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FINITE VOLUME METHOD FOR THE CAHN-HILLIARD EQUATION WITH
DYNAMIC BOUNDARY CONDITIONS

FLORE NABET!

Abstract. In this paper, we investigate a numerical scheme for solving a diphasic Cahn-Hilliard model
with dynamic boundary conditions. We propose a finite volume method for the space discretization
and we prove existence and convergence results. We also present numerical simulations to show the
influence of these boundary conditions.

1. INTRODUCTION

The Cahn-Hilliard equation describes the evolution of binary mixtures which appears, for example, when
a binary alloy is cooled down sufficiently. This problem has been extensively studied for many years with
Neumann boundary conditions. Recently, physicists [4,5, 7] have introduced new boundary conditions, usually
called dynamic boundary conditions, to account for the effective interaction between the wall and the two
mixture components for a confined system. With these dynamic boundary conditions, the Cahn-Hilliard system
is written as follows: Find the concentration c : [0, T[x€2 — R such that:

Ore =T, Ap, in (0,7) x Q;
p=—eobe+ 2 f(0) in (0,7) x
¢(0,.) = co, in € (P)
3
FE—Fath = EQO’SO‘I,AHCF —o,f!(cr) —e0,0pe,  on (0,T) x T}
s+ b

Onpt =0, on (0,T) x T

where 4 is an intermediate unknown called chemical potential. There cannot be any mass exchange through
the boundary, that is why we have Neumann boundary condition for the chemical potential.

The domain Q C R? is smooth connected and bounded, we denote by I' = 99 its boundary and T > 0 is the
final time.

We denote by A the Laplace-Beltrami operator on T', 9,, the exterior normal derivative at the boundary and
cr the trace of con T.

The parameter € > 0 accounts for the interface thickness, the coefficient I', > 0 is the bulk mobility and ¢, > 0
is the fluid-fluid surface tension. On the boundary, I'. > 0 defines a surface kinetic coefficient and o, > 0 a
surface capillarity coefficient. The nonlinear terms f, and f, represent the bulk free energy density and the
surface free energy density respectively and they satisfy the following assumptions:
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e Dissipativity:
liminf f/'(z) >0 and liminf f/(x) > 0. (Haiss)

e Polynomial growth for f,: there exists C;, > 0 and a real p > 2 such that:

[fo(@)] < Co (1 + |2[7),
@) < Cp (14 |27, (1)
£ (@) < Gy (1+ |2P72).

0 )
FIGURE 1. Typical choice for f,: f,(c) = ¢2(1 — ¢)%.

Remark 1.1. We can notice that if we choose o, = 0, ', = +00 and f, = 0, we recover the standard Neumann
boundary condition 0,¢ = 0.

The Cahn-Hilliard equation with dynamic boundary conditions (P) is posed in order that the following free
energy functional,

€ 5 Oy g? 2
F(e) = (Eab |Vel” + —fb(c)) + —o0,0, ’VHCF‘ +o,f.(cr) ), (1)
Q € r\ 2
will decrease with respect to time:
3

S
Fsl—‘b

GFelt ) ==t [ 9ute ) - 5 [t e 0.0
de Q r

From a mathematical point of view, the problem (P) has already been studied in [8-10] where questions
such as global existence and uniqueness, existence of global attractor, maximal regularity of solutions and
convergence to an equilibrium have been answered. From a numerical point of view, some numerical schemes
have been considered in [4,5,7] in a finite difference framework but without proof of convergence. In [2], the
authors propose a finite element space semi-discretization and prove error estimate and convergence results on
a slab with periodic conditions on the lateral directions and dynamic conditions on the vertical directions, so
that complex geometries of the domain are not taken into account in the convergence analysis.

In this paper, we investigate a finite volume scheme for the space discretization of this problem. This
discretization is well adapted to the curved geometry and to the coupling between the dynamics in the domain
and the one on the boundary by a flux term. In Section 2, we recall the main finite volume notations, for
example used in [3], that we adapt to our problem with curved domain and dynamic boundary conditions. In
Section 3, we give the discrete energy functional and the associated energy estimates. Then, we propose a finite
volume scheme with different time discretizations for the nonlinear terms. Existence and convergence results
are stated in Section 4. The convergence result enables in particular to get a proof of the existence of a weak
solution of the Cahn-Hilliard model with dynamic boundary conditions. Finally, we give some numerical results
in Section 5 with different nonlinear terms on the boundary.

