Ud(w) = +4/1 - = —i=,
Cs Cs

Remark 1 In the above statements, the constants ¢y and x( reflect the gauge and translation invariance.
In the spirit of the model cases proposed in [16], for

flo)=—-2(0—1)+3(0—1)> —4(0—1)* +5(0 — 1)* = 12(0 — 1)°,

we obtain a smooth decreasing nonlinearity tending to —oo at +oo (thus qualitatively similar to the Gross-
Pitaevskii nonlinearity) for which we have 7q = 1, ¢; = 2, and V,_(§) = —4&* — 8¢5, For this nonlinearity f,
there exists a nontrivial sonic travelling wave of infinite energy (corresponding to &, = —1/2), since m = 3.

The aim of this paper is to investigate the stability of the travelling waves for the one dimensional (NLS).
We recall the definition of orbital stability in a metric space (X,dx) for which we have a local in time
existence result.

Definition 1 Let 0 < ¢ < ¢5 and U, € Z be a nontrivial travelling wave of speed c. We say that U, is
orbitally stable in (X,dx), where X C Z, if for any € > 0, there exists 6 > 0 such that for any initial datum
Uit € X such that dxy(¥™,U,.) < 8, any solution W to (NLS) with initial datum W™ is global in X and

sup inf dy(U(t),eU.(- —y)) <e.
t>0 yER
0eR

In the sequel, U, will always stands for a nontrivial travelling wave, and we freeze the translation invari-
ance by imposing that |U.| is even. Moreover, the solutions of (NLS) we consider will always be those given
by Theorem 1.

1.2 Stability and instability in the case 0 < ¢ < ¢,
1.2.1 Stability for the hydrodynamical and the energy distances

The first stability result for the travelling waves for (NLS) with nonzero condition at infinity is due to Z.
Lin [47]. The analysis relies on the hydrodynamical form of (NLS), which is valid for solutions that never
vanish. The advantage is to work with a fixed functional space since (n,u) = (A% —73,9.¢) € H*(R) x L*(R),
whereas the travelling waves have a limit roe*?©- (up to a phase factor) at +oo depending on the speed c.
The result of Z. Lin [47] establishes rigorously the stability criterion found in [12], [3].

Theorem 2 ([47]) Assume that 0 < c. < ¢5 is such that there exists a nontrivial travelling wave U, .
Then, there exists some small o > 0 such that U., belongs to a locally unique continuous branch of nontrivial
travelling waves U, defined for ¢, —o <c<c,+o0.
(i) Assume
dP(U.)
dc le=cx

< 0.

Then, U, = A,e' s orbitally stable in the sense that for any € > 0, there exists § > 0 such that if
Uin = Aine!®™ ¢ Z yerifies . 4
JA™ — A1y + |020™ — 020s] L2y < 0,

then the solution W to (NLS) such that ¥),—o = Uin pever vanishes, can be lifted UV = Ae'®, and we have

sup inf {JA() = Au(- = )l ) +10:0(0) — 02— 12wy | < e

t>0 YyER

10



(i1) Assume
dP(U.)

> 0.
de le=cx

Then, U,, = A,e'®= is orbitally unstable in the sense that there exists € > 0 such that, for any § > 0, there
exists UM = Ane®" ¢ Z yerifying

”Ain — A*”Hl(R) + "ax(bin — 020 ||L2(R) <9,

but such that if ¥ denotes the solution to (NLS) with V,—q = Uit then there exists t > 0 such that ¥ does
not vanish on the time interval [0,t] but

32£{||A(t) = A =Yl ®) + 10:0(t) — 0u¢u(- — Z/)||L2(R)} > e

By one dimensional Sobolev embedding H!(R) < Co(R), it is clear that since U., does not vanish in R,
by imposing | |9 — |Ue, | | g2 () = |A™ — As] g1 ) small, ¥ does not vanish in R and thus can be lifted.

Remark 2 We point out that C. Gallo in [24] fills two gaps in the proof of [47]: the first one concerns the
local in time existence for the hydrodynamical system (see (15) in section 3.3) and the second one is about
the conservation of the energy and the momentum. Furthermore, we make two additional remarks on the
proof of [47] in section 3.3.

Theorem 2 is stability or instability in the open set 2, C Z for the hydrodynamical distance

(w(0>)
arg( =
$(0)
which is not the energy distance. Here, arg : C* — (—m, 4] is the principal argument. For the stability,

v(t)
et? Uc* ( - y)
translation parameter. For the instability, no matter what is the phase § € R. The result of [47] is based
on the application of the Grillakis-Shatah-Strauss theory [35] (see also [13], [66]) to the hydrodynamical
formulation of (NLS) (see section 3.3). One difficulty is to overcome the fact that the Hamiltonian operator
O, is not onto.

On the energy-momentum diagrams, the stability can be checked either on the graphs of £ and P with
respect to ¢, either on the concavity of the curve P — E. Indeed, we have seen in [16] that the so called
Hamilton group relation

dny (Y, 9) = |A = Al g ) + 026 — 020 L2r) + Y= Ae?, )= Ae'?,

)

it suffices to consider the phase § € R such that arg( ) is zero at x = 0, where y is the

. _dE . dE(U.) _ dP(U.)

dpP’ dc de
holds, where the derivative is computed on the local branch. Therefore,

£E_ d dE_de
dP?2  dPdP dP’

2

E
——5 < 0, and instability if P — E is

This means that we have stability when P +— E is concave, that is P

. d’E
convex, i.e. P2 > 0.
Actually, the proof of [35], [47] provides an explicit control, as shown in the following lemma.

Lemma 1 Under the assumptions of Theorem 2 and in the case (i) of stability, we have, provided dyy (¥™, U, )
is small enough,

312113 égﬂg {||A(t) — A =Y @)+ [020(t) — Oz (- — y)”L2(R)}

< KV|B(Wn) — B(Ue.)| + |P(¥") — P(U..)

; 3)

11



as well as the control

sup inf  diy (U(2),e U, (- — y)) < Kdny (¥™,U..,). (4)
= ye
S

Remark 3 The second estimate (4) is not a simple consequence of the control (3), but relies on a comparison
to U, for some c close to ¢, instead on a comparison to U,, (this idea has also been used in [68]). It follows
that, in the definition of stability for U.,, one can take 6 = O(¢).

Let us lay the emphasis on the fact that Theorem 2 of Z. Lin is given in the hydrodynamical distance
dny, which is not the energy distance dz. As a matter of fact, the Madelung transform

M (Zny,dz) 5 U (mu, gig;) € H'(R,R) x L2(R,R) x S,

where U = Ae'® n = A% — 72 and u = 9,¢ is not so well behaved.

Lemma 2 (i) The mapping M : (Zny,dz) — H'(R,R) x L*(R,R) x S is an homeomorphism.
(ii) There ezists ¢, € C*(R,R) such that 0,¢. € L*(R) and a sequence (¢n)n>1 of functions in H*(R,R)
such that, when n — 400,

dz (e~ eiP=eidn)
dny (€79~ 10- c9m

0 < dyy ("%, e'?=ei?n) — 0 but — +o00.

Therefore, .# ! is not locally Lipschitz continuous in general. However, for the stability issues, we
compare the dz and the dy, distances to some fixed travelling wave U,, which enjoys some nice decay
properties at infinity. Let us now stress the link between the two distances dp, and dz in this case.

Lemma 3 Let 0 < ¢, < ¢ and assume that U, € Z is a non constant travelling wave with speed c, that
does not vanish. If c. = c¢5, we further assume that assumption (Ag) is verified. Then, there exists some
constants K and § > 0, depending only on U, such that for any ¢ € Z verifying dz(v¥,U,) < §, we have

%dhy(wa U*) < dz(ﬂ% U*) < thy(w,U*)

An immediate corollary of Lemma 3 is that Theorem 2 is also a stability /instability result in the energy
distance. If one wishes only a stability/instability result, it is sufficient to invoke the fact that the mapping
A is an homeomorphism. However, the use of Lemma 3 provides a stronger explicit control similar to the
one obtained in Remark 1 (see (3)). In particular, in the definition of stability for U, in (Z,dz), one can
take 6 = O(e).

Corollary 1 Assume that 0 < ¢, < ¢s is such that there exists a nontrivial travelling wave U.,. Then, there
exists some small o > 0 such that U, belongs to a locally unique continuous branch of nontrivial travelling
waves U, defined for c, —o <c<cy+o0.
dP(U. o , , . .
(i) If Cg )I <0, then U, = A,e'®~ is orbitally stable in (Z,dz). Furthermore, if U(t) is the (global)
C c=cCx

solution to (NLS) with initial datum W™, then we have, for some constant K depending only on U,, and
provided dz (V™ U.,) is sufficiently small,

sup inf dz(¥(t),eU,, (- —y)) < KV/[E(W®) - B(U.,)
t>0 yER
0 ER

+|P(u) — P(U,)

)

as well as the control ' '
sup inf dz(¥(t),eU. (-—y)) < Kdz(V™ U,,).

t>0 yER
R
dP (U, .
(i) If cgc)| >0, then U, = A,e'® is orbitally unstable in (Z,dz).

12



For the Gross-Pitaevskii nonlinearity (f(¢) = 1 — p), the stability (for the energy distance dz) of the
travelling waves with speed 0 < ¢ < ¢; was proved by F. Béthuel, P. Gravejat and J.-C. Saut in [10] through
the variational characterization that these solutions are minimizers of the energy under the constraint of fixed
momentum. However, in view of the energy momentum diagrams in section 1.1, this constraint minimization
approach can not be used in the general setting we consider here. Indeed, this method provides only stability,
but there may exist unstable travelling waves. Moreover, it follows from the proof of Theorem 2 that stable
waves are local minimizers of the energy at fixed momentum but not necessarily global minimizers. Finally,
we emphasize that the spectral methods allow to derive an explicit (Lipschitz) control in case of stability.

1.2.2 Stability via a Liapounov functional

Another way to prove the orbital stability is to find a Liapounov functional. By Liapounov functional, we
mean a functional which is conserved by the (NLS) flow and for which the travelling wave U, is a local

minimum (for instance, a critical point with second derivative > ¢ Id for some § > 0). Such a Liapounov

dP(U,)

functional always exists in the Grillakis-Shatah-Strauss theory when < 0, as shown by Theorem

C |e=cx
A in Appendix A. Its direct application to our problem leads us to define the functional in Zy,,

() = BW) — e.P(W) + 3 (P) ~ P(UL.))

where M is some positive parameter. It turns out that .# is such a Liapounov functional when M is
sufficiently large. Since the proof relies on the Grillakis-Shatah-Strauss framework, we have to work in the
hydrodynamical variables. However, by Lemma 3, we recover the case of the energy distance.

Theorem 3 Assume that for some ¢, € (0,¢5) and o > 0 small, (0,¢5) D [cx —0,¢cx +0]D2c— U € Zis a

dP(U,
continuous branch of nontrivial travelling waves with (. )I <0. If
C c=cy
M > __t >0
_dP(UC) ’
dc  |e=c,

there exists € > 0 and K, depending only on U, , such that for any ¢ € Z with inf dyy (¥,e’U.. (-—y)) <,
R

RS
6 ecR
we have A
inf d, (v, €U, (- — y)) < K (L) - Z(U..))
yeR
R

and analogously with dyy replaced by dz. Consequently, U., = A,e' is orbitally stable in (Zny, dny) and in
(Z,dz). Furthermore, if W(t) is the (global) solution to (NLS) with initial datum W™, then we have

sup inf  diy (U(2), U, (- — y)) < K/ Z(¥in) — 2(U,.,) < Kdpy (¥, U..,).
t>0 yER ’
T 0€eR

provided dyy (9™, U,,) is sufficiently small, and analogously with dyy, replaced by dz.

For the travelling waves for (NLS) in dimension one, this type of Liapounov functional appears for
the first time in the paper [3] by I. Barashenkov. However, in [3], the problem is treated directly on the
wave function W, whereas the correct proof holds on the hydrodynamical variables, in particular because
of the gauge invariance (0, ¥) + e"?W¥. For instance, the work [3] suggests that we have stability for H!
perturbations, whereas it holds only for perturbations in the energy space. Finally, we fill some gaps in the
proof of [3].
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1.2.3 Instability via the existence of an unstable eigenvalue

In the Grillakis-Shatah-Strauss theory [35], the instability is not shown by proving the existence of a un-
stable eigenvalue for the linearized (NLS) and then a nonlinear instability result (see however [36] when
the Hamiltonian skew-adjoint operator is onto). There exists, however, some general results that prove
the existence of unstable eigenvalues. For the instability of bound states for (NLS) (and also for nonlinear
Klein-Gordon equation), that is solutions of the form e**U,,(z), the work [34] by M. Grillakis shows that the

w

the proof relies on the fact that the bound states are real valued functions (up to a phase factor) and it
is not clear whether it extends to the case of travelling waves we are studying. Indeed, since we have to
work in hydrodynamical variables in order to have a fixed functional space, the linearized operator does not
have (for ¢ # 0) the structure required for the application of [34]. Another general result is due to O. Lopes
[49] but it assumes that the linearized equation can be solved using a semigroup. This is not the case for
our problem once it is written in hydrodynamical variables (see below). Finally, the paper [48] by Z. Lin
proposes an alternative approach for the existence of unstable eigenvalues. The method has the advantage
of allowing pseudo-differential equations (like the Benjamin-Ono equation). However, the results are given
for three model equations involving a scalar unknown, and it is not clear whether the proof can be extended
to the case of systems.

The linearization of (NLS) near the travelling wave U, in the frame moving with speed ¢, is

0

iaif —ic.0at + 02t + Y f(|Ue.|?) + 2(0|Ue.) £ (|U-.

d
condition d—( / |Uw|2)| > 0 is sufficient for the existence of such an unstable eigenvalue. However,
R W=wWs

)U.. =0, ()

and thus, searching for exponentially growing modes ¥ (t,z) = e*w(z) leads to the eigenvalue problem

iMw — e, 0w + Oqw + wf(Ue, [*) + 2(w|Ue, ) f'(|Ue.|*)Ue. =0, (6)

with Re(A) > 0 and w # 0. For one dimensional problems, the linear instability is commonly shown through
the use of Evans functions (see the classical paper [57] and also the review article [63]). For our problem,
we look for an unstable eigenvalue for the equation written in hydrodynamical variables, namely we look for
exponentially growing solutions (7, u) of the linear problem (written in the moving frame)

O — c.0pn + 20, ((r§ +n)u + nuy) =0

Gx{ 1 2< n )_Qai(\/rﬁer)}:O)

815@ - C*amﬂ + 2a;v (u*ﬂ) - am(f/(rg + n*)ﬂ) -

2/rg e g 208+ )
(7)
where (7, u,) is the reference solution. The advantage is here again to work with a fixed functional space
1
in variables (1, u). Due to the term 8I{ i( 1 ) }, this equation can not be solved using a
AV R ARV B

semigroup, except in the trivial case where 7, is constant, hence the result of [49] does not apply. However,
system (7) is a particular case of the Euler-Korteweg system for capillary fluids (see [5] for a survey on this
model). We may then use a linear instability result already shown for the Euler-Korteweg system with the
Evans function method, as in [70] by K. Zumbrun for a simplified system, and more recently in [6] by S.
Benzoni-Gavage for the complete Euler-Korteweg system.

Theorem 4 Assume that for some ¢, € (0,¢5) and o > 0 small, (0,¢5) D [cx —0,¢cx +0]dec— U € Zisa
continuous branch of nontrivial travelling waves with

dP(U.)
—_— 0.
dc  e=c, =

Then, there exists exactly one unstable eigenvalue vy € {Re > 0} for (6) and vy € (0, +00), that is (NLS) is
(spectrally) linearly unstable.
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Once we have shown the existence of an unstable eigenvalue for the linearized (NLS) equation (5), we can
prove a nonlinear instability result as in [38], [20]. Note that here, we no longer work in the hydrodynamical
variables, where the high order derivatives involve nonlinear terms, but on the semilinear (NLS) equation.

Corollary 2 Under the assumptions of Theorem /4, U, is unstable in U., + H*(R,C) (endowed with the
natural H' distance): there exists € such that for any § > 0, there exists ¥ € U., + H'(R) such that
O — Ue, | gy <6 but if ¥ € Ue, +C([0,T%), H'(R)) denotes the mazimal solution of (NLS), then there
exists 0 <t < T such that |¥(t) — U,

HI(R) = €.

*

Since the proof is very similar to the one in [38], [20], we omit it. We may actually prove a stronger
instability result, since the above one is not proved by tracking the exponentially growing mode. In [21], a
spectral mapping theorem is shown and used to show the nonlinear instability by tracking this exponentially
growing mode, which is a natural mechanism of instability. In Appendix B, we show that this spectral
mapping theorem holds for a wide class of Hamiltonian equation. The direct application of Corollary B.2 in
Appendix B gives the following nonlinear instability result.

Corollary 3 We make the assumptions of Theorem 4, so that there exists an unstable eigenmode (o, w) €
(0,+00) x HYX(R), |w|g: = 1. There exists M > 0 such that for any solution v € C(Ry, HY(R,C)) of the
linearized equation (5), we have the growth estimate of the semigroup

Vi >0 I ()| ey < M (0)] prr r)-

Moreover, U., has also the following instability property: there exists K > 0, § > 0 and g > 0, such that
for any 0 < § < &g, the solution W (t) to (NLS) with initial datum O™ = U,, + dw € U,, + H'(R) exzists at
least on 0,7, " 1n(2e0/6)] and verifies

[ (t) — U, — 5e7°tw\|H1(R) < K622t
In particular, for t = 70_1 In(2e0/9) and e = 5¢, we have

inf [[¥(t)] — |U.
inf [[2(t)] - [Ue.

C=Ylemw) > € and ;feng @) = Ue (- = Yo @) > €

which implies X
inf [W(t) — U, (- — )| > €

yeR
6cR
as well as
inf dhy(\ll(t),emUc*(- —y)) > ¢ and inf dz(\I/(t),ewUC*(- —y)) > e
yER yER
0eR 0 eRrR

With the above result, we then show the nonlinear instability also in the energy space, and thus recover
the instability result of Z. Lin but this time by tracking the unstable growing mode.

1.2.4 Instability at a cusp

apP
In this section, we investigate the question of stability in the degenerate case = = 0. In [35] (see also [36]),
c

a stability result for the wave of speed ¢, is shown when the action ¢ — S(c) = E(U.) — ¢P(U.) (on the
d*S dP
local branch) is such that, for instance, A is positive for ¢ # ¢, but vanishes for ¢ = ¢,. In the
c c
dP
energy-momentum diagrams of section 1.1, the situation is different since — changes sign at the cusps, or,

c
equivalently, the action ¢ — S(c¢) = E(U.) — ¢P(U.) (on the local branch) changes its concavity at the cusp.
The work [19] by A. Comech and D. Pelinovsky shows that for the Nonlinear Schrodinger equation, a bound
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state associated with a cusp in the energy-charge diagram is unstable. The proof relies on a careful analysis
of the linearized equation, which is spectrally stable, but linearly unstable (with polynomial growth for the
linear problem). A similar technique was used by A. Comech, S. Cuccagna and D. Pelinovsky in [18] for
the generalized Korteweg-de Vries equation. Then, M. Ohta in [55] also proves the nonlinear instability of
these “bound states” using a Liapounov functional as in [35]. However, in [55], it is assumed that J = 77(0)
and is onto, which are both not true here (and there are further restrictions due to the introduction of an
intermediate Hilbert space). Recently, M. Maeda has extended in [50] the above instability result, removing

some assumptions in [55]. We show the instability of travelling waves associated with a cusp in the energy-
2

momentum diagram in the generic case where —— # 0. Our approach follows the lines of [50], but with
some modifications since our problem does not fit exactly the general framework of this paper. In particular,
we can not find naturally a space “Y”, and some functions appearing in the proof do not lie in the range of
the skew-adjoint operator 9, involved in the Hamiltonian formalism. We overcome this difficulty using an
approximation argument (similar to the one used in [47]).

Theorem 5 Assume that for some ¢, € (0,¢5) and o > 0 small, (0,¢5) D [cx —0,cx+0]2ec—U. € Zisa
continuous branch of nontrivial travelling waves with

dP(U,) _  d*P(U,)
dc le=cx =0 # dc? |c:c*’

and assume in addition that f is of class C2. Then, U,, is orbitally unstable in (Z,dz).

1.3 Stability in the case ¢ =0
1.3.1 Instability for the bubbles

When ¢ = 0, we have two types of stationary waves: the bubbles ;,when & > —72, are even functions (up to a
translation) that do not vanish, and the kinks, when £y = —r2, are odd functions (up to a translation). The
instability of stationary bubbles has been shown by A. de Bouard [20] (and is true even in higher dimension).
The proof in [20] relies on the proof of the existence of an unstable eigenvalue for the linearized (NLS), and
then the proof of a nonlinear instability result. An alternative proof of the linear instability of the bubbles
is given in [58] (Theorem 3.11 (4i)).

Theorem 6 ([20]) Assume that there exists a bubble, that is a nontrivial stationary (¢ = 0) wave Uy
which does not vanish. Then, Uy is (linearly and nonlinearly) unstable in Uy + H'(R) (endowed with the
natural H' metric), that is there exists € such that for any § > 0, there exists ¥'" € Uy + HY(R) such that
O — Up| prry < 6 but if ¥ € Uy +C([0,T*), H*(R)) denotes the mazimal solution of (NLS), then there
exists 0 <t < T such that |V(t) — Uo| g1 (m) > €.

Actually, in the same way that Corollary 3 is a better instability result than Corollary 2, we have the
following stronger instability result, which is a direct consequence of Corollary B.2 in Appendix B.

Proposition 2 Assume that there exists a bubble, that is a nontrivial stationary (¢ = 0) wave Uy which does
not vanish. Then, Uy is (nonlinearly) unstable in Uy + H'(R), (Z,dz) and (Zhy, dny) in the same sense as
in Corollary 3.

Finally, we would like to emphasize that we may recover the instability result for bubbles from the proof
of Theorem 2, relying on the hydrodynamical form of (NLS), which holds true here since bubbles do not
vanish. Our result holds in the energy space and for the hydrodynamical distance.

Theorem 7 Assume that there exists a bubble, that is a nontrivial stationary (c = 0) wave Uy which does
not vanish. Then, there exists some small o > 0 such that Uy belongs to a locally unique continuous branch
of nontrivial travelling waves U, defined for 0 < ¢ < o. Then, ¢ — P(U.) has a derivative at ¢ =0,
dP(U.)
de |e=0

>0
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and Uy = A,e' is orbitally unstable for the distances dz and dhy -

Proof. We give a proof based on the argument of Z. Lin [47], which is possible since Up is a bubble hence
does not vanish and the spectral decomposition used in [47] still holds when ¢ = 0. Moreover, it is clear that
the mapping ¢ — (1., u.) € H' x L? is smooth up to ¢ = 0, using the uniform exponential decay at infinity

(Ue)

near ¢ = 0 and arguing as in [16]. Therefore, it suffices to show that deicc o > 0. From the expression of

le=
the momentum given in subsection 1.2 in [16], we have, for 0 < ¢ < o,

¢ de ‘ /50 ¢?
3+ & V=Ve(€ To+§\/—Vo

since & > —r3. Indeed, we are allowed to pass to the limit in the integral once it is written with the change

of variables £ = t&.:
/Ec 52 d¢ _/1 fth dt
o TEEEVE)  Jo T8+t \/Ve(tE)

o £2
_’/ ro—i—f\/T’

since & # 0 (Uy is not trivial). The conclusion follows then from the proof of Theorem 2. ]

P(U,) = csgn(&) / : [+ ole

since & > —rg. Therefore,

PU.)

dc |e=0
existence of an unstable eigenmode. However, due to the fact that the kink Uy is real-valued, we can use the
arguments in [20], [58].

d
When we know that > 0, we may also use the Evans function as in Theorem 4 to show the

1.3.2 Stability analysis for the kinks

We now turn to the case of the kinks (£, = —rZ and Up is odd up to a translation). Since Uy vanishes
at the origin, the hydrodynamical form of (NLS) can not be used. The stability of the kink as attracted
several recent works. L. Di Menza and C. Gallo [21] have investigated the linear stability through the
Vakhitov-Kolokolov function VK, defined by

VK(A)E/R([fé)ﬁff(Ug)fA]*l(amUo))(amUo) dx

where Uy is the kink, for A € (A, 0) for some A, < 0. They show that the Vakhitov-Kolokolov function VK
has a limit VKy when A — 0~. If VK, > 0, then the linearization of (NLS) around the kink has an unstable
real positive eigenvalue. When VK, < 0, the linearization of (NLS) around the kink has a spectrum included
in 4R (spectral stability). Note that the approach of [47] (extending [35]) does not give directly unstable

dP P
eigenvalues in the case e > (0. Recently, the link between the quantity e and the sign of VK has been
c c

given by D. Pelinovsky and P. Kevrekidis [58] (proof of Lemma 3.10 there, the factor /2 coming from the
coefficients of the (NLS) equation in [58]):

dP(U).
2V2VK, = lim P (8)
. . . . apr
and they also prove, in a different way from [21] that we have spectral stability when hn% T < 0 and

dP(U )

existence of an unstable eigenvalue (in RY) if lin%) p > 0. It is shown in [58] that the limit lim._,q
c— C
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does exist. Actually, they prove that the function [0,cp) 3 ¢+ P(U..) is of class C! and that the derivative
at ¢ = 0 is also given by (see (8))

. dP(U.)
1
1m d

c—0 C

—2V2VK, = 2v/2 lim ([—ag ~f(UR) - /\]‘1(6on))(6on) dx
A—=0- JRr

:2\@/Im<aUc )&EUO de. 9)
R

Oc le=0
Our next lemma gives an explicit formula of the expression (9), involving only the nonlinearity f.

