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Exact controllability of scalar conservation laws
with strict convex flux
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Centre for Applicable Mathematics,
Tata Institute of Fundamental Research,
Post Bag No 6503, Sharadanagar,
Bangalore - 560065, India.

Abstract

We consider one space dimension scalar conservation law with strict convex
flux. The problem is to study exact controllability of entropy solutions. Some
partial results have been obtained in [17] and we investigate the precise condi-
tions under which exact controllability problem admits a solution. The basic
ingredients in the proof of these results are [14], Lax-Oleinik [12] explicit for-
mula and finer properties of generalized characteristics introduced by Dafermos
[11].

Key words: Hamilton-Jacobi equation, scalar conservation laws, characteristic lines,
controllability.

1 Introduction:

In this paper we consider the following scalar conservation law in one space dimension.
Let f: IR — IR be a strictly convex C' function satisfying the super linear growth,

m J) 0. (1.1)
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Let T >0, 0<86<T, A< B, [ =(ADB), Q=1x(6T), up € L=(I), by, €
L*>((0,T)) and consider the problem

u+ f(u), = 0 (x,t) € Q, (1.2)
u(z,d) = wo(z) zel, (1.3)
u(A,t) bo(t) te(0,7), (1.4)
u(B,t) = bi(t) te(s,7T). (1.5)

This problem was well studied from last several decades starting from the pioneering
works of Lax-Oleinik [12], Kruzkov [19], Bardaux-Leraux-Nedeleck [8]. They have
studied the existence and uniqueness of weak solutions to (1.2)-(1.5) satisfying the
entropy condition. In spite of being well studied, still there are problems which are
open. Notably among them are

1. Profile of a solution, for example how many shocks can a solution exhibit and
the nature of the shocks.

2. Optimal controllability for initial and initial-boundary value problem.

3. Exact controllability of initial and initial-boundary value problem.

Problem (1) and (2) has been dealt in [3] and [2] respectively. In this paper
we investigate problem (3) for the entropy solution of (1.2). Through out the paper
solution of (1.2) always means a weak solution satisfying the entropy condition. The
basic ingredient in studying all these problems comes from the analysis of character-
istic curves Ry. Originally this was introduced by Hopf [14] and later by Dafermos
[11], who studied them quite extensively to obtain information on the nature of solu-
tions. Independently this was used in [5] to obtain the explicit formula for solution
of discontinuous flux.

The plan of the paper is as follows:
In section (1) we state the main results. In section (2) we prove these results assuming
four Lemmas without proof. First two Lemma deal with backword construction which
will be proved in section (3). The remaining two Lemma deals with free regions. In
order to prove these Lemmas, one has to study the finer properties of the generalized
characterictics namely

(i). Comparison properties with respect to the initial data.
(ii). Failure of the continuity with respect to the initial data.

(iii). Behavior of the characteristics when one side of the initial data is large.



This has been carried out in section (4). Main tool to study all these properties are
the Hopf [14], Lax-Oleinik [12] explicit formulas and we recall them without proof.

Main results, Exact Controllability: Normally for the non linear evolution equa-
tions, technique of linearization is adopted to study controllability problems. Unfor-
tunately this method does not work (see Horsin [17]) and very few results are available
on this subject. Here we consider the following three problems of controllability. Let
up € L*(IR) and

()

(IT)

(I11)

Controllability for pure initial value problem: Assume that [ = IR, ) =
R x (0,T). Let J; = (C1,Cy), Jy = (By,Bs), g € L>®(J1), a target be given.
The question is, does there exists a @y € L*>(J;) and w in L*>°(£2) such that u is
a solution of (1.2) satisfying

w(z,T) = g(x) x€Jy, (1.6)
o) = | b e 0

Controllability for one sided initial boundary value problem: Assume
that I = (0,00), @ = R x (0,7), J = (0,C) and a target function g € L>(J)
be given. The question is, does there exists a u € L>*(Q2) and b € L*>((0,T))
such that u is a solution of (1.2) satisfying

u(z, T) = g(x) ifzel :
u(z,0) = wup(z) ifz € (0,00), (1.9)
uw(0,t) = b(t) ifte(0,T). (1.10)

Controllability from two sided initial boundary value problem:

(a). Let Q = R x (0,T7), I = (B1,B,) , By < C < B,. Given the target
functions g; € L>®(By,C), go € L=(C, By), does there exists a 1y € L*(IR\ I)
and u € L>(Q) such that u is a solution of (1.2) satisfying

foai(x) if Bi<xz<C,
u@,T) = { go(z) if C<ax< By (L.11)

and

[ up(x) if By <x< By,
u(@,0) = { uo(z) if = < Bjoraz> Bs. (1.12)

(b). Here we consider controllability in a strip. Let I = (By, Bs), Q@ = I X
(0,T7),B; < C < By. Let g1 € L*((B1,0)), g2 € L*((C, By)) be given. Then



the question is, does there exist by, by € L>((0,7")) and a u € L*(2) such that
u is a solution of (1.2) and satisfying

u(z,0) = wup(z), | (1.13)
wn - [HE g B
uw(B1,t) = by(t), (1.15)
u(Bg,t) = bi(t). (1.16)

In view of the Lax-Oleinik (Chapter (3) of [12]) explicit formula for solutions
of pure initial value problem and by Joseph-Gowda [18] for initial boundary
value problem, the targets g or ¢;, g cannot be arbitrary. They must satisfy
the compatibility condition, for example in the case of problem (I), there exists
a non-decreasing function p in (C7, Cy) such that for a.e z € (Cy, Cy)

xr—p(x
fg(x)) = —75)( ) (1.17)
In the case of problem (II), there exists a non-decreasing function p in (0,C)
such that .
fllga) = m——. 1.18
(o) = 7= (1.18)

Assuming that the target functions satisfies the compatibility conditions, then the
question is

whether the problems (I),(II) and (III) admit a solution? In fact, it
is true and we have the following results. First we describe the class of functions
satisfying compatibility conditions.

Definition (Admissible functions): Let J = (M, N) and T' > 0,
S(J)=A{p:J — IR: pis monotone and left or right condinuous function}.

Then define admissible class of target functions by

(i) Target space for initial value problem (IA):

IAW) = (g € 1¥() = [lgta)) = T2 e s),

p is a non-decreasing funtion }. (1.19)

(ii) Target space for left boundary problem (LA):

LAU) = {g € L7() + f(ole) = 7=, p€ S0

p is a non-increasing right continuous function}. (1.20)



(iii) Target space for right boundary problem (RA):

RA) =g € 170) + £ (o) = £

p is a non-decreasing left continuous function}.(1.21)

, p€S),

Then we have the following
Main Theorems :

TM%MMLlML:wﬂmhzﬁﬂﬁmw@:Uﬁ(£¥@)
be in IA(J1) and By < A; < Ay < By, satisfying
Al S p(il?) S A2 ZfZL’ S Jl, (122)

then there exists a ug € L™ (J3), u € L®(2) such that (u,ug) is a solution to problem
(I) (see Figure 1).

flg()= XPX
-

(C.T) (C,T)
u(x.n=? u(x,t)=2
u(x,t)=?
| i ‘l Ul=? i i
Up(¥) (B,0)  (A.,0) P (X) (A,.0) (B,.0) Up(X)
Figure 1:

THEOREM 1.2 Let A > 0,C > 0,6 > 0,J = (0,C). Let g € LA(J) given by

fg(x)) = T—Lp(x) for x € J and satisfying
6 < p(r) <T, (1.23)
| < (121

Then there exist a b € L>(0,T),u € L>*(Q) such that (u,b) is a solution to Problem
II (see Figure 2).



on M1 e
X
u(x,f)=?
P u(x,t)=?
b(1)=
0,3)
(0,0) Ug(¥)
Figure 2:

THEOREM 1.3 Let I, = (Bl,BQ),Bl <(C< By, J, = (Bl,C), Jo = (C, Bz), then

(a). Let Ay < By < By < Ay and g1 € TA(Jy), g2 € TA(J,) given by f (g1(x)) =
T, f(ga(w)) = TR, satisfying
pi(x) < Ay ifz e, (1.25)
pa(x) > Ay ifx e . (1.26)

Then there exists ug € L>®((IR \ I1)),u € L®(Q) such that (u,y) is a solution to
problem (a) of III (see Figure 3).

(b). Let A > 0,0 <6 < T,g1 € LA(JL), 92 € RA(Jo), given by f (q1(z)) =
e=BL_ f'(gy(x)) = :”’—32) satisfying fori=1,2, x € J;

T—p1(z)’ T T—pa(z
0 < pi(x) <T, (1.27)
x— B
— | <A (1.28)
‘T — pi(z)

Then there exists by, by € L>((0,T)) and u € L>*(2) such that (u, by, b1) is a solution
to problem (b) of III (see Figure 4).

Before going for further results, let us recall some of the earlier works in this
direction and compare them with these results.

Problem (a) in III was considered by Horsin [17] for the Burger’s equation under
similar assumptions on g; and g, as in (a) of Theorem 1.3. He proves that given any
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x=B (x)

) x=p (X) (9 ()= ~2
o002 Ho,0
BT i B,.T
(By,T) (oR)) (B, T) -
X X
’ =2
= u(x,t)
’ u(x,t=?
pl o) ) (A,,0) (B,0) Uo(X) (B,0)  (A,0) p2(><)
Ug(X)=? Up(X)=?
Figure 3:
p _x-B 7 :X—B
@1 10075 en "9 0 @,m)
X! ] X\
b,(t)=" u="2 BN
’ ’ S\ b =?
o P 2(1)
®8 (8,5)
(B41,0) Ug(X) (B,.0)
Figure 4:



T > 2 there exists a T, > T, such that (a) of problem III has an approximate
controllability solution. That is given € > 0, there exist (u, @) such that

/ lu(z, ) — g(z)|dz = O(e),

and u(z,Tc) = g(x) = x(B1,0)(x) 91 (%) + X(c,B) (%) g2(x), outside an interval of length
€.

In the viscous case the same problem was considered by Glass-Guerrero [13] for
the control u(z,T) = M is constant. Using the Cole-Hopf transformation, they show
that there exist Ty > 0 such that for all time 7" > Tj, and small viscosity, they prove
the exact controllability. Also Guerrero-Imanuvilov [15] proves a negative result by
showing that M = 0 cannot be controllable.

Theorem 1.3 is stronger and much more precise result in the non viscous case
because

(i). It removes the condition on time 7, and obtains exact controllability.
(ii). It deals with general convex flux instead of Burger’s equation.

(iii). In section (5) we give a criterion when the constants are controllable.

In the case of problem (II), Fabio-Ancona and Andrea-Marson [6],[7] studied
the problem from the point of view of Hamilton-Jacobi equations and studies the
compactness properties of {u(-,T)} when u(x,0) = 0 and u(-,0) € U, here U is a set
of controls satisfying some properties.

In our results on controllability, superlinearity of f plays an important role in
removing the condition on 7, and by creating free regions (see Lemmas 2.3 and 2.4
). Next using convexity and backword construction, we explicitly construct solutions
in these free regions for particular data which allow to obtain solutions for control
problems (see Lemmas 2.1 and 2.2).

REMARK 1.1 The conditions in Theorems 1.1-1.3 are optimal. That s, in general,
we cannot take Ay = By, Ay = By in Theorem 1.1 and 6 = 0 in Theorems 1.2 and
1.3. This can be illustrated by a simple counter example (see counter example 4.2).

2 Exact controllability and main results

In this section we give the proof of Theorems 1.1 to 1.3. Basically following two main
ideas are used to prove these results



(a) Free regions : By suitable variations of parameters in the initial data, one can
obtain sub region in €2 where the solution are prescribed as constants. These
sub regions are called free regions. This is achieved in Lemmas 4.7 and 4.8. For
example from (4.95), the region

{(z,t) :x < Li(t)} (2.1)

A is constant.

is a free region since u

(b) Backword construction : This is a method where for a given target function sat-
isfying the compatibility conditions, one can construct a solution which achieves
the given target at t = T.

Then the Theorems will follow from backword construction in free regions and
gluing the different solutions using Rankine-Hugoniot conditions across the bound-
aries of free regions.

We state the following Lemmas which deal with this construction.

Let ug € L®(R),0 < 0 < T,A,C € IR. Let I(.,0,A,C) be the line joining
between (C,T) and (A,d) with slope 1/f (a(6, A,C)), intersecting ¢t = 0 axis at
D(6,A,C) and is given by

f(a(s,A,C)) = %{?, (2.2)
1(t,6,A,C) = A+ f(a(6,4,0))(t —6), (2.3)
D(3,A,C) = A—6f(a(d,AC)), (2.4)

_ 6(C - A)
- A— 3 (2.5)

LEMMA 2.1 1. Let A >0, A< C and p € LA((A,C)) satisfying

0<d<p(x)<T, (2.6)
x—A

Let Q = (A, 00) x (5, T). Then there exists a by (t,0, A, C) € L=((5,T)) and a solution
Uy (z,t,0,A,C) of (1.2) satisfying

’ xr — A
Y T,6,A = — A 2.
f(ul(x7 a57 ,C)) T—p(ﬂf)’ VIS ( 70)7 ( 8)
with initial and boundary conditions
U1(At,0,a,C) = b(t,6,A,C), te(5T), (2.9)
ty(z,t,0,a,C) = a(6,A,C), z>1(t,0,A,C), (2.10)
ay(I(t,0,A,C)—,t,6,a,C) = a(f,A,C). (2.11)



2. Let C < A and p € RA((C, A)) satisfying (2.6) and (2.7) for v € (C, A). Let
Q = (—00,A) x (0, T). Then there exist by(t,0,A,C) € L*((5,T)) and a solution

U (z,t,0,a,C) of (1.2) satisfying

f (ix(2,T,6,A,C)) = Tf”_;pé), € (C, A),

with initial and boundary conditions

Ua(A,0,A,C) = by(t,6,A,C), te(5T),
Ug(z,t,0,A,C) = a(d,a,C), x <t A C),
(1,6, A,C)+,t,6,A,C) = a(0,A,C), te(5,T).

