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Error bounds for the (KdV)/(KP-I) and (gKdV)/(gKP-I)
asymptotic regime for Nonlinear Schrodinger type Equations

D. Chiron*

Abstract

We consider the (KdV)/(KP-I) asymptotic regime for the Nonlinear Schrédinger Equation with a
general nonlinearity. In a previous work, we have proved the convergence to the Korteweg-de Vries
equation (in dimension 1) and to the Kadomtsev-Petviashvili equation (in higher dimensions) by a
compactness argument. We propose a weakly transverse Boussinesq type system formally equivalent to
the (KdV)/(KP-I) equation in the spirit of the work of Lannes and Saut, and then prove a comparison
result with quantitative error estimates. For either suitable nonlinearities for (NLS) either a Landau-
Lifshitz type equation, we derive a (mKdV)/(mKP-I) equation involving cubic nonlinearity. We then
give a partial result justifying this asymptotic limit.

Key-words: Nonlinear Schréodinger Equation, Gross-Pitaevskii Equation, Landau-Lifshitz equation, (gene-
ralized) Korteweg de Vries equation, (generalized) Kadomtsev-Petviashvili equation, weakly transverse Boussi-
nesq system.

MSC (2010): 35Q55, 35Q53.

1 Introduction

In this paper, we consider the Nonlinear Schrodinger equation in R?

oA

_ 2
zaJrA\I!f\Ilf(\\M ), (NLS)

with the condition at infinity
|¥(t,x)| — ro, where 79 >0 and f(r3) =0.

This model appears in Nonlinear Optics (¢f. [34]) and in Bose-Einstein condensation or superfluidity (cf.
[46], [1]). A standard well-known case is the Gross-Pitaevskii equation (GP) for which f(p) = o — 1.
However, for Bose condensates, other models may be used (see [36]), such as the quintic (NLS) (f(o) = 0?
or f(0) = 0* — rg) in one space dimension and f(g) = %(92 /1n(ap)) in two space dimension. The so-called

cubic-quintic (NLS) is another relevant model (c¢f. [5]), for which

flo) = a1 — azo + as0?,

where aq, ag and as are positive constants such that f has two positive roots. In Nonlinear Optics, several
nonlinearities can be found in [34]:

f0) = p+ag” + Bo™, f(Q)ZOéQ<1+7tanh<Q20__2Q%))
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or (see [2]),
(o) = aln(o), flo) = p+ao+ po* + 70,

and when we take into account saturation effects, one may encounter (see [34], [33]):

£(0) :a((l +1glo)” -3 +150>”>’ flo) = 1—exp(19_09)

for some parameters v > 0, oo > 0. In the study of the motion of nearly parallel vortex filaments, the (NLS)
equation appears as a simplified model with f(o) = (0 — 1)/0 (see [4] and the references cited therein).
Therefore, we shall assume f quite general and, without loss of generality, we normalize 7y to 1. The energy
associated with (NLS) is given by

1
E(V) = / VU2 + F(|9|?) du, where F(o) = / f.
R4 0
If ¥ is a solution of (NLS) which does not vanish, we may use the Madelung transform
U = Aexp(ig)
and rewrite (NLS) as an hydrodynamical system with an additional quantum pressure
HA+2V¢-VA+ AN =0 dp+2V - (pU) =0

AA or Ayp (1)
=2 =0 8tU+2U~VU+V(f(p))7V(W):O

with (p,U) = (A%, V$). When neglecting the quantum pressure and linearizing this Euler type system
around the particular trivial solution ¥ =1 (or (4,U) = (1,0)), we obtain the free wave equation

oo+ |Vol* + f(A?) —

GA+V-U=0

0,U +2f' (1)VA=0

with associated speed of sound
s =+2f(1) >0

provided f’(1) > 0, that is the Euler system is hyperbolic in the region p ~ 1, which we will assume
throughout the paper. For the rigorous justification of the free wave regime when (NLS) is the Gross-
Pitaevskii equation, that is f(g) = o — 1, see [23] for weak convergences and more recently [10] for strong
convergences. In the sequel, we shall always assume f as smooth as necessary near o = 1.

1.1 The (KdV)/(KP-I) asymptotic regime for (NLS)

The (KdV)/(KP-I) asymptotic regime for (NLS) gives a description, as for the water waves system, of a
wave of small amplitude which propagates at the speed of sound in the z; direction and (if d > 2) with a
slow modulation in the transverse variables x; = (x2,...,24). More precisely, we insert the ansatz

U(t,x) = (1 + 2 A (T, z)) exp(ige (T, 2)) T=6% zm=c(x—cit), 2z =ew) (2)

in (NLS), cancel the phase factor and separate real and imaginary parts to obtain the long wave rescaling
of system (1)

Cs 1
OrAc = 55 0uy A +20,,0:0:, Ac + 27V, 6 Vo A+ =5 (14224 (92,00 + %A, 6.) = 0
) ) (3)
0L A +EA A

0.
14+ ¢e24,

Cs 1
a‘rd)a - ? azl¢s + (821¢€)2 + 52|v21_¢5|2 + &_j f((l + 52A5)2)



In this section, we assume that f is of class C3 near ¢ = 1. On the formal level, if A. and ¢. are indeed of
order one and converge to A and ¢, we must have, due to the singular terms in (3), for the first equation,

—cs0,, A+ aflqb =0,

and for the second one, using the Taylor expansion

F(1+a)?) =a+ (g +2/"(1))0? + fa(a), (1)
with f3(a) = O(a?) as a — 0, we obtain
—c50,, ¢ + ciA =0.
These two constraints are actually a single one:
A =0.,0, (5)

and this comes from the fact that we are focusing on the wave propagating to the right. In order to cancel
out the singular terms, we add ¢; ! times the first equation of (3) to ¢;? times the 2; derivative of the second
one:

é&(AE 4 3Zc1¢s> +2822¢5321As (L4 e240)A, (gbs) Ao, (3zc1¢5)

S S CS

0z, ¢e 0., P 4f”(1) 1 8?1145 + €2AZJ_A€
222y, (T )+ (1+ 2 )A-0., 4. c—gazl( S ) (6)
2e? e? 5 1 5
== Vaibe VA= 50 (1V-.0:12) - Zigz O [fs(2A0)

Passing to the limit e — 0 formally in (6) and using the constraint (5) (so that ¢/c, = 9.'A), we obtain
the Korteweg-de Vries equation (KdV) in dimension d = 1, and the Kadomtsev-Petviashvili equation (KP-I)
when d > 2 ) )

g87A+FA8Z1A7 §8§1A+AZL8;11A =0, (KdV)/(KP-I)

S

where the coefficient I is related to the nonlinearity f by the formula:
4
The (KdV)/(KP-I) flow (formally) preserves the momentum

///(A)E/WA2 dz

and the energy
1

£(4) = / L 0,42 4 V., 004 + L 43 a2,
RrRd Cg 3

In dimension d = 1, the formal derivation of the (KdV) equation from the (NLS) equation in this
asymptotic regime is well-known in the physics literature (see, for example, [55] and [33]), and is useful
in the stability analysis of dark solitons or travelling waves of small energy. We refer to [34], [35] for the
occurence of the two-dimensional (KP-I) in Nonlinear Optics. In [9], this (KP-I) asymptotic regime for
(NLS) is formally derived for the Gross-Pitaevskii equation (i.e. (NLS) with f(p) = ¢ — 1) in dimension
d = 3, and is used to investigate the linear instability of the solitary waves of speed ~ c;.

Before turning to the mathematical justifications of this regime for (NLS), we would like to point out that
the (KdV)/(KP) equation has also been rigorously derived for hyperbolic systems by W. Ben Youssef and
T. Colin ([6]) for (KdV) and W. Ben Youssef and D. Lannes ([7]) for (KP). The first rigorous justifications



of this long wave asymptotic regime for (NLS) are given in the papers [13] and [14], which work on the
Gross-Pitaevskii equation in dimension d = 1. The point is that this equation is integrable, and these results
rely on the higher order conservation laws of (GP). For (GP) in dimension d = 1, the Cauchy problem is
known (see [13]) to be globally well-posed (see also [56], [27], [28]) in the Zhidkov space Z7(R) = {v €
L>®(R), d,v € H° Y(R)}, where o is a positive integer. We recall the main results of [13] and [14]. In
Theorems 1 and 2 below, the initial datum for (GP)

10,9, + 02T, = U (| > - 1)

is )
Z3(R) 3 U (z) = (1 + 2 A" (2))ei=?< (2, z = e,

and we denote ¥, € C(Ry, Z3(R)) the associated solution. For the Gross-Pitaevskii nonlinearity, we have
s = V2 and T =6.

Theorem 1 ([13]) We assume d =1, f(o) = 0 — 1 and that the functions A and ¢! verify
| AR b5 gy + 10:02 /V2| o) < M.
Then, there exists eg(M) > 0 such that, if 0 < € < go(M), then V. can be written
U (t,x) = (1 +2A. (7, 2))e?=(T2) r=¢&%, z=e(x—V2),

with Ae, ¢ : Ry x R — R continuous, (Az, ¢c)r—0 = (A", ¢I"), and we have, for any T > 0,

6z (blsn + 5) eCMT
H3(R) ’

V2

[A=(T) = G (T L2®) < CM(HA? —

where (. stands for the solution of the (KdV) equation
2V/20,¢ +12¢0.( — 93¢ =0
with initial datum .
(Ce)jr=0 = AL
The error in ¢ is not natural, since only &2 appears in (3) (for d = 1). This is in particular due to the
fact that the use, in [13], of the first three pairs of nontrivial conservation laws for (GP) yields

[4e = 0.6¢ Vs z) < C(JA = 9.0 /v 21wy + ). (7)

In [14] the authors improve this first result by replacing the ¢ above by 2. The price to pay is the loss of
more derivatives.

Theorem 2 ([14]) Let s € NU{0}, Ko >0 and 0 < e < 1 be given and assume that

||Ain

< ||H5+5(]R) +elortear

€ HLQ(]R) + ||az¢<i€n”Hs+5(R) < Ko.

Let A. and U, denote the solutions to the (KdV) equations
2V/20,¢ +12¢0.¢ — 8¢ =0

with initial data A" and 0,¢™//2 respectively. Then, there ewists ¢g = eo(Ko,8) € (0,1) and K =
K (Ko, s) > 0 such that if € < eg(Ko, s), Ve never vanishes and thus can be written

U (t,x) = (1 +e2A. (7, 2))e?=(T2) T=¢e%, z=c(x—V2).
Furthermore, for any 7 > 0,

9:9e

az ¢in
— Z/{e £
V2

V2

KT

HAE - AE”HS(]R) + ’

< K(52 + HA;“ -

H#(R) Hs (]R))



The improvement in their proof is due to the fact that they take into account waves going to the right and
to the left: see Theorem 1 in [14] for a precise statement. In this paper, we shall treat only the right-going
wave.

In [20], we have investigated the (KdV)/(KP-I) limit in arbitrary dimension d and for a general nonlin-
earity f satisfying f’(1) > 0. Here is one of our results (see also in [20] a result in the energy space when
d =1, and a result for non well-prepared data). Here, for A", ¢I", we consider the initial datum for (NLS)

Uin(g) = (1 + 52Ai5“(z)) exp(ied™(2)), 2 =ex1, 2L =¢cx,

and denote ¥, € UM 4+ C([0,T%), H**1(R?)) the corresponding H**! maximal solution. Let us recall that
for initial data A in H*® with s > 1+ d/2, the (KdV)/(KP-I) equation has a unique local in time weak
solution (in the distributional sense) A € L°°([0, o], H*(R%)), as can be easily seen (for d > 2) by cutting
off low frequencies and passing to the limit. If moreover the antiderivative 8;11Ain exists in the sense
that (1 + |¢])%¢; L.F(A™) € L?(R?) (where .Z is the Fourier transform), then, from the result of [32],
we know that A actually belongs to C([0,7o], H*(RY) N 9., H*(RY)) (for s > 1+ d/2). If, in addition,
A, 07 AR € 0, H*73(RY), then A,, 9;2A € L*([0, 7], H*~3(R?)) (see [53] or Lemma 3 in [42]).

Z1 Yz Z1 Y2

d o
Theorem 3 ([20]) Let s € N be such that s > 1+ 3 Assume that we have a familly (AT, ¢ )o<e<1 sSuch

that

A= sup [(AR,0.,62,V. ¢ e re) < +o0.
0<e<1

Then, there erists 0 < g9 < 1, 790 > 0 and K > 0, depending only on s and A, such that, for 0 < e < &g,
T. > 79/e% and there exist two real-valued functions A. € C([0, o], H**1(R?)) and ¢. € C([0, 7], H*TH(R?))N
C([0,70] X RY) such that (Ae, ¢c)jr=0 = (A, ") and satisfying

U (t,x) = (1 + 2 A (T, z)) exp(iepe (T, 2)), T=6% z=ce(x; — cst), 2z = ez, (8)
with 1 + €24, > % and

sup {14 s gy + 10028,V 60)] gy < K )

0<7<79
We assume that there exists a function A™ € HTY(RY) such that
(A2, 0:,02, V2, 01") = (A", A™,0)  in L*(RY)

and moreover that, if d > 2,

in 6Z1¢ijn _ in _
HAE - T L2(R4) - O(E) and ||VZL¢E L2(R4) — O(1>
Then, we have for e — 0 and every o < s+ 1,
AsC i coml HORY),  ad o (o m) B RY),

where ¢ € L>¥([0, 7], H*TY(R?)) is the solution of the (KAV)/(KP-1) equation with initial datum® A™ €
H*+tY(RY). Furthermore,

0., 0e
A, — BT =o(1 10
o5 A = =y o(1), (10)
and if d > 2,
0., 9e
A -2 <K d V. < K. 11
S R P o 02rer [Vl caquy < 1

11f d > 2, we actually have Ve, ('9;11 A™ ¢ L2(RY) and Vi A ¢ H$(R%), which is sufficient to guarantee the continuity in
time for .



Remark 1.1 In [20], Lemma 1, the proof implicitly assumes that the potential function F' is nonnegative.
This is not a problem for the study of the (KdV) limit since, in the end, we prove that |¥| is uniformly close
to 1. Therefore, since F(p) ~ ¢2(0—1)?/4 as ¢ — 1, one can modify F away from 1 in order to have " F > 07
and afterwards observe that the solution for the modified nonlinearity is actually a solution for the original
one for € small enough. However, for a correct statement of Lemma 1 in [20], one needs to add that F' is
nonnegative.

Since the above result give a description of a wave propagating at the speed of sound, it is natural to
investigate the behaviour of the travelling waves of (NLS) in the transonic limit, that is for travelling waves
of speed ¢ =~ ¢, and expect a convergence, up to similar rescalings, to the (KdV)/(KP-I) solitary wave. The
(KdV)/(KP-I) equation does have solitary waves provided I' # 0 (otherwise, (KdV)/(KP-I) is linear), and
1 < d < 3 (see [24] when d > 2). For the Gross-Pitaevskii nonlinearity (f(¢) = 0 — 1), explicit integration
of the travelling waves equation can be carried out in dimension d =1 (see [52], [12]), and this convergence
can be checked explicitely. Still for the Gross-Pitaevskii nonlinearity, we refer to [11] for the proof of the
transonic limit in the two dimensional case. For a more general nonlinearity f, see [16] for the case d = 1,
using ODE techniques, and [18] for the dimensions d = 2 and d = 3.

In Theorem 3, the convergence was obtained through a compactness argument, which does not provide an
quantitative error estimate. The purpose of this paper is to provide a convergence result for this (KdV)/(KP-
I) asymptotic regime with an error bound comparable to the one obtained in Theorem 2 of [14] for a
general nonlinearity f and any dimension d > 1. As a first remark, note that the zero mass assumption
fR (21,21) dz; = 0 for every z; € R?"!  which allows to define the term 9 1A is mecessary in order
to prove rigorously a consistency result of the (KP-I) approximation, as explalned by D. Lannes in [40].
However, this zero mass assumption is not natural from the physical point of view. This is the reason why
D. Lannes and J.-C. Saut have proposed in [42] weakly transverse Boussinesq type systems that are formally
equivalent to the (KP) equation but for which no zero mass assumption is needed and for which natural
consistency error bounds can be proved. This is the point of view we shall adopt for our problem.

1.2 Comparing to a weakly transverse Boussinesq system
Working in the hydrodynamical variables (A., U, = (UL, UL) = ¢ (0., ¢, V2, ¢e)), (3) becomes

1 1 1
—0- A= 50, 4. + U0, A. +2¢2UL -V, A + S0+ e24.)(0., U + 2V, - UL) =

Cs €

1 1 1 2771 1 2 4 12
c 9-U. 22 0:,Ue +2(U; 0, +e°Us -V, )U: + 2et 9, [f((l +e%Ac) )} (12)

S

i V. (8’3114‘E + EQAZLAE) = 0.

14+ 624,
Notice that, when we neglect the quantum pressure, (12) is a symmetrizable hyperbolic system in the
variables (A.,Ul,eUZt) (and not (A.,UL,UZL) due to the weak transversality), for which the symmetrizers

2 2 ] 2 ,
7 4?62145)2) T JiSEQAE)Q)) or Dlag(éf (1+24.)%),1, ..., 1) (13)

can be used. Therefore, it is natural to propose, in the spirit of [42], the following Boussinesq type system

Diag(l,

1
— 0;A, — azlA +3 alel + 200, A, + A9, Ul +2:2UL .V, A,

+(1+e%A)V,, - UL =0

B:)
1 (B-
C—(?TU azlu +2U0%0,,U. + 22U -V, U, +5 v A+ (I = 5)A. V. A,

S

1
) 92 U. = 0.

S



Here, we have used the Taylor expansion (4) for the nonlinearity f and the definition of I'. Notice that in
this system, we have replaced A. by U, in the dispersive terms, which is justified by the fact that, by (5),
we expect A ~ ¢;10,,¢. = Ul. This allows to have the structure of a symmetrizable hyperbolic system
in the variables (A., UL, eUL), since the dispersive term is then a diagonal term with constant coefficients.
Indeed, we can use the symmetrizer

1+ (T —5)e%A
w7 1,..., 1)’

Y(e?A.) = Diag( T 2A
€

the first one of (13) having the disadvantage of making the dispersive term with nonconstant coefficients.
We may observe that if, in (B.), we replace 82 Ul and 93 U} by 92 Al and 93 AL respectively, we no longer
have a symmetrizable hyperbolic system, and the local well-posedness of the resulting system would then be
a delicate issue, see [47] for a Boussinesq system (see also [54]). In view of this very nice structure of (B.),
we prove the following local well-posedness result.

d o
Proposition 1 Let A > 0 and s € N be such that s > 3 + 3 Assume that 0 < e < 1 and that (AP, UP) is

an initial datum for (B:) such that

(A, U OB [ <A,
Then, there exists 7, > 0 and K depending only on A and s (and not on e € (0,1)) such that (Be) has a

unique solution (A, Ul ,eUL) € L*°([0,7.], H*(RY)), and this solution satisfies

‘(AE,U;,sUj)H <K. (14)

su
P Hs(RY)

0< <7y
Moreover, if UM is a gradient vector field, then for 0 < 7 < 7., U.(7) is also a gradient vector field.