Lemma 4 Assume that Uy is a kink. Then, there exists co € (0,¢5) such that Uy belongs to the (locally)
unique branch [0,¢o) > ¢ — U, € Z. Moreover, P(U.) — 1w as ¢ — 0 and the continuous extension
[0,¢0) > ¢ P(U,) has a derivative at ¢ =0 given by

dP(U,) 8r3 1 (7% (g—rg)2( 1 1 )dg

dc = 3JFQ)  2) &7 \JF@ JFO)

The advantage of the formula given in Lemma 4 compared to (9) is that it allows a direct computation of

dP(U. ou,

Cgc) when f is known, which does not require to compute numerically Uy and a—cl . For instance,
C c=0 C |e=0

it is quite well adapted to the stability analysis as in [22]. Let us observe that it may happen that a kink is

unstable (see [43], [21]).

In the case of linear instability, [21] shows that then, nonlinear instability holds. Actually, C. Gallo and
L. Di Menza prove in [21] a stronger result, where they show that the L> norm (and not only the H'! norm)
does not remain small.

Theorem 8 ([21]) Assume that there exists a kink, that is a nontrivial stationary (¢ = 0) wave Uy vanishing
PU)

dc  |e=0
there exists € such that for any § > 0, there exists U™ € Uy + H'(R) such that |¥™ — Up| gy < & but if
U € U+ C([0,T*), H (R)) denotes the mazimal solution of (NLS), then there exists 0 < t < T* such that
W (t) — Uollpoew) > €

somewhere, and satisfying > 0. Then, Uy is (linearly and nonlinearly) unstable in the sense that

The proof in [21] relies on the tracking of the exponentially growing eigenmode. One may actually improve
slightly the result as this was done in Corollary 3. As a matter of fact, this was the result in Theorem 8 that
has motivated us for Corollary 3.

We focus now on the nonlinear stability issue when there is linear (spectral) stability, that is when
dil(gc) . < 0. Concerning the Gross-Pitaevskii nonlinearity (f(o) = 1—p), for which we have dP(i]c) .

c= c=
we quote two papers on this question. The first one is the work of P. Gérard and Z. Zhang [30] where the sta-
bility is shown by inverse scattering, hence in a space of functions sufficiently decaying at infinity. The analysis
then relies on the integrability of the one-dimensional (GP) equation. The other work is by F. Béthuel, P.
Gravejat, J.-C. Saut and D. Smets [11]. They prove the orbital stability of the kink of the Gross-Pitaevskii
equation by showing that the kink is a global minimizer of the energy under the constraint that a variant
of the momentum is fixed (recall that the definition of the momentum has to be clarified for an arbitrary
function in the energy space), and that the corresponding minimizing sequences are compact (up to space
translations and phase factors). In this approach, it is crucial (see [10], [11]) that Eyink < ¢sPiink = €737 in
order to prevent the dichotomy case for the minimizing sequences. However, since the energy of the kink is

equal to
" F(r} 1) * [Fe3+ 9 " [F(o)
Fying = 4 ————df=2 ——=>d{=2 —= dp,
o —r3 /= Vo(§) ) /rg o+ € ¢ /0 o
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whereas its momentum is always equal to 7“87r7 it is clear that the condition Fyink < €sPiink = csrgﬂ does
not hold in general, as shown in the following example.

Example. For k > 0, consider
flo)=1—o0+nr(1-0)?

which is smooth and decrease to —oo as the Gross-Pitaevskii nonlinearity. We have g = 1, ¢, = /2,
Fo) = (1 - 0)2/2+ s(1 — 0)*/4 and

1— 1-—
Ekmk—2/ \—— / \/ J) —Hi( o do > csram = V2

for k large (the left-hand side tends to +00), and numerical computations show that it is the case for x > 14.
Furthermore, Lemma 4 gives

1/ 1y2
L -t [,

24k
2(0—1)* + k(e —1)*

function of k tending to
8 1 [t(p—1)? 1
_S4z - 1) do=—1
3+2/0 0*/? ((9—1)2 ¢

when k — +oo (by monotone convergence). In particular, for any x > 0, we have

Since % = , it can be easily checked that the right-hand side of (10) is a decreasing

P(U.)

C  |e=0
is the kink is always (linearly) stable. The energy-momentum diagram for this type of nonlinearity with s
large is as in on the right of figure 4 (the left part correspond to x smaller).

< 0, that

In comparison with the constraint minimization approach as in [10, 11], which allows to establish a global
minimization result, the spectral methods as in [35, 47] allow to put forward locally minimizing properties,
which turn out to be useful for the stability analysis in dimension 1.

In the stability analysis of the kink, one issue is the definition of the momentum P, which was up to
now given only for maps in Zy,, that is for maps that never vanish, but the kink vanishes at the origin. In
[11], the notion of momentum was extended to the whole energy space Z, hence including maps vanishing
somewhere, as a quantity defined mod 27, and was called “untwisted momentum”. This notion will be useful
for our stability result.

Lemma 5 ([11]) If ¢ € Z, the limit

¥y = i [ [ jwam dz — 7 (arg(¥(+R)) - arg((~R)) )]

R—+o00

exists in R/(2nr3Z). The mapping P : Z — R/ (2wrdZ) is continuous and if 1 € Z verifies infg || > 0 (i.e.
Y € Zyy), then P(y) = P(¢) mod 2mr3. Finally, if ¥ € C([0,T), Z) is a solution to (NLS), then B(¥(t))
does not depend on t.

Proof. For sake of completeness, we recall the proof of [11]. Let ¢ € Z and let us verify the Cauchy criterion.
Since || — 7o > 0 at £00, we may lift ¢» = ALe!®* in (—oo, —Rp) and in (+Rg, +00) for some Ry sufficiently
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large. For R’ > R > Ry, we thus have in R/(27737Z)

|/ ™ vlou) do i (arg(w(+R) - arg(v(-R)) )|

_R/

_ {/;R<Z¢|3z¢> dx — T(Q)(arg(w(+R)) _ 3Tg(’l/)(fR)))}

R’ -R
— [ i) ot [ vlo.) do
R —R/
— i ((arg(w(R) — arg(V(R)) ) + 13 ((arg(v(~R) - arg(w(~R)) )
-R

:/ ALOppy de+ | A28,0- du
R

— R/

—18(64(B) = 9+(R)) + 78 (¢-(—F) = 6-(~R))
R’ —R
:/ (A2 —12)0,04 dx+/ (A% —r2)0,6_ da.
R

_R’

The absolute value of each term is < K [ o 1 |0:9[* 4 (J¢| —70)? dx thus tends to zero if R — 4-o00. Thus,
PB()) is well-defined. The proof of the contiﬁujty follows the same lines, and allows to show that 9 is actually
locally Lipschitz continuous. Let ¢ € Z. If ¢ € Z and dz (v, ) is small enough, we have ||¢)| — |[¢||L~ as
small as we want. In particular, if Ry > 0 is large enough so that || > 3ro/4 for || > R, we have || > r9/2

for |z| > Ry. As a consequence, writing ¢ = A1e* and ¢ = ALe* in (—oo, —Ry) and in (+ Ry, +00), we
have, in R/(2773Z) and for R > Ry,

|/ ;R (i910.0) do — g ((arg(V(+R)) - arg(v:(~R)) )|
-1/ jwm dz — 13 ((arg($(+R)) — ang((~R)) ) |

+Ro - - ~
_ / (it — $)|0u10) + (|00 (4 — D)) da

—Ro

R ~ ~ ~
+/ AL0pby — AL0:04 dx — 1 (¢+(+R) - ¢+(+R))

Ro

N [ RR° 20,0~ B20,6_ du +r3(6-(R) — b_(~R))

+Ro N N N
= [t = 8)10s0) + G100~ D) da
—Ro

+ 13 (#+(+Ro) = 6+ (+R0) ) + 13 (6-(~Ro) = 6_(~Fo))

R —Ro
b [ =)0 - (B2 = 0uds do+ [ (2 —iae - (B2 - r)ou- do.
Ro -R
We now estimate all the terms. For the last line, we use Cauchy-Schwarz to get | [ 15:) (A2 —r3)0, ¢4 dx| <
K@W)|Ay = rolr2w) HA+8I¢+ HLz ®) < K(z/))dz(w,zﬁ), and similarly for the other terms. Moreover, using

that (¢ — P)(x) = (b —$)(0) + [ 0% we get by Cauchy-Schwarz | — ¥|co(—r,,+r,)) < [(¥ —
)(0)] + VRo|0ut) — 00| 12y < K(Ro)dg(qp w). Thus, the terms of the second line can be estimated by
K, Ry)dz (1, zZNJ), and for those of the first line, they can also be bounded by < K (¢, Ry)dz (v, z/NJ) Passing
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to the limit as R — +oo then gives

P(yp) — P() mod 27rg| < K (¥, Ro)dz(1h,1)).

This completes the proof for the definition of 3. To show that 93 is constant under the (NLS) flow, we use
that ¥ € ¥(0) + C([0,T), H') and the approximation by smoother solutions (see Proposition 1 in [11]). O

For the stability of the kink, we can no longer use the Grillakis-Shatah-Strauss theory applied to the
hydrodynamical formulation of (NLS), since the kink vanishes at the origin. Therefore, it is natural to
consider the Liapounov functional . introduced in section 1.2.2, which becomes in the stationary case
c=0:

20) = BW) + 5 (PW) - PWy)

Since the momentum P is not well-defined in Z, we have to replace it by the untwisted momentum B3, which
is defined modulo 2773. Consequently, it is natural to define the functional in Z

2

A1) = B(w) + 2Mr sin? (BELT0T),
0

which is well-defined and continuous in Z since sin? is 7-periodic. In addition, .#" is conserved by the (NLS)

flow as F and ‘3.

Theorem 9 Assume that there exists a kink, that is a nontrivial stationary (c = 0) wave Uy which is odd.
Assume also that
dP(U,.)

0.
dc |e=0 <

Then, there exists some small pix > 0 such that Uy is a local minimizer of . More precisely, denoting

we have; fO’f‘ any w € 7/#* \ {eieUO(' - y)’e € R7y € R};
H (¥) > A (Uo) = E(Uo).

The crucial point in this result is to prove that the functional # (1) controls the infimum infg |¢)]. As
we shall see in the proof (section 6.2), the key idea is to study the infimum of the functional JZ" at fixed
infg 1| (small), and then to prove (see Proposition 6.2 that for ¢» € ¥}, , there holds, for some constant K
depending only on f,

(infg [¢])?

7

This will be achieved by a fine analysis of some minimizing sequences. From this locally minimizing property
of the kink when dP(U.)

de |e=0
the minimizing sequences. A main step here is the control on infg [¢)|. Our method allows to infer a control
on the distance of the solution to (NLS) to the orbit of the kink, but it is much weaker than those obtained
by spectral methods in Lemma 1 or Corollary 1 for instance.

H () = A (Vo) +

< 0, we infer its orbital stability, provided we can prove some compactness on

Theorem 10 Assume that there exists a kink, that is an odd nontrivial stationary (c = 0) wave Uy and that

apP(U.)

< 0.
de le=0
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Then, Uy is orbitally stable in (Z,dz). Moreover, if U(t) is the (global) solution to (NLS) with initial datum
Uin we have the control
sup inf  dz(U(t),e"Up(- —y)) < K/ A (I") — E(Uy) < K+/dz(T™,Uj)

t>0 yER
0eR

provided that the right-hand side is sufficiently small.

dpP(U.)

C |e=0
f. In particular, it may be applied to the nonlinearity f given in the example above. It shows that the
stability of the kink holds with § = O(e*). We do not claim that the exponent 1/8 is optimal.

This result settles the nonlinear stability under the condition < 0 for a general nonlinearity

For a complete study of the stability of the travelling waves, it would remain to investigate the case of
the sonic (¢ = ¢,) travelling waves (when they exist). The methods we have developed do not apply directly,
and we give in section 7 some of the difficulties associated with this critical situation.

2 Decay at infinity (proof of Proposition 1)

For simplicity, we shall denote
V(€) = Ve, (€) = 26 — 4(rg + ) F(rg +&).

We freeze the invariance by translation by imposing |U.| (hence also 0,¢) even, so that we can use the
formulas in [16]. In particular, it suffices to show the asymptotics for & — +o0o: the case x — —oo follows
by symmetry. We start with the proof of case (ii7). Under assumption (A,,) and since F/ = —f, we infer
the Taylor expansion

1 1
V() =2 +4(r§ +€) (ﬁf/(ﬁ%)g + o+ mf(m+2) (rg)em 3 + O(fm+4))
_ 47“3 f(m+2)(r2)£m+3 +
(m + 3)! 0

(ﬁiiéﬂf““4kr®fm+2+

mf(erl)(T(Q))ferg + O(§m+4)

4 2
= T(2)(m+1) [(:(:l n 3)!f(m+2) (7‘3) + (_1)m+2%} £m+3 + O(£m+4) _ Am£m+3 + O(§m+4)

since when (A,,) holds, all the terms O(£+2) cancel out. The coefficient A,, is not zero by assumption.
Note that the existence of a nontrivial sonic wave, which depends on the global behaviour of V, imposes
that A,,,§™"3 < 0 when ¢ is small and has the sign of &._. Therefore, from the formula (following from the
Hamiltonian equation 202n. + V'(n.) = 0, see [16] for example)

B (g ) Nes (@) d¢
S S & 6

and since there holds, as 7 — 0 (with the sign of &),

/v . _ /" € /" V() = Amg™*? i
ce. vV V() oo VAL e (/Y€)= A€M {\/*V(f) + \/*Amfm”]
o) fm=0
2 sgn(&.,) 1 1 : _
_ m+1( 7H)+ O(lfpl)  ifm=1

VAT N

) if m>2

22



(here, we use that the last integrand is O(¢~(m+1/2) as ¢ — 0), it follows that, as z — o0,

O(i) it m=0

3

ncs(x)zsgn(&s)( 4)2Am|)ml“ Ly O(m(m)) it m=1

(m + 1 xrm+1 .1'2

o( 14) if m > 2.

Ierl

This shows the asymptotics for the modulus, or 7.,. The asymptotic expansion for d,¢., is easily deduced
from the equation on the phase 20,¢., = ¢sn., /(13 +n..), and the phase ¢, is then computed by integration,
which completes the proof of case (iii).

The proof of (i7) is easier. Indeed, in this case, the function V has the expansion

V() = ;€% — 4(rg + O F (15 +€) = O(&),

hence
Ve(§) =V(€) = (2 = )& = —(c2 — ) + O(&7).

As a consequence, the result follows from the expansion, for n — 0

/ / / V(©) p
A M AE N = Ve + E- o]
(/&) V(€) & + O(n)

=sgn(£)
SCEr AN %Vc@)\/(ciﬂﬂ)&?[\/fv +V@ -]

since the integrand for the last integral is continuous at £ = 0. This yields the desired expansion for the
modulus:

= ex — X — Cc° — ’ V(f) ex X — C
o) =teesp (= oV [ VEVO [V + V@ D ) rlen(zarv2=)

ton () 0] ~2ry ).

with 0
1%
M=o (- [ ) as) # 0,
e /—E2Ve() [\/—V +/(2 =) 52}
and hence for the phase by similar computations to those above. The proof of case (i) is similar, separating

the case & = —73 of the kink (even solution) from the case & # —r3 of the bubble (odd solution) and is
omitted. ]

3 Stability results deduced from the hydrodynamical formulation
of (NLS)

3.1 Proof of Lemma 2

(i) The mapping .# is an homeomorphism. Let ¢ = Ae'?, (¢, = A,e'*"),, € Z such that 1,, — 1 for
dhy. Then, A, — A — 0in H', 9,¢, = 0,¢ in L? and we may assume (possibly adding some multiple of 27
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to ¢, that ¢,,(0) — ¢(0). We write, using the embedding H*(R) < L>(R) for the before last line,

dz(Yn, ¥) =[0ethn — 02| 2 + [[¥n] — [¥[l L2 + |1hn(0) = 1(0)]
= [0y A + A€ 0o — €90, A — iA€P 0, 0] 12 + | Ay — Az + | An (0)e' ) — A(0)e )]
< | — )0, Al 2 + €9 (0s A — 0xA) |12 + (A — A)e Dupu| L2 + [A('”™ — €9)Du ] 12
+ A€ (026 — Dudn)lrz + [An = Al 2 + [(An(0) — A(0)e™ @]+ [A(0) (") — ()]
<|( — )0, Al + KAy — Al + [(An = A [0u¢nl 2 + [Al L= (e — &), 12
+ [ Al L2020 — Oudnl Lz + [ Al poo [’ — &7 (11)
= (" — )0, Al 2 + Al =" — €)Ds] L2 + 0ns 00 (1),
from the convergences we have. Now observe that ¢y, (2) = ¢ (0)+ [3 020 (t) dt — ¢(0)+ 5 -0(t) dt = $(0)
pointwise, hence, by the Dominated Convergence Theorem, | (e — e/?)d,A| > — 0 and similarly for the
other term. Therefore, dz (¢, %) — 0 as wished.

Let now ¢ = Ae'®, (1, = A,e'*"), € Z such that 1, — ¢ for dz. Then, A, — A = || — || — 0 in
L2, 8,1, — 010 in L? and v,,(0) — 1(0). Since | - | is 1-Lipschitz continuous, we infer for the modulus

”8461471 - 8avA"L2 = ”awhpn‘ - 8I|¢|”L2 < |‘aw¢n - acw"LQ-

Moreover, ¢, (0) — 9(0) and this implies arg(«,,(0)/¢(0)) — 0. Therefore, it suffices to show that d,¢, —
0,6 in L?. We use the formula A20,¢ = (i)|0,1)), which yields

A2 A2 A2 A2 A2 A2 )
hence
[¢nlz~ Al [¢nlz~ 1
- 2 < Ap — A2 - 2+ — | [¢n — 2. (12
Ha:v(bn w¢”L = (mfRAz)(mfRA%)” n "L + inf]RAQ "89:w 8acwn"L +inf]RA2 ”"(/}n ¢\8z¢\|L ( )

The first two terms tend to zero as n — +00. For the last term, we use here again the Dominated Convergence
Theorem since ¢y, () = ¥ (0)+ [y uthn(t) dt — ¥(0)+ [ D0 (t) dt = 1)(0) pointwise. This concludes for (7).

1
Proof of (ii). Let us define ¢, : R — R by ¢.(x) = i(ln 2)?1,>1. Then, straightforward computations give
1
0w () = Elzx € L2(R) and, for X > e, by monotonicity of 9,¢.,
P

2X 2 2

In“(2X) _ (InX)
Ous)? do > X > : 13
[ o an> x5 s B2 (1)

We now consider ¢, : R — R defined by ¢,(z) = 0if 2 < 0 or z > 3nm, ¢,(x) = z/nif 0 < z < nm,
¢On(z) =7 if nr <2 < 2nm and ¢, (z) = 37 — z/n if 2nw < x < 3nw. Then, we easily obtain

i iy tipn ™ 2T
i (€19, €+ H100) = |0, |2 = \/ﬁ \/:HO-

dz(ew*’ew*ﬂm) - Haxd)*eiaﬁ* — (Dpby + am(ﬁn)eimﬂ'aﬁn

Moreover,

12 > |00+ = 1) 12 — |0l L2,

and, by our choice of ¢,, and using (13),

2nm
6. Dl [ 4(0.0.)7 do > (In X)? (inn)*

7, X  |X=nr nmw
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1 /12 . o
Since ;Tﬁw > % = dhy(ewﬁ*7(3“15*—1"‘75”)7 it follows that, as wished
. ) ) 1 2 . . )
dz(e!?~ e0=Tidn) > 71%7;(1 +0(1)) > \/% = dyy (€', &= Ti0n),

We do not know whether the mapping .# is locally Lipschitz, but is probably not.

3.2 Proof of Lemma 3

Note first that since U, does not vanish, if § is sufficiently small and dz (v, U,) < 4, then ||| — |Usl|re <
(1/2) infg |U,|, hence || > (1/2)infg |U,| > 0 in R, thus ¢ does not vanish, may be lifted ¢ = Aexp(i¢),
and we may further assume ¢(0) — ¢.(0) € (=, +]. In (11), we can easily check that the terms leading to
the "0(1)” are indeed controlled by K (¢)dny(%n, ). In other words, we have

dz(,U.) < (' = € )0 Aulre + [Aulpe (€ — &) 0p il L2 + K(Us)dny (4, Us),

provided dpy (¢, U,) is small enough. In order to bound the two remaining terms, we write, for « € R,
8(2) = 6u(0) =0(0) = 6.(0) + | 0.6(0) - 22010
0

which implies, using that R 5 6 — e is 1-Lipschitz and the Cauchy-Schwarz inequality,

< |6(0) = 6.(0)] + VVfallu = w2 (14)

1 — ei(9-(@)=6(2))

Consequently,
Il &) Aslis < [9(0) = 9 (O)]10:As L + Ju = vl 2l Tel0c Au

and

(€ = €)0:6 112 < [9(0) = 92(0)| 1022 + hu = w2y 2l O -

Both terms are < K(U*)dhy(’l/J, U,). Indeed, U, € Z is a travelling wave, hence A, 0, A, 0,¢. are bounded
functions which decay at infinity exponentially if 0 < ¢ < ¢5 (¢f. Proposition 1 (i) or (i7)). If ¢ = ¢, since
assumption (Ag) is satisfied, we invoke Proposition 1 (#i7), which ensures that d,¢. and 9, A, decay at the
rate O(|z|~2) (0, A. decays faster actually). Therefore, \/[2]0,¢. € L?. Gathering these estimates provides

dz (¢, Us) < K(Us)dny (1, Us).

On the other hand, from (12) and the estimate |A — A.| g1 < dz(v,U,) (see the proof of (2)), we infer

1

dhy(d}a U*) < K(U*)dz(w, U*) + m

[14 = Us|02Us] 2

Using here again the estimate |1(z) — U, (x)] < |¢(0) — ¢.(0)| + +/|x|[|0:% — Us| L2, we deduce
dhy(¢» U*) S K(U*)dZWJa U*)

The proof is complete. O
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3.3 Two remarks on the proof of Theorem 2

We would like to point out two minor points concerning the proof of Theorem 2 by Z. Lin. We recall that
the proof of Z. Lin [47] relies on the Grillakis-Shatah-Strauss theory [35] once we have written (NLS) under
the hydrodynamical form (2), denoting v = Ae'?, (p,u) = (|¢|* = A%, 0,¢):

Orp + 20, (pu) =0

o+ 2000 - 0.07(9) - 0, (0 o,
or more precisely, with = p — 72 = |¢|> — rZ and denoting %—5, 9E the variational derivative,
5£
;<Z>:J oo JE((% %) (15)
du

The first remark is that the scalar product in the Hilbert space X = H!x L? can not be ((n, u), (7}, %)) g1 x 12 =
Joni 4 it dx as used in [47], but the natural one is ((1,w), (7, %)) mixr2 = [5 07 + 021057 + vt dz. This
requires to make some minor changes in the proof, especially not to identify (H')* with H'. For instance,
a linear mapping B is associated with the momentum through the formula

1 . 0 1
Puy(nv0) = [ o de = S (Bl), (o w)nsae with B=<1 0)
R

for the (non hilbertian) scalar product ((n,u), (7, %)) g1 x> = [ ni-+ut dz. The correct definition is actually

1 . 0 *
Phy () = / nu dz = o (B(n.u), (n,w)x-x  with BE<L g )
R

where ¢ : H' — L? is the canonical injection. As already mentioned in 1.2, the two points in the proof
of [47] that have been completed by C. Gallo in [24] are that: [47] uses a local in time existence for the
hydrodynamical system (15) in H' x L2, and not only in {p € L*>, 9,p € L?} x L?; and that the energy
and the momentum are indeed conserved for the local solution if the initial datum does not vanish.

The second point is that in the proof of stability (theorem 3.5 in [35]), it is made use of the fact that if
U e X and (Uy)nen € X is a sequence such that E(U,) — E(U) and Py (Un) — Pny(U), then there exists a
sequence (Up)nen € X such that Uy, — U, — 0 in X, E(U,) — EU) and Pyy(Uy,) = Poy(U). In the context
of bound states, the existence of such a sequence (Uy)nen € X follows by simple scaling in space, since then
the momentum or charge is simply fRd U? dx. However, for the one dimensional travelling waves for (NLS),
the momentum P is scaling invariant. We do not know if the existence of such a sequence holds in a general
framework, but for the problem we are studying, we can rely on the following lemma, which is an adaptation
of Lemma 6 in [10] (see also Lemma in [11]).

Lemma 3.1 There exists po > 0 and K > 0, depending only on f such that for any p € (—po,+po) and
w € R with |u| < |p|, there exists w = ae® € H([0,1/(2]p|)), C) verifying

1 vewh
wO) =w(g) Ol=nte [ @ o de =y

and

1/(2|pl)
/ 0,wf? + F(lwl?) dz < Klp|
0
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Proof. If p = 0, we simply take w = ro. We then assume 0 < p < pg, since the case —pg < p < 0 will follow
by complex conjugation. We then define, for some small § to be determined later,

w(x) = \/rg —6+2p(1— [8pz — 1|) exp[ (1— [4pz — 1|) } = ae’?

