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Abstract

Consider a branching random walk evolving in a macroscopic time-inhomogeneous envi-
ronment, that scales with the length n of the process under study. We compute the first
two terms of the asymptotic of the maximal displacement at time n. The coefficient of the
first (ballistic) order is obtained as the solution of an optimization problem, while the sec-
ond term, of order n'/3, comes from time-inhomogeneous random walk estimates, that may
be of independent interest. This result partially answers a conjecture of Fang and Zeitouni.
Same techniques are used to obtain the asymptotic of other quantities, such as the consistent
maximal displacement.

1 Introduction

A time-inhomogeneous branching random walk on R is a process evolving as follows: it starts with
one individual located at the origin at time 0. At each time k € N, every individual alive at
generation k dies, giving birth to a certain number of children, which are positioned around their
parent according to independent versions of a point process, whose law may depend on the time. If
the law of the point process governing the reproduction does not depend on the time, the process
is simply called a branching random walk.

We write M, for the maximal displacement at time n in the branching random walk. The
asymptotic of M,,, when the reproduction law does not depend on the time, is well understood.
The first results come from early works of Hammersley [20], Kingman [28] and Biggins [6], who
obtained the existence of an explicit constant v such that %n A Hu and Shi [23] and Addario-

Berry and Reed [2] exhibited the logarithmic second term in the asymptotic ¢g log n for some explicit
constant cg; finally Aidekon proved in [3] the convergence of M,, — nv — ¢glogn to a random shift
of a Gumble distribution.

A model of time-inhomogeneous branching random walk has been introduced by Fang and
Zeitouni in [14]. In this process, the reproduction law of the individuals evolves at macroscopic
scale: every individual has two children, each of which moves independently according to a centred
Gaussian random variable, with variance o7 (respectively o3) if the child is alive before time n/2
(resp. between times n/2 and n). In this branching random walk, the asymptotic of M, is still
given by a ballistic first order, plus a negative logarithmic correction and bounded fluctuations
of order one. However, first and second order strongly depend on the sign of o7 — o2, and the
coefficient of the logarithmic correction exhibits a phase transition as o? grows bigger than o3.
This result has been generalised to more general reproduction laws in [32].

The study of the maximal displacement in a time-inhomogeneous branching Brownian motion,
the continuous time counterpart of the branching random walk, with smoothly varying environment
has been started in [15]. In this process individuals split into 2 children at rate 1, and move using
independent Gaussian diffusion with variance Jf/n at time ¢ € [0,n]. In [15], Fang and Zeitouni
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conjectured that, under mild hypotheses, for an explicit v*, the sequence (M,, — nv* —g(n),n > 1)
is tensed for a given function g such that

g(n) g(n)
_ < <0.
oo<1&glf£n/ thSrup 73 <0

They proved this result for smoothly decreasing variance. Using PDE techniques, Nolen, Roque-
joffre and Ryzhik [34] established, again in the case of decreasing variances, that g(n) = I*n'/3 +
O(logn) for some explicit constant [*. Maillard and Zeitouni [31] obtained, independently from
our result, the more precise result g(n) =1 *n1/3 — ¢1 log n, for some explicit ¢1, using proofs similar
to the ones presented here, based on first and second moment particles computation and the study
of a particular PDE.

We prove in this article that for a large class of time-inhomogeneous branching random walks,
M, — nv* ~pioo I*n'/3 for some explicit constants v* and I*. Conversely to previous articles
in the domain, the displacements we authorize are non necessarily Gaussian. Moreover, the law
of the number of children is correlated with the displacement and depends on the time. More
importantly, we do not restrict ourselves to —a hypothesis similar to— decreasing variance. The
decreasing variance case remains interesting, as in this case quantities such as v* and [* admit a
closed expression. We do not prove in this article there exists a function g such that M,, —nv*—g(n)
is tight, therefore we do not exactly answer to the conjecture of Fang and Zeitouni. However, Fang
[12] proved that the sequence M, shifted by its median is tight for a large class of generalized
branching random walks. This class does not exactly covers the class of time-inhomogeneous
branching random walks we consider, but there is a non-trivial intersection. On this subset, the
conjecture is then proved applying Theorem 1.3.

To address the fact the displacements are non Gaussian, we use the Sakhanenko estimate [36].
This theorem couples sums of independent random variables with a Brownian motion. Conse-
quently we use Brownian estimates to compute our branching random walk asymptotics. The
non-monotonicity of the variance leads to additional concerns. We discuss in Section 1.2 a formula
for limy, 100 %, given as the solution of an optimization problem under constraints (1.6). This
equation is solved in Section 4, using some analytical tools such as the existence of Lagrange mul-
tipliers in Banach spaces described in [29]. When we solve this problem, an increasing function
appears naturally, that replaces the inverse of the variance in computations of [34] and [31].

Notation In this article, ¢, C' stand for two positive constants, respectively small enough and
large enough, which may change from line to line, and depend only on the law of the random
variables we consider. We always assume the convention max() = —oo and min() = +oo. For
r € R, we write ;. = max(z,0), x— = max(—z,0) and log, () = (logz);. For all function
f:]0,1] = R, we say that f is Riemann-integrable if

n—1

lim inf 1 Z min  f, = limsup — Z fs,

n—+too =0 se[kiL Bt2) n—+oco T

and this common value is written fol fsds. In particular, a Riemann-integrable function is bounded.
A subset F of [0,1] is said to be Riemann-integrable if and only if 1p is Riemann-integrable. For
example, an open subset of (0,1) of Lebesgue measure 1/2 that contains all rational numbers is
not Riemann-integrable. Finally, if A is a measurable event, we write E(-; A) for E(-14). An index
of notations is present in Appendix B

The rest of the introduction is organised as follows. We start with some branching random walk
notation in Section 1.1. We describe in Section 1.2 the optimization problem that gives the speed
of the time-inhomogeneous branching random walk. In Section 1.3, we state the main result of this
article: the asymptotic of the maximal displacement in a time-inhomogeneous branching random
walk. We also introduce another quantity of interest for the branching random walk: the consistent
maximal displacement with respect to the optimal path in Section 1.4. Finally, in Section 1.5, we
introduce some of the random walk estimates that are used to estimate moments of the branching
random walk.



1.1 Branching random walk notation

Let T be a plane rooted tree —which can be encoded according to the Ulam-Harris notation, for
example— and V : T — R. We call (T,V) a (plane, rooted) marked tree. For a given individual
u € T, we write |u| for the generation to which u belongs, i.e. its distance to the root () according
to the graph distance in the tree T. If u is not the root, we denote by 7u the parent of u. For
k < |u|, we write uy, its ancestor alive at generation k, with ug = . We call V(u) the position of
wand (V(ug), V(u1),...V(u)) the path followed by wu.

For any n € N, we call {u € T,|u| = n} the n'* generation of the tree T, which is often
abbreviated as {|u| = n} if the notation is clear in the context. For u € T, the set of children of u
is written Q(u) = {u’ € T : 7/ = u}, and let L* = (V(u') — V(u),u’ € Q(u)) be the point process
of the displacement of the children with respect to their parent. In this article, the point processes
we consider are a finite or infinite collection of real numbers —repetitions are allowed— that admit
a maximal element and no accumulation point.

We add a piece of notation on random point processes. Let L be a point process with law L,
i.e. a random variable taking values in Uy, +U{+00}Rk. As the point processes we consider have a
maximal element and no accumulation point, we can write L = ({1,...£y), where N € Z, U{+oc0}
is the random variable of the number of points in the process, and ¢1 > ¢5 > --- > £ is the set of
points in L, listed in the decreasing order, with the convention ¢, ., = —o0.

We now consider (Lq,t € [0,1]) a family of laws of point processes. For ¢ € [0, 1], we write L;
for a point process with law £;. For 6 > 0, we denote by x:(0) = log E [ZéeLt eeq the log-Laplace
transform of 6 and by k}(a) = supy.o[fa — k()] its Fenchel-Legendre transform. We recall the
following elementary fact: if x} is differentiable at a, then putting = 9,5 (a), we have

Oa — k(0) = K (a). (1.1)

The branching random walk of length n in the time-inhomogeneous environment (L, t € [0,1])
(BRWtie) is the marked tree (T, V(") such that {L* u € T(™} forms a family of independent
point processes, where L* has law £ .41 if |u| < n, and is empty otherwise. In particular, T

is the (time-inhomogeneous) Galton-Watson tree of the genealogy of this process. When the value
of n is clear in the context, we often omit the superscript, to lighten notations.

It is often easier to consider processes that never get extinct, and have supercritical offspring
above a given straight line with slope p. We introduce the (strong) supercritical assumption

Vi€ [0,1,P(L;=0)=0 and JpeR: i%fl] P#{{eL;:L>p}>2)>0. (1.2)
telo,

Such a strong supercritical assumption is not always necessary, but is technically convenient to
obtain concentration inequalities for the maximal displacement. It is also helpful to guarantee
the existence of a solution of the optimization problem that defines v*. The second part of the
assumption is used only once in this article: to prove Lemma 5.4 (which is used to prove the second
equation of Lemma 5.6).

In this article, we assume that the function t — L, satisfies some strong regularity assumptions.
We write

D = {(t,0) € [0,1] x [0, +00) : k¢(0) < +00} and D* ={(t,a): ki(a) < +o0}, (1.3)

and we assume that D and D* are non-empty, that D (resp. D*) is open in [0, 1] x [0, +00) (resp.
[0,1] x R) and that
k€ CH? (D) and k* € CV2 (D). (1.4)

These regularity assumptions are used to ensure that the solution of the optimization problem
defining v* is a regular point in some sense. If we know, by some other way, that the solution is
regular, then these assumptions are no longer needed. These assumptions imply that the maximum
of the point processes we consider has at least exponential tails, and that the probability that this
maximum is equal to the essential supremum is zero. They are not optimal, but sufficient to define
a quantity that we prove to be the speed of the BRWtie. For example, a random number of i.i.d.



random variables with exponential left tails satisfy the above condition. Conversely, heavy tailed
random variables, or if the maximum of the point process verifies

Pmax{l € L} > &) ~pyi0o & " *

will not satisfy (1.3).

1.2 The optimization problem

We write C for the set of continuous functions, and D for the set of cadlag —right-continuous with
left limits at each point— functions on [0, 1] which are continuous at point 1. To a function b € D,

7(n) _ —k

we associate a path —i.e. a sequence- of length n defined for kK < n by b, ~ = ijl bj/m- We say

that b is the speed profile of the path E(H), and we introduce

D — C
K*: t
b +— (fo k% (bs)ds,t € [0, 1]) .
By standard computations on branching random walks (see, e.g. [7]), for all ¢ € [0, 1], the mean

number of individuals that follow the path b

the path— until time ¢n verifies

—i.e. that stay at all time within distance \/n from

1 *
~logE Z 1{‘”%)73(") kznt) | Fnoros —K*(b);.

k/n
lu|=[nt]

nK*(b)

Therefore, e~ t is a good approximation of the number of individuals that stay close to the

path B(n) until time tn.
If there exists to € (0, 1) such that K*(b),, > 0, then with high probability, there is no individual

who stayed close to this path until time nty. Conversely, if for all ¢ € [0, 1], K*(b): < 0, one would

expect to find with positive probability at least one individual at time n to the right of E(H).

Following this heuristic, we introduce

1
v*:sup{/ bsds,beD:VtE[0,1],K*(b)t§0}. (1.5)
0

We expect nv* to be the highest terminal point in the set of paths that are followed with positive
probability by individuals in the branching random walk. Therefore we expect that lim,,_, 4 o MT =
v* in probability.

We are interested in the path that realises the maximum in (1.5). We define the optimization
problem under constraints

1
JaeD:v" = / asds and Vte[0,1], K*(a): <O0. (1.6)
0

We say that a is a solution to (1.6) if fol asds = 0 and K*(a) is non-positive. Such a solution a is

called an optimal speed profile, and @™ an optimal path for the branching random walk. The path
followed by the rightmost individual at time n is an optimal path, thus describing such a path is
interesting to obtain the second order correction. In effect, as highlighted in the time-homogeneous
branching random walk in [5], the second order of the asymptotic of M,, is linked to the difficulty
for a random walk to follow the optimal path.

Proposition 1.1. Let a € D. Under the assumptions (1.2) and (1.4), a is a solution to (1.6), i.e.
1
vt = / asds and Vte0,1], K*(a); <0,
0

if and only if, setting 0; = Ok} (ar), we have



1. 0 is positive and non-decreasing ;
2. K*(a)1 =0 ;
3. [y K*(a)sd6; ' = 0.
There exists a unique solution a to (1.6), and a (and 6) are Lipschitz.

Consequence of this proposition, we now call a the optimal speed profile, and @ the optimal
path. This result is proved in Section 4. The optimization problem (1.6) is similar to the one
solved for the GREM by Bovier and Kurkova [9].

1.3 Asymptotic of the maximal displacement

Under the assumptions (1.4) and (1.6), let a be the optimal speed profile characterised by Propo-
sition 1.1. For ¢ € [0, 1] we denote by

0; = Ourif(a;) and oF = Oars(6y). (1.7)

To obtain the asymptotic of the maximal displacement, we introduce the following regularity
assumptions:

0 is absolutely continuous, with a Riemann-integrable derivative 6, (1.8)

{t €]0,1] : K/ (a) = 0} is Riemann-integrable. (1.9)

Finally, we make the following second order integrability assumption:

sup E <Z eetef> < 400. (1.10)

te[0,1] teL,

Remark 1.2. This last integrability condition is not optimal. Using the spinal decomposition as
well as estimates on random walks enriched by random variables depending only on the last step,
as in [32] would lead to an integrability condition of the form E(X(log X)?) < +occ instead of
(1.10). However, this assumption considerably simplifies the proofs.

The main result of this article is the following.
Theorem 1.3 (Maximal displacement in the BRWtie). We assume (1.2), (1.4), (1.8), (1.9) and

(1.10) are verified. We write oy for the largest zero of the Airy function of first kind —recall that
~ —2.3381...— and we set

105 —\2/3
* aq (950'3)
I = m/o s <0, (1.11)
Then we have for all 1 > 0,
* 1/3) _ _
nll}r_‘r_loo n1/3 logP (M >nv* 4+ (I"+n ) = —0pl,

and for all € > 0,

lim sup —=
n—-+oo

1
pYE logP(‘M —nv* —1"n 1/3‘>en1/3) < 0.

This theorem is proved in Section 5. The presence of the largest zero of the Airy function of
first kind is closely related to the asymptotic of the Laplace transform of the area under a Brownian
motion staying positive,

_ [t o1
E (e fo Bsds;Bs >0,5< t) Rty toe €21/ t+o(t)

The fact that the second order of M, is n'/3 can be explained as follows: when 6 is strictly
increasing at time t, the optimal path has to stay very close to the boundary of the branching
random walk at time nt. In particular, if 6 is strictly increasing on [0, 1], the optimal path has
to stay close to the boundary. The n'/3 second order is then similar to the asymptotic of the
consistent minimal displacement for the time-homogeneous branching random walk, which is of
order n'/3 as proved in [13, 16].



1.4 Consistent maximal displacement

The arguments we develop for the proof of Theorem 1.3 can easily be extended to obtain the asymp-
totic of the consistent maximal displacement with respect to the optimal path in the branching
random walk, which we define now. For n € N and v € T, we denote by

Alu :max[ﬁ(n)fVu },
() = mae [7") — V (ug)
the maximal delay an ancestor of the individual u has with respect to the optimal path. The
consistent maximal displacement with respect to the optimal path is defined by

A, = min  A(u). (1.12)
u€T ™) |u|=n

This quantity corresponds to the smallest distance from the optimal path @ at which one can put a
barrier below which individuals get killed such that the global system still survives. The consistent
maximal displacement has been studied for time-homogeneous branching random walks in [13].
We obtain the following asymptotic for the consistent maximal displacement in the BRWtie.

Theorem 1.4. Under the assumptions (1.2), (1.4), (1.6), (1.8), (1.9) and (1.10), there exists
X* < —1*, defined in Section 5.2 such that for any A € (0, \*),

li !
m  —
n—-+oo n1/3

log P (An < (O — A)nl/?’) = —OpA,

and for any € > 0,
1
lim sup ——= log P(|A,, — Anl/3) > enl/?) < 0.
n—+oo M /3

Remark 1.5. We observe that if u € T verifies V(u) = M, then A*(u) < nv* — M,,. As a
consequence, the inequality L, < nv* — M, holds almost surely, which proves that \* < —[*, as
soon as these quantities exist.

In Theorem 1.4, we give the asymptotic of the consistent maximal displacement with respect
to the optimal path. However, this is not the only path one may choose to consider. For example,
one can choose the “natural speed path”, in which the speed profile is a function v € C defined by
v = infgsg mée)- Note that v; is the speed of a time-homogeneous branching random walk with
reproduction law £;. As for all ¢t € [0,1], K*(v); = 0, for any A > 0, the number of individuals
that stayed above 7™ — An!/3 at all time &k < n is of order ¢2"/™).

In Section 3, we provide a time-inhomogeneous version of the Many-to-one lemma, that links
additive moments of the branching random walk with time-inhomogeneous random walk estimates.
To prove Theorems 1.3 and 1.4, we use random walk estimates that are proved in Section 2.

1.5 Airy functions and random walk estimates

We introduce a few basic property on Airy functions, that can be found in [1]. The Airy function
of first kind Ai can be defined, for z € R, by the improper integral

. L A
Ai(z) = — lim cos (% + xs) ds, (1.13)

T t—~+o00 0
and the Airy function of second kind Bi by

1 t
Bi(z) = p t_l>i+moo ; exp (—% + J:s) + sin (% + xs) ds. (1.14)

These two functions form a basis of the space of functions solutions to

Vo e R, y"(z) — ay(z) =0,



and verify lim, , o Ai(z) = 0 and lim,_, ;o Bi(z) = +00. The equation Ai(z) = 0 has an
infinitely countable number of solutions, all negative with no accumulation points, which are listed
in the decreasing order in the following manner: 0 > a3 > ag > ---.