(2.12)

(2.13)
(2.14)
(2.15)

LEMMA 2.2 Let Ay < Ag, Cy < Cy, p € TA((Cy,Cy)) such that for all z € (Cy, Cy),

(2.16)

Let Q = R x Ry, fori= 1,2, I;(t) = I(t,0,A;,C;), a; = a;(0, A;, C;), then there

exist ug € L>®((A1, A2)) and a solution @ of (1.2) such that for 0 <t < T,

iz, T)) = I_Tp(f”), for x € (C1,Cy),

(
'[L(ll(t>+,t) = dai,
ﬁ(lg(t)—,t) = Q9,

a iof r < Aj,
ﬂ(x,O) = ﬂo(l’) Zf A<z < A27
as if x> As.

(2.17)

(2.18)
(2.19)

(2.20)

Let T > 0,u )\ € R, A < B,Ii(t) = I(t,0,4,C), L(t) = I(t,0,B,0), a =

al(O,A
,C), ay = ay(0, B, C). Define u) and uf by

ai if x< A,
ug(z) = ¢ A if A<z<B,
up(z) if > B
and
as if x> B,
ub(z) =< if A<uz<B,
up(z) if = < A.

(2.21)

(2.22)

Let uy(x,t) and u,(z,t) be the solutions of (1.2) with initial data uj and uf respec-

tively. Then we have the following
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LEMMA 2.3 There exist g < Ao such that for all p < pg, A > Xy, 0 <t <T, x €
R, uy and u, satisfies

uy(x,t) = ay, if x<Ili(t), ux(l1(t)+,t) = @y (2.23)
uy(z,t) = as, if x> 1s(t), u,(la(t)—,t) = as. (2.24)

Let 6 > 0,7 > 0,B, < By, ll(t> = l(t,5,Bl,C’), lg(t) = l(t,(s,Bg,C), A =
11(0) < By, Ay =15(0) > By, a1 = a(6, B1,C), ay = a(d, By, C). For A\, u € IR, define
A
ug™ by

aq Zf r < A17
A ’Lf Al << Bl,
ug™(z) = { uo(z) if By <z < By, (2.25)
ol ’Lf BQ <z < AQ,
a9 Zf x > A2

and uy ,, be the solution of (1.2) with initial data u)™.
Then we have the following

LEMMA 2.4 Given any Ao, [, there exist Ao > Ao, po < po such that for 0 <t <
T, ux, ., satisfies

U)\z,u2(xvt> = { Z; Z i i gg;: (2.26)
Ug,pz (ll (t)+7 t) = a1, Uy, (lg(t)—, t) = Q2. (227)

Proof of Theorem 1.1 Let Q = IR x (0,7, A;, B;, C;, g and p be as in Theorem 1.1
Let

far) = -

Cy — A
T Y

) f/(a2> = T

L(t) = A+ tf(ar), l(t) = Az +tf'(a2).

Then from Lemma 2.3 choose A, i and solutions uy and w, of (1.2) such that

un(z,t) =ag if x <Il(t), ur(la(t)+,t) = ag (2.28)
uu(x,t) =ar i x> 4(t), w,(lLi(t)—t) =a (2.29)
with
a9 if z< A27
U/\(.CIZ',O) = A if AQ <z < BQ, (230)

uop(x) if = > By

11



and

a1
Uu(l‘, 0) = K

if l‘>A1,
if By <uz< A,

(2.31)

up(z) if =< By

From (1.22) and Lemma 2.1 there exist a solution u; of (1.2) and g € L>(Ay,

A,) satisfying

u(z,T) = g(z), if x € (Cy, Cy) (2.32)
ay if x< Ay,
U,l(il?,()) = Q_Lo(x) if Aj<z< AQ, (233)
a9 if > AQ,
and . @
B a; if x<lIi(t ,
ul(ll(t)+, t) = al,ul(lg(t)—, t) = Q9. (235)
Let
UQ(SE) if §é (Bl, Bz)
fio(x) = A if Ay <z < By
0 N ﬂg(%‘) if Al <x < A2
14 if Bi<z<A.

From (2.28), (2.29) , (2.34) and RH condition, glue uy,u,,u; to form a single
solution u of (1.2) for 0 <t < T by

w,(z,t) it x <Ii(t),
Ul(ZL',t) if ll(t) <zr< l2(t)7
ux(z,t) if () < x.

Then from (2.30), (2.31) and (2.33), (u, @) is the required solution. This proves the
Theorem.

u(z,t) = (2.36)

Proof of Theorem 1.2 Let f'(a) = 7% and [(t) be the line joining (C,T) and (0, 4)
given by l(t) = (t — §)f'(a). Let A = 1(0) = —6f'(a) < 0. From Lemma 2.3 by
choosing A large, we can find a solution uy of (1.2) in 2 = IR x (0,7 satisfying

a if z<A,

uxn(z,0) = ¢ A if A<z<0, (2.37)
up(z) if = >0.

ux(z,t) = aif © < (), (2.38)

12



ur(l(t)+,t) = a. (2.39)

From (1.23) , (1.24) and (1) of Lemma 2.1, choose a solution u; of (1.2) and b; €
L*>(6,T) such that

uy(z, T) g(x) (2.40)
u(0,t) = bi(t)ifd <t <T, (2.41)
ui(z,t) = a ifx>I1t),t>0, (2.42)

u(l(t)—,t) = a ift>4. (2.43)

From (2.39), (2.43) and RH conditions we glue the solutions u, and u; to obtain a
solution u of (1.2) by

] oun(z,t) if x> 1(),0<t<T,
(e, t) = { up(z,t) if 0<az<l(t),d <t<T. (2.44)
Define b € L>(0,T) by
_f un(0+,t) if 0<t <,
b(t) = { by (t) if 0<t<T. (2.45)

Then from (2.37) , (2.40), (u,b) is the required solution. This proves the theorem.

Proof of Theorem 1.3 Let f/(a1) = <24, f/(as) = S22, () = A + tf'(a1) =

Ay +tf'(az) be the respective lines joining (C,T), (A1,0) and (C,T), (Asg,0).

From Lemma 2.4 choose (A, pt) and a solution uy , of (1.2) in IR x (0,T") satisfying

. aq if z< ll(t),
Wﬂ%ﬁ—{@ifx>um (2.46)
with initial condition
ay it < A,
A if A1 << Bl,
U}HM(I’,O) = U()(J]) if B <z< BQ, (247)
o) if By<z< AQ,
ay if x> AQ.

(a). Since g; is a non decreasing function for i = 1,2 satisfying (1.23) , (1.26) and
hence
Dy = p1(B1) < A1, Ay < pa(By) = Ds.

Let n; be the line joining (B;,T) and (D;,0) with f'(m;) = 2225 for i = 1,2.
Then from Lemma 2.2, there exist solutions u; of (1.2) in IR x (0,7") with initial

13



condition u} € L>®(D;, A;) for i = 1,2 such that

u(z, T) = gi(x,T) ifz e (By,C), (2.48)
UQ(ZEJ T) = gg(ZE, T) if v € (Cv B2)7 (249)
u(z,t) = my if x < m(t), (2.50)
U,l(ll(t)—,t) = Ul(ll(t)+,t) = daq, (251)
us(x,t) = my if x> no(t), (2.52)
up(lo(t)—,t) = ua(la2(t)+,t) = ag, (2.53)
and
mq if < Dy,
up(2,0) = ¢ wp(x) if Dy <z < A, (2.54)
ai if > Al.
Mo if > DQ,
UQ(.CE,O) = u%(x) if AQ <rT < DQ, (255)

a9 if z< AQ.

From (2.46) , (2.47) ,(2.51), (2.53) and from RH conditions, we can glue uy, ug, u
to a solution w of (1.2) with initial data u(x,0) given by

uy(z,t) if oz <li(t),
w(x,t) =< unu(z,t) it L(t) <z <ly(t), (2.56)
ug(z,t) if x> 1y(t),

( mq if z< Dl,
up(z) if Dy <z < A,
A if Al <z < Bl,

u(z,0) =< wo(z) if By <z < By,

) if By <z < AQ,

ud(z) if Ay <z < Dy,

mo if z> Ds.

Define ug by

( mq if z< D17

up(z) if Dy <z < A,

B ) A if A <z< By,

tio(x) = I if By <ax< A, (2.57)
ud(z) if Ay <x < Do,

me if x> Ds.




From (2.52) , (2.53) u satisfies

. gl(l') if Bi<z< C,
e, T) = { g2(z) if C <ax< By, (2.58)

and (u,ug) is the required solution. This proves (a).

(b). Given 6 > 0 choose A; < By < By < A, such that max(ly(By),l2(B2)) = 0 and
uy,, be the solution of (1.2) as in (2.46). From (1.27),(1.28) and from Lemma 2.1,
there exist solutions u; of (1.2) in (By, 00) X (§,7) and boundary data by, us of (1.2)

in (—oo, By) x (6,T) and boundary data by such that

w(z,T) = gi(z) ifxe (B,0),
’LLQ(.CE,T) = 92($) ifo(C,B2)7

and for 6 <t < T,

ul(Bl,t) = bl(t), Ul(l1<t>—,t):a1,
us(Boyt) = ba(t), us(la(t)+,t) = as.

Then from RH condition glue uy, us, uy , in Q = (By, B2) x (0,T) by

’U/1<.’L',t) if O<t<5,Bl<ll($)<t,
u(z,t) = ug(z,t) if 0<t<d,t<li(z)< Bs,
uyu(x,t)  otherwise.

Then w is a solution of (1.2) satisfying the boundary conditions (by, bs) given by

bi(t) = by () if §<t<T,
! N U)\’#(Bl—i—,t) if 0<t<d,

bo(t) — by (1) if 0<t<T,
T L uau(Ba—,t) if 0<t <.

Then (u, by, bs) is the solution for problem (1.3). This proves the Theorem.

3 Proof of Lemmas 2.1 and 2.2 :

Proof of Lemma 2.2 follows as that of Lemma 3.5 of [2]. Where as proof of Lemma
2.1 is quite involve and we give the proof here.

Boundary value partition: (See Figure5) Let 0 <o < T, A< C, I = (A,C), J =
(0,T). Let P = {to,t1...tn, 20,1 ...2,} is called a boundary value partition if

T:t0>t1>t2...>tn:(5, A:x0§$1§x2<...§$n:0.
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Figure 5:

Let P(I,J) ={P: P isa boundary value partition of I , J}.

For a P € P(I,J) denote a;(P), s;(P),b;(P), a;(t, P), s;(t, P),bi(t, P) by

faP) = 2=
FOP) = 7
w(py — LoD = j04P)

a;i(P) = bi(P)
ai(t, P) = wi+ [ (a(P)(t = T),

/

bi(t, P) = xi+ f (b:(P))(t = T),
si(t,P) = xi+s;(P)(t—1T),

Clearly a,(tZ,P) = tz, b ( z+17P> = ti+1.

LEMMA 3.1 Define o;(P)such that s;(a;(P), P) = A. Then fort <T

ai(P) > bi(P), aiy1(P) > bi(p),
t;, > OzZ(P) > tH_l,(Ii(t, P) < Si(t, P) < bz(t,P),

Proof. Since t; > t;,1,2; < x;,1, hence
l’l—A .T,L—A iL‘Z—A xi+1_A
> : < .
T—t T—tyr T—tipn — T—tin

16
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This implies (3.2). From strict convexity of f and (3.2), we have

FlailP) — FB(P)
a;(P) — b;(P) > [ (0i(P)),

f'(ai(P)) >

hence t; > a;(P) > t;41 and for all t < T, a;(t, P) < s;(t, P) < b;(t, P). This proves
the Lemma.

Let Q;(P) = {(x,t) : a;(t, P) < x < a;+1(t, P),t;v1 <t < T}. In view of Lemma
3.1, let w;(x,t, P) be a solution of (1.2) in ©;(P) defined by

a;(P) if a;(t,P) < x < si(t, P),
wi(z,t, P) = bi(P) if s(t, P) <az <bit, P), (3.4)
)7 (#524) i bl P) <@ < it P),

Then
ui+1(ai+1<t7p>+7t7p) = ai+1(P> = ui<ai+1(t7 P)—,t,P) (35)

Also a,(P) and a,(t, P) are independent of P and denote by a,,a,(t). Then from
(3.5) it follows that wu,_1(a,(t)—,t, P) = a,. Therefore define the solution u(z,t, P)
of (1.2) in Q = (A, 00) x (6,T) by

| ui(z,t, P) it (x,t) € U(P), 0<i<n-—1,
.t P) = { an if z>a,(t), d<t<T, (3.6)
and u(x,t, P) takes the boundary value b(t, P) and initial value a,, given by
0 it t<t<T,
u(A,t,P) =0b(t,P) =< a;(P) if o;(P)<t<t, (3.7)
bl(P) if tiy1 <t< Oéz(P)

u(z, 0, P) = uo(x, P) = a, = (f)* (i—:?

Further more at t =T, and = € (A, C), u satisfies

x—A
T, P)) i . 3.9
f(ute ZX[Z @ (7=7) (3.9)
Next we calculate the L> and TV bounds of the boundary value b(-, P).

[f (0t P)I = max (|f (ai(p))], |f (0:(P))])

) if ze€ (A ). (3.8)

1<i<n
_ $Z—A l‘i—A

fg?gl( T—t; |7 | T—tita ) (3'10)
= max < ITZ'_A ) .