It is clear that w € H'([0,1/(2p)],C) and that w(0) = w(1/(2p)) = /72 — 6, thus |w(0)| = ro + p provided
we choose § = —pu? — 2rop = O(|u|). Moreover, using that the phase ¢ has compact support [0,1/(2p)],

/01/(2p)(a2 )y da = /01/@;:) {=o+2(1 - I3pz - 1|)+}8I (1= Ipz - 1\)+ dz
1/(2p)
:2p/0 (1—|8px—1|)+8z(1—|4px—1\)+ dw

—2p /OWP) (1 ~|8pz — 1|)+aw(1 ~ |dpz — 1\)+ dz

For the last integral, the first factor is equal to 0 if > 1/(4p) and the second factor is equal to 4p when
x < 1/(4p). Hence, direct computation gives

1/(2p) 1/(4p)
/ (a® —72)0up dx:2p/ (1—|8px—1|) x 4p dx = p.
0 0 +
For the energy part, notice first that
a2 = 3] = | = 5+ 20 (1~ I8pz —1]) | < 1]+ 2p0
+
is as small as we want if |§] and pg are chosen sufficiently small. Therefore,
F(lwl?) < K(a* = r§)*.

By simple computations, we have

1/(2p)
/ \3mw|2+F(|w|2) dx
0

1/( 2p)
<K/

<KpP+Kp+ K

(1 ~ |dpz — 1|)+‘2+ (—5+2p(1 ~ |8pz — 1\)+)2 dz

1—\8px—1|) ‘ +1o

2+p

< Kp
since § = O(|p]) = O(p), which concludes the proof. O

We then consider a sequence U, = (1, u,) € X = H' x L? and show the existence of the desired sequence
Uy, = (7n, Up) € X. We recall that U,, (resp. U) is associated with a mapping 1, € Z (resp. U,) that does
not vanish. We have Py, (U,) = P(¢,) — P(U.), thus for n large enough, |P(¢,,) — P(U.)| < po. For n
fixed, we now pick R, > 0 large enough so that

+oo
/ Betnl? + ([thn] — 70)? d < [P(0) — P(UL)]2.

n

In particular, by Sobolev embedding,

+oo
| [l (Rn) =70 | < Ionl = rol o= (R 400y < \//R |02 nl? + ([tn| = r0)? do < |P(¢n) — P(UL)].
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We are now in position to apply (for n large) Lemma 3.1 with (p, 1) = (P(Ux) — P(¥n), |¥n|(Ry) — 70). This
provides the mapping w, € H'([0,1/(2|p])),C). Since [¢,|(Ryn) — 19 — 0, for n large enough, there exists
0,, € R such that ¥, (R,,) = e |1, |(R,,) = € (rg + u) = %> w,,(0). We then consider the mapping 1,, € Z
defined by

Y () if <R,
ien 3
TNOER S if Fon <2 < B+ gy
1 ) .

From the construction of w,, and the phase factor 6,,, 1[% is well-defined and continuous. It is clear that

1/(2p)
Pw%r:Pwa%A (a2 = 12)0upn de = P(60) +p = P(U.)

for every (large) n, and that

1/(2p)
E(n) = E(in) +/0 |0pw]? + F(Jw]?) de = E(U.)+0(1) + O(|p|) = E(U.) +o(1) + O(|P(U.) = P(¢bn)])

converges to P(Uy) as n — +o00. Denoting U, € X the hydrodynamical expression of &n, it remains to show
that U, —U,, — 0in X = H' x L2. We thus compute, with the definition of 1,,,

i, il = [

+o0 _ B
SQ/ 10l * + 102l + (Jt0n] = 70)* + ([0n] = 10)* + up, + a7, da

n

+oo

~ 12 ~
Oz |Vn| — Ox|thnl| + (|| — W’nl)z + (un — an)Q dx

n

1/(2|P(Us)—P(3n)|)
l/ Oatnl? + (Jwnl? — 12)? da

+oo
gur/ 10t + (] — r0)? d +2

R, 0
<AK[P($,) — P(U) + K|P($,) — P(U.)] 5 0.

For the before last inequality, we have used that for |z| > R,,, ¥,, has modulus uniformly close to 7y, hence
|02 [thn|)? + u2 < K|0,1,)%. Note that the construction still holds for the energy distance, the computations
being similar.

3.4 Proof of Lemma 1

Proof of estimate (3). Instead of concluding the stability proof as in [35], we can notice that we have
actually the bound

1, )
— > _ -
By () = By (Ue.) 2 3z inf U = U, (- = )| (16)

as soon as P(U.,) = Puy(U.,) = Poy(U) and U € 0. = {V € X, infyer [V —Uec, (- —y)|x < 5} for some
small . If U™ does not have momentum equal to Py, (Ue, ), we use Lemma 3.1 to infer that there exists ¥(t),
with momentum equal to Py, (Ue,) = P(Ue,), and such that E(¥(t)) — E(¥(t)) = O(|P(¥(t)) — P(U..)l)
and dyy (U(2), U(t)) < O(/|P(¥(t)) — P(U,.,)|). Therefore, for t > 0, denoting Wy, (t) € X and Wy, (t) € X
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the hydrodynamical variables for ¥ and W(t),

it Wiy (8) = U, (= )] < inf 1y () = Uo. (- = )] + [0y (1) = Ty (0]

<VE\EW() - E(U..) + (/TP () — PO
< K[VEW(®) ~ B, + [P~ P..)] + [PE™) ~ P(0..)],

which yields (3).

The above estimate is optimal when P(¥") = P(U,,) since U, is a critical point of the action E — ¢, P.

This bound shows that, in the definition of stability, one has to take § = O(£?) in general. The estimate (3)
shows that one can actually take § = O(e).

Proof of estimate (4). The point is to compare ¥(t) to U, with ¢ ~ ¢, such that P(U,.) = P(¥'") instead
- dP
of comparing to U, . In other words, we replace ¥(t) by U.. Note first that since —‘ < 0, there exists,
C |c=cx«
by the implicit function theorem, such a ¢ ~ c,. We then proceed as follows. Let ¥" € Z be close to U, .

. . dP
Then, there exists ¢ = ¢(V™) ~ ¢, such that P(U.) = P(¥™). Moreover, since - # 0, it follows

C |c=c.

Huc _uc*

< Kle—c.| < K|P(U,) - P(U..)| = K|P(¥™) ~ P(U..)] < KU, ~Ue.| < Kdiy (¥, U,.). (17)

From (16), it comes

1.
Ehy(u) - Ehy(uc) > K ;2& U —Ue(- — IU)HZ

as soon as Py (U) = Py (U;). The fact that the constant K can be taken uniform with respect to ¢ for ¢
close to ¢, comes directly from the proof in [35]. Therefore, for ¢ > 0,

g [0y (1) —Ue. (= )] < inf [y (1) = Uel- = )]+ e =) = Ue. (-~ )]

).

<VKVE@(1) - E(U,) + O(|P(¥™) - P(U.,)

Using that P(¥(t)) = Phy(VUny(t)) = Puy(Ue) and that U is a critical point of the action Eny — cPhy, we
infer E(¥(t)) — EUe.) = [Eny — cPay|(Pyy) — [Bny — cPhy](Ue) = O(|¥yy, — Ue |?). Consequently,

g [y (1) =2, ()| < K (10 Ul 193 — e, |) < Ky (U, U ) + K|the — U,

1y 1y *

< thy(\ljianc*)v

by (17). This gives (4).

4 Instability result for cusps: proof of Theorem 5
In this section, we set F. = Eyy — cP,y and we assume

d*F.(U,) dP(U,) " d*P(U,) d3F.(U,)
_2feze o =0 d 0£ P =" o _DieZd
dc? le=cx dc le=cx an 7& dc? le=cx de3 |e=c

The approach is reminiscent to the proof of M. Maeda [50]. Several modifications are necessary since for
the skew-adjoint operator J = 0., we can not find the required Hilbert space Y. More degenerate cases can
probably be considered as in [50].
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We shall denote T : X — X* and Iy : H' — (H')* the Riesz isomorphisms and U = (n,u)! € X =
HY(R,R) x L?*(R,R) and H = L*(R,R) x L%(R,R), endowed with its canonical scalar product. They are
the corresponding Hilbert spaces needed in [50]. We consider the symmetric matrix

(01
B:(lo),

which is such that B? = Iy and 2P, (U) = (BU,U) p.

dP(U, d?>P(U,
Our assumption Cgcc)l =0# dc(20)| will simplify a little the computations in [50]. The
functions 77 and 7, used in [50] become now )
dF.(U. 73 .
M) = Forir W) — Folte) — 70

de |e=c 6
and
2 .

d .
= L = —P(Ue.sy) + P(Ue) ~ =P

=0

In order to clarify the dualities used in [50], we provide some elements of the proof adapted to our context.

n2(7)

'YQP*

————— and such that, for
20t )%

Lemma 4.1 There exists v9 > 0 small and o : (=, +70) — R with o(y) ~

any ¥ € (=70, +70),
Phy(Ue,+~ + 0(7)BUc, 1) = Pry (Us).

Proof. We have
1
Phy(uc*-i-'y"'o'Buc*-i-“/) = 5(153[/{0*_,_7 +ch*+'y7uc*+'y+aﬁuc*+'y)H = Phy(uc*+'y)+0”u0*+7 ”%I"‘O'Qphy(uc*-ﬁ-'y)-

Since |U.|% # 0, the conclusion follows from an easy implicit function argument near o = v = 0. In [50],
the linear mapping B is seen from X to X*, but here, there is no confusion to define U, 4~ + ocBU., 1~ €
H=1L1%x L2 ]

We define, for v € (=0, +70),
W(’Y) = uc*-f-’y + U(V)Bucd-%
which then verifies by construction Py (W(7)) = Py (Us).

3 .
Lemma 4.2 As v — 0, there holds F.,(W(7)) — Fe. (U, ) ~ —%P*.

dF.(U,)

dec  Je=c. and o(y) = O(y%), we have

Proof. Using that F, . (Ue, 1) = 0, PyyW(7)) = Py (Ue,) = —

by Taylor expansion

]:c* (W('y)) - }—c* (uc*) - fc*+’y(uc*+’y + U(V)BMC*P» - ]:c* (uc*) + 7Phy(W(7))

dF.(U, v .
= ]:c*-&-"/(uc*-&-v) —Fe., (Z’{c*) - ’yd(c)cc + 0(74) ~ _Ep*v

as wished. O

We recall that we have defined the tubular neighbourhood &, = {V € X, inf er |V —U.(- —y)|x < e}
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Lemma 4.3 For ¢ > 0 small enough, there exist four C* mappings 7, o, §j : O — R and ¥ : 0. — X,
satisfying, forU € Oy,
U —yU)) = Wa)) + 9U) + aU)BUe, 5 @w)

and the orthogonality relations
(ﬁ(u)7awuc*+’7(u))H = (ﬁ(u)7 [acuc]\c:c*Jr”y(U))H = (19(“)7Buc*+"y(U))H =0.

Finally, 1715 € H? x H' and T} §X € H*.

Proof. We consider the mapping G : X x R x (=9, +70) X R — R3 defined by

U —y) = W(y) - aBUe, 4, axuc*#y)H
G(uv Y7, a) = (U( - y) - W(’Y) - OKBUC*+'Y, [acu0]|c=c*+’y)H
U —y) =W() - O‘Buc*+'y7Buc*+7)H

Then G(U,,0,0,0) = 0 since W(0) = U,. In order to show that G is of class C*, we have to pay attention
to the translation term U(- — y), since differentiation in y requires 4 € H' x H' whereas we only have
U e X =H'x L% It thus suffices to write

U, 0Ue,+~(- +y))m — W(7) + aBUe, v, Oulhe, 1) 1
GU,y,v,a) = A, [aCUC]\c:c*+'y(' +y)a — W) + aBUe, 1, [6cu6]\c:c*+'y)H
(M’Buc*-&-v(' + y))H - (W('Y) + aBuc*-i-wBuc*-i-'y)H

to see that G is indeed of class C* on X x R x (=70, +70) X R since ¢ = U, is smooth. Moreover, using that
O Wjy=o = [0Ue]|c=c,, We infer

oG (u*a 8§Z/{*)H *([acuc] le=cy>» axu*)H *(Bu*a amu*)H
m (u*a 07 07 0) = _(u*7 ax [acuc] |e=cx )H _” [acuc] |le=cs %{ _(EU*» [861/15] le=c. )H
Y _(U*aBaa:u*)H _([acuc]\c:c*aBu*)H _”BU* "%{

Here, [50] uses assumption 2 (444), that reads for us ([0le]jc=c. , Oclhs )1 = —(02[0cUc)|c=c, , Us)n = 0. Tt is
indeed the case since U, is chosen even for any c (close to ¢,). Furthermore, (U, 02U, )y = —|0.U.|% by inte-
gration by parts, (BU, 0,U.) g = (U, BO,U.)g = 0 since BO, = J is skew-adjoint, and (BU., [Oe]|c=c, )n =
Oc[Puy(Ue)]jc=c. = 0 by hypothesis. Therefore,

_”axuc* %I 0 0
aaiG(u*, 0,0,0) = 0 —[0clhe] c=e. |} 0
(y,7, @) 0 0 —[ B2, |3

is invertible, thus the implicit function theorem provides three real-valued functions y, v and ¢, defined near
U, (in X) and with y(U,) = y(U,) = aUl.) = 0, such that GU,y(U),vU),aUd)) = 0. These functions
are extended to &, (for £ small enough) by the formulas §(U) = y(U(- — y)) +y, yU) = y(U(- — y)) and
ad) = a(U(- —y)) for any y € R such that U(- — y) lies in the neighbourhood of U, where y, v and « are
defined. Consequently, the mapping o

dU) =U(-—gU) =WEMU)) — aU)BU, 45w)

is orthogonal in H to 0,Ue, 45wy [0cleljc=c. +5w) and BU., 45, as desired. Since f is assumed of class c?,

we have U, € H* and the regularities 175’ € H? x H' and H;l g—z € H* follow easily. O

Remark 4.1 We would like to point out that in [50] (Lemma 3), it is claimed that “w(u)” is orthogonal to
“OuPuwin(u)” (we refer to the notations in [50]). However, since “T'(6(u)) — W(A(u))” is already orthogonal
to “OuPuia(w)” by construction, this is equivalent to “(Bdy,ia(u)s OwPuia(w)) = 07, or “Ou[Q(du)] = 07

31



w, |/

at “w’ = w+ A(u)”. We have not understood why this should happen since in general, for the function
w' = Q(¢b.), the point w is the only local critical point. For this reason, we have added a component to
the original mapping G in [50]. Let us observe that then, Lemma 3 in [50] uses the assumption “d”(w) =
0“. On the other hand, the derivative of G in [50] assumes “u € D(T7(0))”, for otherwise the expression
“G11(u, 0,A) = (T"(0)T(0)u, T"(0) )", for instance, is meaningless. We have therefore given some details
showing clearly the smoothness of G.

We now prove a lemma which shows that the quadratic functional associated with F.’ gives a good control
on ¥(U) thanks to the orthogonality conditions on this function. This result is in the spirit of Lemma 7 in
[55].

Lemma 4.4 There exist 0 < 1 <7y and Ko > 0 such that if v € (—y1,+71) and if ¥ € X verifies
(19>awuc*+7)H = (19> [8cu0]\c:c*+~/)H = (ﬂvBMC*-&-v)H =0,

then (F; (uc*+'y)19a19>X*,X > KO‘W”%{

ity
Proof. As a first step, we prove that if ¥ € X verifies ¥ # 0,

(0, 0.Us) g = (9, [0le]jc=c.)n = (O, BU) g =0,

then (F (U,)0,9) x~ x > 0. Indeed, assume that (F(U,)J,9) x~ x <0. Let x € X be a negative eigenvector
of F/. We claim that can not have ((J, X)#, ([0he]jc=c.,X)r) = (0,0). For otherwise, (9, x)n = 0 implies
that 1 is L2-orthogonal to y, which is the eigenvector associated with the only negative eigenvalue —pug of F”
seen as an unbounded operator on L2, thus (F/ (U,)J,9) x+ x > 0, and since we assume equality, this means
that 9 belongs to the kernel of F/(U,), which is spanned by U, = d,U,, but the condition (9, 0,U.)g = 0
then implies ¥ = 0, a contradiction. Therefore, there exists (a,b) € R? such that (a,b) # (0,0) and
(a[0Uc)jc=c, + b, x)m = 0. The nonzero vector p = al0Ue]jc=c, + b then verifies (p,x)n = 0 and
(p, JU) i = a([0Ue]|c=c, , JU) g + b(I, JU.) g = 0, so that (F)'(U.)p,p)x~ x > 0. Here, we have used once
again that ([0le]|c=c., JUs)r = 0 since the left vector is an even function and the right vector an odd
function. However, in view of the equality (F.(Us)[0le]jc=c., D) x=.x = (BUs, ), valid for any ¢ € X
(which follows from differentiation of Ey_(U.) = cF (Uc) = c(BU, )i at ¢ = c.)), we have

<~Fil(u*)[acu0]\c:c*a79>X*7X = (B[acuc]\c:c*ﬂg)H =0.
As a consequence,

0 < <]::(u*>p7p>X*,X :a2<fi/<u*)[acuc]|c:c*7 [8Cuc]‘c:c*>x*,X + b2<]::(u*)79;79>X*7X
=a® (BU,, [0lhc]jc=c. ) 1 + VX (FY (UDD, 9) x+ x = b (FL(U)Y,0) x- x,

since (BU., [0Ue]|c=c, ) = Oc[Phy(Uc)]jc=c, = 0 in our situation. We reach a contradiction since the right-
hand side is supposed < 0.

We now prove the lemma by contradiction, and then assume that there exists sequences (9,,)n>1 € X
and (v,)n>1 € (0,70) such that v, — 0, [9,]% = 1 and

(19717 6wuc*+7n)H = (ﬁm [aCUC]\c:c*+%)H = (ﬂnvﬁuc*-&-"m)H =0, (18)

but (F! . (Ue.+~,)0n,Un)x+ x — 0. Possibly passing to a subsequence, we may assume the existence of
some ¥ = ((,v) € X such that ¥,, = ((u,vn) — 9 in X = H! x L2. We then show the lower semicontinuity
of (FI'(U.)9,9)x+ x. This is roughly a verification of part of assumption (A3) in [55], used in Lemma 7
there. By compact Sobolev embedding, we may assume ¢, — ¢ in L{® (R). A straightforward computation

gives

a:r()Q 02CO0xMe, + Cz(amnc + )2
Fll o Ue,14)0,0) x- :/ ( - L5+ —
< *+’Y( JW) x X R 2(7‘8 + 770*-1-"/) (T(% + 770*+’Y)2 4(7‘8 + 770*4-"/)3

+ 2(T8 + 776*+”/)U2 + 2(2“c*+~/ - (C* +7))v¢ — fl(rg + 776*+7)<2 dzx.
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Since 78 + 7c, ++, remains bounded away from zero uniformly and 7,4+, — 7., in WH°(R) N H}(R) as
n — +00, the weak convergence ¢, — ¢ in H! implies

/ (azOQ _ 02C027c, <2 (&mc*)Q de
R 205 +ne.) (1§ +me)? A +1e)?
2 2 2
< lim (02Cn) _ 02:CnOxNe, +,, G (OzNe, +4,) d. (19)

n—+oo JR 20’% + 776*+%) (Tg + 770*+%)2 4(7“(2) + 776*+%)3

For the remaining terms, we write, for some R > 0 to be determined later,

[ 208 4 e U 4 22, et 1)) 00 = 0 e, )G
R

. —(ex +7))Cn12
= 2{T2+ V20, + (2. 1, } dx
/R (ro 77c*+'vn) 2(7’8 _|_n0*+%)1/2

1 (2uc, 4, — (cx + 'Yn))Q 102 2
wf wf (-t 2713+ ) ) B
lz|<kR  Jiz|>R 2 73+ Newtm 0 E

For the first integral, we may use that (¢,,v,) — (¢,v) in L? x L? and the fact that (nc, i, Uc, 4, )
converges to (7, u,) uniformly to deduce

(2u. — )¢

(2uc, 44, — (Cx +7n))Cn N
207+ 7)1/

2(7"3 + 770*+7n)1/2

(18 + Nt ) P00 + (rg + )20 + in L%, (20)

hence,

2uy — )¢ 72
2 [(r2 +n.)'/? +7( d
/]R [(7'0 i) v 2(7’3+77*)1/2} .

(2uc*+7n — (e +9n))Cn7?
278 + e, Y/?

12, 4

< lim [ 208+ esss,) da. (21)

n—+oo JR

Since ¢, — ¢ in L*([—R,+R]) and (Uc, 4+, M. 4~n) — (Us, nx) uniformly, it follows that

/ ; ( o) 2/'(r +m))<2 dz

z|<R 2 8+ 1.

1 ( _ (2uc*+’yn — (e + 'Yn))Q

= lim 5
7o+ Newtyn

5 =201 + e ) ) G .
n—+o0 Jiu1<R 2 0 v

For the last integral, we have to use the decay at infinity of 1., 4, and uc,, uniformly for |y| small. This

gives
2

2Ue, 4, — (Cx + 2 2 —c?
iy ZC Mz ) o S

2
70 T New+n

as |z| — 400, uniformly in n. Since 0 < ¢, < g, there exist some small § > 0 and some R > 0 large such
that, for any n and any x with |z| > R,

2
)

(2u, +vn T (cx + fYn))Q 102
_ * n _ 2 > 6.
7’% + Newtvn FroHev) 2

. 3 . 2
In particular, since ,, — ¢ in L=,

(2uc*+vn —(cx + 'Vn))z
T% + 770*+'7n

(2uy — c4)?
7‘8 + T)x

1/2 1/2
1|m|ZR(_ —2f/(7‘8+77c*+%)) gn - 1|T|ZR(_ _2fl(r(2)+77*)> Ca
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in L2, thus

/ 1( el o +1.)) ¢ de

z|>R 2 5 + N«
1 e, 4, — (Cx +7n))?
< im (- Qe Z Ty sy )) 2 o 2)
n—+oo J|z|>R 2 7o T Newtn
Combining these three lim inequalities, we deduce
(FH U9, 9)x-x < lim <‘Fé/*+’yn (Ue. 44, )0, Un) x+,x = 0. (23)

n—-+oo

Turning back to our sequence (9,,,7,), we may pass to the limit in (18):
(19,611/{*)[{ = (197 [acuchc:c*)H = (ﬂaBZ’{*)H =0.

Comparing with (23), we deduce from our first claim that ¢ = 0. This means that we must have equality in
all the above lim inequalities. In particular, the weak convergence (22) is actually strong, thus ¢, — (=0
in L?(R) (the strong convergence in {|z| < R} being already known since ¢,, — ¢ in L{2 (R)). Going back to
the equality in (19) thus provides 9,¢, — 9,¢ = 0 in L?(R), since r§ + 7c. 4, remains uniformly bounded

20 2 Oy
away from zero and by weak convergence, 0 = 4(2367%*)3 dr = lim / an—nc*—s—%z dx. Finally,
R 4(rg +ne.) n—too Jg (1§ + Netrn)
the equality in (21) means that (20) is actually a strong convergence, that is v, — v = 0 in L? since ¢,, —

in L?. The contradiction then follows: 1 = [0,,|% = |¢al32 4 [02Cal2 + |vn]32 — 0. O

Remark 4.2 This result is also Lemma 7 in [50], and is said to be Lemma 7 in [55]. However, the hypothesis
of Lemma 7 in [55] are not verified, and in particular assumption (B3) there. It is natural to believe that
this assumption is verified is most physical situations, but it is not clear whether it always holds true in the
general framework of [50] without further hypothesis.

The next lemma provides a control for a(i).

Lemma 4.5 Assume € > 0 small enough. Then, there exists K > 0 such that for any U € O. satisfying
Py (U) = Puy(Us), there holds

@) < K () I9@)1x + 0@l ).

Proof. Tt is the same as in [50], Lemma 8, but give it for completeness. We expand and use that B2 = Id
and the definition W(v) = Ue, 4 + o(7)BU,, 4 for the second line:

Phy(Ue) = Py (U) = Py U(- = 504))) = Poy (W) +9U) + a(U)BUe. 1500

(F(U))) + Py (9U)) + o*(U) Py (BU,.. 15u1))
U)BIU), BUe, y5w0) 1 + (BUe, 1500, U)o + a(U)(BUe, 500, BUe, 15w 1
+o(YU))Ue, 15wy, IU))  + o(YU) ) a(U) Ue, 45wy, BUe, 500 1

Since Phy(W((H(U))) = Pry(U.), we infer

—aU) ||t )% + 0(1)} = o (VU)) Ue. 3w OU)) i + Py (9(U))
and the conclusion follows since o(7y) = O(y?) by Lemma 4.1. O

Now, we give a lemma useful to estimate 9(if).
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Lemma 4.6 Assume € > 0 small enough. Then, there exists K > 0 such that for any U € O, satisfying
Piy(U) = Py (Us) and Fo(U) — Fi(U) < 0, there holds

[o@)% < Kly@)P.
In particular, |aU)| < K|5U)3.

Proof. Tt is the same as in [50], Lemma 9. Note first that the last assertion is a direct consequence of the first
one and Lemma 4.5. Next, we argue by contradiction and assume that there exists a sequence U,, — U, in X
such that F, (U,) — Fu(Us) < 0 and |9(Un)|% > |7(U,)|3. For simplicity, we denote 7, = ¥(U,,), I, = H(Uy),
= a(Uy). Then, by Lemma 4.5, we have |, | < K (37 [0, ]x + ”1971”%() < K(”ﬁn”;/B"" ”1971“%() = O(”19n||§()
Therefore, by Taylor expansion and Lemma 4.3, it holds

=F.W(n)) = FU.)

