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Stochastic flows and an interface SDE on metric graphs

Hatem Hajri * Olivier Raimond '
May 30, 2015
Abstract

This paper consists in the study of a stochastic differential equation on a metric graph, called
an interface SDE (ISDE). To each edge of the graph is associated an independent white noise,
which drives (ISDE) on this edge. This produces an interface at each vertex of the graph. We
first do our study on star graphs with N > 2 rays. The case N = 2 corresponds to the perturbed
Tanaka’s equation recently studied by Prokaj [18] and Le Jan-Raimond [12] among others. It
is proved that (ISDE) has a unique in law solution, which is a Walsh’s Brownian motion. This
solution is strong if and only if N = 2.

Solution flows are also considered. There is a (unique in law) coalescing stochastic flow
of mappings ¢ solving (ISDE). For N = 2, it is the only solution flow. For N > 3, ¢ isnot a
strong solution and by filtering ¢ with respect to the family of white noises, we obtain a (Wiener)
stochastic flow of kernels solution of (ISDE). There are no other Wiener solutions. Our previous
results [8] in hand, these results are extended to more general metric graphs.

The proofs involve the study of (X,Y’) a Brownian motion in a two dimensional quadrant
obliquely reflected at the boundary, with time dependent angle of reflection. We prove in par-
ticular that, when (Xo,Yy) = (1,0) and if S is the first time X hits 0, then Y? is a beta random
variable of the second kind. We also calculate E[L,], where L is the local time accumulated at
the boundary, and oy is the first time (X, Y") hits (0, 0).

1 Introduction

In [18], Prokaj proved that pathwise uniqueness holds for the perturbed Tanaka’s equation

dX; = sgn(X,)dW} + \dW? (1)
for all A # 0, where W' and W? are two independent Brownian motions. When A\ = 1, after
rescaling, setting W+ = % and W~ = %, (1) rewrites

dXy = 1ix,>00dW;" + 1yx,<opdW, . )

Using different techniques, the same result in the case of (2) has also been obtained by Le Jan and
Raimond [12] (see also [4, 15]).
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In this paper, an analogous SDE, called an Interface SDE (or (ISDE)), on metric graphs is stud-
ied. The first graphs we consider are star graphs with N > 2 rays (E;)1<i<n. Let (W;)i<i<n be
N independent Brownian motions. Then a solution to (ISDE) is a Walsh’s Brownian motion that
follows W* during an excursion in E;. Note that (2) is an (ISDE) on a star graph with N = 2 rays.
Without Tsirelson’s results [19], one could have the intuition that for N > 3, the situation is exactly
the same as for (2), i.e. (ISDE) has a unique strong solution. As this intuition is misleading, (ISDE)
seems to be an interesting SDE. In a second time, (ISDE) is extended to more general metric graphs
with finite number of vertices and edges. It is defined in the same way by attaching to the edges a
family of independent Brownian motions.

Stochastic flows (of mappings and kernels) solutions of (ISDE) are also studied. Now, we do
not only follow the motion of one particle driven by (ISDE) but of a family of particles. The law
of a stochastic flow is determined by a consistent family of n-point motions (see [13]). These n-
point motions consist of n solutions of (ISDE), started from eventually » different locations. When
N = 2, Le Jan and Raimond [12] proved that (2) generates a unique stochastic flow of mappings,
which is coalescing in the sense that two solutions of (2) meet in finite time. When N > 3, we
prove that there is still a stochastic coalescing flow of mappings, but it is no longer the unique
stochastic flow solution of (ISDE).

To study (ISDE), we establish new results on obliquely reflected Brownian motions (X,Y") on
the positive quadrant. These are of independent interest. In particular, when (Xo, Yy) = (z,0), we
give the law of Y, where S is the first time X hits 0. We also give a necessary and sufficient condi-
tion on the angles of reflection for the integrability of the local time cumulated at the boundaries
before (X,Y) hits (0, 0).

Let us now give some notations that will be used throughout this paper and recall the definition
of stochastic flows.

e If M is a locally compact metric space, Cy (M) will denote the set of continuous functions on
M vanishing at co. We will denote by B(1/) the Borel o-field on M and by P (M) the set of
Borel probability measures on M.

e A kernel on M is a measurable mapping K : M — P(M). For x € M, the probability
measure K (z) will also be denoted by K (x, dy). We recall that two kernels K; and K> may

be composed by the formula K1 Ks(x,dz) = fyeM Ky (z,dy)Ka(y,dz).

e The two-dimensional quadrant [0, oo[? is denoted by Q. Its boundary is 0Q := 8,9 U 8,09,
where 9; Q = [0, 00[x {0} and 92 Q = {0} x [0, co[. We also set Q* = O\ {(0,0)}.

e For X a continuous semimartingale, we will denote by L;(X) its symmetric local time pro-
cess at 0, i.e.