As it is the case in [42], let us emphasize that if d > 2, we do not control a priori UX but only eUZ,
due to the anistropy of the scaling. We now stress the link between the system (B.) and the (KdV) and the
(KP-I) equations.

Proposition 2 Assume d =1, s € N such that s > 5 and let 0 < ¢ <1 and A > 0 be given. Let (Al* Uln)
be such that _ ‘
||(Al€n7 Ulsn)”Hs(R) é Av
and let (A;,Ue) € L>([0,7.], H*(R)) be the solution of (B:) for the initial datum (A™ U™) provided by

Proposition 1. Then, for some constant K depending only on A, we have

A~ Ul < (100 -

0<7< 7,

2
ey +2)- (15)
Moreover, if (. € C(R4, H*(R)) is the solution of the (KdV) equation
2 1 3 in
P 07Ce + 1'¢:0.Cc — 2 9;¢ =0, (<€)|T:O = A7,

then for some constant K depending only on A,

[?)UP} ”AE - C‘EHHS*E’(R) + [?JuP] HUE —Ce HHS*5(IR) < K(”A‘lsn - UianHHs—z(R) + 52)' (16)
sTO »T0

Of course, the comparison (16) is meaningless if A" — U™ is not small, which has to be related to the
constraint (5).



d
Proposition 3 Assume d > 2, s € N such that s > 3 + 3 and let 0 < ¢ < 1 and A > 0 be given. Let
(A, UL eUL) € L==([0, 7.], H*(R?)) be, as in Proposition 1, a solution of (B:) for an initial datum (A", UM)
such that U™ is a gradient vector field and

(AR, UL U ) < A

Then, for some constant K depending only on A, we have, for 0 < 1 < 7,

|62, (A. — U;)||HS_3(W) < K (|02 (A — Uign)HHS_3(Rd) + 52) )
[0:1 (A = UD) ooty < K ([10:1 (AR = U)oy +2).
as well as
A = Ul ey + el Ly < K(IAZ = U2 gy + 02 o +2)- (19
Moreover, if we have a family of initial data (Aisn, Ui;"l7 sUiEn’J-)0<s<1 such that Uisn s a gradient vector field
[ (Aaisanisn)”Hs(Rd) <A, ”Aisn - UiEHJHL?(]Rd) < Ae, ”Uisn’L”m(Rd) <A
and, for some ¢'" € H*(RY),
(AR, U = (¢, ¢M) in L*(RY),

then we have, for any 0 < o < s,
Ac.—=<¢  and Ul ¢ in  C([0,7.], H°(RY)),
where ¢ € L>=([0, 7], H*(R?)) solves the (KP-1) equation

2 1 ‘
= ;¢ +T1¢0.,¢ — = B C+A, 07 =0, Clrmo = C™.

Remark 1 The estimates in (17) are very anisotropic due to the fact that the natural bound is on eUZ and
not on U, but we can use that 9,, UL =V, Ul since U, is a gradient to improve the bounds. Note that in
[42], the convergence of the weakly transverse Boussinesq system to uncoupled (KP) equations is shown (see
Theorem 1 there) by a WKB expansion. Here, the wave propagating to the left is trivial. The hypothesis for
Theorem 1 in [42] are not exactly the same as in Proposition 3: for instance, we do not impose conditions
like 92, ¢'™ € 02 H*(IR?). The proof of Proposition 3 relies on a compactness argument close to [20], and not
a WKB expansion.

The link between the Boussinesq system (B.) and the (KdV) and the (KP-I) equations being clarified,
we can state our main result.

d o
Theorem 4 Let A >0,0<e <1 and s €N be such that s > 3 + 3 Assume that (AT, o) is such that

(A0, 6, 9., 6 | . gy < A

Then, there exists 0 < g9 < 1 and K depending on A and s such that, for 0 < & < g9, (NLS) has a unique
solution V. € Win 4+ C([0, 79 /€3], H*(R?)), with 79 > 1/(KA), that can be written

U (t,x) = (1 +e2A. (T, z)) exp(iege (T, 2)), T=6% z=ce(x —cst), 2z =exy
with 1 4+ 24, > % and

||A€”C([O,To],HS(]Rd)) + ||821¢57gvzl(ba|’C([O,7—0],H5*1(Rd)) < K.

Denoting (A., UL, UL) € L([0, ], H(RY) the solution to (B.) for the initial datum (AY ¢ 0., 61,1V, 61",
we have, for 0 < 7 < min(7g, %),

A, ) — (A, UL UL
H( 0z, Pe sVchbs) ( LUl

Cs Cs

< Ke2r.

‘Hs—l(Rd) -




This result is quite close to Theorem 1 in [14], where the functions (A. + U.)/2 and (A. — U.)/2 are
shown to be €2 close to the solutions of two (KdV) equation with appropriate initial data. Here, we compare
directly to the Boussinesq system (B:) via an estimate of the 7-derivative of (Ag,U.). The estimates of
Proposition 2 and 3 can thus be transposed to (Ag, Ue), leading in particular to the following corollary.

Corollary 1 If d = 1 and under the assumptions of Theorem 4 with s > 5, we have, for 0 < & < g¢ and
some constant K depending only on A,

sup {”AE - CEHHs(]R) + U - CE”HS(]R)} = K(”Aisn - UEin”HS(]R) + 52)

[0,min(79,74)]

where (. € C(Ry, H*(R)) denotes the solution to the (KdV) equation

2 1 ;
? aTCE + FCEaZCE - C72 62CE = 07 (§5)|T:0 = Alan

S

Proof of Corollary 1. Denoting (A, U.) € L*([0, 7], H*(R)) the solution to (B.), we have

(4., Z%) — a.00)

Cs

< Ke?r < Ke?
Hs—1(R)

sup
[077—0]

by Theorem 4, since s > 5 > 3 + 1/2. Moreover, since s > 5, applying Proposition 2, there holds

o [ Gl ey 500 [ Gl < KA = U+
sTO sTO
where (. solves (KdV) with initial datum A®. As a consequence,

o {14~ Gllyecagey + 10 = Gl

[0,min(79,7x)

<K sup {H (A57 8z¢5> - (A, U)

[0,min(7o,7.)] Cs

ey 1A = Cllgaosgay 102 = el }

< K (AR = U2 oy +22).
as desired. 0

Notice that we obtain in this way in dimension d = 1 a comparison result with the (KdV) equation
with an error O(g?) as in Theorem 2 ([14]), with assumptions that are basically the same (note that we do
not need the L? boundedness of the “c9sT6 A" derivative). Of course, the convergence by compactness in
Theorem 3 holds in a larger space than the one where we prove quantitative error bounds. Our result holds
for a general nonlinearity and does not rely on the integrability of the one dimensional Gross-Pitaevskii
equation but only on singular hyperbolic systems. However, since we do not benefit of the a priori bounds
deduced from the integrability (as in [13]), we do not have an exponential bound on the error but work on
a bounded interval in 7. Note that from our previous discussion, no reasonable comparison result with the
(KP-I) equation itself has to be expected.

1.3 Expanding in powers of €

One natural way to get error estimates would be to justify an expansion of A, and ¢, in powers of €. These
expansions are indeed justified for the WKB asymptotics: see, e.g., [29], [31], [19]. In the physical literature,
this is actually the way the (KP-I) equation is formally derived for (NLS) (see [9], [34], [45]). We would like
to point out that, in view of the fact that the limit is singular, this power expansion is not formally correct in
the sense that this requires very strong well-preparedness assumptions on the initial data and this expansion
can not be valid at arbitrary order.



We consider the system (12), where ;. 'U} stands for ¢;'¢.:

1 1 1
— 0, A, — = 02 Ac +2UL0,, A +263(V,, 01U - V., AL + S(L+e2A0)[0.,U! + A, 07U =0

1 1 1
= o0, UL — = 0=, Ul +2020.,U} +2e*(V.,0.'UL) - V. Ul + = 0.4
’ 1 1 2 A+ 2N, A,
+c§54’ 9., [f(L+ 52145]2) - C§52A8] -2 9z, ( 1 1+e2A, - )

S

We assume a formal expansion
A, = Ag+eA; +e2As + ..., Ul =Us +eU} +&*Uy + ...,

where the functions 4y and U} are localized, insert this into (12) and collect the terms of the same formal
order in €. We then consider initial data having the same expansions:

AM = AP e AP + 2AP + Ut = Uptt 4 eUM 4 22U
At order £72, we obtain U} = Ag (and this is natural in view of (5)). The terms of order e~! provide
Ul = A

and we point out that this is indeed a constraint of well-preparedness on the terms A; and U} at initial
time, since we must have
1
Ut = A,
and this condition is not natural, even though in [9], the expansion only involves even powers of e. We now
turn to the terms of order &V:

1 1
= 0, Us +2U30.,U; — = 92 Ao + (T — 5)Ag0., Ag + 0., Ay — 9., Uy =0

Z1 Y2z

1
= 0n Ao+ A, Ug + 2030, Ao + Az, 0503 + 0., U3 — 02, A2 =0,

We can solve this equation in (Ao, U3) if and only if the two equations are compatible, that is if and only if
Ao = U} is a solution of

2 1
= 0. A¢ — 502 92 Ao +T'Ag0., Ag+ A, 02 Ay = 0,

S

which is (KdV)/(KP-I). Then, using the (KdV)/(KP-I) equation for Ay, we are left with

Z1 Y2z Z1 Y2z

1 1 I 1
0uy Az = 0, U3 = — 0, Ao + 3400, Ao + A, 0 Ag = 55 02, Ao + (3= 5 ) Ade, Ao + 5 A2, 0 Ao,

that is 1
Ay =Uj + 33 92 Ao+ — (6 A% + - AZLé) 2 Ap. (19)
Here again, we obtain a strong constraint on (Ag, U3) at the initial time:
in in,1 1 in 1 in in
AR = Uy™ 4 55 02, A5+ (6 = T)(Ag )~ Azlﬁzon ,

which is not natural since the rigorous results in Theorems 2, 3, 4 do not make such preparedness assumptions
on the initial data. Moreover, in dimensions d > 2, the term A, 8* Ay is not well-defined in general: for
instance, if At =8, {e=517%} = —2z1e~1 %, then 02,0, A = 2(223 —1)e —2=2 has no z; antiderivative
in L2.

10



The terms of order e! give

1 1
—0,Uf — = 92 A1+ (T — 5)A0:, A1 + (T — 5)A410., Ag + 2U3 9., U} + 2U1 0., Uy + 9., A3 — 0,,Us =0

S

1

= 9- A1 + A0, U + 4,0.,U; +2U; 0., Ay + 2U1 9., Ao + A, 07Ul + 0.,Us — 0., Az = 0.
Here again, we have a compatibility condition between these two equations, which implies that 4; = U}
must verify the (KdV)/(KP-I) equation linearized around Ag

Z1 Yz

2 1
- 0:A1 +T'Ap0,, A1 + TA10,, Ag — = 5§1A1 + A, 0714 =0,
and it remains (since Ag = U} and A; = U})

1
0., A3 — 0., U3 = = ;A1 + A0, Ul 4+ A10,,Uy +2U30,, Ay +2UL 0., Ao + A, 0. U}

Z1 Y2z
S

I 1 1
_ (3 _ 5) 8., (AgAy) + 5 02 Ay + 5 A, 07 Ay

In [9], the expansion is assumed even in ¢, hence A; = U} = 0, and then it is natural to choose Az = U} = 0.
For the terms of order €2, we have, for some coefficient g3 coming from the Taylor expansion of f((1+a)?):

1., 1 1 ) 1
50U = 5 0% As 5 0:, (Aol Ao) = 5 0,8 Ag

+(T' = 5)0., (A Ag) + (T — 5)A,0,, Ay + 3q3A20., Ao
+20,, (U3US) + 2U1 0., UL +2(V,,0;'U}) - V., Us + 0,, Ay — 0.,U} =0

Z1 Y2z

1
= 07 Ag + Ao, Uy + A30.,Uy + A10,, Ut +2U5 0., Ay + 2U5 0., Ag + 2U10., A

+2(V., 0.'Uy) - Vi, Ao+ A, 0.'U3 + AoA, 02Uy + 0,,U;f — 9., As = 0.

Compatibility of the second equation with the first one then implies
1 1
—0-(As +U3) = 5 02, Ao + (T = 5)0, (ApA2) + T A10:, Ar + 0., (g5A7) + 20, (Ug A2)

1
+—5 02, (4002, Ag) + 02, (2A0U3) + Ag0., Uy + A20., Ag + 2400, Az + 2U5 0z, Ag (20)
C

S

1
+4(V,, 071 U3) - V., Ao+ AL, 0 Uy + AgA,, 07 Ag — = 0., A, Ay =0.

Z1 ¥z Z1 Yz Z1 Yz
S

Using the expression (19) of Az in terms of U3 and the (KdV)/(KP-I) equation for Ay, we obtain

1 1 _ r _ 1 _

o Or(Uz — A2) + 7(6 = T)Aol., 0;7 Ao + 5 82, 0:1(A5) + 7 A2, 0.7 40 + 0 (-} =0,

where the term {...} depends on Ay, U}, Ag. Here again, we observe that the term AEL 8;13140 is not well-

defined in general, and that the expression A, 87 (Ag) is not in L? since A% > 0 (when Ay is non trivial).

This means that if d > 2, the expansion is not formally correct up to the cancellation of the terms of order
2

e’

We would like to point out another difficulty when we cancell the terms of order €2, and restrict ourselves
to the dimension d = 1. Under weak assumptions on the nonlinearity, the Cauchy problem for (NLS) is
known to be locally well-posed in W™ + H!  see [28]. This implies in particular that when we lift ¥ = Ae’?,
we must have, by Sobolev imbedding, the existence of the limits ¢(t, 200) as well as ¢(t, 00) = (¢, +00)
for any t > 0. Note that we consider here only solutions with |¥| &~ 1. As a consequence, the (generalized

Riemann, say) integral [, Ue dz = [, Uy dz+¢ [ Uy dz +&* [, Uy dz + ... must be independent of 7. Since

11



Uy (resp. Uy) solves (KdV) (resp. linearized (KdV)), it is (formally) true that [, Uy dz (resp. [, Uy dz) is
conserved. For Us, assuming the conservation of fR Us dz, we deduce from (19) that

6T/A2 dz = 1(6 — F)@T/Ag dz =0, (21)
R 4 R

since the (KdV) flow conserves the L? norm. On the other hand, (20) becomes

1
— 0-(A
- 37—( 2—|—U2) e 2

L 934y + ) + La (Ao(As + Ua)) + 30. (Ao[As + Ua))

:%8(2282A0+ (6 — r)A2) ( 52A0+ (6 F)A2)8 Ag— %( 82Ao+ (6 F)Az)

1 )
—lA0. A1 — 2 - 0. (Aoa Ag) — 0-(g3 A7),
and since 202400, Ag = 0,[(0.40)?] and 3A420,Aq = 9.[A}], all the terms in the right-hand side are z-
derivatives except the term involving A3 in the before last line. Therefore, formal z integration of the above
equation provides, still assuming fR U, dz constant,

1 I'—4)(T —
Lo [ g OO0 [
Cs R 8 R

which contradicts (21) (when A is non trivial), except in the particular cases I' = 6 which happens for the
Gross-Pitaevskii nonlinearity since f” = 0 everywhere, or I' = 4. This second argument suggest that we may
not in general be able to cancel out the terms in €2 with an expansion in &.

We finally point out that in [42], the convergence of the weakly transverse Boussinesq system to the (KP)
equation was shown through an expansion in € similar to the one discussed here, which leads, similarly to (19),
to hypothesis like §2,¢™ € 82 H*(R?). The results in Theorems 1, 2 and 3 do not rely on the justification
of some expansion in . Actually, expanding in € with even powers so that the equations are solved up to
the natural error O(e?) suggest that we may compare the true solution (A.,U.) to the approximate one
(Ao + &2 As, Uy + €2Us) up to an error O(e?). The condition (19) appears then somehow unnatural because
the terms (e2Ag,£2Us) involved are of the order of the error O(g?).

1.4 Formal derivation of (gKdV)/(gKP-I) equation in the degenerate case I' = 0

When A
F:6+éfu(1) :Oa

(KdV)/(KP-I) is a linear dispersive equation. In order to see nonlinear effects, it is thus natural to enlarge
the size of the data. It turns out that the natural scaling is now

U(t,z) = (1 +eA (T, z)) exp(i¢e (T, 2)) T=6%, zm=e(x) —ct), 2z, =ew). (22)
Plugging this into (NLS), we obtain the system

. 2 1
0, A. — %2 Ouy Ac + 2 02,002, Ac +26V., 6 - Vo Ac+ =5 (1424, (a;qsg T eQAZL@) —0

(23)
1 0% Ac + %A, A
Td)&_ 02 ¢ + 7( 21¢5) +€|Vzl¢s‘2 f((l-l-EA) )— L ‘El—i—gAEL i
Ase — 0 and if A, — A and ¢. — ¢, we infer as above that at leading order, for both equations
csA =0, 0. (24)

12



However, it has to be noticed that (23) has also singular terms of order ¢~!. Assuming that f is of class C*
near o = 1 and using the Taylor expansion

2 4
F(+a)?) = at (5 +207W)a? + (2£"() + 507 (1) )a* + fala),
with fi(a) = O(a?) as a — 0, the formally singular terms in system (23) give

(260 02 A) 4 2 (204,6.0., A + A2, 0.) = O()

;—; (cSAE - 8zl¢€) + %((8&@)2 + (/2 + 2f”(1))Ag) = O(1).

We recall that I' = 0 if and only if —2f”(1) = 3¢2. Furthermore, since ¢;A. = 9,,¢. + O(e), we infer for
both equations in the above system (formally)

0,6 — oA = —%CSAE +0(2). (25)

Adding ¢! times the first equation of (23) to ¢;29,, times the second one, we get (using —2f”(1) = 3¢?),

Lo, (4. + c—lsamrbs) ~ %2 9., (8221A5116;A:l A

s s

) +(1+eA)A,, b+ ci? (6f”(1) + 4f’“(1))A§821A8

S

1 9 1 2 5T 9
{20000, A+ 40,0, 4 — 0,[(0:,0.)%) = 0., (4D} (26)
2e € 1
= Varfe Vi Ao — 5 0 [IV2, 0] - a3 0= [fa(eAs)].