+ S VGO,

+ <‘F:< (W(:Yn))v 'ﬂn =+ O‘7L]Buc*+7yn>X*,X (24)
U,

)xx + o([9(Un) X )-
However, by Lemma 4.2, .. W(7))—Fe. (U, ) = O(]7]?), and since FL(W(v)) = FL(W(0))+o(1) = F.(U.)+

o(1) = o(1), there holds (F.(W(¥n)), anBUe, 45, ) x+,x = o(|9,]%). Furthermore, using F, = Footqn T B,
the third orthogonality condition in Lemma 4.3 and that o(v) = O(7?), we deduce

<]:slﬂ (W(’_Yn))aﬁn>X*,X = <‘Fé*+7yn (W(’_Yn))aﬁn>X*-,X +’_7n(BW(:)’n)719n)H
= <]:é*+ﬁ/n (Z’{c*-&-”yn) + U('Vn)Buc* +7n ﬂn>X*,X + ’Vna(:yn)(uc* +7n 19n)H
= O0(F29nlx) + OUFulP 19l x) = 01941 ) = o([9nl%)-

For the last line, we have used another Taylor expansion with F| .- (Ue,45,) = 0. Finally, Lemma 4.4
yields (F/

Vo Uey5,)90,0n) x+ x = Ko9n]%. Reporting these expansions in (24) yields

Ko Ko
Fullhn) = FUs) = =0l + o([9n]%) > §|\§n||§c
for n sufficiently large, which contradicts our assumption. O

We now need to find an extension of the functionals ”A” and ”P” used in [50] (and also in [55]). In
these works, these functionals are built on what should be here ” J 19U, = BJ, 10.U,.”, but unfortunately,
0.6, does not have vanishing integral over R (for instance, 9.7, has constant sign). We rely instead on a
construction of a suitable approximation of ”J~19.4,.”. A similar construction is used in [47].

Lemma 4.7 For any 0 < k < 1, there exists a C*> mapping Y. : (—v1,+71) — X such that, for any
v € (=y1,+M), Tu(y) € H? x H' is an odd function verifying

"JTH(’)/) - [8cuc]\c=c*+’y HX < kK.

Proof. We fix an even function ©¢ € C°(R) such that [, ©¢ dx = 1. For T' > 0 to be fixed later, but
independent of v and x, we set t, = T//k? > 0 and

@) =B [ [0 emertr )~ 5-00( L) [ 0l 2]

It is clear that T, (y) € C}(R) and that, since J = 9,B and B? = Ida,

1 .
JY 0 (v) = [8CMC]\c:c*+'y = 760(7) /R[acur:]\c:cwr'y(z) dz
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In particular,

1 1 2
k() = Oelthelme. 141 = | 10l2 + 10:0013: | ( / Ohejeme. 14(2) d2) < K

if we choose T' = T'(¢«,Us, Og) > 0 sufficiently large and 7 smaller if necessary. Moreover, T () is odd since
U, and O are even. In addition, the even function y > [Ole]jc=c. +~(y) — i@o (%) JplOUejc=c, +~(2) dz

decays exponentially at infinity (since ©g has compact support and 9.1, decays exponentially), and has zero
integral (since g has integral equal to one), hence

—+o0

Y.()() = B [

x

(Ot emern ) = 100 (L) [ 0l ome. ) 2]

and decays exponentially at infinity. It follows easily from these two equalities that v — Y. (y) € L? x L? is
well defined and continuous, hence also v+ Y, (y) € H? x H'. By the same type of arguments,

oY,

= ()(@) =B [ [l omeir ()~ -00(L) [ 02U emerr(2) 2] dy

is well-defined and is a continuous function of v with values into H? x H', and similarly for the second
derivative. 0

We now define, in the tubular neighbourhood &, of U,, the functional (corresponding to ” A” in [50])

QueU) = U —yU), Te(YU))) g = U T(YU)) (- +yU)))
depending on « € (0,1), which will be determined later. The first properties of €, are given below.

Lemma 4.8 Forany0 < x <1, Q, : 0. = R is of class C'. In addition, there exists some bounded mapping
N5 0 0. — X such that if Uyy € CH([0,T),X) is a solution to (15) that remains in O, then

Wiy (1)) = Z (Wi (1),

where 2, : O — R is defined by

ZU) = ~(FL s @): {T TG+ FQ0) + U0, TGN +FUONa N5 @0 ])
Proof. The fact that €, is of class C! follows directly from the second expression and the fact that 7 and
4 are C* (in [50] formula (3.11), the same remark as for the smoothness of G after Lemma 4.3 holds, since
it requires "u € D(T7(0))”). If Uy, = (n,u) € C*([0,7),X) is a solution to (15) that remains in 0., we
therefore have, denoting J(t) = 7(Vny(t)) and §(t) = §(Vny(¢)),

%Qn(‘l’hy(t)) = (00¥ny (1), T (Y(1))(- +5(1))
+ (Wny (1), 0 T (V) (- + 5(0))) 1 (F' (Wny (1)), 0r Wy (1)) x+ x (25)
+ (Uny (1), 5 T (YO (- + 7)) (Y (Tny (1)), 0 Wy (£)) x+ x-

We now observe that the invariance of 2, by translation provides by differentiation the equality, for U € O,

0= %Qn(u(' = Y)y=0 = U, 0L (FU))(- + §U)))u = (BU, JT(YU))(- + §U))) 1

= (P U), JLu(YU)) (- + 5U))) x= x- (26)
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In particular, the second term in (25) vanishes. In addition, since Uy, = (n,u) € C*([0,T), X) a solution to

0F
(15) that remains in &, there holds, denoting by Y the variational derivative,

ow

CATNOR MEOIGRTONIE (Jggg; (W (), Tu V() +5(1))
(353; Uy (), T TGO +50)) , = (B (U (0, TTGON+50))

FL (g (0), T T () + T xx = e+ T By (g (1), TR (3D + 5(1)))

} X*,X

—(F. ey (Wng (), JYL(F() (- + 5(1))) x+ x,
by (26). In addition, since 0By
Wy

(3 (1 (1), Dy () - x = (7 (B (1), T 55> (0 1)

= BY¥y,, and JB = 0,,

= (5 (W (1)), mey(mm o (cx AT (ny (1), 001y (1))

Wy X*, X

The second term vanishes since 7 is invariant by translation (by definition, see the proof of Lemma 4.3). As
a consequence,

(7 (i (), 0y (1)) . x = (J‘”ngp*;@@hya))m1a’<why<t>>)x

1) cot+7(t —1/
= = (L 0y (00, T ()

0F, F(t =15/
- — (Z5 0 (), 51w, ),

— (050 (). 0,15 5 (0, 0)

1) (Pry (1)), JI715 (U () x+, x. We then define Ny : 0. — X by N5 (U) =
X = H' x L? (see the regularity shown for 4’ in Lemma 4.3), so that

L2’
The first term is simply —(F/

T U) — (2T S W),

integration by parts yields
(V' (Try (1)), 06 Wny (1)) x+,x = —(Fr, 1500 (Uny (1), N5 (Tny (1)) x, x -

Inserting these relations into (25) then gives

U
0) €

@0 Wy (1) = —{ FL s (W (1),
[T0HON+5(0)) + Wy (1), C O + 70N (W (1)) })

which is the desired equality.
If ¥y € CO([0,7), X) is just a continuous in time solution to (15) that remains in &, then the integrated
relation

X=X’

(W (1)) = (W) + / 2 (W (7)) dr

holds, as can be seen by using the continuity of the flow and the approximation of such a solution by smoother
ones (see [24]). O

We now compute the asymptotics of Z,,(W(v)) for v — 0 and small «.
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Lemma 4.9 We have

- P,
ZH(W(V)) = - 2 + O('y,n)—>(0,0)(’>/2)'

Proof. The proof follows the one of Lemma 5 in [50]. As a first step, notice that y(W(%)) = v, g(W(y)) =0,
as it can be seen from the equality G(W(v),0,0,0) = 0 and the local uniqueness of the solution to G = 0.

Therefore, since F,. . (Ue,+~) =0 and o(y) ~ f'sz /U %),

et W) W) = Fo i Uey sy + 0(VBUe, 1) = 0(NFL oy (Ue. 44)[BUe, 14] + 0450(77)
e 2P,

In addition, since U, is even and T (7) is odd, we deduce
(W('Y)( + Q(W(V)))vaWTN(V))H = (uc*Jr'y + U(V)Buc*+'ya 87Tn(’7))H =0.

Consequently, )
¥*P.
23,
where “0,_,0(7?)” does not depend on k. Moreover, Lemma 4.7 provides |JY(y) — [0cldc]jecmc, +~]x <

independently of v € (—v1, +71), hence

<~7:”( )[BU*],JTH(’}/)>X*7X +0W—>0(72)a

2
- P,
Ex(W(7)) = 2||u - (FI U BU], [0 jemer 1) X=X + 0(v.0)5(0.0)(7?)
H
2P 1! 2
2”u H <-/—" (u )[ ]7 [aCuChC:C*>X*,X +O(’Y,N)—>(0,O)(’Y )
H

Finally, using once again the equality (for ¢ € X) (F(U.)[0Uc]|c=c., ®) x+ x = (BU.,¢)n and that F is
self-adjoint, we infer

(FL (U BU [0Ue]je=c., )+ x = (F U (0he]je=c. ), BU) x- x = [BUs 7 = U3,

and reporting this into the previous expression gives the result. O

We now compute the asymptotics of =, for more general functions.

Lemma 4.10 Let € > 0 be small enough. If U € O, satisfies Pny(U) = Poy(Us) and F.(U) — F.(Us) <0,
then, we have

uniformly for 0 < k < |y(U)|?

O(|73U)]). Then, we write
U))+9U))+0(7U)?) and,

Proof. First, we may apply Lemma 4.6 and infer that |9(U)|3% + |alU)]
Ex(U) = ExU(-—gUh))) = EcWHU)) +IU) + a(U)BU, +5w)) = Ex(WV(T
recalling the expression

=) = ~(FL a0 @), LICRGRO)C+ 5U) + U0, TGO+ FUONuN5@0))

X* X

20

we wish to make a Taylor expansion. First, note that
FrrzuyU) = Fisay WEUD)) + Fo 500 WEUD WU + O(FWU)I?)
= o5y WEWU)) + F2 500 Ue, 1500 0] + O(FU)P)
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hence, since F. | ~(Ue,+5) =0 and (Lemma 4.1) o(y) = O(v?), we have W(§) = U, +5 + O(7?), thus

ety
Ex(U)-E.WEM))) = O(FU)?)
(T 0y U 1300) QDL LT T (U + GQ0) + U, 0, (GRA(+ 5w N5 ) } )

X*, X

Now, in the bracket term, we may replace U by W

((@U)) + O([9U)]x) (since [dU)I% = O(FWU)F)). By
the computations of Lemma 4.9 and the equalities ¥(W =

) (
(7)) =, yW(v)) = 0, this gives
=1 0d) ~ B VW) = ORRP) ~ (Pl U500 IC0) TG
- (9(|"y(u)|3) a <‘7:él*+7(u)(uc*+7(u))[19(u)]a {3cuc}\c=c*+:,(u)>X*7X + O(k)

= O(FUP) = (FL 00 Ue 150 HOHe Heme 5@} VW) )+ O(r)

X*X

using Lemma 4.7 and the self-adjointness of 7 S
¢ € X) (FI(U)OMU), d)x+. x = (BU, @), we mfer

Ex(U) = Z.(WEU))) = O(FU)F) = (BUe. 4500, 9U)) 1 = O(FU)I),

by the orthogonality condition in Lemma 4.4. Inserting the expansion of E,(WW(7)) given in Lemma 4.9
yields the conclusion. O

)- Choosing 0 < & < [y(U )2 and from the equality (for

Proof of Theorem 5. We have to show that there exists € > 0 such that, for any § > 0, we can choose
an initial datum at distance < ¢ from U, but that escape from &.. Since W(vy) — U, in X, we shall take
the initial datum to be W(y) for some small v, and denote Wy (t) the corresponding solution. In view of
Lemma 4.2, we have F,(W(7)) — F.(Us) ~ =3P, /6, hence we can choose y with the sign of P, # 0 so that

Fe W) = Fulths) ~ =P|P.] /6 < 0.

We now assume that Wp, (¢) is globally defined and remains in &, where ¢ is as in Lemma 4.6. By conservation
of energy and momentum and the construction of W(v), we deduce Py (¥ny(t)) = Poy(W(7)) = Pay (Us),
and F, (¥ny (1)) — Fu(Uy) = Fu(W (7)) — F«(Us) < 0. The first step is to have a control on 5(t) = 7(¥ny(t)).
We denote a(t) = a(¥ny(t)), 9(t) = y(¥ny(t)) and 9(t) = I(Vny(t)). Applying Lemma 4.6, we obtain
[9()|% + la(t)] = O(73(t)|). In addition, Lemma 4.2 and Taylor expansion gives

(
Fe(Uny (1) = Fullhe) = F. V(1) + 0(t) + () BU, 151)) = F- (U*)
>

W) = Fuls) + (FLOVF(@)), 9(t)) x+ x + 5 <f”(W( (£)9(1),9(t)) x=,x + (|7 (t)])
33 (t) P,
6

where we have used that F,(W(%(t)) = o(1) (for the terms involving (t)) and Lemma 4.2. Furthermore,
by the orthogonality relations in Lemma 4.3 and using that o(y) = O(y?) and F.(U.) = 0, it holds

(FLWE®)), 0(t)) x+.x = (Fe, 150 WE®), 9(8) x+ x +7(E)BW((E)), 9(t) 1
= (Ft ity Uer 150y + 0 (V) BUe. 15, I () x, x = O(F2(2)]).

In addition, by Lemma 4.4, the before last term is > Ko|9(¢)|% /2. As a consequence, by conservation of
Fi(Uny(t)), we infer, for small v,

~ o~

:]:*

+(FLOVE(1), 0(t) x+ x + 5 <F"(W( (O)0(1), () x+ x + 0|7 (1)),

~PIE/3 > FaV (7)) = Fullh) = Fu(Wry (1) = Fulh) = —
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In particular, this forces 5(t) to always be of the sign of P, and to satisfy |5(t)] > |7v|/2 (provided e and ~
are small enough).

Since now, we have a good upper bound for |¥(t)|, we can choose k = k(y) = 73/8, which is such that,
for any t > 0, k < |¥(t)|3. In particular, we can apply Lemma 4.10 and get

En(Uny (1) = = +o(3(1)?).

(1) P
2
With this choice k = k(7y), we deduce from Lemma 4.8 that

o
%QR('Y)(\IJhy(t)) = S (Tpy (8) = _’y(t)Q P,

+0(3(1)*).
Since |7(t)| > ||/2, it follows that, when P, < 0 (the case P, > 0 is analogous),

d V2P,
—Q Uy (t)) > —

dt n('y)( hy( )) = 3
hence €,;(y)(Vny(t)) is unbounded as t goes to +oo. However, by definition of €., we have by Cauchy-
Schwarz |Qy.,)(U)| < U] Tryla < C(y) for U € O.. We have reached a contradiction. The proof of
Theorem 5 is complete. O

>0,

5 The linear instability (0 < c. < ¢)
5.1 Proof of Theorem 4

Existence of at least one unstable eigenvalue. The proof of the existence of at least one unstable
eigenvalue relies on Evans function technique, as in [70], [6]. We shall actually use Theorem 1 in [6] when
observing (see e.g. [5]) that the Euler-Korteweg system

Op + 20:(pu) =0
. (EK)
Oru+ 2ud,u = 0,(f(p)) = 0. (K (9)02p + S K (p) (020)?) =0,

where K : (0, 4+00) — (0, +00) is the (smooth enough) capillarity, reduces to (2) (where, we recall, ¥ = Ae'?,
p =A% and u = 9,¢), namely

Op + 20, (pu) =0

Opu + 2udu — 9 (f(p)) — 8$(6x(\/\£p)) =0,

for the capillarity K(9) = 1/(20), as can be shown by straightforward computations. The associated eigen-
value problem in the moving frame is

A — 02C + 20, ((13 +n:)v + Cus) =0

N0 = i+ 20, (0,0) — 103+ 1) — 0 1 o( ¢ )_cag%(\/r%Tn*)}:O'

20/rg + . " N/18 s 2(r§ + n.)?/2
(27)
The link with the original eigenvalue problem (6) is done through the formula
—u (S [
w="U, 3 +1 v, (28)
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since this corresponds to U = U,, + ¢ = U, + eMw(z) = (Ac, + eM((x)) exp(ige. +ie? [*_v). Notice
indeed that the second equation in (27) gives [, v daz = 0. It then follows from Theorem 1 in [6] that under
PU.)

the assumption
de le=cx

> 0, there exists at least one unstable eigenvalue 7o € (0, +00).

Existence of at most one unstable eigenvalue. The fact that there exists at most one unstable
eigenvalue follows from arguments as in [7] (Appendix B) and is a direct consequence of Theorem 3.1 in [57],
that we recall now.

Theorem 11 ([57]) Let J and L be two two operators on a real Hilbert space X, with L self-adjoint and J
skew-symmetric. Then, the number of eigenvalues, counting algebraic multiplicities, of [J L]c in the right-half
plane {Re > 0} is less than or equal to the number of negative eigenvalues of L, counting multiplicities.

In order to apply this result to our problem, let us write the eigenvalue problem (27) under the form

(5 )= (3a)(0)

where M is the self-adjoint Sturm-Liouville operator
218+ C\rE 4 2005 + )32

(which is bounded from below) on H = L? x L? and with

r= M Uy — Cy

T\ 2up —ce 2018+ mi) )
0 1
10

show that £ has at most one negative eigenvalue. Since rZ + 7. remains bounded away from zero, it is clear
that, for ¢ < 0 and (¢, v) given, £(¢,v)! = o(¢,v)! if and only if

M= —f'(r§ +m) =

We are in the setting of Theorem 11 with J = —0, ( ) skew-symmetric and L self-adjoint. We thus

(ce — 2uy)? o

(cx — 2u*)2
205 + 1) 2005 + 1) — 0

=0o(, ith M= M- ;
(=0t W 203+ 1n)

MTC—

(29)

since we may express v in terms of ( with the second equation. We observe that the translation invariance

shows that 9, (nx, u.)! belongs to the kernel of £, that is, using once again the relation 2u, = 20, ¢, = 5 Zfrz ,
cTTo

MTO,n, = 0. Furthermore, M’ has the same continuous spectrum as its constant coefficient limit as
r — F00, namely

2 _ 2
1 o o —c

- 2 Yz 2
2rg 2rg

that is gess(MT) = [¢2 — 2, +00) C (0, +00), since 0 < ¢, < ¢,. Since 9,7, has exactly one zero (at x = 0),
it follows from standard Sturm-Liouville theory that M has precisely one negative eigenvalue p < 0 and
that the second eigenvalue is 0. Taking the scalar product with (29) yields
o(cs — 2uy)?¢?
MI¢ O - [
M | g R 0 o]

Now, for s < 0, we consider the self-adjoint operator

dx = o|¢[7-.

(ce — 2uy)? s

M=M= . .
° 2(rg + 1) 2(rg + 1) — s
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Clearly, MI_y = M, gee(MI) C [2 = 2,400) C (0,4+00), and R_ 3 s = M is decreasing. Let
us assume now that the self-adjoint operator £ has at least two negative eigenvalues. Then, we denote
o1 < o2 < 0 the two smallest eigenvalues of £ (necessarily simple), and ¢y, {» two associated eigenvectors.
Since £ is self-adjoint, (1, (2)z2 = 0. Furthermore, (MI__ (1, ¢1)z2 = 01](2|%. < 0, hence, by monotonicity,
<MZC2, C2)r2 < 0 for any o7 < s < 0. Therefore, MZ has at least one negative eigenvalue for oy < s < 0.
We denote Apin(s) the smallest eigenvalue of MI. Then, A\puin(s = 0) = u < 0 and Ay, decreases in
[01,0]. Moreover, we may choose a positive eigenvector ¢, for the eigenvalue A;(s), with {; = (,,. Since
o(MN NRy = {u,0}, it follows from the monotonicity that for any oy < s < 0, we have o(MI) NR_ =
{Amin(s)}. When s = o9 € (01,0), we then have o9 € O'(Ml:@) NR_, and thus o9 = Apin(02), which
implies that we may choose (5 > 0 without loss of generality. Similarly, if s = o3, we see that we may choose
¢2 > 0. We obtain a contradiction since then ((1,(2)z2 > 0 and thus ¢; and ¢» cannot be orthogonal in L2.
We have thus shown that £ has at most one negative eigenvalue, and then Theorem 11 shows that J L has

at most one eigenvalue in {Re > 0}, as wished.

5.2 Resolvent and semigroup estimates (proof of Corollary 3)

In this section, we drop the “x” for the travelling wave we are considering. When linearizing the (NLS)
equation in the moving frame with speed ¢, we obtain

Y e+ 020 + U (U + 200, 0) F (UPIU =0, (30)
or
D(0) o (b mty <0 I arUBE Y ()
ot \ ¥z 02+ f(IUP) +2f'(|U)?)U? Dy + 2 ([U2)ULUs W
( 0 1 > ( =02 — f(JUP) = 2f"(|U?)U? —cBy — 2f'(|U2)ULU, ><¢1 >
A b —2f (UPYWa =02 = F(UP) =20 (UA0E )\ v )

We wish to show that this linear equation can be solved using a continuous semigroup. In order to handle
later the nonlinear terms, we work in H'(R, C?) instead of L?(R, C?). Therefore, we consider the unbounded
operator A : D(A) = H3(R,C?) ¢ H(R,C?) — H'(R,C?) on H*(R, C?) defined by

A= < 0y — 2f'([U*)U1Us =07 = f(UPP) = 2 (JUP*)U3 >
G+ U +2f(UPUE dy +2f'([U[*)U1 U2 '

It follows easily that for ¢ = ( v

wi ) € HY(R,C?),

Re(<A1/)|1/)>H1(R,<c2)) :Re(<*2f/(|U|2)U1U2¢1,¢1>H1(R,C) + (=2f'(|UP)UrUsta, ¥2) 11 r )
+{[fUUP) + 2" (|UP)UR )1, o) i ey — (LF(UPP) + 2f/(|U|2)U12]1/)2,%)Hl(R,@))
< K9l @ c2)-

Moreover, the spectrum of A is included in the half-space {Re < o¢}, hence A generates a continuous
semigroup e on H'(R,C?).

In order to estimate the growth of the semigroup e** on H* (R, C?), we could try to use the same approach
as [21], which relies on the proof of the spectral mapping theorem in [31]. However, our situation is slightly
different since in these studies, the reference solutions is real-valued (it is a bound state in [31] and the kink
in [21]). Therefore, U = 0 and A has no diagonal term, and the system is much more decoupled than in our
situation. As a matter of fact, it is not very clear whether the arguments of [31] carry over to our problem. We
thus have chosen to use the general approach given in Appendix B. We thus verify the assumptions of Theorem
B.4 (see also Corollary B.2) there, which are easy: A generates a semigroup in H!(R,C?) and the spectrum
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of A is of the form iR U {—vo,+70}, where iR is the essential spectrum and +7, two simple eigenvalues.
Moreover, the eigenvector associated with 7o belongs to H3(R,C?) = D(J). Therefore, Theorem B.4 in
Appendix B applies and the growth estimate for the linearized problem follows. For the nonlinear instability
result, we argue as for Corollary B.2 in Appendix B, since the manifold 9 = {|U,|(-—y), y € R} is transverse
to the curve o ~ |U, +ow| in 7o + H(R). Indeed, it follows from (28) that |U, + ow| = A, +0(+ Oy (c?).
Assume that ¢ = @d,|U.|, with a € R. Then, integration of the first equation of (27) provides

(U] = 70) = e.0[U.] 4+ 2((r + m.)v + € ) =0

hence, using that |U.| = \/r2 + n. and the equality 2u. = cn./(rg + n.), we infer

2
|U =0, __en 77*} =0.

U—!—a{
e Ag )t

Since fR v = 0 and |U.|—7p has constant sign in R, integrating over R then implies & = 0, which in turn yields
¢ = v =0and w, = 0, a contradiction. Consequently, ¢ & R9,|U,| and the manifold MM = {|U.|(-—y), y € R}
is indeed transverse to the curve o + |U, + ow| in ro + H'(R).

6 Stability analysis for the kink (¢ = 0)

6.1 Proof of Lemma 4

Let us recall that the momentum P(U.), for ¢ > 0, has the expression

e dg
PO e

since sgn(§.) = —1. Therefore, we decompose P(U.) with two integrals:
0 62 dg 0 1 1
P(U,) = + — dg. 31
( ) C/Ec T(Q) J’_f V _Vé(fc)(g - gc) C/ﬁc T(% + 5 ( \/_Vc(g) \/_Vé(fc)(g - fc)) 6 ( )

Using the change of variables £ = ¢, the second integral in (31) is equal to

0 42 1
53/1 T(2)+t§c(\/—vc(t§c) V—EVI(E t—1)> at

— (_2\3 0 t2 1 3 1
e /1 Tg_trg(\/fvo ftTQ) \/—47'3F(O)(t—1)) dt + 0c—0(1)

0 e 1
_/— 7"3+5(\/—vo<5> VAF(0) +ro)df+0Ho<1>~

The passage to the limit ¢ — 0 being justified by the dominated convergence theorem since the absolute value
of the integrand is < Kt for 0 <t < 1/2 for small ¢ and for 1/2 <t < 1, since &. > —7'(2), 7'(2) +t&. > rg(l —t)
and hence is equal to

- | A Volte,) — EVI(E)(E — 1) |
’I"(% + tﬁc \/_Vc<t£c)\/_£cVé t — 1 |:\/ V tgc + \/ gc €c t _ 1):|
¢t - K cvage.

