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Abstract

This paper illustrates the phenomenon of the critical speed in the range 100-
300 km/h. A real explanation and a precise calculation of the critical speed seems
to rest an unresolved problem in many cases. Some authors, analogous to “Mach
effect”, have attributed this phenomenon to the reaching the Rayleigh wave speed
of substructure by trains. But this explanation can’t be thorough in many cases
because the Rayleigh wave speed is very high and the phenomenon happens
even for lower speeds. This work shows an evident relationship between the
receptance of the train/track coupling system and the so called sleeper-passing
frequency. It is shown that the amplification of vibrations happens when the
train speed causes the equivalence between the sleeper-passing frequency and
the receptance of the train/track coupling system. This explanation seems to be
definitively complete even if only a numeric validation is presented in the paper.

Keywords: critical speed, contact-force, modal analysis, track receptance.

1 Introduction
Field observations and measurements [1] have indicated a so called ”Critical
Train Speed“ in the range 100 − 300 km h−1. At these conditions the mov-
ing of trains causes an increasing of vertical and lateral track vibrations. This
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”mysterious“ critical condition is described as the resonance between the mov-
ing train and the Rayleigh wave traveling in the soil embankment (analogous to
the ”Mach“ effect caused by flying objects breaking through the sound barrier)
[2]. Some authors [3, 4] have affirmed that the problem is more complicated than
a simply interaction with the Raylegh wave in the ground. They have treated the
rail as beams on homogeneous half space. Basing on this assumption, it has been
found that track should have two critical speeds, one equal to the Raylegh wave
velocity of the ground, and another one, fairly close, controlled by the bending
stiffness and the mass of the rail/embankment ”beam“ in addition to the ground
properties [5]. Green’s functions [2, 6, 7], wavelets [8], boundary and finite ele-
ments, even with the element net moving with the train [9], have been applied to
try to predict track response to trains moving at speeds around the critical value
[5]. Anyway a real explanation and a precise calculation of critical speed seems
to rest an unresolved problem. Numerical models, and measurements show the
amplification of contact force and displacement, but the physical explanations
given to this phenomenon seem to be not satisfactory. In this paper a new ap-
proach and explanation is proposed.

2 The 2D Numerical Model
The numerical model used to study the vehicle/track vertical interaction is de-
scribed in [10, 11, 12]. The dynamic computation considers mutual interac-
tions in vehicle/track coupling system by means of a finite and discrete elements
method. A draft of the vehicle/track model is shown in Figure 1. The vehicle is
modeled by 7 bi-dimensional rigid elements corresponding to the body, the two
boogies and the four wheels. A finite element discretization is used to model the
rail. Considering insignificant the axial displacement, we discretized the rail with
Timoshenko beam finite elements with two degrees of freedom: rotation and ver-
tical displacement. Rail-pad is modeled as a combination of spring-damper cou-
ples without mass. In accordance with [13, 14, 15, 16, 17] the sleeper is modeled
as a discrete rigid element and the ballast is modeled as single blocks placed in
correspondence of sleepers. A spring-damper couple, representing the elasticity
and viscosity of the ballast blocks, connects them with sleeper-elements. Other
spring-damper couples connect ballast blocks horizontally, allowing the trans-
mission of vibration along the motion direction. Ballast stiffness is calculated
according to [18]. To represent the behavior of background, a spring-damper
couple is added over ballast blocks. The dynamic interaction between the wheel-
sets and the rail is accomplished by using the non-linear Hertzian model.

3 The critical speed
The phenomenon of critical speed has been revealed with the numerical model in
two scenarios where two different types of vehicle are combined with the track
system. Many simulations have been carried at constant vehicle speed; in each
simulation the vehicle speed has been increased by 5 km h−1. The corrugation
of the railway head has been fixed as a sinusoidal function with amplitude 0.025
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Figure 1: Draft of the vehicle/track model.

mm and wavelength 5 mm. To appreciate the phenomenon of critical speed,
two parameters have been checked during each simulation: the sleeper vertical
displacement zsl and the dynamic amplification factor δdyn (the parameters are
defined in Annex A). The results of the two scenarios are presented in the fol-
lowing paragraphs.

