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tions of absorption and emission bands for FRET. The other important parameter for FRET is the proper
geometric orientation of both chromophores, which attain sandwich conformation with close posi
tioning of complexed and free styryl fragments induced by ion modulated geometry reorganization of
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a b s t r a c t

We report here about effective FRET process (73 99%) in mono Mg2þ complexes of symmetrical crown
ether bis(styryl) dyes. The FRET process has not been observed in the free state and in binuclear com
plexes. The formation of mononuclear complex provides two styrylic fragments with appropriate posi
1. Introduction

Traditionally, fluorescence resonance energy transfer (FRET) has
been used to investigate the static and dynamics of the confor
mational changes of macromolecules by attaching fluorophores at
specific sites.1,2 It has led to invaluable information on biological
systems involving nucleic acids,3 proteins,4 membranes,5 and car
bohydrates.6 The recent interest in triggered molecular motion and
molecular machines7,8 has led to extensive work on conformational
control and change9 in artificial molecular systems, and mirrors the
importance of such processes in the biological world.

The preparation of chromophoreequencher assemblies for
such studies requires a suitable way to hold both components
properly oriented and close enough together thus ensuring their
efficient interaction. Commonly, this is achieved by use of
a bridging covalent spacer between two sites. Alternatively, non
covalent interactions such as hydrogen bonding or aromatic
stacking (or often a combination of several interactions) can be
used to control association of the chromophore and quencher,
following the ‘supramolecular’ methods that are employed in
natural photosynthesis.10 14
x: þ7 499 135 76 01; e-mail
m.msu.ru (O.A. Fedorova).
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There are known examples of fluorescence chemosensors,
which utilize photophysical changes produced by cation binding to
initiate FRET.15,16 The FRET is known to be sensitive, selective, and
able to adapt to a large variety of systems.16 However, reports on
FRET based metal ion sensors are still scarce.17

It is known that FRET arises from an interaction between a pair
of two different fluorophores.1,2 The FRET is required to have
a certain extent of spectral overlap between the emission spectrum
of the donor and the absorption spectrum of the acceptor. In pursuit
of metal cation induced FRET, we have used crown containing
bistyryl dyes of symmetrical structure (dyes 1e4, Scheme 1).
In our research, we applied identical structural styryl units to
elaborate macrocyclic dynamic tweezers.18 20 Dynamic molecular
tweezers rely on the high degree of control of the distance and
orientation of chromophores composed by an energy donor and an
energy acceptor. Such parameters are critical for FRET, and we re
port here an investigation of the crown containing styryl system as
a scaffold supporting FRET and allowing ion induced FRET control.
To the best of our knowledge, this is the first report where FRET is
observed between two identical chromophore moieties in the
presence of metal ions. The obvious advantages of the studied
systems are easier synthesis of the bischromophore compounds
when two chromophore fragments are identical, and that the FRET
response in the crown containing bis dye compounds could be
selective toward the particular metal ions.



Table 1
Steady state absorption and complexation properties

labs
(nm)

3(l mol 1

cm 1)�104
log K lfluo

(nm)
Ffluo

(%)
sfluo
(ps)

1 409 5.62 567 2.75 186/348
1 Mg2þ 390 4.45 3.72�0.04 567 1.76 159/367

4.8�0.03a

1 (Mg2þ)2 374 5.33 6.23�0.15 483 2.17 68
7.8�0.2a

2 407 5.35 573 1.19 245/550
2 Mg2þ 392 4.77 4.56�0.01 573 0.87 190/510
2 (Mg2þ)2 376 5.28 6.44�0.07 487 2.37 70

3 407 6.83 569 3.56 228/450
3 Mg2þ 391 5.81 4.77�0.03 569 1.92 119/434

4.6�0.1a

3 (Mg2þ)2 368 6.43 8.25�0.12 487 1.85 68
8.2�0.2a

4 408 5.74 569 6.38 247/478
4 Mg2þ 389 4.66 3.82�0.05 569 6.06 223/516

3.8�0.1a

4 (Mg2þ)2 369 6.28 7.71�0.03 484 2.73 75
7.5�0.2a

a Binding constants of the bis(styryl) dye series with magnesium(II) obtained by
NMR titration method.