1<i<n b

17



i
L

TV(f((,P) = 2 f(ai(P)) - F0:(P)) = [ (ai1a(P))]
nil n—1
z;i—A z;i—A x;—A Tip1—A z1—A
= =~ T—t; ToT— tiy1 + ; T—tiy1 - Titi+1 Tl—tl
=3 - = A
1+1 Ti41 337, xr1—
- z (T— tzL) Z T+tz+1 Tt

<T7t1> IS%}; T—t; + (T*h) .
(3.11)

Analysis of Discretization and Convergence: Let p : [A,C| — [0, T] be a non
increasing right continuous function. Then it follows that {x : p(z) < t} is a closed
interval for any . Let 0 < ¢ < C' — A, define

pelar) = min{p(a), p(A + €)}.

Then p. is a non-increasing right continuous function. Let m,n be non negative
integers and let T' =ty > t; = p(A+e€) >ty > ... > t, = d besuch that |t;—t;| < %
for all i > 1. Let k <n — 1 such that {z : p.(2) <tpi1} = &, {zx: p(z) <t} # ¢ and
define {x;} by x; = C if i > k+ 1 and for 1 <i <k,

{z: pe(z) > t;} = (2;,C).

Denote Py, e bY Pone = {to,t1, ... tn, To, 21 ..., 2, } the partition depending on n,m
and e. Associate to P, define

IN

m n, e Z th[xZ 1 xz) + tnX[ocn—l,ﬂCn] (1’) (312)

Then it follows from definition,

sup pe() — p(z)] < sup |p(x) —p(A+e) (3.13)

A<z<e

(3.14)

1
€ - apmne S_
sglp\p (@) = (2, Pune)l < —

Definition: Let €2 < €1,M2 > My For i = 17 27 let Pm7ni,67; = {tO;tLi; R tniyi7$07$1,i7
.. Tp,;} be the partitions. Then we say Py, ., dominates P, ,, , and is denoted by
Pm,nz,sg Z Pm,n1751 lf fOI' 1 S] S n

tirt = tnynitj2
Js n2—ni+j,2s (315)
Lj1 = Tnag—ni+j2-

For a partition P, define Q(F,, ,.c) by

QPone) = {(z,1) ar(t, Prne) <@, 6 <t <T} (3.16)

18



Properties of the domination: Let €; < €;,n9 > n; and let for i = 1,2, u;(z,t) =
w(z,t, Pronie)s bi(t) = b(t, Prn,e;) as in (3.6) and (3.7) respectively. Let Py, e >
Py, 5y 60, then from the construction it follows

(@) = po(@) if T> e+ A (3.17)
u(z,t) = ug(z,t) it (2,t) € QP )s (3.18)
bi(t) = bo(t) if 5 <t<plA+e), (3.19)
fﬁMLTD:T—;gsng i=1,2. (3.20)

17 a0~ £ Gl = :(:f:v’(bg(t» — P )l
< oA+ a) - pAte)mx ||} (B2

_Tiam A
T—pey (5,2)

b

Construction of dominations: Let €2 < € and Py, 0, ¢, = {to, 11, - - - tny1, Tos T11,
-« ZTny 1} Now choose p(ex + A) = t19 > tao > ... 1,0 = t11 = p(e1 + A) such that
ltio — tit12] < % for 1 <i <ry—1. Let ny = ny + ny and define ¢; 5 for i > ry by

= |p<,4+€1>_p<,4+€2>|mjax{\

tio = tipoy11,

and {z;2} be associated to {t;2}. Let no =ro+ny —1 and P,y = {to,t12- - tny2,
Zo, 1‘1,2, . £L’n272}, then Pm7n2762 Z Pm7n1761'

Let 0 < €41 < ¢ < C—A, lime = 0. Let m > 1 and {P 0,6 }m be a
partition corresponding to p.,. From tZ}Teooabove construction, extend this partition to
{Prnses fm 10 pe, such that P, ., > Pryny e, By induction there exist partitions
{Prinje; }m of pe, such that

Pm,nj,ej- Z Pm,nj_l,ej-_l . (322)

Denote Prn,e; = {to, timys - - - tnjim,js T, T1mj, - - - Tnymyg b Oince po; < p and hence

‘ r—A < ‘ r— A

T —pey(x)| ~ |T = plz)]’

and ) y P
Thom,j — _ ‘ Thomj — < max i . (3.23)
T = tem, T— Pej(fl?k,m,j) z |T —p(x)

Assume that p satisfies (2.7). Then from (3.23)

Tgmg — A
T —tjm,;

}gm (3.24)

max
k<n;
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For each m, j, let
Um,j ($, t) - ’LL(iL‘, t, Pm,nj,e]')v
bm,j(t> - b<t7 Pm,nj,£j)7

where u and b are given in (3.6) and (3.7) respectively. From (3.10), (3.11) and (3.24)
we have for all m, j

’

S (bm,j(t))’ <A (3.25)
TV(f (b)) < (TT_—;(;)) A +%. (3.26)

Let j > k, then from (3.21)
1 Onstt) = 7 st e < Lot + ) = plac+ 4. (@20)

)

Under the above notations we have

Proof of Lemma 2.1 Let p satisfies (2.7), then for p(e; + A) < T and from (3.25),
(3.26), for each j, {f'(bm.j)}men is bounded in total variation norm. Therefore from
super linearity of f, {by ;}men is uniformly bounded in L* for all j,m. Hence from
Helly’s theorem and Cantors diagonalization, we can extract a subsequence still de-
noted by {b, ;} such that for every j, f'(b,, ;) — f'(b;) as m — oo in L' and for a.e. t.
Since (f')~! exist and hence b, ; — b; a.e. t and by dominated convergence Theo-
rem, by, ; — b; in L. Let p, () = p(x, P, c,), then from (3.14) pp;(x) — p2,(z)
C—A

. . ! . .
uniformly. Since f (um ;(z,0)) = =%, hence by Lj,. contraction, u,,; converges in

L} and for a.e. (x,t) to a solution u; of (1.2) with initial boundary condition

u;(A,t) = b;(t) (3.28)
£ (uj(z,0)) = ?—:? (3.29)
From (3.9) , (3.12) and (3.14), for a.e. z € (A,C)
/ r—A
[ ui(z, 1)) = T o) (3.30)
Letting m — oo in (3.27) to obtain
17 @) - £ tue)] < Alpta +6) - pa+ ). (3.31)

)

Since p is right continuous and hence [p(A + ¢;) — p(A + )| — 0 as j,k — oc.

Therefore from L;,. contractivity, there exist a subsequence still denoted by j such

20



that u; — 1, a solution of (1.2), b; — by in L., and a.e. Letting j — oo in (3.28)
to (3.30), then (a@y,b,) satisfies (2.7) to (2.10). From Rankine-Hugoniot condition
across a,(t, ), uy satisfies (2.10). This proves (1). Similarly (2) follows and hence the

Lemma.

REMARK 3.1 Given p, we have exhibited a method to construct an initial data uy and
the solution u such that att =T

Fu(z,T)) = “””‘Tp(”“"). (3.32)

This method is not unique. In fact we can construct infinitely many initial datas and
all the solutions to these initial datas satisfy (3.32). Here we illustrate this method
with an example.

EXAMPLE 3.1 Let T > 0 and x1 < xa, y1 < yo. Define

r—x+ Ty, if ©r<uxy,
p(x) =< yo if 1 <w <o,
x—x9+Tys if x> xs.

Let f'(a1) = 252, f'(b) = 252, f'(ax) = 2572, By strict covexity, it follows
that by < min{ay,as}. Let y3 = & < & < -++ < &, = y2 be a sequence and define
ap=c1 <y < <c,="b and {d;} by

f’(Ci) R 51" f/<di) _ f(Cz'+1) - f(Q)

T Cit1 — G
By strict convexity ¢; < d; < ¢;y1. For 0 <t <T., let
Ozz(t) = Iz + f/(CZ>(t — T)
Sl(t) = I+ f/(dz)@ — T)
Bt) = w2+ flla)(t —1T),

then a;(t) < s;(t) < aj1(t) < B(t) for 1 <i<n—1, t € (0,T). Let s; = s;(0) =
x; — Tf'(d;), then & < s; < &41. Now define u and ug by (see figure 6)

co=a; if x<sq,
) g if E<x<sy,
Cit1 if si <x < &g,
Cn=ag if T> 8,1,
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Figure 6:

then the solution u with initial data ug in (0,T) is given by

(¢ if < sy,
. if ai(t) <z <si(t)
) oG if si(t) <z <sia(l)
ulet)=§ o i sialt) <z <o
(A7 (52) if an(t) <a < B(t)
| if x> p(t).

Clearly u satisfies (3.32).

Since {&;} are arbitrary and hence there exist infinitely many solutions satisfying
(3.32). In the above example, s;(t) are shock curves. In fact one can also introduce
the backword rarefaction in the region «;(t) < < a;41(t) by

r — I

u(z,t) = (f)7! ( — ) for ;(t) <z < a;q(t).

4 Finer Analysis of Characteristics

In a beautiful paper, Dafermos [11] had extensively studied the properties of charac-
teristic curves. Here we make a finer analysis of these characteristics curves and then
use them to obtain our results. In order to do this, first we recollect the results of
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Lax-Olenik explicit formula and a good reference for this, is third chapter in [12].

Let f*(p) = sup{pq — f(q)} denote the Legendre transform of f.
q

Then f* is in C!, strictly convex, super linear growth and satisfies

© = 1w

[ = —(p),

P = o ) - I “1)
(=) = pf(p) = fp)

Controlled Curves: Let x € IR,0 < s < t and define the controlled curves I'(z, s, t)
by
I'(z,s,t) ={r:[s,t] = IR; ris linear and r(t) =z}, (4.2)

and denote I'(z,t) = I'(x,0,t).

Value function: Let ug € L*(IR), zo € IR, define
vo(z) = [ ue(0)do, (4.3)
)

be its primitive. Define the value function v(z,t) by

v(z,t) = min : {vo(r(())) Ttfr <%(0)>}

rel’(z,t

4.4
= min {vo(B) +tf* (52)}. (44)

Then v satisfies the

Dynamic Programming principle: For 0 < s < ¢,

v(z,t) = min {v(r(s),s)—i—(t—s)f* (x_—r(“”)>} (4.5)

rel(z,s,t) t—s

Define the characteristic set ch(x, s,t, 1) and extreme characteristics y4(z, s, t,
ug) by

ch(z, s, t,ug) = {r € I'(z,s,t); ris a minimizer in (4.5)}, (4.6)
y_(z,s,t,ug) = min{r(s):r € ch(z,s,t,up)},
yi(z, s, t,up) = max{r(s);r € ch(z,s,t,up)},

Denote ch(z,t,ug) = ch(z,0,t,up), y+(x,t,ug) = y+(x,0,t,up). Then we have the
following result due to Hopf, Lax -Oleinik:
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THEOREM 4.1 Let 0 < s < t,uqg,v9,v be as above, then

1. v is a uniformly Lipschitz continuous function and is a unique viscosity solution
of the Hamilton-Jacobi equation

v+ flug) = 0 (x,t) € IR x (0,00), (4.9)
v(z,0) = wvl(z) x€lR. '
2. There exist M > 0, depending only on ||u||l« and Lipschitz constant of f re-
stricted to the interval [—||uo|co, ||to||oo] sSuch that for (x,t) € IR X IR,
ch(x, s, t,ug) # ¢ and for r € ch(x,s,t,up)

=) oy (4.10)

t—s

3. NIP (Non intersecting property of characteristics): Let x1 # x9, t1 > 0,t5 > 0
and fori=1,2,r; € ch(x;, s,t;,up). Then r1(0) # ro(0) for all 6 € (s, min{t,,
to}).

From NIP, it follows that for 0 < s < t,

(a). x— y+(x,s,t,ug) are non decreasing functions,

(b). At the points of continuity of y,,
y-i—('ra S, ta uO) = y—('xa S, 2(:7 uO)a
and hence ch(z, s, t,uy) = {r}, where r is given by

T’(Q) _ T — y-i—(x?S?tvuO) (9

—t .
t—s )+I

(c). Let r € ch(x,t,ug), z=r(s). Let r1(0) =r(0) for 0 <0 < s,r9(0) = r(0)
for s <0 <t. Then ry € ch(z,s,ug),r2 € ch(x,s,t, up).

4. Let u(x,t) = %(m,t). Then u is the unique solution of (1.2) in Q@ = IR x IR,
with initial data ug and satisfying

lu(z, )] < [|uo |- (4.11)
Fora.e x, y_(z,t) = yy(x,t) and u is given by

f (ufa, ) = T T2y @) (4.12)

Let x be a point of differentiability of y+(x,t,uy) and y+(z,t,ug) is a point of
differentiability of vg, then

u(z,t) = uo(y+(z, t, up)). (4.13)
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5. Let ug,wy € L>®(IR) and u,w be the solutions given in (4) with initial data
ug, wo respectively. Then

(a). Monotonicity: Let ug(x) < wo(x) for x € IR, there exists a set N C IR of
measure zero such that for each t ¢ N, for a.e x € IR,

u(z,t) < w(z,t). (4.14)

(b). L}, contractivity: Let ¢ = max(||upl|oo, ||wolleo) and I = [—c,c|. Then there

loc

exist a M > 0, depending on Lipschitz constant f restricted to I such that
forallt >0, a <D,

b b+ Mt
/]u(x,t) —w(x,t)|de < / |up(z) — wo(x)|dx. (4.15)

For the proofs of (1) to (4) see chapter (3) of [12] and for (5), see chapter (3) of [16].

In this sequal we follow the notations of characterictic curves as in [5]. From
now onwards, we assume that Q = IR x (0,00),uy € L*(IR).