The Laplace transform of the area below a random walk, or a Brownian motion, conditioned to
stay positive admits an asymptotic behaviour linked to the largest zero of Ai, as proved by Darling
[11], Louchard [30] and Takécs [37]. This result still holds in time-inhomogeneous settings. Let
(Xn.ksm > 1,k < n) be a triangular array of independent centred random variables. We assume
that

3o € C([0,1], (0, +00)) : Vn € N,k < n, B(X}. ;) = 04/, (1.15)

3u>0:E [e#‘qu < +oc. (1.16)

We write S, ,(c") = Zle Xn,,; for the time-inhomogeneous random walk.

Theorem 1.6 (Time-inhomogeneous Takécs estimate). Under (1.15) and (1.16), for any contin-
wous function g such that g(O) > 0 and any absolutely continuous increasing function h with a

Riemann-integrable derivative h, we have

(hijn — h—1ym)SS" | 185 < gjymn'/®,j < n
1

1
lim ——<logE |exp | —

n
n—-+0oo n1/3 .

J
1
_ . ay 2/3
‘/o (og + 73 (heos)) s

This result is, in some sense, similar to the Mogul’skii estimate [33], which gives the asymptotic
of the probability for a random walk to stay in an interval of length n'/3. A time-inhomogeneous
version of this result, with an additional exponential weight, holds again. To state this result, we
introduce a function ¥, defined in the following lemma.

Lemma 1.7. Let B be a Brownian motion. There exists a unique convex function ¥ : R — R
such that for all h € R

1 Cn [ Buds
lim -log sup E, [e nJo B g (0,1),s € [O,t]} = 0(h). (1.17)

t=too £ 7 gl0,1]

Remark 1.8. We show in Appendix A.2 that ¥ admits the following alternative definition:
h2/3

sup{)\ <0:Ai(\)Bi ()\ + (2h)1/3) ~ Bi(\)Ai ()\ + (2h)1/3) - 0} ,
and prove that U verifies ¥(0) = —%2, U(h) ~h—too algf—;j and U(h)—¥(—h) = —hforall h € R.

Proof of Lemma 1.7. For h € R and t > 0, we write

1 ' B.ds

U, (h) = =log sup E, [ehfo Beds. B e [0,1],s € [O,t]} .
3 z€[0,1]

As By € [0, 1], we have trivially |[¥:(h)| < |h| < 400. Let 0 < t; <ty and x € [0, 1], by the Markov

property

h 2 BLds

|:€ ; Bs € [O, 1],8 S [O,ﬁl + tg]:|

hfotl B.ds

t2
=E, |:€ EB,,I |:€hf0 BSdS;Bs S [0, 1],8 S [0,t2]j| ;Bs € [0, 1],8 S [O,tl]

t1
< eV (g [ehfo Bsds;BS €0,1],s € [Qh]} < etV (h) gt2 Wiy (h)



As a consequence, for all h € R, (¥:(h),t > 0) is a sub-additive function and

lim Wy(h) = inf U, (h) =: U(h).

t—+o00 t>0

In particular, for all h € R, we have |¥(h)| < |h| < +o0.
We now prove that ¥ is a convex function on R, thus continuous. By the Hélder inequality, for
all A € [0,1], (h1,ha) € R%, 2 € [0,1] and t > 0, we have

E, |:€()\h1+(1_)\)h2)f0 Beds. B oe0,1],s € [O,t]]

1 1—X
1-Nheo [ Bsds =2
6( 0

1{Bse[o,1l,se[o,t1})

1
A
<E,

E.

t
(exhl fo B.ds

<MW () gt (1=N) W, (ha)

1{Bse[o,1l,se[o,t1})

Consequently
lim sup Wy (Ahy + (1 — AN)ha) < Alimsup ¥y(h1) + (1 — A) lim sup ¥y (hs),
t—+o00 t—+o00 t—+o0
which proves that ¥ is convex, thus continuous. o

Theorem 1.9 (A time-inhomogeneous Mogul’skif estimate). Under (1.15) and (1.16), for any pair
of continuous functions f < g such that f(0) <0 < g(0) and any absolutely continuous function h
with a Riemann-integrable derivative h, we have

n

" S .
logE |exp Z(hj/n - h(jf1)/n)5j(- ) ;nl—jg € [fj/mgj/n]aj <n

j=1
1 2
. o 3.
_ hsgs + sy (et )y )ds.
/O ( (gs - f5)2 ( s )

The rest of the paper is organised as follows. Theorems 1.6 and 1.9 are unified and proved in
Section 2. These results are used in Section 3 to compute some branching random walk estimates,
useful to bound the probability that there exists an individual that stays in a given path until
time n. We study (1.6) in Section 4, proving in particular Proposition 1.1. Using the particular
structure of the optimal path, we prove Theorems 1.3 and 1.4 in Section 5.
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li !
m  —
n—-+oo n1/3

2 Random walk estimates

We consider an array (X, ,n > 1,k < n) of independent centred random variables, such that
there exist o € C([0,1], (0,400)) and p € (0, +00) verifying (1.15) and (1.16). We write S,(Cn) =
S(gn) + Z?Zl Xp,; for the time-inhomogeneous random walk of length n, with P, (S(()") =zx)=1.
Let E, be the expectation corresponding to the probability P,. Let h be a continuous function on
[0, 1] such that

h is absolutely continuous, with Riemann-integrable derivative h. (2.1)

The main result of this section is the computation of the asymptotic, as n — 400, of the Laplace
transform of the integral of S(™ with respect to h, on the event that S stays in a given path,
that is defined by (2.4).



Let f and g be two continuous functions on [0, 1] such that f < g and f(0) < 0 < ¢(0), and
F and G be two Riemann-integrable subsets of [0,1] —i.e. verifying 1r and 1¢ are Riemann-
integrable— such that

{te]0,1]:hy <0} C F and {te[0,1]:h; >0} CG. (2.2)

Interval F' (respectively G) represent the set of times at which the barrier f (resp. g) is put below
(resp. above) the path of the time-inhomogeneous random walk. Consequently, (2.2) implies that
when there is no barrier below, the Laplace exponent is non-negative, so that the random walk
does not “escape” to —oo with high probability.

For n > 1, we introduce the %th approximation of F' and G, defined by

Fo={1<k<n:[EEnF£0}, G ={0<k<n:[EELnG£0}.  (23)

n’

The path followed by the random walk of length n is defined, for 0 < j < n, by

[fi/mnt/2, gjmn*?] if j € Fy NGy,

[fi/ns+00| if j € F,, NG¢,

] =00, g;/mn/3] if j € F°N Gy,
otherwise.

In(j) = (2.4)

The random walk S(™ follows the path 1™ if > fk/nnl/?’ at any time k € F,,, and S,(Cn) < gk/nn1/3
at any time k € G,,. Choosing F' and G in an appropriate way, we obtain Theorem 1.6 —where
F =0 and G = [0,1]- and Theorem 1.9 ~where F' = G = [0, 1].

We introduce the quantity

1 2
HF’G:/ hsgsds—i—/ %s (gs_zfs)shs ds
T 0 FNG ( = fs)? ( 7 )
[ e [ (il - g0+ i (chao) ) ds, (25)
Fena 21/3 GNFe 21/

where ¥ is the function defined by (1.17). The first integral in this definition enables to “center”
the path interval in a way that g is replaced by 0. The integral term over F'NG comes from the set
of times in which the random walk is blocked in an interval of finite length as in Theorem 1.9, and
the last two integral terms correspond to paths with only one bound, above or below the random
walk respectively.

The rest of the section is devoted to the proof of the following result.

Theorem 2.1. Under the assumptions (1.15) and (1.16), for any continuous function h satisfying
(2.1), for any pair of continuous functions f < g such that f(0) < 0 < ¢(0), for any Riemann-
integrable F,G C [0, 1] such that (2.2) holds, we have

1 " hirsnmhip)ST m)  n)
hmsup 73 suplogEz |:er1(}1(]+1)/71 h:l/n)sj ,Sj( ) c I]( );_7 < n:| _ H;',gG(l) (26)
n—+4+oo M ’

Moreover, setting f](") = I]@) N [-n?/3,n%/3], for all fi <a <b< g1 we have

2oy By m—h ) 8] () ¢ F) _ PG
%m_’l_nfl—mlogEo {e =1 S;lel; 7 j<n|=H; "

(2.7)

1{5,(1")6[!1711/375711/3]} )

Remark 2.2. Observe that when (2.2) does not hold, the correct rate of growth of the expectations
in (2.6) and (2.7) is exponential, instead of the order O™,

To prove this theorem, we decompose the time interval [0, 7] into A intervals, each of length Z.

On these smaller intervals, the functions f, g and h can be approached by constants. These intervals

2/3

are divide into ";—; subintervals of length tn°/°. On these subintervals, the time-inhomogeneous



random walk can be approached by a Brownian motion, on which the quantities can be explicitly
computed, using the Feynman-Kac formula. Letting n, ¢t then A grow to +o00, we conclude the
proof of Theorem 2.1. We give in Section 2.1 the asymptotic of the area under a Brownian motion
constrained to stay non-negative or in an interval, and use the Sakhanenko exponential inequality
in Section 2.2 to quantify the approximation of a random walk by a Brownian motion, before
proving Theorem 2.1 in Section 2.3.

2.1 Brownian estimates through the Feynman-Kac formula

The asymptotic of the Laplace transform of the area under a Brownian motion, constrained to stay
non-negative or in an interval, is proved in Appendix A. In this section, (B, ¢t > 0) is a standard
Brownian motion, which starts at position z € R at time 0 under the law P,. We give the main
results that are used in the next section to compute similar quantities for time-inhomogeneous
random walks. First, for a Brownian motion that stay non-negative:

Lemma 2.3. Forallh>0,0<a<band0<d <V, we have

1 s
lim —logsupE; |e hf Bed ; Bs >0, s<t]
t—+oo t zER
B h[f B.ds ) 2/3
= lim 5 logwél[}lfb] E. [e Jo Bt oy Be > 0,5 <t = gsht (28)

A similar estimate holds for a Brownian motion constrained to stay in the interval [0, 1]:

Lemma 2.4. Let B be a Brownian motion. Forallh € R, 0<a<b<land0<a <V <1, we
have

1 s
lim = sup logEm[e b f; Beds, ;Bs € )0, l]sgt}
t—+oo t z€[0,1]

o1 h [' Bods
= tBIJPoo 7 mélﬁlfb] logE, {e Jo 1iB,efar )y Bs € 10,1],8 < t] =U(h). (2.9)
Moreover, for all h > 0, we have

U(h) = Zj;z sup {)\ <0:Ai(A ( (2h) 1/3) ~Bi()\)Ai ()\ + (2h)1/3) - 0} . (2.10)

We also have ¥(0) = —7%-, hmhﬂﬂ,o +37 (h) = 5175 and, for h € R, W(h) — ¥(—h) = h.

2.2 From a Brownian motion to a random walk

We use the Sakhanenko exponential inequality to extend the Brownian estimates to similar quanti-
ties for time-inhomogeneous random walks. We obtain here the correct n'/3 order, but non-optimal
upper and lower bounds. These results are used in the next section to prove Theorem 2.1. The
Sakhanenko exponential inequality links a time-inhomogeneous random walk with a Brownian
motion, in a similar way that the KMT coupling links a classical random walk with a Brownian
motion.

Theorem 2.5 (Sakhanenko exponential inequality [36]). Let X = (X1,...X,) be a sequence of
independent centred random variables. We suppose there exists A > 0 such that for all j <n

AE (|Xj|36MXﬂ) <E(X2). (2.11)

We can construct a sequence X = ()~(1, .. )Zn) with the same law as X; and Y a sequence of

centred Gaussian random variables with the same covariance as X such that for some universal
constant Cy and allm > 1

E [exp(CoMA,)] <1+ A, [ ) Var(X;),
j=1

10



where A, = maxj<p | 7_; Xk — Yi|.

Using this theorem, we couple a time-inhomogeneous random walk with a Brownian motion
in such a way that they stay at distance O(logn) with high probability. Technically, to prove
Theorem 2.1, we simply need a uniform control on P(A,, > en'/3). To obtain it, the polynomial
Sakhanenko inequality is enough, that only impose a uniform bound on the third moment of the
array of random variables instead of (1.16). However in the context of branching random walks,
exponential integrability conditions are needed to guarantee the regularity of the optimal path (see
Section 1.2).

Let (X,.x,n € N,k < n) be a triangular array of independent centred random variables, such
that there exists a continuous positive function o2 verifying

Vne Nk <nE[X] ] =0}, (2.12)

We set ¢ = miny¢(p,1) 0+ > 0 and 7 = max;eo,1) 0+ < +00. We also assume that

dIA>0: sup E (e)“X"”“) < +o0. (2.13)
neNk<n

Observe that for all 4 < ), there exists C' > 0 such that for all z > 0, 2%e#* < Ce*®. Thus (2.13)
implies

Ju>0: sup pE (|Xn7j|3e“|X"’j‘) < o2 (2.14)
n>1,k<n

In the first instance, we bound from above the asymptotic of the Laplace transform of the area
under a time-inhomogeneous random walk.

Lemma 2.6. We assume (2.12) and (2.13) are verified. For all h > 0, we have

1 h Zn 1 Sn) (n) . o7} 2/3
17111321;5 pYE logsup E, {e 55 ;S 20,5 < n_ < 21ﬁ(hg) . (2.15)
For all h € R and r > 0, we have
1 _h s 2
lim sup —= logsup E,, |e " 20 % S( ) e [0, rnl/g] <Zy (T—Zh) . (2.16)
n——+oco n1/3 rER | r2 o

Proof. In this proof, we assume h > 0 —and h > 0 if » = +00. The result for h < 0 in (2.16) can
be deduced by symmetry and the formula U(h) — U(—h) = —h.

For all r € [0, 400), we write f(r) = %—j (;—Zh) and f(+00) = 535 (he)?/?. For all z € R, we

use the convention +00 + 2 = & + 0o = +00. By Lemmas 2.3 and 2.4, for all r € [0, +00], we have

t
hmsup logsup E, {e n Bo2eds. p o€ [0,7],s <t| < f(r), (2.17)
t—too 1 z€R -

using the scaling property of the Brownian motion.
Let A € Nand n € N, we write T = [An?/3]| and K = [n/T|. For all k < K, we write
my = kT'; applying the Markov property at time mg, mg_1,...m1, we have

h n—1 S(")

supE, |e ™ £=i=0 7 ;Sj(n) I= [0,rn1/3],j < n]

x>0
K-1 o n=1 g(n.k) (n.k)
< H sup E, [e mlai=o Zi G € [0,7n1/3], §T} , (2.18)
k=0 2R

where we write S(n = S(n) + S,(sk)ﬂ S,(;’Q for the time-inhomogeneous random walk starting at

time my and at pos1t10n x under P,. We now bound, uniformly in k& < K, the quantity

_ (n k)
E"(r) = sup E, { P S ;ST e 0,35 < T] .
zeR

11



Let k < K, we write t? = ZLT,:ZZH 0]2/”. We apgly Theorem 2.5, by (2.12) and (2.13), there
exist Brownian motions B*) such that, denoting by S(™*) a random walk with same law as S("*)

(k) _ g(nb)
B — 5

and AF = max;<r , there exists p > 0 such that for all e >0, n > 1 and k < K,

P (Aﬁ > en1/3) < ¢~ Conen'’* jy (eCU"Ai) < ¢~ Couen'/? (1 + MEA1/2n1/3) )

where we used (2.13) (thus (2.14)) and the exponential Markov inequality. Note in particular that
for all € > 0, P(AF > en'/3) converges to 0 as n — 400, uniformly in & < K. As a consequence,
for all e > 0

h T—-173(n,k) ~

E,(c") (r) =supE, [6_7 j=0 "3 ;SJ(-n’k) I= [O,Tnl/?’],j < T]
xER

_ AT (k) ~
<supE, {6 *2m S l{Ak <ent/s}s SJ(‘Mk) € [0,rn'/?],j < T] +P (Aﬁ > en1/3) .

z€eR
Moreover,
sug E, [e_% ]'T;ol ~J(‘n’k)1{Aﬁ<m1/3}; §J(-n’k) e [0,rnt/?),j < T]
xre -
< i‘éﬁEw {eh%Ai_% =0 Bth{Aﬁgmw};Bt? € [-AF /3 L AF] 5 < T]
< supE, {eh%enl/g—% Y Btf;Btf € [—en/3, (r + /3, j < T] < eShAeE]g") (r + 26),
z€eR

~ —aNTip
setting EM () = sup,cg Ez |e " 20 t?;B;? € [0,rn'/3],5 < T| for all r € [0,+00]. We set
k rER t]

T]k =n"2 3t§; by the scaling property of the Brownian motion, we have

~ —_h_NT1p
B0 = [ g <]

z€R 7

We now replace the sum in E by an integral: we set

Wn,A = sup ‘O’? — O'§| and Qp 4 = sup |B: — Bs| .
[t—s|<2An—1/3 5,t<262 Adwn, 4
|t—s|<2Awn a+T2n"1/3

For all £ < K and 5 < T, we have

mg+j
E_ .2 —2/3 —2/3
‘Tj = IO/ / ‘ <n / Z

i=mr+1

2 2
oi/n - UkT/n < QAOJ”LA’

<, 4. As a consequence, for all € > 0, we obtain

B, — By

and SUPse[jo?/n,(j+1)22/n

E,(Cn) (r) <supE,
xER

R D
[6 " =T Lio, a<eyi Brr € [0,r],j < T} +P(Qna > )

A
< A sup E, |:€_hfo Be2eds. B o, € [0, (r + 26)],5 < A] +P(Qy.4 > ¢).
Tz€R

—A (A
We set E" (r) = sup,cg Eq [e "o BZZSdS;BE2S €[0,r],s < A]. As B is continuous, we have

12



limy, 400 P(2n,4 > €) = 0 uniformly in k¥ < K. Therefore (2.18) leads to

h n—1 g(n)
lim sup ——= / IOgSupEm [e " 2ug=0 5 ;S e [0,rm'?), 5 < n}

n—+oco N

K
< limsup —= maxlogE( )( )
n—+oo T /3

< = hm sup [3hAe + max log ( EM(r+2¢)+P (Ak > enl/?’))]
A n—-4o0o

< 6he + lim sup log [FA(T +4e)+P(Qpa >6€)+ Ikn<a;((P (Aﬁ > en1/3)]

n—-+oo

1 —
< 6he + 1 1ogEA(r + 4e).