1t
Lt(X) = hm —/ 1{\XS\§e}d<X>s-
0

e—0 2¢

Stochastic flows: Let M be a locally compact metric space and (2, A, P) be a probability space.

Definition 1.1. A stochastic flow of mappings (SFM)  on M is a random family (s 1)s<. of measurable
mappings on M such that for all (s,x) € R x M, ¢, s(x) = x and

1. Forallh € R, s <1, sih 1+ is distributed like g +;



2. Forall s1 <ty <--- < sy, <ty the family {ps, 1., 1 < i < n} is independent;
3. Foralls <t <wandallx € M, a.s. ps,(x) = @i 0 pst(x);

4. The mapping (s,t,x) — @s () is continuous in probability;

5. Forall s <t, s (x) converges in probability towards oo as x — .

Stochastic flows of kernels (SFK’s) K on M are defined as are defined SFM’s, i.e. they are
random families (K ;)s<¢ of measurable kernels on M such that, for all (s,z) € R x M, K, s(z) =
05 and satisfying 1.,2.,3.,4. and 5. in Definition 1.1 with ¢ replaced by K and ¢, ,, © s+ replaced by
K 1Kt . We refer to Le Jan-Raimond [13] for a more detailed definition and study. Note that if ¢
is a SFM, then K defined by K ;(x) = 0, , () is @ SFK. When it is the case, by misuse of language,
we will then say that K is a SFM. All SEM’s (resp. all SFK’s) considered in the following will be
measurable in the sense that the mapping (s, ¢, z,w) — @5 (z,w) (resp. K, ¢(x,w)) is measurable.

2 Main results

We give here the results proved in this paper, and announced in the introduction.

21 The interface SDE on a star graph
2.1.1 Walsh’s Brownian motions on star graphs

Let G be a star graph with N > 1 rays (E;)1<;<n and origin denoted by 0, i.e. G = UN | E; isa
locally compact metric space such that

o E;NE; ={0}ifi+#j,

o for all i, F; is isometric to [0, co[ via a mapping e; : [0, oo[— E;
and the metric d on G is such that d(z,y) = |v — u| if v = e;(u), y = e;(v) for some i, u,v and
d(z,y) = d(z,0) + d(y,0) otherwise. Set for x € G, |z| = d(¢,0), G* = G\ {0} and for 1 <i < N,
E; = E; \ {0}

Let us now define the Brownian motions on G, called Walsh’s Brownian motions (abbreviated

WBM'’s). These processes behave like a standard one-dimensional Brownian motion along a ray
away from 0 and, when they hit 0, they randomly “choose ” a ray E;.

Suppose given a family of parameters (p1, ..., px) €]0, 1[N such that 3=~ | p; = 1.
Definition 2.1. [1] Let (T,",t > 0) be the semigroup associated to the reflecting Brownian motion on
Ry and let (TP,t > 0) be the semigroup associated to the Brownian motion on R killed at 0. Then for
f € Co(G) and = € E;, denoting f;(r) = foej(r) for 1 <j < Nand f(r) = ijzlpjfj(r),

P f(x) =T, f(l=]) + T (fi = F)(|])

defines a Feller semigroup on Cy(G) associated to a diffusion called a Walsh’s Brownian motion on G.
If a filtration (Gy). is given, then X is a (Gy),-WBM if X is adapted to (G, ) and if given G;, (Xi4s, s >
0) is a WBM started at X,.

The family of parameters (p1, . . ., pnv) being fixed later on, all WBM'’s considered thereafter will
be associated to this family of parameters.



The domain D: We denote by C?(G*) the set of all continuous functions f : G — R such that
foralli € [1,N], f oe; is C? on |0, oo[ with bounded first and second derivatives both with finite
limits at 0. For f € CZ(G*) and z = ¢;(r) € G*, set f'(x) = (foe;) (r), f(x) = (f oe;)”(r). When
x =0,set f'(0) = vazl pi(foe;) (0+)and f(0) = Zfilpi(f o ¢;)"(0+). Finally, set
D={feCy(G): f'(0)=0}. ®)

Set Dy = {f € D, f, f" € Co(G)}. Then Dy is contained in the domain of the generator A of (P,),.
We have Af = f /2 for f € Dy and (A, Dy) generates the Feller semigroup (F;) in a unique way.

2.1.2 The interface SDE

Definition 2.2. A solution of the interface SDE (ISDE) on a star graph G with N > 1 rays (E;)1<i<n IS
a pair (X, W) of processes defined on a filtered probability space (2, (Fi)¢, P) such that

(i) W= W?H ... ,WN)isastandard (F,)-Brownian motion in RY;
(ii) X is an (F;)-adapted continuous process on G;

(iii) Forall f € D,
al K ! 3 1 k 1
1) = 10+ 32 [0 ixenadi g [0 @

We will say it is a strong solution if X is adapted to the filtration (F}V);.