SK(l—t)\/l—t\/l—t\/l—t V-t
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Furthermore, letting ¢ = &, + (12 + £.)t2, t > 0, the first integral in (31) is equal to

VISR (6, 4 (B4 £)?)? 2

/; o | [ V&)

_ 2 4 z _ T% +£C _ 2,2 _gc
= VR {7”0 [2 arctan ( s )] 2rg(rg + &) 21,

3
=

by direct computation. Since €. ~ —r2 is a simple zero of V.(£) = 262 — 4(r2 + )F(rg + &), we have

2,4 2,4
r2 4 cTo ctry (15 f(0) 4 2 Ty 4
c = -2 c = - c 5
¢ tar0) T aro )( F(0) )+ ocmle) "o+ Ty T O0l@)
thus
~Vel€e) = 4F(0) + Ocso(c?)
and 5 5
= — 4+ O.0(c).
Varevvie) e o
As a consequence, the first integral in (31) is equal to
2 3 3 3 3
o TH 2rg r07r 8
— 4+ - - + + O, —+ 0O,
: VFO)  VFO) 3¢F<o>} (0= syr O
Gathering these two relations, we obtain
8rp Y 1
PU.) =rdnm+cy — ——— d€ ¢ + 0c—0(c),
0 { 3\/F 02 7O +£(\/—V0(§) VAF(0) £—|—r0 ) } -

as wished.

6.2 Proof of Theorem 9

Since we have a kink solution Uy for ¢ = 0, this implies that Vo(&) = —4(r + &) F(r3 + &) is negative in
2

(—r§,0) and that —rf is a simple zero of Vy, that is F(0) > 0. Then, F > 0in [0,77) and F(g) ~ ;5 (0—1r§)?
0

for o — rZ, it follows that there exists Ky > 0 such that

We consider for p > 0 the quantity
Hnin (@) = inf {J{/(u), ueEZ, i%f|u| = u}.

The study of i, (0) is easy.
Proposition 6.1 There holds

Hmin(0) = E(Up).
More precisely, for any U € Z,

To

E(U)zél/ VF(s?) ds and E(Uy) —4/ V F(s?) ds.

iIlfR ‘Ul

Finally, if U € Z, infg|U| = 0 and ' (U) = E(Uy), then there ezists y € R and § € R such that
U= eian(- - y)
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Proof. Taking Uy as a comparison map, we see that J#,in(0) < E(Uy). Moreover, if U € Z and infg |U| =
w1 >0, we may assume, up to a translation, that u = |U|(0). Then, denoting

r>z2/rg¢@ds,

we have the inequalities

+00 Foo oo
/0 .U + P(UP) do > / 0.|U| 2 + F(UP) da > 2 / VU, |U|| dx
“+o0 +oo
= [ e =] [ adequiae] = vl - c(uio)
0
=[Gt0) - G| =2 [ VT ds
Arguing similarly in (—o0,0), we get
BE(U) > 4 / * JE ds.

For the kink Uy, which is real-valued, we have the first integral |0,Up|?> = F(U?), hence, using the change of

variables s = Up(x),
“+oo
E(UO):4/ F(U?) dxf4/ vV F(s?) ds.
0

If 4 = 0, we have then E(U) > E(Up), hence # (U) > E(U) > E(Uy) as wished.

Assume finally that U € Z verifies infg |[U| = 0 and J#(U) = E(Uy). Then p = 0 and all the above
inequalities are equalities. In particular, we must have |0,U| = |0,|U|| and equality in |0,|U||?> + F(|U|?) >
2|v/F(|U|?)05|U] |, which means that |0, |U|| = /F(JU|?). Combining this ode with the condition |U|(0) = 0,
we see that |U| = |Up|, since |Up| solves 9,Uy = /F(UZ). Finally, the fact that |0,U| = |0,|U|| implies
that the phase is constant in (—o0,0) and in (0,400): there exist two constants 61 € R satisfying U(z) =
e'%+ |Up|(x) for £z > 0. Therefore, RW(U) = r2(f4 — 6_) mod 277, and then

B(Un) = # (u) = B(UY) + 20 sin? (02T

2
implies 6, — f_ = m mod 2m, that is U = €%+ U, in R, which is the desired result. O
. 9 : - dP(Us) .
We recall the expansion P(Us) = rgm+ sPy+o(s) as s — 0, where Py = B oo’ From the Hamilton
S s=0
dE(Us dP(Us 2,
group relation (Us) =s ( ), we also infer by integration E(Us) = E(Up) + %PO +0(s%). As a first

S s
step, we define the small parameter pu, > 0. The key point is to prove the following result.

Proposition 6.2 There exist some constant K > 0 and a small p,. > 0 such that, for any 0 < p < s,

2
Hrnin(p) = inf {H V), U € Z, influl =} = BU) + .

Proof. Notice first that for ¢ > 0 small, there exists U, travelling wave of speed c and that infg |U.| = /78 + &.

2,.4 2
c %o 0 4+ O(c?) and

17 (0 )—|—(9( 1), hence infg |U,| = W

with &, a smooth function in ¢ such that &, = —rg +
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2 F(0
is smooth. Therefore, there exists, for 0 < yu < p, small, a unique o, with o, = ﬂi() + (’)(/12)7 such
To
that pu = infg |U,,|. In particular, taking U,, as a comparison map in #in (1), we have

P(Us,) — 7‘871')
2r2

O'MPO +o(ou) )
2rk

Hnin(p) < H (Us,) = E(U,,) + 2Mr§ sin? (

0'2 .
= B(Uo) + 2Py + o{0}) + 2Mr sin’ (
:E(Uo) + 7H<P0 +MP02) + O(O’i).

In particular, it follows that, for some positive constant K and for u, small enough,
Hainlp) < E(U) + Kp? < 1B (U). (32)
Consider now ¢ small, a bounded open interval (z_,z;) and 1 a solution to the Newton equation
2020 + V(1) =0
in (z_,2y), with 9,n(z4) <0< n(z_), n(zy) < —rd+p? and n(z_) < —r +p2. As c — 0, V. converges

to Vo in C1([—73,0]). Moreover, V, is negative in (—73,0) and has a simple zero at —rZ. Therefore, if ¢ and
px > 0 are sufficiently small, we must have [** F(rg +n) do > 1 [ F(U3) dz. Consequently, if v = Ae'®

solves (TW,) on a bounded interval (z_,z, ), satisfies 20, = QCZ (n= A% —7r2) and if |v| is < p. at x4
rg+n
and at z_, with 9,|v|(z4+) <0 < 9z|v|(x_), then
T4 1
/ 10,02 + F(|v|?) do > S B0 (33)

Here, we use that the Newton equation on the modulus |V| actually holds true in (z_,z4). Since F' > 0 in
[0,73) and F(p) ~ r3(0 —r3)? when ¢ — rd, there exists K > 0 and x > 0 such that F(g) > (0 —73)?/K for
0 < o <r2(1+ k)2 Hence, if infg [v| > p > 0, then

K

[P(v)] < —E(v). (34)

i
Moreover, arguing as in the proof of Proposition 6.1, we show that there exists s > 0 such that if U € Z
and |U| takes values < p, and > ro(1 + &), then

E(U) > E(Up)(1 + »).

In particular, since Fin(p) < E(Up) + O(1?), we may choose p. sufficiently small so that if U € Z and
H(U) < Hin() + ps, then |U| < 79(1 + k). This means that for the mappings we are considering,
F(o) = (e —15)*/K.

Step 1: Construction of a suitable minimizing sequence. There exists a sequence (V;,)n>0 in Z such
that infg [V,,| = 1 = |V,[(0), Vi, = Anei®s, P(V,,) € [0, 73],

>0

r3m — P(Vn))

QAiﬁxd)n = cn(Ai - 7“3), Cn = Mrg sin ( 572
70

and

lim (V) = Hin(p).

n—-+oo
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Since u > 0, the maps V we consider may be lifted V = Ae®. Therefore (with u = 9,¢),

Hiin (1) = inf{ /R (9, 4) + F(A?) dz

A2 — 2y da — 12
+inf{/A2u2 da:+2Mr§sin2(fR( TS)Z * TOW),ueLQ(R,R)}, (35)
R ro
AeroJrHl(IR{,R),i%fA:u}.
The infimum in v may be written
2
inf inf { [ A2 do + 2Mrfsin? (2207 L*(R,R .t./A2—2 dr =pl.
inf in {/}R u” dx + 2Mrg sin ( 27 ),ue (R,R) s R( r5)u dx p}

For each p € R, we minimize in v a quadratic functional on an affine hyperplane, with minimizer given by

(42— ) N4 =
“p=P(/RTd$) Az

As a consequence, the infimum in w in (35) is

2 2 _ .22 _ 2
. 2,2 4. 2 (P ToT : 2 (A% —r5) ! 4.2 (P~ Trg
;IEII% [/RA uy, dx + 2Mryvsin ( 212 )} :;lél]% [p (/RT dm) + 2Mrj sin ( 212 )}

It is clear that this last infimum is achieved only for p inside [—7r3, +7r2]. Indeed, the second term is

2

2rrg-periodic and if p > 773, then p — 2772 is a better competitor. Moreover, the function p sin? (p 2:;0)
0

is continuous and even, hence we may consider some p € [0, 7] (depending on A), which is a minimizer for

this last infimum. The corresponding u, is then a minimizer for the infimum in « in (35). Writing that

di;{pQ(/R (142;7;02)2 dx)71+2Mré sin? (p;%’r%)} = Zp(/R (142;7;02)2 dx)71+2Mr§ sin (p ;rgr(%) =0,

we deduce the relations )

24% = (A% — 1), ¢ = Mr2sin (p;ZTO).
o

We conclude by considering a minimizing sequence (A4,) in (35), and translating in space so that infg A, =
= [An[(0).

Since F' > 0 in R, we have
12
/ 0,V ? dir < H (V) < 2 B(Uy)
. 10
for n large. Therefore, by compact Sobolev embedding H! ([~ R, +R]) < L>®([-R, +R]), we may assume, up
to a possible subsequence, that there exists V € HJ. (R) such that for any R >0, V,, =V in H'([-R,+R))
and V, — V uniformly on [-R,+R]. Moreover, by lower semicontinuity and Fatou’s lemma, E(V) <
lim, ,. . E(Vy). Since |[Vo| > p > 0in R, [V| > x> 0in R and we may lift V = Ae’®. Furthermore,
infg A, = pu = |V,,|(0), hence infg A = pu = |V](0). We also know that P(V},) € [0,r¢n] for all n, hence we
may assume, up to another subsequence, that P(V;,) converges to some P, € [0,r37]. We also set

. . Py —7r?
c= lim cn:Mrgsm (LQO)
n—-+oo 27‘0

In view of Step 1, and the convergence A,, — A uniformly on any compact interval [— R, +R], it follows that

24%0,¢ = c(A* —17) and O — 0z in L2 (R). (36)
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Note that
2 1 2 2\2
[ 10V + (VP = rd)? do < B(V) < o
R

hence |V| — 19 at +oo. In particular, there exist —oo < R_ < 0 < Ry < 400 such that |V]| > p in
(=00, R_) and in (R4, 400) and |V|(Ry) = p.

Step 2. There exist —oo < z_ <0 < z; < +0o0 such that
A(r) = Ac(z — Ry + 2z4) for v > R4 and Alx) =Ac(z — R_ + 2) forx < R_.

We work for x > R,, the other case being similar. We consider x € Cl((Ry,+),C), t € R small
such that V! = v, 4 tx verifies |V}!| > p in (R4, 400). This is possible since infg,pp(y) |Va| > p. Then,
[VY > pin R and |V,}[(0) = u, hence V;! is then a comparison map for (1), and in view of the equality
P(V) = P(V) + 2t [ (i0,Valx) da + O(#2), it follows that

+oo +oo

(05 Vi, Orx) dx +t2/ |5'QEX|2 dx

Ry

Hoin(1) < H (V) = Hrnin(1) + 00 oo (1) + 21 /

Ry

+oo P ) — 2 +oo
ot [ AV do - atesin (PELZT0Y [ 40,0 i+ O,
R ) R

Letting n — +o00 and using the weak and strong convergences for V,,, we infer

too 2 Py +o0
FQVPIVix) do = Mesin (") [0,V do+ O,
2T0 Ry

+oo
0< Qt/ (0:V,0px) da — 2t/

Ry Ry
Dividing by ¢ # 0 and letting ¢ — 07 and then ¢ — 07, we deduce that V solves (TW,) in (R, +occ) and
V has finite energy. Moreover, |V|(R,) = u is small, thus V = e+ U,.(- — Ry + z;) in (R4, +oc) for some
constants z; and 6, and the speed c is such that infg A. = \/r¢ +&. < p, hence ¢ < o(u) < Kpu. Since
|V| has finite energy in R and solves (TW,) in (R4, +00), V is C! in [Ry,+00). Moreover, |V| reaches a
minimum at x = Ry, thus we must have 9} |V|(Ry) > 0, which imposes z; > 0. Note that A. being even,
it is possible to translate V so that R= Ry = —R_ and z = 2z, = —z_. Observe that u = A.(2) > Ap(2),
hence z < Ku. This yields

/ 0. VI2 + F(V]?) do = / 0,02 + F(ULJ2) dz > E(Us) — K. (37)
|z|>R |z|>2
In particular, we deduce from (32)
2R < [P+ F(VP) do < K
|z|<R

hence R < Kp for p small (F(0) > 0).
Step 3. We prove that A= in (R_,Ry) = (—R,+R).

Indeed, if it is not the case, there exists a bounded interval (x_,z) such that A = |V| > pin (v_,z4)
and |V|(zy) = p, with 94|V |(z4) <0 < 9,|V|(z_). Therefore, we can make perturbations of the amplitude
A,, localized in (x_,z). Hence, arguing as in Step 2, we see that then, V solves (TW,.) in (x_,x), with
2420,¢ = c(A% —rd) and |V|(z1) = p, 0.|V|(z+) <0 < 0,|V|(x_). We then are in position to apply (33),
yielding

| 10VE PV de = SBWD)

48



but the combination with (37) provides

x

SB(U) 2 Ao ) 2 /

T _—

.
10, V> + F(|V|?) dx +/ 10, V> + F(|[V|?) da
|z|>R

1 3
2 §E(Uo) + E(Uo) — Kpw = §E(UO) — Kt
which is not possible if p, is sufficiently small.
Step 4. We have R =0or (z =0 and ¢ = 0,,).

Indeed, assume R > 0, and consider ¢ € C1((0,+00),R), ¢ >0, ¢t > 0 and V! = (A,, +t()e'", so that
[V = A, +t( > pin R. Since R > 0, we actually have infg |V,!| = u and V;! is a comparison map for
Hmin(). Arguing as before, we thus have

+oo 400
Hiin(1) < H (V) = Hnin (1) + 0ns100(1) + 2t/ 0y An0yC dx + t2/ (0:¢)? dx
0 0

+o00 o0 +o0
b2 [ A0 e [ PO de 2 [ 24 do
0 0 0

_ .2 R
+ Mr2tsin (M) / 24,60, ¢r dx + O4o(t?).
0

o
By (36), we may pass to the limit as n — 400 in all the terms and deduce

+o0o 400

+o0o +oo
0< Qt/ 0p A0, ¢ dx + 2t AC(0,0)? dx — 2t/ F(A?)AC dx — 2ct ACOy ¢ dx + Oy o ().
0 0 0 0
At this stage, we see the relevance of taking a minimizing sequence as chosen in Step 1, since it allows to
pass to the limit in the nonlinear terms involving 9,¢,. As a consequence, using (36),

2 (A2 — r2)2
—02A — Af(A?) + Z% >0

. . . . . 2 C2 (A2 - 7n(2))2
in the distributional sense in (0, +00). The term —Af(A*) + T
since A(z) = pu for 0 <z < R and A(z) = A.(x — R+ 2) for x > R, we infer —0?A4 = —0,A.(2)0,=r plus a
piecewise continuous function in the distributional sense in (0, +00). Since 9, A.(z) > 0 (recall that z > 0),
this forces to have 0, A.(z) = 0, that is z = 0. Consequently, u = |V|(R) = A(R) = A.(z) = A.(0) and then

C:UH'

is continuous in R. However,

In the next step, we take into account the loss in the weak convergence V,, — V.

Step 5. There exists K > 0 such that

P

By > —, where Ey= lim E(V,)—-EV) >0, P;= lim P(V,)—-P(V)= P, —P(V).
K n—+00 n—-+00

Let € > 0 be fixed but small, and pick some X > 0 large so that

‘E(V)—/ 10, V]2 + F([V]?) d:r‘ <e ‘P(V)—/ (A2 — 1)y dz| < e.
|z|<X |z]<X

We claim that there exists some small i > 0, independent of € such that |V,,| > f for || > X and n
large. Indeed, otherwise, we may argue as in Step 3 and show, as in the beginning of the proof there, that
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f\:cIZX |02 Vo |? + F(|Va|?) do > £ E(Up). This is not possible since

12 1 1
—ZE(U) > lim E(V,)> 5E(UO) +/ 10,V > + F(|[V|?) dx > 5E(UO) +E(V) —¢,
|| <X

and E(V) is close to E(Up) as u — 0. Therefore, as for (34),

K
‘/ (A% —rd)u, dx‘ < T/ 10, V|2 + F(|V,|?) de.
lz|>X H Jz|>x

Consequently,

BV -EW)= [ VP + PP do— [
|z|<X lz|<X
> [P PP do— [ 0VE PV dot g
o] <X jo|<X K1 jo1>x

Passing to the liminf and using the weak convergence in [—X, +X], we infer

lim E(V,)—E(V)> £ lim ’P(Vn) —/ (A% —rd)u, dx‘ — €.
K n—-+00 |z|<X

n——+00

10, V> + F(|V|?) dx + /| x 10V |2 + F(|V,|?) dx — €

(A2 —rd)u, dz| —e.

(A? — rd)u dz,

2 ), do —
|z|<X

o

HOWGVGI‘, (36) 1mphes
/ X (
lz|<

so that
A I I H A

B> glPe = [ (o rude] -2 P POV = (14 f)e = IR = (14 )

Letting € — 0, the conclusion follows.

Step 6. There exists K > 0 such that, if R > 0, then

2
Honin(p2) > B(U0) + .
dP(Us,) . From the Hamilton

We recall the expansion P(U,) = r27 + sPy+o(s) as s — 0, where Py = & |
S s=0
s dP(Us , . ) .
group relation (Us) =s CEU ) , we also infer by integration E(Us) = E(Up) + %Po +0(s?). On the other
s

s

hand, by definition of ¢,,
P(V,)—13

M) :Mré [1 — cos

2

(P(Vn) — TOWH

2Mrd sin? (
0 2r2 3
. P(V,) —rin c2
——Mré[l—\/l—sm2 (77% 0 )} ——Mrg‘[l— ——2}

for n large. Here, we have used that Mc, = sin((rim — P(V,,))/r3) — Mc € [0, Kpu.] (cf. Step 2), thus

cos((rgm — P(V,,))/r2) > 0, for otherwise, we would have, by Proposition 6.1

P(V,) —r2 2
H (V) = E(Vyy) + 2Mrd sin? (%) > E(Uy) — Kpu + Mr [1 /1 %}
7o

> BE(Up) — K + 2Mrg + O(u3),
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but this contradicts (32) if . is sufficiently small.

2u+/F(0
We assume R > 0, so that, by Step 4, z = 0 and ¢ = 0,,. We recall the expansion o,, = 'uiz() + O(uz) ~—
To To

By definition of Ej, one has

2 .2
Eﬂ—i-E(V)—i-M?"é[l— 1—07} < lim E(Vp)+ hm 2Mrg sin® (M)z lim (V) = Hmin(pt)

M? n—+o0o n—+00 2T0 n—+o0o

since (V},) is minimizing for J#,;n(1). Moreover, from the expression of V, it holds (for R > 0)

)= Be) + QR{W * F(”Q)} and P(V)=PU,,) + R@M.

12
Furthermore, P; = P — P(V) and ¢ = Mrgsin((rdn— Ps)/rd) with Ps € [0,r37] and cos((rdm— Ps)/18) >

0, thus
2 2 . c (7"8 - M2)2
Py = P, — P(V) = rgm — r{ arcsin (77"(2)) - P(U,,) - RJ“T.

Combining this with the expansion of E(U,) and P(U,) gives

2 2 2(2

U/L . 2 m U/L
%mm(:u‘)ZE(UO)+E’1+7PO+O(O’H)+M|:1_ 1= M2:| +2R|: 4,U/2

Bwe) + 2 4 % I +J\14]+O(,LL2)+4RF(O)

K 2

) 2 2\2 o2

7‘8 arcsin(au/(Mrg)) +o,FP+ ng o)+ f
2 2\2 o2 . 1

E(Ug) + K‘+UuP0+RUu(TOMgM)+0(Uu)‘+H[PO+

2 M]
(18— )2
112

> E(Uo) +

% [PO n %} + o(4%) + 4RF(0)

+o(u?) +4RF(0)

i} FARF(0) + o(4%).

o, - 1 o2 r.
E(U, —”‘P — 4R ‘ —”[P
(Uo) + 7| Po+ 47 + 5 Pt g

M
The right-hand side is a continuous piecewise affine function of R (the ”0” does not depend on R). Since
W ~ i > 4F(0) and Py + ﬁ < 0 (since M > —P; " by hypothesis), it follows that the right-
hand side is a function of R which is decreasing in [0, Ro(x)] and increasing in [Ro(u), +00), with

2

o) = = (P 37) g ~ (B )y >0

42 F(0)

4 )

Therefore, using once again that aiw
r
0

2
Hinin(1t) > B(U0) + [Py + ] + 4Ro(u) F(0) + o{1s?)

2 M
2 ) 2
= B + [P+ 5] 2 Tg(m [Hw&}ﬁg(mﬂ(ﬁ)
2F(0) 1

= E(Up) — p?

{Po + M} +o(p?).
In view of our hypothesis Py + ﬁ < 0, we infer that

: K-
Xmln(ﬂ) 2 E(UO) + K
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for p, sufficiently small and some positive constant K, as wished. If the assumption Py + ﬁ < 0 is not
verified, but if Py+ ﬁ > 0 for instance, then the function of R above is increasing in [0, +00), with minimum
value achieved at R = 0 and equal to

1
Py+ =] +0i?) = E(Uo) + £

212 F(0) [ .
K

E(U)+U—‘2‘[P+i}+o(u2):E(U)+
Oty 0 v

We then would have concluded a stronger estimate, Wthh is actually in contradiction with (32), hence we
are necessarily in the case R > 0. The assumption Py + M < 0 is however crucial for the last step.

Step 7. We assume Py + ﬁ < 0. Then, for u, sufficiently small, the case R = 0 does not occur.

We argue in a similar way, but since R = 0, the expressions for E(V) and P(V) are given by

E(V) = B(U,) —4/02 F(UP) dz  and  P(V)=P(U,) - 2/02 g(ro;%c) da.

Here, we have used that |0,U.|> = F(|U.|?) since U, solves (TW.). Combining this here again with the
expansion of E(U,) and P(U,) gives, using that 0 < ¢ < Ky,

2 2 z
Honin() = B(Uo) + By + 5Py +o() + M1 = /1 - | - 4/ F(|U.) de
0
| B4

. 1
> Ex 1 A7 2
> E(Uo) + 2+ 5 [PO+M} 42F(0) + o(u?)
1 ) . 7 (rg — A%)?
+E arcs1n(c/M)+cPo—c/O %

c

2

dx + o(c)‘ + < {Po + i} +o(p?) — 42F(0).

E(Uy) 5 N

Following the lines of the proof of Lemma 4, we have

: (T(% - A2)2 w2 2
——————<— dx = 2arct — @) . 38
c/o yE x arc an( 7”(2)+£C)+ (1) (38)

Indeed, noticing that A. = O() in [0, z] with z < Kpu, we write, expanding the square,

* (g — A2)? _/27"6" > _/ZTS
/0 yE dx = | Az 24+ AL do = ; Azdx+(9(u).

Then, using the change of variable £ = 7.(x),

“(rg — A2)? W o
dr = ¢+ O
/o " / . iy “row

K™ =Tg ri
— / 0 d¢
c (’/‘8 + 5) _V/(gc)(g - gc)

H ra 1
[ e <¢ ® Ve oW

c

_2 s
= E arctan ( ?%Tgc — 1) + O(/,L), (39)

by computations similar to those for the proof of Lemma 4. This proves (38). Therefore,

2

L 1) —i—o(c)‘ +5 2o+ %} Fo(u?) —42F(0). (40)

1 . 1 o
. > — _
Hmin (1) > E(Uy) + ‘C[Po—k } 2 arctan ( s
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By (32), the left-hand side is < E(Up) + Kpu?. Since Py + 4+ <0, c< Kp, 2 < Ky and F(0) > 0, this
implies
2

. 1 M
j2 —} — 2arct ( ) < Ky,
C{0+M arctan ZE +o(e)| < Kpu
thus
112
arctan( - — 1) <K
CETAE
and finally, for p, small enough,
2
H 2
0< -1 < Ku“.
“gre N
.. L o g 4 ) .
Combining this with the equality 7§ + & = F(O) + O(c") seen during the proof of Lemma 4, we infer
2,/ F(0)
e= Vo 00),

0

In particular, going back to (39) and since for 0 < z < z,
1o+ & = AZ(0) < Al(w) < AZ(2) = 7,

this implies
2

ZTO / TO < - arctan( K

Kp
—1) ow <2 L k<K,
7,,(2)_’_56 + (/J/)_ c + IU/_

which provides (smce c~
2z < Kpu?.