We have to pay attention to the second line in (26) due to the factor e 1. Using (25), the leading (quadratic)
order terms cancel out and the second line in (26) is

1

3e 3e 1 3e
— {28ZIA5 (cSAE _ ECSAE) + A0, (cSAE _ EcsAﬁ) + =0, (A = e A - 5cSA58z1AE} +O()

= —15A20,,A. + O(e).

As a consequence, passing to the (formal) limit € — 0 in (26) yields the modified (KdV)/(KP-I) equation

2 1 . _
o ;A — = O2A+T A0, A+ A, 0.1 A=0, (mKdV)/(mKP-I)
where the coefficient L]
= f 2( ) —24
CS

involves a third order derivative of f at 1. The nature of (mKdV)/(mKP-I) strongly depends on the sign
of I": it is defocusing for IV > 0 (without solitary waves) but focusing when IV < 0 (with solitary waves).
Indeed, in dimension d = 1, we have two solitons of speed —1/(2¢;)

—6/(T"¢3)
cosh(z)

(recall that (mKdV)/(mKP-I) is odd in A: if A is a solution, so is —A), and if d > 2, we have existence of
(at least two) nontrivial solitary waves to (mKP-I) if and only if d =2 and IV < 0 (c¢f. [24]).

wy(z) =

We can clearly go further and derive more generally (gKdV)/(gKP-I) equations from (NLS) when suitable
coefficients like I' and I vanish. More precisely, for some given m € N, assume that f is of class C™"3 near
o = 1 and that we have

2
- (71)%1% for 1<j<m+2, (27)
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the equality for j = 1 being always true by definition of c¢s, namely ¢; = 1/2f/(1). If m = 1, this requires
(1) = —3¢2/2, which holds true if I' = 0. Consider now (f is supposed smooth enough) the Taylor
expansion of f((1+ a)?) near the origin:

1 B S m+2 m+3 = FO1)27y m+3
?f((1+a) ): qué + gm+20 +O(Oé ): ( Z W>Oé JFO(OZ )
) =t A
ite=
The ansatz (2) and (22) are then changed for
U(t,z) = (1 +emat A (T, z)) exp(ieﬁgbs(ﬂ z)) =% 2z =c(x1—cst), 2z =c’x.  (28)
Inserting this into (NLS) yields, with U, = ¢; 1V, ¢,
1 1 2 9. 2
?87-145—?8211454-28"’*1 U6821A5+2€T"'+1U6 'VZLAE
1 2
+51+emTA) (azl Ul +£2V,, - Uj) ~0
1 11 1 2 2771 1 2 7l 1 = 2kl 9 k-1 @)
—0:U! = 5 0.,U2 + 2677 PUL0, UL 4 267U VL, UL + > ke 2A 0, A,
s k=1
1 02 A, +e2A, A
Hm+ 2ams2 AT, Ac + O(7T) = S 0, (I ),
‘s 1+emiT A,

Comparing the singular terms in both equations, we obtain
9, UL — 9. A, +emit <2U€1821A5 + A9, Ug) — 0(e?)

m—+1
0o Ac — 0, UL 42575 U0, UL + 3 ke 1 A0, AL = O(E?).
k=2

For m = 0, we recover the constraint (5), and for m = 1, we obtain (25). When m > 1, this system is also
a single constraint. Indeed, letting e = £2/(m+1) | 5o that €™ ! = £2, we shall see that the two equations in
the above system formally reduce to the single constraint

2
m%em;ﬂ“ +O(em . (30)

3 5
Ul=A. - 56,43 + 262 A3 — §E3A§ + o+ (=1)
For the first equation, this follows immediately by induction on m. Formally integrating in z;, the second

one can be written
m4+1

Ao = UL+ €U + > que 1Al = o(e™™).
k=2

From (30) and after a little algebra, this is equivalent to

m-+1 m+1 m+1
E+1 ,_ (k+1)(k—1)(k+6) ,_ _
k k—1 qk k k—1 gk k—1 gk _ m+1
Z(—l) —5 ¢ AZ + Z(—l) 2 A + Z qre” A = O(emT),
k=2 k=2 k=2
that is to bt 1)kt 9) (K 43
V2 <k<m+1, qk:(—l)k_l( +D(k+2)(k+3) (31)

24
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The relation (31) is actually verified when the f)(1)’s verify (27), as can be seen by noticing that then, for
o—1,

= f(j)(l) j +2 = ¢ i+1 j +2
flo) = 7 (0= +0((e-1)"7) = ) (=10 +1Dle—-1)7 +0((e - 1)™)
P i=1
2 X o , 5, 2 1 )
=SS )G Do - 1Y + 00— 1)) = 2 (1= ) + 0((0 - 1)),
=1 °
thus, for a — 0,
m+1
1 2 _ 1 L a2y _ NSt R DEEDEE3) 4 g
cgf((1+a))—4(1—(1+a)4)+(9(a )_;(_1) . o + O(a™+?).
Note that when (30) is satisfied, we have
m—+1
e(ngazlAEJr Aealeg) + 2000, UL+ S kgret 1A 10, A,
k=2
6m+1 1 9
=(-1)™m 51 (m +2)(m + 3)(m +4)(m + 5)ATT0,, Ac + O(e™2). (32)

Adding now the two equations of (29) and using (32), we infer

1 (531/16 +e2A,, A

éaT(AﬁU;)—éazl L) TV U

(=)™
24
= 22U+ -V, Ul —2eU> -V, A+ Ole),

+ (M + 2)gmi2 AT 0., A + (m+2)(m+3)(m +4)(m +5) AT 9, A, (33)

where the O(¢) contains the remainder in the Taylor expansion and the contribution coming from (32). The
formal limit is then the (gKdV)/(gKP-I) equation

2 1

—0-A+ TMAMY A+ A, 0 A~ = 93 A=0, (gKdV)/(gKP-1)
S S

where the coefficient ") involves a derivative of order f(+2) of f at p = 1 and is defined by

()"
24

T = (m 4 2)gma + (m +2)(m + 3)(m +4)(m + 5),

and clearly T'© = T if m = 0 and I = IV if m = 1. It is also clear that '™ vanishes if and only if
Gm+42 = (—1)m+1w, which is (31) for k = m + 2.

Remark 2 As we have seen during the computation, the nonlinearity given by
2 1
=5S(1- 7),
at least locally near o = 1, is extremely specific. Indeed, all the coefficients '™, m € N U {0} vanish for
. . 2
this nonlinearity, in view of the fact that f(0)(1) = (=1)7+1(j + 1)!¢ for any j € No.
Remark 3 If one prefers to express A, in terms of U} in (30), one obtains

m+1

A =

+

13 (2k—1) 4
k! ¢

21"+ O(em ™). (34)

£
I
—
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Indeed, (30) provides (formally)

+oo . +o00
1_ i T2 e g mt1y _ L VI A2 giHL m+1
Ul =Y (-1 E A ot 2‘96(_2( 12 AL 4 O(em )
Jj=0 j=0
1 A 4y 1 1
—— € m — (1= m+1
266<1+6A5)+O(€ ) 2( (1+6A5)2>+O(€ )s

hence 1 + €A, = (1 — 2eUN) Y2 + O(¢™+1) and the result follows by Taylor expansion.

We would like to conclude this section with a discussion on the free wave regime studied in [10]. This
wave regime holds for an initial datum for (NLS) of the type

Ui (z) = (1 + 5A16“(z)) exp(ipi™(2)) r=ex (35)
and relies on the ansatz
U(t,z) = (1 +cAc(t, z)) exp(ide(t, 2)) t=ct, z=ex. (36)

The main result in [10] is the following.

d
Theorem 5 ([10]) Let A > 0 and s € R be such that s > 1+ 3 We consider an initial datum for the

Gross-Pitaevskii equation

i%—\f + AT = (T2 - 1) (GP)

of the type Wit (x) = (1 + eAl"(2)) exp(ig®(2)), z = ez, with
A2 sy 1968y < A

Then, there exists a positive constant Ko = Ko(s,d) such that if KoeA < 1, then (GP) has a unique solution
U, € Uin 4 C([0,1/(KoeA)], HSTH(RY, C) with initial datum W™, which can be written under the form (36)
with

<p=1+4edA.<2. (37

[N

09;‘/18{06/\) ||A5(t)HH5+1(]Rd) + ||VZ¢5(t)HHS(Rd) < KoA and

Furthermore, if (as,u:) denotes the solution to the free wave equation
Ocaz: +2V, -u. =0

1 (35)
atug + 5 Vzag =0

with intial datum (A, V,¢1), then, for 0 <t < 1/(Koel), there holds

(A, U)(t) — (ag,us)(t)HHS,Q(Rd)XHS,Q(Rd) < Koet <A2 + aA). (39)

This underlines that the free wave regime is a good approximation for large t, namely t < e~!. Actually,
t ~ 1 (t ~ 1) is the time scale for the Euler regime, and since we linearize around a constant state,
we expect that the asymptotics hold for large t. We may refer to, e.g., [17] for a survey on the different
long wave regimes for (NLS) (Euler regime, wave regime, ...). In the case d = 1, m = 1, the initial datum
for the (mKdV) regime is also of the type (35). However, due to the cancellation of I" and the nonlinear
preparedness assumption (25) of the data, we formally obtain solutions on a much larger time interval 7 ~ 1,

that ist~e 3 ort ~e 2.

Remark 4 It seems that actually, in Theorem 5, the norm ||Aian
el A He+1(R4)’
but the imaginary part of z is 2%, with p =1+ €A, so that only s”Aisn

||Hs+1(Rd) needs to be replaced by || A" ||HS(]Rd)+

and similarly in (37). Indeed, in Proposition 1 in [10], we see that “z” is controled in H?®,

||HS+1(Rd) is involved and not just

[ ()~ This means that the right-hand side of (39) should presumably be replaced by Koet(A2 +A).
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1.5 Some rigorous justification of the (gKdV)/(gKP-I) equation

We present here our rigorous convergence result to the (gKdV)/(gKP-I) equation, but, as we shall see, it
does not hold on the scale 7 = €3t ~ 1.

Determining the right time scale. When one wants to justify the (gKdV)/(gKP-I) asymptotic regime,
the main difficulty is the presence, in systems (23) and (29), of singular terms with nonconstant coefficient.
In comparison with the justification of the (KdV)/(KP-I) limit, where we prove first the Sobolev bounds and
then the error estimate involving the preparedness assumption, the difficulty for proving the (gKdV)/(gKP-I)
limit on the natural time scale 7 = £3t is to break down a vicious circle: the Sobolev bounds depend on the
preparation of the data, which itself depends on the Sobolev bounds. Despite our efforts, we have not been
able to solve this problem, even working in a space of analytic functions. Another aspect which appears for
this problem on the time scale 7 = €3¢ & 1 is that we always have to expand much further than the expected
natural order. For instance, the constraint (30), namely, considering d = 1 for simplicity,

2
Ue=Ac — geAg + 262 A3 — g&zﬁ + ot (—1)“@%

€MATTL 4 O(em T,
requires to expand (A, U.) up to O(e™*1). However, this induces in the equations a consistency error only
O(1) due to the singular term in 1/e? = 1/e™T!. Hence we may hope to prove only (A.,U.) — (Ao, Up) —
€(A1,Up) — ... — €™(An, Up) = O(1), which is useless. Furthermore, we do not have any equation for the
evolution of (A1,U1), (Ag,Us) ... and there is clearly no uniqueness when solving (30). Expanding (A., Uy)
up to O(e™*") for some r > 1 provides a consistency error O(e"~1), which is not sufficient for proving that
(30) remains true, except for 7 > m + 2. When m = 1, hence € = ¢, this means that we have to expand
(A.,U.) up to O(e?) instead of the natural O(e?). This is the same mechanism which shows that the Sobolev
bounds at one order require an expansion of the data at a much larger order.

As a consequence, it is natural to work on a smaller time scale. In view of the result of [10] given in
Theorem 5, the wave time scale seems natural. Notice that for an initial datum of the form

Uin(g) = (1 + eAiEn(z)) exp (zgqblan(z)) z = ex,

where the small parameter €2 < € < 1 may be different from ¢ (compare with (38)), the free wave regime
holds for t < (e€)~1. We thus introduce the time scale § = eet = et, that is we replace (22) by

U(t,z) = (1 + €A (0, z)) exp (igqba(H, z)) 0 =cet, 2z =c(r) —cit), 2z, =c’x], (40)
which changes (3) for a system with U, = ¢;1V,¢. where the singular terms have constant coefficients:

s 1
Bp A, — % Ouy A + 2020, Ac + 252U - Vo Ac+ — (L4 €Al (ale; Ly, Ul) ~0

€

s 1 2771 1 N\ o [05 A HE2A AL
OaUz = £ 0,,U. +2U20,, U + 28U - V. Us + 5 V. [f((1+eA5) )} = vz[ e }
(41)
The free wave regime studied in [10] then holds for § < 1.

Approximation of the right-going wave by the Burgers equation for ¢ ~ 1. Let us investigate what
can be shown concerning an expansion in ¢ for the one dimensional situation with only one wave propagating
to the right. We then try to expand further in € = & the result in [10] with the assumption that the wave
going to the left is negligible. This leads us to consider the one dimensional system, where § = £t and
Ue = c;18z¢sa

1 1 1
—OpAc =~ 0.A: + 2.0 A+ (14 2A)0:U: = 0

Cs

2 (42)
1 1 1 2)) = 0; A
g aaUg - g ang + QU,;-azUE + Cz? az (f([l +5AE] )) - 682(1 + EAS).
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When plugging a formal expansion in € for A, = Ag+eA; +... and U, = Uy +eU; + ... into (42) and arguing
as in section 1.3, we find that Ay = Up verifies the (inviscid) Burgers equation (sometimes, it is also called
the Hopf equation)

2
. Opa+Tad,a=0 (43)
S
under the additional hypothesis that
in in r— 6 in
Uy _A1 = T[Ao ]2»
so that the relation U; — A; = %A% holds true for positive times. Here is a rigorous result in this

direction, without this last extra assumption (as (19) was not necessary for proving the convergence to the
(KdV)/(KP-I) equation but required by the expansion in €). We emphasize that we focus on the right-going
wave.

Proposition 4 Assumed =1, A >0 and s € N be such that s > 3. We consider an initial datum (A", Ul")
for (42) verifying ‘ ‘
[l <A ad JoR<a (a1

Then, there exists 0, > 0 and a positive constant g = £o(A,s) such that if 0 < € < &g, then (42) has a
unique solution (A.,U.) € C([0,0.], H*(R) x H*~1(R)) with initial datum (A®, U™), verifying

up [A0)] gy + [0:0-0)] sy < Ko and

1
—<p=1+cA. <2 (45)
0<60<6, 2

Furthermore, if a. € C([0,00], H*(R)) denotes the solution to the (inviscid) Burgers equation

2
— Oga+Tad,a=0

S

with intial datum Aisn, then, for 0 < 6 < min(6y, 0.), there holds
”AE(Q) o aE(a)”HS*Q‘(]R) + HUE(Q) a aa(a)HHS*3(]R) S K(”Aien a U;n”Hsfl(R) +e9).

This result provides an expansion for A, and U, up to O(e) uniformly for 0 < § < min(fg,0,) =~ 1,
whereas the result in Theorem 5 ([10]) takes into account left and right-going waves but is restricted to
0 <6<l IfT # 0, the approximation a. has a nontrivial dynamics on the time scale § =~ 1. We shall
now investigate what happens when I' = 0, on the time scale §. More precisely, we shall work up to 6 < |lne].

Justification of the (gKdV)/(gKP-I) equation for large 6. Here, we make the assumption (27) for
some m € N, and recall that € = £2/(m*1)_ Since we shall work for < |Ing|, there holds 7 = ¢™6 < €™|Ine],
so that the solution ((7) to (gKdV)/(gKP-I) has moved from ~ €™|lne| <« 1 from its initial value. As
a consequence, any error estimate between A. and ((7) for § < |lng| is meaningful only if the error is
< €™|1lnel|. Since we shall justify an expansion in e, this will force us to solve the equations up to an error
O(e™*1). Proceeding in this way, we shall then prove a Gronwall estimate which roughly reads

||AE(9) —(Ap+eA+ ...+ em+1Am+1)(7’)|| + ||UE(9) —(Uo+elU; + ...+ €m+1Um+1)(T)H < emtletol  (46)

where Ag = Uy = ((7). For 6 < |lne| =~ [In¢|, the right-hand side remains small. Clearly, in this expansion,
the terms 6m+1Am+1 and em‘HUmH are useless in view of the error > €™+! but they are necessary in order
to have a consistency error in O(e™*1). This leads to constraints such as (19) or U* — Al" = L8[41)2 for
the Burgers equation. We have seen that for (Ay,U;), (A2,Us) ... , we have no evolution equation on the
time scale 7 (but they are (formally) stationnary on the time scale #). Therefore, it may seem strange to
justify an expansion which seems up to O(e™*!) without knowing the true dynamics of (A1, Uy), (Az, Us) ...
However, this is not unconsistent, since for § < [lne|, the term eU; for instance, has moved from its initial
condition of at most € x 7 = ¢™*16, which is much smaller than ¢™*+1e“0? when @ is large.

Our result is based on an expansion in ¢, thus we shall have the above mentioned constraints on the
initial data, such as A, 92¢™ € H*(R?), although we believe that they are actually not necessary. In

18



view of the form of (46), note that a distinction has to be made between the case m = 1 and the case m > 2.
Indeed, we have seen that we wish to have |A.(0) — ((7)| = |U:(0) — {(7)| = o(e™|lnel), and a priori, we
infer from (46) that |A.(0) — ¢(7)| = |U:(0) — ¢(7)| = €. If m =1, it is true that € = o(e"™|lng]), but if
m > 2, this is no longer the case, which means that we can not compare both A, and U, to  in a significant
way. Indeed, in view of (30), that is

m+ 2

3 5
U. — {AE - iﬁAg + 26243 — §€3A§ + ..+ (=™ 5

emA1En+1} — O(Gerl),

we can not have at the same time A; = 0 and U; = 0. In the case m > 2, we shall privilege the comparison
of ¢ to the amplitude A. and then impose 41 = Ay = ... = A,,_1 = 0, which in turn implies, via (30), a
strong constraint on the expansion of U at the initial time, both for U™! and for U™+ = v, 9 tU!
(since Ue is a gradient vector field). This is the reason why we shall present two results. The first one
(Theorem 6 below) in one space dimension and where we want to compare the amplitude A. to ¢, which
requires A1 = Ay = ... = A,,—1 = 0, in particular at the initial time. The second one (Theorem 7 below) in
space dimension d > 2, and where we compare the first component of the gradient vector field U, to ¢, which
requires U{ = Uj = ... = U},_; = 0. Of course when d = 1, one could make a statement where we compare
U. to ¢ (with Ul = U} = ... = UL, _, =0). However, in dimension d > 2, since U, is a gradient vector field,
this imposes some constramts in the expansion in € for U} and U2, which prevents the comparison between
Ac and ¢ (since we must have A; = Ay = ... = A,,—1 = 0), at least when m > 2. We may now state our
main results for this section.