In the case where N = 1, (ISDE) is easy to study. There is no interface and (ISDE) has a unique
(strong) solution, which is a reflected Brownian motion. Thus in the following, we assume N > 2.
It can easily be seen (by choosing for each i a function f; € D such that f;(z) = |z| if z € E;) that
on E;, away from 0, X follows the Brownian motion W*.

In the case N = 2, one can assume E; =] — 00,0] and E; = [0,00[. Applying It6-Tanaka’s
formula (or Theorem 4.1 below), we see that (ISDE) is equivalent to the skew Brownian motion
version of (2):

dX, = 1(x,500dW;" + 1(x, <0 W, + (2p1 — 1)dLy(X), (5)

Note that when p; = 1/2, (2) and (5) coincide. Our first result is the following

Theorem 2.3. Forall x € G,
(i) There is a, unique in law, solution (X, W) of (ISDE), with Xy = x. Moreover X is a WBM.
(ii) The solution of (ISDE) is a strong solution if and only if N = 2.

To prove (ii), we will check that pathwise uniqueness holds for (ISDE) when N = 2. This
implies that the solution (X, W) is a strong one. The fact that for each N > 3, (X, W) is not a
strong solution is a consequence of a result of Tsirelson [19] (Theorem 4.6 below) which states that
if N > 3, there does not exist any (F;);-WBM on G with (F;); a Brownian filtration (see also [3]).



2.1.3 Stochastic flows solutions of (ISDE)

Let (22, A, P) be a probability space. We define below what is meant by a flow solution of (ISDE).

Definition 2.4. Let ¢ be a SFM on G and let W = (W', 1 < i < N) be a family of independent real white
noises (see [13, Definition 1.10]). We say that (¢, W) solves (ISDE) if forall s <t, f € Dand x € G, a.s.

fps (@ +Z/ (L ) (ps,u()) AW, + /f” Poul

We will say it is a Wiener solution if for all s < t, F£, € FY.

It will be shown that if (¢, W) solves (ISDE), then F) C F¢, for all s < t and thus we may just
say ¢ solves (ISDE). Note that if ¢ is a Wiener solution, then 77, = 7)Y forall s < .
We will prove the following

Theorem 2.5. (i) There exists a SEM ¢ solution of (ISDE). This solution is unique in law.
(ii) The SFM  is coalescing in the sense that for all s € R and (z,y) € G?, a.s.,

inf{t > s: s () = st (y)} < 0.

(iii) The SFM  is a Wiener solution if and only if N = 2.

Note that (iii) in this theorem is a consequence of (ii) in Theorem 2.3. We will also be interested
in SFK's solving (ISDE) in the following sense.

Definition 2.6. Let K be a SFK on G and W = (W, 1 < i < N be a family of independent real white
noises. We say that (K, W) solves (ISDE) if forall s < t, f € Dand x € G, a.s.

Koif (@ +Z / Kou(lp, /') (@)dW; + / Kouf"( (©)

We will say it is a Wiener solution if for all s < t, FX, ¢ F)Y.

Since 7)Y C FEX forall s < t, we may simply say that K solves (ISDE). Note that when K = 4,
then K solves (ISDE) if and only if ¢ also solves (ISDE).

Let (¢, W) be a solution to (ISDE), with ¢ a SEM. Then Lemma 3.2 in [13] ensures that there is
aSFK K" such that: forall s <t, z € G, a.s. K)%(z) = E[0,, ,(«)|F2%]. We have the following

Proposition 2.7. K is the unique (up to modification) Wiener solution of (ISDE).

Following [6, Proposition 8] or [12, Proposition 3.1], this proposition can be proved by giving
the Wiener chaos expansion of a Wiener solution (see also Proposition 4.2 in [7] for another proof).
A consequence of Proposition 2.7 and Theorem 2.5 (iii) is

Corollary 2.8. K"V is the only SFK solution of (ISDE) if and only if N = 2.

Proof. Assume N = 2 and let (K,V) be a solution of (ISDE). Then E[K|W] is a Wiener solution
of (ISDE). By proposition 2.7 and Theorem 2.5-(iii), E[K|W] = §,,, where ¢ is the SFM solution of
(ISDE) given by Theorem 2.5-(i). This yields K = d,,. For each N > 3, we have at least two distinct
solutions : ¢ from Theorem 2.5-(i) and E[d,,|WV]. O

In the case N > 3, the classification of all laws of flows solutions of (ISDE) is left open.