We now use (2.17), letting A — 400, and thereby letting € — 0, this yields

1 —4 n ! (,") (n) 1/31
lim sup —= 1og sup E, |[e ™ 4i=0 & ;8,7 €10,rn /7] i <n| < f(r),
n—+oo N 1/3
which ends the proof. O

Next, we derive lower bounds with similar computations. We set Iénb) = [an!/3, bn'/3].

Lemma 2.7. We assume (2.12) and (2.13). For allh>0,0<a<b and 0 < a’ <V, we have

liminf —log inf E,|e ® ;:01 J('n) S )>0,j<n|> &(hﬁ)ws (2.19)
n~>+oon/ gIEInb) z {S EI(/b/} ] - 21/3 5 .
and forallh e R, r>0,0<a<b<rand0<d <b <r, we have
—E S () o 7(m) &
n j= J S r_

lim nf —— n1/3 log g}f B e R S g o 8] €05 G < | > 25w ( 2h) . (2.20)
Proof. We once again assume h > 0; as if h < 0 we can deduce (2.20) by symmetry and the formula
W(h) — W(—h) = h. We write, for all r € [0, +00), f(r) = Zy W (E—h) and f(+00) = 22 (h)*/3.
By Lemmas A.2 and A.5, for all » € [0,+0], 0 <a<b<rand 0<a <b <r, wehave

h e
11515(1_#{.15 . 1ogmérﬁlfb] E, [e f Bz 1{Bt€[a’ »y; Bs € [0,7], 8 < t} > f(r). (2.21)

We choose u € (a/,0') and 6 > 0 such that (u — 3§, u + 36) C (a’,V’), and we introduce

Jén) = I™(u — §,u+ ). We decompose again [0, n] into subintervals of length of order n?/3. Let
A€Nandn €N, we write T = [An?/3| and K = |n/T]. For all k < K, we set again my, = kT,
for all r € [0, +00], applying the Markov property at times myg,mg_1,...my leads to

¢ |: _h n—1 (n)

inf E,|e ™%<=0"J n
Snel

cer™ sue

S( )EI(n),] <TL:|

/b/

= ro

h (n)
> inf E, [e Z {Sm)eJ(n)} ()Elé)J<T]

IEI(TL)
K-1
LT gln, k) N
X EII}&)EI {6 20 5 {Sm Peg)s ]( ) I( Vg <T]
k=17%
—NTET GO0 (k) (n
X inf)Em |:€ " Jj=0 J ’S_] ’ GIa/ b/,jSTLKT:|, (222)
IEJJT" ’
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where S§"’k) = S(gn) +S,(,72+j - S,(;’Q Let0<a<b<rand0<d <V <r, weset e >0 such
that a > 8¢, 7 — b > 8¢ and b’ — a’ > 8¢. We bound uniformly in k the quantity

(M () = —EY s gk ¢ )
E7(r)= inf E, {e =0 I{S;n,,k)eli7,,)b/},5j €ly,,j<T|.

(n)
mela,b

To do so, we set once again, for k < K, tf = Zf:T,jTJH a?/n. By Theorem 2.5, we introduce a

Brownian motion B such that, denoting by S(mk) 3 random walk with the same law as S(™*) and

setting AF = max;<p ’Btk - gj(nk) , for all € > 0, by (2.14) and the exponential Markov inequality
- J

we get

sup P (Aﬁ > 6nl/B) < e*CO,uenl/if (1 +‘LLEA1/2711/3),
k<K

which converges to 0, uniformly in k, as n — +0o. As a consequence, for all € > 0 and k < K,
T—1 g(.n’k)

h ~
E(n) r) = inf E, |:€_W Zj:[) J 1~ . ’S(n,k) c I(n), < T:|
o= m (e, 50 €1 <

; DD S(nk) o )
> inf E, {6 =0 l{géf"k)elfiy)b,}I{Afbﬁenl/'&};Sj €ly,,j<T

el")
_a Tl g (n)
: —3hAe n j=0  t3 . n .
> %E)f € Ez € ! il B o 1{A]Z§€n1/3}’ Bt;“ € Ie,rfea.j < T
m61@76,1)«#6 t),;we a’+e,b/ —e
> e 3hAe (E,(Cn)(r —2¢) — P(AF > enl/?’)) ,
where we set
~ _ n T-1
E,(Cn)(r) = inf E, |e == "1 B, €[0,7],s <Th|,
z€[a—2€,b+2€] {BTk e[a/+25,b’_2€]}
T
and T]’-“ = t?nd/g. We also set
2 2
Wn,A = sup ‘O’t — O’S’ and Qp 4 = sup |B: — Bs|,
[t—s|<2An—1/3 s,tSQEQAern’A

|t—s|<2Awn a+T2n"1/3
so that for all £k < K and 57 < T, we have

my+j
k.2 —2/3 —2/3
’Tj = JOkT /M / ’ <n / Z

1=myp+1

2 2
Ui/n - JkT/n < 2Awn,A,

< Q, 4. As a consequence,

and Supse[a2l GQM] BS*BtI?
A A J

El(c") (T)eghAe >

A
inf E, {e_hfo By2.dsq

€[0,r —2¢,s < A} —P(Q,4 >¢).
z€la—4e,b+4€]

{B,2a€la+ac b~} Bozs

This last estimate gives a lower bound for E,i") (r) which is uniform in k¥ < K. As a consequence,
(2.22) yields

. 1 . —h Nt g (n) _ p(n) .
%girgmlog ér[l(fn)El [e j=0 "3 1{Sn,6157)b, ;Sjn EIO,”T,Jgn >

a,b

1 B s
— 6he + — log inf E, [e nJy Beradsy € (0,7 —4e],s < A|.

3 B 24
A r€[a—4e,b+4€] {BleG[a’+4e,b/74e]}’ a°s
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Letting A — +00, then € — 0 leads to

S( 610)5.7<n >f()

T

_h n—1 (n)
liminf —= log inf E, |e E {S

n——+00 n1/3 well 'n.) el

a’ b’

which ends the proof. O

2.3 Proof of Theorem 2.1

We prove Theorem 2.1 by decomposing [0, n] into A intervals of length n/A, and apply Lemmas 2.6
and 2.7.

Proof of Theorem 2.1. We set n € N and A € N. For all 0 < a < A, we write m, = |na/A|, and
dg = Mgt1 — Myg.

Upper bound in (2.6). We apply the Markov property at times ma_1,ma—2,...m1, to see
that

n—1 . . (n)
sup E, [ezy‘o (Pt /m=hi/m)S; ;Sj(-") € I](n),j <n
mEIé")
A-1 .,
a- —h s .
<] sw E. [62 himarssnm =m0 g ¢ po g ]

a=0 zEI,(:Ez

(n)
Ray,lA

where S(" @) — S(n) st

ot S,(,;? is the time-inhomogeneous random walk starting at time mg,
and pos1t1on T. Lettmg n — 400, this yields

_ n)
lim sup sup —7z log B, ez (e =hyn)S)" S e 1M <
n—+4o0o xR 1 / J J
A-1
(n)
< limsup —=log R, . (2.23
; n——+oo 1/3 ( )

To bound RE:Z‘, we replace functions f, g and h by constants. We set, for all A € Nand a < A,

ha,A = sup hta Qa,A = air}fa+2 hta
te[agt, 242 tel* 3 5]
Ga,A = sup gt fa,A = ai}}fw& ft and Oa,A = ai}}f’l+2 Os.
te[* 3 52 te[*5=, 4] tel* x4

For any n € N and k < n, by (2.2), if h(x41)/n > hi/n, then k € G, and if hq1)/n < hi/r, then

k € F,,. Consequently, for all z € Ilg"),

(k1) /m = hign)® < (hgery/m = hiegn) 4Gk = (hign = By )+ Fromn®. (2.24)

We bound from above R( 2‘ in four different cases.
First, for all a < A, by (2.24), we have

May1—1
Ré@! < exp Z (h(i1y/n — Pgyn)+95/mn™® = (B jm — By m)+ Fomn’® |
j=ma
and thus,
(a+1)/A . (a+1)/A .
lim sup — 7 1/3 log R < / (he)19s — (hs)— fuds = / hsgs — (hs)— (fs — gs)ds. (2.25)
n—-+oo a/A a/A
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This crude estimate can be improved as follows. If h, 4 > 0, then [§ otl] € G and the

' A
1/3

upper bound g;,/,n'/” of the path is present at all times k € [mq,mq41]. As a consequence, (2.24)

becomes

1
Vk € [ma, mat1), SUp (hs1y/n — Piyn)® < (A1) /n — Bijn)ga,an’® + Eﬁa,A(z — ga,an*’?).
melk"
(2.26)
We have

dg—1 (n

(h(mq n=R(mgtiy/n)S;" ;

R\ = swp B, {62 S g g g0 g }
€Ly,

m -1 1/3
< er:“,ii (h(j+1)/n—hj/n)ga,.an®/

1 da=1p (n)ya _ 1/3
x sup E, |:€n ZJ o Ba,a(S; Ga,an'’?) S (n),a c I(n)JrJ’j <d :|
zel{

mq

_ 1/3 1N da—1, S(")
e(hma+1/n hong /n)ga,am sup Em |:e'n. Z =0 —a A S’Sr?)li-] < 0 ] < d :|
<0

Letting n — +00, we have

lim sup —= 1/3 1og R((lnzx (h(aJrl)/A - ha/A)ga,A

n—+oo N

Z2a, A da—1 4(n),a
+ limsup —~ / 1ogsupEz [e Wit S ,S(-")’a <0,5< da] .

n—-+oo J

As dg ~potoo n/A, by (2.15),

Ea,A dg—1 S(n) a (n) o
limsup —~ /3 logsup E, |eAW@atD) £uj=o0 ;9,7 <0, <dq
n—-+oo <0
1 o 2/3 1 2/3
S B 315 (%P4.40a,4) = 3184 (hg A0aa)™".
We conclude that
aq 2/3
1;%11;}3) n1/3 10gR n) < (h(a-‘,-l)/A — ha/A)ga,A + 21734 (E%Ao-a,A) . (2.27)

a

By symmetry, if b, 4 < 0, then (%, ajl] C F, h(ks1)/n < hi/n and the lower bound of the path is
present at all time, which leads to

lim sup —~ )2/3
n—-+oo 1/ .

(5] -
3 logR n < < (Mat1)/a — Paja)fan + 334 (—ha,A0a,4 (2.28)

Fourth and the smallest upper bound; if [, “—] C F NG, then both bounds of the path are
present at any time in [mg, me11], and, by (2.26), setting 74 4 = ga,.4 — fa, 4,

R(n){ < e(hma+1/nihma/n)g’l’Anl/S
a,A —

1 dg—1 (n),a
X sup E, |:en ZJ o DPa,aS; S](n)7a [ T An1/3 0]7] < da:| )

z€[rq, anl/3,0]

We conclude that

lim sSup —= 1og R((ZZ‘ (h(aJrl)/A - ha/A)ga,A
n——+oo /
hya da—1 4(n),a
+ lim sup —~ 73 log sup E. [ 2t s SJ(-n)’a € [—ra.ant/?,0),5 < da] .
n——+00 TE[—7q, ant/3,0]
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Applying then (2.16), this yields

n—-+oo / TE€[—Tq,an1/3,0]

1 baa da—1 4(n),a
lim sup — log sup E, |e Wit S ,S](-n)’a € [~ra.ant’?,0],5 < da]
3
a

which yields

ol ( fa,a)?
li log R < (h(q — hasa)Gan + a,4 g [ Wad —Jad) p o ) (999
D s 08 L S Gt by B ) 029

We now let A grow to 400 in (2.23). By Riemann-integrability of F,G and h, we have
2

04, A (gaA*faA)3
h(a —haja)ga,a + : v : ~——h,
( (a+1)/4 /A)g A A(ga,A - fa,A)2 < ; .

Ua,A

lim sup Z

A=doo goa
%, S5 C PG

. o? (9s — fs)3 )
: /FmG igs ¥ (9s — fs)Q\IJ ( o2 hs | ds. (2.30)

Similarly, using the fact that A is non-negative on F¢, and non-positive on G¢, (2.27) and (2.28)
lead respectively to

. 2/3
lim sup Z [(h(a-irl)/A —ha/a)9a.a+ <5173 A21/3 (ﬁa,AgavA) / ]
A—+oc0 0<a<A

b, A>0.[%, 55 IZFNG

; ay s 2/3
< hags + —= (heos) ™" ds, (2.31)
/chc 21/3 ( )

and to
. o - 2/3
lim sup Z |:(h(a+1)/A —hasa)fa,a+ Fll/S (—ha,a04,4) }
A—ro0 0<a<A
ha,A<0,[%, 2117 FNG

Qaq

. . . 2/3
< hsgs + hs(fs — gs hsos
/Fan ( )+ 2173 (Zhac)

ds. (2.32)
Finally, by (2.25), (2.30), (2.31) and (2.32), letting A — 400, (2.23) yields

lim sup sup ——

_ n)
75 1ogEz [ez (h(1+1)/n hJ/n)S S(" c I( n) j<n|< Hf,gG
n—+oo zeR N ’

Lower bound in (2.7) We now take care of the lower bound. We start by fixing H > 0, and we
write
11 = [ 0 [~ Hnt3, 1o,

letting H grow to 400 at the end of the proof. We only need (2.20) here.
We choose k € C([ ]) a continuous function such that kg = 0 and k; € (a,b) and € > 0 such
that for all t € [0,1], k: € [f; + 4e, g: — 4e] and ky € [a + 4€,b — 4e]. We set

I = [(haja = %, (haya + /2]
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We apply the Markov property at times ma_1,...m1, only considering random walk paths that
n)

are in interval th at any time m,. For all n > 1 large enough, we have

n—1 (n) ~
h¢; n—him)St .
B | e2im0 Batn/m—him)Si™ 4 o ;S](.") c Ij(-"),] <n
{53 ctwan)
A-1
3 m nfh m n S( a)
> inf E, ezf 0 a0/ =) /0) (n.a) - 1(n) S(n o) e pim ),] <d,
n {S eJ } ma+j
a=0 €l da a+1
A—-1
_. p(n)
= [ &%
a=0

with the same random walk notation as in the previous paragraph. Therefore,

A-1

" h n— JnS() n n) . 1 =(n
EEJ}_{E”/ 10gE|: 21:1( (G+1)/ /n) Sg( )EIJ(- );J Sn:| > %g_}_gof 73 1ogR 7)_
a=0

We now bound from below }NBEI"A, replacing functions f, g and h by constants. We write here

foa= swp fi, gaa= inf g and gea=  inf oy,
tE[agl,GXZ] te[“5, 457 te[“5 5]

keeping notations h, 4 and h, 4 as above. We assume A > 0 is chosen large enough such that

sup |ft - fS| + |gt - gS| =+ |kt - ks| <e
lt—s|<&

We first observe that [f, an'/3, gq an'/?] C I]§"’H) for all j € [mg,mar1], therefore, writing
Ta,A = Ja,A — fa,Aa

é(n){ > €(hm’a+1/"7}7‘"1@/n)g’l"“*nl/3
a,A —

) ha, A Zda 1 (n a) (na) 1/3 .
x inf E, S('n,,a.) F) ;S]- e [—T%A?’L ,0],] <dg,|.
rea? e

Thus, by (2.20), we have

lim inf —— log R, > (h h Tad g (leazfenly 2.34
églféon—/ 08 Roa 2 (hasnyza = haja)gaa + o= ( =0 a,A)~ (2.34)

This lower bound can be improved, if [4, ¢EL] € F°. We have [—Hn'/3, g, an'/?] C Ij(-"’H) for
all j € [mga, mg41], thus

R b
a, —

. ha, A Zda 1 g(n.a) (n,a) 1/3 )
X H}fﬂ) E:n ] l{sn(in’a)e'](:'»)l} ) S_j S [7(H - ga,A)” ,O],j S da 5
x€J, a a

which leads to

2
lﬁglf(}f n1/3 108?R "> > (P(at1y/4 — haja)ga,a + A(g::’j_ H)? v ((ga’(%ZH)sEa,A) - (2.35)
By symmetry, if [, “4] € G¢, we have
0'2 3
lim fnf n—/ log R} > (has1y/a — haya)faua + I _""}M)Q v (f o fen) ﬁa,A) . (2:36)
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As a consequence, letting A — +o00, by Riemann-integrability of F, G and h, (2.34) leads to

. R | =(n) / ; o} (9e=f0)° j
lim inf liminf —7=log R, ) > hege + LG ( 9t—Jt) p ) dt. 2.37
Amrteo O;A n—-+oo nl/3 A= e T (9= f)? o (2:37)

