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ARITHMETIC PROPERTIES OF APERY-LIKE NUMBERS

E. DELAYGUE

ABSTRACT. We provide lower bounds for p-adic valuations of multisums of factorial ra-
tios which satisfy an Apéry-like recurrence relation: these include Apéry, Domb, Franel
numbers, the numbers of abelian squares over a finite alphabet, and constant terms of
powers of certain Laurent polynomials. In particular, we prove Beukers’ conjectures on
the p-adic valuation of Apéry numbers. Furthermore, we give an effective criterion for a
sequence of factorial ratios to satisfy the p-Lucas property for almost all primes p.

1. INTRODUCTION

1.1. Beukers’ conjectures on Apéry numbers. For all n € N, we set

n 2 2 n 2
Ain) =Y (Z) (n Z k:) and  Ay(n) =Y (Z) <n Z k)
k=0 k=0
Those sequences were used in 1979 by Apéry in his proofs of the irrationality of {(3)
and ((2) (see [2]). In the 1980’s, several congruences satisfied by those sequences were
demonstrated (see for example [4], [5], [10], [15], [18]). In particular, Gessel proved in [15]
that A, satisfies the p-Lucas property for all prime numbers p, that is, for any prime p, all

v€e{0,...,p—1} and all n € N, we have
Aj(v+np) = A1(v)A1(n) mod p.
Thereby, if n = fozo nkp® with ny, € {0,...,p — 1}, then we obtain
Ai(n) = Ai(no) - - - Ai(ny) mod p. (1.1)

In particular, p divides A;(n) if and only if there exists k& € {0,..., N} such that p divides
Ajq(ny,). Beukers stated in [3| two conjectures, when p = 5 or 11, which generalize this prop-
erty (1). Before stating these conjectures, we observe that the set of all v € {0,...,4} (re-
spectively v € {0,...,10}) satisfying A;(v) =0 mod 5 (respectively A;(v) =0 mod 11)
is {1, 3} (respectively {5}).

Conjecture A (Beukers, [3]|). Let n € N, n = fozo nkb® with ny, € {0,...,4}. Let a be
the number of k € {0,..., N} such that ny € {1,3}. Then 5 divides Ai(n).

2010 Mathematics Subject Classification. Primary 11B50; Secondary 11B65 05A10.
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property, Congruences.
Research supported by the project Holonomix (PEPS CNRS INS2I 2012).
"When p € {2,3,7}, for all v € {0,...,p— 1}, A;(v) is coprime to p so that, according to (1.1), for all
n € N, Aj(n) is coprime to p.
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Conjecture B (Beukers, [3]). Let n € N, n = fozo np11% with ny, € {0,...,10}. Let
be the number of k € {0,..., N} such that ny = 5. Then 11% divides A;(n).

Similarly, Sequence A, satisfies the p-Lucas property for all primes p. Furthermore,
Beukers and Stienstra proved in [6] that, if p =3 mod 4, then A (’%1) =0 mod p, and
Beukers stated in [3] the following conjecture.

Conjecture C. Let p be a prime number satisfying p = 3 mod 4. Letn € N, n =
Zszo nkp® with ny, € {0,...,p — 1}. Let a be the number of k € {0,...,N} such that

n = 1. Then p® divides As(n).

The main aim of this article is to prove Theorem 1, stated in Section 1.3, which demon-
strates and generalizes Conjectures A-C. First, we introduce some notations which we use
throughout this article.

1.2. Notations. For all primes p, we write Z, for the ring of p-adic integers. If d is a
positive integer and if A = (A(n))neNd is a Z,-valued family, then we say that A satisfies
the p-Lucas property if and only if, for all v € {0,...,p — 1}¢ and all n € N%, we have

A(v+np) = A(v)A(n) mod pZ,. (1.2)

In (1.2) and in the sequel of this article, if m = (my,...,my) and n = (ny,...,ny) belong
to R? and if A € R, then we set m+n := (m;+ny,...,mg+ng), Mm-n = mni+---+mgng
and m\ := (my,...,mg\). Forall k € {1,...,d}, we write m®) for m;. We write m > n

if and only if, for all k € {1,...,d}, we have m; > ng. We set 0 := (0,...,0) € R,
1:=(1,...,1) and, for all k € {1,...,d}, we write 1; for the vector in N¢, all of whose
coordinates equal zero except the k-th which is 1. Furthermore, we write f4 for the
generating function of A defined by fa(z) := > e A(n)z", where, if z = (21,...,2q) is a
vector of variables and n = (ny,...,ny) € N%, z® denotes 2]* - - - 2]

In addition, we write Z,(A) for the set of all v € {0,...,p — 1} such that A(v) € pZ,.
For all n € N4 n = Y0 mp* with ny, € {0,...,p — 1}, N € N and ny # 0, we write
a,(A,n) for the number of £ € {0,..., N} such that n, € Z,(A). Thereby, to prove
Conjectures A-C, we have to show that A;(n) € p*A™WZ with i = 1,p € {5,11} and
1 =2,p=3 mod 4.

Given tuples of vectors in N%, e = (ey,...,e,) and f = (fi,...,f,), we write [e| = > | e;
and, for all n € N¢ and all m € N, we set

Q. (n) :% and S.;(m):= > Q.sn).

For every positive integer r, we say that e is r-admissible if there exists s € {0,...,r} such
that e satisfies the following conditions:
e s =0 or there exist 1 <i; <--- <, <u,such that e;; > 1 for all j € {1,...,s}.
e s =ror forall £k € {1,...,d}, there exist 1 < i} < .-+ < i,_s < u, such that
e;, > dl forall j € {1,...,7—s}.

neN< |n|=m
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For all primes p, we write S;f for the set of all functions g : N* — Z, such that, for all
K € N, there exists a sequence (Pg x)r>o of polynomial functions with coefficients in Z,
which converges pointwise to g on {0,..., K}%. For all tuples e and f of vectors in N¢, all
gE< Sg and all m € N, we set

Finally, we set 6 := z-L and we say that a differential operator £ € Z,[z, 6] is of
o type Iif L =31 (2"Pu(0) with ¢ € N, Py(X) € Z,[X], Po(Z)) C Z5 and if, for
all k € {2,...,q}, we have Py(X) € [[X2(X +0)°Z,[X];
o type IT if £ = Y7 2FPu(0) with Py(X) € Z,[X], P(Zy) C Z) and Py(X) €
(X +1)Z,[X].