Left and right characteristic curves: Let 0 < s < ¢, u be a solution of (1.2) with
initial data uy and « € IR. Define the left characteristic curve R_(¢, s, «, ug) and right
characteristic curve R, (t, s, v, ug) and denote Ry (t, o, ug) = R+(t,0,, up) by

R_(t,s,a,up) = inf{z;a < y_(x,s,t,up)}, (4.16)

Ry (t,s,a,up) =sup{z : y,(z,s,t,ug) < a}. (4.17)

In view of (4.10), y_(z,s,t,ug) — —o0 as © — —o0, y4(z,s,t,ug) — +00 as x —
+00. Hence (4.16) and (4.17) are well defined. Our aim is to study the continuous
dependence of Ry on their arguments (¢, o, ug).

For x,y,€ R,t > 0, let r(0,t,z,y) € ['(x,t) be the line joining (x,t), (y,0)
given by

r(0,t,2,y) = (“’t;y> 0 —1) + 2. (4.18)

Observe that 7(0,t,z,y) = y and hence r € ch(x,t,up) if and only if y is a minimizer
in (4.4). Hence define the extreme characteristic lines by

re(0,t,x) =r(0,t,y(x,t,up)). (4.19)
Since 7+ (0,¢,2) = yx(z, t.ug) and y_(z,t,ug) < yy(z,t,up), hence for all § € [0, t],
r_(0,t,x) <r,(0,t,z). (4.20)

Then we have the following
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LEMMA 4.1 Let ug, wo, {uf} are in L>°(IR) and o, {c} are in IR. Let v, W, {vy} be
the value functions defined in (4.4) with respect to the data ug, wo, {uk} respectively.
p)

Letu= 2" w=9" vy, = % be the solutions of (1.2). Then

1. Let ©1 < 29,0 < s <t and B € IR be a minimizer for v(zy,t) and v(xe,t) in
(4.5). Then for x1 < x < x9, [ is the unique minimizer for v(x,t) and satisfies

_x-B

t—s

[ (u(z,1))

(4.21)

2. Letxy, € R, 1y, € ch(xy,t,uo) such that klim (g, 7,(0)) = (x, B). Thenr(-,t,x,5)
—00

€ ch(x,t,ug). Furthermore

lirTn Yo (g, t,ug) = y—(z,t, up), (4.22)
T
hIfl y—(xkat7u0) = y-‘r(x?tau())' (423)
TpdT

In particular, y_ s left continuous and y, is right continuous.

3. (i). For allt >0,

R_(t,a,up) < Ry(t, o, up), (4.24)
{ y—(R—(t’ a, u0)> 2 UO) Sa< y+(R_(t, a, UD)> t UQ>, (4 25)
y*(RJr(ta «, Uo), ta uO) <a< y+<R+(t7 a, uO): t uO)' '

Further more if R_(t, o, ug) < Ry (t, v, up), then for all x € (R_(t, o, up),
Ry (t,c,ug)) (see Figure 7)

’ r—«
sl t.0) = o f (ua. 1) = 22 (4.20
(ii). Let 0 < s <t, then
R_(t,s,a,up) = Ry (t, s, ,up). (4.27)

4. Let 0 < s < t. Then t — Ri(t,a,ug) are Lipschitz continuous function with
Lipschitz norm depends only on o and ||up||s and satisfying

Pi% R.(t,a,up) = a, (4.28)
Ry(t,o,ug) = Re(t, s, Re(s,a,up), up). (4.29)

5. Monotonicity: Let ug < wgy, < 3, then
Ri(t,or,ug) < Re(t, v, wy), (4.30)

Ryi(t,o,ug) < Ri(t, B, up)- (4.31)
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(RLt,a,y).b) (R.(t,a,wp).1)

u(x,t)= x—ta

) 0 t

(y.(x,t,u5),0) (a,0) (Y(x,t,up),0)

Figure 7:

6. Continuity with respect to data: Let {uo*} be bounded in L®(IR). Let ay —
a,ul — ug in L} (IR). Then fort > 0.

loc
(a). Suppose for all k, R_(t,ag,ul) < R_(t, o, up), then
lim R_(t,ap, uf) = R_(t, a, up). (4.32)

k—ro0

(b). Suppose for all k, R, (t, oy, ul) > R (t,a, ug), then
klim Ry (t, o, uf) = Ry (t, a,up). (4.33)
— 00

(c). Suppose R_(t,a,ug) < R = klﬁn R_(t,ap, uf), then for
_ — 00

all x € (R_(t, a,up), R),y+(z, t,up) = o and

’ r —

flulet) = —; (4.34)
(d). Suppose lim R, (t,ap,ul) = R < R, (t,a,ug), then for all v € (R,
k—ro0
Ry (t,a,up)), y+(z,t,u0) = @ and
f (ua, 1) = ——=. (4.35)

As an immediate consequence of this, if R_(t,a,ug) = Ri(t,c,ug) fort > 0,
then Ry (t, o, ug) is continuous at (o, up).

Proof. (1). Let z € (z1,22) and r € ch(z, s,t,up). Suppose r(s) # . then r inter-
sets one of the characteristics (u) (0 —1t) + x;, i = 1,2, which contradicts NIP of

t—s
Theorem 2.1 Hence § = r(s) = y+(x, s,t, up). Furthermore

(o) =50+ (- o) (=2,

t—s
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and for a.e z,

we =50 =1 (22) =0 (522)).

(2). From the continuity of v and f*, we have

This proves (1).

v(z,t) = lim v(xy,t)

k—o00

= lm {vom( )+ () )
= W) i (=2),
and hence r(-,t,x,3) € ch(x,t,uo). Let 21 < 9, then from NIP, y, (x1,t,up) <

Y- (an t7
up). From monotonicity of y., we have

y*(xlatuo) S er(xl’tJuO) S y*(Q;Q?tuuU) S y+(l'2,t,lbo>~

Let xp T x, then from above inequality,

p = lim y+($k,t,u0) < y—(xatauﬂ)'
k—oo
Since a subsequence of y, (xy,t,uy) converges to 3, hence r(-,t,x,5) € ch(x,t, up).
Therefore 5 < y_(z,t,up) < r(0,t,2,5) = S. This proves (4.22). Similarly (4.23)
follows. This proves (2).

(3). (i). Suppose y_(R_(t,a,up),t,up) > «. Then from (4.22) there exist zp <
R_(t,a,up). such that for all z € (zo, R—(t,a,up)), y+(z,t,u9) > a. Let z be a
point of continuity of y,, then from (3) of theorem 2.1, y_(z,t,ug) = y.(z,t,up) >
a and hence R_(t,co,up) < = < R_(t,,up) which is a contradiction. Suppose
Y+ (R_(t, o, up),t,up) < v, again from (4.23) there exist xo > R_(t, v, ug) such that
for all x € (R_(t, «, ug), xo),

y_(x,t,up) < . Therefore at points x of continuity, o < yo(x,t,up) = y_(x,t,up) <
«, which is a contradiction. This proves (4.25) and (4.26) follows similarly.

Suppose R (t,a,ug) < R_(t,, ug), then from (4.25), y_(R_(t, a, up), «
w) < a <y (Ry(t,o,up),t,up), therefore from NIP, y_(R_(t, a, up),t,up) = a =
Yy (Ry(t, a,up), t,up). Hence from (4.21), for all x € (Ry(t, a, ug), R_(t, v, up)), « is
a minimizer for v(z,t) which implies that R_(t,a,up) < x < R_(t,, up) which is a
contradiction. This proves (4.24).

Suppose R_(t,a,ug) < Ry (t, o, up). then from (4.24), (4.25), we have
a < y-‘r(R— <t7 &, u0)7 ta Uo) < Y- (R-‘r(t? a, UO)J t,UO) < a.

Therefore from (1), for all z € (R_(¢, a, ug), Ry (t, o, up)), ya(z,t,up) = o and
f'(u(z,t)) = 2. This proves (4.26).
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(3). (ii). Let 0 < s < t, then as in (4.24) we have R_(t,s,a,ug) < Ry(t,s,a,up).
Suppose R_(t,s,a,ug) < Ri(t,s,a,up), then as in (4.26), we have for all x €
(R_(t,s,a,u0), Ry(t, 5,0, u0)), f'(u(z,t)) = =2 Let R_(t,5,0,u0) < 21 < 29 <
Ry (t,s,a,ug) and ro(.,t,21),r+(., t, z2) be the extreme characteristics at 1, xs. Since
ri(s,t,x1) = ri(s,t,ra) = a, which contradicts NIP. This proves (ii) and hence (3).

(4). Let 0 < s <t,R_ = R_(t,o,up),y+ = y+(R_,t,up) and r..(0) = r(0,t, R_,y+) €
ch(R_,t,up). Then from (3) of theorem 2.1, 74|05 € ch(r+(s), s, uo)-
Claim : r_(s) < R_(s,a,ug) < r4(s).

Suppose R_(s,a,ug) < r_(s). For x € (R_(s,a,up),7_(s)), y_(x,s,a) > a.
Hence if y_ < v or y_(z, s, ) > «, then the characteristics r_(6),r_(0, s, z) intersect
for some 6 € (0,s) which contradicts NIP. Therefore « = y_ = y_(z,s,«a) and
from (2) 7(0) = 7(0, s, R_(s, a, up), ) € ch(R_(s,a,up), s, up). From (4.22) choose a
£ < R_, y_(§ t,up) < a such that the characteristic 7(6) and r(0,t,&, y.(&,t,up))
intersect for some 6 € (0, s) which contradicts NIP.

Suppose r(s) < R_(s,a,up), then for z € (ry(s), R_(s, o, up)), y—(z,s,ug) <
a < r,(0) =y, and therefore the characteristic at (z, s) with end point (y_(z, s, ug),
0) intersects 74 (#) for some 0 € (0, s) contradicting NIP. This proves the claim.

From (4.10) and the claim, we have

R+ (%) (s—1) < R_(s,a,u0) < R_ + (u) (s—1)
< 2M|s —t|.

t
)|s—t|

Also from (4.10), we have |R_ — y| = |[R_ — r+(0)| < Mt, hence
Pn% R_(t, o, up) = . Similarly for R, (¢, a, up).
%

that is

|R_ — R_(s, v, up)|

IN

R_—y_ R_ -y,
(=%

From (c) of (3) in Theorem 2.1, we have ri|yq € ch(R_(t,a,uo),s,t, up),
hence from NIP and from the above claim we have for any = < R_(t,a,up) <
z, yi(,s,t,up) < r—(s) < R_(s,a,up) < ri(s) < y—(z,8,t,up). Therefore from
the definitions it follows that R_(t,a,ug)) = R_(t,s, R_(t,s,up),up). Similarly for
R, and this proves (4).

(5). From (5) of Theorem 2.1, for t € N, a.e. =, u(x,t) < w(x,t). Let yy +(z) =
yi(z,t,u0), yo1(x) = yu(x,t,wp). Choose a dense set D C IR such that for i =
1,2,2z € D,u(z,t) <w(x,t),y;+(x) = y;—(x). Hence from (4.12) we have for z € D,

%ﬂﬂf) = f(u(z,t)) < f(w(z,t) = %ﬁ(@
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This implies y2 4 () < y1 +(2z). Therefore from (4.22) and (4.23),

R_(t,a,up) = inf{x e D:y;_(z) > a}
< inf{reD:y, _(z) > a}
= R_(t,a,wy).

R+(t7 «, uO) Sup{x S ‘D7 y1,+($> S O(}

sup{z € D : yp 1 (z) < a}
R+(t> a, 'lU())-

From (4), t — (R+(t,a,up), R+ (t,a,wp)) are continuous and hence (4.30) holds for
all t > 0.

A

R_(t, o, up) inf{x :y_(z,t,u9) > a}
inf{x : y_(z,t,up) > B}

R*<t7 67 u0)7

IHIA

and similarly for R. This proves (5).

(6). From Lj,,. contractivity, u — u in L},, and hence for a.e. s, ug(-,s) = u(-, s) in

L}, Let t > 0 be such that for a subsequence still denoted by k such that for a.e. x
lim wg(z,t) = u(x,t). (4.36)
k—r00

Let v%(z) = ya(z,t,ul), RX = Ry(t,ap,uf). Since {y%} are monotone functions
and {R%} are bounded. Hence from Helly’s theorem, there exist a subsequence still
denoted by k such that for a.e. z,

lim yi(z) = yu(o) (4.37)
(klgr;Ri,ggRi) = (R By, (4.38)

where u is the solution of (1.2) with u(z,0) = ug(x). Let D C IR be a dense set such
that for all z € D, (4.36) to (4.38) holds and further for all k,

vhi(x) = oF(2) (4.39)
yi(z, t,ug) = y_(x,t,up) (4.40)
ety = T (1.41)
Fulz,t) = 5”‘“?’@“0). (4.42)

Hence from (4.37) , (4.41) and (4.42), for x € D,
y+(x) = kh_}lrgo yj’t(x) = yy(z,t,up). (4.43)
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Case (i): Let for all £, RF < R_(t,a,up), then R_ < R_(t,a,up). Suppose R_ <
R_(t,a,up). Let I = (R_, R_(t,a,up)), x € DN I and choose ky = ko(x) > 0 such
that for all & > ko, R* < x, then

a = lim oy < lim 9" (2) = y_(x,t,u0) < «,
k—ro0 k—ro0
which is a contradiction. Hence R_ = R_(t, v, ug).

R_(t,a,up) < R_, then for z € DN (R_(t, a, ug), R_) choose kg = ko(x) such that for
a subsequence k > ko, z < R*. Hence a < y_(z,t,uq) = klim y* (r) < a and therefore
—00

y—(z,t,ug) = a. Therefore from (4.12), f'(u(z,t)) = &2 .