< AN FNG#D

Similarly, (2.35) gives

. - 1 =(n) ; op (g:+H)? ;
HIE}JIFI;E E Eglféf /s log R, 4 > /Fc hege + ot )2\11 ( = ht) dt, (2.38)
0<a<A H
bt il

and (2.36) gives

o o 1 ~(n)
ot 3 il Sl B
0<a<A

2,2 )cFNG®

2
; ; % H—f)%;
> higt + h —g¢) + ¢ v _( s h, ) dt. 2.39
/ . tyt t(ft t) (E{ ft)2 ( o2 t) ( )

Finally, we recall that
aq

W e V) = g

As h is non-negative on G¢ and null on F° N G¢, by dominated convergence, we have

2

. g 3. (o7 .
1 s (@S*f) hs)d :/ —(hsoy)?3ds,
Hililm e (gs + H)2 o3 § e 21/3( o ) s

and as h is non-positive on F'¢, we have similarly,

2
. ag _ 3 . (o1 .
1 s \p(JH fs)h)d: N Cay) s

H—IE‘I*}OO Frge (H — fs)? o3 °) FNGe 21/3( 7) ’
Consequently, letting n, then A, then H grow to +o0o —observe that €, given it is small enough,
does not have any impact on the asymptotic— we have

1 T P SR e
lim inf — log Eq |:€ZJ'0 (A1) /m=hi/m)S;

.gn) - 7(n) . F.G
e i/3 39y €T < n] 2 Hpy

l{Sy(l")E[anl/S,bnl/g']}
Conclusion Using the fact that

" Nhiipny =R m) ST .
i‘égEr |:€ZJU( (G+1)/ i/n) j ’SJ(") c I](")7] <n

" (hejarym—hym)SS ~ .
Z EO |:€Zﬂl G/ il J 1{5;")€[an1/3,bn1/3]};Sj<n) S I](n);.j S TL:| )

the two inequalities we obtained above allow to conclude the proof. O

3 The many-to-one lemma and branching random walk es-
timates

In this section, we introduce a time-inhomogeneous version of the many-to-one lemma, that links
some additive moments of the branching random walk with the random walk estimates obtained in
the previous section. Using the well-established method in the branching random walk theory (see
e.g. [3,4,5, 14, 15, 19, 21, 23, 31, 32] and a lot of others) that consists in proving the existence of
a frontier via a first moment method, then bounding the tail distribution of maximal displacement
below this frontier by estimation of first and second moments of the number of individuals below
this frontier, and the Cauchy-Schwarz inequality. The frontier will be determined by a differential
equation, which is solved in Section 5.
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3.1 Branching random walk notations and the many-to-one lemma

The many-to-one lemma can be traced back at least to the early works of Peyriere [35] and Kahane
and Peyriére [26]. This result has been used under many forms in the past years, extended to
branching Markov processes in [8]. This is a very powerful tool that has been used to obtain
different branching random walk estimates, see e.g. [3, 4, 5, 14, 15, 21]. We introduce some
additional branching random walk notation in a first time.

Let (T, V) be a BRWtie of length n with environment (L, ¢ € [0, 1]). We recall that T is a tree
of height n and that for any w € T, |u| is the generation to which u belongs, uy the ancestor of u
at generation k and V' (u) the position of u. We introduce, for k < n, Fr = o ((u, V(u)), |u| < k)
the o-field generated by the branching random walk up to generation k.

For y € R and k < n, we denote by Py, the law of the time-inhomogeneous branching random
walk (T*, V) such that T* is a tree of length n — k, and that {L* v/ € TF, |v/| < n —k — 1}
is a family of independent point processes, with LY of law L(ju|+k+1)/n- With this definition, we
observe that conditionally on Fj, for every individual v € T alive at generation k, the subtree
T of T rooted at u, with marks Vjp. is a time-inhomogeneous branching random walk with law
P v (u), independent of the rest of the branching random walk (T\T", V).

We introduce ¢ a continuous positive function on [0, 1] such that

Vit € 10,1], ke (1) < 400, (3.1)

and set, for ¢ € [0, 1]
by = Ogks(p:) and  o? = Opki(r). (3.2)

Let (Xp g,m > 1,k < n) be a triangular array of independent random variables such that for all
n>1,k<nand z € R, we have

P(Xn,k <z)=E Z 1{egm}e<ﬂk/nf—ﬁk/n(<ﬂk/n)
€Ly /n
where Ly, is a point process of law Ly /,. By (1.4) and (3.2), we have
E(Xnﬁk) = bk/n and E ((Xn,k — bk/n)2) = O—l%/n

For k < n, we denote by Si = Z?Zl Xn,; the time-inhomogeneous random walk associated to ¢,

by By = S, bj/n, by Sk = Si — by the centred version of this random walk and by
k
Ey = Z‘Py/n i/m = Kj/m(@j/n) Z’%/n i/n)s (3.3)
Jj=1

by (1.1). Under the law Py, (Sj,7 < n — k) has the same law as (y + Zf:,ﬁill Xnij<n-— k)

Lemma 3.1 (Many-to-one lemma). Let n > 1 and k < n. Under assumption (3.1), for any
measurable non-negative function f, we have

Z F(V(u),j<k) | =eP*E|e wk/nSHZ] o (PG /n— %/n)sjf( i< k)}
[ul=Fk

Remark 3.2. As an immediate corollary of the many-to-one lemma, we have, for p < n, y € R and
k S n—p,

Epy Zf i), J < k)

lul=p

_ - WSkt > PTF n=i/m)S;
— ¢Er—EitppPp/ny E,, #(k+p)/nSk Z ip NP1 /m— i) S5 £S5 < k).
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Proof. Let n > 1, k < n and f non-negative and measurable, we prove by induction on k£ < n that

X
Z f(V(u;),j <k)| =E |:€ Zj:l ‘Pj/an,j*“j/n(‘Pj/n)f(Sjvj < k):| )
|u|=Fk
We first observe that if k = 1, by definition of X, 1, we have

Z F(V) | =E {e—wl/nxn,l+m/n(sa1/n)f(Xn,1)} .

Jul=1
Let k > 2. By conditioning on Fj_1, we have

E(Y V() j<k) | =B > 3 FV(),j<k)

|u|=k |lu|=k—1 u' €Q(u)

=E Z g(V(uy),j <k—-1)1|,

|u|=k—1
where, for (z;,j < k—1) € RF 1
g(xj,j <k—-1)=E Z flxy, . g1, 2p—1 + )
- B |:67ka/n,Xn,k+’<«k/n(@k/n)f(zl, D1, Th1 + Xnk):| )

Using the induction hypothesis, we conclude that

k
B D f(Viu)i<h) E{E O J<k)]

lul=k

k
_ efEk E |:€ Zi:l ij/n(Xn’jibj/n)f(Sjaj < k)] '

Finally, we modify the exponential weight by the Abel transform,

k k k k
D eimXng =b) =D @im(S; = 8i-1) =Y ¢imS— Y imS;
j=1 j=1 = j=1
k—1 k—1 N
= Z <P;/n - Z P+1) /nS = (Pk/nSk Z(‘P(jﬂ)/n - @j/n)sj,
j=1 j=1
which ends the proof. O

3.2 Number of individuals staying along a path

In this section, we bound some quantities related to the number of individuals that stay along a
path. We start with an upper bound of the expected number of individuals that stay in the path
until some time k£ < n, and then exit the path by the upper frontier. Subsequently, we bound the
probability that there exists an individual that stays in the path until time n. We then compute
the first two moments of the number of such individuals, and apply the Cauchy-Schwarz inequality
to conclude. We assume in this section that

o is absolutely continuous, with a Riemann-integrable derivative ¢, (3.4)
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as we plan to apply Theorem 2.1 with function A = ¢. Under this assumption, ¢ is Lipschitz, thus
so is b. As a consequence, we have

t
sup sup |Ep —nK*(b)i] <400 and sup sup b,(cn) - n/ bsds| < 400.  (3.5)
nENte[st RN telAt ) 0

Let f < g be two continuous functions such that f(0) < 0 < ¢g(0), and F and G two Riemann-
integrable subsets of [0, 1] such that

(te[0,1]:¢; <0 CF and {te[0,1]:¢; >0} CG. (3.6)

We write, for ¢ € [0,1]

HtF‘yG(faga 50) = /t Qbsgsds + /t lFﬁG(S) Ug 2\11 ((gs—zfs)s QDS) ds
0 0 (9s — [fs) i

t
ay . . a1 .
+/O 1FC”G(5)W(%US)2/3 + 1pnge ((ps(fs —gs)+ m(—@sgs)2/3) ds. (3.7)

We keep notation of Section 2: F,, and G,, are the subsets of {0,...n — 1} defined in (2.3), and
the path I, ,gn) as defined in (2.4). We are interested in the individuals u alive at generation n such

that for all k <n, V(uy) — b,(c " e Ilg").

3.2.1 A frontier estimate

We compute the number of individuals that stayed in E(n) + I™) until some time k — 1 and then

crossed the upper boundary 5,(:) + gk/nn1/3 of the path at time k& € GG,,. We denote by

7(n) 7(n)
AS’G(fag> = {’LL €T, |u| €Gy: V(“) - b\u| > g\u|/nn1/3vv(uj) - bj

e 1™ j<ul},
the set of such individuals, and by ADC(f, g) = #ADC(f, g).

Lemma 3.3. Under the assumptions (1.4), (3.1), (3.4) and (3.6), if G C {t € [0,1] : K*(b); = 0},

limsup ——= log (ALY (f,9)) < sup

/ [Kt “(fog.0) - ‘Ptgt} -
n—+00 te[0,1]

Remark 3.4. Observe that in order to use this lemma, we need to assume that
{te0,1]: ¢ >0} C G C{tel0,1]: K*(b) =0},

we cannot consider paths of speed profile b such that the associated parameter ¢ increases at a
time when there is an exponentially large number of individuals following the path. For such paths,
the mean of A, grows exponentially fast.

Proof. By (3.1) and Lemma 3.1, we have

BT = 3 B | S 0 0t 5

kEGn | |ul=k

o k—1 ~
= E e—Ek E |:e_‘10k/n5k+zj0 (P(i+1)/n—Pj/n)S; 1

keG, {§k>9k/n"1/3}1{§j61;n),j<k}:| .

For all k € Gy, there exists ¢ € [k/n, (k + 1)/n] such that ¢ € G, thus K*(b); = 0. By (3.5), this
implies that sup, ey req, Fr < 400, hence

F.G — 0k i mnt? Ztl(@(vﬂ)/n*%/n)gj N N
E(4,%(f,9)) < C’kZG e~ Ph/ndk/ E [e j=0 Pl j l{Sk>gk/nn1/3}l{SjEI;n)vj<k} .
eGn
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As (3.6) is verified, similarly to (2.24), for all k < n and x € I,g"), we have

1/37(

(Prt1)/n = Pr/m)T < (Pka1)/n — Ph/n)+Tk/nT Phfn = Pty )+ Frmn 3. (3.8)

In particular, (P(rs1)/n—Pk/n)T < |Phs1)/m = Prsm| ([flle + 119]l50)- Let A > 0 be alarge integer.
For a < A, we set m, = [an/A] and

QayA = inf {gtat S [a;l’ GXQ]} ) Ea,A = inf{(ptat S [%a aTﬂ}}

(a+2)/A
and dos = (Il + l9l) / (balds.

a—1

For k € (mg, ma+1], applying the Markov property at time m,,, we have

)

E | eXsm0 @t /n=0i/m)Ssiq _ 1~ oo (d /) g0
{Sk>gk/nnl/3} {Sjelj(vn),j<k} - p a,A a,A’

where ‘I)((lnz)ﬁl =E ezi:l(wj“)/"_%/")sjl ] We observe that S is a centred random

{sier{™ i<ma}

walk which, by (3.2), verifies (1.15) with variance function o2. Moreover, as

E [emxn,kq SE[eXnr et Xnn] SE | YD eleetmionlen g glocmiorlen
(€LY m
< efit(Prtp)—re(pr) + e“t(@t*#)*'ﬂt(%),

by (1.4), there exists y > 0 such that sup,,ey x<p, E [er!Xnkl] < +00 and (1.16) is verified. For all
a < A, we apply Theorem 2.1, to hy = Yyaq 4, functions f and g and intervals F' and G stopped
log (I)gnzl F,G
at time a/A. We have limsup — == = K_/,(f,9,¢).
n—+o0o0 n /3 a/
We observe that
A-1

BUE ) <05 S (0. 10,) ) 2
a=0

Letting n — +00, we have

i sup 12224/, 9))

F,.G
e S KA 9 9) T e e

By uniform continuity of K, g, ¢, and as limg_, 4o dq,a = 0, letting A — 400, we have

. log & A,};’G ,
lim sup 8 E( 173 (/.9) < sup [HtFVG(faga ®) — QOtgt:| .
n—+o00 n te[0,1]

O

Lemma 3.3 is used to obtain an upper bound for the maximal displacement among individuals
(n)

that stay above by, +n1/3fk/n at any time k € F,,. If the quantity SUP4eo,1] [HtF’G(f, g,9) — @tgt}

is negative, then with high probability, no individual crosses the frontier 5,(:) +n'/3g, /n at time

k € (GU{1}),. In particular, there is at time n no individual above Efln) + g1n'/3. If we choose g
and G in a proper manner, the upper bound obtained here is tight.
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3.2.2 Concentration estimate by a second moment method

We take interest in the number of individuals which stay at any time k < n in l;,(cn) + 1 ,i"). For all

0<z<gs— f1, weset
BEC(f g 0) = {Jul =n: V(w) =B € T, j <n, Vi) =B, = (91— a0},
where fj(-") = I](-") N [-n?/3,n?/3]. We denote by BEC(f,g,x) = #BEC(f, g,x). In order to bound
from above the probability that B,, # (), we compute the mean of B,.
Lemma 3.5. We assume (1.4), (3.1), (3.4) and (3.6). If K*(b); =0 then

. 1 F.G
Jim 2 log B(B,C(f,9,2) = K" (f,9,¢) = ¢1(91 — ).

Proof. Observe that, as K*(b); = 0, by (3.5) |E,| is bounded by a constant uniformly in n € N.
Using the many-to-one lemma, we have

F.G _ _E, —o1 S5 (o )/nﬂ@'/n)g'
E(Bn (fagax)) =€ E |:€ 2171 J+1 ! Jl{@€§")7j<n}1{§n>(91z)n1/3}:|

1/3 n ) 0w, S,
< Ce—sal(gl—w)n/ E [€Zj1(</’<a+1)/n ®j/n)S; 1{561(”) g }] _
Fi j IS

Therefore applying Theorem 2.1, we have

10 EBE"G ,9,T
2 n1/§fg D _ kPG (1,9.0) — or(01 — o).

lim sup
n—-+oo

We compute a lower bound for E(B,,). Applying Lemma 3.1, for any € > 0 we have

E(B,¢(f.9.2))

—E, *¢1§n+211(W(j+1)/n*¢j/n)§j o _
ze B {e ! 15,61 j<n} 1B~ (g1 -y /2€f0,ent/2))

- - Vg " (PG /m—Pi/n)Ss
> p1(g1—z+e)n Z,:l G+1)/ g/m)Siq N
= ce e l{SjGI;n)JSn}1{Sn*(glfz)nl/g'G[O,enl/L‘]} ’

Applying Theorem 2.1 again, we have

logE (B;°(f.9.7))

o .G
Bgl-il-gg nl/3 ZKIF (f,g,(P)_(Pl(gl_-T+€)-
Letting € — 0 concludes the proof. O

To obtain a lower bound for P(B,, # (), we compute an upper bound for the second moment
of B,,. We assume

2
sup E (Z e”‘e> < +00 (3.9)
t€[0,1] leLy

which enables to bound the second moment of B,,.

Lemma 3.6. Under the assumptions (1.4), (3.1), (3.4), (3.6) and (3.9), if G =[0,1], K*(b)1 =0
and for allt € [0,1], K*(b); <0, then

1
limsup —= log E (Bg’c(f, g, x)2)
nlt/3

n—-+o0o

<2 [K[C(f.0.0) —prlgr — o)) = it [HC(f.0.0) = oigr] -
t€[0,1]
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Proof. In order to estimate the second moment of B,, we decompose the pairs of individuals
(u,u’) € T? according to their most recent common ancestor u A u’ as follows:

FG
E[B,“(f.9,7) kZE ||Z Liuenr S (f,9,00} M {weBE e (1,900}
=0 ul=lv|=n

|lunu’|=k

)

=E[B,°(f.9,7) +ZE Z {Viuy)-b5 el i<k} Z A(u1)A(u2)
k=0 |u|=k w1 Fu2€Q(u)

where, for v’ € T, we denote by A(u') =37, 5w l{uer'G(f,g,ac)} the number of descendants of

u’ which are in B,,. We observe that for any two distinct individuals |u1| = |uz| = k, conditionally
to F, the quantities A(uq) and A(uz) are independent.