2.2 Extension to metric graphs
2.21 Brownian motions on metric graphs

A metric graph is a locally compact metric space for which there are

e a countable subset V C G and

e acountable family {E;; i € I} of subsets of G that are isometric to an interval [0, L;] or [0, o]

such that G = U,;c1 E;, for all i, the boundary of E; is contained in V, and foralli # j, E;,NE; C V.
The sets V and {E;; i € I} are respectively called the set of vertices and the set of edges of G For
zand yin G, d(z,y) is defined as the length of a shortest continuous path joining = and y. An edge
is called a loop if its boundary is reduced to one point.

From now on, G is a metric graph without loops for which I (and thus V) is finite. Star graphs
are examples of such metric graphs. For each i € I, let L; be the length of the edge E;. Set
Ji = [0, L;] when L; < co and J; = [0, 00 when L; = co. Then there is an isometry e; : J; — E;.
When L; < oo, set {g;,di} = {e;(0),e;(L;)} and when L; = oo, set {g;,d;} = {ei(0),00}. For each
veV,setlf ={iel; gg=v},I;, ={iel; d =v}and I, = It UI,. Note that, since G does
not contain any loop, for allv € V, I NI = (. Denote by N, the cardinality of I,,.

To each v € V, we associate a family of parameters p* := {p?, ¢ € I,} such that p} €]0,1[ and
Yicr, i = 1. Let G* = G\ V and denote by C(G*) the set of all continuous functions f : G — R
such that forall s € I, f oe; is C? on the interior of .J; and has bounded first and second derivatives
both extendable by continuity to J;. For f € C?(G*) and x = e;(r) € G\V, set f'(z) = (f o e;) (1),
f"(x) = (foe;)"(r) and for allv € V, set f'(v) = f'(v) and f”(v) = f”(v) where for g = f’ or f”,

g(v) is defined by
sz goel O+ sz ger 1 )

ielf iely
Finally set
D={feC}G"): f'(v)=0forallveV}.

Let A be the operator defined on Dy := {f € D, f, f" € Co(G)} by Af = f”/2. Theorem 2.1
in [5] states that (A, Dy) generates a (unique in law) Feller diffusion on G. This diffusion will be
called a Brownian motion (BM) on G.

The family of parameters p := {p”, v € V} being fixed thereafter, all Brownian motions on G
will be associated to this family of parameters.

2.2.2 The interface SDE on GG

The different notions of solutions of an interface SDE on G are defined by replacing in Defini-
tions 2.2, 2.4 and 2.6 the set {1,..., N} by I and by taking for D the domain of functions defined
above. Each of these SDE’s will be denoted by (ISDE) and sometimes by E(G, p), when we want
to emphasize on G and on the family of parameters p.

Note that if (X, W) solves (ISDE), then up to the first hitting time of two different vertices,
(X, W) solves an SDE on a star graph. Using this observation and Theorem 2.3, one can prove that

Theorem 2.9. Forall z € G,
(i) There is a, unique in law, solution (X, W) of (ISDE), with X, = x. Moreover, X is a BM on G.

(ii) The solution of (ISDE) is strong if and only if N, < 2 forallv € V.



2.2.3 Stochastic flows solutions of (ISDE)

Our purpose now is to construct flows solutions of (ISDE). Our main tools will be Theorems 3.2
and 4.1 in [8]. Let us introduce some more notations.

For each v € V, set G¥ = {v} U U;¢y, E;. Then there is G" a star graph and an isometry i, from
G onto a subset of GV such that i,(E;) C EY for alli € I,, and where {EY; i € I,} is the set of
edges of GV. Set, forallv € V, pY = (p! :i€ly).

For W := (W,)ier, a family of independent white noises, and v € V, set W¥ := (W});¢s, the
family of independent white noises defined by W} := W; if g; = v and by W’ := —W; otherwise.

A family of o-fields (Fs.; s < t) will be said independent on disjoint time intervals (abbreviated:
i.d.i) as soon as for all (s;,t;)1<i<n With s; <t; < s;41, the o-fields (Fs, +,)1<i<n are independent.

Then, [8, Theorem 3.2] states that to each family of flows (K"),cv, and to each W := (W;);er a
family of independent white noises such that

(i) Forallv € V, (K¥,W") is a solution of E(G?,p") on GY;
(ii) The family of flows (K"),cy is i.d.i. in the sense that the family (Voev }'ftu, s <t)isidi

one can associate a (unique in law) solution (K, W) of (ISDE).

Conversely [8, Theorem 4.1] states that out of a solution (KX, W) of (ISDE), one can construct a
family of flows (K' )yev for which (i) and (ii) above are satisfied and such that the law of (K, W)
is uniquely determined by the law of this family. In the following, we will denote by P the law of
the solution (K, W?). Then P? is a function of the law of (K, W).

The idea behind these two results is that before passing through two distinct vertices, a “global”
flow solution of (ISDE) determines (and is determined by) a “local” flow solution of an interface
SDE on a star graph (associated to the vertex that has just been visited).