Scheme 1. Structures of the studied compounds.
2. Results and discussion

The designed FRET devices investigated here are composed of
two identical 15 crown 5 styrylpyridines connected by isomeric
xylenes or propylene spacers 1e4 (Scheme 1). The synthetic pro
cedure as well as physicalechemical studies has been previously
presented.20
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2.1. Complex formation

The addition of Mg2þ perchlorate to the acetonitrile solution of
crown containing bis(styryl)dyes 1e4 results in substantial hyp
sochromic shifts of the long wavelength absorption bands (Fig. 1
shows the spectral changes for dye 1, the observed changes for
2e4 are presented in Table 1). This observation indicates that the
metal cation interacts with crown ether moieties of dye.18,20 To
determine the complexation stoichiometry and to estimate the
stability of complexes, sets of the absorption curves obtained by
variation of concentration of metal cations in acetonitrile solution
of dyes were analyzed by SPECFIT program.21 The stability con
stants and the position of maxima for complexes L$M and L$M2 are
listed in Table 1.
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Fig. 1. Variation of the 1.5�10 5 M dye 1 electronic absorption spectra with increasing
[Mg(ClO4)2] in acetonitrile (CM/CL 0 50).
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Fig. 2. Steady state absorption (1, 2, 3) and emission spectra (10, 20 , 30) for compound 4
(1, 10) and its mono- (2, 20) and bi-complexes (3, 30) with Mg2þ.
The absorption spectra of the complexes (L$Mg2þ) contain the
band at 389e392 nm hypsochromically shifted relative to the free
ligands (407e409 nm, Table 1). The absorption spectrum of mon
ocomplexed dyes 1e4 can be readily fitted by a sum of spectral
shapes of almost equal intensities of free ligand 4 and dou
blyecomplexed compounds (369e376 nm, Table 1, Fig. 2).
 2
2.2. Analysis of energy transfer efficiency

According to the data in Table 1 and Fig. 2, emission of free
dyes 1e4 is located at 567e569 nm, for double complexed
[L$(Mg2þ)2] dyes 1e4, the emission at 483e487 nmwas found. On
the contrary, the fluorescence spectra of monocomplexed dyes
1e4 are mainly composed from the spectrum of non complexed
dyes. The analysis of steady state absorption suggested that both
chromophores, which compose bis(styryl)dyes are absorbing light
independently one from another like two independent molecules
and also independently from crown occupation by cation. Yet the
emission occurs always from the chromophore possessing the
lower HOMOeLUMO gap. We can thus conclude that an energy
transfer process occurs in monocomplexed compounds. So, as
propyl and ortho , meta , para xylene spacers work as insulators
and do not allow the electron exchange, we can suppose that
Coulombic interaction is the dominant energy transfer process.
After light was absorbed, the complexed part of the molecule
(higher HOMOeLUMO energy gap) can transfer energy to the



non complexed part of the molecule (lower energy gap). This
energy transfer reduces the fluorescence intensity of complexed
chromophore and increases the fluorescence intensity of non
complexed part of the dye. Thus, the monomagnesium complexes
of dyes 1e4 can act as donor of energy transfer in FRET systems,
because FRET consists in the light induced excitation of the en
ergy donor in a domain where the acceptor does not absorb, fol
lowed by energy transfer from the donor to the acceptor, and
finally emission from the acceptor (Scheme 2).
Scheme 2. Scheme of the energy transfer in monomagnesium complex.
In order to determine the energy transfer efficiency, first we
need to deconvolute the experimental steady state absorption
spectra of monocomplexed dyes 1e4 to the spectra of bicomplexed
dyes and the ones of non complexed dyes. As the steady state ab
sorption bands of complexed and non complexed dyes are over
lapping, it is necessary to deconvolute absorption into complexed
and non complexed parts in order to correct fluorescence quantum
yields with respect to real absorption of energy donor. In the case of
compound 4, only 44.5% of sample absorption was used to excite
the complexed part of dye, thus a correction to overall energy
transfer efficiency obtained only from fluorescence data should be
more than twice (Fig. 3a). Then, the ratio of the integral fluores
cence of monocomplexed blue shifted component to the integral of
fluorescence of bicomplexed dyewill serve for calculation of energy
transfer efficiency (Fig. 3b). Accounting for all these parameters, the
lower limit of the energy transfer efficiency in monocomplexed
dyes are as high as 97.4% for dye 1, 99.2% for dye 2, 96.9% for dye 3,
and 73% in the case of dye 4.
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Fig. 3. (a) Determination of the fraction of absorption responsible for the FRET. Absorption
acetonitrile. The spectrum (2) has been decomposed into two absorbing components (4) a
rescence spectrum of 4 Mg2þ in acetonitrile (1) to the spectra of 4 (2) and 4 (Mg2þ)2 (3). (
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2.3. Conformational analysis of macrocyclic bis(styryl) dyes
series and their magnesium(II) complexes by NMR
spectroscopy