Case (ii) : Let for all k, R_(t,a,u) < R*, then R_(t,a,uy) < R_. Suppose

Since {uf} are bounded in L> and hence from (4), ther exists a C' > 0 inde-
pendent of k such that for all sy, sy we have

|81 —82’

|51 — 52

|Ra(s1, ap, uf) — Re(s9, gy uf)| <
<

|Ry(s1,a,up) — Re(sg, v, up)|
Now suppose for t > 0 and for a subsequence still denoted by k such that
R_= klgg@ R_(t,ap, ul) < R_(t, o, uy).
Therefore choose € > 0, kg > 0 such that for all k£ > kg
R_(t, o, uf) < R_(t, a,up) — 2e.

Let |s — t| < 55, then from the above uniform estimates we have for k& > ko

20
R_(s,ou,uf) < % + R_(t, o, uf)
< % + R_(t,a,up) — 2¢
< §+R_(s,ak,u§)+§—26
< R_(s,a,up) — € < R_(s,a,uq).

Now choose an |sg —t| < § such that the previous analysis holds. Then at sy, we have

R_(s,a,up) — e > lim R_(s,ap,uf) = R_(s,a,up) < R_

k—o0

which is a contradiction. This proves (2.32) and similarly (2.33) holds.

Let R_(t,o,up) < R = km R_(t,ap,uf) and R_(t,,up) < x < R. Then as
—00

earlier choose an € > 0, a subsequence still denoted by k such that for |s —t| < 55
and k > ko(e), following holds :

R _(s,a,up) +e <z < R—e< R_(s,ap,uf).
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Now choose an s > t such that ux(€,s) — u(&, s) a.e. & Hence from the previous
analysis we have for all £ € (R_(s,a,ug), R — ¢€), f'(u(£,s)) = E_Ta Since s > ¢ and
hence we have f'(u(z,t)) = #7%. This proves (2.34) and similarly (2.35) follows. This
proves (6) and hence the Lemma.

Next we study the characterization of R4 and some comparison properties. For
this we need some well known results which will be proved in the following Lemma.

Let @ C IR" be an open set and B(1) denote the unit ball in R". Let 0 < x €
C=(B(1)) with [ x(x)dz = 1. Let € > 0 and denote x.(x) = % x(%) be the usual
RTL

mollifiers. Let ug € L, (IR™) and define

U () = (xe * o) (z) = / (ol — ey)dy |
B(1)

then

LEMMA 4.2 Denote ess inf and ess sup by inf and sup. Then

1. With the above notation, for x € Q, there exists a €9 = eo(x) > 0 such that for

all 0 < e < &g,

inf ug(y) < ug(x) < supug(y). (4.44)
yeQ yeN

2. Let ty,e0,a € R and w € L>((0,tp)). Let R : (0,t9] — IR be a locally Lipschitz
continuous function such that for a.e t € (0,ty),

wt) > () (M)+50 (4.45)

t
dR f(w(t) — F((f)~ (B2
@t , 4.46
dt w(t) — (1)1 (0= (440)
then
Tinn R(t)t_o‘ — 0. (4.47)

Proof. (1). Let Q. = {z;d(x,Q°) > e}. Then for x € 2, there exists an gy > 0, such
that z € Q, for all € < gg. Hence z — ey € ), for a.e y € B(1) a.e

inf uy(§) < up(x — ey) < supugp(§).
£eQ ¢en

Multiply this identity by x and integrate over B(1) gives (4.44).
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(2). Suppose (4.47) is not true. That is

R(t) — «a

" < 0. (4.48)

sup
>0

Let m be defined by

1

e (0 () o (w0 1 ()

te(0,to

(M> do.

t

Claim : m > 0.
From (4.45), w(t) — (f')~* (R(t)_a> > (0 and hence by convexity we have

t

(7 (B=2) o (win - ()7 (22=2))) = £ (0 (Rg=2))

R(t)—«
—

Hence m > 0. Suppose m = 0, then there exists a sequence t,, — t in [0, 1] such that

0 = limflf/ ((f’)‘1 (mtf—,ﬁ)*e(w(t)_(f’)_l <R(tf—k)_a>>>

k—o00 0

(M) do.

ty
Then from (4.48), we can choose a subsequence such that

R(tk) —

; —a, w(ty) = b as k — oo.
k
Then from (4.45) we have b > (f')"!(a) + ¢ and

1

0= / 7 ((F) (@) + 66— (1) () — a] d8

0

and hence by strict convexity

0< f((f)Ha) +0(b—(f)"(a) —a=0

which is a contradiction. This proves the claim. From Taylor series and the claim we
have

a = Bz () (B0 g (wie) - () (29)))
_(E0me) g

_R(tz—a + meg

Vv
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or

.4 (M) > meo.

dt t

For 0 < t; < ty, integrating ¢t to ¢ to obtain

R(t) — « < R(t;) — «
t - t

t
— meolog?1 — —o0 as t— 0.

LEMMA 4.3 Let T > 0,«, 5 € IR, ug, vy and v be as in (4.3) and (4.4). Then

(1).

(i).

(2). (i).

Let xg € IR,t > 0 such that
Y- (x(b t Uo) <a< y-l-(an L, Uo), (450)

then

if xg < R_(t,a,up), then xg = R_(t,a,up). If R_(t,a,up) < xo, then for all

z € (R_(t,a,up), zo), f (u(z,t)) = 2.

if o > Ry(t,a,uq), then xg = Ry (t,a,up). If xg < Ri(t,a,ug), then for all
YIS (.2?0,R+(t,0z,ﬂ0)),f/(U(.T,t)) = %'

Let x > R_(t, v, uq), then

v(a,t) = int {vo(y) it (:”;y)} (4.51)
Let © < Ry (t, o, ug), then
v(wt) = inf {vo(y) Ftfr (x;y)} (4.52)

Let o < B and for 0 <t < T assume that
R+ (tv «, U[)) < R_ (t7 B? u0)7

then for R, (t,a,ug) < x < R_(t, 53, up),

: rT—y
t) = f tf* | —= 4.
)= it Lo +er (S} (4.59
m = inf wy(y) <wu(z,t) < sup up(y) = M. (4.54)
y€la,f] y€(a,f]

T — y+(x>t7u0)

; < f'(M). (4.55)

f'(m) <
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(3) Let L(t7 a, UO) € {R:I:(tv a, U’O)}’ R(t’ B) UO) € {R:I:(t7 57 UO)} SUppOS@ att = Tv
L(Ta a?“O) = R(T7/87u0)7 (456)

then for allt > T, (see Figure 9).

L(t,a,up) = R(t, B, up). (4.57)

Furthermore, let {uk} and ug are in L>°(IR) with sup |uf]loo < 0o. Let (ag, By,
uk) — (o, B,up) as k — oo in IR* x L}, (IR) and Tk — T in IR such that
R_(T,a,up) = R(T,B,uo) (4.58)
R_ (Tk,(l/k,uo) = R-l—(Tkaﬁ]mu’(g) '
Then fort > T,
klim Ry(t,ap,uf) = klim R_(t, By, uk)
—00 —00
= R+(t,0&,’U/0) (459)
= R_(t, o, up).
R(ta,W)=R,(tp W)
T
R.(t.B W)
R(ta,w)
Yo (a,0) Yo G0 W

Figure 8:

Proof. (1). It is enough to prove (i) and (ii) follows similarly. Let C' = R_(t, o, up),
then from (4.22) y_(C,t,up) < a. Suppose zy < C, then from (4.50), the char-
acteristic line joining (C,t), (y—(C,t,up),0) and (xg,t), (y4(zo,t, up),0) intersect if
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Yo (o, t,ug) > a or y_(C,t,ug) < o, which contradicts NIP. Hence y, (zo,t,ug) =
y-(C,t,ug) = a. Therefore from (4.21), for vy < = < C, f'(u(z,t)) = **. This
implies that C' = R_(t,a,up) < = < C, which is a contradiction. Hence xy =
R_(t,a,up). Suppose C' < xg, then from the definition and (4.50), we have y_(x, t, uo)
< a < y_(z0,t,up) and hence y_(zo,t,up) = o and from (4.21), f'(u(x,t)) = =2 for
all C' < x < . This proves (1).

(2). It is enough to prove (i) and (ii) follows similarly. Let x > R_(t, a,up), then
from (4.25), y4(z,t,up) > a. Therefore

)t <o (S
= o(z,t)

_ Ug(y+<l',t,UQ>> +tf* (x—y+(tx,t,m)> ‘

inf {igf{vo(y) +tf* (

Hence

v(o.) = int o) + o (52 )

(iii). (4.53) follows from (4.51) and (4.52). Let € > 0, uf = x. * up and v§, v. be as in
(4.3) , (4.4) respectively. Let u¢ = 2= be the solution of (1.2) in @ = IR x R.. Since
v is differentiable and hence for a e z and from (4.13), v (x,t) = u(ys(x,t,up)).
Since u§ — ug in L}, and hence u® — w in Lj,.. Therefore from (4.32) to (4.35), we
have for 0 <t < T,

@R-F(t?a?ug) < R+(t,()é,U0) < R—(taﬁau(J) < hﬂR_@,B,UB)
e—

e—0

Let € — 0 and choose a dense set D C (R4 (t, o, up), R—(t, 8, up)) such that for all
r €D,

lim u™(x,t) = wu(z,t)
k—o0
y(x> - y+(x,t,u0) - y_(a:,t,uo)
yk(x) = y+(x, t> ugk) = y*(xa ta ugk)
For 2 € D, choose ko(x) such that for all k > ko(z),z € (R4 (t, o, ug*), R_(t, B, ug")).
Then from ((4.53)), yx € [a, B]. Since u*(x,t) = ug* (yx(x)), hence from (4.44),
m < g () = (1) < M.
Letting k — oo to obtain (4.54). From (4.12),

x — yp(z)

f,(u6k<x7t)) = t )
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letting £ — co to obtain

w—Ty(@ = [(u(eb) = lim f/(u(z,1))
= lim T7 9% yk(x)

Hence lim yi(x) = y(z),
k—o00

7m) < £ o)) = 2228 < ),
Now letting & — oo to obtain
fim) < “=9 < pany

For « € D, choose xy T x, yy(zk,t,up) = y—(zx, t,up). Then from (4.22), y, (z, t, up)
— y_(x,t,up). Now apply the inequalities for x; and let & — oo to obtain (4.54),
(4.55). This proves (2).

(3). Without loss of generality we can take L(t, a, ug) = R_(t, v, up) and R(t, 8, up) =
R (t, 3, up). Similar proof follows in all other cases. Let C' = R_(T, o, ug) = R (T, 53,
up) and ¢ > T. Then from (4.27) and (4.29) we have

R_(t,a,uy) = R_(t,T,C,uyp)
= R+<t7T7 C? uO) (460)
= R-‘-(t?ﬁ?u())'

This proves (4.57).
Let ¢t > T, then choose kg = ko(t) such that ¢t > T}, for all & > k. Then from

(4.57) we have
Ri(t) = R_(t, cu, ub) = Ry (t, ap,ul),

R(t) = R_(t,a,ug) = Ry (t, o, up).

Hence from (6) of Lemma 4.2,

kli_m Ri(t) < Ry (t,a,up) = R_(t,a,up) < lim Ry(t). (4.61)

k—o0

This proves (4.59) and hence the Lemma.

Next we give a criteria under which R, = R_. Let § < v and I; = [3, 7], Define

m = ylglfl UO(?J)? M = SSF Uo(y)v I, = [f,(m)7f/(M)]
Let
ap = max{f*(q) — Mq;q € L}, f'(q) = max{q; f*(¢) — Mq < ao}.

Then we have the following.
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LEMMA 4.4 Let a < 8 < 7,60 > 0. Let ug € L>®(IR), ag and qo as above. Suppose
[ingl uo(y) > qo + €0, (4.62)

then for all t > 0,
R+(t,B,U0) = R—(t7 67 U’O)'

Proof. Suppose for some T' > 0, R (T, 5,uo) > R_(T, 3,up), then from (4.57), for
0<t<T,

R_(t,B,up) < Ry(t,5,uo)
and from (4.26) for R_(t, B, uo) < x < Ry (t, 5, up).

e ) = 2.

t (4.63)

From (4.28) we can choose T sufficiently small such that for all 0 < ¢ < T
R (t,a,up) < R_(t,B,up) < Ri(t,B,up) < R_(t,7,up). (4.64)

Claim: Let L(t) = R_(t, 8, up), then for 0 <t <T

R+<t76?u0) — 5
t

f'((L(t)+,1)) < < f'(q)- (4.65)

Let x; > R, (t, 5,uo) be such that y(zx,t, up) = y_(xy, t,
up) and klirn xr, = R (t, B, up). Then from (4.55)
—00

T — y*(xka t? uO)
t

f'(m) <
Letting k£ — oo and from (4.23) we have
R+ (t7 B7 Uo) B y+(R+ (t7 Bv Uo), t? U’O)
t

< f{(M).

< f(M). (4.66)

!
o (M) = wly-(t) +tf° (M)

t

R(t) — y+(t))

t
R(t) — . (1)
)

= Uo(y+(t>>+tf*<
< M(y+(t)—ﬁ)+tf*(

IN

Mly0) = R(0) + (R0 = ) + o (FOZ2)
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and hence

. (M) Yy (M) . (Ru) —y+<t>> By (R(t)

t t

From (4.66) it follows that
(RO Ly (HO=5) o,

t

Letting x tends to L(t) in (4.63) to obtain

Flu(Ly o) = HO 20 Tl Bi) =

< '(q)

This proves (4.65) and hence the claim.