By the Markov property applied at time k, for all v’ € T with |u'| = k, we have

E[AW)|F] =Erviwy | D

lu|=n—Fk

—n 1 )~
{V) -5 > (g1—a)n2/3} H{V(wy) by P, el j<n—k} Tk

~ n—k—1 ~
—1Sn—k+) . Apn ktiS;i
X Ep v (u) [6 PLEn=kTL =0 Pmk+ioiq

{gﬁ]e}jil’]gn_k} 1{§nk2(g1—m)n1/3}:| ’

using the many-to-one lemma. Therefore,

E[AW)| F] < Coxp (B + oum (V) = B) = e1(g1 — 2)n'/?)

n—k—1 ~
A itkS;
X Ek,V(u’) |:€ j=0 Pn,j+k 71~

{Sjel;i)k,j<nk}] :
Let A > 0 be a large integer, and for a < A, let m, = |[an/A]. We introduce
meg—1

E exp | Y (9G+1)/m = 9i/n)S; Le5,em <ma ) and
=0 ’

(I)start

n—meg—1

end r
P54 *z‘épE ay |€XP Z Apn,ma -+ {s erl), i<n—ma}

By Theorem 2.1, we have

10g (I)start
lim sup

end
log ©3"4
n—-+oo 1/3

= a/A(fag ¢) and limsup

F.G
—+ nli/3 =K1 7(f,9,9) —

K, 5(f.9,9).

Moreover, using the same estimates as in Lemma 3.3, and setting

Ja,a =sup{get € [40, 2]}, Py 4 =sup {pnt € [25, 4FH]}

(a+1)/A

and  dga = |8slds (1 fllo + 1l9ll0)»
(a—1)/A

for all k € [mg, ma+1), applying the Markov property at time mg41, we have

7(n)
B(AW)|F] < CePrrennV T oxp (dy g —orlgn — ) ) 08 4 (3.10)
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We observe that for all u € T with |u| =k and V(u) € j}cn) we have

E § eP 1) /n(V(u1)+V (u2)) Fel < 2P+ /mV (W) R E P (kt1)/nt
uy Fuz€Q(u) eEL(kJrl)/n

< C€2¢k/nV(U)en2/3|<P(k+1>/n—</’k/n| < 062%/71‘/(“)’

(3.11)

using (3.9) and the fact that ¢ is Lipschitz. We now bound, for k € [mg, ma+1)

> 200/ (V) =5") 1

~(n) _3(n)
= {Vv (w5 el i<k}
ul=

_ wk/ngk-i-zltl(w(-+1)/n—90'/n)§f o
=E [e j=0 YU g Jl{SjeI;n)7j§k} , (3.12)

using Lemma 3.1. As sup;co.1) K*(b): < 0 and by (3.5), Ej is bounded from above uniformly in
n € Nand k <n. As G, = {0,...,n}, for all n € N large enough and k € [mg, ms+1), applying
the Markov property at time mgn, it yields

_7(n) — _ star
> eV ey | S exp (BoaTan + daa) ) @355 (3.13)
|u|=k

Finally, combining (3.10) with (3.11) and (3.13), for all n > 1 large enough and k € [mg, mqy1),

E|) 1 [V )BT i) S A(un)A(uz)

|u|=Fk w1 Fus€Q(u)
2
< Cexp {nl/ ( 201(h —x)+ P o, 4Ga,4 T 3da A)} pstart (‘I)Z]:-dLA) ,

thus

hmsupn 1ogZE Z [V~ BT < <k} Z A(ur)A(uz)

n—+00 k=0 lu|=k w1 Fu2 €Q(u)
.G . .G .G —  _
<2(K[(£,9.9) = (91— 2)) — min2K LG (£,9,9) — K§(£,9,9) ~ P a4 — 3dua.
Letting A — 400, and using Lemma 3.5, we obtain

limsup —— /
n—-+oo

log E(By(f,9)*) <2 (Kf’G(f,g,w) — (g1 — w)) — inf | (Hf’G(f,g,sD) - sotgt) -

te(0,1
O

Using the previous two lemmas, we can bound from below the probability that there exists an
individual that follows the path E(n) + 10,
Lemma 3.7. Assuming (1.4), (3.1), (3.4), (3.6) and (3.9), if K*(b)1 = supyc[o,1) K*(b)¢ = 0, then
for any x < g1

hmlnf—/longFG(f,g, D) #£0) 2 inf (K'O(f.9,0) — o) (3.14)

n—+o0o te[0,1]
Proof. We first assume that G = [0,1]. Since B,, € Z, a.s, we have

E(B;(f.g,7))?

Fa _ F.G
PB(fg:2) #0) = PBL(9,9) > 0) 2 L ok - s

)
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using the Cauchy-Schwarz inequality. As a consequence,

FG

> 2liminf — / log E(BEC(f, 9,2 ))—Hmsgg 1/3 logE(BFG(f,g, x) )

n—+oo N n—+

> inf (HPC - .
—te”[%,u( : o (f,9,0) (Ptgt)

We then extend this estimate for G a Riemann-integrable subset of [0, 1], that we can, without
loss of generality, choose closed —as the Lebesgue measure of the boundary of a Riemann-integrable
set is null. According to (3.6), {¢ > 0} C G. We set, for H >0

gt' = max {ge, —|lgll . + Hd(t,G)}.

Observe that ¢ is an increasing sequence of functions, that are equal to ¢ on G and increase to
+oo on G¢. Foralln € N, z € [f1,¢1] and H > 0, we have Bg’[o’l](f,gH,z) C BEC(f,g,2). As a
consequence,

lim inf — log P(BEY(f,g,2) # 0) > lim liminf —7

n—+oo n / H—+40co n—+4+oco n /

log P(BEOU(f, g™ 2) # 0)

S i (HF,[O,l] g o) — H)_
> i nf (H (f,97,0) — w19

By Lemma 2.4, we have W(h) ~h— 400 5057, Thus, using (3.6), this yields

hmmfmlogP(BFG(f,g, D) #£0) = inf (H(f.9,0) - o) -

n—-+oo te0,1]

Remark 3.8. Observe that the inequality in Lemma 3.7 is sharp when

teh[%fu (HtF’G(f,g, ©) — wtgt) = K{%(f,9,9¢) — v191.

4 Identification of the optimal path

We denote by R = {be D :Vt e |[0,1], K*(b); <0}. In this section, we take interest in functions

a € R that verify
1 1
/ asds = sup {/ bsds, b € 'R} , (4.1)
0 0

i.e. which are solution of (1.6). This equation is an optimisation problem under constraints.
Information on its solution can be obtained using a theorem of existence of Lagrange multipliers
in Banach spaces.

Let E, F be two Banach spaces, a function f : F — F' is said to be differentiable at u € E if
there exists a linear continuous mapping D, f : E — F called its Fréchet derivative at u, verifying

flu+h) = f(u)+ Duf(h)+o(|r]), |h]l—0, heE.
A set R is a closed convex cone of I if it is a closed subset of F' such that
Va,y € R,V 1 € [0,4+00)% Az + py € K.

Finally, we set F'™* the set of linear continuous mappings from F' to R. We now introduce a result
on the existence of Lagrange multipliers in Banach spaces obtained in [29], Theorem 4.5.
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Theorem 4.1 (Kurcyusz [29]). Let E, F be two Banach spaces, J : E - R, g: E — F and R be
a closed convex cone of F. If u verifies

J(@) =max{J(u),u € E:g(u) € R} and g(u) € R,

and if J and g are both differentiable at u, and D~g is a bijection, then there exists A € F* such
that

Vh € E, D~J(h) = A\* [Dag(h)] (4.2)
Vh e RN (h) <0 .
A*(g(@)) =0. (4.4)

We first introduce the natural speed path of the branching random walk, which is the path
driven by (v, t € [0, 1]).

Lemma 4.2. Under the assumptions (1.2) and (1_.4), there exists a unique v € R such that for all
t €10,1], &f(vt) = 0. Moreover, for allt € [0,1], 0; := Dy (v:) > 0, and v and 6 are Cy function.

Proof. For any t € [0,1] we have inf,ecr k7 (a) = —kt(0) < 0, as s} is the Fenchel-Legendre
transform of x;. Moreover, a — £} (a) is convex, continuous on the interior of its definition set and
increasing. By (1.4), we have k*(a) — +oo when a increases to sup{b € R : x}(b) < +o0}. As
a consequence, by continuity, there exists x € R such that x;(z) = 0. As inf,er s (a) <0, K} is
strictly increasing at point . Therefore the point v; = z is uniquely determined, and 6; = 9,k (z)
at point x is positive. Finally, v € C; by the implicit function theorem; thus so is §, by composition
with 0,k*. O

We now observe that if a is a solution of (1.6), then a is a regular point of R —i.e. we can apply
Theorem 4.1.

Lemma 4.3. Under the assumptions (1.2) and (1.4), if a is a solution of (1.6), then for all
t €10,1], Oar}(atr) > 0.

Proof. Let a € R be a solution of (1.6). For ¢t € [0,1], we set 0y = 0,7 (ar). We observe that
f € D is non-negative.

We first assume that for all ¢ € [0,1], §; = 0, in which case kj(at) is the minimal value of
k. By (1.2), we have infic( 1) £¢(0) > 0, thus sup,c(o 1) infeer #7(a) < 0. As a consequence, by
continuity, there exists x € D such that for all ¢ € [0,1], £} (a: + 2¢) < 0. We have a + 2 € R and
fol as + xeds > fol asds, which contradicts a is a solution of (1.6).

We now assume that 6 is non-identically null, but there exists ¢ € [0, 1] such that 6; = 0. We
start with the case 0 > € > 0. As 6 € D, there exists t > 0 and § > 0 such that inf,c[g 505 > €
and SUD et 444) s < €/3. For x > 0, we set a® = a—x1jg s + 221} 445 We observe that uniformly
for s € [0,1], as ¢ — 0

K*(a")s < K*(a)s — xes A6 + 2xe(s — t) 4 NS + O(a?).

Thus there exists > 0 small enough such that * € R and [a” > [ a, which contradicts again
the fact that a is a solution of (1.6).

Finally, we assume that 8y = 0. In this case, there exists 6 > 0 such that K*(a); < —dt for
all t < 0. Therefore, there exists ¢ > 0 such that for all 0 < s < ¢, K*(a)s < 0, and 6; > 0. For
all 6; > € > 0, there exists ¢’ > 0 such that for all for all s < §’, we have 65 < ¢/3 and for all
s € [t,t + 0], s > 2¢. Therefore, setting a® = a + 2wl 5) — 21 444), as © — 0, uniformly in
s € ]0,1], we have

K*(a®) < K*(a)s + %xe(s ANS') —xe((s — 1)1 AJ) + O(z?),

so for x > 0 small enough we have a®* € R. Moreover fol a® > fol a which, once again, contradicts
the fact that a is a solution of (1.6). O

Applying Theorem 4.1, and using the previous lemma, we prove Proposition 1.1.
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Proof of Proposition 1.1. We first consider a function a € R that verifies

1 1
/ asds = sup {/ bsds, b € 'R} ,
0 0

i.e. such that a is a solution of (1.6). We set 0; = 9,k (a:), and observe that 6 € D.
We introduce J : a — fol asds and g : a — (k¥(as), s € [0,1]). These functions are differentiable
at a, and for h € D, we have D,J(h) = fol hsds and Dyg(h): = 0:h:. We denote by

t
R:{heD:Vte[O,l],/ hsdsgo},
0

which is a closed convex cone of D. Using Lemma 4.3, we have 6, > 0 for all ¢ € [0, 1], thus D,g
is a bijection.

By Theorem 4.1, there exists A* € D* —which is a measure by the Riesz representation theorem—
such that

1 1
VhGD,/ hsds:/ Dgg(h)sA*(ds) (4.5)
0 0
1
Vh e R,/ hs\*(ds) <0 (4.6)
0

/0 gla)s\*(ds) = 0. (4.7)

We observe easily that (4.5) implies that /\* admits a Radon-Nikodym derivative with respect

to the Lebesgue measure, and that A (js) 9 . As a consequence, we can rewrite (4.6) as

1
VhER,/ hs <o,
o s

We set f; = fg %, for all s,t € [0,1], and p € (0,1), by (4.6), we have

1
du
Mft + (1 - :U’)fs - f,utJr(lf,u)s = /0 (Nl{u<t} + (1 - M)l{u<s} - ]—{u<,ut+(1f,u)s}) 9_ <0.

u

As a consequence, f is concave. In particular, its right derivative function % is non-increasing.
Consequently 6 is non-decreasing.
The last equation (4.7) gives

1 1 1
1
0= / 1 (as) A (ds) = / k()0 ds = K*(a)1— —/ K*(a)do=",
0 0 01 Jo
by Stieltjés integration by part. But for all ¢ € [0,1], K*(a); < 0, and 3 is non-increasing. This
yields
K*(a); =0 and / K*(a),do;" = 0.

In particular, as a € R, 0 increases on {t € [0,1] : K*(a); = 0}.
Conversely, we consider a function a € R such that the function 0 : t — 0.k} (a¢) is non-

decreasing, K*(a); = 0 and fol K*(a)sdf;! = 0. Our aim is to prove that fol asds = v*, by
observing that fol asds > fol bsds for all b € R. By convexity of k}, we have, for all ¢ € [0, 1]

ry (be) = Ky (ar) + 0:(be — ar),

and integrating with respect to ¢, we obtain

1 1 .« %
/at,btdtz/ wilar) — w7 (be) o
0 0 0

< K*(a)) — K*(b)1 / (I (a)y — K (b)) db;
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by Stieltljes integration by parts. Using the specific properties of a, we get

1 1
/ a; — bydt < —K*(b), +/ K*(b).do; .
0 0

As K*(b) is non-positive, and §~! is non-increasing, we conclude that the left-hand side is non-
positive, which leads to fol asds > fol bsds. Optimizing this inequality over b € R proves that a is
a solution of (1.6).

We now prove that if a is a solution of (1.6), then a is continuous, by proving that this function
has no jump. In order to do so, we assume that there exists t € (0,1) such that a; # a;—, i.e. such
that a jumps at time ¢. Then, 0; # 0;_ by continuity of 9,x* on D*. As fol K*(a)sdf;' = 0 and
df~! has an atom at point ¢, thus K*(a); =

Therefore, if a jumps at time ¢, then the continuous function s — K*(a)s with right and left
derivatives at each point, bounded from above by 0, hits a local maximum at time ¢. Its left
derivative k;(a;—) is then non-negative and its right derivative x;(a;) non-positive. As k*¢ is a
non-decreasing function, we obtain a;— > a;.

Moreover, by convexity of k},  +— 0,k; () is also non-decreasing, and as a consequence
0;— > 0;, which is a contradiction with the hypothesis 6;_ # 6; and § non-decreasing. We conclude
that a (and ) is continuous as a cadlag function with no jump.

We now assume there exists another solution b € R to (1.6). Using the previous computations,
we have fol K*(b)sdf71 =0, and b is continuous. As a consequence, denoting by T the support of
d9=1, for all t € T, K*(b); = 0. Moreover, K*(b) is a C! function, with a local maximum at time
t, thus k5 (b:) = 0, or in other words, by = v, by Lemma 4.3.

Consequently, if we write ¢ = Juk; (bt), we know from previous results that ¢ is continuous
and increasing. Furthermore, ¢ increases only on T, and ¢; = Jur}(v:) = 0. For all t € [0, 1], we
set oy =sup{s <t:se€T}and 1 =inf{s >¢:s€ T} If o and 7 are finite then

gdt = Po, = Pt = Pry :aTt'

As a is also a solution of (1.6), we have 0,, = 0; = 0,,, therefore § = ¢. As a consequence, we
have

at = Ogrit(0r) = Opki(pr) = by,

which proves the uniqueness of the solution.

We now prove that a and 6 are Lipschitz functions. For all ¢t € [0, 1], fot ki(as)ds < 0, and
fot r¥(as)d9; " = 0. In particular, this means that s} (a;) vanishes df; ' almost everywhere, thus
0; = 0y do; 1 almost everywhere. By continuity of 6 and 6, these functions are identical on 7T'. In
addition, for all s < ¢ such that (s,t) C [0,1]\T, we have fst df,;' = 0, hence 0; = 0, which proves
that 6 is constant on [0, 1]\T. As a result, for all s < ¢ € [0,1], we have 6, = 0, if (s,t) C [0, 1]\T,
otherwise

fs= inf 6, and 6,= inf 0,
u>s,u€T u<t,ueT
In consequence |0; — 05| < sup,. /e[ 4 |0, —0,/]. As @ is C' on [0,1], § and 0 are Lipschitz functions.
As a; = Ogki(0;), the function a is also Lipschitz.
Finally, we prove the existence of a solution to (1.6). To do so, we reformulate this optimization
problem in terms of an optimization problem for #. The aim is to find a positive function 6 € C
such that

1 1
/ Opkt(0;)dt = max {/ Opki(pr)dt - o € C,Vt € [0,1], E(¢) < —l—oo} ) (4.8)
0 0

where E(¢): = f(f 0sOpkt(pr) — Ke(pr). By Theorem 4.1, if 0 exists, then it is a non-decreasing
function. Moreover F(#); = 0 and for any ¢ € [0, 1], fot E(0),do;t = 0.

Using these three properties, we have # = 6 on the support of the measure df~—'. Moreover, as
Ey(0) = E1(0) = 0 and E, is non-positive, we observe that E;(6) is locally non-increasing in the
neighbourhood of 0 and locally non-decreasing in the neighbourhood of 1, in particular

9069/%0(90) — Iio(eo) S 0 and 9169!%1(91) — m(Gl) Z 0.
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As for all t € [0, 1], the function ¢ — pdgky (@) — ki(¢) is increasing, we conclude that 6y < 6y and
6; > 01. As a consequence, T = {t € [0,1] : §; = 6;} is non-empty, and, setting o; = sup{s <t :
s€T}and 7y = inf{s > t:s € T} we have 0; = 0,, if 0, > —oco and 0; = 0,, if 7, < +o0.

We write

t
0= {9 € C : 0 non-decreasing, 6y > 0,Vt € [0, 1],/ Ey(0)do7! =0 and F; () < 0} .
0

This set is uniformly equicontinuous and bounded, thus by Arzela-Ascoli theorem, it is compact.
It is non-empty as for all ¢ > 0 small enough, the function ¢ — € belongs to ©. We write 6 a
maximizer of fol Ogks(0s)ds on O©.