Theorem 6 We assume d = 1. Let A >0, s, m € N such that s > 2 and (27) holds. We fiz (' € H*T5(R)
and denote ¢ € C([0, 7], H*T>(R)) the solution to the (gKdV) equation

2 9,¢ +TmcmHig, ¢ 7 BC=0

Cs 2

for the initial datum (™. We fix Al € H*+5(R) and consider an initial datum (A, U™ = 9,¢) for (41)
satisfying

in in m Ain 2 m—+1

HAE — ("M —e€ Am”Hs(R)SAg = Ae ,

and
m+ 2
—¢

| w3 S
U — {4 = SqAR) 4 2 [AR) - JE AR 4+ (-1

< Ae? = Aem T

m Ain m+1}”

Ay
Then, there exist two (small) positive constants p and €9 > 0, depending only on s, A and the functions
¢™ and AN such that (41) has a unique solution (A.,U.) € C([0, u|lnel], H*(R) x H*1(R)) if 0 < e < &q.
Moreover, there ezists a positive constant C, depending only on s, A and the functions (™ and A} such that,
for 0 € 0, u|lne|], we have

m”A + €m+le(9/(2p)) < Cem

HAe(a) o HHS(]R) HHS(]R)

and

We recall that the assumption |AR — ¢ — ™Al ”Hs ®)
Ay = Ay = ... = A1 = 0at 0 =0. Our second result holds in arbitrary dimension d > 1. Since we
privilege the vector field U, we no longer compute U} from A. by (30) but compute A. from U} by (34).

2
U.(0)— A~ 3ea2 0243~ 2340 1 4 (—1ym ™2 m gme1) ) < CemHlel/Cn) < Cemts,
2 ¢ £ 2 F 2 € H#=1(R)

< Ae? = Ae™T! corresponds to the hypothesis

d
Theorem 7 We assume d > 1. Let A > 0, s, m € N such that s > 1+ 3 and (27) holds. We fix

¢in ¢ HT2(RY) and assume moreover, if d > 2, that

(™ €0, HP(RY) and A, 9,1 ¢ € 0., Ho P2 (RY).
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We then denote ¢ € C([0,7.], H*(R?)) the solution to the (gKdV)/(gKP-I) equation

2 1
= DCH+TMICmHLY. ¢+ A, 971 ¢C— =02 ¢C=0

1Y% 2 Y21
s c

for the initial datum ™. We consider an initial datum (A", U =V, o) for (41) satisfying

) ) ) m+1
U = V.05 ¢ and EEEDD

k=1

13 (2k—1) 4
! ¢

[Ul]kH <A™t = A
0 Hs (R

Then, there exist two (small) positive constants u and €y, depending only on s, d, A and the function (™
such that (41) has a unique solution (A.,U.) € C([0, u|lne|], H*(RY) x H*"1(R%)). Moreover, there exists a
positive constant C, depending only on s, d, A and the function ('™ such that, for 6 € [0, u|lne|], we have

[T20) = ¢ 0) | s gy < Cemtlef/(2m) < cemts TS O yoms gy < Cemtle?/2m) < Cemts
and .
1.3 (2k—1
HAE(Q) _ Z k'( )ek—l[UEl(e)]k’ e < C€m+le0/(2p) < C€m+%.

k=1

As an illustration for these two theorems, take m = 1, U™ = V,9_1¢™, and A = (1" + 2[¢""]2. Then, we
prove that A.(0) and U2(6) are equal to ((£0)+O(e) uniformly for 0 < 6 < p|lne|, whereas ¢ has moved from

its initial condition about e|lne| > €. Theorems 6 and 7 then provide a justification of the (gKdV)/(gKP-I)

limit on the time scale t < (€)™ |Ine| ~ el miT In e[, which is much smaller than the expected one ¢ < &3

(recall m > 1), but much larger than the natural one for the free wave regime ¢ < (ge)~! with both left and
right going waves (cf. Theorem 5 due to [10]), or the time scale ¢t ~ =2 which is suitable for a right going
wave approximated by the Burgers equation (see Proposition 4).

In [22], T. Colin and D. Lannes justify the Davey-Stewartson approximation for WKB initial data in
hyperbolic systems. Their situation bears some common feature with our one: the transport equation (anal-
ogous to the free wave equation for us) governs formally the dynamics on the time scale say ¢ ~ 1/§, and
the diffractive (formal) approximation holds on the time scale t ~ 1/§2, where § is some samall parameter.
However, the rigorous justification of the Davey-Stewartson approximation in [22] is for times ¢ < |Ind]|/d,
which is here again much smaller than the diffractive scale ¢t ~ 1/§%, but much larger than the transport
scale t < ~!. However, in [22], this is the occurrence of resonances which prevent the approximation to
hold up to times of order ¢t ~ 1/62, whereas in our situation, this is the occurrence of nonlinear singular
terms. It is then not completely clear on which time scale the (gKdV)/(gKP-I) approximation is valid. We
shall study this problem numerically in some forthcoming work.

Similarly to the (KdV)/(KP-I) limit, we may wonder what is known for the (gKdV)/(gKP-I) asymptotic
limit for the travelling waves. Concerning the one dimensional problem, we refer to [16], where the ODE
argument still works for the (gKdV) limit as soon as the (gKdV) equation has solitary waves, that is the
nonlinearity is even, or focusing and odd. In particular, when I' = 0 > I", this gives rise to two branches
of solutions in the transonic limit. In higher dimension, note that the (gKP-I) equation which is not (KP-I)
(that is with nonlinearity which is not quadratic) has travelling wave only if d = 2 and the nonlinearity
is either cubic focusing or quartic (see [24]). In [21], we have investigated numerically the existence and
properties of the travelling waves for (NLS) in dimension two. In the focusing case I' = 0 > I for (mKP-I),
we have also obtained, as in [16], two branches of solutions in the transonic limit. So far, we do not know
any mathematical result concerning this convergence to (mKP-I) for the travelling waves.

The main ingredient in the proofs for the above results is to use the trick of E. Grenier ([31]). The idea
is to write the wave function ¥ solution to (NLS) under the form

W = aexpli),
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where ¢ is real-valued but a is complez-valued, which is a modified Madelung transform where amplitude
and phase are no longer the true ones. Then, we do not split (NLS) separating real and imaginary parts,
which would lead to the first system in (1), but decide instead to solve

Oia+2V¢-Va+ alAp =ila

Ao+ IVol* + f(laf*) =

The point is that if (a, ¢) solves this system, then ¥ = aexp(ip) solves (NLS). The advantage of this system
is that it is a symmetrizable hyperbolic system (if f > 0, which will be the case here) with a skew adjoint,
constant coefficient, perturbation for which existence or comparison results can be easily derived.

1.6 Derivation of the (mKdV)/(mKP-I) equation from the Landau-Lifshitz
model

In the Landau-Lifshitz model for planar ferromagnets in the case of an easy-plane anisotropy, the spin density
m=m(t,z) = (m;, my, m3) €S t € Ry, z € RY obeys (see [39], [37], [38], [45]) the equation

The physical dimensions are d = 1, 2 or 3. The Landau-Lifshitz equation (LL) formally conserves the energy
/ |Vm|* +m3 da.
Rd

Concerning the local well-posedness of (LL), we shall use the following result.

Theorem 8 Let s € N with s > +4%. If m® € C(R%S?) verifies Vm™ € H*(R?, (RY)3), then there

1
erists t, = - >0 such that (LL) has a unique solution m € L>([0,t.],S?) with Vm €

L([0,1,], H((RT)?)).

The proof of Theorem 8 is omitted, since it follows from the arguments in [50] (the extra term msés is
harmless), or in [26], where the heat flow into the manifold S? is used, which would lead for (LL) to the
parabolic regularization:

omY
ot

= v(Am” + |Vm”[*m” — m4é3) +m” x (Am” — m4e3),

and then letting v — 0.
The equation (LL) may be recast as a Nonlinear Schrodinger type equation by using the stereographic
projection
_omy 4imy
14+ mg

which is valid for mg # —1. This transforms (LL) into the nonlinear Schrodinger type equation

)

9 - d
2w Iy - 2 (S ow2), (47)

ot 1+ |P|2 1+ |P|2

which also possesses the gauge invariance, but which is quasilinear and not semilinear as (NLS). We may
also find the hydrodynamical form by using the Madelung transform ¥ = Ae’?, provided ¥ does not vanish,
which yields

A42 A+ AAp =
0:A + 1+A2(V<p) VA+AAp =0
(48)
1- , A2-1 2|V A=
a’f‘p+1+A?| #l A2+177 13z Y
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or, in variables (p = A2, U = V),

1_
Op+2—LU . Vpr2ov.U=0

1+p
2 (49)
1=p o\ L o(p—1\ _ o(AVE 1V
U U — _
t +v<1+p| | )+V(p+1) V( NG )+v(2p(1+p))
. . dp—1 .
Notice that here, the speed of sound is equal to Zd—p (ﬁ>\ L= 1, and that the associated Euler type
p

system (in the long wave regime) is different from the usual one. The result below will no longer rely on
the trick of E. Grenier, where we allow the amplitude to be complex valued, thus we shall work with the
true hydrodynamical variables (p = A%, U = V,). In order to put forward the (mKdV)/(mKP-I) limit,
we follow [45] (although this work was related to the question of travelling waves), and make the long wave

ansatz
U(t,x) =/ 1+ A (7, 2) exp(ioe(T, 2)) T=¢6% z=clr;—t), 2z =z, (50)

which is actually similar to the one used in section 1.4 when I' = 0. We plug (50) in (47) and deduce as
above the system

1 2A. 2
O A = 50 A= 5T [ 8., 0.0, A + 2V, ¢, - szA] 2(1+5A5)(8§1¢5+E2Au¢5> ~0
A, 1 A 02 \V1+eA. +e2A, V1+EA
T¢8_ Z1¢6_ |:( z1¢e) +52|Vzi¢€‘2:| +7' - - : - = -
2+cA. €2 2+¢eA. ev1+eA.
€
az AE 2 2 R A 2| _
i reA)2+eA) [( 1Ae)"+ TV, Ew
(51)
The singular terms in =2 are
1 1
azlA + ¢e and ) azl¢s + 5.9 A,
5 2e
which gives as before the constraint A = 20,,¢ (comparing to the case of the (NLS) equation, since

VI+eA. =1+ ¢eA./2 + O(g?), there is an extra factor 2 to the formula “c;,A = 8.,¢”). As in subsec-
tion 1.4, the formally singular terms in (51) reduce, for both equations, to the single preparedness condition:

20, ¢ — A, = ,g A2+ O(e?) or Ap = 20,6 +26(0.,0.)% + O(2). (52)

2

Noticing that 3¢ = § — 9 + %3 + Oa—o(at), we add here again the first equation of (51) to 209,, times
the second one and get

ZVI+eA. +2A, V1+eA; )
0r (A- +20.,6.) — 20, Tt ) 200+ eA)AL 62 - 0. ((Ae + Fi(eA))(0:,6.)°)
— (Ac + F3(eA.))0., 00, Ac + — {2A 92 ¢ — Aeé)zlAs} + - AzazlA = ;j_ AA V. ¢V Ac (53)

1

92, A)? + V., Al
- L 0.1 - eo., Gl LV A

(1+e4:)(2+¢e4) }+52821{2+ A, V=, gl }

Here, we have fi(a) = O(a?) and Fy(a), Fa(a) = O(a) as a — 0. As in the previous subsection, in the
second line of (53), the formally singular term {2145831 ¢e — A0, A} /e becomes, in view of (52),

—A20,, A,
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hence (53) implies, on the formal level, if A. — A and ¢. — ¢, with A = 9., ¢, the convergence to the
(mKdV)/(mKP-I) focusing equation

20, A — 0% A — gA2821A +A, 0 A=0.

For a slightly different model, where the Maxwell equation is taken into account, H. Leblond in [43] also
derives (formally) an asymptotic regime given by the (mKP) equation. In the work [30] by P. Germain and
F. Rousset, the (KdV)/(KP-I) asymptotic regime is studied starting from the Schrédinger map problem into
a manifold in a general geometrical framework, which includes the (LL) equation as a particular case. Their
result proves the convergence to a geometrical (KdV)/(KP-I) equation in a scaling comparable to (2) and
includes as a particular case the (NLS) equation, that is the results presented in section 1.1. It turns out
that for (LL), this would lead to the linear Airy equation (for the phase ¢ such that m = e € St C §?) on
the time scale 7 =~ 1. The method of proof is different since the target is a general manifold, whereas our
analysis of (LL) relies on the stereographic projection.

Concerning (LL), we shall prove the following justification of the (mKdV)/(mKP-I) asymptotic regime.
We give a statement close to the one in Theorem 7, but here again, in dimension d = 1, one could write
down the result where we compare the amplitude A, to ¢, allowing an expansion of A™ up to O(e?), similar
to Theorem 6. Note that we work here in the variables § = €2t and z = (21, 2, ) = (ez1,%x, ), so that (51)
with U, = V¢, is changed for

Oude — 20, Ac = 2 [0, A+ UL VL 4] 4 204 ea0) (0,02 4 2V, UF) =0
0. — 0.0, V. (3o [0 + 202 ) + 9. () (54)

-V (azl V1+eA. +€2A2L v 1+€A€> 42y (<az1AE)2 +62|VZLAE|2> =0
z VIt eA, N (1 +ed)(2+¢eAL) '

d .
Theorem 9 Let A > 0 and s € N be such that s > 1 + 3 We fiz (™ € H*t(R?) and assume moreover, if
d> 2, that _
¢ e o, HTO(RY) and A, 0;1¢™ € 0., H T3 (RY).

We then denote ¢ € C([0, 7], H*T6(R?)) the solution to the (mKdV)/(mKP-I) equation
3
28T< - 6;( - 5 C2821C + AZL z1 C =0
for the initial datum (™. We consider an initial datum (A®,V_,¢™™) for (54) such that
v ¢in — Ev aflcin and ||Ain - Cin o E [Cin]2H + €||Ain o Cin o E [Cin}ZH < A€2
V4 2 z¥ 2z £ 2 Hs (Rd) £ 2 Hs+1(Rd) — N

Then, there exists two (small) positive constants eq and p, depending only on s, d, A and the function (™
such that, if 0 < € < g9, (54) has a unique solution (A.,U.) € C([0, u|lne|], H*(R?) x H*TY(RY)). Moreover,
there exists a positive constant C, depending only on s, d, A and the function ('™ such that, for 6 € [0, u|lne|],
we have .

HZUE1 9) — C(E@)‘|H5(Rd) + H25Uj( ) — eV, C(e0) ”Hé(Rd < Ce2eCW < Ce2
and
3

||A5( C(s@) - 7C2 59 ||H s (R9) + €||A€( C(gg) - 74-2 59 HHg‘H(]Rd) < C€2e0/(2,u,) < Cez

so that in particular

”AE(Q) < Ce.

60) H Hs (Rd) —=
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In connection with this result, an analogous convergence from (LL) to (mKdV)/(mKP-I) holds for the
travelling waves. For the one dimensional case, this follows from explicit integration (see [44], [25]): for
0 < ¢ < 1, the only travelling wave m(t, z) = m.(z — ct) to (LL) is given by

c — N )
cosh(zv/1 — ¢2)’ tanh(zv'1 = %), icosh(:cx/l —c2) )’

up to the natural symmetries of the problem: rotation around the x3 axis and translation. From this explicit
formula we have, for instance, with ¢ = v/1 — ¢2, and U, given by the stereographic projection

me(z) = (

mc,l + imc,Z

U.=
1+ Me 3

the relation (recall z = ex)

1—m, Vi- e
U2 (x)— 1= me3(z) | = =2 cosh(zv1 — ¢?) - cosh(sgx) _ = cosh(gz)
1 + mc73(x) V 1-— 62

This shows clearly that

+2¢
A = U (x) =1 = ——— + O(&?
A2) = WPa) =1 = Zps + O,
+2 . : : o :
where h) is the (mKdV) solitary wave (of speed —1/2). In the two-dimensional situation, the numerical
osh(z

simulations and formal computations in [45], similar to those above, suggest the convergence to the (mKP-I)
ground state in the transonic limit.