We will prove (see Theorem 6.1) in Section 5 that the i.d.i. condition implies conditional inde-

pendence with respect to W of the flows (K"),cy. This implies the following

Theorem 2.10. Each family (P?),cv, with P the law of a solution of E(GY,p®), is associated to one and
only one solution of (ISDE).

Proof. Suppose we are given (P"),cy. Then, on some probability space, it is possible to construct
a family of independent white noises W = (W', i € I) and a family (K*),cy of SFK’s respectively
on G, such that forallv € V, (K7, W?) is a solution of E(G",p") distributed as P¥ and such that
the flows (K"),cv are independent given W. In other words,

L((KY)wev W) = ] £(E" W)

veV

where £ stands for the conditional law. This implies in particular that the family (K"),cy is i.d.i.,
and Theorem 3.2 in [8] states that there exists K a SFK on G such that (K, W) solves (ISDE), with
K obtained by well concatenating the flows K.

The fact that (K, W) is the only possible (in law) associated solution comes from the fact that
the i.d.i. condition implies conditional independence. O

This theorem and the results we obtained on star graphs imply



Theorem 2.11. (i) There is a, unique in law, SFM solution of (ISDE).
(ii) A SFM solution of (ISDE) is a Wiener solution if and only if N,, < 2 forallv € V.
(iii) There is a unique (up to modification) SFK Wiener solution of (ISDE).

Proof. Let (K, W) be a solution of (ISDE), and denote by (K"),cy the associated family of flows,
respective solutions of E(G”, p”). Note that K is a SFM if and only if the flows K are SEFM’s. Now
(i) follows from Theorem 2.10 and Theorem 2.5 (i). Note also that K is a Wiener solution if and
only if the flows K" are also Wiener solutions. Thus (ii) follows from Theorem 2.5 (iii), and (iii)
follows from Theorem 2.10 and Theorem 2.5 (ii). O

Let us remark that if (K, W) is a solution of (ISDE), then the law of (K, W) depends on the
choice of the isometries (e;);c; which define the orientations of the edges of G. However the law
of K does not depend on this choice.

2.3 Brownian motions with oblique reflections

To prove Theorems 2.3 and 2.5, we shall study a Brownian motion in the quadrant O, obliquely re-
flected at the boundary and with time dependent angles of reflections. We now give an application
of our methods to the obliquely reflected Brownian motion defined by Varadhan and Williams in
[20]. Let first (X, Y") be an obliquely reflected Brownian motion on R x R, with angle of reflection
9 €]0, Z[, started at (x,0) with « > 0. Then there is (B', B?) a two dimensional Brownian motion
such that
dXt = dBtl — tan(@)st (Y), 7
{ dY, — dB?+dL(Y). )

The following proposition gives the law of Yg, where S is the first time the process X hits 0.

Proposition 2.12. The law of Y2 /22 is a Beta distribution of the second kind of parameters (1 — £, 1+ 2).

!

Fix now 01,6, €]0, 5[ and let (X,Y’) be an obliquely reflected Brownian motion in Q started at
(x,0) with z > 0, with angles of reflections on 0; @ and on 9, Q respectively given by #; and 65,
and killed at the first time o the process (X,Y") hits (0, 0).

Define the sequence of stopping times (Si)x>0 by So = 0 and for k > 0,

52k+1 = inf{t Z Sgk : Xt = O},
52k+2 = inf{t Z 52k+1 : }/t = O}

Then |Zs,, | = Xs,,, |ZS0111| = Ys,,,, and Proposition 2.12 implies that
(1) (1Zs,.11/1Zs,]) k>0 is a sequence of independent random variables.

(ii) For all k > 0, the law of |Zs,, ., [*/|Zs,,|* (vesp. | Zs,, ,»|*/| Zs,,.,|*) is a Beta distribution of

the second kind of parameters (1 — 2 1 + %) (resp. (1 — & 1 4 %)),

Set Ly := Li(X) + L(Y), the local time accumulated at 9Q. It is known that oy and L, are
finite (see [20, 21]).

Proposition 2.13. We have that



o Iftan(6)) tan(0s) > 1, then E[Ly,] = G202l < oo

e Iftan(6y)tan(fz) < 1, then E[L,,] = occ.

The assumptions on the wedge and angles considered here are more suitable to our framework
but our techniques may be applied to give an expression of E[L,,] in other situations.

2.4 Qutline of content

In Section 3, obliquely reflected Brownian motions in Q are studied. In Section 4, Theorem 2.3 is
proved. In Section 5, using in particular the results of Section 3, Theorem 2.5 (i) and (ii) are proved.
In Section 6, we prove that the i.d.i. condition implies conditional independence thus completing
the proof of Theorem 2.10. Finally in Section 7, some extensions are discussed.