By continuity, if F(f); < 0, then we can increase a little § in the neighbourhood of 1, thus 6
is non-optimal. As a result, 6 is non-decreasing, verifies E(f); = 0 and [ E(6),df;* = 0, which
proves that a = dpk(0) is a solution of (1.6). O

The previous proof gives some characteristics of the unique solution a of (1.6). In particular,
if we set 0; = 0,7 (at), we know that 6 is positive, non-decreasing, and that on the support of
the measure df~', # and 6 are identical. Consequently, the optimal speed path of the branching
random walk verifies the following property: while in the bulk of the branching random walk, it
follows an equipotential line, and when close to the boundary it follows the natural speed path.

In certain specific cases, (1.6) can be explicitly solved. For example, when 6 increases —which
corresponds to the “decreasing variance” case in Gaussian settings— we have a = v.

Lemma 4.4. We assume (1.2) and (1.4).
Non-decreasing case If § is non-decreasing, then a = v (and 0= 0).
Non-increasing case Iff is non-increasing, then there exists 6 € [0, 4-00) such that a; = dprs(6).

Mixed case If § is non-increasing on [0,1/2] and increasing on [1/2,1], then there exists t €
[1/2,1] such that _
Vs € [0,1], 045 (as) = Osve-

Proof. We first assume that 5 is a non-decreasing function. As K*(v); = 0 for all ¢ € [0, 1], we
have K*(v); = fo K*(v)¢df, " = 0 which, by Proposition 1.1 implies that v is the solution of (1.6).

We now denote by a the solution of (1.6), and by 0; = 9,x;(as). Let T' be the support of the
measure of df; !, we know by Proposition 1.1 that @ is non-decreasing and equal to 6; when it is
increasing. In particular, we have

1 1 1 ¢ 1 ¢ B
— o7 = — 1 do;t = 1 dO
0, 90 / = % + / {seT} 90 /0 {seT}al

As a consequence, if @ is non-increasing on [0,t], then fou l{seT}da;l > 0 for all u < t. As
6~! is non-increasing, we conclude that fou 1{S€T}d§;1 = 0, and 6, = 6y. In particular, in the
non-increasing case, we conclude that 6 is a constant.

In the mixed case, we have just shown that 6 is constant up to time 1/2. We set u = inf{t >
1/2:6; = 6y}. Since @ = 0 on T, we know that 7'M [1/2,u) = (). Hence 6 is constant up to point
u. For t > u, as 0 increases, we have

11 11 7!
—=— 4 1y MS=7+/1S by ==,
0, " % /O {seT} 7. ; {s€T} 0

which yields 6; > 6;. We now observe that K*(a); = 0, thus K*(a) attains a local maximum at
time 1, and its left derivative x¥(a;) is non-negative. This implies that §; > ;. If there exists
s > u such that 0, < 0, then TN[s,1] = 0, and 0; = 0, < 0, < 0, which contradicts the previous
statement. In consequence, for t > u, we have 6, = 6;, which ends the proof of the mixed case. [
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5 Maximal and consistent maximal displacements

We apply the estimates obtained in the previous section to compute the asymptotic of some
quantities of interest for the BRWtie. In Section 5.1, we take interest in the maximal displacement
in a BRWtie with selection. In Section 5.2, we obtain a formula for the consistent maximal
displacement with respect to a given path. If we apply these estimates in a particular case, we
prove Theorems 1.3 and 1.4.

5.1 Maximal displacement in a branching random walk with selection

We first define the mazimal displacement in a branching random walk with selection, which is
the position of the rightmost individual among those alive at generation n that stayed above a
prescribed curve. We consider a positive function ¢ that satisfies (3.1) and (3.4). We introduce
functions b and o according to (3.2). Let f be a continuous function on [0, 1] with f(0) < 0, and
F be a Riemann-integrable subset of [0, 1]. The set of individuals we consider is

We(f. F) = {|u| =n:Yje F,V(u)> z‘,§"> + fj/nn1/3}_

This set is the tree of the BRWtie with selection (W (f, F'), Vjywe (s,r)), in which every individual

u alive at time k € F,, with position below B,(Cn) + fr /nnl/ 3 is immediately killed, as well as all its

descendants. Its maximal displacement at time n is denoted by
ME(f, F) = max{V(u),u € W?(f,F)}.
To apply the results of the previous section, we assume here that b satisfies

sup K*(b)y =0= K*(b)1; (5.1)
te0,1]

in other words, there exists individuals that follow the path with speed profile b with positive
probability, and at time 1, there are (™) of those individuals. We set G the set of zeros of K *(b),
and we assume that

G={te€l0,1]: K*(b); = 0} is Riemann-integrable. (5.2)
For A € R, we set g* € C([0,t,)) the function solution of

vt € [0,62), 00 — H O (f, 97, 9) = o (5.3)

To study MZ(f, F), we first prove the existence of a unique maximal ¢ € (0, 1], and a function g*
solution of (5.3). We recall the following theorem of Carathéodory, that can be found in [17].

Theorem 5.1 (Existence and uniqueness of solutions of Carathéodory’s ordinary differential equa-
tion). Let0 <t; <to <1,x1 <2, M >0 and [ : [t1,t2] x[x1, 2] = [-M, M] a bounded function.
Let ty € [t1,t2] and xg € [x1,x2], we consider the differential equation consisting in finding t > 0
and a continuous function 7y : [to,to + t] = R such that

s € ltosto + 8, 9(s) =70+ [ " sy () (5.4)

If for all x € [x1,22], t — f(t,x) is measurable and for allt € [t1,t2], x — f(t,x) is continuous,
then for all (to, o) there exists t > min(ty — to, 25772, Po57%) and v that satisfy (5.4).
If additionally, there exists L > 0 such that for all x,y € [x1,22] and t € [t1,ta], |f(t,x) —

f(t,y)| < Llz —y|, then for every pair of solutions (t,~) and (t,7) of (5.4), we have

Vs < min(t, t),v(s) = F(s).
Consequently, there exists a unique solution defined on a mazimal interval [to, to + tmax)-

We use this theorem to prove there exists a unique solution g to (5.3).
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Lemma 5.2. Let f be a continuous function, ¢ that verifies (3.4), and F, G two Riemann-integrable
subsets of [0,1]. For all A > fo, there exists a unique ty € [0,1] and a unique continuous function
defined on [0,t)] such that for all t < ty, we have

gt > fi and g = o+ KFC(f, g7, ).

Moreover, there exists Ao such that for all X > A, tx = 1 and X\ — g* is continuous with respect
to the uniform norm and strictly increasing.

Proof. Let f be a continuous function, and F' be a Riemann-integrable subset of [0, 1], we set
D ={(t,z) € [0,1] x R:if t € F, then x > p; f;},

and, for (¢,z) € D,

. 2 3
¥t Oy (F—fo)° .
P(t,x) = —=x+1 1) \II(“”'2 )
( ) ot FF‘IG( )(E — ft)Q o2 Pt
ap . . z ai .
+ 1chG(t>—21/3 (gOto't)Q/g + ].Fch (sﬁt(ft - E) + 21/3 (790t0—t>2/3) .

For all A > fj, we introduce
M= {(t,h),t €[0,1],h € C([0,t]) : Vs < t, hs = <p0/\+/ @(u,hu)du} ,
0

the set of functions such that g = % is a solution of (5.3).

We observe that for all [t1,t2] X [21,22] C D, @4, t5]x[21,20] 5 Measurable with respect to ¢,
and uniformly Lipschitz with respect to . As a consequence, by Theorem 5.1, for all (¢g,z¢) € D,
there exists ¢ > 0 such that there exists a unique function h € C([0,¢]) satisfying

Vs <t,hs = xg Jr/ D (u, hy,)du. (5.5)

to

Using this result, we first prove that I'* is a set of consistent functions. Indeed, let (t;,h')
and (t2, h?) be two elements of T'*, and let 7 = inf{s < min(¢;,t2) : b} # h2}. We observe that
if 7 < min(ty,t2), then by continuity of h' and h?, we have hl = h2. Furthermore, s — hl,,
and s — h2 are two different functions satisfying (5.5) with to = 7 and z9 = ht = h2, which
contradicts the uniqueness of the solution. We conclude that 7 > min(¢1, t2), every pair of functions
in T are consistent up to the first terminal point.

We now define ¢, = max {t € [0,1] : (t,h) € T*}. We observe easily that t5 € (0,1] by noting
the existence of a local solution starting at time 0 and position pgA. For s < ty, we write h} = hs,
where (s,h,) € T*. By definition, for any s < tx, h) = @) + fos ®(u, h))du. By local uniqueness
of the solution, if there exists ¢ € (0,1) such that k) = A}, then for all s < t, h} = k), and in
particular A = \'. We deduce that for all A < X, if s < min(y,#}) then h) < b

Moreover, as there exist C; and Cy > 0 such that for all ¢ € [0,1] and z > C, ®(t,z) < Co, we
have limsup,_,,, hy < +oo. Hence, if A < X and ty > t}, if zg € [liminf,¢, b}, limsup, ,,, h'],
then as xo > hg, , we can extend " on [ty, tx 4 0], which contradicts the fact that ¢y is maximal.
We conclude that ¢ty > t).

If ' > A > )., the functions h* and h* are defined on [0,1]. Moreover, the set

B = L) € [0,1] < Rz o € [, 01}

is a compact subset of D, that can be paved by a finite number of rectangles in D. As a consequence,
there exists L > 0 such that

Vt € [0,1),Va, o' : (t,z) € HM | (t,2') € HM,|®(t,x) — ®(t,2')| < Llw — /).
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As for all p e [\, X], (t,ht") € HMY, we observe that

W —h| <

t
/ (s, hi2) = (s, 12| ds
0
t
S
0

Applying the Gronwall inequality, for all u, ' € [A, '], we have

htt — hﬂ’as‘ ds.

= w || <l e
oo

which proves that A — A” is continuous with respect to the uniform norm.
Finally, there exist Cyp and C7 > 0 such that for all ¢ € [0, 1] and z > Cj, we have ®(¢t,z) > —C.
Therefore, for all A > Cy + C1 + |l¢f]l., for all t € [0,1], h} > [¢f]l.., and tx = 1. We set

A = inf{\ € R: ¢\ = 1}, and we conclude the proof by observing that ¢* = Z—i is the solution of
(5.3). O

Lemma 5.3. Assuming (1.4), (3.1), (3.4), (3.6), (3.9) and (5.1), for any A > max(0, \;), we have

lim / log P (M“’(f, F) > E,(:) +gf‘n1/3) = —oA.

n—+oco n

Proof. To obtain an upper bound, we recall that 1 € G, as K*(b); = 0 by (5.1). Let A > max(0, \.),
we set g = ¢g* the unique solution of (5.3). We observe that

P (M(f,F) 2B, + gint/?) <P (AFC(f,9) #1) < B (AFC(1,9))

Therefore, by Lemma 3.3, we have

hmsup logP( P(f, F) > 1_7 ") g)‘nl/g) < sup KtF"G(f,g,cp) — gt = —PoA.
n——+oo te[0,1]

When X > \, we have g > g1, and

—(77, ’ ’
P (M2(f,F) 25, + gin'/?) 2 P (BEC(f. 0", g) — 1) #0).

Consequently, using Lemma 3.7, we have

lim nf ——= / log P (M (f,F) 25, + g}n'/*) > sup K[C(f,9.¢) = wug0 = —poX'.
n—+oo 1 te[0,1]

As )\ decreases to A\, we have lim / log P ( P(f, F) > )
con

n—+

+ginl/?) = A, O

The previous lemma gives an estimate of the right tail of M#(f, F') for all f € C and Riemann-
integrable set F' C [0,1]. Note that to obtain this estimate, we do not need the assumption (1.2)
of supercritical reproduction, however (5.1) implies that

inf lim 1nf —logE [#{u e TM |u| = [t J}} >0,

te[0,1] n—+oo N
which is a weaker supercriticality condition. Assuming (1.2), we can strengthen Lemma 5.3 to
prove a concentration estimate for M?(f, F') around l_yfl") + ¢%n1/3,
Lemma 5.4 (Concentration inequality). Under the assumptions (1.2), (1.4), (3.1), (3.4), (3.6),
(3.9) and (5.1), if A\c > 0, then for all € > 0, we have

limsup —= /
n—-+oo

1ogP(}M¢ FF) =B = g 1/3} >en1/3) <0.

34



Proof. We set g = ¢g° the solution of (5.3) for A = 0. We observe that for all ¢ > 0 and t € [0, 1],
we have HtF’G(f,g +e,0) — (gt + €) < 0. Consequently, for any € > 0, we have

lim sup —= / logP( 2(f, F) > B )Jr (9 +e)n1/3) < limsup —= /3 logP(AFGU{l}(f g+e)# (7])

n——+0o0o n—+oo N
< sup HUO(f.g+e.0) — pi(ge +€) <0,
t€[0,1]
by Lemma 3.3.

To obtain a lower bound, we need to strengthen the tail estimate of M?(f, F). Using (1.2), the
size of the population in the branching random walk increases at exponential rate. We set p € R
and p > 0 such that p = inf,coP(#{¢ € Ly : £ > p} > 2). We can assume, without loss of
generality, that p < by. We couple the BRWtie with a Galton-Watson process (Z,,,n > 0) with
Zy = 1, and reproduction law defined by P(Z; =2) =1 —P(Z; = 1) = p; in a way that

Vn e N,Vk < n,#{u e TM : ju| = k,V(u) > kp} > Zy.

There exists a > 0 such that limsup,,_,, ., = logP (Z, <€) < 0, by standard Galton-Watson
theory (see, e.g. [18]). Consequently, with high probability, there are at least e** individuals to
the right of pk at any time k < n.

Let e >0 and n > 0, we set k = Lnn1/3J. Applying the Markov property at time k, we have

ak

P (Mn <m, — enl/?’) <P (Zk < eak) + [1 —Prip (Mn,k > my, — en1/3))]e

As a consequence

limsup —= 1ogP(M <my 6n1/3)
n /3

n—-+oo

n—+00 / n—+oo n

ak
= max {thup log P (Z), < e**), ~liminf —— - — 73 Pk (Mn—k > my — enl/g)} .
We now prove that

limnf ™ Py (Mg 28, + (91— Jn'/* — kp) > 0. (5.6)

n—-+o0o

Let 6 > 0, we choose n = bo;—p + 4§, we have

7(n) 1/3
gglggnl/3logpko( k> b (m—e)n/ ~ kp)

) 7(n)

= liminf ——log Py (Mn k> b(n - bk

n—s+oo n1/3 +91+ 5”1/3) < —poAs,

by applying Lemma 5.3, where \s is the solution of the equation gf‘s = . Here, we implicitly used
the fact that the estimate obtained in Lemma 5.3 is true uniformly in k € [0,7n'/3]. This is due
to the fact that this is also true for Theorem 2.1. Finally, letting § — 0, we have As — 0, hence

ak
lim inf P ip (Mn,k >m, — €n1/3) = 400,
n—+oo n 1/3 ’
which concludes the proof. O

Proof of Theorem 1.3

We denote by a the solution of (1.6) and by 6 the function defined by 0; = Jur;(a:). We assume

that (1.4) is verified, i.e. 6 is absolutely continuous with a Riemann-integrable derivative h. For

all n € N and k < n, we set El(cn) = Z?Zl aj/n- We recall that [* = 57} 01 M

the largest zero of the Airy function of first kind.

ds, where a; is

35



Proof of Theorem 1.8. We observe that with the previous notation, we have M,, = M?(—1* —1,0).
By Proposition 1.1, a satisfies (5.1), 8 is non-decreasing and increases only on G. As a consequence,
(3.6) is verified, and (5.4) can be written, for A € R,

t
Vvt €[0,1],0:9) = 6o\ +/0 0592 + 21?(9 o4)2/3ds. (5.7)

By integration by parts, g} = )\—l—fo 5173 ( 9 s05)?/3ds. In particular, g7 = A+1*. As a consequence,
applying Lemma 5.3 to A = [, we have

lim log P(M,, >a™ + (I* + 1)n'/?) = —f,l.

n—-+oo n1/3 n

Similarly, using Lemma 5.4, for any € > 0,

log P (’M O l*n1/3’ > en1/3) <0.

lim sup —~
n—+o00 7’Ll/3

n 1
As a is Lipschitz, we have 651") = Z Aj/n = n/ asds + O(1), concluding the proof. O
j=1 0
Mixing Lemma 4.4 and Theorem 1.3, we obtain explicit asymptotic for the maximal displace-
ment, in some particular cases. If 6 is non-decreasing, then 6§ = 6. As a result, setting

Z* o 1 (5805)2/3d

B 21/3 0 gs

S,

we have M, = n fol veds + 1 n'/3 + o(n'/3) in probability.

Remark 5.5. Let o € C? be a positive decreasing function. For ¢ € [0,1], we define the point
process Ly = ({7, (7) with £}, ¢? two i.i.d. centred Gaussian random variables with variance o;. We

consider the BRWtie with environment (L;,t € [0,1]). We have 6; = —Viljgz, which is increasing.

Consequently, by Theorem 1.3 and Lemma 4.4

1
= = . 1\2/3 _1/3
M, = n+/2log?2 /USdS+n21/3(210g2)1/6/( o) o, ds,

which is consistent with the results obtained in [31] and [34].

If 6 is non-increasing, then  is constant. Applying Theorem 1.3, we have M,, = nv* 4 o(n'/?).