Inserting this into (40) and keeping in mind that the left-hand side is < E(Up) + K pu?, we deduce

[P+1} 2 arct ( s 1) (1)
— | — 2arctan —-1)= .
c|Po+ 7 arcta; ZrE o(u

112

g+ &

However, since arctan ( — 1) > 0, this gives

L) /IO

o <o ] 20 ]

yielding a contradiction for small p since we have Py + ﬁ < 0 by assumption. Therefore, the case R = 0
does not occur for sufficiently small j,. If we had Py + ﬁ > 0, we would not have been able to show that
Hmin(1) gives a control on p.

The proof of Proposition 6.2 is complete. ]

Proof of Theorem 9. Let U € ¥,,. If p = infg|U| > 0, then Proposition 6.2 gives # (U) >
E(Uy) + p?/K > E(Uy) = # (Up). If infg|U| = 0, we deduce from Proposition 6.1 that ¢ (U) >
E(Up) + 2Mr¢sin?(P(U) — mr2)rE). Hence H# (U) > E(Up) except if # (U) = E(Up). From the study

of the equality case in Proposition 6.1, it follows that U € {e®Uy(- — y),y € R,0 € R}, as claimed.
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6.3 Proof of Theorem 10

As a first step, we shall need a quantified version of Proposition 6.1.

Proposition 6.3 There exists ¢g > 0 and K > 0, depending only on f such that, for any U € Z verifying
A (U) — E(Uy) < ¢ and i%f |U| < eq,

there holds | 1

inf  dz(U,eUp(- — ) < K(Ji/(U) ~ E(U) + inf |U|)

yER
6 R

Proof. First, we translate the problem in space so that p = infg |[U| = |U](0) and shall choose the phase
factor later. We follow the lines of the proof of Proposition 6.1 and actually get (writing U = Ae’® locally
in {|U] > 0})

—+oo

+oo “+oo
/ 0.U[* + F(|[U*) do = / Ly >04%(020) dx+/ 0 |UI* + F(|U?) dz
0 0

0

400 +oo 2
= [Tt et [ [VEQOR) - aulol] o
0 0
+oo
vz [ |VEIUPoU do
0
—+o00 —+o0 2 70
> [ et @0P dos [ [VEQOP - 0.011] dot2 [ VEG) d,
0 0 I
Arguing similarly in (—o0,0), we get
2 I
B(U) 2 EW) + [ Lu04%0,07 do+ [ VRO — 0.0l do—a [ VFGH ds. ()
R R 0

The gradient of the phase is controlled using (41). We shall now estimate the modulus part. Let us denote

= |U| and
h=0,A—+/F(A?),

for which we have, by (41),
1772 ) < E(U) = E(Uo) + 4/ VF(s?) ds < E(U) — E(Up) + K p. (42)
Recall that Uy verifies (8,Up)? = F(UZ) in R, hence 8,Uy = /F(UZ) in R, Setting © = A — |Up|, we infer
0,0 = \/F(A%) — \/F(U2) + h in Ry.

We set, for x > 0,

_ Uo(2)f(U§ (x))0
0) = ol 0 2) — gl’
)= VG 07 - F 03 + L)

Since Uy verifies 02Uy + Up(z) f(Ug(z)) = 0 and 0,Uy = /F(UZ(x)) in Ry, it follows that
[z 02Uy (x

0 2
=/ F Uo + U a Uo

Moreover, by Taylor expansion, we infer the existence of K > 0 and 6y > 0 such that, for || < 0y, € Ry,

G(z,0)] < K62
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The estimate is clearly uniform in view of the exponential decay of J,Uj at infinity. Therefore,

92U ()
8$U0(.T)

0,0 = 0 + G(z,0) + h(z). (43)

We view this ode as a linear ode with source term G(z,©(x)) + h(z). Since 9,Up solves the homogeneous
equation, we infer from Duhamel’s formula and the fact that ©(0) = A(0) — Up(0) = |U(0)| = p that for
x>0,

Y G(2,0(2)) + h(z)

O(x) = p+ 9, Up(x) /0 2.00(2) dz. (44)

We shall prove that this equation implies that if u and |h|z2g, ) are sufficiently small, then

18]z < K (Ihlzaca,) + 1) (45)
We assume p < /2. Note that since Uy is a kink, we have the decays given in Proposition 1. Hence, there
exists two positive constants K7 and K5 such that
—CsT

YV GRJ,_, K
1

< 0,Ug(x) < Kope™ 7.
In particular, if |©(z)| < 6 in the interval [0, R], then (44) implies, for « € [0, R],

O@)| <t KiKae™ [ et (K10l 1~y O] + 1)

KKK, KiK.
<p+ 7”®"LW([OR])+ r”h”Lz(ﬂh)

by Cauchy-Schwarz. We thus choose |h] 2, ) + p sufficiently small so that
KK
V2¢
Then, we consider the set R of all R > 0 such that |©(z)| < fy in the interval [0, R]. Since ©® € H'(R,C)

is continuous by Sobolev embedding and |©(0)| = u < 6, R # 0 and is closed in R%.. Moreover, the above
estimate shows that for R € R,

Cs
4(“ +—7= ”h”L2(R)> < by = mm{eo, 7}

OK K, K>

KK1K2 K1K2
oo < _ oo ( —_— 2
1©] 2 (0,r)) < 1+ . 1017 (o, ) + NerH Il 2 (ry)s

which gives
KK K,
110y (1 = 221l o)) < 1+ Fnhnmm,

and then

0, -~
18] Lo (j0,r)) < 2{ (R} < 50 < 6. (46)

KK
\/7
Consequently, R is open in R’ . By connexity, R = R, proving (45). In what follows, we assume |A|z2(g, )+
p sufficiently small so that O]~ < fy, thus |G(z,0)| < KO2. In particular,

O] < i+ Kaka [ e (K18l o, [O)] + Hl(2)] dz
0
For R > 0 to be determined later, we then deduce from classical convolution estimates that

191 20,71 < #VR + K3|0| Lo &) 1Ol 22 (0,8)) + Kslhl L2z, )-
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Imposing |h|z2(r, ) + p smaller if necessary, we may assume that

|~

K3[O|p=®,) < K3K(|h]L2@®,) + 1) <

so that we get
1O z2(j0,r) < Ka (M\/ﬁﬂL ”h”L2(R+)>~

Reporting this into (43) provides
10201320,y < K5 (2R + 1132z, )
Arguing similarly in [~ R, 0] and using (42), we obtain an H'! estimate for © in [-R, R]:
1012/ (- p.rp) < Ko (E(U) — BE(Uy) + 1®R + ,u). (47)

We now turn to the estimate in {|z| > R}. For that purpose, we write

[ @l + (0P = i) do <BQ) - BU) + [ (@00 + F(U3) do
|z|>R |z|>R

—/ (0:|U|)? + F(|U|?) dm+/ (0.Uo)* + F(UZ) dx. (48)
|lz|<R

lz|<R

Since Uy decays exponentially (see Proposition 1), it follows that
/ 10,Uo|? + F(U?) do < Ke™%F,
|z|>R
Furthermore, by integration by parts,

[ @I FUP) do+ [ (@007 + F(U3) do
|2|<R

|lz|<R

- / 20,Up0,0 — 2Uo f(UZ)O dx — / (0.0)2 + F([Uo + ©]?) — F(UZ) — 2U F'(U2)O dx
|| <R

|z|<R
< / 20[07U + Uo f(U3)] dx — 20(+R)0,Us(+R) + 20(—R),Uo(—R) + KO} ((_ r 1 rp)
lz|<R
< Ke o 4 K(E(U) — BE(Uo) + 1®R + u).
For the before last line, we have used that 0 — F([Uy + 6]?) — F(UZ) — 2UoF'(U2)0 is O(6?) as 6 — 0 and

for the last line, that Uy solves 92Uq + Uy f(UZ) = 0, the exponential decay of 9,Uy and the uniform bound
on O. Reporting these estimates into (48) provides

18 iy = [ (@alU = BulUol)? + (U] = [Vo])? d

o> R
<2 /|$I>R<az|v|>2 T (@4lUol)? + (U] = 70)? + (V| - ro)? da
<K [E(U) — E(Up) +e " + 2R + M} .

Combining this with (47), we deduce that for any R > 0, there holds

|08 ) < K[BWU) ~ EUs) +e R + w2+ 4.
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We then choose R = p~!if p >0 or R — 400 if 4 = 0, and get
1Ol 1 (ry < K/ E(U) — E(Up) + p.

Notice that if f/ < 0 everywhere, then we may give a quick proof of the above estimate, since, using here
again integration by parts and that 92U, + Uof(Ug) = 0, we may deduce that

E(U) — E(Uy) > —4ud,Uy(0) + /Om(am@)2 dz + /RF((UO +0)?) - F(U3) — 2U,©OF'(U}) dx,

and since f’ < 0, F((Uy + 0)?) — F(UZ) — 2Us0F'(U3) > 02/ K by Taylor expansion, providing the desired
H! bound on ©.
Observe now that

H(U) — E(Uy) > E(U) — E(Uy) > /R 110120[AD,4]? du,

hence

10:U — 82Uo L2 () = 102(|Uo| + ©)e 1 p)50 + i1jy50A0:¢e'® — 0:Uo| L2(x)
<1€°1117150021Uo| — :Usl2(m) + ILj50 4020 L2(r) + O] L2(R)

}1/2.

< [€1 7500 |Uo| — Bulo| 12wy + K[%(U) — B(Up) + (49)

We distinguish now the cases © = 0 and g > 0, and begin with the assumption p > 0. Then, we have a
global lifting U = Ae'® and
dz(U,Uo) = 0:U — 0uUo|l 2wy + |IU| = [UollL2(r) + |U(0) — Up(0)]
=0.U — 0:UolL2(r) + |O]L2®) + 1
, 1/2
<60, Vo] — 0uUslracey + K[ (U) = E(Us) + 1]

Now, we notice that

le*0. |Uo|— 0.Vl 72my = 2/ {(@EUO)? — 0;Up0:|Uo| cos(¢) dx
R

0

:2/(J+oo(8wU0)2(1—cos(¢)> dx+2/ (0.U0)? (14 cos(6) ) da (50)

— 00
and that

M) > i(P(U) — rérmod 27rd)?. (51)

2r2 K
We define § = (# (U) — E(Up) + p)*/*. By Cauchy-Schwarz, we have

K 1/2 1/2
A% — )0, do| < ———— / A% — 22 dx / Ad,)? dx
‘/IxIZé( 0)0:4 ‘ mflw\zéA( \xlzé( o) ) ( Ix\Zé( 2 )

K
- inf|z‘25 A

H(U) — B(Uy) > 2Mr? sin? (

(EW) - By + )"

Inserting this into (51) gives

1

infx|>6A(E(U)—E(UO)+M>1/2}

‘ / (A% —12)0,¢ dx — rimmod 271'7"3‘ < K[(%(U) — E(U))'? +
|z| <8

K

H(U)—E 2
< — .
T A( (U) = E(Uo) + “)
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In addition, by Cauchy-Schwarz,

‘/|w<6 450:0 dm‘ = \/%( sup A) ('%/(U) — E(U) + u)l/Q.

x| <o

Consequently,

T(Q)‘¢(+5) — ¢(—6) — m mod 271" < ‘ /I |<5(A2 —13)0,¢ dx — rimmod 2777“3‘
_ 1/2
+ \/ﬁ( sup A) (%(U) — E(Uy) + u)
|z|<6

< Lnfﬁ;SA + \/273( sup, A)] (%(U) — E(U) + u)m. (52)

From our choice § = (' (U) — E(Up) + p)Y/* < 1 and since |0 = ®) < K (A (U) — E(Up) + p)Y/? = 0(62),
we infer inf|;|>5 A > inf 455 [Uo| — [©] Lo vy > 6/K. Similarly, supj, <5 A < supj,<s [Uo| + O] L~ @) < K.
Reporting this into (52) yields

‘¢(+5) — ¢(—0) — m mod 27?‘ < K.

We now freeze the gauge invariance by imposing ¢(+0) = 0. Note that then ¢(—3J) = 7+ O(5). Furthermore,
since ¢(+0) = 0,

K K
ER deg,i/ A2(8,0)? dr < =6 = Ko2,
/|x>5( ) (infjz1>5 A)? Jiz)25 (%) &2

which implies, for z > 6,
1= cos(ola))] < 1 = cos(o(O)| +| [ dusin(o)] < Kova
and similarly, since cos(¢(—d)) = cos(m + O(8)) = —1 + O(6?), for x < —4,

1+ cos(6(2))] < Kov/Tal.
We turn back to (50) and infer

+oo -0
690,100 — . Uo 2z §K6+2/6 (0:00)* (1 — cos(9)) dx—l—Z/ (0.U0)? (14 cos(6) ) da

— 00

<Kj+ Ké/(@mU0)2\/|x| dx = K.
R
Inserting these estimates in (49), it follows that
d=(U,Uy) < KG.
We now turn to the case p = 0. Without loss of generality, we may assume that |[U| > 0 in (—o0,0)

(since |U| = r¢g > 0 at +00), and let £ > 0 be such that |U|(¢) = 0 and |U| > 0 in (¢, +00). We first estimate
£ by writing that

U6l(6) = 101(6) + ©(0) = ©(0) < |8l 2y < K (#(U) ~ B(U) + 1) " = Ko?

thus
< K§2%.
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Moreover, we have two local liftings U = Ae®+ in [¢, +00) and U = Ae’®- in (—o0,0). Going back to (49),
we then deduce

. 4 1/2

dz(U,Up) < €= 0,|Uo| — 0uUo | 12(—c0,0) + 1€+ 02|Uo| — 02U | 12(0,400) + K + K [Jf(U) — E(UO)] .

Arguing as for the case p > 0, we obtain |[U| = A > §/K in [{ + §,4+00) and in (—oo, —¢). By definition of
B, we have

=

045 +oo
mwz/'@m@w+/‘<ﬁ—%wm+M+%mw+®f/<ﬂ—ﬁwm_m—%mv®

-4 046 —o0

in R/(277237Z), hence the same arguments as in the case p > 0 provide

’¢+(£ 1 8) — ¢ (=0) — m0d27r‘ < K,

since the integral ff;ré (iU|0,U) is bounded by K+/d by Cauchy-Schwarz. Imposing ¢ (¢ + §) for the gauge

invariance, we infer 1 —cos(¢4 (£46)) = 0 and ¢ (—6) = 7+ O(v/8) mod 27, hence 1+ cos(¢p_(—8)) = O(6).
Therefore, we conclude as before that
dZ(Ua UO) < K(Sa

which finishes the proof of the Proposition. (]

In order to prove Theorem 10, we use Proposition 6.2, which provides
1 ¢ 2

S 1.
H (W) = B(U) + - (inf U]) .

thus

p=inf U] < K\/(0) ~ B(0y).

Inserting this bound in Proposition 6.3 then gives

dz(U,Uy) < K| (U) — E(Uy) + K/ (U) — E(Uo)} R K/ (U) = E(Uy),

and the proof is complete.

7 About the stability analysis for the sonic waves (¢ = ¢;)

We have left aside in our study the case of the sonic waves (¢ = ¢,), but would like to say a few words on
the difficulties associated with this critical case.

We note that if there exists a sonic nontrivial travelling wave, it does not vanish, hence we may use the
hydrodynamical formulation (15) of (NLS) as in [47]. The point is that the Sturm-Liouville operator (see
section 4 in [47])

L= 8690(4(7“31—7])6637) +4q(z),

with
0x? c? 7“3

_ Lo
a(z) = 4(rg —n)® Oz (4(7’8 - n)Q) 2f (rg =) 4(r3 —n)3
has, by Weyl’s theorem, essential spectrum oess(L) = [0, +00) when ¢ = ¢;. Indeed, we know from Proposition

1 that 7, and its derivatives tend to zero at infinity, hence, as & — %00, g(z) — —3f/(r3) — % = 0 since
9

c? =2 = —2r3 f'(r¢). Therefore, there does not exist § > 0 such that (Hp, p) > d|p|? for any p orthogonal to
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the subspace spanned by the negative and the zero eigenvalue, and thus the Grillakis-Shatah-Strauss theory
does not apply.

In the case —l < 0, where it is natural to expect stability, a natural thing would be to try to work

C |e=cs
with the functional u )
L) = B@) — . P) + = (P(w) - P(U.,))
and to follow the lines of the proof of Theorem 9. Indeed, the spectral analysis shall not give positive
definiteness of the Hessian due to presence of essential spectrum down to 0. Therefore, we may study . at
dpP
. When 0 < ¢, < ¢ and T # 0, the infimum of |U,.| contains a
C |c=c.

neighborhood of infg |U,, | for ¢ close to c,.. For ¢, = ¢, this is no longer the case: we have only a one sided
neighborhood of infg |U._|. It is plausible that the study for p in this one sided neighborhood of infg |U.,|
can be done as in the proof of Theorem 9, but for the remaining values of i, we have to find a sharp ansatz,
which is not very easy to find.

fixed p = infg |9 close to infg |U.,

dP
Furthermore, for the linear instability which is expected if CTI > 0, let us mention the following
C |c=cs

point. For the eigenvalue problem studied in [6], the characteristic equation for the constant coefficient limit
at infinity, namely
rt— (2 — )% = 2c A r + A2 = 0.

becomes, when ¢, = ¢,

= 2c,Ar + A2 = 0. (53)
The behaviour of the roots for small A is then different from the case 0 < ¢, < ¢s. Indeed, there exists a
root ~ \/(2¢,) for X — 0, and for the three other roots, we use the variable » = v/Az, which transforms
r — 2, A + A2 = 0 into 2z* — 2c,2 + A2/3 = 0. This last equation has, for A\ — 0, three roots ~ j*¢/2c,
where j = e*7/3 and k = 0, 1, 2. In particular, (53) has three roots ~ j*¢/2¢,X, k = 0, 1, 2. The value
X = 0 is then a branching point, and we shall have a smooth problem not in A but in V/X. Since analyticity
is not necessary for our purpose, we may define an Evans function D in R, smooth, and such that, for
A > 0, D(v/X) = 0 if and only if ) is an unstable eigenvalue for (27). another difficulty comes from the fact
that it will be difficult to find an analytic extension of the Evans function D near 0 since, by Proposition 1,
for ¢, = ¢, us and 7, decay only at an algebraic rate and not an exponential rate. Consequently, we can
not use the Gap Lemma of [30] and [40]. Finally, as a straightforward computation shows, the stable and
unstable subspaces for the eigenvalue problem are transverse for A > 0 but their continuous extensions at
A = 0 have a nontrivial intersection. Therefore, both stability and instability requires some further analysis,
and the situation is then much more delicate than the one studied in subsection 5.1.

Appendix A: construction of a Liapounov functional in the stable
case in the Grillakis-Shatah-Strauss framework

We work with the notations of [35], and recall them briefly. We consider a Hamiltonian equation in a real
Hilbert space X, with scalar product (-,-)x, under the form

ou

ot

where J : X* — X is a closed linear operator with dense domain and skew-symmetric. Assume that T
is a Cp-group of unitary operators in X generated by 7”(0), which is skew-adjoint and with dense domain,
and that E is invariant by T, that is F(T(s)u) = E(u) for any s € R, u € X. Assume moreover that
T(s)J = JT(—s)* for any s € R and that there exists B : X — X* linear and bounded such that B* = B
and JB is an extension of 7”(0). We then set

Qu) =

= JE'(u), (H)

—_

§<Bu,u>x*’x.
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The basic assumptions of [35] are the following ones.

Assumption 1 (existence of solutions): For any r > 0 there exists ¢, > 0, depending only on r, such that
for any u'™ € X, there exists a u € C((—t., t.), X) with u(0) = u!® solution of (H) in the sense that for any
p € D(J) C X*,

L) e = —(F WD), Se)aen i D((ert)),
and verifying F(u(t)) = E(u") and Q(u(t)) = Q(u'®) for t € (—t.,t.).

Assumption 2 (existence of “bound states”): There exists an interval  C R, not reduced to a singleton, and
a mapping Q 3> w > ¢, € X of class C! such that, for any w € Q,

E'(¢n) =wQ'(¢w), ¢ € D(T'(0)*)ND(JIT'(0)%),  T'(0)¢w # 0.

Assumption 8 (spectral decomposition): For each w € Q, the operator H,, = E"(¢,,) — wQ"(¢y) : X — X*
has its kernel spanned by 7”(0)¢,,, has one negative simple eigenvalue and the rest of its spectrum is positive
and bounded away from zero.

Under assumption 2, we consider some w, € ) and the associated bound state ¢, , and then define, for

M > 0, the functional o ,
L) = Blu) = w.Qu) + 5 (Qu) = Q(ou.)) -

It is clear that ¢,,, is a critical point of %, : £/ (dn,) = E'(¢n,) — wQ' (¢, ) = 0. We denote by

A= ,,iﬂ:* (¢w*) = HUJ* + M<Q/(¢w*)v .>X*7XQI(¢UJ*)

its second derivative, which is a self-adjoint operator. The main result of this appendix is the following.

Theorem A We make assumptions 2 and 3 and suppose moreover that the operator (Q'(¢w., ), Y x+ x Q' (dw.)

dQ (¢
is a compact perturbation of H,, . If Qd(f ) <0 and
1
M > :
Q%)
dw |w=w
there exists § > 0 such that
WweX, st T Od)r=0,  (Av,o)> o]

In particular, for any u € X with infeeg |u — T(s)do, |* < €, we have

inf Ju— T(s)0u. I < 5 (£ () - Z(0u)).

Therefore, when assumption 1 is moreover verified, the (global) solution u(t) to (H) with initial datum u™
verifies

sup inf Ju(t) — ()6 12 < 3 (") ~ £(6u.)) < Kl 6,17,

tER S€

provided the right-hand side is sufficiently small.

We point out that the condition that the operator (Q'(¢w, ), )+ 2+ Q' (¢..,) is a compact perturbation of
H,, is not very restrictive, since in many cases coming from PDE’s, it involves less derivatives than H,,,
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and Q'(¢,,,) tends to zero at spatial infinity.

This type of Liapounov functional has been used by I. Barashenkov in [3] to prove that the travelling

apP
waves of (NLS) in dimension one are stable when — < 0. The proof follows basically the one in [3], but

some points have to be clarified. The interest of thisctype of Liapounov functional is that the saddle point
¢, is now a non degenerate local minimum for %, . This is a great advantage for numerical simulation
of the “bound states”, since a gradient flow method on %, can be used. This approach has been used,
with a very similar functional, in [56] by N. Papanicolaou and P. Spathis for the numerical simulation of
the travelling waves for a planar ferromagnets model. In the same spirit, in [17], we also use a gradient
flow method on this type of functional for the numerical simulation of the travelling waves for (NLS) in two
dimensions.

Proof of Theorem A. Recall that the spectrum of H,, is, by assumption 3, such that —\? € o(H,,),
0€o(H,,) and o(H,,)\ {—)2,0} C [§,+00) for some § > 0. Since we assume that (Q'(¢,,. ), )Q'(dw,) is a
compact perturbation of H,,, , the essential spectrum of A is the same as the one of H,, , hence is included
in [0, +00). Furthermore, 0 € o(H,,) and ker(H,,) = RT’(0)¢,, by assumption 3. Since Q'(¢,,) =
B, and JB is an extension of 77(0), we have (Q'(¢w, ), T"(0)dw, ) x+ x = (B¢w., JBo,,. ) x- x = 0, hence
A(T'(0)¢,,.) = 0. Noticing that (Q'(dw, ), ) a+.xQ (¢,) is a nonnegative operator, we infer that ker(A) =
ker(H,,) = RT"(0)¢,, is one-dimensional. Therefore, it suffices to show that A has no eigenvalues in (—o0, 0).
As we have seen that (Q'(dw.), ) x+ xQ'(¢w,) is a nonnegative operator, we deduce that o(A) C [-A2, +00).
Let us first show that —\2 & o(A) by contradiction. If —\?2 is an eigenvalue of A, then there exists v € X,
v # 0, such that 0 = (A+A2)v = (H +22)v+ M(Q'(dw, ), V) x Q' (d. ). Taking the duality product with v
yields 0 = ((Hy, +A2)v,0) x+ Bx + M(Q'(¢w. ), v)3- x- Since the two terms in the sum are nonnegative, this
implies (Q'(¢u,, ), v)x= x = 0 and ((H,, + A2)v,v)x+ x = 0, which in turn implies v € ker(H,, + A?) = Ry
(here, x is a negative eigenvector of H,, for the eigenvalue —\?2 < 0. As a consequence, we must have
(Q(bw.)s X) a2 = 0. On the other hand, differentiating the equality E'(¢,) — wQ'(dw) = 0 at w = w,
yields Q'(¢w.) = H,,.¢', where ¢/ = 42 . Thus we must have 0 = (H,,, ¢, x)x+.x = (Ho. X, ¢ )+ a0 =

= @hu:w*
—A2(x,#). Therefore, ¢’ is orthogonal to x and this gives (H,,, ¢, ¢') x= x > 0. However, this is not possible
if dQ(9..) < 0, since we have dQ(9..)
dw Jw=w dw |w=w
element of the spectrum of A, then —A2 < A < 0 and X is an eigenvalue: there exists v € X such that v # 0
and

= —(H,.¢',¢')x+ x. As a consequence, if X is a negative

A =Av = Hw*v + M<Q/(¢w*)a U>X*,XQ/(¢UJ*)'
Since —A\2 < X < 0, we then infer
v = _M<Q/(¢w*)7U>X*7X(Hw* - A)_lQl((bw*)- (A'l)

Since v # 0, we can not have (Q’(¢,, ), v) ¥~ x = 0. Then, taking the scalar product of (A.1) with [71Q’(¢.,)
(here, I : X — X* is the usual Riesz isomorphism) gives

g(A) =0, where g(t) =1+ M((Ho. —1)7'Q"(¢0.), I7'Q"(¢u.))xe,  —AZ <t <0,
It is clear that g is smooth in (—A2,0) and that
g'(t) = M((Ho, —1)7%Q"(¢0,),I7'Q"(¢w.))x = M|(Hu, —1)7'Q'(¢0,)

We now study the limit of g at 0~. Let us recall that H,, ¢' = Q'(d.,) and that we have already seen that
(Q'(¢0.), T'(0)¢, )+ =0, i.e. I71Q’(¢y,) is orthogonal to ker(H,,, ). Therefore, as t — 07,

dQ(¢.)

dw Jw=w.