3 Brownian motion in the quadrant with time dependent angles
of reflection

3.1 Brownian motion on the half-plane with oblique reflection

Fix 0 €]0,7/2[. Let Z = (X,Y) be the process started from (z,y) in R x Ry obliquely reflected at
{y = 0}, with angle of reflection §. More precisely, Z satisfies (7) with (B!, B?) a two dimensional
Brownian motion. Set S = inf{s: X; =0}. Wheny =0and z > 0, Z, € Q forall s < S, and we
denote by PY the law of (Z;; s < S). Observe that we have the following scaling property :

Proposition 3.1. Forall z > 0, if the law of (Zs; s < S) is PY, then the law of (vZ,-24; s < 2%S) is PY.

For z € C, arg(z), R(z) and Z(z) will denote respectively the argument, the real part and
the imaginary part of z. A complex z = z + iy will be identified with (z,y) € R?. So, if f is some
mapping on C, we will write as well f(z) or f(z,y). Following [20], if f is an holomorphic function
on an open set U containing Q* such that f(z) € R for all z €]0, 00|, then ¢(z) := R(f(z)e"") is
harmonic on U. Moreover,

v1(0).Ve(z,0) =0 for x > 0 and where v1(0) = (—tan(6), 1). (8)
Indeed, the condition f(z) € R for all z €]0, oo implies that f'(z) € R for all z €]0, co[. Thus
Vo(@,0) = (R(f (@)e ), R(if (@)e ")) = f'(x)(cos(0), sin(9))

and (8) follows. These properties imply in particular that (¢(Zsrs))s is a local martingale. For
b€ Rand f(z) = 2°, the function ¢ defined above will be denoted by ¢y,

Lemma 3.2. Let (Z,; s < S) be a process of law P, with z > 0.

(i) Fora>xand 0 < b <14 20/m, set c, = 1ifb < 40/m and ¢, = cos(6)/ cos(br/2 — 0) otherwise.

Then ,
]P’(sup|ZS| >a) < (f) .
s<S a



(ii) Fora <z and 0 < b <1 —20/m, set c;, = cos(#)/ cos(br /2 + 6). Then

a/ b
: P
P (;rﬁlg|Z5| < a) < (x) .
Proof. Using the scaling property, we may take = 1. For a > 0, set 0, = inf{s: |Zs| = a}.
Proof of (i): Fixa > 1and 0 < b < 1+260/. For ¢} = inf{cos(f), cos(br/2—6)} and s < S, we have
cg|Z5|b < ¢u(Zs) < |ZS|b'
Moreover

P(sup |Zs| > a) = P(g, < 5).
s<S

Since (¢5(Zsnoans))s is a true martingale, for all s > 0,

COS(@) = d)b(l) = E[¢b(ZsAaaAS)]

which is larger than
E[py(Zsnon)1{oa<s1]-

As s — 00, this last term converges using dominated convergence to
El¢y(Zo,) o, <s}] 2 cha’P(0a < S).

This easily implies (i).
Proof of (ii): Fixa < 1and 0 < b < 1 — 260/. For ¢} = cos(br/2+6) and ¢t < S,

Cll)|ZS|_b <9(Zs) < |ZS|_b'

We also have that
P(iﬂg |Zs| < a) =P(o, < 9).

By the martingale property, for all s > 0,

cos(0) = ¢_p(1) = E[p_t(Zsnoons)]

which is larger than
E[¢-5(Zinos) (o, <s}]

and this converges as s — oo to

El¢p-t(Zo,) (o, <s5y] = cya”"P(oa < 5).
This easily implies (ii). O
Corollary 3.3. Let (Zs; s < S) be distributed as P2. Then, if |b — 20 /7| < 1,

E(sup | Z,|") < oo.
s<S
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Proof. To simplify, assume z = 1. Let b and b’ be such that 0 < b < &’ < 1+ 26/7. Then

E(sup | Z,)’) = / P[sup | Z,| > a'/*]da < 1 —I—cb/ a Vo < oo.
s<S 0 s<S 1
Let b and b’ be such that —1 4+ 20/7 < ¥ < b < 0. Then
E(sup |Z|") = / Plinf |Z,| < a'/*]da < 1 —|—cb/ a¥/da < oo.
s<S 0 s<S 1

O

Corollary 3.4. Let (Zs = (Xs,Ys); s < S) be distributed as PY. Let f be an holomorphic function on an
open set containing Q* for which f(z) € R for all z €]0, co[. Assume there exist C > 0, b_ €]0,1 — 20 /7]
and by €]0,1 + 20/7[ such that

() < C(1a]> + |=[*) forall = € Q"
Then setting ¢(z,y) = R(f (z + iy)e~ "), we have
E[p(iYs)] = cos(0) f (x).