One of the critical parameters for FRET is appropriate geometric
orientation of the chromophores in order tomaximize the favorable
interaction between the transition moments of donor emission and
acceptor absorption. As indicated above, in all macrocyclic bis(
styryl) dye complexes with magnesium(II) on a nominal 1:1 ratio,
the photoexcitation results in a highly efficient intramolecular
energy transfer process due to the favorable HOMOeLUMO energy
gap difference between uncomplexed and complexed units. We
expect to gain better insight into this process through conforma
tional analysis and investigation of specific host dyes arrangement
upon magnesium(II) binding. The conformational analysis was
carried out by 1D and 2D NMR spectroscopy (1H, 13C, 1He1H COSY,
1He13C HSQC, 1He13C HMBC) (see Supplementary data) in CD3CN.
The respective positions in the two entities of all bis(styryl) dyes are
chemically equivalent as only one type of proton signals is observed
(Figs. 4a 1, Fig. 5a 4). This is in accordance with the rotation around
the single bonds connecting the chromophores to the spacer teth
ering two styryl units and fast rotation around one or two single
bonds in CeC]CeC fragment, thus leading to a C2v symmetric av
erage of all ligands on theNMR time scale (Scheme 1).Moreover, the
magnitude of the coupling constant between H a and H b for all
macrocyclic bis(styryl) dyes is equal to 16.0e16.2 Hz. Due to the
partial character of the double bond and considering the Karplus
equations, the 3J value corresponds to a transoid coupling (dihedral
angle 180�).22

To further investigate the binding process of all bis(styryl) dyes,
1H NMR titrations were performed with magnesium perchlorate
(see Supplementary data Tables S1eS4, Figs. S1eS34). The char
acteristic 1H NMR signals of the aromatic region during the titration
of host molecules 1 and 4 with magnesium(II) at the ratio 1:0, 1:1,
and 1:2 are displayed in Figs. 4 and 5. Measuring the peak in
tensities of the signals in free ligands and of new resonances that
appear upon addition of magnesium(II) enables to plot the titration
curves (Fig. 6) and to determine binding constants (Table 1).

The formation of magnesium(II) complexes with 1 and 4 in the
ratio 1:1 is clearly indicated by the decrease of the initial family of
dye signals and the appearance of new split resonances (Figs. 4b
and 5b). The chemical shift changes are most pronounced for the
methylene protons of the benzo 15 crown 5 ether located most
closely to the complexed magnesium(II). As revealed in 1H NMR
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4) Steady state fluorescence spectrum of 4 (Mg2þ)2 in acetonitrile.



Fig. 5. 1H NMR spectra of 4 (a), 4 Mg2þ (b), 4 (Mg2þ)2 (c) at T 295 K in CD3CN.

Fig. 4. 1H NMR spectra of 1 (a), 1 Mg2þ (b), 1 (Mg2þ)2 (c) at T 295 K in CD3CN.
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Fig. 6. Concentration profiles of the different species in the 1H NMR titration experi-
ment with 4 (C 0.75 mM) and Mg(ClO4)2 in acetonitrile-d3 at T 295 K; 4 (squares);
4 Mg2þ (circles); 4 (Mg2þ)2 (triangles).
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spectra of series bis(styryl) macrocyclic dyes, the chemical equiv
alence of the positions in the two parts of the molecule is lost upon
complexation, since different chemical shifts are observed for the
protons of uncomplexed and complexed entities. In case of 1, the
shielding of all aromatic signals up to Dd 0.35 ppm and the high
field shift of the proton H 20 Dd 0.50 ppm were observed. This
shielding is typically a result of specific host reorganization assis
tance of the uncomplexed part of the 1 in the binding process
resulting in the formation of intramolecular asymmetric sandwich
type structure. The bridge methylene protons CH2Ph show two sets
of proton signals in the spectrum of 1 host, which indicates re
stricted rotation about the methylene bridge between the spacer
and chromophore units, and a different magnetic environment for
each methylene proton in this rigidified structure. The same be
havior was observed with 2 and 3 (Scheme 3 shows the structure of
sandwich complex 3$Mg2þ also typical for monomagnesium com
plexes of dyes 1 and 3).18