2. THE DISCRETE FRAMEWORK

We give in this section the main notations and definitions used in this paper.
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2.1. The discretization

We notice that 2 is a curved domain so that the notations (Fig. 2) and definitions are slightly different than
the usual finite volume definitions given for example in [3].
An admissible mesh 7T is constituted by an interior mesh 9t and a boundary mesh 09t. The interior mesh 9t
is a set of control volumes (we notice that some control volumes are curved) I C Q such that:
e if K # £, we have kN 2 = ;
e if x # £ such that the dimension of € NZ is equal to 1, then X NZ is an edge of the mesh;
(] U;Cegjzz =Q.

We denote by 09t the set of edges o (we remark that these are not segments but curve sections) of the control
volumes in 9 included in I'. Let £ be the set of the edges of the mesh T, £, = £\ M the set of interior
edges and V the set of the vertices included in I'.

For each control volume IC € 9, we associate a point x, € x and we assume that for all neighbouring control
volumes k, £ € M the edge o = K|z is orthogonal to the straight line going through =, and x,. The distance
between x, and z. is denoted by dx . and m, is the length of 0. Let mx be the Lebesgue measure of x and if
K is a curved control volume then mg’? is the area of the polygon formed by the vertices of x. We denote by
Ex the set of its edges and 1, the outward unit normal vector to k.

For any o € 990, we denote by e, the chord associated with o, m,_ its length and f._ the outward unit
normal vector to 2. Let x, on I' as defined on the Figure 2 and such that e, is orthogonal to the straight line
going through z, and x,, then y, is the intersection between the line (z,,z,) and the chord e,. We denote by
di ., the distance between z, and y,, V, the set of vertices of o and i, the outward unit normal vector to .

Let v = o|o’ be the vertex which separates the edges o,0" € 9, ~, C T the arch whose ends are x, and x,
and m.,, its length. We denote by d, . the distance between y, and v and d, ,+ is equal to the sum of d, and
do v

We can notice that we do not use the equation of the curve. Indeed, we only know the coordinates of the
vertices of the mesh and so these quantities are calculated from these coordinates.

_______ Boundary mesh 09

Interior mesh 90t

ma Vertexv ey

e Centers

FIGURE 2. Finite volume meshes

The mesh size is defined by: size(7) = sup{diam(x), x € 9M}. All the constants in the results below depend
on a certain measure of the regularity of the mesh which is classical and that we do not make explicit here in
order to be more synthetic. In short, it is necessary that the control volumes do not become flat when the mesh
is refined.

Let N € N* and T €]0,4o00[. The temporal interval [0,7] is uniformly discretized with a fixed time step

T
At = N For n € {0, -, N}, we define t" = nAt.
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2.2. Discrete unknowns

For a given time step t", the FV method associates with all interior control volumes K € 9t an unknown
value ¢ € R™ and with all exterior edges o € 09 an unknown value ¢ € R?” for the order parameter. The
same notations are used for the chemical potential with an unknown value pt € R for all L € 9. There is no
need of boundary unknows for .

Whenever it is convenient, we associate with a discrete fonction u, € R7 the piecewise constant functions
Ur = (Ugn, Upon) Where ugy = > ucle € L®(Q) and ugon = Y., u,1, € L=(T).

KeM ceam
We denote by u2* the piecewise constant function in ]0, T'[x2 such that for all ¢ € [t", ¢t"+1[:

n+1

udt(t,z) =ulttifrexc  and  wdi(t,z) =u"tifx o

2.3. Discrete inner products and norms

Definition 2.1 (Discrete L? norms).

o For u,, € R™, the L? discrete norm of uy, is defined by:

2
[|ton ||07m = sz m}cui-
Ke

o For sy € R?™, the L? discrete norm of uyey, is defined by:

2
||UasmHo,agn = > meaui'
ocEIM

Definition 2.2 (Discrete H! semi-definite inner products).
e For u,, v, € R7, their H! discrete semi-definite inner product is defined by:

U — Ug Ve — VU, U — Uy Uk — Uy
[ur,vrlir = > myde. ( > < > + > m dc,, ( ) ( > )
c€Eint d)C,E d)C,E cecoMm d)C,o' d}c,a

where, by convention, u, = u, for o € 99 an edge of « if u, satifies homogeneous Neumann boundary

1
condition. We notice by |ur|; - = [ur,us]7, the associated discrete H' seminorm in €.
o FOr Upon, Vaon € R?™, their H! discrete semi-definite inner product is defined by:

Uy — Uy’ Vo — Uyt
[[Uam;vannﬂl,am = Z da,a/ < > < .
vey da,o" dd,a/

1
We notice by |taoom|y yon = [Uom, Uom ] 5 the associated discrete H'! seminorm on T.

Now, we can define H! discrete norms by:

2 2 2 2 2 2 .
[lur| i HUT”o,sm + |uT|177_, Vur € R and  [|upm| Lom = ||uam||0,6m + |u5m|17(,jsm , Vugy € R?.

3. NUMERICAL SCHEME AND ENERGY ESTIMATES

3.1. Numerical scheme

We use a consistent two point flux approximation for Laplace operators in € and a consistent two point flux
approximation for the Laplace-Beltrami operator on I'. For nonlinear terms, we use two different discretizations
described below: fully implicit and semi implicit so that we have to use a Newton method at each iteration.

We assume that ¢} € R” is given, the scheme is then written as follows.
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Problem 3.1. Find (¢! pntl) € R7 x R™ such that Vv, € R7, Vvg, € R™, we have:

T s Mo

n+1 _ c”

K K 1
Z mzppTV;c = —Fb[[ugf ayimﬂl,T
reM
app , n+1 _ 0 app 3fv (n n+1
Z M K Ve = — Z my db(clc5c)€ )'ch
KEM € kem
n+1 n+1 n+1 n+1
C —C T — Ve c —C
+€O—b Z modK,L< K £ > < )+ Z mea < < o >7K
c€Eint d’C,E d?C,E ccom d}c,a
53 cn+1 —_ " 9 1 ; L
_ n—+ s/.mn n+
T Z m,, ———> A > = —c Ubas[[cagﬂ a'76zm]]1,asm — 0y Z me,,d (CG,CU )'7(;
vl s ccom t ceoMm
C?'H _ cv)é-i-l
—E0,, z T'I’Le(7 di ’YG
cecom Koo

(S)

The functions df* and d/s represent the discretizations for nonlinear terms.
We can notice that in the scheme (S) the coupling between interior and boundary unknowns is performed by
the two boxed terms: one in the interior mesh 91 and the other on the boundary mesh 991.

In order to simplify the presentation and the analysis, we have written the scheme as a formulation which
looks like a variational formulation. However, if for each control volume we choose the indicator function of this
particular control volume as a test function in (S), we recognize a usual finite volume flux balance equation.

3.2. Energy estimate

In the section we give the definition of the discrete energy and the corresponding estimate.

Definition 3.2 (Discrete free energy). The discrete free energy associated with the continuous free energy (1)
is composed of a bulk energy F2 and a surface energy F5,. such that for all ¢, € R”:

Frler) = Foler) + Fom(Com)

where:

2

g € €
]:gt(cT) = ?b meippfb(cK) + §O—b |CT|§,T and ]:zfsm(cﬂfm) =0 Z mwfs(ca) + 50'170'5 |689ﬂ|$,6sm :
Ke ccom

By using Problem 3.1 with vy, = p%™! and v,

estimate.

= 1 — ¢ as test functions, we obtain the following energy

Proposition 3.3 (General energy estimate). Let ¢ € R7. We assume that there exists a solution (™1, u%tt)
of Problem 3.1. Then, the following equality is holds:

3
2 € 1 2
Fr(er™)=Fr(er) + ML ||, + 577 668" = nllo om
€ 2 € 2
—|—§0‘b ’CZJ'_I — 0771”1,7‘ + 30'170'5 C’g;l - annylyam (2)
g
=2 T m () = ) — (L - )
Ke

oy 3 me, (Sl = L) =l (e ) et = o).

gEIM
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3.3. Discretization for nonlinear terms

In this section, we detail the two discretizations for nonlinear terms used in the scheme (S) and we give the
associated energy estimates.