1.3. Main results. The main result of this article is the following.

Theorem 1. Let e and f = (13y,...,11,) be two disjoint tuples of vectors in N such that
le|] = |f], for alli € {1,...,v}, k; € {1,...,d}, and e is 2-admissible. Let p be a fized
prime. Assume that fs, , is canceled by a dzﬁerentzal operator L € Zy|z,0| such that at
least one of the followmg conditions holds:

e L is of type 1.

o Lisof type Il and p—1 € Z,(S, ¢).
Then, for alln € N and all g € {S’Z, we have

66,f<n> - pap(ee,fyn)Z and Gghf c pap(Geyf,n)—IZp.

In Section 1.5, we show that Theorem 1 applies to many classical sequences. In particu-
lar, Theorem 1 implies Conjectures A-C. Indeed, we have A = &,, 5, and Ay = &, 5, with
d=2,e=((21),(2,1)), fi = ((1,0),(1,0),(1,0),(1,0), (0,1),(0,1)), e2 = ((2,1), (1, 1))
and fo = ((1,0),(1,0),(1,0),(0,1),(0,1)). Furthermore, it is well known that fa,, respec-
tively fa,, is canceled by the differential operator £;, respectively L, defined by

L1 =0 — 2(346° +- 5107 + 270 +5) + 2*(0 + 1)°
and
Lo=0>—2(1160° + 110 + 3) — 2*(0 + 1).
Since £, and L, are of type I for all primes p, the conditions of Theorem 1 are satisfied by

Ay and As, and Conjectures A-C hold. In addition, for all primes p and all n,a € N, we
obtain

n+k - n\’(n+k
o ap(Ai,n)—1 o ap(A2,n)—1
E k() ( ) € pr it Z and kgzok: <k) < I )Ep 2 Z.

We provide a similar result which applies to the constant terms of powers of certain

Laurent polynomials.
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Theorem 2. Let p be a fized prime. Let A(x) € Zy[xT, ..., 23] be a Laurent polynomial,
and consider the sequence of the constant terms of powers of A defined, for alln € N, by

A(n) = [A(x)”}o.
Assume that the Newton polyhedron of A contains the origin as its only interior integral
point, and that fa is canceled by a differential operator L € Z,[z,0] such that at least one
of the following conditions holds:
o L s of type I
o L isof type Il and p — 1 € Z,(A).
Then, for alln € N, we have
A(n) € po‘"(A’")Zp.

By a result of Mellit and Vlasenko [17, Theorem 1], if A(x) € Z,[xT, ..., x] contains the
origin as its only interior integral point, then ([A(X)"]o)n>0 satisfies the p-Lucas property,
which is essential for the proof of Theorem 2. Likewise, the proof of Theorem 1 rests
on the fact that &,  satisfies the p-Lucas property when |e| = |f], e is 2-admissible and
f = (1g,...,1x,). Since those results deal with multisums of factorial ratios, it seems
natural to study similar arithmetic properties for simpler numbers such as families of
factorial ratios. To that purpose, we prove Theorem 3 below which gives an effective
criterion for Q, ; to satisfy the p-Lucas property for almost all primes p (*). Furthermore,
Theorem 3 shows that if A := Q. ; satisfies the p-Lucas property for almost all primes p,
then, for all n € N and every prime p, we have A(n) € p*»A"Z,

To state this result, we introduce some additional notations. For all tuples e and f of
vectors in N, we write A, ; for Landau’s function defined, for all x € R?, by
Aes(x) = le;-x| = > [f;-x].
i=1 i=1
Therefore, according to Landau’s criterion [16] and a precision of the author [11], we have
the following dichotomy.
e If, for all x € [0,1]%, we have A, ;(x) > 0, then Q. ; is a family of integers;
e if there exists x € [0, 1] such that A, ;(x) < —1, then there are only finitely many
primes p such that Q. ¢ is a family of p-adic integers.
In the rest of the article, we write D, ; for the semi-algebraic set of all x € [0,1)? such
that there exists a component d of e or f satisfying d -x > 1. Observe that A, ; vanishes
on the nonempty set [0,1)4\ D, ;.

Theorem 3. Let e and [ be disjoint tuples of vectors in N% such that Q. is a family of
integers. Then we have the following dichotomy.

(1) If le| = | f| and if, for allx € D, ¢, we have A, (x) > 1, then for all primes p, Q.
satisfies the p-Lucas property;

2Throughout this article, we say that an assertion A, is true for almost all primes p if there exists a
constant C' € N such that A, holds for all primes p > C.
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iof e or if there exists x € D, s suc at Ae ¢(z) = 0, then there are on
2) 1 f th 5t D, ¢ h that A, ¢ 0, then th ly
nitely many primes p such that Q. ¢ satisfies the p-Lucas property.
tel ] h that Q. sati the p-L (5

Furthermore, if Q. ; satisfies the p-Lucas property for all primes p, then, for all n € N
and every prime p, we have

Q. r(n) € pr(QerZ,

Remark. Theorem 3 implies that Q. ; satisfies the p-Lucas property for all primes p if and
only if all Taylor coefficients at the origin of the associated mirror maps 2. ¢x, 1 < k < d,
are integers (see Theorems 1 and 3 in [11]). Indeed, if A, ; > 0 on [0,1]* and if |e| # |f],
then there exists k € {1,...,d} such that |e[®) > |f]|®).

Coster proved in [9] similar results to Theorems 1-3 for the coefficients of certain algebraic
power series. Namely, given a prime p > 3, a1,...,a,-1 € Z, and a sequence A such that

fA(Z) = (1 +a1z+ -+ ap—lZp_l)ﬁ’
Coster proved that, for all n € N, we have
Oép<A7 n) + 1

vp(A(n)) > {#J .