3.1 The two scenarios studied
In the first scenario the vehicle adopted is the ALN668 locomotive and the rail
is a 60E1 type; the parameters for the vehicle and the track model are reported
in table 1. In the second scenario studied, the vehicle used is the type 1 of the
Manchester Benchmark [19] and the substructure parameters are the same of the
previous scenario. The critical speed phenomenon results evident looking the
dynamic amplification factor and the sleeper vertical displacement shown in fig-
ures 2 and 3. In the first scenario (figure 2) a critical speed is observed at 250
km h−1. In the second scenario (figure 3) the critical speed results lower: 145
km h−1. It can be noticed also that the critical speed range is Vc ± 50 in the first
scenario and Vc ± 25 in the second one; maybe this interval is larger with the
increasing of critical speed [12]. Focusing on figure 3(a), the behavior of the
curve can be separated in five ranges. In the first range 40 − 120 km h−1 the
tendency of the curve is an inverse proportion. This fact could be explained with
a comparison to road infrastructure. It is well known how the dynamic modulus
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(a)

(b)

Figure 2: Scenario 1: (a) sleeper vertical displacement and (b) dynamic amplification
factor in function of train speed

of many material is directly proportional to the frequency of excitation. This is
the case for the road infrastructure. Indeed the slower vehicles, weight being
equal, produce much rutting than faster vehicles. In the same way it can be af-
firmed that, for slow speeds, the equivalent complex modulus of substructure is
directly proportional to train velocity. Then the deformation decrease with speed
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(a)

(b)

Figure 3: Scenario 2 (a) Sleeper vertical displacement and (b) dynamic amplification
factor in function of train speed

increasing. In the second range 120 − 145 km h−1 the behavior changes to-
tally. In this interval the elastic deflection increases quickly up to a critical speed
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(145 km h−1 in this case). Once the critical speed is passed the elastic deflection
decreases quickly in the range 145−170 km h−1. This interval, where the deflec-
tion increases and decreases quickly, is centered on critical speed with a range of
Vc±25 km h−1. Once this interval is passed, the deflection continues to decrease
but with a smaller slope. This range is 170− 300 km h−1. Finally the deflection
restarts to increase with a small inclination in the range 300−450 km h−1. Focus-
ing on figure 3(b), the behavior of dynamic amplification factor has been divided
in five range too, only to compare intervals with elastic deflection chart. In this
case the dynamic amplification factor is proportional to speed in first, fourth and
fifth interval. In the range Vc ± 25 km h−1, it assumes the same behavior than
sleeper deflection. Some guesswork could be done comparing curves. Overlook-
ing what happens near to the critical speed, the elastic deflection must obey to
two physical phenomenons contemporaneously. The first one is about the equiv-
alent complex modulus of substructure. It could be deduced, force being equal,
that the elastic deflection should always decrease with speed increasing. The
second phenomenon can be seen focusing on dynamic amplification factor be-
havior. Indeed, increasing the speed, the dynamic load increases too. It follows
that the elastic deflection should increase with the dynamic load increasing. Fi-
nally these two phenomenons contrast each to other. In the second scenario, the
first phenomenon wins on second one up to 300 km h−1 speed. Once this speed
is passed the dynamic loads still increases inversing the process.
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4 The receptance analysis

A numerical receptance analysis has been carried out to locate the resonance fre-
quencies of the vehicle/track coupling system. Focusing on the track behavior,
when any vehicle is present, the natural frequencies of the substructure have been
abundantly studied in literature [20] and a resonance effect has been found at the
so-called pinned-pinned frequency (about 800− 1000 Hz). Actually, the vehicle
presence plays an important role on the system normal modes of vibrating. The
vehicle masses (the wheels mass mainly) delay the system vibrations causing a
reduction of the resonance frequency. For this reason, when two different trains
are coupled to the track systems, the behavior of the vehicle/track coupling sys-
tem changes clearly. To study the natural frequencies of the system, the third
wheel of the vehicle model has been placed at the center of track. Both midspan
excitation and on-sleeper excitation have been tested to analyze the receptance.
A draft of these combinations is shown in Figure 4. The impulsive force has been
applied at the same position of the contact force.