Proof. Recall that (¢(Zins))s is a local martingale (stopped at time S). Using Corollary 3.3, it is a
uniformly integrable martingale. And we conclude using the martingale property. O

Note that the functions f(z) = 2°, for b €] — 1 + 20/, 1+ 20/7[, f(z) = log(z)* for £ > 0 satisfy
the assumptions of Corollary 3.4.

Corollary 3.5. Let (Zs = (X5, Ys); s < S) be distributed as P2. Then
cos(0)
cos(f — b /2)
o Ellog(Ys)] = log(z) _g tan(0),

o E[YY =2’ forb €] —1+420/7,1+20/7],

71-2

o E[(log(z~'Ys))? = T (1 + 2tan®(9)).

Proof. The calculation of E[Y?] is immediate. Using the scaling property one only needs to do the
next calculations when x = 1. Now, forz =1 and all ¢ > 0,

E[R((log(Ys) +im/2)‘e~")] = 0.
Applying this identity for £ = 1, we get the value of E[log(Ys)]. For ¢ = 2, we get
E[((log(Ys))* — (7/2)?) cos(#) + mlog(Ys) sin(#)] = 0.

The calculation of E[(log(Ys)) 2] easily follows. O

11



Proof of Proposition 2.12. Denote by '(«, §) the Beta distribution of the second kind with positive
parameters o and 3. Recall it is a distribution on R with density given by

P R
B(a, B) ’

where B(a, ) is the usual Beta function. Let X be distributed as 8'(a, 8). Then for —a <t < §,

x>0

h(z) =

Bla+t,5—1)
Ext="22"50 70
= B )
Suppose that 8 = 1 —q, then E[X] = %. Using the fact that B(z,1—2) =T'(2)['(1—z2) =
%, we get
E[X!] = sin(a)

sin (o + t)7)

Thus, when (a, 8) = ( s+ %), wehavefor -1+ 2 <t<i+8

o sin(m/2—-0)  cos(f)
EXT] = sin(m/2 — 0 +tr)  cos(f —tm)’

Therefore, taking z = 1, we have that forall -1 + £ < ¢t < 1 4+ £, (replacing b with 2¢ in
Proposition 3.4) E[X ] = E[YVZ!]. This implies Proposition 2.12. O

3.2 Brownian motion on the quadrant with time dependent reflections

Our purpose in this section and in Section 3.3 is to construct a Brownian motion in Q started at
z = (x,0) with z > 0, and stopped at its first hitting time of (0, 0), with time dependent reflections.

Suppose we are given a sequence of random variables (©,),>0 and a sequence of processes
(Z")n>1, with Z" = (Z = (X", Y/"); t < Sy), such that:

(i) Thereis [#_,64] C]0,n/2[ such that with probability 1, foralln > 0, ©,, € [0_,6,].

(ii) SetUp = zand forn > 1, U, =Yg . Setalsoforn > 0,G, = o((Or, Z2%); 1 <k <n)Va(Oq).
Then given G,,, Z n+l ig distributed as sz (recall the definition of }P’z given in Section 3.1).

For 6 €]0,7/2], set
v1(0) = (—tan(#),1) and wv2(0) = (1, — tan(0)).

SetTo =0and T, = > ,_, Sk forn > 1. For n > 0, set

Zy = (XPRL YRy forallt € [Ton, Tongal,
Zt = (Y;Q—n;;iJrl s Xff,}_j#l) forallt e [T2n+1, T2n+2[.

Thus, we have defined a process (Z;; t < Ty,), where T, = lim,, o0 T,,. For t > T, set
Z, = (0,0). Since for all t < T, Z, # (0,0), we have that T, = oo := inf{t : Z, = (0,0)}.
However, it is not obvious that Z is a continuous at T, (see Corollary 3.7).

12



Note that there exists B, a two-dimensional Brownian motion, such that forn > 0,

dZ; = dB;+ v (ng)dL% forallt e [Tgn, Ton+t1 [,
dZ; = dB;+ vs (®2n+1)dL? forallt e [T2n+1, T2n+2[,

with L' and L? respectively the local times processes of X and Y. Define (v;; t < 0¢) by: forn >0

vy = U1 (@2n) forallt € [Tgn, T2n+1 [,
V¢ = U2 (@2n+1) forallt e [T2n+1, T2n+2[.
Then for all ¢t < oy,
t
Zt = ZO + Bt +/ Udes (9)
0

where Zy = (z,0) and L = L' + L? is the accumulated local time at 9Q until ¢.

3.3 The corner is reached

For a > 0, set 0, := inf{t : |Z;| = a}. Following [20], we first prove that P(cp A o < c0) =1 for
all K > z. This is the major difficulty we encountered here although the proof when the angles
of reflections remain constant on each boundary is quite easy [20, Lemma 2.1]. The main idea is
inspired from [2]. Define for n > 1, V,, = U,,/U,_1. Then using the scaling property (Proposition
3.1) and the strong Markov property, we see that, for all n > 0, given G,,, V;,41 is distributed as Ya,
where ((X;,Y;); t < S) has law PO,

Lemma 3.6. With probability 1, Y~ -, U, is finite.