1.4. Auxiliary results. The proof of Theorem 1 rests on three results which may be
useful to study other sequences.

Proposition 1. Let p be a fized prime and A a Z,-valued sequence satisfying the p-Lucas
property with A(0) € Zy. Let A be the Z,-module spanned by A. Assume that

(a) there exists a set B of Z,-valued sequences with A C B such that, for all B € B,
allv € {0,...,p— 1} and all positive integers n, there exist A' € A and a sequence
(Bi)k>0, Br € B, such that

B(v+np) = A'(n) + Y p*'B(n — k);
k=0

(b) fa(z) is canceled by a differential operator L € Z,[z,0] such that at least one of the
following conditions holds:
— L is of type I.
— L is of type Il and p— 1 € Z,(A).
Then, for all B € B and all n € N, we have

A(n) € p>»W™7Z, and B(n) € pA-17,.

In Proposition 1 and throughout this article, if (A(n))n>0 is a sequence taking its values

in Z or 7Z,, then, for all negative integers n, we set A(n) := 0. Therefore, to prove Theo-
rem 1, it suffices to demonstrate that &, ; satisfies the p-Lucas property and Condition (a)
of Proposition 1 with B = {Gz,f t g€ Sg}. To that purpose, we shall prove the following

results.
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Proposition 2. Let ¢ and f be disjoint tuples of vectors in N¢ such that |e| = |f| and, for
allx € D, g, A f(x) > 1. Assume that e is 1-admissible. Then, S, s is integer-valued and
satisfies the p-Lucas property for all primes p.

Proposition 3. Let p be a fized prime. We write ', for the p-adic Gamma function.
Then, there exists g € 312) such that, for all n,m € N, we have

Ly((m +n)p)
L'y (mp)Ly(np)

1.5. Application of Theorem 1. By applying Theorem 1, we obtain similar results to
Conjectures A-C for numbers satisfying Apéry-like recurrence relations which we list below.
Characters in brackets in the last column of the following table form the sequence number
in the Online Encyclopedia of Integer Sequences [20)].

=1+ g(m,n)p.

Sequence Qe f(n1,n2) L Reference
"L n\? (n+k\? (2n1 + no)!?
(k:) ( ! ) e [1, (v)] | Apéry numbers (A005259)
k=0 -
n 2
k 2 ! !
3 (Z) ("Z ) (2n1 + "f; ("'12 12 | 01 D] | Apéry numbers (A005258)
=0 ni-°n9!
2n\ "L\ 2 (n1 + na)!? tvpe I Central binomial
n) kz_;) k 121,12 ype coefficients (A000984)
n 3 '3
<Z> % [21, A] | Franel numbers (A000172)
=0 ni-=no!
n 4 4
n (n1 +no)!
<k> nTn")l [13],[14] (A005260)
k=0 r
"L /n\ (2K [2(n — k) (n1 + n2)!(2n1)!(2ny)!
<k> ( k) ( N ) T 1, (d)] (A081085)
k=0 r
n 2 12 | Number of abelian squares
Z <Z> <2kk> (1 + Tﬁ) '(227“)' [21, C] | of length 2n over an alphabet
k=0 e with 3 letters (A002893)
n 2 2
n\“(2k\ (2(n —k)\ | (n1 +n2)!%(2n1)!(2n2)!
1, (« Domb numbers (A002895
prt <k> <k:> ( n—k nil4ng!t [1, ()] ( )
2L 2k\? (2(n — k)\? (2n1)12(2n)12
k=0 -




All differential operators listed in the above table are of type I for all primes p, except

the one associated with As(n) :=>",_, (2)4 which reads

Ls5=0°—22(20 +1)(30% + 30 + 1) — 224(0 + 1)(460 + 5)(460 + 3).

Hence L is of type II for all primes p. By a result of Calkin [8, Proposition 3|, for all
primes p, we have A5(p—1) =0 mod p, i.e. p—1 € Z,(A;). Thus we can apply Theorem 1
to A5.

Observe that the generating function of the central binomial coefficients is canceled by
the differential operator £ = 6 — z(46 + 2) which is of type I for all primes p.

According to the recurrence relation found by Almkvist and Zudilin (see Case (d) in [1]),

Ag(n) =10 (%) (%f) (2(:__:)) is also Sequence E in Zagier’s list [21], that is

Ag(n) = Lnf 42 (;{) (2:)2.

k=0

Furthermore, according to [19], Domb numbers Ag(n) = >, _, (2)2(2:) (2(::: )) are also

the numbers of abelian squares of length 2n over an alphabet with 4 letters.

Now we consider the numbers C;(n) of abelian squares of length 2n over an alphabet
with ¢ letters which, for all positive integers i > 2, satisfy (see [19])

- ¥ ()

ki+-+ki=n

According to [7], C;(n) is also the 2n-th moment of the distance to the origin after i steps
traveled by a walk in the plane with unit steps in random directions.

To apply Theorem 1 to Cj, it suffices to show that fo, is canceled by a differential
operator of type I for all primes p. Indeed, by Proposition 1 and Theorem 2 in [7], for all
J > 2, Cj(n) satisfies the recurrence relation of order [j/2] with polynomial coefficients of
degree j — 1:

W10+ Y (njl S TT-aw)G+1—a) (%)%_ ) Cyn—i) =0,

i>1 Loty k=1

(1.3)
where the sum is over all sequences oy, ..., q; satisfying 1 < a; < j and agpyq < ap — 2.
We consider ¢ > 2 and 1 < aq,...,q; < J, aprq < ap — 2. We have

. % n—k ap—1 ’I’Ljil i—1 .
n’” H <TL —k+ 1) - nei—1 H(n B k>akiak+l (n - i)aii )

k=1 k=1

7



with j — a1 >0, ax — g1 > 2 and a; — 1 > 0. Then, fe,(2) is canceled by a differential
operator £ = Y {_, 2" P, (6) with Py(#) = #7~! and, for all i > 2,

Pi(0) € h(e +i—k)*Z[0) C ZH(@ + k)?Z[6),

so that L is of type I for all primes p, as expected.

1.6. Structure of the article. In Section 2, we use several results of [11] to prove The-
orem 3. Section 3 is devoted to the proofs of Theorem 2 and Proposition 1. In particular,
we prove Lemma 1 which points out the role played by the differential operators in our
proofs. In Section 4, we prove Theorem 1 by applying Proposition 1 to &, ¢. This is the
most technical part of this article.