(4.67)

From (4.54), for R.(t,a,up) < x < R_(t,B,up) = L(t), u(z,t) > inf wuy(y),

hence from (4.62) and (4.67), we have

w(L(t)—,t) > inf wue(y) > qo + €o
y€la,f]

> wu(L(t)+,t) + €0
= f*, (M) + €o.

From RH condition across L(t) gives

ar S(z@-0) -7 (1 (157))
W um-n- f(ME)

y€la,f]

(4.68)

(4.69)

Therefore L(t) satisfies the hypothesis (2) of Lemma 2.3 and hence from (4.47)

lim
t—0

Lt~ 8| _
t - J

which contradicts the uniform Lipschitz continuity of L from (4) of Lemma 2.2. Hence

R_(t,8,ug) = Ry (t, 3,up), for all ¢, and this proves the Lemma.

REMARK 4.1 Observe that qq entirely depends on the bounds of ugy in [3,7].

LEMMA 4.5 Let u be the solution of (1.2) with

a if r<a,
uo(x) if = > a.

Go(x) = u(z,0) = {
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Then for x < R_(t, a, ),

u(z,t) = a, (4.70)
f/(a,) _ R_ (t, a, ’ao) — Y- <tR (t, a, ao), t, ﬁo) ‘ (471)
Proof. Since %y(z) = [ 0(0)d0 is differentiable for z < o and hence from (4.13), for
a.e, r < a,u(x, t) 0(y+(:c t,up)) = a and
T —ys(x,t,u
fi(a) = Tl 0)

From (4.22) and letting « 1 R_(t, «, 1g) to obtain (4.71). This proves the Lemma.

Analysis of initial value problem with data taking three values : Consider
the following initial value problem taking three values. Let a,\,m € IR,a < [ and
consider

a if x<a,
uy(z) =<4 A if a<z<p, (4.72)
m if x> [.

and denote

xz

vy (1) = /ué‘(&)d@, (4.73)

B

and v* be as in (4.4). Let u* = % be the entropy solution of (1.2) in Q@ = R x IR,
with initial data u}. Assume that

A > max(a, m), (4.74)
then « is a point of rarefaction and 3 is the shock point.

Let
Li(t) = a+ f'(a),
Ly(t) = a+ f'(M,

S)‘(t) _ 5+<f(>\ f(m)>t.

—m

Let (2o()\), To(N)) be the point of intersection of Ly and S* given by
B —a
FO)—fm)\’
71 = (Lt

40

To(N) =




(B =a)f(N)
Oy — (et

Since [ is the point of shock and hence from (4.26) we have

1’0()\) = o+

R (1, 5, u)) = R_(t, 3, u}) = RNt)(def). (4.75)
Then the solution u* for ¢t < Ty()) is given by
RMt) = SMt). (4.76)
m if x> S*\t),
N B A if Ly(t) <z < SA¢t),
CEDZY () () i L) < < L)) )
a if =< Li(t).

Define T1(A\) > Ty(\) be the first point of intersection of Ly and R*. If they
do not meet, then define Tj(\) = co. Next Lemma describes the behavior of u* for
t> To()\)

LEMMA 4.6 Let \ satisfies (4.74). Then u? is given by (see Figure 9).

(i). For To(\) <t < Ti(N\),y+(L1(t),t,u)) = a and

m if x> RMN¢),
WMo, t) =4 f(352) if Li(t) <z < RMt), (4.78)
a if ©< Ly(t).

(ii). t > Ty(N\), then u™ is the solution of (1.2) with initial data

A\ [ a if x<RMTi(N),
u(x, T1(N) = { m if x> RMNTI(N). (4.79)
Furthermore for any compact sets Ky and Ky of IR with K = Ky x Ky,n >
0,7 <Ti(\) be bounded, then

lim inf Ti(\) = oo, (4.80)

A—o0 (a,m)eEK

"A) if 0<t<To(N)
IUARAt_,t:{f( o ‘ ? 481
f (W (RA(t)=, 1) Bz g Ty(\) < t < Ti(N). s

)\1_{{.10 (a}rl;l)eK u (R () ) ) (0.8} ( 8 )
To(N\)<t<T
. . A
M B 0 =0 "
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u=a

Figure 9:

Proof. Let Ty()\) <t < Ty()\). Since v)(x) is differentiable for x > 3 and hence from
(4.13) and (4.51), u*(z,t) = uo(y,(z,t,ud)) = m if ¥ > R (¢, 5,uy) = Rt). Next
we show that for L1(t) < x < RMt), ys(z,t,u)) = .

Li(t) <z < RMt). Then y (z,t,uy) < (3. Suppose for some z¢ € (Ly(t), R*
1), y_(z,t,u)) < a, then for all z € (Li(t),z0), y_(z,t,u))) < a, v'(z,t) =
Uo(y_(.f,t,
u})) = a and
T — y*('xvtaué\) = Ll(t) -G
t t ’

- = f'(a) = f’(u)‘(x,t)) =

which is a contradiction. Suppose y, (zo,t,u)) > a, then for all xy < x < R t),a <
yy (z,t,uy) < B. Since uy is differentiable in (o, 3) and hence from (4.13), for a.e
S (I()?R)\(t))u

x—yy (o, t,u
Wet) = (ot 0) = A FO) = Pty = E D),

Suppose o < Ly(t), then for zy < x < min(L3(t), R 1)),

f/(>\) _ T — y+(x,t,u6‘) < L%(t) —Q

; =y,

which is a contradiction. Suppose Lj(t) < zy < RMt), then for z € (xq, RM(t)),
characteristic v at (z,t) given by () = y,(z,t,uy) + f/(N\)0 intersects S* at to,

where 5 ( )\) 8
— Y4+ (x, t, up — o
tyg = 7 im < o — To()\),
f/()\) . f(/\))\_ﬁ ) f/()\) _ f()\))\_j;( )
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which contradicts NIP, since S*(t) is a characteristic for 0 < ¢ < Ty(\). Hence for
Li(t) <z < RM¢t), yy(x, t,uy) = y_(z,t,u)) = a and from (4.21), we have
r—a«

T

[ (2, 1)) = (4.84)

Now letting x | L;(t) and from (4.22) to obtain y, (L (t),t,uy) = a and f'(u*(L1(t)
+,t)) = w = f’(a). This implies u*(L,(t)+,t) = a. From RH condition across
Ly (t) implies that u*(L;(t)—,t) = a. Therefore from (4.12),(4.22),(4.23) y+ (L1 (t),t,
1)) = a. This implies for x < Ly(t), y4 (2, ¢, uy) < o and hence from (4.13), u*(z,t) =
uo(y4 (z,t,u})) = a. This proves (4.78) and hence (4.79).
Let
y=(t, ) = ye(RA(1). 1, u5),
y=(A) = wx(R
RA = RA(Tl )\) .

RMt) —ty_(t, A) — A (RNt)— 1)) = w. (4.85)

Hence y_(t,\) = a. Also at t = T1()),

R —a R—y_

f'(a) = o)~ T (4.86)
R)\(t)_y+(t7/\) _ lim x—y_(ﬁ,t,ué‘) (4 87)
t 0 t ’
= lim f'(uMz = f'(m). )
= I ) = ) (189

From (4.85) to (4.88) we can evaluate v*(R*(t),t) by

~@—ap e (UEL) = oy - gy o (=220

. <y+(t, A — R)\(t)t+RA<t) ~ 5)

t
+ tf(f(m))
= —tmf'(m) + m(R\t) — ) + m(a — B)
+ tf(f(m)).

(B-a)A=m) _ 2 (R (t) —a) R (tz QP m) + mf (m).  (4.89)



Let t = Ty(\) then & ) = f’(a) and hence the right hand side of (4.89) is bounded
uniformly for (a, m) 6 K and hence as A — 00, T1(A\) — oo. This proves (4.80).

Observe that R, (t, o, u)) = Ly(t) and Ly(t) < RMt) for 0 < t < Ty()\). Hence
for a.e x € (Ly(t), RA¢)),y. (z, t,u}) = y_(x,t,uy) € (o, B) and from (4.13),

ut(z,t) = ug (yy (o, t,up)) = A

From this and (4.85) , (4.81) follows. Let Ty(\) < ¢t < T\ then from superlinearity of
f*, (4.82) follows from (4.85), (4.89). Suppose /\lim To(A) = 0, and then (4.83) follows
— 00

from (4.81) , (4.82). Hence assume that lim Tt(\) > 0, then if n < Ty(\), then (4.83)

A—00

follows from (4.89). This proves the Lemma.
Next we generalize the above Lemma by replacing m by ug. More precisely let

a if ©<a,
ug(z) =4 A if a<z<p, (4.90)
up(z) if = > p,
and u* be the solution of (1.2) with initial data uy. Let

my = inf up(x), me = sup ug(z). (4.91)

T20 >

For 1 =1, 2, define ué’)‘ by

a if x<a,
uMr) =4 N if a<z<f, (4.92)

and let u} be the solution of (1.2) with intial data u;*. Let Ly(t), L}(t) be as defined
earlier, then

LEMMA 4.7 Let T > 0 be fized, then there exist \g = Ao(mq,mo,a,t) such that for
A > /\0, 0<t<T,

R(t,6,ud) = Ry (t, 5, u) (193
and denote R(\,t) = R_(t, B,uy), then

(i). t = R(\,t) is a strictly increasing function.
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(ii). X = R(A\t) is a strictly increasing function. Let Ti(X) be the first point of
intersection of Li(t) and R(t,\). Then for any fixred T > 0

lim 71 (\) = oo, /\lim R\, T) = oc. (4.94)
—00

t—r00
Let Ty(N\) be the first point of intersection of Ly(t) and R(\,t). Then

A _foa dif oz < Ly(t)
wiz,t) = { N if LN <z < RO0E), 0<t < Ty(\). (4.95)

Proof. Let gy be as in (4.62), then for A > ¢g, from Lemma 4.4 we have for i = 1,2,

R-(tﬁa“é) = R+<t767u8)7 (496)

R—(tvﬁauf)’)\) = R-l-(t?ﬁauf)’)\) (497)
and denote R;(\,t) = R_(t, 8,ui), Tii(N), Ty(N), Tor(N) the first points of intersec-
tion of Ly(t) with Ry(\,t), R(A, 1), Ro(\, t) respectively. Since uy”? < u) < ug™, hence
from (4.30)

Rl()\yt) S R()\7t) S RQ()\7t)a Tll()\) S Tl()\) S T2,1(>\)' (498)
Then from (4.80), it follows that

lim Ty(\) = oo.

A—00

Next we obtain a bound on u*(R(\,t)+,t). For this let @(z,t) be the solution
of (1.2) with initial data ug(z) defined by

_ _f min(a,my) if z<p,
() = { uo () 1 if ©>p,

then for A > m, Go(x) < uy™(x) < ud(x) and hence a(z,t) < u(x,t) and Ry (t, B, o)

< R(A,t). Since for y > 3, fé’ up(0)dl = gug‘(é’)dﬁ and hence from (4.51) we have
for z > R(\, t),

€xr —

Viat) = ;22{/y o 1 (<72}
g

_ ;gg{ﬁ/yuo(e)de +tf <x n y)}

= V(x,t),

<
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where vt = 63‘/ and @ = 22, Hence for z > R(\, ),

uM(z,t) = u(xz, t). (4.99)
Therefore

(W RO O+, 8] < il
< max(mag,a).

(4.100)

Fori = 1,2, let T} o(\) be the first intersection point of L3 (¢) and R;(\,t) and Tj1(A\) >
T;0(A) be the points of intersections of Ly(t) and R;(A,t). Then from Lemma 4.8, we
can choose \g > qo + ||t]|s such that for all A > Ao, f’( ) >0, f(A) > f(||lt]|l~) and

T171(/\) > T, Rl()\,T) > Ll(t) (4101)

inf  f* (M) = (inf utM (R (N 1) —, 1) > Ao (4.102)

Ti,0(A\)<t<T t O(A)<EST

From (4.83) and (4.98) we have
lim R(\,T) > lim R(\,T) =

A—00 A—00

This proves (4.94).

Next imitating the proof as in Lemma 4.6 and from (4.99) we have for 0 <t < T,

if > R(\ 1),

if t>To(N),L1(t) <z < R\,

if 0<t<To(N),Ly(t) <z< RN,
if x < Ly(t).

u(z,
Aoty =4 U (4.103)

Q >

Let 0 <t < Tp(A) then from (4.100) and the choice of \g, we have for a.e. t,
dpoy = TEEAD=1) = FEAEND+1)
dt ) UA(RO‘at)_yt)—UA(R()\,t)—ht)

f) = F (RO )+, 1)
A — RO 6+, 1)

> 0.

Let Th(A) < t < T, then from (4.98), T o(A) < Tp(A). Hence from (4.103), (4.102)
O I )

S (Rl()\j}) - 04)
= u"MRi(\t)—, 1)

> Ao
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Since f'(A) > 0 for A > Ag, hence

F@ROA)=,1)) = F(ho) > f(llalloo)-
Therefore from (4.99), (4.100) we have for To(\) <t < T.

d PR ) — RO D 1)
@A) = TR RO =) = RO D)
(R ) >_7 f(ﬂ(R()\, t)+= t)

uM R\ t)—,t) —
uMR(A t)—,t) — u(R(N )+, 1)

A

> 0.

This proves that t — R(\, t) is a strictly increasing function.
Claim: R(\,t) < Ly(t) for t > Ty(N).