Concerning the associated wave regime, where we remove the space translation and work on the shorter
time scale t ~ 72, let us quote two papers. The first one is due to J. Shatah and C. Zeng [49], where the
strong convergence to the wave map equation

Ofm = A,m+ |V, m|*m, (55)

with m € S' C S? the equator, is shown. Actually, a more general result is proven, which corresponds for
(LL) to the particular case of the target manifold S? and By, =0 for all 1 < k < d. Of course, once we have
lifted the S'-valued map m = €', the wave map equation (55) reduces to the free wave equation

Rp =N

The result of [49] is proved for the time scale t = e 1t ~ 7!, i.e. t of order one. Comparing with the

result in [10], where the convergence is proved for ¢ < 72, that is t < e~1, this is a smaller time scale,
and this is in particular due to the fact that when By = Bi(m) is non zero, the term Bi(m)m in equation
(SM) in [49] prevents in general from having existence of smooth solutions for large times®. On the other
hand, A. Capella, C. Melcher and F. Otto in [15] provide a weak convergence result to a wave map type
equation (see [15] for a precise statement) for a model similar to (LL) (but also including dissipation and
the stray-field coming from Maxwell equations). Their result also holds on the time scale t = e~t ~ 7!,
for weak convergences and locally in space. Finally, the results in [49] and [15] do not provide error bounds.
Our last result is about the free wave regime associated with (LL). In order to state it, we have to work in
the variables (t,z) = (et,ex), and write the solution ¥ of (47) under the form given by

U(t,x) =/ 1+ eA(t, 2) exp(ide(t, 2)), t=cet, z=ex,

2Tt seems that there is a small mistake in the statement of the Theorem (convergence) in [49], p. 302. Indeed, from
the formulas on p. 310, it is not always true that "G’ (p«)¢ = 0” at the initial time, therefore at ¢ = 0, we do not have
" 0¢ps(0) = 1By0xu(0)” (which would mean for (55) dym = 0 at t = 0) but 9¢p«(0) = ¢BrIxu(0) + tlime—o[e "G (ue(0))].
Furthermore, it is not clear that the convergences in [49] are strong in H*(R?) since they follow from a compactness argument.
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so that, denoting U, = V¢, (47) becomes

A +2V, U, = 274 U.-V,A. —2eAV, - U,
2" = — * Vg, — z€ 2 Ug
t<4le £ 2 515 € £ €

) ( VA ) (56)
2(1+eA)(2+€A,)
A2 AV1+eAL
2(2+5A)) EVZ( VIt A, )

1 . 2
OU. + 5V, A = — vz(2 oy

+eV, (

d
Theorem 10 Let A > 0 and s € N be such that s > 5+ 3 We consider an initial datum for (56) of the
type (A" V., ¢!") € H3TH(RY) x H*(RY RY), with

||Ai€nHHS(]Rd) + 6||Aisn||1rj{s+1(]1&dl) + ”v2¢i€n|’HS(Rd) <A

Then, there exists a positive constant Ko = Ko(s,d) such that if KoeA < 1, then (56) has a unique solution
(A.,U.) € C([0,1/(KoeA)], H*TH(R?) x H*(RY, RY)) with initial datum (AR, VoY), and it verifies

o Bl O + 1780 ] < Fo 57)

and, for 0 <t < 1/(Koel), © € R,

<p(t,x) =1+eA(t,z) < 2.

DN | =

Furthermore, if (as,ue) denotes the solution to the free wave equation

Oia: +2V, -u. =0
X (58)
Btug + 5 VZCIE =0

with intial datum (A", V,¢I"), then, for 0 <t < 1/(KoeA), there holds
||(A€’ UE)(t) - (asv us)(t)|’HS—2(]R‘1)><HS—2(]R‘1) S KOEt(A + AQ)

We emphasize that [49] prove uniform Sobolev bounds in this regime for t of order one, whereas here, we
obtain these uniform bounds for the much larger time scale t < 1/(KpeA). Moreover, we prove a comparison
result with strong convergences. The main ingredient in the proof of Theorems 9 and 10 is to use an extended
formulation and an augmented system as for the analysis in [8] of the Cauchy problem for the Euler-Korteweg
system. This approach was also used in [10] for the free wave regime. An alternative to the well-posedness
result in Theorem 8 would be to rely on this extended formulation as in [8]. In comparison with the results
for (NLS) that we prove using the trick of E. Grenier ([31]), for the latter approach, the formulation (49)
is more appropriate. We mention that one could use the extended formulation for the analysis of (NLS),
for instance for the (gKdV)/(gKP-I) limit (Theorem 6), but we have privileged the approach of E. Grenier
in view of the simplicity of the structure of hyperbolic symmetrizable system perturbed by a skew-adjoint,
constant coefficient, perturbation. The differences in the statements for both approaches only rely on the
loss of derivatives for the uniform Sobolev bounds. On the other hand, it is plausible that one may improve
the uniform Sobolev bounds (57) to larger time scales, using the dispersive properties of the equation, as it is
done in [10]. We have not tackled this question here. Finally, let us mention that since we are in a situation
analogous to the case I' = 0 for (NLS), the result associated to what we prove in Proposition 4 would be
here simply a comparison of A. and U, to the solution of the trivial “Burgers” equation dga = 0.
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2 Properties of the Boussinesq system and comparison result

We shall use the fact that for s > d/2, H*(R) is an algebra, and that
||fg||HS(Rd) < Cl||f||H5(Rd)Hg“HS(]Rd)'

Moreover, we have the tame estimates (see, e.g., [51])
1026) = 102 gy < CollF el ooy + 19 Pyl )l B (69)

2.1 Proof of Proposition 1: local well-posedness of the Boussinesq system (B;)

The proof of Proposition 1 is very close to the proof of Theorem 4 in [20], and thus will be only sketched.
Weset Y = (D0, VL, V1) = (A, UL, eUL) e RxRx R =R Ve = (9,,,eV, ), and write the system
(B:) under the abstract form:
1 1
—0:YV+ 5 H(e2Y, V)Y = L(V°)Y, (60)
S

where L(V¢) is the constant coefficients third order differential operator

L [0 0 0
L(Vg) = ) 0 821 0 s
“\o o o

and H(g2),V¥?) is a first order hyperbolic operator
Qy vs ZHIC Zy 7

with symbol

Qy é- ZH] 2:))
(—gl + 25231 &+ 25231L . @) (1 + 52)20)51 (1 + 62:))0)53_
= (14 (T =5)e*°)& —&1 +282Y +2e2YL ¢ 0
(14 (T =5)e2Y°)éL 0 (=& + 282V + 2821 €)1y

We may symmetrize this system by using, as we have said,

29 _ Diag( L L =5V
$(2Y) = Di ( e 11)
Indeed, we have
1 0 0 0
N(EV)L(V)=L(V) =5 | 0 8 0
“\o o &
which is a skew symmetric operator, and the matrix
* (1+ ([T =5)2y)& (1+ (T - 5)eY0)¢!
SEVH(EY = 1+ -5V * 0
(1+ (T =5)e2y)8L 0 L1

whnere € coelrcients x are nomn relevan 1S Symimetric 1or every c and, by an mtegration by parts,
here th fficient levant) i tric f R4 and, b integration b t

YW e H'RY), (V) H(EXD, VW, W) 2| < K2 VY|, [V ]
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Therefore, the local in time existence and uniqueness for smooth solutions Y € L*°([0,7°), H®), with s >
3 4 d/2 for this type of system is classical. In order to prove that T° > 7, where 7. > 0 is independent of
0 < e < 1, we follow readily [20] (these are classical arguments, see e.g. [48]), which gives the estimate

@ <l + [ YOl e+ POy ] IO 7).
We use the equation and the Sobolev embedding to estimate the bracket:

10V oo + YO i < CPYD oo < CIYE e

provided s > 3+4d/2 (due to the third order derivative, we loose one more derivative than in [20]). Therefore,

vt [ Y@ dr).
0

and the result then follows easily. We shall repeatedly use this structure of hyperbolic system with a
constant coefficient dispersive term with a symmetrizer which leaves invariant this dispersive term to prove
either existence/uniqueness of solution either comparison results. The fact that U, remains a gradient if it
is a gradient initially comes immediately from the structure of the equation. The proof is complete. O

Y@ < o1y

2.2 Proof of Theorem 4

The first point is to compare (12) and (B.), and the main difference between these two systems is that
we have changed 0,, A. for 0,,UL. By estimating the time derivative of (A., UL, eUl), we shall derive the
following estimate.

Lemma 1 There exists some constant K, depending only on A, such that for 0 < 7 < 19, we have

(d=1) 0-(Ae = U)o < K (0= (A2 = U)o +22)
(d>2) 0-4 (A = UD) s < K (021 (AR = U2 +¢)
@>2) 02 (A = UN)] o < K (03, (AR = UL oy +27).

Proof. We recall that in [20], the solution ¥, was constructed using the trick of E. Grenier [31]. We first
solve the system where a. is complex-valued, u! and uZl real-valued and where (-,-) denotes the real scalar
product in C:

1 1 1

— 0-ae — 2 0., as + = Do ul 4 2uld. a. + a0, ul +28%ut -V, a. + (14 %a)V., -ut

S
1
2 2
= — (azlas +¢ AZL%)
€C

1 1 N 21'(11 + £2a.|?)
; aTu; o ? 3z1u; + 2“’;8211@ + 262”6 ! VZJ_ Ui + Tg

(14 £%a.,0.,a:) =0

2f'(11 +€%a.?)

55 (1+¢e%a.,V. a.) =0,
g2¢2

z1 e 1%

1 1
- drut — 2 Doy ut +2ulo, ut +2e%ut -V, ul +
S

with the initial conditions (ac,ue)|r—o = (Ain Uin) € R x R € C x R%. Then, following [3], we define the
phase function ©. by the formula

Ou(r2) = ¢0(:) [ [lalf 4 Pt 4 (1 + acl)] (7. 2) .
0
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and then check that u, = V.0, and that the function

U_(t,x) = (1 +c%a.(r,2)) exp(ieO.(T, 2)), T=8% 2z =e(x1 —cst), 2z =ex)

is indeed a solution of (NLS). This has been acheived (see the proof of Theorem 4 in [20]) for s > 2 + d/2
on some time interval [0, 9], where 79 > 0 is independent of 0 < & < 1, and with the uniform bounds:
Ny < K. (62)

Notice that the use of this strategy is possible if we work with the variables (A, V@), but not with the
variables (p = |A|%, V), since the main interest of (61) is that the dispersive term in the right-hand side of
the first equation has constant coefficient, and this is no longer the case with the density p = |A|*.

The bound (62) leads to (9) after the change of variables from (ae,u.) to (Ae, Us), namely

| (ac, ul, cut

A =

1+ e%a.| -1 e/ V VA
Ptefa -1 Ue=u— = (1o ) (63)

g2 1+e2a. 1+e2A,
which looses one derivative in U, (notice also that U, is indeed real-valued since |1 + e%a.| = 1 +£2A.). We
then let . )

(a67 UelvsUsl) = aT(aE’ u;,su‘j‘)
and apply 0, to (61) to obtain
1 1 1
—0rte = 5 Oy + 5 0z, + 2030, 6 + 02 + 267Uz - Vi e + (14 6%0) Vo, i

S

= (afla; + 62A2Ld8) +C.

f/(|1 + 52@5‘2)

Z drtk azl ak +2uld,, al 4+ 2e%ut -V, ! 2o (1+¢e%ag,0.,a.) = C?
iaﬂzj — %azluj + 2ul0,, ut +2e%ut -V, ut + mlg—f“m (1+¢%a.,V. a.) =Ct.
s € g°cy
Here, the commutators C., C} and CJ- are defined by
C. = —2ul0.,a. —a.0.,ul — 2%t -V, a. —%a. V., -uZ,
Cl = —-20lo.,ul —2e%0t -V, ul — <GT {%;2%'2)(1 + EQCLE):|78,31GE>;
CH =200, ut — 2%t -V, ut — <8 [W(l + 52a€)}vzL a5>.

As for the Boussinesq system, denoting Y = (Y%, Y1 Y1)t = (a.,ul,eul)?t allows to write (64) under the
form of an hyperbolic system with smooth coefficients X = (X°, X1, sz)t = (ae,ul,eut)t € L>([0,7.], H)

1 1 1
c—aTTJr E—Q’H(EQX,Vg)T = gﬁ(VE)T+SE(T), (65)
with
;[ 9%+, 000
L(VE) = — 0 0 0 and (e2x,V°) ZHJ (2X)VE,
Cs
0 0 0
where
d .
H(EX,8) =) HI(EX)E,
j=1
(—El + 2€2X1§1 + 2&'2)('L gL) (1 + EQXO)gl (1 + €2X0)fi
- 2f(|1—|—<€2/'\,’0| )& —& + 222X 422281 ¢ 0
Z/(1+e2X0R)e0 0 (—&1 +222X1€) +222x% €)1y,
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Moreover, the source term S. given by the commutators Ce, C! and CEJ- enjoys the estimate, for 0 < 7 < 7,
|80 o2 < K[| T[]0 (66)

using (62) and that HY is an algebra with ¢ = s — 2 > d/2. Since s — 2 > d/2, the local well-posedness
of the linear system (65) in H*~2 is standard, and we indeed have (a.,U2,eUt),—o € H*"2 (from (61)).
Hence, it remains to show that the maximal solution is defined on a time interval [0, 7] such that 7 > 7
for € small. The symmetrizer

2 2

S c&
2f7(|1 4+ e2X012)" "7 2f7(]1 + 52X0|2))

6. (c2x0) = Diag(lc,

is well adapted (see [20]), since it keeps the dispersive term with constant coefficients, and is such that the
matrix S, H(e2X, ) is symmetric for every & € R?. By applying 02 with a € N? such that |a| < s — 2, we
infer as in [20], using the tame estimate (59), that for 0 < 7 < min(7}, 7.),

d
i (©20)020,027) 1) < O(&0: 20 o + |y I+ OISOy

Using (66), the Sobolev imbedding and the uniform bounds (62), we deduce

d
(2027, 007)10 ) < K[ T() .

where K depends only on A, hence by the Gronwall lemma, it comes 7 > 7, and

sup [ X(7)] oz < KT oo (67)

0<7< 7y

We recall that we wish to bound 9., (A — UZ) or 82 (A. — UL). By (63) and the uniform bounds (62),

we have
1 4e%a] -1

A
€ 82

= Re(ae) + Op-(e?),

and then

02, (Ac — Ual) =0, (Re(ae) — u; +

ie { 0., a. 0, Ae

- D + Opei(€2)

s L1 +e2a. 1+ e2A,

(
=0, (Re(as) —ul + E [821% - azlAED + Ops-1(£?)
(

=0., (Re(a.) —u!l — ciazllm(ag)) + Ops-1(£?)

S

=Re{0., (a- — ul) + = (02, +*A., Jac | + Opes (€2) (68)
2
:Re{i— 8Ta5} + V., uj + Ops-1(£?). (69)

For (69), we use the uniform bounds (9), and in particular the uniform bound on eul. This is also the reason
why we have singled out (if d > 2), the term V,, -ul. Let us assume first d = 1, so that the term V,, - uZt
disappears. Then, since at the initial time, a. = A is real-valued, we infer in particular from (68) that

g2 5
[az(AE - Ug)} . [Z 87(15} oy F O (),
Furthermore, we deduce easily from (61) that

O (7) = 0.(UF = AP) + O (),

{= arue}lrzo = [0.w. - AE)L
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so that

| . < K2 4 K]0L(U = AP

Then, taking the H*~2 norm in (69) and using (67), we deduce that for 0 < 7 < 7, and some constant K
depending only on A,

Haz(Ae - Us)”Hsfz < K(||5287—a5||H572 + 52)
<Kl )
K

(lo-@i = 42 -+ €2).

IN

This finishes the proof of the one dimensional case. When d > 2, the point is that we do not control uZ but
only eul. Nevertheless, if d > 2, the same argument shows the second statement in Lemma 1. For the third
statement, we may use that u. is a gradient, hence 9,,ur = V, ul. Therefore, it is natural to apply 9, to
(68) and infer

_52 -
[631 (Ae - Ue)] Ir=0 :621 _? 3Ta5_ =
_52 -
=0., | — 0rac =0 + €2AzLU; + Oppa2(?)
o
=0, |— 0rac O+(’)Hs_z(52).

Les Jr=

+%0,,V., ~ut + Ops2(c?)
0

Hence, we deduce in a similar way
102, (A = U s < K[| 02, (AL = UP) | s + KE2,
and this finishes the proof of Lemma 1. O

We now turn to the proof of Theorem 4. We recall that (A., U, UL) solves (12), that is

1 1 1
— 0 A — 5 0, A+ U0, A. +2e2UL -V, A + S (1+ 2A.)(0,U + V., -UH) =0

Z1-€e €
Cs

1 1 1
S OUL 0LV U0, + UL VU 50 [f(u + sQAE)zﬂ

2.4 Y71
e

Ly (B
2 1+ e24,

S

1 1 1
= 0.UF = < 0, UF +2(UL0., + 2V V. UL + 55 Ve, [f((l n eQAE)Z')}

1 (aEIAEHM“AE):o
2t 1+¢e24, '

Using the Taylor expansion (4) and Lemma 1, we shall deduce that (A., UL, UL)! solves the Boussinesq
system B. up to an error O(g?). More precisely, we have, with the notations of subsection 2.1 and Y =
(A57 UEI’ EU;)t7

1 1
—0;Y +

1
- = H(e?Y,Ve)Y = L(V)Y + = Brre,

S
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where, using once again that d,, U+ =V, UL,

p 0
Err. = ) c81€4 - (f3(€2A6)) + agl(AE —U) - 0. ( - AA 82 Ae) + 62821 (%)
7%% V., (fs(ngs)) 02 V. (A.—UYH -V, (1 igA 2 A ) o (%)

From the uniform bounds (9) and Lemma 1 to control the terms 92 (A. — U}) and 02 V. (A. — U2), we
infer that Err. verifies, for some constant K depending only on A,

up . < K(|Ar - U2, + ).

H s—3
0<7<7 H

The error estimate follows then easily since the unperturbed system is symmetrizable in variables (A., UL, eUZL)
as in the proof of Proposition 1. O

2.3 Proof of Propositions 2 and 3
Proof of Proposition 2. Notice first that arguing as in Lemma 1, namely estimating the time derivative

of (A¢,U,) yields the estimate

0. (A — UL) < K ([0-(AZ = US) | oaey + %) (70)

sy

The exponent is now s — 3 instead of s — 2 since the dispersive term is here of third order. In order to prove
(15), it remains then to show the L? estimate, and we shall argue as in [13] (proof of Proposition 4 there).
From the two equations of (B.), we obtain

1 2 1
= 0r(Ae = U2) = 5 0:(A. = Us) + 200 A, + A0.U. — 20.0.U. — (T — 5)A.0:A. + - 07U, =0,

We then define W, = A, — U, and write the equation for W, under the form

2 2 1
~ 0, W, — = 0. W, + (2U, — A.)0. W, = (I — 6)A.0.A, — = 2U.. (71)

Cs 2

It then follows from integration by parts that
= d /W2dz_/a 2U, — A )W? dz — (T — 6 /A28W dz + — /8W82U dz.
s dT

We now integrate in time and use the uniform bound (62) to infer
2 : . T i 2
~ W2 dz < = ||A16n,U16nH2LQ+K/ /Wg(%) dz df+/ /8ZW5{C—28§U57(F76)A§} dz dr.

s JR Cs 0 JR R s

We now express %0, W, from (71) and obtain

Cz W2(7) dz < 3||Ai;—U;n”2LQ+K/ /W?(?) dz dr
s 0 R

7/ /aw - 6)A}dzd7 (72)

52 T \ 2
+§/0 /R{(2UE—AE)GZWE—(F—G)AEGZAE—&-cgaZUg}{cgaz — (I — 6)A2 } dz dr.
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For the second line in (72), we integrate by parts in time:

2

e [T 2 5 e [T 2

- W.{ = 0°U. — (T — 6)A? F=—— W.0,{ = 0°U. — (I' — 6)A2 7

cS/O /RaT {czaZU (' — 6) } dz dF cS/O /R ) {cgaZU (' —6) } dz dF
2 2

+= [Wan{Zeum - -oan} d- = [ w0500 - € - 0a20)} i
Cs JR Cg Cs JR Cg

The last and before last terms are easily estimated by KEQHA;‘S“ — U?‘”L2 and K€2HW5HL2 respectively.