2. PROOF OF THEOREM 3

First, we prove that if |e| = |f|, then, for all primes p, all a € {0,...,p — 1} and all
n € N we have

le:-a/p] in
Qe7f(a+np) c Hz 1H (1+e7)

Q&f(a)Q&f(n) H H Lf;- a/pJ ( fin) <1 +pr). (2.1)

J

Indeed, we have

Qeslatnp)  Qeslatnp) Qe r(np)
Qer(a)Qes(n) Qe f(a)Qer(np) Qern)

Since |e| = | f|, we can apply [11, Lemma 7| (*) with ¢ = 0, m = n and s = 0 which yields

Q. s(np)
Q.,r(n)

c 1+ pZ,.

Furthermore, we have

Qla+mp) 1 JILILL0 +ei-np)
Qe s(2)Qer(mp) Qe s(a) [T, T1;3( + £ - np)

LTI (1 =)

I TS (1 )
IS L (1e2)
LI (1)

(14 pZ,),

3The proof of this lemma uses a lemma of Lang which contains an error. Fortunately, Lemma 7 remains
true. Details of this correction are presented in [12, Section 2.4].
8



because, if p does not divide j, then 1+ (e; - np)/j € 1+ pZ,. This finishes the proof of
(2.1).

Now we prove Assertion (1) in Theorem 3. Let p be a fixed prime number. It is well
known that, for all n € N, we have

vp(nl) = i L%J .

(=1

Thus, for all n € N¢, we have

»(Qe.r(n ZAef( )

Let n € N and a € {0,...,p — 1}? be fixed. Let {-} denote the fractional part function.
For all x = (x1,...,74) € RY we set {x} := ({21},...,{zq}). Since |e| = |f|, we have

o= Eou ({157) 0. 2)

because A, ; is nonnegative on [0,1]%. On the one hand, if a/p € D, s, then we have both
Q. f(a+np) =0 mod pand Q. f(a)Q. s(n) =0 mod p. On the other hand, ifa/p ¢ D. s,
then, for all d in e or f, we have |d-a/p| = 0 so that (2.1) yields

Qes(a+mnp) = Q. s(a)Qes(n) mod pZy,

as expected. This proves Assertion (1) in Theorem 3.

Now we prove Assertion (2) in Theorem 3. If |e| # |f]| then, since A, s is nonnegative
on [0,1]¢, there exists k € {1,...,d} such that |e|®) — |f|*®) = A_;(1;) > 1. Thereby, for
almost all primes p, we have

1, +1 1
(Qef(lkJrlkp = Z e,f (kap) > Ae,f (1k+f) >1,

but v, (Qe,f(1x)) = 0 so that Q. s does not satisfy the p-Lucas property.

Throughout the rest of this proof, we assume that |e| = |f|. According to Section 7.3.2
in [11], there exist k € {1,...,d} and a rational fraction R(X) € Q(X), R(X) # 1, such
that, for all large enough prime numbers p, we can choose a, € {0,...,p — 1}¢ satisfying
Q. r(ay) € Z), and such that, for all n € N, we have (see [11, (7.10)])

Qe s(ap + Lynp) € R(n)Qe j(a,) Qe r(1xn) (1 + pZy).
We fix n € N satisfying R(n) # 1. For almost all primes p, R(n), Q. ((1xn) and Q. f(ay,)
belong to Z), and R(n) # 1 mod pZ,. Thus, we obtain

Qe r(a, + 1gnp) # Qe f(ay) Qe (1xn) mod pZ,,

which finishes the proof of Assertion (2) in Theorem 3.
9



Now we assume that |e| = |f| and that, for all x € D, f, we have A, ;(x) > 1. Hence,
for every prime p, we have

Z(Qes)={ve{0,....p—1}* : v/pe D, s}

Furthermore, if v/p € D.y, then, for all positive integers N and all ag,...,ay_1 €
{0,...,p— 1}% we have

N-1 N
v ag+a et an_ v
<{ otap+---+ay_1p +vp }GDef,

E pN+1

so that, for all n € N¢, n = P 0nkp with n, € {0,...,p — 1}¢, we have

Qef ZAef <{ k; il }) Zap(Qe,fan)a

and Theorem 3 is proved.

3. PROOFS OF THEOREM 2 AND PROPOSITION 1

3.1. Induction wvia Apéry-like recurrence relations. In this section, we fix a prime
p. If Ais a Z,-valued sequence, then, for all » € N, we write U (r) for the assertion “For
all n,i € N, i <, if a,(A,n) > i, then A(n) € p'Z,”. As a first step, we shall prove the
following result.

Lemma 1. Let A be a Z,-valued sequence satisfying the p-Lucas property with A(0) € Z .
Assume that fa is canceled by a differential operator L € Z,[z,0] such that at least one of
the following conditions holds:

o L is of type 1.

o L is of type Il and p — 1 € Z,(A).
Let r € N be such that Ua(r) holds. Then, for all ng € Z,(A) and all m € N satisfying
a,(A,m) > r, we have

A(ng +mp) € p" 7,

Proof. Since A satisfies the p-Lucas property, we can assume that » > 1. The series fa(z)
is canceled by a differential operator £ = Y {_, 2*P,(#) with ¢ € N, P(X) € Z,[X] and
Py(Z)) C Z). Thus, for all n € N, we have

> Pi(n—k)A(n —k) =0. (3.1)

We fix m € N satisfying a,(A,m) > 7. In particular, since r > 1 and A(0) € Z), w
have m > 1. Furthermore, for all v € {0,...,p — 1}, we also have a,(A,v + mp) > r.
According to Ua(r), we obtain that, for all v € {0,...,p — 1}, we have A(v + mp) € p'Z,
so that A(v 4+ mp) =: (v, m)p", with S(v,m) € Z,.