3.3.1. Fully tmplicit discretization
For the fully implicit discretization in time, we choose d* and d¢ independent of ¢, for all K € 90t and for
all o € 09, we have:

o"a o

AP (e, = ) and P (el ) = f(E).

Then, by using the energy estimate (2) and dissipativity assumptions (Hgiss), we obtain the following discrete
energy inequality:

Proposition 3.4 (Discrete energy inequality). Let ¢ € R7. We assume that there exists a solution (™1, u%+1)
of Problem 3.1. Then, there exists Aty > 0 such that for all At < Aty, we have:

AtF 2
1y 4 Bl e +1
]:T( n ‘ . |1 T F T, 2At | gf’ﬂ - CZWIHO,asm
+EO' ‘c”“fc ‘ +€—oo ntl _ ’ < Fr(cl)
4 b |~ TI1,7 2 bYs |Fom om |1 9om — ¥ T\-T/"

We can notice that Aty depends on parameters of the equation so with this discretization, we have to choose
At small enough. This is why we introduce below an other discretization.

3.3.2. Semi implicit discretization

We would like to obtain an energy estimate without condition on At. Thus, we choose a discretization for
nonlinear terms such that the right terms in (2) are equal to 0:

D ) RPN A W A

dfe
(z,y) = e e

, V.

We obtain the following energy equality available for all At > 0:

( n+1 n+1>

Proposition 3.5 (Discrete energy equality). Let ¢ € R7. We assume that there exists a solution THS

of Problem 3.1, then we have:

1 n+1

]: ( n+1)+AtF ‘:u’g;rlllT—’—FF At Com _CZW?HO,BM

n+1

n+l _ n
aom Camll,m - ]:7'(07)'

52
+ = 040

+ U”‘c T‘l,T 2

4. EXISTENCE AND CONVERGENCE

We give general assumptions on the discretization of nonlinear potential d/* to demonstrate existence and
convergence theorems.
dfv is of C' class and there exist Cj, > 0 and a real p such that 2 < p < +o0,

|d (a,b)] < Cy (1 + |a["~" + b7~ 1)

H 5,
|D (d(a,.)) (0)] < Cy (L+]aP~ + [bP~2). (Har)
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4.1. Existence

The existence of a solution to discrete Problem 3.1 is based on the topological degree theory and the a priori
energy estimates obtained above.

Theorem 4.1 (Existence of discrete solution). Let ¢r € R7. Assume that dissipativity assumptions (Haiss)

and growth conditions (Hys,) hold and that there exist constants Kﬁ,Kﬁ (depending possibly on c) such
that, for all v+ € R7,

5w () = Fuled) = AP (S ) (e — 1)) S KT

KEM

E me, (fS(’ya) - fs(c;r:) - dfs (025'7(;)(76 - CZ)) S Kgilr

gEeIM
Then, there ezists at least one solution ("1, umFtt) € R™ x R™ of Problem 5.1.
4.2. Convergence

In order to prove the convergence result we have to define a solution of Problem (P) in a weak sense.

Definition 4.2 (Weak formulation). We say that a couple (¢, ) € L>(0,T; H(2)) x L2(0,T; H(Q)) such that
Tr(c) € L>(0,T; H'(T)) is solution to the continuous Problem (P) in the weak sense if for all ¢ € C2° ([0, T[xQ),
the following identities hold:

/ ' | (0 + 1,90 v4) = / C(0,.), @)
/ / —u +eo,Ve - V1/)+ fb / / ( (9ﬂ/)0+0 0, VHC V¢ + o, fl(c )1/1> (5)
= FE; /Fc%(o,.).