Moreover, from (B.), we have
2

i; 8,0%U.(7) = —W. + Op2(c?)

since s > 5, thus, for 0 < 7 < 79,

2 T T T T
= / / W { 2020} ddr< 2 / / W.0PW. dzt K& / [W.],, d7 < 0+ K&+ / [W.|?, ar.
¢s Jo JR Cs ¢ Jo JR 0 0

Similarly, using the inequality 2ab < a? + b2,

2
%(r —6) / W.0,[A2] dz < 2(T - 6) / AWDW. dz + K2 [W| , < K|W.|, + Ke*

by integration by parts for the last integral. For the third line in (72), the uniform bound (62) gives, for
0 S T S 70,

2 T T T
i/ /(2U5 = Ag)azwg{i2 02U — (I = 6)A2} dz dr < KEQ/ |W.|,. dF < K& +/ W2, dr.
2 Jo Jr s 0 0
In addition,

/R{—(I‘—G)AE@AE+é@ng}{éang—(F—(i)A?} dz:/Raz{[éﬁng—¥Agr} dz = 0.

S

Consequently, (72) implies
[Wem). < a2 v, + K/O [We(m), dr + K,
and (15) then follows from the Gronwall lemma.

Defining

and summing the two equations of (B), we obtain

CE 0,3, +T3.0.3. — %2 933, — (I — 8)W.0.3. — (T — 6)3.0.W. — (I — 6)W.0.W. — %2 PW.. (73)

S

As a consequence, by a crude estimate of the right-hand side of (73) and using (70), we have

2 1
= 0,3 +T3:0.3. — — 023,
Cs s

LS K(HA;“ — U+ 52). (74)
By very standard estimates involving (59) (since 0,3. € L ([0, 0], L>°)), we deduce that for 0 < 7 < 7y,

sup HSS - 65 HHS*E) S K(”Alen _ UIEH

0,70]

e ¥ 52), (75)

32



where 55 is the solution of the initial value problem

2 - U R . Ain 4 Uin
o 0rCe +1'¢0.Cc — 2 agCE =0, (CE)lTZO = (35)|7—:0 = %
Since (. is the solution of the initial value problem
2 1 3 in
? a’rC& + r<582<s - g ang =0, (CE)\T:O = As )
it follows that ~ . .
sup G = Clye o < A = U2
sTO
hence . _
sup HAE - CsHHsfs + sup HUE - CEHHS*E’ < K(HAIEH - Ulsn”sz + 52)7 (76)
[0,70] [0,70]
as wished. O

Proof of Proposition 3 (d > 2). A first approach for proving Proposition 3 is to use the arguments in
[42], for some initial data satisfying some preparedness assumptions (Assumption 1 p. 2866 in [42]). We
shall give another argument following the lines of the proof of Theorem 3, but we give some details since the
preparation hypothesis A, ~ U is slightly different and since we used in [20] the conservation of the energy
and momentum for (NLS).

As a first step, note that the estimates (17) can be shown as in the proof of Lemma 1. Furthermore,
using (14), we infer from (B;)

1 2
~ - (A, —UY) — = 0., (A. —UYH + (2UL — A, (A. —UL) + (T - 6)A.0., A, (77)

S

1
+Vey Uz + 5 04Uz = Ora (o),
S

so that, integrating by parts,
1 d

2¢5 dr Jpa

< (|0, [2U8 = Al]| o + DA — U;Hiz + /Rd {¥A§ + é(’)glU;}@Zl (A. — Ul) dz + Ke2.

(A, —UL?2 dz — / Ul-V., (A. - Ul) dz
R4

As for the proof of Proposition 2, we report 30, (A. — Ul) from (77) and integrate in time to get, by (14),
2 2 i _
= (A = UH )3 —4/ UL V., (A.—U}) dz dF
Cs 0 R4

in in,11|2 T —\ 12 _

< K[AP - URS, 4 K4 K [ (A= U@ dr

0
e [r 1 2 2 2 -
_Z/o /Rd(AE - UE)aT{é 02,UL — (I~ 6)A?} dz dr.
Combining (B.) with (62), we have here again
2
€
o 0,07 Ul = =02 (A. = UL) + Op2(e)

since eUZ is uniformly bounded in H*®. Furthermore, for the term involving 9, [A?], comparing with the case
d = 1, we have the extra term

2 T
2(I — G)i— /0 /Rd Ac(Ac —UYV., - U + Op2(e)] dr < Ke|A. — UL . < K|A: - U;||r; + Ke?,
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since eUZ is uniformly bounded in H®. The loss ¢ instead of €2 seems unavoidable since we do not have

cancellations with other terms (even those in the right-hand side of (77)). This leads to

||(A€—U;)(T)Hiz—2cs/o 9 UL-V., (A.—UY) dz dr < K\|A;“—UL“’1||12+K52+K/O |(A.—ULY @), dr.

On the other hand, since 9,, UL =V, UL, we deduce from (B.)

L d
2Cs dr Rd
<0, UL+ V., U, HUjHiz + Ke? < Ke?||Ut H; + Ke2,

2| ULP? dz+/ UL .V, (A, —Ub) dz
Rd

thus

HEU;(T)H;HCS/ /dU;.wAE_U;) dzd?gHeUian’LHiZ—&—K/ |€UL |2, dr + K.
0 R 0

Consequently, in view of the cancellation of the integrals in the left-hand sides of (78) and (80),

(78)

(79)

(80)

AU U < ARt i [ U@ [V b K

hence, by the Gronwall lemma,

sup {JA: UL +e| U2 [ o } < K (A2 U+ URH L +2).

0<7<70

as wished for (18).
Finally, using (14) and (17), we deduce from (B;) that

SO 0L+ 5 0LV BADL A+ Ve, UL = O+ [0, (AR — U, )
and
1 2, Ul — iQ 0, Ul + iZ d.,A. + (' —3)ULlo,, Ul - % 92 Ul = Opa(e + || 0., (AR — UMY
Cs £ € [
hence

1 d 2 112 1 2 in in,1y(2
Q—%E/RdAEHUE] dz—/RdUE V., A, dz‘ < K(% 4 [0, (AP = UMD} 0)-

Inserting (18) into (79) and since V,, Ul = 9,, UL, we infer

5

<O+ AR ~ U2, 4 e U |2, 4 K,

and then

1 < A? 4 (U2 4 2| ULP? dz‘ < K|Ar - Ui;"l”sz + Ké? HU?"LH; + Ke.

)2 dr R4

Combining this with (18), this allows to show the almost conservation law, for 0 < 7 < 7,

/R 22+ |UF dz = / AR @URP dz o+ O(JAR — UR [ gy + €[ UR s

and a similar statement can be made with [, 2[UL]* + £2|UZ|? d=.
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1 d
7/ e?|UL? dz+/ ULV A dz\ﬁ‘/ UL (0.,U2) de| + KU}, + K<
Cs dr Rd Rd Rd

+%), (81)



At this stage, we note that we have all the ingredients needed for the proof of Theorem 6 in [20]. Indeed,
in [20], we used the conservation of the energy and the momentum to show that

A.-Ul—>o0 and Ut 0 in L%

but here, the estimate (18) ensures these convergences. Furthermore, the uniform L? bound on U comes
directly from (18) and the assumptions in Proposition 3 and provide (see [20]) compactness in time. Then,
the almost conservation law (81) guarantees that there is no loss of L? norm in the compactness argument.
This finishes the proof. |

3 Proof of Proposition 4

The proof of Proposition 4 turns out to be quite similar to the justification of the (KdV) limit. Indeed, we
use once again the trick of E. Grenier and first solve the one dimensional system, with a. complex-valued,

1 1 1 )
. Opae — - 0,a. + 2u.0,a. + B (1+4+¢eac)d.ae = ciafaa
(82)
1 1 1 )
— Ope — = Oxuc + 2u O ue + —5— 0. (f(|1 + ea.]| )) =0.
€ 2e

Cs

Following [20] (proof of Theorem 4 there) or the proof of Proposition 1, we see that there exists 6, > 0
and €9 > 0 such that, if 0 < e < gq, there exists a unique solution (a.,u.) € L*([0,6.], H*(R)) to (82).
Moreover, for some absolute constant K, there holds the uniform bound

<|1+ea| <2.

N =

<(0)] 5 (O] ey < Kol d
ogsz)lge* la= ()] ® T ue (0) | (R) 0 an

As in the proof of Lemma 1, we may show that

”82 [af(e) - ’U,E(H)] ”Hsfz(]R) < K(”az [aisn - ulen] ”HS*Q(]R) + 5) .

Via the formula (63), this yields (45) and

0-14:8) = U(O)]] ;. -2y < K (0142 = U] .oy +2)-

Combining the two equations in (42), we deduce
1 2 € 02A, 1
o O0(AU2) = (AU (20— A2)D.(Ae~U)—(D—5) A Ao = — 0. (m)+c§? 0-(fa(cA2)).
where f3(a) = O4_0(a?) is given by the Taylor expansion (4) of f. In particular, since s > 3, we infer
1 2
. Op(A: — U:) — R 0.(Ae — Uo) + (22U, — AL)0,(A: — U.) — (T — 5)A0. A = Op2(e),

uniformly for 0 < < 6,. The L? estimate for A. — U, can then be derived by following the lines of the
proof of Proposition 2, using the fact that A.9,A. = 9.(A2/2). Once the estimate

5 A=) = U0) s < K (A2 = U2 41 + )
is shown, we have

1
- 0p(Ae + Ue) + 2U.0.(A: + U.) + A0.U: + (T' — 5) A0, Ac = Ops—a(e),

or

1
. Op(Ac +U) + T(A: + U)0, (A + Uo) = Ops-3(e).

The result follows then from a classical comparison argument involving (59) similar to the proof of Proposition
2 (see section 2.3).
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4 Justification of the (gKdV)/(gKP-I) limit as a large time asymp-
totics for the free wave regime
This section is devoted to the proofs of Theorems 6 and 7. We wish to solve the (NLS) equation by using

the trick of E. Grenier, that is to solve the system (61) written in our scaling with 8 = et and where a, is
complex-valued and u, real-valued:

1 1 1
. Opaz — - 0, ae + 2u§821a5 + 26m+1u5L -V, a:+ - (1+ eae)(azlu; + 67”+1sz . uj)
S
_ € (o m+1 A
== 0;,a: +¢€ 21 Qe (83)
S

1 1
— Ogue — - Oz Ue + QU;(‘LluE + 252u§‘ -V, ue +

S

2f'(|11 + ea.|?)

o (1+eac,Vyae) =0.

The initial data (a*, ui") will be chosen appropriately later on, so that the natural relation

A\VAVZL eV a™ € .
— = - icg—u 84
Jin 1+ eal® te Eus (84)

holds true (since we have U = (1 + ea.)e’*?</¢). The proof is divided in two steps. In the first one, we
construct an approximate solution, and then prove an error estimate.

4.1 Construction of an approximate solution

In view of the coefficient €/€ in front of the dispersive term in (83) and since we expect a. real-valued at
leading order, it is natural to look for the approximate solution with an expansion of the form:

a?PP = q+ieb = (ao +ea; +as + ...+ €Ma,, + ) + is(bo +eby + €26y + ... + €M, + )

UBPP = ug + €Uy + €2un + .o + €My + ooy

where the functions uy, a; and by depend on the variables (z, 7) and are real-valued. We may try to construct
this approximate solution by cancellation of the powers of € in (83) until we have solved the equations up to
a O(e™*1) error. However, we have to pay attention to some point for the imaginary part b. Indeed, if we
assume b = b(7) only and since 9y = £2/ed, = €™0,, the imaginary part of the first equation in (83) then
reduces to

1
0=ec™= 8,6 — = 0,,b+ 2eu10, b+ ebd,, uPP — — 9% a4 O(emH)
c € €Cq

S

1
== (621 b+ = 97 a — 2euP™'9, b — ebazlu;‘pp’l> +O(em ). (85)
€ s

From the fact that /e = S Y (for every m > 0), it is thus necessary to choose

by = _Cl 9. 0. (86)

S
However, to solve at next orders, we need to solve an ode in z; and not a time dependent problem. For
instance, for by, this becomes

0505, b1 + 02, a1 = —2uj02 ag — 0., 400, ug = —20., [090:, ao] + [0, ao)?,

since we shall have u$ = ag. Clearly, this problem can not be solved with by in some H® space exactly, since
the source term does not have zero integral in z;. To remedy this problem, we shall roughly speaking let by,
by , ... depend on 6.
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Let us define the consistency errors

1 Qa2PP
—Ra = - 8769 - = 8Z1a2pp + 2uEPP1 9, qBPP 4 2Ty 2PPk Ly g2PP
+% (1 + ea?®P) (8 uapp’ + 6m+1V dpp#) — :i (831 alP? + emTIA, aapp) (87)
and
—Ru = é OpulPP — % 02y UZPP 4 20EPP ), PP 4 22y BPPL L g 2PP 4 271+ o) —i—cgagpp ) (1+€alP?, V. a2PP).

(88)
The next lemma provides the construction of an approximate solution (a2PP, u2PP) for the one dimensional
case (Theorem 6). The changes required for Theorem 7 will be given next.

Lemma 2 Assume d = 1. Under the assumptions of Theorem 6, there exist initial data (al®,ul™) satisfying

(84) and an approzimate solution (a2PP,u2PP) such that we have
[Rallzre + Rl < Ce™™

as well as

||ain o aapp(g

b Huin o uapp(a

€

< Cemtl (89)

0. + 0. <

Proof. The proof is divided in 4 steps.

Step 1: definition of the approximate solution. We set
ag = ug = (1) € C([0, 7], H*?), 0 =...=0p_1=0

(if m = 1, the second condition is void), so that a = ag + O(e™). We have seen in section 1.3 that in order

to cancel out the terms of order =1, €%, ... | €™~! then (30) must hold true, that is

m + 2

5 mamt 4+ O(emth).

u=a- SGUQ +2¢%a® — ge3a4 + .4+ (=)™
Therefore, we also set
Vi<k<m-—-1 u = (—1)’“# 7y e c([o, 7], HTD),
fix

m+ 2

(7, 2) = Aﬁ(z) e Ht U (T,2) = A;‘;(z) + (=™ 5

¢ (7, 2) € HY'

and choose u,,+1 = 0 and

ClTn—i-l

(Zuk i 1(1)) =5 ([amrot D202 ) -2 (Pan(r) € L2(0, 7], H?),

2c2 2

which is some (arbitrary) solution to what will be an analogue of (19). Concerning the imaginary part b,
we recall (see (85)) that we wish to solve

0= 850 — z 0.6 + 2utPPH. b + cbd. uPP — 5 02a + O(em )

S

. m—1 . .
up to O(e™*1), and since £ =€ 2, this requires to solve

C—a@b -9, b+ a2a— 2euPP9,b — b, uPP = 0
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m

up to O(e ;3). For that purpose, we first define (¢f. (86))

1
b= o d.a(t) € C([0, 7], H*TY),

and we omit the dependency on € to simplify the notations. Next, we set u = uZPP (here again, it depends
on ¢) and define the function b, = b.(6) as the solution of the high speed transport equation

1 . - 1. - ~ ~ ~
? Opb. — E 0,bc +2u0,b. + b.0,u = Cg = —2ud.b — Eazﬂa 55(9 = 0) =0, (90)
and finally set }
b=b+b..

We shall prove that b, is rather small.

Step 2: Sobolev estimates for b.. The basic idea is to consider the simplified one dimensional problem, where
the source term is independent of 6 (the source term in (90) depends on 7 = £™6):

Wi--0.5=g(),  AO=0)=0,

with solution given by the method of characteristics:

86, 7) = /Oeg(er 9%9_) da.

From this formula, it comes 3(0, z) = ¢ fzzfe/e g, which shows that 3 is small in L™ if g € L! and that 0,83
is small in L® simply assuming g € L>. We shall follow the same type of compuations for (90). For the
extra term bO,u, we shall use that d,u has a bounded antiderivative (even though d,u ¢ L1 ((R)). We use
the method of characteristics and introduce the solution Z (we omit the dependency on €) to the problem

802 (0,y) = —% + 2c,u(e™0, Z(0,y)), Z00=0,y) =y.

Since u is uniformly Lipschitz continuous in z for 6 € [0, 7], the flow Z is well-defined for 6 € [0,e~1] and
verifies, for some constant C' > 1 independent of € < 1 and 6 € [0, !],

0
20,9 -y+ 2| <c. (91)

We now consider € small enough so that 2e|u|pe([o,r.]xr) < 1/2. Applying the method of characteristics,
we see that b, satisfies, for every y € R and 6 € [0, |Ine€|],

% (65(9, Z(6, y))) +eybo(0, Z(0,9))0.u(e™, Z(0,y)) = G(e™8, Z(8,1)). (92)

As a consequence, by Duhamel’s formula,

7 0
6.(6,2(0,y)) — /0 esp (e, /9 0.,u(c™0', 2(0',)) d ) G(c0. Z(0.) do. (93)

Let us now estimate the integral in the exponential in (93) by writting and using the change of variables y
=Z(¢',y), or 0" =0, (y)

6 6 emo’
[ outene 20y do' = [ {0z @)+ [ 00.u(6.200) d}
4 2 0
269, 0, (3) edy
= o)+ [ 2.0.(0y) de
/Z(Q,y) { ( 0 ) } 1- 26@(01/;(}7),}7)

Z(0,y) ) Z0y) ™o, (y)
- / c0.u™(y) dy + / €0, 0,u(6,y) b dy
Z(0,y) Z(0,y) J0

Z(6.9) : <, ) 2¢*u(0;,(v), y)dy
+ .u™(y) + / 0-0-u(0,y) df —= -
»/Z(G,y) { ( ) 0 ( ) } 1- 26@(9; (Y)ay)
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We infer by Cauchy-Schwarz that the third integral is < Ce?. Moreover, by direct computation, the first
one is equal to

{u"(2(0.y) - w™(2(60,9))},
and since |Z(0,y) — Z(0,y)| < C|0 — 0| /¢, we infer by Cauchy-Schwarz that the second integral is
Cex \/B/e x ™|lne| < Cllne|>/2em+1/2,
uniformly in 0 < < 0 < [In¢|, y. As a consequence,

0
| e, 2000 do" = {u"(20.9)) - (260,00} + OE), (94)
0
and using once again the change of variables y = Z(,y), it then follows that

~ 9 — — —
b.(0, 2(0.9))| <C / IGI(e™8, Z(8, ) df

0 0 emo’
<c / G (2(8,y)) di + C / / 10,G1(0, 2(0,y)) db df
0 0 0

Y

o ed y €™ |ln €| ed
<o 16" e+ [ [ Gy a
Z(0,y) 1 —2eu™(0;(2),y) Z(0,y) Jo 1= 2euc™ (0, (v),y)

We now fix z € R and let y = Z(6,-)~!(z) in the above formula to deduce
. Z(0,)" (=) Z(8,)" (=) pe™lne]
0.9 <Ce [ G"|(s)dy + Cc [ 106l dody
z z 0

. €™ |lne|
< C€|Gm| * 1[_9/6_070](2) + CE/ |8TG|(Q7 ) * 1[_9/6_070] (Z) dQ
0

Here, we have used (91) for the last inequality, which gives that z = Z(0,y) = y — g + O(1) uniformly in
(y,0). Classical convolution estimates then yield, if 0 < 6 < |In¢|,

| 4 0
el 1o/ecal 2 < €|l G| L lti0/e-colll 12 < Ceyf — + O < CVellne]

and . .