10



By (3.1), for all v € {q,...,p — 1}, we have

q

0= ZPk(v—k+mp)A(v—k+mp) :prZPk(v—kijp)B(v—k,m)
k=0 k=0

q
=p" ZPk(v —k)B(v —k,m) mod p"Z,,
k=0

because, for all P € Z,[X] and all a,c € Z, we have P(a + ¢p) = P(a) mod pZ,. Thus,
for all v € {q,...,p — 1}, we obtain

Z Py(v—Fk)B(v—Fk,m)=0 mod pZ,. (3.2)
k=0

We claim that if v € {1,...,¢ — 1}, then, for all k € {v 4+ 1,..., ¢}, we have
P.(v+mp—k)A(v +mp — k) € p"t'Z,. (3.3)

Indeed, on the one hand, if £ is of type II, then we have ¢ = 2 and Py(X) € (X +1)Z,[X]

which yields
Py(—=1+mp)A(=1+ mp) € pA(p — 1+ (m — 1)p)Z,.
Since 0 ¢ Z,(A), we have a,(A,m — 1) > r — 1 which, together with p — 1 € Z,(A), leads
to
ap(A,p—1+(m—1)p) >r.

According to U4 (1), we obtain pA(p —1+(m-— 1)p) € p"™'Z,, as expected. On the other
hand, if £ is of type I, then for allv € {1,...,¢g — 1} and all k € {v+1,...,q}, we have

i=1

k—1
Uy (Pe(v+mp — k)) > v, (H(v +mp —k+ 2)2> .

Writing k —v = a+bp with a € {0,...,p—1} and b € N, we obtain k — 1 > a + bp so that

— b if a = 0:
Up (H(mpﬂ_a_bp)) = {b+1 fa>1

i=1

Thus, it is enough to prove that

p 27, ifa=0;

) 3.4
p %7, ifa>1. (34)

Alv+mp —k) € {
We have v+mp —k=—a+ (m—0)p. If —a+ (m —b)p <0, then A(v+mp —k) =0 and
(3.4) holds. If m — b > 0, then we have a,(A,m —b) > r — b. Thus, we have either a = 0
and o, (A, v+mp—k) >r—>b,ora,m—>b>1and

ap(Av+mp—k)=o,(Ap—a+(m—-b—1)p) >r—b—1.
11



Hence Assertion Uy(r) yields

P2, ifa=0;

A — k) € .
(v+mp— k) {p”lbzp ifa>1.

If a =0, then b > 1 so that (3.4) holds and (3.3) is proved.
By (3.3), for all v € N, 1 < v <min(q — 1,p — 1), we have

q
Ozzpk(v—k+mp)A(v—k+mp)
k=0

= Z P(v—k+mp)A(v —k +mp) mod pt'Z,
k=0

=p" Z Pi(v —k+mp)B(v —k,m) mod p"*'Z,
k=0

=p Z P.(v—k)B(v —k,m) mod p"*'Z,.
k=0
Thus, for all v € N, 1 < v <min(¢ —1,p — 1), we have

i Pi(v—Fk)B(v—Fk,m)=0 mod pZ,. (3.5)
k=0

Both sequences (ﬁ(v’m))ogvﬁp—l and (A(v))ogygp_1 satisfy Equations (3.2) and (3.5).
Furthermore, for all v € {1,...,p — 1}, we have Fy(v), A(0) € Z;. Hence there exists
v(m) € {0,...,p — 1} such that, for all v € {0,...,p — 1}, we have S(v,m) = A(v)y(m)
mod pZ, so that

A(v+mp) = A(v)y(m)p"” mod p"Z,.
Since ng € Z,(A), we obtain A(ng + mp) € p"*Z, and Lemma 1 is proved. O

3.2. Proof of Theorem 2. Let p be a fixed prime number. For every positive integer n,
we set £(n) := |log,(n)] + 1 the length of the expansion of n to the base p, and £(0) := 1.
For all positive integers r,nq,...,n,, we set

Ny k- %N, =Ny + n2p€(n1) 44 nrpz(nl)-i-u.-i-f(nrfl)’

so that the expansion of n; % --- % n, to the base p is the concatenation of the respective
expansions of n,...,n,. Then, by a result of Mellit and Vlasenko [17, Lemma 1|, there
exists a Z,-valued sequence (c,),>o such that, for all n > 1, we have

A(n) = Z Cpnyt Cp, and ¢, =0 mod pg(")_lzp. (3.6)
12



For all » € N, we write U(r) for the assertion: “For all n,i € N, ¢ < r, if a,(A,n) > i,
then A(n),c, € p'Z,”. To prove Theorem 2, it suffices to show that, for all r € N, Assertion
U(r) holds.

First we prove U(1). By Theorem 1 of [17], A satisfies the p-Lucas property. In addition,
if v € Z,(A), then v # 0 because A(0) = 1, and by (3.6) we have ¢, = A(v) € pZ,. Now, if
n € N satisfies £(n) = 2 and (A4, n) > 1, then Equation (3.6) yields A(n) = ¢, mod pZ,,
so that ¢, € pZ,. Hence, by induction on ¢(n), we obtain that, for all n € N satisfying
a,(A,n) > 1, we have ¢, € pZ,, so that U(1) holds.

Let r be a positive integer such that U(r) holds. We shall prove that U(r + 1) is true.
For all positive integers M, we write Uy (r + 1) for the assertion: “For all n,i € N, n < M,
i <r+1,if a,(A,n) > i, then A(n),c, € p'Z,”. Hence Up(r + 1) is true if £(M) < r.
Let M be a positive integer such that Uy (r + 1) holds. We shall prove Up41(r + 1). By
Assertions U(r) and Uy (r + 1), it suffices to prove that if a,(A, M + 1) > r + 1, then
A(M +1),cpr41 € p"T17Z,. In the rest of the proof, we assume that a,(4, M +1) > r+1.