However, in the case of magnesium(II) complex with macrocy
clic ligand 4 in the ratio 1:1, only a downfield shift of all proton
resonances was observed, suggesting the absence of intramolecular



Scheme 3. Structural model of the asymmetric sandwich 3 Mg2þ based on NMR studies and molecular modeling showing the exchange reaction of magnesium(II) between the two
crown-ether units.
assistance (Fig. 5b). Furthermore, additional intermolecular ROEs
were observed between protons H a0 (free) and H 20 (complexed),
H a0 (complexed) and H 20 (free), H a0 (free) and H 50 (complexed),
H a0 (complexed) and H 20 (free), H g (complexed) and H b (free),
H a0 (complexed) and H b (free), H b (complexed) and H g (free)
demonstrating the intermolecular assistance of the second bis(
styryl) dyemolecule 4 in binding process as illustrated in Scheme 4.
Scheme 4. Possible structures of magnesium complex of 4.
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Fig. 7. A van’t Hoff plot of 1 Mg2þ (circles), 4 Mg2þ (squares), 3 Mg2þ (triangles).

Table 2
Activation parameters of the bis(styryl) dyes 1 complexes measured by 1H NMR in
acetonitrile-d3

Complex DH (kJ mol 1) DS (J mol 1 K 1)

1 Mg2þ 16.2�0.5 143.4�1.8
2 Mg2þ a

4 Mg2þ 18.0�0.7 133.6�2.6
3 Mg2þ 19.8�0.9 157.6�3.3

a Calculation of activation parameters was not possible due to low solubility of the
initial complex.
Once the 1:1 ratio is exceeded by increasing the Mg2þ ion
concentration, the signals of magnesium(II) complexes with 1, 2, 3,
4 decrease in intensity and a third family of signals appears. The
newly formed species are assigned to a 1:2 complex. This as
sumption is supported by the significant downfield shift of all
signals and their equivalence. The previous asymmetric sandwich
conformers of 1, 2, 3 are destroyed leading to the reconstruction of
a C2v symmetric average geometry. Numerous dipolar correlations
between H a4H 20 and H b4H 20, H a4H 60 and H b4H 60, H
a4H 3,5 and H b4H 3,5 found in ROESY spectra of 1:2 magne
sium(II) complexes with all macrocyclic ligands 1, 2, 3, 4 indicate
flexibility of structure and coexistence of several conformers. The
values of binding constants obtained from 1H NMR titration curves
were found in a good agreement with the structures of host ligand.
The lowest value of binding constant K11 in the series of bis(styryl)
tweezer ligandswas deduced for 4$Mg2þ, where the intramolecular
assistance of uncomplexed unit in the binding process is not pos
sible due to the large distance between the twomacrocyclic entities
of the same molecule (see Table 1).

2.3.1. Determination of thermodynamic parameters. In order to un
derstand the factors driving the molecular reorganization process in
complexes of 1, 2, 3, 4withmagnesium(II) at a nominal 1:1 ratio, the
standard thermodynamic parameters in acetonitrile have been de
termined by measuring the temperature dependence of the binding
constants. Well separated resonances were observed for the com
plexes, pointing to sizable kinetic barrier for the exchange process,
and allowing the determination of seven values of the binding
constant K between 233 and 293 K (Fig. 7). A van’t Hoff plot of ln K
versus T�1 afforded values of the reaction enthalpies and entropies
for the complex formation (Table 2).23 All three plots show that the
binding process of the bis(styryl) dye series with metal cations is
enthalpically disfavored and entropically favored. Whereas the first
binding event of a magnesium cation to bis(styryl) dye 3 yields an
enthalpy of about 19.8 kJ/mol, an enthalpy value for 1 is only 16.2 kJ/
mol. This finding is in agreement with the structural differences
 5
between the intramolecular sandwich as well as dimeric complexes
1$Mg2þ and 3$Mg2þ involving additional kinetic process of the di
rect cation exchange between the two parts of host ligands.