G x pre—coll g < €| G0 [1m0/e-cl] o < Ce
Note that when [, G # 0, that is when G is not the z-derivative of some localized function, it does seem
possible to improve very much the L? bound (see however [41] for refined estimates for secular growth).
Arguing similarly for the other term (which is actually smaller in view of the #-integration), we arrive at

sup ||Bs(0)||L2 < Cv/€|lne and sup H65(9)||L,x < Ce.
0<60<|In €| 0<6<|In €|

Let us now estimate the derivatives of b.. As explained at the beginning of this Step, they enjoy a better
behaviour. Applying 9, to (90) yields
0,G

Cs

1 | - . . -
= D90 b, — - 0,0,b. + 2u0.0.b. + 30,b.0,u = — 2b.0%u, d.b.(6 =0) =0,

which has a structure similar to (90). Arguing as for (93), we deduce

0 0
0.5.(0,2) = /O esp (3¢, /9 D™ Z(0', 2(0.)7 () d0')0.C(", 2(0, Z(0.) (=) df

0 0
o, /0 exp (3¢, /0 Doulc™0', 2(0', 2(0.)7(2))) )
X 5.(0, 2(8, 2(0, )1 (2)))0%u(e™8, 2(3, 2(0, )~ (2))) df = I + 1.
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By (94), we see that the exponential is equal to 1+ O(e) uniformly for 0 < 0 < < [Ine| and z. To estimate
II, we bound b. by O(¢) in L™ and use once again the change of variable y = Z(6, Z(6,-)~*(z)), which
gains a factor €, and the convolution estimate to infer

sup H[I”L2 < COy/|lne|/e < Ce.

0<60<|ln €|

For I, similarly, we get

0
sup |1 7/ 9.,G™(Z(0,2(0,)  (21)),21) dé’ < Ce.
0<0<]|In ¢ 0 L2
Making the change of variable y = Z(0, Z(6,-)"'(z1)), we obtain
/ea G™(Z(0,2(0,)""(2))) df / 0.G™(y) cdy
z ) )” = z y
0 Z(6,-)~1(2) 1- 26@(9/2(9’.)—1(3)(}’)7}’)
= /Z(e i 8zGin(y, ZJ_)edy + OLOO([O,Une\],L?)(EQ\/ \ln €|/6)7
)T (2

using one more time the convolution estimate. The first integral is explicitely computed (now, we have a
z-derivative): e{G"(z) — GI"(Z(0,-)71(2))}. Gathering these estimates, we conclude

sup H@Z[;E(G)HH < Ce.
0<6<|In €|

In a similar way, we derive

0:6.(0)] . < Ce.
Oﬁsgﬁng\ H ( )”H €

To summarize, we have proved that b verifies, for 0 < 6 < |In¢|,

|6 s <C, [0-6 —8.b(T = €m0)| . < Ce

and

£ 9pb — S 0,6+ 2:uPPD, b + £b,uPP — = 92a = 0.
Cs € €Cy

Step 3: Choice of the initial data for (83) and error estimate. We recall that when we use the trick of E.
Grenier, the initial data for (83) and (41) must verify (c¢f. (63))

‘1+Ea‘i€n|_1 in — in i€
76 , Us =U;, — a(

Ain = d.al 9. AP ) .

— — - 95
1+ea® 14 €A (95)

First, we have |1 + €a?PP|? = |1 + ea + ieeb|? = (1 + ea)? + €262 = (1 + ea)? + Op= (€™ T?[1 + \/e[lne]])
(uniformly for 0 < 0 < |lne€|) by the estimates in Step 1. We may then define, for 0 < 6 < |ln €|, a real valued
quantity a. = O(e™*2) such that, defining

" = A" 1 icb(6 = 0) + a. = AP — Zci 9., + a.,
S

the first equality in (95) is verified. We then define u!® through the second equality in (95). We now give
estimates for the error between (e, u”) and (a2PP™, u2PP). By construction, we have

al® — a®P" = [A" +ieb(0 = 0) + a.] — [a(0 = 0) + icb(0 = 0)]
=Al" — (Ci“ +€mAR + "y, (0 = 0)) + O« (€™1?) = Ops ("),

Consequently,

E( azaien_ — aZAiEn. ) = iiaz [logc (71 + eai‘s.n
s \1+ea® 1+eAR Cs€ 1+ €A

S

)} = Ops(ee™t?) = Ops (€™?),
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thus U™ — ul® = Ogs (e m+3) and this implies ul® — u?PP() = 0) = O (e™*2). As a consequence, we have
constructed 1n1t1a1 data (a'®,ul™) verifying (95) as well as (89).

Step 4: error estimate for the residuals. From the estimates of Step 1, we have b = bg + Ops+1 (@) This
is then just for b that the expansion in € is not completely rigorous in the sense that we do not claim that
b. is of order € in HT'. The term b appears in the nonlinearity f (|1 + €a?PP|?), but since we have already
seen in Step 3 that |1+ ea5|2 (1+€a)?+ Ops(€m*3), the expansion in € is actually true. For the imaginary

part of R,, we have

106 1 1
_ — app app __ 2
Im(R,) = 5{ 90 ¢ — 0,0+ 2uiPP0,b + b0, ul e 8za}

. 106 1 . . 1
— Ope (™) + 5{ “5p ¢ -0+ 2P0 b0l — afa},
and by construction of b (see Step 1), we precisely get —Im(R,) = Og: (™). We turn finally to the real
part of R,, and since b only appears in the last term with /¢ in front of, we obtain

1 da 1 a a 2 27 +1

—Re(Ry) = — 2 8 + 2uZPP0,a + — (1+ea)8upp+ ab+—ab + Oga(e™™).

CS S
From the estimate of Step 1, we have 831 b, = Op- (€), and by construction, ¢;b = —d,a = —0,a9 + Ops(e).
Since the expansion in € is now correct, we know that Re(R,) and R,, are of order O(e™~1) by construction
of the terms ag, ug, 0 < k < m. Let us now inspect the terms of order € in —Re(R,) and —R,, respectively:

1 9¢

— = — 0,my1 + 2u,,0.C + 2C0, a0, + Ot g1 + 0 0:C + (O Uy, — i 85’@
¢s OT c2

é 0-C — Oty + O, ( éukum_k) + 0.0m41 + 0 (qm+2Cm+2 - 5Cﬂm>,

as can be seen from the computations in section 1.4 (we keep the same notations). These two quantities
vanish if and only if their sum and difference vanish, that is

2 o 3 e 5 0
Z 5 + 2u,,0, C + QCazam + amazC + Cazum + 0, ( kzzoukumk) + 0, (Qm+2< — 5Cﬂm) — é az(

= 1
20, (um+1 - am+1) = 2umazc + 2Caza'm + umazc + Cazum + 0, ( Z ukum—k) + 0. <Qm+2gm+2 - 5Cum) + cj agf

S

Once we have reported the expressions of the uy’s, the first equation is precisely the (gKdV) equation. Since
by construction wu,, = a,, + (=1)™(m + 2)¢™*1/2, we see that the right-hand side of the second equation
becomes .
m+3 1
az(zukum—k) + az([‘]m+2 + (*UmT}CmH - 2Cam> t3 92¢,
k=0 s
which is indeed a z derivative. By our (arbitrary) choice for u,,+1 and a,,+1, we get the conclusion. Note

that the fact that we can integrate in z the last equation is actually not linked to the precise choice for
(am, Wy ). The proof of Lemma 2 is complete. O

lIl lIl

Lemma 3 Assume d > 1. Under the assumptions of Theorem 7, there exist initial data (a2, ul™) satisfying

(84) and an approzimate solution (aPP, u?PP) such that we have
|Rall . + [(RLERE)| . < Cemt?

as well as
|al* — aZPP(0 = 0)]| ;. + [ul" — u2PP (O = 0)| . < Ce™ (96)
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Proof. We shall only point out the few differences with the proof of Lemma 2.

Step 1: definition of the approzximate solution. We set
ug = Vza;fg(T) € C([0, ], H*™), Ul = ... = Upyyq =0,

(if m = 1, the second condition is void), so that u! = ((7) + O(e™). For the amplitude, the relation (34)
imposes to choose

1-3-..-(2k+1)

< < = k+1 ” s+5 A s+5
VO<k<m ag s 1) ¢ (r) € C([0, 7], H* > N D, H™),
and for a,,+1, we fix (arbitrarily)
— L 2 1 m M +3 m—+2 1 —2 e’} 542
i1 = =55 02,0(0) = 5 ([amea + ()" TSR — 2 ) - 5 AL 0570 € X0, )

(by the result in [53] or Lemma 3 in [42]). Note that the sum ;" ; uyl,,—; now vanishes for our choice of
the ug’s. Concerning the imaginary part, as for Lemma 2, we choose

b=b+b.,

where L
b= = D,,a(t) € C([0, 7], H¥Th)

S

and the function b, = b, (0) is the solution of the high speed transport equation

1, - 1_ - - G -
— Ogb. — = 0, b +2uPP19, b, + b0, uPPP! = — = —2u2PP19, b — b0, utPP b.(=0)=0. (97)
€

S S

Step 2: Sobolev estimates for b.. Observing that the high speed transport equation (97) only involves the
z1 coordinate, we deduce as in the proof of Lemma 2 that b, verifies first

sup ”EE(O)HL2 < Cy/e|lne] and sup ||[~15(9)HL0o < Ce,

0<60<|lne¢| 0<60<|lne€|
hence for any o € N1 with |a| < s+ 1

sup ”[“)‘;L BE(O)HL2 < Cv/€|lne and sup H@;"LEE(G‘)HLW < Ce.

0<6<|In¢| 0<0<|In €|
As before, the zj-derivative is shown here again to have a better behaviour:

9.,6.(0)] ,,. < Ce.
OgggﬁgelH O)] . < Ce

Therefore, b verifies, for 0 < 6 < [ln¢|,

o] ;. <, 10,6 — 8.,b(r = €™0)] . < Ce

and

9 3 3
— 9gb — = 0., b + 2euPP19, b + £b0,, ulPP! — — 02 a=0.
Cs € €Cs

Step 3: Choice of the initial data for (83) and error estimate. and Step 4: error estimate for the residuals.
They are very similar to Step 3 and Step 4 in the proof of Lemma 2, taking into account the transverse
variable, thus we omit the proof.
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4.2 Error estimate
We look for an exact solution of the modified Madelung system (83) under the form
(ac, ue) = (a2, ulPP) + (A, Ue).

Since the system (83) is symmetrizable and the dispersive term has constant coefficient and is skew-adjoint,
the error estimate, for |a| < s,

d

g ((Se(e(a2® + 4220, 020) 12 ) < © (€00 a2 + A o + 025+ Ac]y o+ 1) T3, + €D,

with T = (A., UL, eldt), follows immediately. Recall that at time § = 0, Y is O(e™*1), even though we have
included the terms of order ¢™*! in the approximate solution. We denote by 6. € (0, |ln¢|) the maximal
time for which ||669T”Loo + ||.AE HWLOC < 1. Then, we infer from the Gronwall inequality that for 0 < § < 6.,

YOI, < {[T0 = 0)]F,. +2m]exe < pztmngacs

where C' is a constant depending only on s, d, A and the function . This guarantees that 6. < u|lne| for
some small constant 0 < g < 1/C depending only on s, d, A and the function ¢ and provided ¢ is sufficiently
small. We finally use the formula (63) to infer that for . < p|lne|,

| A — Re(a2PP)| . + U2 — uze®: < Centigh:.

M s

This completes the proofs of Theorems 6 and 7.

5 Justification of the wave and the (mKdV)/(mKP-I) limit for
the Landau-Lifshitz equation

5.1 Proof of the free wave limit for the Landau-Lifshitz equation

In order to prove the Sobolev bounds (57) on the suitable time interval, we shall not proceed as in [50] and
[49]. Indeed, they apply J; to the equation, and obtain a wave equation of the form

OPm+ A’m = ...
Using the scales t = ¢t and z = ez, this becomes
Ofm +?A’m= ...,
for which the natural high order functional is
3 / 10,0°m2 + £2| A0 m 2 dz.
a € Ng, R
lo] <'s

This functional controls dym in H®. Taking the cross product of the equation with m, we infer that
ms ms\ 2
m x Oym = —eAm — ¢|Vm|*m + ?363 — 5(?‘3) m,

m
hence the functional controls — in H 5 but only eAm in H?® and not Am, which should be on the same
€

level.
From (49), we deduce that the gradient vector field
Vp 1
V=—==-VI
; 5V In(p)



satisfies

atv+2v(1+ZU V)+AU_O

since V(V - U) = V(Ayp) = AU. Moreover,

AV = %AVln(p) =VAn(y/p) = V(V- [V\/\gﬁD = V(A\/\%ﬁ - Nﬁ) = V(A\/\gp - |Z52|2)’

thus

V(A\/\?) = AV +V(V]),

and we may rewrite the equation for U under the form

8tU+VG:r—Z|U|2)+ (%) AV = V(|[V]?) - (fof):v(izwﬁ).

Consequently, the complex-valued gradient vector field
Z=U-1iV

verifies

atz—mzw(%(z 7)) +v( J) =0,

where we have set, for Z, Z € C%, Z . Z = Z;l:l Z3Zi € C. Therefore, we have obtained the augmented
system
1 _
p+2— LU . Vpr2ov-U=0
1+p

Vp=2pV (98)

8.2 —zAZ—i—V( +p(z Z))+v( +1)

On the other hand, from the stereographic projection, we have

_<2Re(\11) 2Im(W) 1—|\IJ|2)
N P27 )20 1 )2 )

so that the energy has the expression
v 2 1 2 1—|W[2y2
B = |49 ()| ¥ ()| + () @
(m) /R e/ Y e T
4p 2 4 2 (1=p)?
S e e ()
/]Rd (1+p)2‘ # p(1+p)2| A 1+p
4p 2, (1=p\2
= [ L1z () da
/Rd(1+p)2‘ Py, &

We now use the scaled variables § = ¢?t and z = ex, which transform (98) and the energy into

1_
Aop+2-—LU. . V.pt2oV, -U.=0
1+p

V.p=2pVe (99)

Y ARINA +v( +p(Z z>)+ V(HD
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and

4 1 /1—p\2
B(m) = 52_d/ C\ZP 5 (152) ds =B (),
Rd

(1+p)? L+p

with v U P
L= —, U. = —, e = — p=1+c¢a.

€ € €

Note that V. is of order e. By Theorem 8, we have local in time well-posedness for the system (99), say for
0 <6 <0.. We define 6. € (0,6.] to be the maximal time for which, for any 0 <4 < 6.,

< w0, <2 (100)

|~

Note that the conservation of energy already provides, for 0 < 6 < 4.,
2
)< [+ 5 () e
L2 R4 (1 —+ p 2
4p™m 1/1- 2
_ / 4 2| 1n 2 72( p ) dZ
re (14 p™) L+ pi
in ,0 B
SKO(”ZE ||L2+H € ‘L2>

where the constant K is absolute. As we shall see, the expression of the energy in variables (p, Z.) suggests
a good candidate for a high order functional, since the weights play the role of a suitable symmetrizer.

w1z + 2271

Proposition 5 Let s > 1+ d/2. There exists C = C(s,d), depending only on s and d, such that, for any
a € Nd with 0 < |a| < s, there holds

d 4p
0 Jpa (1+ p)2

p—

|02z, 2+ 0201 dz < Cls,0) (| 2= — ! ;+5HZ€H§,S).

2 2
T 1Z15.) (1+¢]

21+ )

Remark 5 The nonlinear effect is rather weak in view of the factor ¢ in front of. This is related to the fact
that the system (49) has a remarkable symmetry property. Indeed, in the regime we are considering, where
p =1+ ca this system is somehow close to

2
Opa. + g(l +ea.)V-u. = O(e?)

a.
2+ ea.

1
Dgue + v( ) = Opue + 521+ ca.)Va. + O(e) = O(2),

. . . . . 1
which can be symmetrized by using the constant coefficient symmetrizer ( 0 Z )

Proof. Let o € N¢ be such that 0 < |a| < s. As a first step, we compute

d i 8p 40=0) on )
do 14+ )2 0¢Z ? = ZEAY) QZE aZa P ua—— aZe . 101

Applying 0% to the third equation in (99) and reporting yields

8p oy s Z )
/Rdm@ Ze,0003 Z, >dz_/Rd EwE (02 Ze, iNOS Z:) d (102)

- foaip ez (i 20)) d- 5 | (s, (037)) ¢
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We integrate by parts the first integral, using that (9;0% Z.,10;02 Z.) = 0 pointwise for any 1 < j < d:

8 oz _ ( ) ag
/(7<azg,ma ) d _/ ) (V) (02 2,i1V.022,) d

1+ p)? (1+ )
/ ) (00 7.1V, - V.00 Z.) d. (103)
Using (59) and Cauchy-Schwarz, we also have

8p o fet L—p .