If2 <u<{¢M+1)and ny,...,n, € N satisfy ny *---xn, = M + 1, then, for all
ie{l,...,u}, we have n; < M and o,(A,n1) + -+ a,(A,ny) = (A, M+1)>r+1
Then there exist 1 <a; < --- <ap <wu, 1 <idy,..., 0 <7+ 1, such that a,(A4,n4;) > i;
and iy + - - + i > r + 1. Thereby, Assertion Uy (r + 1) yields ¢y, - - - ¢, € p"7'7Z,, so that

Z Cpy* " Cn, € pTJrlZp-

nke-kngy, =M1
2<u<l(M+1), n; >0

By (3.6), we obtain
AM +1)=cpyyr mod p'™7Z, and ¢y =0 mod p" M-z,

Hence it suffices to consider the case ¢(M + 1) = r + 1. In particular, we have M + 1 =
v+ mp with v € Z,(A) and m € N, o,(A,m) = r. Since U(r) holds, Lemma 1 yields
A(M +1) € p"™'Z,. Thus we also have cyr1 € p"™'7Z, and Assertion Uy, (r + 1) holds.
This finishes the proof of U(r + 1) so that of Theorem 2. O

3.3. Proof of Proposition 1. Let p be a prime and A a Z,-valued sequence satisfying
hypothesis of Proposition 1. For all n € N, we write a(n), respectively Z, as a shorthand
for a,,(A, n), respectively for Z,(A). For all r € N, we define assertions
U(r): “For all n,i € N, i <r, if a(n) >4, then A(n) € p'Z,.”,
and
V(r): “For all n,i € N, i <7, and all B € B, if a(n) > i, then B(n) € p' 'Z,”.

To prove Proposition 1, we have to show that, for all » € N, Assertions U(r) and V()
are true. We shall prove those assertions by induction on r.

Observe that Assertions U(0), V(0) and V(1) are trivial. Furthermore, since A satisfies
the p-Lucas property, Assertion ¢(1) holds. Let rq be a fixed positive integer, 1o > 2, such

that Assertions U(ro — 1) and V(ry — 1) are true. First, we prove Assertion V(rg).
13



Let B € B and m € N be such that a(m) > ro. We write m = v + np with v €
{0,...,p—1}. Sincerg > 2and 0 ¢ Z, we have n > 1 and, by Assertion (a) in Proposition 1,
there exist A" € 2 and a sequence (By)r>0, Br € B, such that

B(v+mnp) = A'(n)+ Y p""'Bi(n — k). (3.7)

In addition, we have a(n) > rp — 1 and, since 0 ¢ Z, we have a(n — 1) > ro — 2. By
induction, for all k € N, k < n, we have a(n—k) > ro—1—k. Thus, by (3.7) in combination
with U(ro — 1) and V(rg — 1), we obtain

A(n) ep® ' and p"'By(n—k) € pFtitro2kz, c proiz,,
so that B(v + np) € p~1Z, and V(ro) is true.

Now we prove Assertion U(rg). We write Upn(ry) for the assertion: “For all n,i € N,
n < N, i < rg, if a(n) > i, then A(n) € p'Z,”. We shall prove Uy(ro) by induction on
N. Assertion U (rg) holds. Let N be a positive integer such that Uy(ro) is true. Let
n:=nog+mp < N+1withng € {0,...,p—1} and m € N. We can assume that a(n) > ro.

If ng € Z, then we have a(m) > ro — 1 and, by Lemma 1, we obtain A(n) € p°Z, as
expected. It remains to consider the case ng ¢ Z. In this case, we have a(m) > ry. By
Assertion (a) in Proposition 1, there exist A’ € 2 and a sequence (By)r>o with B, € B
such that

A(n) = A'(m) + Zpk“Bk(m — k).
k=0
We have m < N, a(m) > rg and a(m—k) > ro—k, hence, by Assertions Uy (1) and V(r),
we obtain A(n) € p"°Z,. This finishes the induction on N and proves U(ry). Therefore, by
induction on ry, Proposition 1 is proved. O

4. PROOF OF THEOREM 1

To prove Theorem 1, we shall apply Proposition 1 to &, s. As a first step, we prove that
this sequence satisfies the p-Lucas property.

Proof of Proposition 2. For all x € [0,1]¢, we have A, ;(x) = A, ;({x}) > 0 so that, by
Landau’s criterion, Q. s is integer-valued. Let p be a fixed prime, v € {0,...,p — 1} and
n € N. We have

Geswtnp)= > Qeylhr,... ka).
ki+-+kg=v+np
k;eN
Write k; = a; +m;p with a; € {0,...,p—1} and m; € N. If a; +- - -+ ag # v, then we have
aj; +---+ag > pand there exists i € {1,...,d} such that a; > p/d. Since e is 1-admissible,

we have (aq,...,aq)/p € D, so that Aevf((al,...,ap)/p) >1and Q. f(ki,...,kq) € pZ,.
14



In addition, by Theorem 3, Q. f satisfies the p-Lucas property for all primes p. Hence we
obtain

Se,f(v + np) Z Z Q. rlay +map,...,aq+mgp) mod pZ,

ai+--+ag=v mi+---+mg=n
0<a;<p—1 m;EN

Z Z Qevf(ala"'7a'd)Qe7f(m1,---,md) mod pr

ai1+--+ag=v mi+---+mg=n
0<a;<p—1 m; EN

=G, r(v)S (n) mod pZ,.
This finishes the proof of Proposition 2. O

If e is 2-admissible then e is also 1-admissible. Furthermore, if f = (14,,..., 1x,), then,

for all x € D, s, we have
u

Acs(x) =) le;-x| > 1.
i=1
Hence, if e and f satisfy the conditions of Theorem 1, then Proposition 2 implies that,
for all primes p, &, has the p-Lucas property and &, ;(0) =1 € Z, . Thereby, to prove
Theorem 1, it remains to prove that &, f satisfies Condition (a) in Proposition 1 with

) d
B = {6‘;f t g €T,
First we prove that some special functions belong to §,.

4.1. Special functions in §,. For all primes p, we write | - |, for the ultrametric norm
on Q, (the field of p-adic numbers) defined by |a|, := p~*(®. Note that (Z,,| - |,) is a
compact space. Furthermore, if (¢;,),>0 is a Z,-valued sequence, then Y 7 ¢, is convergent
in (Zy, |- |,) if and only if |c,|, — 0. In addition, if )7, ¢, converges, then (¢, )nen is a

summable family in (Z,, | - |,).

In the rest of the article, for all primes p and all positive integers k, we set ¥, 0(0) = 1,
U, %i(0) =0 for i > 1 and, for all i, m € N, m > 1, we set

. 1 1 1
\Ij . :: —]_ ¢ , - e
p7k77/(m) ( ) Omvl (k:’ k: +p’ ’ k: + (m — ]_)p) !

where o,,,; is the i-th elementary symmetric polynomial of m variables. Let us remind to
the reader that, for all positive integers m and all ¢ € N, ¢ > m, we have o0,,; = 0.