2
2 >0.

(Ho. =1)7'Q(¢0.), I7Q(¢u.)) = (¢, I7'Q'(¢.)) = (Q'(¢u.), &)+ x =
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and it thus comes

dQ(¢y,
g(t)%l+MM as t— 0.
dw Jw=w.
dQ(¢., .
Since Q¢.) < 0 by hypothesis, it follows that if M > 71/(%“:&} ) > 0, the function g increases

w Jw=w
in (=A2,0) and tends to some negative limit at 0~. In particular, g is negative, hence we can not have
g(A\) = 0 with X\ € (=A2,0). We have therefore shown that the spectrum of A consists in a simple eigenvalue
0 with eigenspace spanned by T"(0)¢,,, and the rest of the spectrum is positive and bounded away from 0.
This concludes the proof. O

We would like to point out that in the proof of [3], the fact that —A2 & o(A) was not shown, the kernel

of A was not studied and the essential spectrum was not considered. Moreover, the functional spaces are not
given, hence we do not know for which perturbations stability holds.

Appendix B: from linear to nonlinear instability

We still consider in this appendix an abstract Hamiltonian equation in the framework of [35]

ou

— =JF'

L= T () (#)
on the real Hilbert space X', with scalar product (-,-)x. Here E: X — R is of class C? and J : X* — X is a
closed linear operator with dense domain and skew-symmetric in the sense that (u, Jw)xy = —(w, Ju)xr» »

forue X, we X"
We assume that there exists a Cop-group T of unitary operators in X generated by 7”(0), which is skew-
adjoint and with dense domain, and that E is invariant by 7', that is E(T(w)u) = E(u) for any w € R,
u € X. Assume moreover that T(w)J = JT(—w)* for any w € R and that there exists B : X — X linear

and bounded such that B* = B and JB is an extension of 7(0). We then set
Qu) =

<Bu7u>X*,X7

N | =

which is invariant by the flow (H) (see [35]). By “bound state”, we mean a particular solution U of (H) of
the form U(t) = T'(wt)¢ for some w € R and where ¢ € X, ¢ # 0. In other words, E'(¢) = wQ'(¢).

There exists an open interval €2 C R, not reduced to a singleton, and a mapping 2 3 w — ¢, € X of
class C! such that, for any w € Q,

E'(¢y) = wQ'(¢w), b € D(T'(0)®) N D(JIT'(0)%), T'(0)¢,, # 0.

The solution U(t) = T'(wt)¢ is said to be stable in X if for any € > 0, there exists § > 0 such that
any solution to (H) with initial datum u™ € By (¢, ) is global in time and remains in Bx(¢,¢) for ¢ > 0.
Otherwise, it is said unstable. This supposes some knowledge on the Cauchy problem for (H) (at least
existence of solutions). If we are given some Banach space Y D X with continuous imbedding X — Y,
we may also say that the solution U(t) = T(wt)¢ is said to be stable from X to Y if for any € > 0, there
exists § > 0 such that any solution to () with initial datum v € Bx(¢,§) remains in By(¢,¢) for t > 0.
Clearly, a solution stable in X is precisely a solution able from X to X, and is also stable from X to ), hence
instability from X to ) is a stronger statement that instability in X

In our framework, the notion of orbital stability is more relevant. Let us consider G a group and
T:RxG — 4%.(X) a unitary representation of R x G on X, extending T': R — X" and leaving F and @
invariant. Then, U(t) = T'(wt)¢ is said to be orbitally stable in X (for the group G) if for any £ > 0, there
exists § > 0 such that any solution to (H) with initial datum u™ € B(¢, ) is global in time and remains
in U, g)erxeB(T(w, g)¢, ) for t > 0. We may also define orbital instability from & to ) D X’ in a natural
way.
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In [35, 36], a general framework for the stability analysis for the “bound state” has been given. In
particular, the nonlinear orbital instability in proved in [35] through the construction of a Liapounov type
functional. However, this method does not give a clear understanding neither of how we get farther from
the “bound state”, nor on which timescale it occurs.

The need for allowing an additional group of invariances G can be seen in the case of bound state solutions,
that is U(t) = €@, to the Nonlinear Schrédinger equation

10U + AV + U f(|T]?) =0, (NLS)
or the Nonlinear Klein-Gordon equation in R?
0PV = AV + U f(|¥]?), (NLKG)

since then, the invariance by translation in space must be taken into account in the definition of orbital
stability, and we are in a case where G = R? acts naturally by translation. The translations are taken into
account in [15]. In [35] and [36], the notion of orbital stability is for G trivial. It is clear from the definition
that orbital stability for G = {0} implies orbital stability for arbitrary G. For the instability in the Nonlinear
Schrédinger equation or the Nonlinear Klein-Gordon equation, [35] and [65] work with radial H! functions.
The fact that this also implies the orbital instability with the action of G = R? by translations follows
immediately from the fact that for any 6 € [0, 2] the manifold My = {?¢(- —y), y € R?} is orthogonal to
Hrlad(Rd)

For the stability analysis of a “bound state” U (t) = T'(w«t)(¢., ), it is natural to consider the linearization
of (H) near ¢. More precisely, we linearize according to the ansatz u(t) = T(wyt)(Pw, + v(t)), so that the
“bound state” becomes stationary. The linearized problem then becomes

0 = J(B"(9) Q" (6))0 = T L, (i)
where, I : X — X* denoting the Riesz isomorphism, J = JI: X — X is skew-adjoint.

The purpose of this appendix is to give a general result, for Hamiltonian equations, showing that linear
instability implies nonlinear (orbital) instability. By linear instability, we mean that the complexification of
[7L]c has at least one eigenvalue in the right-half space {Re > 0}. The argument follows ideas from the
works of F. Rousset and N. Tzvetkov [61, 62].

Showing the existence of an unstable eigenvalue can be done through various techniques: [36] (in the
framework of [35] when J is onto), [34] (assuming a special structure of the Hamiltonian equation); for
uses of the Vakhitov-Kolokolov function, see [20], [21] or [58]. When J is not onto, we quote [49]. For one
dimensional partial differential equations, one may also use Evans’ function (see the survey [63]) as in [57],
[26], [40], [70]. The paper [48] proposes another approach which allows to treat pseudo-differential equations,
such as the BBM equation, the Benjamin-Ono equation, regularized Boussinesq equations, the Intermediate
Long Wave equation...

In order to pass from linear to nonlinear instability, the following result is standard. We refer to the
paper [38] by D. Henry, J. Perez and W. Wreszinski. It can also be found in [34] and [64].

Theorem B.1 ([38], [34], [64]) We assume that A generates a continuous semigroup on X and that o(A)
meets the right-half space {Re > 0}. We assume moreover that F : X — X is locally Lipschitz continuous
and verifies, for some a > 0, |F(v)|x = O(Jv|5™*) as v — 0. Then, the solution ¢ = 0 is unstable for the

equation v = Av + F(v).

In [64], it is claimed that an orbital instability result can also be established. Theorem B.1 shows
nonlinear instability without assuming that the equation is Hamiltonian. However, if (Hj,) can be solved
using a semigroup, it does not give the growth of its norm. Moreover, it does not say that if the initial datum
is in a most unstable direction, that is an eigendirection of A corresponding to an eigenvalue of maximal
positive real part (plus the complex conjugate if necessary), then you can track the exponential growth of the
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solution. In particular, it does not explain the mechanism of instability and does not give any information
on the timescale on which you see the instability. For instance, some strong instability results are shown
by proving blow-up in finite time (see [8]), but the instability due to an exponentially growing mode holds
on a much smaller timescale. We wish to provide here some results clarifying the instability mechanism by
tracking the exponentially growing mode.

B.1 A spectral mapping theorem for linearized Hamiltonian equations

When we want to prove a nonlinear instability result from a linear instability one, one needs some informa-
tion on the growth of the semigroup J£, when such a semigroup e?7* exists, which we shall assume in this
appendix. The growth estimate on e/~ relies classically on the following spectral mapping result due to J.
Priiss [59], which generalizes the work of L. Gearhart [27].

Theorem B.2 ([59]) Let X be a complex Hilbert space and A an unbounded operator on X which generates
a continuous semigroup e on X. Fort € (0,+00), we have

o(e )\ {0} = {&, cither (A+ ?Z) No(A)#0, or sup |(A— A~

2i7rk)—1’
keZ

t

= —I—oo}.
Ze(X)

The following result is an immediate corollary.

Corollary B.1 Let X be a complex Hilbert space and A an unbounded operator on X which generates a
continuous semigroup e on X. Assume that for any v € R*, we have

-1
fmeup | (A7 =) | < o0
1m sup Y —aT 2.%) +00

| 7] =400

and that there exists 99 € [0,+00) such that oess(A) = {19, ¥ € R, [¥]| > Yo}. Then, for any t € (0, +00),
the spectral mapping holds: o(e*A)\ {0} = et7(A),

Proof. Since oess(A) = {i¥), ¥ € R, [9| > o}, we have S' C M) C o(e"). If A € C does not have
modulus one, then note that when (A + 22£7) N ¢ (A) = ), the supremum for k € Z in Theorem B.2 can be
+00 only when |k| — 400, and we conclude with our hypothesis. O

The fact that we exclude 0 in the spectral mapping theorem just comes from the fact that we consider a
semigroup and not a group. However, in most Hamiltonian PDE’s, we have time reversibility and we have
actually a continuous group and not only a semigroup. In most cases, we work with A : D(A) C Y — Y where
Y is a real Hilbert space, thus for applying Theorem B.2 or Corollary B.1 we have to consider, as usual, the
complexified operator Ac : D(Ac¢) = D(A)@iD(A) C Yo =Y §iY — Y defined by Ac(u+iv) = Au+iAv.

It seems that the first time Theorem B.2 is used to prove a growth estimate on a semigroup was by
T. Kapitula and B. Sandstede in [40]. Later, the work [31] by F. Gesztesy et al. also uses this result for
bound states for (NLS). The bounds on the resolvent in [40] were proved using the particular structure of
the linearized operator. In [31], the computations are more involved and rely on suitable kernel estimates of
some Hilbert-Schmidt operators. The same type of estimates have also been used in [21].

The main objective of this appendix is to provide a generalization of these results to a wide class of
Hamiltonian equations. Indeed, the approaches in [40] and [31] seem specific to the problem. In addition,
it is not clear whether the computations in [31] and [21] can be extended to other types of equations. In
particular, in [16] and in the present paper, we have a situation similar to the one studied in [21], namely
travelling wave solutions to a Nonlinear Schrodinger equation with nonzero condition at infinity, but for
nonzero propagation speeds, the travelling wave is not real-valued (as it is the case in [21] for stationary
waves or for bound state solutions), and the bloc diagonal structure of the linearized Hamiltonian disappears.
An additional difficulty is that in [16] and the present work, the limits of the travelling waves at +o0o and
—oo differ.
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The proof we give is based on ideas from [61, 62] and make very few spectral assumptions on L.

Assumption (A): The spectrum of £ consists in a finite number (possibly zero) of nonpositive eigenvalues — 1,
., —lg in (—00,0], each one with finite multiplicity, and the rest of the spectrum is positive and bounded
away from 0. Furthermore that for any 1 < k < ¢, we have ker(£+ ux) C D(J) and J [ker(L+ px)] € D(L).
Finally, there exists ¥ € [0, 400) such that oess(TL) = {i, ¥ € R, |9 > Yo}.

The first hypothesis on the location of the spectrum of £ is quite weak, since it is verified when L is
bounded from below and has essential spectrum positive and bounded away from zero. Indeed, if § > 0 is
such that gess(L) C [20, +00), then the eigenvalues of £ in (—oo, §] are isolated, of finite multiplicity, and are
bounded from below by assumption. The second hypothesis ker(£+ u) C D(LJ) is a regularity assumption
on the eigenvectors.

Let us recall that Theorem 11 ensures that the number of eigenvalues (with algebraic multiplicities) of
JL in the right-half space {Re > 0} is less than or equal to the number of negative eigenvalues of £, hence
is finite under assumption (A). Let us now state our main result, the proof of which is given in section B.3.1.

Theorem B.3 We make assumption (A) and suppose that JL generates a continuous semigroup. Then,
for any t € (0,400), the spectral mapping holds: o(el7Fc)\ {0} = et?TEIe) | Furthermore, denoting

%EamﬁhQLAEOUJQQHHEZO%«JQ+mL
for any B > 0, there exists M () > 0 such that, for any t > 0, we have
1€ .20y < M(B)e0 A",
Assume in addition 9 > 0 and denote
m = max {algebmic multiplicity of A, \ € o([TL]c) s.t. Re A = ’yo} e N*.
Then, there exists My > 0 such that, for any t > 0, we have
[e"7 4] ) < Mo(1+8)™ e,

In particular, Theorem B.3 provides a very simple proof of the spectral mapping theorem used in [31]
and [21]. Indeed, the self-adjoint operator £ involved in these papers is block diagonal:

(L0
L‘(o @)’

and both £;, £ have at most two nonnegative eigenvalues. More generally, if £ and L, are closed self-
adjoint operators on X verifying assumption (A) and if A : X — X is a linear bounded operator which is
compact with respect to £1 and Lo, then the self-adjoint operator

Y
ﬁ‘(N*@)

also verifies assumption (A). Indeed, £ is bounded from below (since A is bounded) and its essential spectrum
i8S Oess(L£1) U 0egs(L2) C [d, +00) for some positive §, since N is compact with respect to £; and £3). In
[40] (section 7.1 there) and [28] (see Proposition 10 there), a spectral mapping theorem is used for such an
operator. In [40], the specific algebra of the problem was used, and for [28], the proof relies on the arguments
in [31], but here again, in both cases, we may use Theorem B.3 to show the same result.
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B.2 Passing from linear to nonlinear instability

B.2.1 Semilinear type models

We start with a classical result for “semilinear” equations, proved in section B.3.3.

Theorem B.4 Let X be a real Hilbert space, and consider an evolution equation of the form

d

d—z = Av + ®(v),

where ® : X — X s a locally Lipschitz mapping satisfying ®(v) = O(|v|%) as v — 0 and A is a linear
operator which generates a semigroup. We assume that Ac : D(Ac) C X¢ — Xc¢ has an unstable eigenvalue
in the right half plane {Re > 0} and a finite number of eigenvalues in {Re > 0}. We denote

o = sup {Re(u), pea(TLc)N {Re > 0}} € (0, +00)

and fix A € o(Ac) with Re(X) = vo and an associated eigenvector we € D(Ac) such that |Re(we)|x = 1.
Assume furthermore that there exists 0 < 8 < 9 and My > 0 such that

”etA||$c(X) < Moe(vﬁﬂ)t_

Then, 0 is an unstable solution. More precisely, there exist K > 0, eg > 0 and dy > 0 such that, for any
0 < < &g, the solution v with initial datum v'® = §Re(wc) € D(A) exists at least on [0,1n(2e0/8)/v0] and
verifies, for 0 <t <1In(2e0/0)/70,

|v(t) — 0Re(e™Mwe) | x < K§2e?0 and Jo(t)|x > det° — K§2e* 0,
. . . 1 2e . L
In particular, for 0 < € < g9, we see the instability for t = — In (?> If Y is a Banach space containing
Yo

X and with continuous imbedding X — Y, the trivial solution 0 is also unstable from X to Y.

Let us observe that it is always possible to choose the (complex) eigenvector w so that Re(wg) # 0 since
for any 6 € R, e’w is also an eigenvector. The following corollary deals with the orbital instability. We
recall that under assumption (A), [JL]c has a finite number of eigenvalues in {Re > 0}.

Corollary B.2 We make assumption (A) and suppose that JL generates a continuous semigroup. Let ) be
a Banach space containing X and with continuous imbedding X — ). Assume moreover that [T L]|c has at
least one eigenvalue in {Re > 0} and choose A € C with

Re()\) = 79 = max {Re(u), we o([JLc)N{Re > 0}} € (0, +00)

and we € D(Ac) an associated eigenvector such that |Re(wc)|x = 1. We assume moreover that I =
{T(w,9)¢o,, w € R, g € G} is a C' submanifold of X. We finally suppose that the equation (H) is
semilinear in the sense that there exists ® : X — X locally Lipschitz continuous such that ®(v) = O(|v|%)
as v — 0 and

J(E = w.Q)(¢u. +v) = J(E" = w,Q")(¢w,) V] + 2(v).

Then, there exists K > 0, g > 0 and do > 0, depending only on Re(wc) and M, with the following properties.
For any 0 < § < 8, the solution u to (H) with initial datum u™ = ¢,,, + 6Re(wc) € D(A) exists at least on
[0,1n(2e0/8) /0] and verifies, for 0 <t <1n(2e0/d)/70,

disty (u(t), M) > %et% — K§%e*0,
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In particular, the “bound state” solution T(w.t)d., is nonlinearly orbitally unstable from X to Y and, for
1 2K
0<e<eo/K, we see the instability for t = — In (TE)
7o
In [38], a similar assertion is made for the orbital instability in the remark after Theorem 2 there, but
with Y = X. For applications to PDE’s, the space X may be a Sobolev space H®, and ) a space like L? or
L for instance. The framework of [35] is the single energy space (for instance H'), but an instability result
established by tracking exponentially growing modes allows to prove instability from the regular space X
(H') to the nonregular space ) (L? or L™). Here, we may obtain instability in L?.

Remark B.1 In the framework of [35], where a Lyapounov type functional is used, it follows that the

€
instability is seen for a time at most equal to K 520 where K is some positive constant. This timescale is

much larger than the natural one L In (2{;{6).
Yo

B.2.2 Some applications
We may apply our result to the Nonlinear Schrédinger Equation

10U 4+ AV + U f(|T]?) =0, (NLS)
or the Nonlinear Klein-Gordon equation
OFV = AU + U f(|¥)?) (NLKG)
in R?. We shall consider a nonlinearity f at least C!, so that we are in the framework of [35].

e A bound state solutions for these two equations is a particular solution of the form U(t) = e™?¢,. The
instability is in general linked to the fact that

d

d
_ 2 “ 2
7o /]Rd |pw|” dx < 0 for (NLS), Tesp. - (w /]Rd |dw] dx) <0 for (NLKG). (B.1)

The existence of at least one unstable eigenvalue has been shown under assumption (B.1) by [34] for radial
bound states with an arbitrary number of nodes and in [36] for radial ground states. Corollary B.2 may
be applied with X = H*(R?), where s € N, s > d/2 and assuming that the nonlinearity verifies f € C5%2,
and Y = L2(R%) or L>°(R%). The result in [54] shows the instability of linearly unstable bound states for
(NLS) (in dimension d = 2) with f(g) = 0= by showing the exponential growth of an unstable eigenmode.
Our result gives a simple proof of this result, but restricted to the sufficiently smooth cases, namely p an
odd integer or p > 54 2s > 5 + d. For non smooth nonlinearities, the situation is more delicate (see [54]).
An alternative approach is to combine Strichartz estimates with the growth estimate on the semigroup e*7*
given in Theorem B.3, as in [28].

e Corollary B.2 also applies to the Discrete Nonlinear Schrédinger Equation

Vn € Z, 100V + 2 (Vs = 20y + Wt ) + U f(1 0, [%) = 0, (DNLS)
as studied in [53] with the saturated nonlinearity f(o) = %, B > 0 (existence of travelling wave solution)

and in [23] (defocusing cubic (DNLS), i.e. f(0) = —So for some § > 0). The numerical analysis in the
paper [23] shows the existence of linearly unstable bound state solutions. The travelling wave solutions
numerically obtained in [53] are linearly stable, but it may happen that for other nonlinearities f, some are
linearly unstable.
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B.2.3 Quasilinear PDE’s

For quasilinear problems, we shall not make restrictions on the smoothness of the nonlinearity. The result
relies on the strategy of E. Grenier [33] and the works [61, 62]. We consider the evolution equation

du

i J(Lou + VF(u)) (E)
for u : R — RY, where F € C*(R¥,R), with the following hypothesis. The operator .J is a Fourier multiplier,
skew-symmetric on L2, into and with domain containing H'. There exists ¢ > 0 such that the operator

Ly is a Fourier multiplier with domain containing H?2°, symmetric and having a self-adjoint realization on
L?(R4,R¥). Moreover, for some C > 0, Lg verifies:

Slulhe < (Zoww)ze < Clulfye.
The framework proposed in [62] was for Ly coercive in H?', that is o = 1. For the examples below, we shall
have ¢ = 1/2 or o = 2, which requires very few modifications to the proof of [62]. We still assume that for
some group G, there exists a unitary representation of G on X, T : G — 4.Z.(X), leaving the equation (E)
invariant.

We consider a stationary solution of the evolution equation (E), that is some Q € H>(R? R") such that
Lo@Q + VF(Q) = 0. We are interested in the stability of this solution. We assume that the commutator
[/, V2F(Q)] is bounded in L?, which is the case when J is bounded in L? or when d = 1 and J = 9,. We
suppose that for the problem

0
ait‘ = J(Lou + VF(u® +u) — VF(u®) + G),
where u® is smooth, bounded as well as its derivatives and G € C(R, H?®) for every s, we have local well-

posedness for s large enough: there exists a time 7" > 0 and a unique solution in C([0,T], H®*). We moreover
assume that for some continuous non-decreasing function  : Ry — R with £(0) = 0, the tame estimate

(05 T{V?F(w + v)[v]}, 070) 2] < s(|wlwesroe + [olae) vl

with || < s holds true. In order to control high order derivatives, we finally require that for s large enough,
there exists a self-adjoint operator My and Cy such that

|(Msu, ) 2| < Cslul s [v] are (Msu, w)re > Julfre — Cslulfy.—mincen

and
Re(JLu,Mu)r2 < Cs|u|gs

uHHs—min(o,l)

(for a criterion which ensures the existence of such a multiplier, see Lemma 5.1 in [62]).

Adapting the strategy of [61, 62], we may deduce the following result. Since the proof is very similar, we
omit it.

Theorem B.5 We make the above assumptions and moreover that Lo + V2F(Q) verifies hypothesis (A)
in L?. We assume furthermore that [J(Lo + V2F(Q))]c has an unstable eigenvalue in the right half-plane
{Re > 0}, denote

o = Sup {Re()\), A o([J(Lo + V2F(Q))le) N {Re > 0}} € (0, +00)

and fix X\ € o([J(Lo+V2F(Q))]c) with Re(\) = o and an associated eigenvector we € D([J(Lo+V2F(Q))c)
such that |Re(wc)|ms = 1. There exists so € N such that, if s > sg, @ is nonlinearly unstable from H?®

69



to L? and to L™: there exists K > 0, g > 0 and 8y > 0 such that, for any 0 < § < &g, the H® solution
u to (E) with initial datum u™ = Q + dRe(wc) € H® exists at least on [0,In(2e0/8)/v0] and verifies, for
0 <t <1In(2e/d)/70,

|u(t) — Q — 6Re(e™we)| s < K§%e*00,

hence
|u(®) — QL2 > Jetro — [§2e%t0 and u(t) — QL= > detro — [§2e%to,

If, in addition, M = {T(9)Q, g € G} is a C' submanifold of H®, then we also have

dist 2 (u(t), M) > Kselo — K§%e?0 and distze (u(t), M) > Koeo — K§%e*0.

1 2K
In particular, for 0 < e < g9/ K, we see the nonlinear orbital instability for t = — In (Tg)
0

B.2.4 Some applications to nonlinear dispersive wave equations

Some model quasilinear equations are given by wave equations (in one space dimension) such as the gener-
alized Korteweg-de Vries equation
Opu + 0. (f(u)) + 2u =0, (gKdV)

the generalized regularized Korteweg-de Vries equation, also called Benjamin-Bona-Mahony equation or
Peregrine equation when f(u) = u?/2,

Opu + Oyt + 0y (f(u)) — 0;02u = 0, (¢gBBM)
the generalized regularized Boussinesq equation
O2u — 0% — 02(f(u)) — 020%u = 0. (erBsa)

Each of these equations admit nontrivial solitary wave solutions u(t, z) = U.(x —ct) for ¢ in (0, +00), (1, +00)
and (—oo, —1) U (1, 4+00) respectively. For these solitary wave solutions, the momentum is, respectively,

P(U.) = /RUCQ dzx = |U.|3., PU.) = /RUE + (0,U.)? dz, P(U,) = C/RUEJF(@DUC)2 dz.

The existence of exactly one unstable eigenvalue has been shown with the use of an Evans function by R.
P(U,
dP(U.) < 0. The paper [49] by

c
O. Lopes also gives a linear instability result. Equations (gBBM) and (grBsq) turn out to be semilinear due
to the regularization effect. Indeed, they may be written

Pego and M. Weinstein in [57] for these three equations under the condition

Ovu+ (1 - 07) "' 0pu+ (1= 92) 1 0:(f(u)) =0, Ofu— (1= 02) 7 0hu— (1= 9) "' 93(f(u) = 0.