/Rd (1+ p)? <6 e, 02V (1+p<Z€ ZE))>dZ
8[)( 7p) o o

S—/Rdw,(azzsaazvz(z Ze)) dz + C(s,d) (H1+ HHbH} HL°°+H1_;’_ ”Loo 'ZEHHS)
< —/ ngzs,agvz(zg. Z.)) dz + C(s,d) ( +eVE(O) + | Z] . ) (104)

re (14p)

Here, we have used that H? is an algebra and that V,p = 2pV.. Using once again (59), we deduce

_ M o a ) < _ M o o
/]Rd (1+P)3 <azZE78ZVz(Z5 Z5)>d < /]Rd (1+p) <a Doy Ze - 8 v Z>

Furthermore, by integration by parts, we infer

—/ M@GZE,Z 00V, Z.) d
Rd

(1+p)?
6000 ey T R 1 () P, .y
- | ez ez V.02 de— | TR 007 it 2,) - V.02 2 d
o e (=0 160(1=0) oy 1 ey
8/\8Z|V e )U)d+/Rd e (02 2eVe V0222 d

Notice that the last integral is exactly the opposite of the right-hand side of (103) (this is due to the weight
4p/(1 + p)? for the 92 Z. part) and that the before last integral is, by Sobolev imbedding (s > 1 + d/2),

92 Ul el U N0 |92 ) < €] 2]

< C(s, )]z 3.

Therefore, reporting these estimates into (103) and (102) provides

Z|2,. - 512/ (ST))@azg,a“ (%» dz.

/ uj_ip)«) Z.,0002Z. c) dz < C(s,d)(1 Jre”ZE”HS)

Inserting (105) into (101) gives

d [e%
de/Rd 1+p2|8 Z? dz < C(s,d) (1 +¢| 2| ,;.)

fe 2 17/) p(l p) 1 8 a7 a pfl
+/Rd4|azzs| {(1+p)3agp+2vz.((Hp)gUg)} =y 7(1+p) <a Z.,0°V (—p+1)> dz
< O(s,d)(1 + || Ze|| )| 22| 3

/|aa 2 16’)) U. - V.pdz— 512/ uiip)@aze,aa (%>>dz,

where we have used the first equation in (99) for the last inequality. By Sobolev imbedding, we have

Ue - Vepl < CplZe| L= |Vaplre < Cel Ze|m=(p — 1)/elrs < Ce(1Ze|F + [(p — 1)/el3:), hence
d 4p o 2
/.. (1+p)2|8 Ze|? dz < C(s,d)(1 + €| 2. HHS +el(p— 1) /elir)| 22 4.
1 8p p—1
0°7.,0°V. (—=)) dz. 106
S €2 Jpa (14 p)2 < (p+l>> N (106)
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It remains to study the last integral in (106):

_512/ S iT) (902.,009. (2 +1)>dz:8i2/w (llfi)2<agUE,ag((1V+zz)2>>dz.

Thanks to a new use of (59), there holds

= 35([@‘ 1ven) - [ﬁ‘ v,

<08d( Vetl o+ |V [ — 2l 9 )

2

a( V.p )_ V.0gp
Tr o) " Ut ol

e
<ol

Hs

where we have used the Sobolev embedding for the last inequality, since s > 1+ d/2. Thus, by Cauchy-
Schwarz,

o [ a0V (o)) de s g [ 00U 0090 de e |

1 16p o o p—
< ——rF .
—52/Rd gt O (Vs U0), 08 p) dz+ C(s,d)| P—

Hs

..
after integrating by parts. Inserting this into (106) yields

a 4p
do Rd (1 + p)2

p—1

0222 dz < C(s,d) (1 + ] 23, + eH

2
)

16p
re (1+p)*

+C(s,d) HLH _(9(V. - U.),0%p) dz. (107)

Now, observe that, by (99),
4 o 192 16 o aafl
69<m[ﬁz/}] )+m<5‘zp,8z (71_1_ U VZerpV U)>

16 1—p
U.-V, V. -U:)[05p]" =0.
62(1+p)5<1+p = Vaptp E)[ZP]

Integrating and using (59), we obtain

%/Rd 52(1ip)4 (0] dZ+/Rd 52(11—?— p)* <3a 1—|—pU V=02 >
. et o)

We integrate by parts:

/Rdﬁ@? ﬁTU Va02p) d =/Rd 88#3 V. ([02p]?) dz

Therefore,

Ad 4 16p
——[0%p]? dz < — I — 1o _-0°U. ) d
d@/Rd 52(1+p)4[zp] Z = /Rd52(1+p)4< o0,V . > Z

+ O(s,d)(”%"ia + 2[5, (108)
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Combining (107) and (108), we see that the bad (singular) terms cancel out (due to the choice of the weights)
and infer

d 4p 2
— L — o4
d /Rd (1+,0)2|8Z A+

(e R LA v (R L W 2 P

e2(1+ p)* 5

The proof of Proposition 5 is complete. O

Proof of Theorem 10. The uniform bounds (57) for 0 < 6 < 0,, where 6, > 0 does not depend on ¢,
come directly from Proposition 5 and arguing as in [10] Section 4. For the comparison result with the free
wave equation, we need to estimate the right-hand side of (56) in H*~2. Let us observe that for the (GP)
equation, (56) becomes

O Ac + 2V, - U. = 2V, - (A.U.)

A V1+ sAE)
VIited, /
The H*~2 estimate in [10] Section 4 then follows noticing that |V, - G| g2 < K|G|ge-1 and |V.g|ge—2 <

K|g|zgs—1 for any s € R, as can be seen using Fourier transform (K depends only on s and d). For the
equation for U, in (56), we may use this fact since the right-hand side is a gradient and get

1
U + 5V A = —6V2(|U5|2 +

e2 AU |2 3|V, A2 N gA? eA,V1+eA,
24cA.  2(14cA)(24+cA)  2(2+4¢cAL) V1+eA,

1
||6tUa + inAE”Hsz < K(Sad)H -

Hs—-1

Since s > 1 +d/2, H*~! is an algebra and the uniform bounds (57) imply

1
atUE + 5 VZAE

s SK(s,d) <52A3 A% 4 EA) < K(s,d)e(A + A?),

since Ko(s,d)eA < 1. For the equation for A, in (56), we no longer have a source term in divergence form.
We then modify the argument by invoking the fact that H5=2 N L is an algebra (see, for instance, [51]) as
soon as s —2 > 0. Here, s > 1+ d/2 > 3/2 and s is an integer, thus s > 2. As a consequence,

[4eVs - Vel gz < KAl roarpoe [V - Ul goapoe < KA®

using (57) and the Sobolev imbedding V, - U. € H*~! < L* (since s — 1 > d/2). Similarly, one has

UE : vaa

i
2+ A, Hs—2
which yields, using once again that Ky(s,d)eA <1,

|0cAe +2V. - Us| . < K(s,d)eA>.
Once one has these estimates, the comparison result with the free wave equation (58) can be shown exactly
as in [10] Section 4, thus we skip the details.

5.2 Proof of the (mKdV)/(mKP-I) limit for the Landau-Lifshitz equation
As for the proof of Theorems 6 and 7, the proof is divided into two steps.

Step 1: Construction of an approximate solution. This time, the expansion in ¢ is done on the
system (51) (instead of what we did with the Madelung system (83) for the (NLS) equation). To construct
an approximate solution (A2PP U2PP) = (Ag,Up) + (A1, Ur) + £2(Aa, Us), the formal computation is very
similar to the one in section 4.1, since the quasilinear terms in (51) do not perturb the leading order terms,
thus we skip it. However, since it is important that the vector field Z is a gradient, we shall impose that U2PP
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is a gradient. We thus choose Ap

(r)= (7) 2Uo(1) = V:0.,'((7), U1 = Ua = 0, Ay (1) = A§(7)/2 = (*(7) /2,
so that A;(7) — 2U{(7) = A%(7)/2 =

)/2 7') /2, and finally
1

Ap(r) = P+ 5 2 LC(7) + A, 027C € L([0,m], HYFP),

The approximate solution then Verlﬁes, umformly for 0 <0 <m./e,
2e A2PP

24 AP

+2 (1 + £ AP (alegpp Ly 2y, . ngpvi) = Ogeri (€?)

1
D AZPP — = aZIA: {Ua Py, AP 4 g2papp L VZLA:PP}

1 gA2PP 1 AzpP
QpU?PP — 29, UPP _ (7{[]@131 2|yare.t 2D - z(ai)
e e 1 F 2+ eAPP [ F+ed | +6V 2+ e AP

(a;m +22A., V1T AP ). (<8Z1Aipp>2 + levuff‘?""'Z) — O ().
VI + AP (1+eA)(2 +eA2™)

Moreover, we have

| AZ — AP0 = 0)] . s <0<,

As a consequence, denoting p2PP =1 4 ¢ A2PP,

+ U = U260 = 0)] o

1
Z2PP = (UEPP! eU2ePt) — W(azlpgppafvnpgpp)
£

we infer

1 1 — p2pp
aepgpp 5 - papp + 2% Re(ZéWPP) . V&‘pgpp + 2pgppv€ . Re(z?pp) — OHs+1 (85)
g

VPP — 2p3PPTyn ( Z2PP) (109)

04 = 2 0nle T TR LT (W( ))4';2 (W—i—l)_ m=(£%),
where V€ = 1(9,,,eV., ) and A® = [V€]? = 92 + A, . In addition, e~ || pl® — p2PP (6 ||HS+3 + |z -
Z2PP(0 = 0)|| .05 < Ce.

Step 2: Nonlinear stability. Let (A. = (p.—1)/e, U,) solve (54) (for which we know local well-posedness).
We set

)
7(3Z1P57€Vzlps) - Z:Lppa

~ _ P 5 _
pe=mm L= (ULeUS) -5

app
Pe

so that there holds

Rvir 155 l_p:pp app\ . 7€ ,app
Re( :) - VP +2 — 55 Re(Z2PP) - VFp?

1
a De — 82 2 a a
bPe =~ 1P+ 1+ e pEPP T PP

pe 1= pt®
pgpp 1+ pgpp

Re(Z2PP) . VEpPP 4 25,V - Re(Z.) = Opet (€°)

Ve pe Vep app Ve pe

= e 4 = — oIm(ZPP) 4 2Im(Z.)
Pe papp Pe c :
00 7. az 7. —iA°Z. +v5( “ Pz 7 4 7 )) +v€([ L 1}Zapp.zapp)
1 1 Pe 1+ pe pgpp 1 € 5

1 pe—1 pPP—1 2
v ( ) = One ().
+52 pe+1 PP 41 u(€7)

(110)
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For the initial data, we have by construction

571”/35(9 = 0)HH5+3 + ||Zs(0 = O)||Hs+3 < Ce?.

We define here again 0 < 6. < [Ing| to be the maximal time for which
sup [pe(6) =1 . <e,
0<0<8.
so that

[p2(0) = 1] . = 102" (00 (0) = 1] 7. < Ko (0) 1. |15 (0) = 1] 7. + K= (6) | .

for 0 < @ < .. Paralleling the proof of Proposition 5, we shall now prove the following result, where the
weight for the potential part has an extra p2PP compared to the weight in Proposition 5.

2 (0) 1] . < e

Proposition 6 Ifs > 1+d/2, there exists C, depending only on A, s and d, such that, for any a € N¢ with
la] < s and any 0 < 0 < 0., there holds

d 4p 4p2PP . pe — 12 = 12

— 780‘Z2 7 0% —1D]?d <C’(4 57” Z ) 111
5 o T e 0+ o 050 = VI i < =l 120). o
Proof. We shall assume « # 0, the case a = 0 could be treated similarly, or using the conservation of the
energy combined with the conservation of fRd ¢? dz. The computations are very close to those for Proposition

5, thus we shall only emphasize on the differences. Let us observe that the before last term in the equation
for Z. is easily estimated in H?, in view of the equality 2Im(Z.) = %:

va({l — Pe p?ii 1} Z2vp . ngp) H — va( 2p2PP (1 —pppa) Z2vp . ngp) H
1+ pe pe = +1 Hs (1+p€)(p€ Jrl) e

SC(HﬁE - 1||Hs + ”ZEHHs)'

Similarly to (102) and (103), one has

8p 8p:(1 — pe as
/Rd W@ Z.,0002 Zz) dz < /R Mazlmaz Z:|* dz

pe(1—pe) oz m(72PP m o7
—16/Rd7(1+p6) (0% Z.,i(Tm(Z2%P) + Tm(Z.)) - VS92 2.) d

—/Rd aiipp)z@gzg,agw(;zi (22, 7% 4 7. - Z))> dz
> / (1ip) <aazf’8gvs(z;1 Zii;1)>dz

~ p —1 ~
O 2|y + (1= +12Z:05.)-

using an integration by parts for the transport term. The first term is < CeHZEHi{S, and the before last is
< Ce* + C”ZEHZ Concerning the third term, arguing as for (104) yields

/Rd (1%)<aazg,agw( +Z€ (22, - 72 + 7. - Z))> dz

16p (1_p) « 7 a [ 4 > o - ~ 2 ~ 112
< —/Rd ﬁ@z 2., 7570 . 90V T 4 7, - 0 vszg> dz—|—C'(HpE —1)2. + ||ZE”HS>

< 7/ M<3azs,f{e(zapp+2) 8§V525> dz
Rd )?

( + pe
16p€( ) oz a QUNTE 77 ~ 2 > |12
+/WW<6 Zo,ilm(Z2P + Z.) - 0°V Z€> dz—i—C(HpE—IHHS—|—||ZEHHS)
16[)5( ) oz a QUNTE 77 ~ 2 =12
s/RdW@ Zey (227 + 2.) - 02V 2. ) dz 4+ C (|1 = 13y, + | e[ )
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where we use that 2(0%Z., Re(Z2P + Z.)-9¢V°Z.) = Re(Z**P + Z.) - VE|3§‘Z§|2 and an integration by parts
to bound the first integral. Since here again the terms involving Im(Z2PP + Z_) cancel out, we deduce

—1 L leY 1ol e(ps_l P?pp—1)> (4 p5—1 2 ~ 12 )
52/ (1+p:)? <8 Zs’a v pe+1  pePP 41 dz +C(e +H - ||H5+||Z5”Hs : (112)

Since, in view of the transport equation on p,,

8pe 3 1—p.
89< ) = X X 589 B
(tp)?) " Utpp " e g

is uniformly bounded by some absolute constant Ky for 0 < 8 < 6., we deduce from (112)
d 4p.
o R (1 + ps)

o [ e (et orv (2t )) de w0+ |+ 12,

022,00 7.) dz <

gy Yz

Here, we see that the term in bracket in the integral is slightly different from what we had in (106). Thanks
to a new use of (59), we then get, as for (107), keeping aside the terms where we put 92V¢ on each one of

the factors in % X (pe — 1) x ﬁ7

d 4p5 ~ ~
S e 907 0°7.) d
deédu+%y<z = Ze) dv

1 16p:p2P® ~
aaR 3a \VAd
a@uuma@ﬁ+n< (Ze), 02V°pe) d

1 16pepeP (e —1) /aan 5\ aaf VY Pe
— ZE , =
3 o Tt s P RelZe) 08 () )

5 [ D (e, 00 () ) ek O

pe — 12 5 12
e e A

The last integral is easily estimated by C[ 2212, + [Z:|%., since p2PP — 1 = Oeta(e) and |p. — 1z <
C|pe — 1|m= by Sobolev imbedding. In the second integral, we replace Vep. = p2PPVep,. — 5. VEp2PP =
PPV, — 5.0 () and infer from (59) that it is

L[ 16p [ (p — 1)
€2 Jra (1+ po)*(p™ +1)

(O Re(Z.), 05V pe) dz + C (4 4 [, + |27 ).

Consequently, by using another integration by parts,

d 4p.

- P R <
@) T 2.,0°7.) dz < c(

2 ~ o2
2zl

16 pepe® 5 ~
— | = __(99V° -Re(Z.),0%p.) dz. 11
—QQW0+%V@V Re(Z), 02pz) d- (113)

Now, observe that, by (109),

4p2PP o 16p2PP g p,. ~ 40 p2PP o
(a0 ) + s o 0500 — e 07
16p2PP . 1. . 1- L .
a o) - = z1Me € € = <. Za 114
TG 02 (= g2 0ape b 1o Re(Z2) - V¥p 4 puV* - Re(Z) (114)
pe [1— 1 —pgP®

Pe a; 5
+ngp {1 y e( g) HiappRe(Zspp) . vapgpp + OHS+1 (5 )>> = 0.
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For 0 < 6 < 6., we have

o0l = | = Z0uape 4 T2 Vo4 0¥ U<
and there also holds |Jgp2PP| e« = O(e) uniformly for § < 7, /e. Furthermore, by Cauchy-Schwarz,
[Szsizione e, zcalZ2,, <o B, vos
and
H <aa“g aa{ “ [1__pERe(Z ) — }iiféiiRe(zappﬂ .vmpmm}>H H + Ce||Re(Z)|)..
z Pe) PP 1+ p. € 1_’_pmpp € € o= e Hs

Integrating (114) in z € R?, integrating by parts for the singular transport term and using (59), we then
obtain

A A has e / Ao (P Nigaspe
do /Rd 2(1 +ps)4[azp6] dz + y 823z1((1+p8)4)[32p5] dz
16p2PP (1 — pe) / fo ~ oeqa s 16p2PP j, e ~
+‘/Rd W<azp€7Re(Zs) \% az 5> dZ+/Rdm<az 57v a Re(Z )> dz
pe — 12 -
<o+ 2], + IRe(Za)l},.).

The first integral has absolute value < C||(p. — 1)/e|%. since [0, p2PP| Lo + |0z, pe| e < Ce for 0 < 6 < 0.
For the second integral, we integrate by parts:

w o s € na ~ __E o~ 12we app(l_ipﬁ)
/Rd e2(1+p.)° <az pe; ( E) Vo, €> dz = [a P] v (pE (1+Pe)5Re(Zs)) dz

Therefore, by another integration by parts,

d 4pdpp S / 16p Ppp6 B ~
_ _— a e d < 5 ove € > ZE d
da Rd 52(1 _|_ pa)4 [az ] VAR ra 82( + pe) <az V 3Z Re( )> yA

4 /35 —1y2 5 112
o+ | 52— +1ZI5.). (115)
Combining (113) and (115) provides, in view of the cancellation of the bad singular terms,

d La2ﬂa~2 4 pe — 12 ~ 2
B o 0020+ g alorad as <o+ [P 12

which is the desired inequality. O

Since at 0 = 0, p. = 14+ Opg-(e?) and Z. = Og-(?), (111) and the Gronwall inequality implies, for

0<0<9.,
Pe (9) — 12
==
This proves that if u < 1/(2C) and € < eo(p, C) is sufficiently small, then 6. > u|lne|. The end of the proof
of Theorem 9 then follows the lines of section 4.2 thus we omit it. To compare A, and A2PP, we write

c—1  pPPH.—1  pP ] pe — 1 e
Af=p5 =" Z ::pg +£W&;*=C@®+§@@®+Om@%wﬂ,

+ ||Z€(0)||i{ < Cete®?.

as wished.
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