The aim of this section is to prove that, for all primes p, all k € {1,...,p — 1} and all
1 € N, we have

Z'!\I/p,]m‘ S Sp. (41)
Proof of (4.1). Throughout this proof, we fix a prime number p and an integer k €
{1,...,p — 1}. Furthermore, for all nonnegative integers i, we use V¥; as a shorthand

for ¥, ;; and N>; as a shorthand for the set of integers larger than or equal to i. We shall
prove (4.1) by induction on i. To that end, for all : € N, we write A; for the following

assertion:
15



“There exists a sequence (7;,),>o of polynomial functions with coefficients
in Z, which converges uniformly to ¢!¥; on N”.

First, observe that, for all m € N, we have Wy(m) = 1, so that assertion Ay is true. Let
7 be a fixed positive integer such that assertions Ay, ..., A; 1 are true. According to the
Newton-Girard formulas, for all m € N, m > i, we have

7

(=1 oma (X1, X)) = =D (1) T omia(Xy, o X)) Au(X0, -, Xom),

t=1

where Ay(X71, ..., X;) == > 0, XL Thereby, for all m > i, we have

‘ 1 1
- ;\pi_t(m)/\t (E o m) . (4.2)

For all j,t € N, we have

1 1 1 1 & (—1)3(t—1+s> (;)
(k+Jp)t K QQ+4ipt K ; Kt s k
where the right hand side of (4.3) is a convergent series in (Z,, | - |,) because k € Z,.

Therefore, we obtain that

7=0 s=1
m = (—1)* ([t —1+5) , s 5
_EJFZl kHs( ) )p < g) (4.4)
5= 7=0

According to Faulhaber’s formula, for all positive integers s, we have

m—1 s+1
s ] s cs+1 3351*0 c
p Y i = e (T s e

= — & s+1

where By is the k-th first Bernoulli number. For all positive integers s and ¢, we set
Ro(X) := X/k' and

1 (t—1+s AR s+ 1\ Bsyic .
Ry (X) := kt+8< . )Z(_l)l < ) )p srl (X — 1),

c=1

so that

1
V() - S

In the rest of this article, for all polynomials P(X) = Y- a, X" € Z,[X], we set

|P||, == max {|a,|, : 0 <n < N}
16



We claim that, for all s, € N, £ > 1, we have

Roi(X) € Z,[X], [Rosll, — 0 and Ry, (0) = 0. (4.5)

Indeed, on the one hand, if p =2 and s = 1, then we have

—1

Rl,t<X> — W

(X =1+ (X —-1)?) € XZ[X].

On the other hand, if p > 3 or s > 2, then we have p* > s+ 1 so that v,(s +1) < s — 1.
Furthermore, according to the von Staudt-Clausen theorem, we have v,(Bsii—.) > —1.
Thus, we obtain that R (X) € Z,[X]. To be more precise, we have v,(s+1) < log,(s+1),
so that || Rs.||, = 0 as expected. In addition, we have

p° t—1+s /s +1
= Bsi1_
RS,t(O) (S _'_ 1)kt+s ( S ) Z c s+1—c

c=1
B p° t—145\ < [(s+1 B
B (s+1)k3t+8< s )dz%( d )Bd_o’

where we used the well known reccurence relation satisfied by the Bernoulli numbers

i (Szl)deo, (s > 1).

d=0

According to Ay, ..., A;_q, for all j € {0,...,i — 1}, there exists a sequence (7},),>0
of polynomial functions with coefficients in 7Z, which converges uniformly to j!W¥; on N.

According to (4.2) and (4.5), for all N € N, there exists Sy € N such that, for all » > Sy
and all m > i, we have

T N ] S N
Z'\Ilz(m) = — tzl mn,t,r (m) ; Rs,t(m) mod P Zp.
Thus, the sequence (7}, ),>¢ of polynomial functions with coefficients in Z,, defined by

Tiole) i = 30 G T () 3 R, (a2 € ) (1.6

converges uniformly to ¢!¥; on Ns;. To prove A;, it suffices to show that, for all m €
{0,...,7—1}, we have

T;,(m) — 0. (4.7)
r—00

17



Observe that Equations (4.6) and (4.5) lead to 7;,(0) = 0. In particular, if ¢ = 1, then
(4.7) holds. Now we assume that ¢ > 2. For all m > 2, we have

w=0

=<1—ﬁ)fﬁ(l—kpr)

- (1 — m) ¥ U;(m—1)X7.

J=0

- o

Thereby, for all j € {1,...,m — 1}, we obtain that
U, 1(m—1)
0. = . 1) === -/

with

1 - (_1>8 s s
k4 (m—1)p _; Jo+t P (m —1)"
Thus, there exists a sequence (U, ),>o of polynomials with coefficients in Z, such that, for
all positive integers N, there exits Sy € N such that, for all r > Sy and all m > ¢+ 1, we
have
Tiv(m) =T, (m — 1) — T,y ,.(m — 1)U, (m — 1) mod p"Z,. (4.8)
But, if Vi(X),Va(X) € Z,[X] and if there exists a € N such that, for all m > a, we
have Vi(m) = Va(m) mod pVZ,, then, for all n € Z, we have Vi(n) = Va(n) mod pVZ,.
Indeed, let n be an integer, there exists v € N satisfying n+vp" > a. Thus, we obtain that
Vi(n) = Vi(n +vp") = Va(n + vp") = Va(n) mod pVZ,. In particular, Equation (4.8)
also holds for all positive integers m.
Furthermore, according to A;_4, for all m € {0,...,i — 2}, we have T;_; ,(m) — 0.

r—00

Thus, for all positive integers N, there exists Sy € N, such that, for all » > Sy and all
m € {1,...,1— 1}, we have

Tir(m) =T;.(m — 1) mod p"Z,.