(a)

(b)

Figure 4: Type of excitation for the receptance simulation: (a) centered third wheel,
midspan excitation; (b) centered third wheel, on-sleeper excitation.
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The results are totally different if compared to ones without the train. As
shown in paragraphs 4.1 and 4.2, the receptance reveals one singular peak in a
low frequency range 50 − 120 Hz (see Figures 7, 9). An example of the wave
propagation in time and space is shown in Figure 5. The results of the two
scenarios are presented in the following paragraphs.

Figure 5: Waves propagation in time and in space in the case of centered third wheel,
on-sleeper excitation.

4.1 Scenario 1
The vertical displacement of the excited point is shown in Figure 6 and the re-
ceptance analysis are shown in Figure 7. Carrying out the analysis in the cases
of midspan excitation and on-sleeper excitation (Figure 4), we have noticed that
the normal modes are the same, therefore, the following considerations are valid
in both cases. Looking at Figure 7(a) a resonance frequency can be recognized
at about 108.4 Hz. Other natural frequencies, some of ones with a very smaller
amplitude, may be recognized at about 90, 200 and 300 Hz. In Figure 6 the verti-
cal displacement of the excited point is shown in function of time steps; focusing
on it, it can be seen how, after few time-steps (red dotted line), all frequencies
have been damped except the one at 104.8 Hz. This fact is confirmed in Figure
7(b) where the FFT algorithm has been applied only in the part of function after
the red dotted line, indeed, in this case, a clear peak is present at the frequency
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of 104.8 Hz.

Figure 6: Vertical displacement for the receptance analysis in the scenario 1.

(a) (b)

Figure 7: Comparison between: (a) the receptance considering all time-steps and (b)
the receptance considering stabilized part in the scenario 1.

4.2 Scenario 2

The vertical displacement of the excited point is shown in Figure 8 and the recep-
tance analysis are shown in Figure 9. Even in this scenario a receptance analysis
of the vertical displacement after the cut-off of the higher frequency is shown in
Figure 9(b).
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Figure 8: Vertical displacement for the receptance analysis in the scenario 2.

(a) (b)

Figure 9: Comparison between: (a) the receptance considering all time-steps and (b)
the receptance considering stabilized part in the scenario 2.

5 A new explanation of the critical speed
The major source of excitation of the contact force is the so-called sleeper pass-
ing frequency. In both cases shown in last paragraph the sleeper base adopted is
65 cm. Considering this length as the wavelength of the excitation function it can
be convenient to compare resonance frequencies and speed with the relationship:

V = 3.6 · 0.65 · f
[
kmh−1

]
, (1)

being f the frequencies expressed in Hz. This relation 1 connects the velocity
of the wheel j with the sleeper passing frequency. Many authors have compared
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the natural frequencies determined by the analysis of receptance of the track sys-
tem with the train speed. Anyway, as explained in paragraph 4, train masses and
suspension play an important role during the contact with track, modifying its
response. Then, it results necessary to compare speeds with receptance analy-
sis of the coupling structure considering both systems: train and substructure.
The comparison between receptances of coupled system and the vertical sleeper
displacement in function of speed are shown in figures 10 and 11. A surprising
results has emerged. The perfect coincidence between critical speed and reso-
nance frequency of the coupled system is shown. It follows that a critical speed
cannot be connected uniquely to substructure properties but it is necessary to
considerate always the coupled system.