Moreover, a large entropy gain upon hosteguest complexation in
1:1 complexes 3$Mg2þ and 1$Mg2þ compared to 4$Mg2þ is also pre
dicted based both on relative contribution of cation and ligand des
olvatation, and ligand conformational changes upon complexation.24
2.4. Exchange dynamics in the monomagnesium complexes
measured by NMR spectroscopy

2D EXSY NMR spectroscopy is an ideal technique for studying
species that exchange slowly on the chemical shift time scale but
exchange fast on the NMR relaxation time scale. This is also most
useful for the investigation of supramolecular systems involved
in complex dynamic processes.25,26 Thus, the 2D 1He1H EXSY



(NOESY) spectra at a nominal 1:1 ratio of 1, 2, 3, 4 and magnesiu
m(II) in CD3CN with a mixing time of 0.8 s at 295 K were measured.
Fig. 8 illustrates a reasonable ligand exchange mechanism. The
spectra clearly show correlation cross peaks of magnetization ex
change between the uncomplexed and complexed part for mono
magnesium complexes of all macrocyclic bis(styryl) dye molecules
(Scheme 3).
Fig. 8. A 2D 1H 1H EXSY spectrum of 2 Mg2þ (ratio 1:1, sm 0.8 s) showing ligand
exchange between uncomplexed and complexed parts of 2 in CD3CN at 295 K.
The life times and the activation energy values deduced from
two dimensional exchange experiment are reported in Table 3. In
general, smallerDGsvalues give larger exchange rates. The rigid and
fixed spacer of covalently linked bis(styryl) dye host molecules may
strongly affect the exchange rates and life time values (kEX 1/s).
Thus, the asymmetric 3$Mg2þ sandwich complex was the most ki
netically stable complex,with amean life time of s 3.45 s. The order
of life time (m xylene>o xylene>propyl>p xylene) correlates with
the distance between uncomplexed and complexed units of the
bis(styryl) macrocyclic dyes.
Table 3
Life times (s), activation energies (DGs) of the exchange processes for series of
bis(styryl) macrocyclic dyes magnesium(II) complexes in CD3CN at 295 K

Compound s (s) DGs (kJ mol 1)

1 Mg2þ 0.45 70.3
2 Mg2þ 2.78 74.7
4 Mg2þ 0.39 70.1
3 Mg2þ 3.45 75.2
Compared to 3$Mg2þwithm xylene spacer, ligand exchangewas
about 1.2 fold faster for asymmetric sandwich 2$Mg2þ complex
with o xylene spacer and over 7.6 fold faster for asymmetric
sandwich 1$Mg2þwhere the two units are tethered by propyl chain.
On the other hand, the exchange in 2$Mg2þ complex was found to
be the most effective process compared to exchange in 1$Mg2þ

system where the space restrictive intramolecular assistance of
uncomplexed crown ether occurs.
 6
3. Conclusions

The studies reported here show that the bis(styryl) dye scaffold
decorated with crown ether substituents can be used to promote
intramolecular FRET. In the free state, according to the NMR data,
the structures of dyes 1e4 are linear.

In the present of magnesium(II) perchlorate in the ratio 1:1, dyes
1e3 tend to form the mononuclear species, characterized by an
intramolecular sandwich conformation of the crown ether bearing
styryl moieties. In case of compound 4, we proposed the formation
of a Mg2þ complex possessing an intermolecular sandwich struc
ture. Although sandwich complex formation is possible at low
concentrations of magnesium cation, the presence of a large excess
of the latter ends up with the binuclear complex with a totally
opened conformation.

In the free state and in binuclear complexes, the FRET process
has not been observed. Sandwich conformation of mono
magnesium complex of 1e4 dyes favors energy transfer from the
complexed part to uncomplexed one of bi(styryl) dye. The critical
parameter for FRET to occur is spectral overlap between the
electronic absorption of the acceptor and the emission of the
donor. In the crown ether bis(styryl) dye, the formation of
mononuclear complex provides two styrylic fragments with po
sitions of absorption and emission bands appropriate for FRET. The
other important parameter for FRET is the proper geometric ori
entation of the chromophores, which attains a sandwich confor
mation with closed position of complexed and free styryl
fragments induced by ion modulated geometry reorganization of
styryl fragments. Thus, this result shows that large amplitude
movements of the lateral styryl substituents can be controlled by
metal ion concentration in the solution, which leads in turn to an
effective FRET process.