Suppose for some to > To(N), R(\, tg) > Lj(to), then for a.e z € (L3 (to), R(\, o)
), y+(z,t,u)) € (o, B) and hence from (4.13) and differentiability of u} in («, 3) gives
u(x,tg) = X and f'(\) = %Otoué) Hence the characteristic line r(0) at (z,to) is
parallel to Ly and r(0) > Ly(#) for 6 € [0,to]. Since t — R(\, 1) is an increasing
function for ¢t € (0,71(\)) and To(\) < to, hence R(A, Tp(A)) < z. Furthermore
Y+ (RN, To(N)), To(N),uy) > (. Hence the characteristic line at (R(\, To(N)), To(N))

intersect r which contradicts NIP. This proves the claim.
Hence for t > Ty(N),

R(\t) — « < Ly(t) —

. < — =), (4.104)

Let A\p < A\{ < Ao, then uél < u82 and hence R(A,t) < R(\y,t) and for a.e.
x, yi(a:,t,u(’}l) > yi(m,t,uSQ). Suppose for some 0 < to < T, R = R(\,ty) =
R(\g, o). From (4.99) at = R, we have a < y_(R, to,uy?) < y_(R, to,u") < §, and
uM (R+, to)

= @(R+,tg) = u’?(R+,ty). Hence from (4.23) yo (R, to, u)") = y4 (R, to, up?).

y
Let for i = 1,2, y =y (R, to,uy’), yi = y_(R,to,uy’) and Vy¥ (y) = [ uy(6)d6,
B
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then Vi (y) = Vi (y) for y > B. Hence from (4.4) we have

Ao(y2 — B) +tof” (R;)yQ) = V{2 (y2) +Lf* (R;)m)

R—vy

= V(?Z(y)thf*( y
(

= V() +tf -

= V3t (y) +tf (R — yl)

0

M- B) +tof (R;Oyl).

o
N— "

~+~

Let f'(0:) = Rtgyi’ then R = f'(6;)to +y; and since y» < y; implies that f'(6) >
f'(61), hence 0y > 6. Substituting this in the above expression and using f*(f'(p)) =
pf'(p) — f(p) to obtain

(R—tof'(62)) s+ tof*(f(02)) = (R —tof'(01)) M + tof*(f'(61)) + B(A2 — A1)

L , / £(62) - 1161
R= -+ s Oa =07 6 - Ou = ren]+ (FE=L )
That is for ¢ = 1, 2,
! / f(02) — f(6h) ,
= 0+ {0 = 860 — = 006 10 [T )
(4.105)

Case (i) : Let yo = 3. Then 0 = 6, and hence from (4.105), f = y; < 8 which is a
contradiction.
Case (ii): Let a < yo < y1.

Since V5" is differentiable for y € (a, ) and hence from (4.13) , (4.23), we have
f'(\) = 2% Therefore from (4.105) and from strict convexity of f we have

f2) = f(M)

= t
B+ to N — N

— ') | > B

which is a contradiction.
Case(iii): Let a =y < 9.

Since y; > a, hence f'(6;) = 2 = f'(A;) and Rt—_oa = f'(62). From (4.104),
f'(02) < f'(Ag) and hence Ay > 6. Smce A1 > Ao and hence f'(65) > f'(A) > 0.
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From (4.105), #; = A, and convexity of f we have
(A2 — M)(y1 — B)

0> i = (A —60)(f'(62) — f'(\)) + f(62) — fF(\)
> (02— M) f (M)
> 0,

which is a contradiction. This proves A\ — R(A,t) is a strictly increasing function for
A > Xgand 0 <t <T. This proves the Lemma.

Next we consider the variation from the right, Let u* be the solution of (1.2)
with initial data uf given by

up(z) if = <a,
uy =< W if a<xz<p,
a it z> 0.

We state the following Lemma without proof since the proof follows exactly as that
of Lemma 4.7.

Define
Ly(t) = B+ fila)t, Ly(t) = B+ f(p)t.
LEMMA 4.8 There exist iy = py(my, ma,a) such that for p < py,t >0,
R_(t,a,ull) = Ro(t, ), (4.106)

and denote R(u,t) = R_(t,a,uly). Let To(p) > 0 be the first point of intersection of
R(p,t) and LE(t) and T () > To(p) be the first point of intersection of R(ju,t) and
Ly(t). Then

1_1}_1’100 Ti(p) = 0. (4.107)
For 0 <t <Ti(n),
a Zf T > Ll(t),
()7 (552) if Tou) <t < Ti(p),
u'(x,t) = R(u,t) <z < Ly(t), (4.108)
o if 0<t<Ty(p),

R(p,t) <z < LL(¢t).
Furthermore let T > 0 be fized, then there exist pg = po(T, p1) < p1 such that
(i). uw— R(u,t) is a strictly increasing function for 0 <t <T and

lim R(p,t) = —oc. (4.109)

HU—>—00
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(ii). For 0 <t <Ti(u),t = R(u,t) is a strictly decreasing function of t.

Interaction of R, with initial data: We study the interaction of R4 with varying
parameters in the data. For this first we need the following elementary results.

Let By, Bo, j1p < Ao, L € C(IR4 X [Ag,0)), R € C(IRy x (—o0, po]) be given and for
A > Ao, it < pg, L and R satisfies the following hypothesis,

(Hy). A — L(t,\), pu — R(t,p) are strictly increasing functions such that for all
A > No, p < po,

L(0,\) = By, R(0,u) = Bs, (4.110)

and for any 0 < a < 3,
lim inf L(t,\) =00, lim sup R(t,u) = —oc. 4.111
jgim inf L(A) dm sup (t, ) (4.111)

(Hz). For A > Ao, o < po, t — L(t, \), is a strictly increasing function and t — R(t, p1)
is a strictly decreasing function.

Let I = [Ag, 00) X (—00, o] and define xo(t), yo(t), A(z,t), u(y, t), 5(A, 1), c(A, p)
as follows:

zo(t) = L(t Xo), yo(t) = R(L, po) (4.112)
L(t,\(x,t)) = =z, R(t,u(y,t) =y (4.113)
L(6(A p),A) = RO p), p) = c(X p), (4.114)

then we have the following

LEMMA 4.9 1. z( s a strictly increasing continuous and yo 1S a strictly decreasing
function satisfying

(%0(0), 40(0)) = (B1, Ba). (4.115)
2. For x > xo(t),y < yo(t), Az, t), u(y,t)) € I,x — Az, t),t = p(y,t) are strictly
increasing functions and t — A x,t),y — u(y,t) are strictly decreasing continuous
functions in (0,00). Also for x > By, y < Bs

lim(A, ), (. £)) = (00, —00). (4.116)
H

3. Let By < By and (A\,u) € I. Then 6(\, ) exist and is a continuous function.
Furthermore X\ — 0(\, ) is a decreasing function and p — §(\, p) is an increasing
function and

lim d(\, p) = lim d(\, p) =0 (4.117)
A—00 pU——00
lim ¢\ p) = By, lim ¢(\, p) = Bs. (4.118)
HU——00 A—00

Proof.
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1. Follows from (H).

2. From (4.111) for ¢t > 0, L(t,-) : [Ao,00) — [xo(t),00) is a homeomorphism and
hence A(x,t) exist and x — A(x,t) is a strictly increasing function. Let t; < ¢y
and suppose \(x,t1) < A(z,ts), then

x = L(ty, N, t1)) < L(ty, Mz, t2)) < L(ta, Mz, t2)) = x,

which is a contradiction. Hence t — A(z,t) is a strictly decreasing function.
Let (zp,t,) — (x,t), ANz, t,) — A, then

v = lim L(ty, Mwn, ) = L(t, \),

n—oo

and hence A = A(z,t). This proves the continuity of A(x,t). Suppose as t,, —
0,{A(z,t,)} is bounded. Then for a subsequence still denote by n such that
Az, ,t,) — X as n — oo. Therefore by continuity of L and (4.110)

By < x = lim L(t,, AN(z,t,)) = L(0,\) = By,

n—oo

which is a contradiction. Hence A(x,t) — oo as t — 0. Similarly for u(y,t) and
this proves (2).

3. For (\,u) € I,t — L(t,\) > B; and is a strictly increasing function and
t — R(t,n) < By is a strictly decreasing function. Hence there exist a unique
d(A, ) satisfying (4.114) and By < ¢(\, u) < By and continuity follows from
the uniqueness of §(\, p).

Let Ay < Ay and 0(Aq, i) < 0(Ag, it). Then

R(6(A1, ), 1) L(6(A1, i), M) < L0 (g, 1), M)

L<5()‘27 M)? /\2)
R(6(Aa, 1), 1)

and hence (A, 1) < §(Aq, 1) which is a contradiction. Suppose /\lim d(A, p) =dp >0,
—00
then from (4.111),

A

oo = lim L(6(A\,u),A) = lim R(0(A\ p), ) = R(dg, ) < 00,

A—00 d(A\,p)—do
which is a contradiction hence dy = 0 and

Jim (A p) = lim LE(A, ), A)
= _lim R(6(A, p), 1)

S(A,u)—0
= B27

similarly for po — §(A, ). This proves (3) and hence the Lemma.
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COROLLARY 4.1 Let 69 > 0, then there exist \y > Ao, 11 < po such that for all
A 2 )‘17 % S M1,
(A, i) < do. (4.119)

Proof. Since §(A, p10) — 0 as A — oo, hence choose A\; > Ag such that d(\y, pg) < dy.
Let p1 = po, then for A > Ay, < g, we have,

5()\7/1“) S 5(}\1,,&) S 5()\1,”]_) S 50-
This proves the Corollary.

Let T >0and Ay < B; < C < By < Ayand fori = 1,2, define a;,1;,0 < 6g < T
by
C— A
T
(50 = min{ll(31>,l2(B2)}.

Let uy and u be solutions of (1.2) with respective initial data u,u} given by

aq if z< Al,
1A ) A if A <z < By,
Uy (7) = up(x) if By <z < By, (4.120)
ef if z< Bl,
2,1 - U0<$> if B1 <z < BQ,
" () = w if By <z < Ay, (4.121)
as if z> AQ.

From Lemma 4.7 and 4.8 we can choose \g = Ao(||to]|loo), o = to(]|%0]|s) such that
forall A > A, p < pg, t >0,

L(t,\) = R_(t,By,uy") = Ry(t, By, u™) (4.122)
R(t,;) = R_(t,By,ut™) = R(t, By, ul™), (4.123)

and for 0 < t < T, L and R satisfies the hypothesis (H;), (Hz) of Lemma 4.9. Let
(c(A\, i), 6(A, 1)) be the point of intersection of L(¢, \) and R(t, i) as defined in (4.114).
From Corollary 4.1, choose A\; > Ag, 11 < pp such that for all A > A\, u < g

SO\ 1) < B (4.124)
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LEMMA 4.10 Wzth the above notation and let u(x,t, A\, i) be the solution of (1.2) with
tmatial condition uo given by

a; if < Aj,
A if A<z < By,
uy™(z) = wuy if By <z < Bs, (4.125)
woif By <x < As,
a9 Zf T > AQ.

then for 0 <t < (A, u),

up(z,t) = ub(z,t) if L(t,\) <z < R(t, ), (4.126)
ut(x,t) if x < L(t,\),

u(z, t, A\, 1) = ut(x,t) if L(t,\) < < R(t, u), (4.127)
ub(x,t) if x> R(t,u).

xT

Proof. Let v = 2182 and define vy (v) = fu(l)’)‘(Q)dH, v (x) = [ug*(0)do,

fu 0)df. Then for = € [By, B,

vy () = vt (x) = / up(0)do. (4.128)

B1+Boy
2

v (z) if x < By,

o () = { vet(z) if x> Bs. (4.129)

) . : . LA 2
Claim: Let v v?* be the corresponding value functions associated to vy, vy"

defined in (4.4). Then

VM@, 1) = infyep, 5 {vé”\(y) Fifr (”” - y) } Jif LA\ <z <B, (4.130)

v (z,t) = infye(p, By {vé’“(y) +tf" (x ; y) } ,if By <z < R(t,\). (4.131)

Let L(t,\) < z < B,, then from (4.122) y.(z,t,uy") > B;. Suppose for some
2o € (L(t,\), By),ys(zo, t,up™) > Bo. Since v is differentiable in (By,00) and
hence from (4.13) for a.e. x € (20, B), u' Mz, t) = 222 (2, 1) = 0 and 0 = f'(0f) =

oz
B 1,2 . c L
2=v+@bug”) Hence By >z =y, (z,t, uo’ ) > B, which is a contradiction. Therefore

ys(z,t,uy?) € [By, By and hence (4.130) follows. Similarly (4.131) holds . This proves
the claim.
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From (4.128), (4.130), (4.131), for L(t,\) < x < R(t, ), v'*(x, t) = v*>#(x,t)
and hence for a.e. x, u'(a,t) = 202 (z, 1) = 2 (2,t) = u>#(x,t). This proves
(4.126). In view of (4.126), RHS of (4.127) is a solution of (1.2) with initial data u)™*.

Hence from uniqueness of solutions (4.127) follows. This proves the Lemma.

As an immediate consequence of Lemma 4.10 and (4.27), (4.122), (4.123) we
have

COROLLARY 4.2 Let A > A, pu < pq, then

Ry(t,Bi,up™) = L(t,A) 0<t<d(\p),
Ry(t,By,up™) = R(t,u) 0<t<d(\p),
Ro(t,Br,ug™) = Ry(t,By,ud™), t> 8\ p).

Furthermore, denote S(t,\, ) = R4(t, Bl,ué’“) for t > 6(\ ), then (t, A\, pu) —
S(t, A, 1) is continuous and

utMa,t) if @ < St p),

““’“"”Z{ (e t) if @ > St ), (4.132)

Proof. Let (t, Ak, k) — (£, A, ). From Lemma 4.9, §(\g, ug) — d(A, ) and hence
for t > 0(A, w)

+ |S(t, Mgy pur) — S(E, A, ).