5.2 Consistent maximal displacement with respect to a given path

Let ¢ be a continuous positive function, we write by = 9gri(¢r), and we assume that b satisfies
(5.1). We take interest in the consistent maximal displacement with respect to the path with speed

profile b, defined by

AY = min max (b§C - V(uk)) . (5.8)

" lu|=n k<n
In other words, this is the smallest number such that, killing every individual at generation k£ and

in a position below 5,(:) — A¥, an individual remains alive until time n.

We set, for u € T, A®(u) = maxj<|y| (55:) - V(uk)) the maximal delay of individual u. In
particular, with the definition of Section 3, for any u > 0, we have

M#(—pu,[0,1]) = max {V(u), lu| =n, A (u) < un1/3} ) (5.9)

in particular M#(—u,[0,1]) > —c0 <= A¥ < un'/3.
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For A\, 1 > 0, we denote by g™* the solution of

2

t o 3
- /\+/ 5305 4+ Ly () — E \IJ(@SW ) ds. 5.10
P9t = ©o | Ps9s T Luc =0 2 el (5.10)

Using the structure of this differential equation, for any A, p > 0, we have gM* = g 0 — .
Indeed, let A\ > 0 and p > 0, and let ¢ = ¢g***° — ;1. By definition, the differential equation
satisfied by g + p is

2

t
_ ; g5 (gsﬂt)
et(ge + 1) = po(A +p) + /0 ¢s(9s + 1) + 1{r (). =0} oot M)Q‘I’ ( %) ds

2

t
g
_ /\+/ 5ss 4+ 1isce - s \p((ger#) S)d ,
PYtgt Yo 0 4 {K*(b)s=0} (95+M)2 SD

and by uniqueness of the solution of the equation, we have g = g**.

For A > 0, we set g* = g*°. We observe that if {¢; > 0} C {K*(b); = 0}, then, for any A >0,

g" is a decreasing function. As X\ — ¢* is strictly increasing and continuous, there exists a unique

non-negative \* that verifies
g =0. (5.11)

Alternatively, A* can be defined as g1 /¢, where g is the unique solution of the differential equation
2 -3

1
~ ; o2 ,
vt € [0,1), ptg: = —/ Psfs T 1{K*(b)5:0}?‘1’ (%sﬁs) ds.
t s °

Lemma 5.6 (Asymptotic of the consistent maximal displacement). Under the assumptions (1.4),
(3.1), (3.4), (3.6), (3.9) and (5.1), for any A < X\*, we have

1
lim 73 log P (A‘P < (A7 )\)nl/g) = —poA.

n—4oco n

Moreover, for any e > 0,

lim sup
n—-+o0o

@ \%,1/3 1/3
/logP(’A An ’>en )<0

Proof. Let A € (0,\*), we set g = gt)‘*. Note first that A < An'/3 if and only if there exists an
individual u alive at generation n such that A%(u) < An'/3. To bound this quantity from above,

we observe that such an individual either crosses b( ™) +nl/ 3(g. /n — A+ ¢€) at some time before n,
or stays below this boundary until time n. Consequently, for any ¢ > 0, we have

P (B,[?J]’G(f/\, g—Ate f/\)
<P (A5 <) <P (AIC(X g = A+ ) £0) + P (BIUC(=X g A+e,-2).
Using Lemma 3.3, Lemma 3.5 and Lemma 3.7, and letting ¢ — 0, we conclude

lim ——logP (A‘/’ < )\nl/?’) = —po(A* = N).

n—+oco n /
Finally, to bound P(A? > (A\* 4 ¢)n'/?) we apply (5.9), and we get

P(A7 = (X" +e)n'/?) = P(My(-A" = €,[0,1]) = —o0).

By Lemma 5.4, we conclude that limsup ——= log P(A? > (A" + €)n'/3) < 0. O

n——+oo /
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Proof of Theorem 1.4
We now prove Theorem 1.4, applying Lemma 5.6 to A,, = A%,

Proof of Theorem 1.4. We denote by G = {t € [0,1] : K*(a); = 0}. For X\ > 0, we write g* for the
solution of

t 2 -
0,91 = O\ + / fsgs + 1G(s)‘;—;\p (5—9) ds, (5.12)
0 s °

and A\* for the unique non-negative real number that verifies gi\* = 0. By Proposition 1.1,
a satisfies (5.1) and {6; > 0} C {K*(b): = 0}. Applying Lemma 5.6, for any A € (0,\*),
we have lim,,_, oo nl—l/glogP [AZ < (W — )\)nl/ﬂ = —fOy\. Moreover, for any € > 0, we have
lmsup,,, | o, =5 log P [|[A% — X*n!'/3| > en!/3] < 0. O

In a similar way, we can compute the consistent maximal displacement with respect to the path
with speed profile v, which is A%. We denote by g* the solution of the equation

t. 2 5
— — - oy 25
019t = oA +/ 0s9s + ¥ (;%95) ds,
0 9s :
and by " the solution of glx* = 0. By Lemma 5.6, for all 0 <[ < X,

. 1 .
e (3= 00 ) = -

and for all € > 0, we have

) 1
lim sup

— logP HAE —X*n1/3‘ > enl/?’} <0.
n——+oo N

Consistent maximal displacement of the time-homogeneous branching random walk

We consider (T, V) a time-homogeneous branching random walk, with reproduction law £. We
denote by x the Laplace transform of £. The optimal speed profile is a constant v = infy~q ”TB),

and we set 0* = £’(6*) and 02 = " (0*). The equation (5.12) can be written in the simpler form

0_2

t
9*9/\:9*>\+/ ———W(0)ds.
t o (92)°

1/3
20~ :
For A, = min,|—, maxg<, (kv — V(ux)), applying Theorem 1.4, and the Borel-Cantelli lemma,

we obtain
A, 3202 1/3
n P 0173 = < 20+ )

This result is similar to the one obtained in [13] and [16].
More generally, if (T, V) is a BRWtie such that # is non-increasing, then 6 is a constant, and
for all € > 0,

As ¥(0) = —%2, the solution of this differential equation is g} = ()\3 — tﬁ)

3n2e? ! Y3 1/3
An - (T/O l{K*(a)S—O}dS) n /

A Airy facts and Brownian motion estimates

) 1
17112 il;i) Ve logP

> en1/3‘| .

In Section A.1, using some Airy functions —introduced in Section 1.5— facts, the Feynman-Kac
formula and PDE analysis, we compute the asymptotic of the Laplace transform of the area under
a Brownian motion constrained to stay positive, proving Lemma 2.3. Adding some Sturm-Liouville
theory, we obtain by similar arguments Lemma 2.4 in Section A.2. In all this section, B stands for
a standard Brownian motion, starting from x under law P,.
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A.1 Asymptotic of the Laplace transform of the area under a Brownian
motion constrained to stay non-negative

In this section, we write L? = L?([0, +00)) for the set of square-integrable measurable functions on
[0, +00). This space L? can be seen as a Hilbert space, when equipped with the scalar product

“+oo
(f,9)= /0 f(@)g(z)dx.

We denote by C2 = C3(]0,+00)) the set of twice differentiable functions w with a continuous
second derivative, such that w(0) = lim, 1o w(z) = 0. Finally, for any continuous function w,
|wl o = sup,>g [w(x)|. The main result of the section is: for allh >0,0<a <band0<a’ <¥V,
we have

1 [t ;
lim —logsupE, |e hfo Bsd‘s;Bs >0,s < t]
t—+oo t zER

1 . —h [' Buds a1 42/3
= lim_Jlog inf B, {e Jo Pt oy Be > 05 < t] = oish® (A

We recall that (a,,n € N) is the set of zeros of Ai, listed in the decreasing order. We start
with some results on the Airy function Ai, defined in (1.13).

Lemma A.1. Forn € N and x > 0, we set

400 —-1/2
ule) = Aot ) ([ Aita) (A2)
The following properties hold:
e (Y, n € N) forms an orthogonal basis of L?%;
o lim, 100 ann_2/3 = —37”;
o for all \ € R and ¢ € C?, if
¥(0) = limy 400 t(z) =0, '

then either 1 = 0, or there exist n € N and ¢ € R such that A = oy, and ¥ = cipy,.

Proof. The fact that lim,,_ oo apn=2/3 = —3% and that (¢, n € N) is an orthogonal basis of L?
can be found in [38]. We now consider (A, ) a solution of (A.3). In particular ¢ verifies

Vo > 0,¢" (x) — (z 4+ M\)(z) = 0.

By definition of Ai and Bi, there exist ¢1,co such that ¥(z) = ciAi(x + A\) + 2Bi(z + A). As
limg 400 ¥(x) = 0, we have ¢ = 0, and as 1(0) = 0, either ¢; = 0, or Ai(A) = 0. We conclude
that either ¢y = 0, or A is a zero of Ai, in which case ¥ (z) = c1¢,(x) for some n € N. O

As ay is the largest zero of Ai, note that the eigenfunction 7 corresponding to the largest
eigenvector a; is non-negative on [0, +00), and is positive on (0, +00).

For h > 0 and n € N, we define ¥" : z — (2h)Y/54,,((2h)/3z). By Lemma A.1, (", n € N)
forms an orthonormal basis of L2. With this lemma, we can prove the following preliminary result.

Lemma A.2. Let h > 0 and ug € C3 N L2, such that uy,uf € L? and ||uf||,, < +oo. We define,

lloo

fort>0andxz >0
_ ~h [ B.ds,
u(t,z) = E; [ug(By)e " Jo ;Bs > 0,5 €[0,t]] .
We have
. B2 ot h\ Lk
lim suple 27° “u(t,z) — (uo, ¥7) ¥ (z)| = 0. (A4)
t—+o0 zER
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Proof. Let h > 0, by the Feynman-Kac formula (see e.g. [27], Theorem 5.7.6), u is the unique
solution of the equation

vt > 0,Vz > 0,9u(t,z) = 19%u(t,z) — hau(t, z)
Vo > 0,u(0,2) = up(x) (A.5)
Vit > 0,u(t,0) = limy 400 u(t, ) = 0.

We define the operator

c2 — ¢

h.
g*: w — (T %w”(m) — hzw(z),z € [0,400)),

By definition of Ai and of the 1", we have G')!" =
of eigenfunctions of Ggh.

We recall there exists C' > 0 such that for all z > 0, Ai(z) + Ai’(z) < Czl/4e22"7/3 (see e.g.
[38]). For all w € C2 N L2 such that v’ and w” are bounded, by integration by parts

a, Yl thus (¢! forms an orthogonal basis

hw h *l +OO’LU”ZL' hl' Xr — +OOZL"LUZ' hZ' X
(@ ot =5 [ w@ih@ds—h [ su@el

+oo +oo
3] w@Eh @ = [ e

h2/3

+oo
[ w@ @i = Gz (w.uh).

Therefore, decomposing w with respect to the basis (¢"), we have

h h = h h = h h h h?3 R h\2
(Ghw,w) = ( GMw. Y (unwywn ) =D (wwn) (G w,vl) = 5 D o (w,un)”

n=1 n=1 n=1

As (ay,) is a decreasing sequence, we have

N h2/3 h2/3
(G"w,w) < 21/3 Z o {w, Yl 21/3 a (w, w) . (A.6)
If <w, Q/JZ> = 0, the inequality can be improved in
B2/3 too 0 }2/3
<ghw, w> < 2173 Qs <w,1/)z> < mag (w,w) . (A7)

n=2

Using these results, we now prove (A.4). For z > 0 and ¢ > 0, we define

w23
v(t,z) = e 2173 CYltu(t,:c) — <u0, 1/}If> 7,/}’1I

We observe first that for all £ > 0, <v(t, ), 1/){1> = 0. Indeed, we have <v(0, ), 7,/1’f> = 0 by definition,
and deriving with respect to ¢, we have

h2/3 n2/3 n2/3

Be (v(t, ), ¥1) = 913 Me T uft, @), ) e 2 (Bt @) )

h2/3 h2/3 ot hZ/dalt L
= e T (u(e ), ) e (Gt ), 01

h2/3 n2/3 B2/3 n2/3

= 21/3a1€ 2173 21t <u(t,:c),1/){l> 21/3ale 21/3 a1t <u(t,1'>,1/)?>:

We now prove that the non-negative, finite functions

“+o0

—+o0
Jl(t):/ l(t, z)2dz and Jg(t):/ 00(t, ) 2dz,
0 0

40



are decreasing, and converge to 0 as t — +00. We observe first that

O J1(t)

—+o0
— = / v(t, x)0v(t, z)dx
2 0

oo R/ w2 ESTER
:/ U(t,:p) {_male 2173 %1 U(f,ZE) +e 21/3 o atu(tax) dx
0

+oo h2/3 N
:/O v(t,x) [—malv(t,x)—i—g v(t,x)| dx

h2/3 .
=5 (v(t,-),v(t,-)) + <U(t, ), Gt )> .

As (v(t,), 1) = 0, by (A.7) we have 9y J1(t) < (2h)*/3(as — an)Ji(t) < —cJi(t). By Gronwall
inequality, Ji(t) decreases to 0 as t — +00 exponentially fast. Similarly J2(0) < +o0 and
Oy Ja(t +oe oo
%() :/ 0,0(t, )0 0pv(t, x)dx :/ 0,0(t, )0, Opv(t, x)dx
0 0

2/3 +oo
= (0,v(t, "), G"o,u(t, D) — %al (0zv(t,+), 0zv(t, ")) — h/ v(t, )0, v(t, x)dx <0,
0

by integration by parts and (A.6). As J is non-negative and decreasing, this function converges,

as t — 400, to Ja(+00) > 0. Moreover, we can write the derivative of J; as follows

2/3
8t[]21(t) - 7;1/3 aq <’U(t, ')a ’U(t, )> + <’U(t, ')a gh’u(t, )>

h2/3 +oo “+oo
=513 arJi(t) +/ v(t, 2)0v(t, x)dx — / hxv(t, z)*dx
0 0
Jo(t)  h3/3
S - 2 - maljl(t).

As Ji(t) decreases toward 0, its derivative cannot remain bounded away from 0 for large ¢. There-
fore, lim; o0 J2(t) = 0. We conclude that lim;—, ;oo f0+°° lv(t, z)|? + |0,v(t, x)|?dz = 0, which
means that v(t,-) converges to 0 in H' norm, as t — +o0o0. By Sobolev injection in dimension 1,
there exists C' > 0 such that

—+o0
[o(t, )l oo < C/ [o(t, 2)[* + [Dau(t, 2)|da,
0

which proves (A.4). O

This lemma can be easily extended to authorize any bounded starting function ug.

Corollary A.3. Let h > 0 and ug be a measurable bounded function. Setting, for x >0 andt >0

u(t,z) = E, [uo(Bt)ehfo Beds. B >0,s€ [O,t]] ,
we have
lim su e_%mtu(t z) — (o, ¥ Yl (x)| =0 (A.8)
t~>+oom€% ’ 071/ 71 ’ ’

Proof. Let up be a measurable bounded function. We introduce, for x > 0 and € > 0
uc(z) = ule,z) = Ey [uo(Bg)ehfo Beds. B >0,s € [0, 1]} .
Observe that by the Markov property, for all ¢ > €, we have

€ t—e
u(t,x) = E, [EBte {uo(Be)e_hfo BSdS;BS >0,s€ [O,e]] e_hfo BSds;BS >0,s€[0,t—¢

t—e
=E, [ue(Bte)e_hfo BSds; s € [Oa t— 6]:| :
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Therefore, u(t,x) = uc(t — €, ), wher u.(t,z) = E, [uE(Bt _hf Beds. s ¢ [0,t]|. As [; Bsds is,

under the law P, a Gaussian random variable with mean ez and variance €3/3, we have

—h [ B.d _ h2e3
()] < luoll, Ba [ J; SS}S|U0|OO€ cha o

Moreover, as h > 0, by the Ballot lemma, |uc(z)| < |Juo|| Px [Bs > 0,5 € [0,¢]] < Ce /22

For any € > 0, there exists C' > 0 such that for all © > 0, u.(x) < Cz A e~h®¢_ Therefore, we
can find sequences (v(™) and (w(™) of functions in CZ N L2, such that (v(™)’, ()", (w™)" and
(w(™)" are in L2, with bounded second derivatives verifying

w™ < ue <w™ + 1 and o™ — 1 <ue <o,
n

3

Forne N, z >0 and t > 0, we set
v (t x) = B, [v(”)(Bt)e Jo Beds. B> 0,5 € [O,t]} and
w™ (t,z) = B, { M(B)eJo B9 B, > 0,5 € [0,1]] |

Note that for all 2 > 0 and ¢ > 0 we have w™ (t,z) < u(t,z) < v™(t,z). Moreover, by Lemma
A.2, we have

“ERN01,2) — (o, 0l (a)

lim sup |e

t—)-‘rOOIER ’

and lim sup|e
t—4o0 zER

12/3
Tt (4 ) = (w, gl vl (x)

By the dominated convergence theorem, we have

lim <w("),1/){l> = nlim <v("),1/)f> = <u€,1/)?>

n—-+0oo —+0oo

As a result, letting ¢, then n — 400, this yields

h2/3
t~1>u4poo Slé% 21/3 ot e(t7 :C) - <u65 /l/}?> ’l/){l (SC)
x

Finally, for almost every = > 0, letting ¢ — 0, we have u.(xz) — ug(z), and thus by dominated
convergence theorem again, lim._,q <u€,1/1?> = <u0,1/11f>. Moreover, as u(t,z) = uc(t — €,2), we
conclude that s
h=/°

TR Myt @) — (g, Y)Yl (2)

lim sup |e
t—4o0 z€R

O

This last corollary is enough to prove the exponential decay of the Laplace transform of the
area under a Brownian motion constrained to stay positive.