Similarly to biological systems where FRET can reveal the mu
tual arrangement (and/or dynamics) of chromophoric fragments,
our research on energy transfer gives insight on the disposition of
styryl fragments in molecular tweezers. Thus in monocomplexes
having sandwich structure, we observe the FRET and inversely in
free and bis complexed dyes the FRET is absent.

The described dyes 1e4 can be considered as fluorescent sen
sors for metal ions. By changing the composition of macrocyclic
moiety, it is possible to vary the selectivity of dyes toward the
particular metal ions and to observe the cation selective appear
ance of fluorescence. Thus, the crown ethers show affinity for alkali
and alkaline earth metals ions, thiacrown ethers can be used to
selectively bind with Hg2þ, Agþ, Pb2þ, azacrown ether prefer to
coordinate transition and heavy metal ions.27 29

4. Experimental section

4.1. Materials

Solvents and reagents were obtained from commercial suppliers
and were used without further purification. The bis(styryl)
dyes 1e4 were prepared according to the literature known
procedure.20

4.2. UV/vis absorption measurements

The binding constants K are described by the following
equations:

L þMnþ%
K11

K11LM

L þ 2Mnþ%
K12

K12LM2



UVevis spectra were measured on a Cary 50 UVevis spectro
photometer in conventional fused silica cells of 10 mm pathlength.
Stock solutions of each compound were prepared, and dilutions of
these stock solutions were used for absorption measurements over
a concentration range by taking into account the solubility and
absorbance of the respective compound. The temperature was
controlled with a single cell Pelletier element (Varian). The solvents
for UV/vis absorptionwere of spectroscopic grade and were used as
received. Titrations were performed as constant host titrations
(0.05mM in acetonitrile) at 298 K by addition of 5e20 mL aliquots of
the magnesium perchlorate solution (0.5 mM in acetonitrile solu
tion) using a microsyringe to a fused silica cuvettes containing
2.000 mL of host solution. UVevis spectra were recorded after each
addition. The binding constant and the stoichiometry were ob
tained from the titration curve by fitting these changes using the
nonlinear regression analysis program SPECFIT.21
4.3. Fluorescence measurements

The steady state fluorescence measurements were realized on
FluoroLog (Jobin Yvon) spectrofluorimeter. All measured fluores
cence spectra were corrected for the non uniformity of detector
spectral sensitivity. The samples were placed in 1 cm fused silica
cells. Rhodamine B in ethanol (Ffl 0.49) was used as fluorescence
quantum yield standard. The corrections for the excitation ab
sorption as well as the fluorescence absorption were realized using
standard procedures.
4.4. NMR experiments

All NMR experiments were recorded on a Bruker Avance
500 MHz spectrometer. The measurements were done using the
CD3CN signal as internal reference (1.94 ppm at 295 K).30

4.4.1. 1H NMR titration experiments with the respective metal per
chlorates. Aliquots of a metal perchlorate solution (0.01e0.1 M in
CD3CN) were added to a bis(styryl) tweezer solution (0.8e1.0 mM
in CD3CN) and 1H NMR spectra were recorded after each addition.
The quantities of the different species were calculated from the
integrated areas of NMR signals.

4.4.2. Calculation of binding constants. We also calculated the sta
bility constants of complexation between hosts and guest using 1H
NMR single point method.31 33 As can be seen from Figs. 4 and 5 in
the manuscript, chemical exchange is slow on the NMR time scale
and peaks are observed for both complexed and uncomplexed
species, so stability constants K11 and K12 could be determined by
integration of complexed and uncomplexed unit of the bis(styryl)
tweezer molecules.

4.4.3. 2D EXSY experiments. The 2D EXSY spectra were recorded at
273 K on 500 MHz Bruker spectrometer. The mixing time was
800 ms. The rate constants (k) were calculated employing the Eqs.
1e5, in which sm is mixing time, IAB and IBA are cross peak in
tensities, IAA and IBB are diagonal peak intensities, and XA, XB are
molar fractions of the free component and complex, which were
determined by 1H NMR integration.25e,26a

A%
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k 1

B (1)

k k1 þ k�1 (2)

r 4XAXB
ðIAA þ IBBÞ
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2ðXA XBÞ (3)
 7
k
1
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ln
r þ 1
r 1
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