Since T;,.(0) = 0, we obtain that T} ,.(m) =0 mod p"Z, for all m € {0,...,i— 1}, so that
(4.7) holds. This finishes the induction on ¢ and proves (4.1). O

4.2. On the p-adic Gamma function. For every prime p, we write I, for the p-adic
Gamma function, so that, for all n € N, we have

The aim of this section is to prove Proposition 3.
18



Proof of Proposition 3. Let p be a fixed prime number. For all n,m € N, we have

(m+mp) ("N
S ) ‘( II A>/ (HA>

A=np

piA piA

() (1)

P PIA
mp np
= 1+ —|. 4.9
H( +5 ) (4.9)
Let X, Ti,...,T,, be m + 1 variables. Then, we have

[[x-1) X’”+Z )iomi(Ty, ..., T X™ .
j=1
Therefore, we obtain

ﬁ( ) ﬁﬁ( /<:+wp)

A=1 k=1 w=0

PIA
—np —np
=11 (1 i e
(e Do ()
— H (1 + Z(—l)inipi‘llp,k7i(m)> : (4.10)
k=1 i=1
Let k € {1,...,p— 1} be fixed. By (4.1), for all positive integers 7, there exists a sequence

(Pi.¢)e>0 of polynomial functions with coefficients in Z, which converges pointwise to ¢!V, . ;
We fix K € N. For all positive integers IV, we set

K+1

fn(z,y) —HZ ”p ().

If n,m € {0,..., K}, then we have

Ry i =1+ 3 (- 1)n'p' T, i(m) — fiv(n, m)
i=1

K+1 i
= ;( 1)Zn '(i!\pp,k,i( )—P,N(m)) ]\:))00



Furthermore, we have fy(x,y) € 1 + pZy[z,y]. Indeed, if ¢ = ig + i1p + - - - + iop® with
i; €4{0,...,p— 1}, then we set s,(7) := iy + - - - + i, so that, for all positive integers i, we

have . . .
’l. _ Up('l') — ’l _ ? _sp(z) — Z(p - 2) +5P(Z) > O
p—1 p—1

Hence, by (4.10), we obtain that there exists g € 312, such that, for all n,m € N, we have

mp

n

1T (1 + 7]9) =14 g(n,m)p,

A=1

PIA
which, together with (4.9), finishes the proof of Proposition 3. OJ

4.3. Last step in the proof of Theorem 1. Let 2 be the Z,-module spanned by &, ;
We set B = {&Y,, g € Fi}. We shall prove that &, ; and B satisty Condition (a) of
Proposition 1. Obviously, 9B is constituted of Z,-valued sequences and we have 2 C ‘B.
Let g € §¢, v €{0,...,p—1} and n € N be fixed. Foralla € {0,...,p—1}? and m € N%,

we have . o
Q.r(a+mp) = [ (ei - mp)! [, (e - mp + k)
, [T (fi - mp)! Hk o (f - mp + k)
with
H;::l (ei . mp)' _ p(‘e|,‘f|)_mge f(m) H;:Zl(_l)ez"mprp(ei . mp)
[Tiy (£ - mp)! ST (= DR ™ T, (£ - mp)
and
T IS (e mp + k) T TR e mp ) T T (e - m+ )
Hz 1Hk 1(f mp + k) Hz 1Hk 1pfk(f mp + k) Hl IHfa/pJ<fi.m+k)
Since |e| = | f|, we have

H?:l(_l)ei'mprp(ei - mp) _ H?:l I'y(e; - mp)
H?:l(_l)fi'mprp(fi - mp) H;jzl [p(fi - mp)

By Proposition 3, there exists h € Sg such that, for all mq,...,my € N, we have

Ly ((ma+ -+ ma)p) 17 Tp((ma+ -+ mia)p +mip)
Lp(map) -+ Typ(map) 13 Tp((ma + -+ -+ mi1)p)Tp(map)

=1+ h(m,...,mq)p.

Since f is only constituted by vectors 1, there exists ¢’ € SZ such that, for all m € N¢,

we have [T T )
i=1 L p\€& - P /
5 =144/ (m)p.
[Tio Ip(fi - mp)
Furthermore, for all a € {0,...,p — 1}, there exist Ay € Z, and g, € S;f such that, for all
m € N’ we have

[T I 1pfk(ez mp + k)

I 1Hk 1p+k(f mp + k)
20
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Since f is only constituted by vectors 1, for all i € {1,...,v}, we have [f; -a/p| = 0.
Thereby, for all a € {0,...,p — 1}%, there exists h, € Z, + S;f, such that, for all m € N,

we have
u e’L a/pJ

Qu (et mp) = Qus(m)a(m)p* /W T[T e m+5)
=1 k=1

For all a € {0,...,p — 1}¥ and m € N% we set 7,(m) := g(a + mp)h,(m), so that
Ta € Zp + pF2. Therefore, we have

&7 (v +np) = Z Z g(a+mp)Q, r(a+ mp)

0<a<1(p—1) |a+mp|=v+np

u |ei-a/p]

= Z Z Qe,f(m)ra(m)pAe,f(a/p) H H (e; - m+ k).

0<a<1(p—1) [a+mp|=v+np
If |]a+ mp| = v + np, then we have |a] = v + jp with
dp—1) —
0 <j <min (n, {MJ) =M.
p

Furthermore, we have ||a|/p| = j and there is k € {1,...,d} such that a®*) > (v + jp)/d.
Since e is 2-admissible and f = (14, ..., 1x,), we obtain that

u

Acsla/p) = Leip' aJ > 9j.

i=1

In addition, we have either

u |ei a/PJ
el | e, -m+k)=1, (vm e N%),
i=1 k=1
or
u |ei-a/p]
m — pes(@/P) H H (e, m+k)e pSZ.
i=1 k=1
Hence, for all a € {0,...,p — 1}¢, there exist a function f, wich is either constant or in

p%g, and g, € Sg such that

Seylorm)= 3, D Qus(m)r(m)fa(m)
0<a<1(p—1) |m|=n
la|=v
M
_|_Zp2] Z Z Qef ) ( )
j=1  0<a<1(p—1)|m|=n—j
la|=v+jp
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Therefore, there exist A" € A and a sequence (By)i>0, Br € B, such that

& (v +np) = A'(n) + pBo(n) + Y _ p*' Bi(n — k).
k=1
This shows that &, ; and B satisfy Condition (a) in Proposition 1, so that Theorem 1 is
proved. O
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