Proof of Lemma 2.3. Let h > 0, for t,z > 0 we set u(t,z) = E, [ehfo Bsds; Bs; > 0,5 €[0,t]| and
L = 0+°° Yt (z)dr < +o0. By Corollary A.3, we have
_ p2/3

lim sup |e 2/3 ot u(t, z) — pnify (z)
t—+o00 z€[0,+00)

=0.

As 9 is bounded, we have
1 D ogu(t z) = 120
imsupsup — logu(t,r) = —=a
t—>+oopac2%t 8 21/3 !
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Similarly, for 0 < a < b and 0 < a’ < V', we set

t
ﬂ(t,z) = EI [I{Bte[a’,b/]}e_hfo BSds;BS Z O,S € [O,t]:|

and i, = f;,/ Y (x)dz > 0. By Corollary A.3 again, we have

n2/3

B (L, @) — i) ()| = 0.

lim sup
t——+o00 >0

In particular, as inf (4,3 PP > 0, we have

N e h?/?
ltlglﬁgxéﬁf,b] " logu(t,z) = 5173 M- (A.10)
As @ < u, mixing (A.9) and (A.10), we conclude that
, 1 S B h2/3
tLIeroo ig% " logu(t,z) = tBIJPoo xéI[%zf,b] i logu(t,z) = 5173 01
(]

A.2 The area under a Brownian motion constrained to stay in an inter-
val

The main result of this section is that forall h€ R,0<a<b<land 0<ad <b <1, we have

1 o Bds
lim - sup logE, [e hfo Bed ;Bs €10,1],s < t}
t—=+00 ¢ 4eo,1)

1 o Bds
=, lim _— zéﬁf,b} logE, |:e h [, Bad Li,ela )y Bs €[0,1],s <t| = ¥(h), (A.11)
where ¥ is the function defined in (1.17). The organisation, the results and techniques of the
section are very similar to Section A.1, with a few exceptions. First, to exhibit an orthonormal
basis of eigenfunctions, we need some additional Sturm-Liouville theory, that can be found in [39].
Secondly, we work on [0, 1], which is a compact set. This lightens the analysis of the PDE obtained
while proving Lemma A.5.

In this section, we write L? = L2([0,1]) for the set of square-integrable measurable functions
on [0, 1], equipped with the scalar product

(f.g) = /O F(@)g(@)da.

Moreover, we write C3 = C3([0,1]) for the set of continuous, twice differentiable functions w on
[0,1] such that w(0) = w(1) = 0. Finally, for any continuous function w, |[wl|, = sup,¢po 1 w(z)|

1/2

and [|w||, = (w,w) . We introduce in a first time a new specific orthogonal basis of [0, 1].

Lemma A.4. Let h > 0. The set of zeros of A — Ai(A\)Bi(\ + (2h)/3) — Ai(X + (2R)'/3)Bi()) is
countable and bounded from above by 0, listed in the decreasing order Nt > \& > ... In particular,
we have

Al = sup {A <0 Ai(NBi(A + (20)Y/3) = Ai(A + (2h)1/3)Bi(/\)} . (A.12)
Additionally, for n € N and z € [0, 1], we define

M) = Ai (AR) Bi (\r + (2h)Y/32) — Ai (A" + (2h)Y/32) Bi (AR)
ot = JAT)BI(ME 1) — AL (M: + ) BIOE)

(A.13)

The following properties are verified:
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e (¢, n € N) forms an orthogonal basis of L?;

: hopy—2 __ w2,
o limy, o0 Apn ™= = —5;

o forall p € R and p € C3, if

{Vw € (0,1), 39" (x) — hap(z) = pp(x) (A.14)

©(0) = (1) =0,

then either ¢ =0, or there exist n € N and ¢ € R such that p = gf—ﬁ/\ﬁ and ¢ = cph.

Proof. We consider equation (A.14). This is a Sturm-Liouville problem with separated boundary
conditions, that satisfies the hypotheses of Theorem 4.6.2 of [39]. Therefore, there is an infinite
but countable number of real numbers (1", n € N) such that the differential equation

{v:ce< 1)1 ()*hw(@:u,’mx)
(0) = p(1) =

admit non-zero solutions. For all n € N, we write ¢ for one of such solutions normalized so that
H@ZHQ = 1. For every solution (), ) of (A.14), there exist n € N and ¢ € R such that A = u” and
¢ = cpl. Moreover, since (¢!, n € N) forms an orthonormal basis of L2. By Theorem 4.3.1. of
[39], we have lim,, oo Nin=2 = fﬂ—z

We identify (u") and ((pn) By the definition of Airy functions, given p € R, the solutions of

i

are, up to a multiplicative constant

¢ (z ) hxp(r) = pp(r)
(0) =

*G ol

. 1/3 . 1/3 . /3 . 1/3
z — Bi (%M) Ai (?ﬂTU + (Qh)l/gsc) —Ai (]212/3 u) Bi (iz/sﬂ + (Qh)l/gsc) )

This function is null at point = 1 if and only if
1/3 1/
Bi (&) Ai (Bt 20)'7*) = Ai (Brn) Bi (Zmp+ (21)/7) =0,

Therefore, the zeros of A — Ai(A\)Bi(A 4+ (2h)Y/3) — Ai(\ + (2h)1/3)Bi()\), can be listed in the
decreasing order as follows: A > A} > ... and we have \! = i;;i pl. Moreover, we conclude that

the eigenfunction ¢! described above is proportional to

x> Ai (M) Bi ()\Z + (2h)1/3x) _Ai (A,’; + (2h)1/3x) Bi (A1)

and has L? norm 1, which validates the formula (A.13).
We have left to prove that for all n > 1, A < 0. To do so, we observe that if (u, ¢) is a solution

of (A.14), we have
1 1 1 1
: / o()da = / (@) 202p(x) - / rp(a)de
0 0 2 0

1! ) ' 2
= _5/0 (Or0(2)) d;z:—h/o zo(x)*dr <0,

which proves that for all n € N, p” < 0, so A} < 0 which justifies (A.12). O

We observe that once again, the eigenfunction ¢ corresponding to the largest eigenvector
gsz A is a non-negative function on [0, 1], and positive on (0, 1).
Using this lemma, we can obtain a precise asymptotic of the Laplace transform of the area

under a Brownian motion.
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Lemma A.5. Let h > 0 and ug € C%([0,1]) such that up(0) = ug(1) = 0. We define, for t,xz >0
u(t,z) = E, [uO(Bt ~h [, Buds ;Bs €0,1],s € [O,t]] .

We have s
h2
e TNyt 1) — (uo, o) ()| = 0. (A.15)

lim sup
t—+o0 z€R

Proof. This proof is very similar to the proof of Lemma A.2. For h > 0, by the Feynman-Kac
formula, v is the unique solution of the equation

Vt >0,V € (0,1), 0pu(t, z) = 20%u(t, z) — hau(t, z)
Vo € [0,1],u(0, ) = ug(x) (A.16)
Vit > 0,u(t,0) = lim, 4 o0 u(t,z) = 0.

We define the operator

S w o= (ze 3w (z) — haw(x),z € [0,1]),

By Lemma A.4, we know that (") forms an orthogonal basis of L2 consisting of eigenvectors of

Gh. In particular, for all n € N, Ghoh = gsz Arph

For any w € CZ, by integration by parts, we have <ghw, @Z> = gf;: PYs <w, @Z> Decomposing

w with respect to the basis ("), we obtain

+oo —+oo +oo h2/3 9
(G"w, w) = <ghw, > (el w) <p,'1> = _(w.eh) (G w.on) =D Srphn (w.eh)
n=1 n=1 n=1
As (A!) is a decreasing sequence, we get
too 12/3 h2/3
(G"w,w) < 37 S (w, Py < S (w,w). (A.17)

n=1

In addition, if <w, @Z> = 0, the inequality can be strengthened in

\ too h2/3 5 2/3
(G"w,w) < E 5173 Ay {w, )" < 5173 A (w, w) . (A.18)
n=2

Using these results, we prove (A.15). For z € [0, 1] and ¢ > 0, we set

R2/3 \h

v(t,x) = e 2173 Altu(t,:c) — <u0, gpff> <,0]f.

By definition, <U(0, ), <p’1‘> =0, and for any ¢t > 0,

h2/3 h2/3 yh _n2/33n
Oy <’U(t,~),sp}11> 21/3 )\16 21/3/\ t <u(t,$>,801> +e 21/3/\ t <8tu(t,z),gaff> —0,

which proves that (v(t,-), ¢} ) = 0.
We now prove that the functions Ji (¢ fo |o(t, z)|?dz and Jo(t fo |0zv(t, z)|?dx are non-
negative, decreasing, and converge to 0 as t — 400. Note that, sumlarly to the previous section,

1 2/3
6tJ1(t):/O 20(t, 2)0(t, 2)dz — 2 ;Ll/gm( ),v(t,-)>+<v(t,-),ghv(t,-)>].

As (v(t,-), %) = 0, we have 0,J1(t) < (2h)*/3(\y — M) Jy(t). Therefore, Ji(t) decreases to 0 as
t — +o0. With same computations
h2/3

N 020(t, 0,801, ) + 2 (D0, G D) Qh/o o(t, 2)Duv(t, 2)dz < 0.

O Jo(t) =
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Thus Jo is non-increasing and non-negative, therefore convergent. Observing that
OpJ1(t) < —Ja(t) — (20)* AL (L),

we conclude, with the same reasoning as in the previous section that Jo decreases toward 0.
Finally, by Cauchy-Schwarz inequality, for any « € [0, 1], we have

/2
|(t$|</|avtx|d$<x (/ |8vt$|2dx) < Jo(t),
so limy 4 [J0(t, )|, = 0, which proves (A.4). O
This lemma can be easily extended to authorize more general starting function ug.

Corollary A.6. Let h > 0 and ug be a measurable bounded function. Setting, for x > 0 and t > 0
u(t,z) = E, [uO(Bt =h [, Buds ;Bs €0,1],s € [O,t]] )

we have

lim sup|e 2172 u(t, ) — (uo, @) @ (x)| = 0. (A.19)

t—+o0 z€R

Proof. Let uy be a measurable bounded function. Using the Ballot theorem, for any € > 0, there
exists C' > 0 such that for any = € [0, 1], u(e, ) < Cmin(z,1 — x). Consequently, u. = u(e,.) can
be uniformly approached from above and from below by functions v, w( in C3. Writing

v (¢, 2) = B, [ ") (3 e~ JoBets g e 0,1],s € [0, t]]
and w™ (t,z) = E, {ww (z)e” Jo Beds. p e [0,1],5 € [O,t]} ,

we have, for any t > 0 and z € [0,1], v (t,x) > u(t + ¢,z) > w™(¢,z). Applying Lemma A.5
and the dominated convergence theorem, we obtain

_h2/34n

2t/3 1tu€(t7x) - <’LL5, 50}11> 50}11(:6)

=0.

lim sup |e
t—4o0 zER

As for almost every z € [0, 1], lim_,o u.(x) = ug(x), by dominated convergence theorem again we

conclude that
hz/z/\ ' N N
273 (L, @) — (uo, @1 ) @1 (x)| = 0.

lim sup |e
t—+o0 z€R

O

hf B.ds.

Proof of Lemma 2.4. Let h > 0, we set u(t,z) = E, [ ;Bs €10,1],5 € [0,t]| and write

= fo " (x)dz < +00. By Corollary A.3, we have

I Sty h 0
. sup e 2 u(t,z) — prpy ()| = 0.
As ¥ is bounded,
1
lim sup sup = log u(t, z) = 27 Y/3p2/3 )\ (A.20)
t—+o0 >0 L

Similarly, for 0 <a <b<1land 0 <a' <¥ <1, we set

¢
a(t,l') =E, l{Bte[a’,b/]}e_hfo BSdS;BS S [0, 1], ERS [O,t]
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and fip = f " (x)dx > 0. Corollary A.3 implies that

I 5N G 1) — T 0
2 — = 0.
I sup e ult, ) = fingy (v)

In particular, as inf,¢[q ) ©h > 0, we have

imjuf inf =log& Ly A
lginﬁglo zéﬂ,b] Elogu(t,:z:) = m)\l. (A.21)
Using the fact that ¥ < u, (A.20) and (A.21) lead to
' . 1 _ h2/3 N
tLIeroo 21;13 ; logu(t x) = tETmzéﬁf,b] n logu(t,z) = BER

Moreover, by definition of ¥, for all A > 0 we have U(h) = gljd AP and (2.10) is a consequence
of the definition of A\!. By the implicit function theorem, we observe immediately that ¥ is

differentiable on (0, +00). Moreover,

Yh) _
h2/3

2713\ = 271 B sup {z €R:Bi()\)Ai (/\ + (2h)1/3) = Ai(\) Bi ()\ + (2h>1/3)} _

Bi(M)Ai(A(2R)'/?) SRy BIOMAIA+(20)13)
Bi(A+(2h)1/3) 0. As Ai(A7) = Bi(AF+(2h)1/3)

Observe that limp_, oo SUPA> 4, , we have

. W(h) _ 5-1/3
hmh_,_,_oo%—Z /Oél

We now observe that if h < 0, then

E, |u(B)e 7hf B.ds.

:B, €[0,1],s € [O,t]}
—e "B, [u(l—B hf Beds. B € [0,1], se[O,t]],

yielding, forany 0 <a <b<land 0 <a' <V <1,

lim sup —logEgE [e h fy Beds, ;Bs €10,1],s € [O,t]}
t—=+00 4e0,1] T

t—+00 xcla,b] ©

= lim inf 1ogE [1{3 cla’ b} ~h [, Buds ;Bs €[0,1],s € [0, t]] = —h+ ¥(-h).

Moreover, for h < 0, ¥(h) = ¥(—h) — h.
Finally, we take care of the case h = 0. By [25],

P, [B: € [a,b], Bs € [0,1], s € [0,¢]] / 22 Psin(nmz) sin(nrz)dz
As a consequence,
lim su —10 P.|Bs €]0,1],s € [0,t
Jim s GlogP. (B, € [0,1] 5 [0.1]

1
= lim inf =logP,[B; € [d,b],Bs €[0,1],s € [0,t]] = ¥(0)

t—+00 z€la,b] T 2
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Notation

e Point processes

Ly: law of a point process;
L;: point process with law Ly;
k¢: log-Laplace transform of Ly

k3. Fenchel-Legendre transform of £;.

o Paths

C: set of continuous functions on [0, 1];

D: set of cadlag functions on [0, 1], continuous at point 1;

5. = 41 by i path of speed profile b € D;

K*(b); = fg K%(bs)ds: energy associated to the path of speed profile b;
ot = 0467 (b): parameter associated to the path of speed profile b;

E(p): = fot 0sO0pks(ps) — Kks(ps)ds: quantity equal to K*(b):, energy associated to the
path of parameter function y;

R ={beD:Vte]0,1], K*(b): < 0}: set of speed profiles b such that "
until time n by at least one individual with positive probability.

) is followed

e Branching random walk

o The

T: genealogical tree of the process;

u € T: individual in the process;

V(u): position of the individual u;

|u|: generation at which u belongs;

ug: ancestor of u at generation k;

(b: initial ancestor of the process;

if u # (), mu: parent of u;

Q(u): set of children of w;

L* = (V(v) = V(u),v € Q(u)): point process of the displacement of the children;

M,, = max|,|—, V(u) maximal displacement at the n™ generation in (T, V);

Ay = ming,|—, maxg<p, 5,(:) — V(ug): consistent maximal displacement with respect to
the path E(n);

We ={ueT:VkeF,V(u) > 5,(:) + frmn!/3}: tree of a BRWtie with selection
above the curve B(n) + nl/?’f,/n at times in F,.

optimal path

v* = Supper fol bsds: speed of the BRWtie;

a € R such that fol asds = v*: optimal speed profile;
0y = Oqk%(as): parameter of the optimal path;
o? = 03r4(0:): variance of individuals following the optimal path;

6: Radon-Nikodym derivative of df with respect to the Lebesgue measure;

fa0.)%? . . .
I =a271/3 fol ((;7)6[8: n'/3 correction of the maximal displacement;

v = infg~g ”‘59): natural speed profile.
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o Airy functions

— Ai(z) =1 O+OO cos (% + xs) ds: Airy function of the first kind,;

— Bi(z) =1 f0+oo exp (—s—; + J:s) + sin (% + J:s) ds: Airy function of the second kind;

T

— (a): zeros of Al listed in the decreasing order;

t
— W(h) = lim; s 400 § logsup,c(o 1 Ex [e_hfo Beds. B e [0,1],5 € [0,4]].

o Random walk estimates

— (Xnk,n € Ny k < n): array of independent random variables;
- S,(Cn) = Sé") + Zle Xp,j: time-inhomogeneous random walk, with Pz(Sén) =zx)=1;
— Given f,g € C,and 0 < j < n,

[fj/nnl/gagj/nn1/3] lf] € anGna

1.(j) = [fs/n»+00] if j € F,, NGS,
" ]—oo,gj/nnl/ﬂ if j € FSN Gy,
R otherwise;

_ j§") _ I](.") n [—n2/3,n2/3].

o Many-to-one lemma

— Py law of the BRWtie of length n — &k with environment (L4 j)/n,J < n —k);
— Fr =o(u,V(u),|u| <Ek): filtration of the branching random walk;

— Many-to-one lemma: Lemma 3.1.
e Random walk estimates
7(n) 7(n) n) .
— APG(f.g) = {u €T, |ul € Gy :V(u) = by > Gul a3,V (u)) — b, € Ij(- ),j < |u|}

individuals staying in the path E(n) + I™) until some time then exiting by the upper
boundary;

= BEC(f.g.0) = {Jul =n: V() =8 € IV, <n, V(W) =5, > (g1 — 2)n/*}: indi-

(n) (n)

viduals staying in the path b~ + I™, and being above Enn + (g1 — x)n1/3 at time

n.
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