Figure 10: Scenario 3: comparison between critical speed and resonance frequency
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Figure 11: Scenario 4: comparison between critical speed and resonance frequency

6 Conclusion and perspective

This work shows an evident relationship between the receptance of the train/track
coupling system and the so called sleeper-passing frequency. The amplification
of vibrations happens when the train speed causes the equivalence between the
sleeper-passing frequency and the receptance of the train/track coupling system.
This explanation seems to be definitively complete even if only a numeric valida-
tion is presented in the thesis, however the results look extremely promising. As
perspective the results of numerical simulation may be compared to experimental
data.
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Annex A

A.1 - Definition of the sleeper vertical deflection and the
dynamic amplification factor
The output parameters selected for the analysis are the sleeper elastic vertical de-
flection zsl and the dynamic amplification factor of the wheel-rail contact force
δdyn = Rw/r/Rstatic (Rstatic is the vehicle weight divided by the number of
wheels). The sleeper chosen to check the maximum deflection value is the near-
est one to the midpoint between the end of the railway length and the fourth wheel
from the left. Among others, this sleeper is the one less affected by boundary ef-
fects. The dynamic amplification factor is time dependent. The contact force
Rw/r varies around the static value during the simulation and at certain time
step it assumes very high values. Anyway, these values are singular points and
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do not represent the complete behavior of contact-force during the whole time of
simulation T . The following procedure has been conducted to choose a represen-
tative output parameter. The time interval [0, T ] has been divided in p intervals
of size τ . For each g-range the maximum value of the dynamic amplification
factor δdyn,g has been evaluated for the third wheel from the left. In fact, the
third wheel is the one less affected by boundary effects. Therefore the average
between maximum values in all the time ranges has been calculated for each
simulation. The procedure is summarized in equation (2).


δdyn =

∑p
g=1

δdyn,g

p

p = T
τ

δdyn,g = max
[
Rw/r,3(t)

Rstatic

]
t ∈ [(g − 1)τ, (g)τ ]; g = 1, 2, . . . , p.

(2)

The interval τ has been calculated as the time necessary to cover the passing of
three consecutive sleepers. The sleeper distance used is 0.65 meters, so τ has
been calculated as 2.3m/V , being (3× 0.65m) < 2.3m. An example for p = 3
is shown in figure 12.

Figure 12: An example for the determination of the average dynamic amplification
factor.

15



A.2 - Model parameters adopted in the Scenario 1

Table 1: Model parameters adopted for the simulation in the first scenario.
Scenario 1

notation parameter value unit

Model parameters of substructurea

E young modulus of rail 2.07 · 1011 N m−1

I inertial modulus of rail 3038.3 · 10−8 m4

A section area of rail 76.70 · 10−4 m2

χ Timoshenko shear coefficient 0.34
mr railway mass (per unit length) 60.21 kg m−1

Ms sleeper mass 125 kg
Mb ballast mass 500 kg
kp pad stiffness 1.70 · 108 N m−1

cp pad damping 3.00 · 104 N s m−1

kb ballast stiffness 2.00 · 108 N m−1

cb ballast damping 8.50 · 104 N s m−1

kf subgrade stiffness 1.50 · 109 N m−1

cf subgrade damping 5.00 · 104 N s m−1

ls sleeper base 65 cm

Model parameters of train Aln668b

2Mc car body mass 28800 kg
Mb bogie mass 3600 kg
2Mw wheelset mass 500 kg
lc total length 23540 mm
2lb wheelset base 2.45 m
2lw bogie base 15.95 m
k1 primary suspension stiffness 500 kN m−1

k2 secondary suspension stiffness 8800 kN m−1

c1 primary suspension damping 0.5 kN s m−1

c2 secondary suspension damping 41.5 kN s m−1

Other simulation parameters

dt time step 6 · 10−5 s
Kh Hertz contact coefficienta 0.87 · 1011 N m−3/2

Ls simulation line length 64.45 m
a parameters extracted from [12].
b parameters extracted from [14].
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