Therefore, Corollary B.2 applies to these two models and this shows the nonlinear instability when linear
instability holds.

In [48], some generalizations of the equations (gKdV), (¢BBM) and (gBBM) have been proposed that
take into account pseudodifferential operators. These are respectively

Opu + 0 (f(u)) — O Mu = 0, (0
Opu + Ozu + 0 (f(u)) + O Mu =0 (IT)

and
OPu — 02u — 02 (f(u)) + 0} Mu = 0. (I11)

Here, M is a Fourier multiplier of symbol M: Muw = M (here, * denotes Fourier transform). We assume
M > 0 (otherwise, see [48]). When M = —92, these equations reduce to (gKdV), (gBBM) and (gBBM)
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respectively. The Benjamin-Ono equation (M = [¢]), the Smith equation (M = /14 &2 — 1) and the
Intermediate Long Wave (or Whitham) equation (M = &/tanh(¢H) — 1/H, for some constant H > 0) are
common models of dispersive wave equations that are of type (I). We refer to [48] for references on these
models and the existence of solitary waves. The associated momentum is

PI(Uc):/Uf de=|Uclj>  Prr(Ue) = |1+ M)V2U72  Prrs(Ue) = e|(1+ M) 2Ue|Za.
R

For these models, Evans’ function type arguments do not work since we no longer have a differential equation
(it is nonlocal). The paper [48] by Z. Lin proposes another approach than the Evans’ function technique for
establishing the existence of unstable eigenvalues. However, it is not completely clear whether this method
extends easily to the case of systems such as the Euler-Korteweg system (EK) (given at the beginning of
section 5.1).

Theorem B.6 ([48]) We consider one of the equations (1), (II) or (II1) with f of class C' satisfying
f(0) = £/(0) = 0 and |f(u)] > |u| for |u| = +00. We assume moreover that M is even, nonnegative,
and wverifies, for some m > 1, 0 < lim M(E) < lim M)
TFoo m 400 é‘m
C' branch of travelling wave solution to (I), (II) or (II1) with U, € H™/?(R) defined near c, and suppose
that the linearized operator L has exactly one negative eigenvalue, that ker L is spanned by 0,U., and that
dP(U.)

dC ‘C:C*

< 00. Assume that ¢ — ¢. = Uq(x — ct) is a

< 0. Then, U,, s linearly unstable.

It is not easy to determine whether the hypothesis of Theorem B.6 hold true when M is not a (differential)
Sturm-Liouville operator. See however [2] on this question. It is clear that if the assumptions of Theorem
B.6 are verified, then assumption (A) is also satisfied. As for the (gBBM) and the (grBsq) equations, the
equations (II) and (II) turn out to be semilinear, thus we may prove nonlinear orbital instability by applying
Corollary B.2.

The Kawahara equation (or fifth order (KdV) equation)
Oy + 05 (f () + adzu + BOju =0, (K)

with «, 8 # 0 two real constants, is another relevant dispersive model. For this equation, it may happen
that the linearized equation around the solitary wave has more than one negative eigenvalues, in which case
the works [35, 36, 49, 48] do not give a clear necessary and sufficient condition for stability. The paper [14]
by T. Bridges and G. Derks gives a sufficient condition for linear instability for solitary wave solutions, but
also for other types of travelling solutions. This condition is probably not necessary since it may happen
that there exist at least two unstable eigenvalues, or two complex conjugate eigenvalues.

Instead of stating a general result for nonlinear orbital instability, we shall consider several model cases
on which we will verify the hypothesis of Theorem B.5, in particular the question of the existence of the
multiplier M.

Proposition B.1 We consider the equation (I), namely
Oou+ 0x(f(u)) — 0 Mu =0

with f of class C* satisfying f(0) = f'(0) = 0 and | f(u)| > |u]| for |u| — +o00. We assume that M is one of
the following functions:

—£2 (KdV); ¢+ ag?  (Kawahara); |¢]  (Benjamin — Ono);

§

1
tanh(cH)  H (Intermediate Long Wave); V146 -1 (Smith).
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There exists so > 0 such that, if there exists ¢ € R such that (1) has a nontrivial solitary wave U, € L*
which is linearly unstable, then for any s > sq, it is also nonlinearly unstable from H* to H®, to L? and to L™.

By application of Theorem B.5, we are thus able to show the nonlinear instability from H® to L? or
L by tracking the exponentially growing mode (this question was left open in [48] and also in [49]). In
particular, we obtain the L? nonlinear instability of the linearly unstable solitary waves for these models.

Proof. All the assumptions for Theorem B.5 for these types of models are verified in section 8.1 in [62],
except the existence of the multiplier M.
For (KdV), where o = 1, we shall take (for s > 2 integer)

1+ 2s
3

as the computations from [62], section 8.1 show. For the Kawahara equation, with o = 2, we take (for s > 4
integer)

M, = (—1)°02 + — (=)o (@05,

M, = (-1)°02 + L ()T (@) )
and since the computations are very similar, we omit them. For the Benjamin-Ono equation, we have
M(€) = |€] and o = 1/2, and we will then have to deal with pseudo-differential operator which are Fourier
multipliers with homogeneous symbol. For this type of operator, we shall need some commutator estimates.
We denote by % (w) or @ the Fourier transform of w, and 2 the Fourier multiplier with symbol —isgn()
(this is the Hilbert transform).

Lemma B.1 (i) Let h € L (R) with Z(M?zh) € L*(R) (for instance, h € H°(R) for some o > 1). Then,
there exists C > 0 such that, for any v € H*(R),

| M3 (hv) — hM2 0] L2y < CllvlLe ).

(ii) Let h € L>®(R) with Z(M2h) € L'(R) (for instance, h € H?(R) for some o > 2). Then, there exists
C > 0 such that, for any v € H?(R),

[ M (o} — vt - g[axhw%%v“wm < Olol -

1

(iii) Let h € L*(R) with F (0, Mz2h) € LY(R) (for instance, h € H°(R) for some o > 2). Then, there exists
C > 0 such that, for any v € H?(R),

3 1
2 < 2(R)-
SloshMbe] <Ol

Proof. We have
7 (M3 () — o) ¢) /|§% (€~ O)0() d¢ — /|<% (€ - i(C) dc.

%, we thus obtain

Using the inequality ’|§|% - |C|%

|7 (M3 (ho) = no) ()| < O/R\f—q%m(e—c)\ J0()] d¢ = C{IF(MER)| + [o]}(€)

and we conclude with the classical convolution estimate L' * L? C L?. This argument does not provide the
sharpest bound in h, since it involves |.Z# (M2 h)| 1, whereas the use of paradifferential calculus will use only
"h”c ;- However, we shall to use this refinement here.
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The starting point for the second inequality is

3 s 3 .1 3
161 = 1¢1¥ = SIctsen() e - ) < cle - ¢t
To prove this, note that by homogeneity & = 6, 6§ € R, it suffices to prove
‘|0|% 11— 2(9 1)‘ <913,
which is easy. Therefore,
3 3 3 1
\y(Mz{hv} My — i[amh]/\/lzjfv)(g)’
34 . 34 . 3,1 - .
= | [[1eits o) e~ [ it - i) dc — [ FictEsen(O)e ~ Ohie - 0l ¢
<c [ 6=t =0l Q)] 4
= O|F (M2h)| |2,
and we conclude as before. For the third inequality, we argue in a similar way with the estimate
gl a1 3 3
iElE|F —icIglF — |l (E - O < Cle = ¢
The proof is complete. O

For the Benjamin-Ono equation, M(f = [¢], 0 = 1/2 and the index s will be half an integer: s € N/2.
Therefore, we set s = [s] 4+ {s}, with [s] integer and {s} € {0;1/2}. Let us define, for s € N/2, s > 1,

{ (—1)%02° + M2 F(Q)B M2} if {s} =0

(—D)FREIM 4+ 7, Q)05 if {s} = 3,

M, =

for some real constant s to be determined later. It is clear that My is self-adjoint on L? and that there
exists Cy > 0 such that

|(Msu, v) 2| < Cslu] s |v]me and (Mau, w)ge > Julfe — Cslul? ;.

In order to verify the assumptions for the multiplier M, it remains to study Re(J (Lo + V2F(Q))u, Mgu) .
When {s} =0, i.e. s €N, this quantity is

Re(0: (M + c+ f'(Q))u, Myu) 2
= Re(0xMu, (—1)°9%%u) 2 + ysRe(dy Mu, M2 05 {f/(Q)0 " M2 u}) 12

+Re(0: [ (Q)u], (—1)°02°u) 12 + ysRe (0, [f (Q)u], M2 F/(Q)05 " MEu}) 2
+ cRe(Oyu, Myu) 2. (B.1)

By skew-adjointness, the first and last scalar products are zero. By integration by parts and Leibniz formula,
we deduce, since QQ € H™,

Re(0,[f (Q)u], (=1)*0%*u) > =Re(0:T [ (Q)u], Oiu) 2
<Re(f (@05 u, 05u) 2 + (s + 1)Re(0,[f(Q))05u, 5u) 12 + Cslu| s |ul grs—1
< (s+ 5 ) Rel@. [ (@03m D)2 + Cullu

Hs u”Hs—l.
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Similarly, using the easy estimates |[Mzv|2 < Klvl, 3 and ||, 3 < C(h)|v], 3 for h € L*> with

Z(Mz2h) € L' (this is an immediate consequence of Lemma B.1)

YsRe(@u[f'(Q)ul, MEO:H{ f(Q)05 ' MEu}) 12 = 75(—1)*"Re(M2 [ (Q)ul, f/(Q)05 ™ M=) 2
<75(=1)""Re(M? [ (Q)03ul, '(Q)9; ™ MZu) 2 + Clul? ,

Using Lemma B.1, we deduce ||M%[f'(Q)8§u] — f’(Q)Méaiu"Lz < C(Q)|u| g, thus
YsRe(s[f'(Q)u], M2 05~ { £ (Q)93 M u}) 2
<y (=1 Re(F Q)O3 M2 u, f(Q)03 MFu) 2 + Clul e Jul .
= %<—1)SRe(3x[f’(Q)]8i‘1M%u7 F (@0 MEu) 2 + Clul s (]
<Clul .y + Clulglul .-y < Clula=lul ..
We now turn to the term

yaRe(0p Mu, M2 0371 /(Q)0; ' M2 u}) 2 = 7s(—1)" " Re(5u, M2 {f'(Q)0  M>u}) 2.

Using Lemma B.1, we write

[ M2 (@ Mo — F(@0 MPu = Dol @IME (o MEn)| | < C@ly Miuls
<C@Qlul oy
which implies
YaRe(0r Mu, M20;™H{f(Q)0; 7 MPu}) 2
< 90 (~1)  Re(@3u, £/(Q)05 MPu)ga + o (~1) " Re(05un, 0,1 (QUMEA 103 MEu)) 1o

+ ClulJul .-y

Noticing that M? = =82 and Mz 295" Mz = 95 "Mt = —d5 (since M. has symbol equal to —i€),

we infer
YaRe(Dp Mu, MZ037H{f'(Q)03 M3 u}) 2
< 7 (=1)*Re(d3u, f(Q)I3 u)ps + gw-me(a;u, .1/ (Q)03u) 2 + Clul g Jul .
= %s(=1)"Re(@3u, 0u [ f (QNO3u) 2 + Clul g Jul .3
by integration by parts.
Reporting these estimates into (B.1), we infer
Re(@, (M + ¢+ £/(Q))u, Mau) 2 <5+ 3 Y Re(@. [/ (Q)105u, 93u) 2 +7s(~1)*Re(@3u, [ (@050 2
+ CllulaeJul .-y -
Therefore, the choice

Vs = (—1)571 (s + %)

provides the desired control

Re(0:(M +c+ f(Q))u,Msu)r2 < Clufg=|uf .-
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When {s} = 1/2, the computations are similar: (B.1) becomes now
Re(0x (M + e+ f'(Q))u, Myu) 2
= Re(dxMu, (—1)¥102E Mu) 2 + v Re(0pMu, OEH f/(Q)0lu}) 12
+ Re(0:[f'(Q)ul, (=) Mu) 12 + 7 Re(0:[f'(Q)ul, 05 £ (Q) 0 u} ) 12
+ cRe(0pu, Msu) p2, (B.2)

and the first and last scalar product still vanish. Moreover, by integration by parts and Leibniz formula, we
deduce, since QQ € H*,

YsRe(, [ f/(Q)ul, OEH{ f/(Q)0 u}) 12 = 75 (—1)FIRe(OLH [ f/(Q)ul, £/(Q)0Lu) 12
<7 (=D Re(£/(Q)OL T u, £/(Q)0 ) L2 + Clul3y,
<Y (=) Re(0: [/ (@))0F u, £/(Q)0F ) 12 + Clul1.
< ClulF = Clul?

s—

Furthermore,
Re(@, £ (Q)ul, (1) Mu) 2 = Re(MZ 0L [/ (Q)ul, O M) 2
<Re(9, M2 {f(Q)0u}, oI Mz u)
+ [s]Re(2: M {0, [£/(Q))OF1 " u}, 0 M u) 2 + Clul oy [ul oy -

For the second scalar product, we write, by Lemma B.1,
Re(0: M2 {0, [ ()L~ u}, 05 M) 12
— Re(ME{O2[f'(Q)]01) ), Al M3 ) 12 + Re(ME {0, [f(Q))0lu}, 8l MBw)
<Cluf -y Jul sy + Re(@alf (@O M3, 05 M2 u) 2 + Clul o ul 4y
<Re(0,[ ()OI M2, Ol M2 ) 2 + Clul .y Jul e
For the first scalar product, we use Lemma B.1 once again:
Re(0x M2 {f'(Q)0Fu}, 0l M3 u) s
< Re(f(Q). M0, 0 M) + > Re(0u[7 Qo M u, O M) 2 + Clul .y Julr
<Re(0y[f(Q)OI M2, O MPw) 2 + Clul .y Jul e

1
2

As a consequence, since [s] = s —
Re(Da [/ (Q)ul, (~1)102 Mu) 2 < (s + )Re(a £ (@NOI Mz u, O M) 2 + Clul .y Jul -
We turn finally to the term
YsRe(0e Mu, 0L { £/(Q)0u}) 2 = 7o (=) Re(A M2 u, 9, M2 {£/(Q)0Fu}) 2,
and infer, by Lemma B.1,
yaRe(0e Mu, 0L {f/(Q)0u}) 2 <7a(— 1) Re(DFI M u, £/(Q)0, M2 0l u) 12
o ()R M, 04 (QIME O u) 2 + Clul,. -yl
=75 (—1)FRe(OL M2, 0, [ (M2 O w) 12 + Clul .oy [ul e
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Therefore,

1 1 1
Re(ds (M + e+ f/(Q))u, Mow)zs < (545 +7(~ D) ) Re(@F M 3w, 0, [ (QIME AL u) 2+ Clul .y ke

hence choosing v, = (—1)*171(s + 1) gives the result.

_ It remains to study the cases of the Intermediate Long Wave equation and the Smith equation, for which

M is, respectively,
¢ 1
S S Vite -1
tanh(¢H) H' +¢

We denote M, the operator with symbol [¢] (the one of the Benjamin-Ono equation), and define My as for
the Benjamin-Ono case (hence with ” M”= M,). We observe that in both cases, M = M — M, is bounded
on L?. Indeed, its symbol is continuous in R and, for & — 400,

M) = b ¢ © = el -+ O(lele€I")

" tanh(¢H) H  sgn(é) + O(e 2€H)  H

and
ME =1+ -1=|\/1+E2-1=¢|-1+0(¢[™)

respectively. In the quantity Re(0,(M + ¢+ f'(Q))u, Myu) 2, we then have to bound from above the extra
term Re(0,(Mu), Msu) 2, that is (using the skew-adjointness for the higher order derivatives in Mj),

Re(0p (M), 7sME O F/(Q)5 " MEu}) 12 = 7s(—1)* TRe(@3MZ (Mu), f/(Q)05 " MEu) = if {s} = 0;

Re(8: (Mu), 701 f Q)05 u}) 12 = 75 (= 1)FIRe(0TH (Mu), f/(Q)0 )2 if {s} = %

We then note that in both cases, one may actually split M=M - My = MC + J\;lh7 where MC is the
multiplication by —1/H (resp. —1) and M}, has a symbol which is continuous in R and O(|¢|~") at infinity,
so that My, is bounded from H? to H°*! if ¢ > 0. Therefore, when {s} = 0, we easily get

Re(0; (Mu) Mg 07 H{F (@07 " Mg u}) e
=75(=1)"""Re(92Mg (M), f(Q)0; " Mgu)rz +75(—1)° " 'Re(@a MG (Myuw), f'(Q)05~ MG u) 12

1 1 ~ 1
7s(=1)"Re(8; " Mg u, Mc0s [f'(Q))0; " Mg )2 + Clul?

<3 < Clul},. -y

1 1
2 H° 2

and similarly when {s} = 1/2. Therefore, the estimate
Re(0p(M + e+ f(Q))u, Mu) 2 < Clull o1 lul e

remains true for the Intermediate Long Wave equation and the Smith equation. The proof of Proposition
B.1 is thus complete by applying Theorem B.6. ]

B.3 Proofs
B.3.1 Proof of Theorem B.3

We shall prove the resolvent estimate required in Corollary B.1. Let us consider A = v+ i7 € C with v # 0
and the resolvent equation (JL£ — A)v =X, or

(vy+ir)v=TJL(w) - . (B.3)
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By hypothesis, the essential spectrum of JL is of the form i[R \ (—d¢, +19)]. Moreover, we have seen that
JL has a finite number of eigenvalues in the half-space {Re > 0}, hence, for || > 7y sufficiently large, we
know that there exists a unique solution v to (B.3). By taking the scalar product with £(v), we deduce the
conservation law

V(v L(v))x = —Re(%, L(v))x- (B.4)

By our assumption, there exists a finite (possibly empty) number of eigenvalues in (—o0, 0], (—f1, ..., —ftq),
each one of finite multiplicity. For any 1 < k < ¢, we fix an orthonormal basis (xx.¢)1<¢<n, Of the eigenspace
Ker(£ + px). By assumption (A), any eigenvector Xy is smooth in the sense that xp, € D(J) and
J Xk, € D([,)

We then make a spectral orthogonal decomposition

q ng
E E QK e Xk, T Uy,

k=1/=1

where L£(xk.¢) = pXre and (v4, L(vy))x > d|vy|% for some positive §. In the double sum, we have a finite
number (independent of v) of terms. Inserting this into (B.4) yields

10+ e < 1804, £(01))x < 6] IRe(S, L))l + D melanel?] < KISIalola + KD lap,el®
k.t k.t
Using the inequality ab < ea® + b*/(4e) with a = |v|x, b = K|Z|x and € = |y|§/2, the equality |v]3 =
o3 + Dkt |ag.¢|* and incorporating the term |y|8|v |3 /2 in the left-hand side, we infer

WI5
lop % < K> lane® + K |2]%. (B.5)

k.l

On the other hand, since x¢ € D(J) and Jxk,e € D(L) by assumption (A), taking the scalar product of
(B.1) with x,¢ provides
(v +im)ok,e = —(0, LT Xk0)x — (5, Xk0) x

Consequently,

(v +171)
thus

(I + 17D Y law el < Kololz + KIZI% = Ko Y lowe* + Koy |3 + K53,
k.2 k£

which implies, if |7] > 1+ Ky — |7],

2 22
S o < 5 A3+ ISIE

2 el = BT i
Reporting this into (B.5) gives
|7| lo+ 1% +||E||2
”er"X = K’ K(‘ |+_|_| D +K”HE"2

If 7] > 1+ /Ko + 4K K'/|v]6 — ||, we deduce

\vlé

K'K
SISl < KiSi,

K/I
ol < (K + =g

and it follows that

[0]% = lvsl% + > lanel® < Ko 2%,
k.0
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where K5 does not depend on |7| (large enough) as wished.
The proof of the first semigroup estimate follows then easily, see, for instance, Proposition 2 in [59].

Proof of the semigroup estimate when ~¢ > 0. Here, we assume 79 > 0. As a consequence, the
spectrum of [JL]c is of the form og U oy, where oess([TL]c) C 05 C {Re < 0} and ) # o, C {Re > 0}
consists in a finite number of eigenvalues of finite algebraic multiplicities. Therefore, we may define (see, e.g.
[41], [39]) the spectral Riesz projection

1
P=-—— Llc—2)""d
5in | (7Ll =27 d
where T' is any simple (positively oriented) closed curve enclosing o,. As a consequence, P is bounded,
commutes with [7L]c on D([J L]c) and verifies o ([T L]cP) = 0w, 0([TL]c(Id = P)) = 0. Moreover, [T L]cP
is bounded, hence generates a continuous semigroup, e!l7£IcP | given by the exponential series

“+o0
([T L]cP)"
t{TL]cP _
e = ;} - .

In addition, [JL]c(Id — P) = [JL]c — [T L]cP also generates a continuous semigroup and that we have
etlTLlc — ot TLPt[T L]c(Id—P)

The semigroup generated by the bounded operator [JL]cP is easily analyzed. We shall now apply the
spectral mapping theorem of J. Priiss (Theorem B.2) to [J£]c(Id — P) in order to control the growth of its
norm. By Corollary B.1, it suffices to estimate its resolvent [[7L]c(Id — P) — (y +i7)] ! for large |7| (note
that o([JL]c(Id —P)) = 05 C {Re < 0}. If ¥ € X and |7] is large, it is clear that the solution u € X¢ to
[[TL)c(dd — P) — (v +i1)]Ju = ¥ is given by

1
_ _ i~\]—1 _ _
u=[[TJLlc—(y+ir)] (Id-P)X ’y—&—iT]P)E’
thus, for |7| large,
1
Id—P) — i)t < - i)t Id—P —|P .
172ica—p)~ ], o <[1TLe ~Grrin |, =Pl + o Pl

is bounded. Consequently, by Theorem B.2 and since o5 C {Re < 0}, o(e!l7£lelld=F)) — gto((7£lc(d=F)) —
e!?s C D(0,1). It follows that for any e > 0, there exists K. > 0 such that

T Lle(1d—P

Vit>0, ..oy < Kee.

Since efl7£IeP is given by the exponential series, we also have the optimal estimate

V>0, T 4 (o) < Ko(1+ )™ e

by definition of m. We conclude by taking e = 7y /2 for instance.

B.3.3 Proof of Theorem B.4

Since A generates a continuous semigroup, v is a solution to dyw = Av 4+ ®(v) if and only if it is a mild

solution: .

o(t) = et + / e=AD (v(7)) dr.
0
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There exists ro > 0 such that |®(v)|x < M|v|% if [v|x < ro. We choose v'™ = §Rew, where |[Rew|x =1
and w is an eigenvector for the eigenvalue ), and write the solution under the form v = e*w™ 4 ¢ =
Re(e*w) + 0. If A € R, we can choose w € D(A) C D(Ac). Then,

o(t) = /0 t e=1AD (§Re(ew) + 0(7)) dr.

70— B) and let T' > 0 be the maximal time such that T < In(r/(24))/vo and
2M M,

[a(m)|x < r1/2in [0,T), where 0 < r < 1 will be determined later. We shall work for 0 < ¢ < T, so that
[6Re(e?w) + o(7)|x < det0 4+ 71/2 <7y < ry. Then,

Let us denote r;1 = min (ro,

t
o) < He(t_T)AH M|6Re(e™w) + o(7)|? dr
ol < [ 1 MIBRe(e™ )+ 5(7)]

t
<2MoM / 00 A=) (826270 4 |5(7)|?) dr
0

2MoM ¢
< 20 5220 rlMoM/ A=) 5(7)| x dr,
Yo — B 0

since < 7. Applying now the Gronwall inequality to e~ (08| 5(#)| x then gives, since MoMr; < vo — 3,
2MoM 2r M2M?

Yo—B8 " (v —B8)(vw—B—riMoM)
We now choose r = /71 /K, so that the right-hand side is < K72/4 < ry/2, and this implies that u exists
at least on [0,1n(r/(20))/v0]. In addition, for 0 <t < T,

Ju(t)|x > de0 — |a(t)|x > det° — K§2e* 0,

la(n)lx < | 5220 = Kae.

as desired. We conclude choosing ¢ > 0 so small that 2¢p — K 68 > £g.

B.3.3 Proof of Corollary B.2

We pick some 0 < 8 < 79 (for instance 8 = 70/2) in order to have the semigroup estimate required in
Theorem B.4. The solution u(t) = T(w.t)(ds, + v(t)) verifies, for 0 < ¢ < v5* In(2¢/9),
lo(®)|x = IT(—w.t)u(t) = (du. + oRe(ew))|x < K%,
Hence, T'(—w.t)u(t) remains at distance < Keg from ¢,,, € M and therefore
dist x (u(t), M) > dist x (FRe(ew), M — ¢) — K520,

Assume A € R. Then, we observe that the straight line R 3 § — 0w is transverse to the tangent space Ty
of the manifold 9, since w is an eigenvector of JL for A # 0, hence does not belong to the kernel of L.
Therefore, disty (fw, M — ¢) > |0]/K; for small |§]. Thus,

distx (u(t), M) > Kiée”‘ — K§%e?0,
1

If X € C\R, the equation [JL]c(w) = Aw splits as JL(Rew) = Re(A)Rew — Im(A\)Imw and JL(Imw) =
Im(A)Rew 4+ Re(A)Imw. Therefore, Rew and Imw do not belong to ker(£). Consequently, the surface
C 3 0 — Re(fw) is transverse to the tangent space TN of the manifold 9, and we conclude as before that

1
distx (u(t), M) > F(Set”m — K§%e?0,
1
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