Theorem 4.3 (Bounds of solutions). Assume that assumptions (Hy,), (Haiss), (Han, ), (3) hold and that there
exists a constant C' > 0 such that, for alln € N,

3 2
3 € 3
Frd + ¢ (AtF ‘Mm+1|1 T At [entt — o llo.om T 30 |cntt — i+ 5 00 ntl m‘l m)
<Fr(c}). (6)
Then, there exists M > 0 independent of T and At such that:
SER ||CZ;H17T < M sup HcamHl oM < M Z At H'LLJJI—HHI T —
n+1 n 2 N-1 n+1 _ Cn 2
At Z At <M and At) At‘ om____om <M.
1,7 n=0 At 1,60

These bounds are one of the key elements to prove the convergence result below by using discrete H'!
compactness and Kolmogorov theorem. We also notice that we have nonlinearities in the domain 2 and on the
boundary I'. Thus L?((0,T) x Q) compactness is not sufficient and we have to prove uniform estimates of time
and space translates on €2 and T.
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Theorem 4.4 (Estimation of time and space translates). Let (¢3*, us!) be a solution of Problem 3.1, then there
exists C > 0 (not depending on size(T) and At) such that:

—~ — 2 — — 2

e+ m) =L SO G =BG, ey S Cll U+ size(T)),
— — 2 — —

e840 = By SO [RGB g, S Clrl U+ size(T)),

where we denote by it (respectively 3y, ) the extension by 0 of ¢t (respectively ¢t ) on R x R? (respectively
R x T') and 7, represent the shifting of length n along the boundary I’ (an orientation being given on T').

The Theorem 4.4 is proved by using bounds of solutions of Theorem 4.3 and the scheme (S). This Theorem
is essential to apply Kolmogorov theorem and to prove the following convergence result.

Theorem 4.5 (Convergence theorem). Assume that conditions (Hy,), (Haiss), (Han ), (3) and (6) hold. Con-

sider the Problem (P) with initial condition co € H'(2) such that Tr(co) € HY(T). Then, there exists a weak

solution (¢, ) on [0,T[ (in the sense of Definition 4.2). Furtheremore, let (c(m),cgm)) N and (M(m))meN be
me

a sequence of solutions to Problem 3.1 with a sequence of discretizations such that the space and time step,

size (T(m)) and At respectively, tends to 0. Then, up to a subsequence, the following convergence properties
hold, for all ¢ > 1, when size (T(m)) A 5 0:

™ = ¢ in L2(0,T; L9(2)) strong,
M Tr(c) in L*(0,T; LYT)) strong,
and ™ — o in L*(0,T; LI()) weak.

Remark 4.6. We choose the initial concentration in the scheme equals to the mean-value projection:

(G L) o (L))

5. NUMERICAL SIMULATIONS

In this section, we present numerical experiments for three different choices of the nonlinear surface free
energy density. We choose here the semi-implicit discretization in time for nonlinear terms in order to take
At large enough. We notice that we have to choose the interface thickness ¢ of the same order (and not
more large) than the mesh size size(7). For each simulation we consider the usual double well bulk potential
fo(c) = (1 —e)?.

We are interested here by two domains with a delaunay triangular mesh:
e arectangle (0,8) x (0,4) with periodic boundary conditions in the lateral direction and dynamic bound-
ary conditions in the vertical direction;

e a smooth curved domain whose diameter is equal to 2 and dynamic boundary conditions everywhere on
T.
In these cases, x is the circumcenter of the control volume x and y, is the middle of the chord e,.
For each domain, we choose a random initial c® € R” between 0.4 and 0.6 and we keep this initial data for each
simulation with the same domain. We can then observe the influence of the boundary conditions on the phase
separation dynamics.

5.1. Influence of the surface diffusion term

First, we choose f, = f, for the surface potential and to compare the results in [4,5], we begin with the
rectangular domain (Fig. 3) and the following parameters: ¢ = 0.3, ', = 0, = 0.1 for the bulk, I, = 10 for the
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surface and T' = 0.75, dt = 0.05 for the time. We observe the influence of surface diffusion by computing the
scheme with two different values for the surface coefficient o,.

. T WY T P ET ]
| * ‘E o - ‘P’ WY W
: F" o >,

l. * - ‘ Q AR L‘

i ﬁ‘ﬁm ..”“"m

)os=0 (B

!

§

3
¥
i

%

‘f

-

=

s =

FIGURE 3. Spinodal decomposition for rectangular domain

In both case, we have lateral anisotropic structures but their length scale is different. Indeed, when we have
o, = 0 (Fig. 3a) the structure length scales are shorter than when we have o, = 5 (Fig. 3b). These results are
very close to those observed in [4].