From (4) of Lemma 4.1 and from (3) of Lemma 4.3, the right hand side tends
to zero as k — oo. Let v be the cost function associated to U()\’“ defined in (4.4).
For x < S(t, A\, 1),y (2, t,up™) < By and hence from (4.129), v™(z,t) = v" Mz, t).
Hence u(z,t, A\, 1) = 82? (z,t) = ub*(x,t). Similarly for z > S(t, \, ), u(z, t,\, p) =
u?#(x,t), this proves (4.127) and hence the Lemma.

LEMMA 4.11 Let A > M\, pu < pg and §(\, pu) < to < T, then

(i). Suppose li(to) = S(to, A\, ). Then for all to <t < T,

St 1) < L(2). (4.133)

ag if 0<t<T, x>It)

@t A p) = { ar if < min(ly(£), S(E A, ). (4.134)
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(7). Suppose ls(to) = S(to, A, ). Then for all ty <t < T,
S(t, A ) > lo(t). (4.135)

ap if 0<t<T, x<li(t),

“C“t’A’“)::{ as if z > max(l(t), S(t N 1), (4.136)

Furthermore there exist Ay and py such that S(T, Ao, o) = C and for 0 <t < T,
u satisfies

u@t&wﬂ:{z Ziiggj (4.137)

Proof. (See Figure 10) Let g(¢) = min(ly(¢), S(t, A\, u)). Then we claim that for all
z < g(t),

u(z, t, A\ 1) = ay. (4.138)

Suppose = < [1(t) < S(t, A, p), then from (4.132), (4.95) we have u(z,t, A\, pu) =
ul?(z,t) = a;. Hence assume that S(t,\, u) < [1(t). Suppose there exist xy <
S(t, A, ) such that y (o, t,ug™) > Ay, then for all z € (x0, S(t, A, 1)), Ay < y4 (. t,
up™) < By. Since uy* is differentiable in (A;, By) and hence from (4.13), for a.e.
x € (o, S(t, A\, 1))

T — y+($, t? ué\:ﬂ)

PN = fulz, t,\p) = t
L(t) — Ay

< == f'(ar),

which is a contradiction since A > ay. Hence y, (., t, ug™) < A, for all z € (xo, S(t, \,
). Suppose 4 (zo, t,uy") = Ay. Then from (4.21) f'(u(z,t)) = =1 for x € (z0, S(t,
A ). Let v,(0) = Ay + 60 (=21) < 11(6) be the characteristic at (z,¢), then from
(c) of (3) in Theorem 2.1, =, is also a characteristic at (7.(s),s) for 0 < s < ¢ and
I (u(yz(s), s, A p) = %(S)S_Al < ll(s)s_Al = f'(a1). Let s < 0(\, p), then l1(s) < L(s, A)
and hence f'(a1) > f'(u(7z(s), s, A, 1)) = f'(a1) which is a contradiction. T his proves
the claim.

Let tg > (A, u) such that I(tg) = S(to, A, ). From (4.132) and Lemma 4.8 for
T > S<t07)\7/1’>7
as = max(p, ag) > u(x,to, A, ). (4.139)

Let tg <t < T and w be the solution of (1.2) with initial data wq at ty is given
by

. ai if z< S(tO;)\7M) = ll(to)’
wo(w) = { as if > S(to, A\, 1) = Li(to).
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Then w admits a shock at [;(#) and for ¢ > ¢, is given by

n(t) = Ili(to) + %(t — 1)
< li(to) + f'(ar)(t — to) 4.140
= A+ fl(ar)t (4.140)
= ll (t),
since f is strictly convex and f’(a;) > 0 > f’(az). From (4.138) and (4.139), wo(z) >
(B.T) € B,
T
I,
0 Ry
u=g =R,(t W) i,
R(tN)
" Ri(t W)
a (A0) A (B,0) Ug(X) (B,0) K (A0 &
Figure 10:

u(z, to, A, ) and therefore from (4.29) and (4.30) we have for t > to, 1(t) > n(t) >
S(t, A, ). This proves (4.133).

From (3) of Lemma 2.4, (A, u) — S(T, A\, p) is a continuous function for A >
A and g < py. From (4.94), choose a A > )\; such that S(T, ):l,ul) > T and
from (4.109) choose fi; < 1 such that S(T, A1, fi;) < T. From Corrollary 4.1, S is
continuous in [Ay, \;] X [111, fi1] and therefore there exist a (g, f12) € [A1, M| X [, fi1]
such that S(T, Ay, u2) = C' . Hence (4.137) follows from (4.136). This proves the

Lemma.

Proof of Lemma 2.3. In Lemma 4.7, take A = «, B =, I(t) = L1(t). Then from
(4.94), choose a \g large such that for all 0 < ¢t < T and for all A > Ao, I(t) < R(A, ).
Then (2.23) follows from (4.95) and from Rankine-Hugoniot condition across [(t).
Similarly (2.24) follows from Lemma 4.8 and (4.107) and (4.108).

Proof of Lemma 2.4 This follows from Lemma 4.11 and (4.136) and Rankine-
Hugoniot conditions across [;(t) and l(t).
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EXAMPLE 4.1 (Counter Example) : Let a = 0,2 < O,klim zp = 0,\ > 0y and
—00
. 9f if x <0,
uo(x)—{/\ if x> 0.
k(x):{ef Zf T < T,

u :
0 A if x> a.

define ug, uf by

Then the solution u and uy, with respective initial datas uy and uf are given by

0 if x<0,t>0,
u(z,t) =< (f)7HF) if 0<z< f/(M,
A if x> f'(\t,
then
R_(t, O,Uo) = 0.
0 if v <ag,t>0,
uk(x,t) = (f,)_1<%) ’lf T < x < f,()\)t + xg,
A if > f/()\)t + T,
then
R_(t,0,u5) = f'(M)t,
0
/|u0(:c) ~ b (a)|de = /(A —0,) = (A= 0))[ax] = 0 as k — oo,
R Ty
But

lim R_(t,0,uf) = f'(\)t > 0= R_(t,0,u).

k—o0

EXAMPLE 4.2 (Counter Example) : Let Ay = B; = Cy, Ay = By =0C5, p(z) =x
for x € (Cy,C%) and

_Joay if x> DBy
uO(x)_{al if x < By,

where ay < 0y and 0y is the point of minima of f.

Suppose there exists a solution (u, ) to problem (I), then by Laz-Oleinik for-
mula we have

ﬂo(l’) = 49f Zf T € (Bl,Bg)
u(z,t) =60 if (x,t) € (B1,Bs) x (0,T).

On the otherhand, since ay < 0y there is a shock wave entering the region (B, By) x
(0,7T) at (Ba,0) which is a contradiction because the solution w = 6 in this region.
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5 Extensions:

PROPOSITION 5.1 (Controllability of constant states):

1. In theorem 1.1, g(x) = m a constant if and only if m satisfies

Cy — Ay / Cy— Ay
< < . .
< rm) < (5.1)
2. In theorem 1.2, g(x¢) = m a constant if and only m satisfies
C
! > —. 2
fim) > = 52

3. In theorem 1.8, g1(x) = mq, go(x) = mo are constants. then gy, go is controllable
if and only if my, ms satisfies

(5.3)

Proof. (1). g(x) = m if and only if p(z) = x — T'f'(m) for all z € (Cy,Cs). Hence
from (1.22) we have A; < p(z) < A, implies that 242 < f/(m) < =2 and hence
(5.1) holds.

(2). From (1.23) , g(x) = mifand only if 6 < p(z) < T and hence § < x—Tf"(m) < T.
This implies (5.2). Similarly (5.3) follows from (1.25) and (1.26). This proves the
theorem.

(3). Follows similarly.

5.1 Controllability on the boundary

As mentioned in the introduction problems (I) and (III) deal with the controllability
at time ¢ = T. What about the controllability at x = A,. More precisely

Problem (IV): Let T > 0 and A; < A,. Given ug € L>®(IR), g € L>*(0,T) find
o € L>®((A1, Ag)) and u a solution of (1.2) in 2 = (—o0, A2) x (0,T) such that

f(u(Ag, 1)) =g(t) if 0<t<T, (5.4)
and

up(z) if =z < Ay

ﬂo(ﬂ?) if Al << Ag. (55)

u(w,0) = {

Then we have the following
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THEOREM 5.1 : Let Ay < B < Ay, A > 0 and p : [0,T] — [B,As] be a non
increasing left continuous function such that for all t € [0,T],

o
t

<A

— 9

(5.6)
and f'(g(t)) = AZ_TP(”. Then there ezist (u,ug) satisfying (5.4) and (5.5).
Proof. Proof follows on the same lines as in theorem (1.2) and hence only sketch the

main idea of the proof.

Step 1. This step is analogous to Lemma 2.1. Frist assume that p is discrete. That
is there exist a partition 0 =t¢, <t, 1 <...<tgc=Tand B=zy <21 <...< T, =
As. Define a; and b; by

Ay — 1, Ay — g
Fla) = S5 () = =
st) = Avt (8- 1) ) - g(bi)
f,(az) = A2_ZBZ A2_$z—1 :f,<bz)

Then

f(bi) =

Hence a; > b;,a;11 > b; and from convexity. f'(a;) > % > f'(b;). Therefore

T; = A2 - tf/<CLz) < AQ - t%
= si(0) < Ay —tf'(bi)

Tit1-

Hence for 0 <t < T,
Li(t) < si(t) < mi(t),

where [;(t) = x; + f'(a;)t,mi(t) = xz;—1 + f'(b;)t. Define p,, and g, by

pn(t) = ToX[T,t1] + ;xiX(ti,tiH](t)
_ Apa)
flon(t) = ===

Define u,, in 2 = (—o0, 43) x (0,T) by

an it x <lI,(t),
’ B a; if ll(t) <z < Si(t),
Flunfz,) =94y it osi(t) < @ < my(t),

()71 i ma(t) < @ <L),



then w, is a solution of (1.2) in Q satisfying

f’(un(l’,t)) = a, ifr< ln(t) — B_i_t(AQT—B)
f(un(Ag,t)) = %"(t)

Let @y 0(z) = uy(z,0) for B < x < Aj, then as in the proof of Lemma 2.1 and from
(5.6), for a subsequence u,, — @ in L}, (), u,(-,0) — @y in L'((B, A3)), pn — p a. e.

10cC

such that u satisfies (1.2) and for a.e. t,

F(@(As, 1)) éif@ it te(0,7), (5.7)
w(z,0) = ap(z) if xe€(B,Ay), (5.8)
f(a(z,t) = &;B itz <o) (5.9)

Step 2. From Lemma 4.8 there exists a p and a solution u; of (1.2) in Q satisfying

f(ui(z,t)) =ag if x>10(t), 0<t<T (5.10)
ag if x> B,
ur(z,0) =< p if A <z <B,

uo(x) if x < A;.
Now define (u, 1) in Q by

Az, t) i x> L(2),
M%w_{m@ﬁifx<um

up(z) if = < Ay,
ﬂo(i[)) = ) if Al <z < B,
to(z) if z € (B, As).

Then (u, ug) is the required solution to problem (IV).

5.2  Controllability of initial and boundary values:

All three problems deals with finding either initial data or purely boundary data. In
fact one can combine both and is as follows.

Problem V: Let uy € L™, T > 0,0 < C} < (3,0 < A, Let p; : [0,C] — [0,T], ps :
[C1, Cy] — [0, A] be such that

(i) p1 is a non increasing right continuous function.

(ii) pe is a non decreasing function.
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Define ¢g; and ¢, by

f'(g1(x))

X

—_ " trefo.C
T — pi(x) 0.C1)

Pl =228 i efe,cl

Then the problem is to find b € L*>°(0,7) and uy € L*(0, A) such that a solution u
of (1.2) in IR x (0,T) satisfying the following initial boundary data

u(0,t) = b(t) if 0<t<T. (5.11)
io(z) if z € (0,A),
ML@Z{%@)ﬁxGMﬂL (5.12)
and
rueo={ 00§ TE ey 613

THEOREM 5.2 Let A > 0,0 < A; < A be given. Let py and ps, g1 and go be as
above and satisfying

T — pi(x)

0 S P2<x) S Ala

<A (5.14)
then problem (V) admits a solution.
Idea of the proof. First get a free region by choosing A large such that the solution

uy of (1.2) in IR x (0, 00) satistying for 0 < ¢t < T,

- A
-2

ur(z,t) = a1 if o < Ay +tf'(ar) = L(t),
ay if <A,

up(xz,0) =14 A if A <z <A,
up(z) if = > A.

Existence of uy is guaranteed from Lemma 4.7. Let f'(ag) = < and for 0 < t < T

T
define the free region F; and F, by

Fi={(z,t): 0<x<lolt)=tf(ap)}, Fo = {(z,t) : lo(t) <z < 11(t) = Ay +tf'(a1)}.

Since 0 < py(x) < T for z € (0,Cy) and satisfying (5.14), therefore from Lemma
4.1, there exist a solution uy of (1.2) in F} and b € L*°(0,T) such that

uy(z, T) = ¢qi(z) if =z € (0,C4)
Ul(lo(t)—,t) = Qg.
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From Lemma 4.2, there exist a solution uy of (1.2) in F, and g € L*°(0, A;) such

that
ug(z,T) = go(x) if z€(C,Cy)
Ug(l’,O) = INL()(.I') if xe€ (O,A1>
Ug(lo(t)—f-,t) = Qo, Ug(ll(t)—,t) = az.

From RH conditions, glue uy, us, uy to a single solution u of (1.2) in 0, 00) x (0, T')

by
ui(x,t) if (x,t) € Iy,
u(z,t) = ¢ us(x,t) if (z,t) € Fy,
ux(z,t) if x> (1),
and

up(z) if z € (0,4;),
u(z,0) =< A if ze (A, A),
up(z) if z € (4, 00).
Then (u,u(x,0),b) is the required solution to problem (V) The same method allows
to generalize problem III also.
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