Now, we test the scheme with our curved domain (Fig. 4) with following parameters: e =T', = g, = 0.1 for
the bulk, I', = 10 for the surface and T" = 0.025, d¢t = 0.005 for the time.

(A) 05 = (B) o5 =5

FIGURE 4. Spinodal decomposition for curved domain

We observe the same behavior as for the rectangular domain (Fig. 3): for o, = 0 (Fig. 4a), we have small
typical structures on the boundary while for o, = 5 (Fig. 4a) the structures are large except where the domain
is too narrow.

5.2. Preferential attraction by the wall

For the following computation (Fig 5), we want to observe the influence of the surface potential by taking
f.(c) = g.c®—(h,+g.)c where h, # 0 describes the possible preferential attraction of one of the two components
by the wall. Thus, we choose fixed parameters: ¢ = 0.2, I', = ¢, = 0.1 for the bulk, I', = 10, o, =0, g, = 10
for the surface and T = 0.37, dt = 0.001 for the time and we modify the coefficient h,.

First, we notice than the parallel structures observed when h, = 0 (Fig. 5a) are similar to those observed
in [2,7]. Then, we confirm the preferential attraction of the phase ¢ = 1 by the boundary when h, > 0 (Fig. 5b)
and we notice that this attraction changes all the behavior in the domain €.
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®
gy
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FIGURE 5. Influence of h,

CONCLUSION

We propose here a finite volume scheme to deal with the 2D Cahn-Hilliard model with dynamic boundary
conditions. With this method the coupling between the equation in the domain and the equation on the
boundary is easy to implement with a curved geometry for the mesh. Furthermore, the convergence result
enables to obtain the existence of weak solutions for the continuous problem. We can notice that some authors
are interested by the Cahn-Hilliard equation with logarithmic potential (see for example [1,6] and the references
therein) but it is not the case in this work.

(1]
(2]
(3]
(4]
(5]
[6]
[7]
(8]
[9]

(10]

REFERENCES

Laurence Cherfils, Alain Miranville, and Sergey Zelik. The Cahn-Hilliard equation with logarithmic potentials. Milan J. Math.,
79(2):561-596, 2011.

Laurence Cherfils, Madalina Petcu, and Morgan Pierre. A numerical analysis of the Cahn-Hilliard equation with dynamic
boundary conditions. Discrete Contin. Dyn. Syst., 27(4):1511-1533, 2010.

Robert Eymard, Thierry Gallouét, and Raphaele Herbin. Finite volume methods. Handb. Numer. Anal., VII. North-Holland,
Amsterdam, 2000.

Hans Peter Fischer, Philipp Maass, and Wolfgang Dieterich. Novel surface modes in spinodal decomposition. Phys. Rev. Lett.,
79:893-896, Aug 1997.

Hans Peter Fischer, Philipp Maass, and Wolfgang Dieterich. Diverging time and length scales of spinodal decomposition modes
in thin films. EPL (Europhysics Letters), 42(1):49-54, 1998.

Gianni Gilardi, Alain Miranville, and Giulio Schimperna. Long time behavior of the Cahn-Hilliard equation with irregular
potentials and dynamic boundary conditions. Chin. Ann. Math. Ser. B, 31(5):679-712, 2010.

R. Kenzler, F. Eurich, P. Maass, B. Rinn, J. Schropp, E. Bohl, and W. Dieterich. Phase separation in confined geometries:
Solving the Cahn—Hilliard equation with generic boundary conditions. j-COMP-PHYS-COMM, 133:139-157, Jan 2001.

Jan Priiss, Reinhard Racke, and Songmu Zheng. Maximal regularity and asymptotic behavior of solutions for the Cahn-Hilliard
equation with dynamic boundary conditions. Ann. Mat. Pura Appl. (4), 185(4):627—-648, 2006.

Reinhard Racke and Songmu Zheng. The Cahn-Hilliard equation with dynamic boundary conditions. Adv. Differential Equa-
tions, 8(1):83-110, 2003.

Hao Wu and Songmu Zheng. Convergence to equilibrium for the Cahn-Hilliard equation with dynamic boundary conditions.
J. Differential Equations, 204(2):511-531, 2004.