Proof. For n > 1, write

v = oso (St

k=1
We denote by Eg, the conditional expectation with respect to G;. By Corollary 3.5, for all & > 1,
Eg, ,[log(Vi)] = - tan(©;_;) and Eg, , [(log(Vi))2] = == (1 + 2 tan?(6_1)). Note now that

> log(Vi) = My + Y Eg, _, [log(Vi)]
k=1 k=1

where M,, := Y}, (log(Vk) — Eg,_,[log(V%)]) is a martingale. Denote by (M),, its quadratic
variation given by

n n 7T2
> Eg,_, [(log(Vi) - Eg, _, log(Vi)])*] = > T (14 tan®(©)_1)).
k=1 k=1

Thus (M)s = o0 and so lim, oo M, /{M), = 0. Since O € [A_, 0], this easily implies the
lemma. O

A first consequence of Lemma 3.6 is

13



Corollary 3.7. With probability 1, lim., Z; = (0,0).

Proof. For e > 0and n > 0, set

A; = { sup  |Zs| > e}.
56[T71)T7l+1]

Lemma 3.2 (i), with b = 1, implies that for all n > 0,
P(A5|Gn) < € 'Uncotan(6-) + 1qpy, 56}

Thus, by Lemma 3.6, >, P(A5|Gn) < oo a.s. for all e > 0 and the corollary follows by applying the
conditional Borel-Cantelli lemma.
O

Lemma 3.6 will also be used to prove
Lemma 3.8. Forall K > z, P(og Aok < o0) = 1.

Proof. Foralln > 0and t € [0, Sp41], set
Wit = cos(©,) (X — U,) +5in(0,,)Y;"

Recall 0g = lim,, 00 T, Define the continuous process (Wy; t < o) such that Wy = 0 and for
n>0andt €Ty, Thi1], Wi = Wt"_J%l + Wy, . Then, it is straightforward to check that (W;; t < o¢)
is a Brownian motion stopped at oy. Since for alln > 0, U,, > 0 and ©,, €]0,7/2[, we get that on
the event {ox > Tp11},

sup Wy <2K+Wrg,.
te[Tn, Tnt1]

Thus, on {0 = 00}, supi<,, Wi < 2K + sup,,5o Wr,,. Now foralln > 0, Wgt! = sin(0,)Uni1 —
cos(0,)U,, < Up+1- Note that for all n > 0,

WTnJrl _ WT _ Wn+1

n Sn+1'

This implies that on the event {ox = oo}, sup,<,, Wi < 2K + ) -, Un, which is a.s. finite using
Lemma 3.6. This shows that a.s. {ox = oo} C {0y < 0o} and finishes the proof. O

And following [20], we prove

Theorem 3.9. With probability 1, we have o¢ < oco.
Proof. Set b = *’=. Let ¢(z,y) = R((z + iy)’e~"-), then ¢ is harmonic on some open set U
containing Q* and

Vé(x,0) = bab~(cos(h_),sin(f_)),

Vo(0,y) = by’ *(sin(6-),cos(d-))

Thus for all ¢ < o such that Z; € 99, we have v;.V¢(Z;) < 0. It follows from (9) and 1t6’s formula
thatforall0<e<z < Kandt¢ >0,

E[p(Zino nox)] < ¢(x,0).

>
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Letting t — oo and using dominated convergence, we deduce
E[¢(Zo, now)] < H(,0).
Obviously ¢(z) > cos(_)|z|° for all z € Q. Setting p. x = P(0. < o), we get
cos(0-) (e’pe, i + K°(1 — pe ) < aP.

From this, we deduce
(K — 2%/ cos(0_))
Kb _ b :

As in [20], since o9 A ox < 00, lime_0 pe,k = P(09 < oK), this yields

DPe,K Z

20

>] - —.
P(O’Q < O'K) >1 KbCOS(Q,)

(10)

Letting K — o0, it comes that P(op < 0c0) = 1. O

Remark 3.10. Using the inclusion {sup,_,, |Z:| > €} C {oc < 0o} and (10), we deduce that for all ¢ > 0,

zlg& P(sup |Z,] > €) = 0. (11)

t<oo

This fact will be used in Section 3.

3.4 The local time process
Following Williams [21], we prove in this section that
Theorem 3.11. With probability 1, Ly, = limy., Ly is finite.

Proof. In what follows, we refer to the proof of Theorem 1 in [21] for more details. Let 6 €]0,6_ A
7/4[ and set b = 475. Le ¢ be defined as the function ¢ in the proof of Theorem 3.9, with the
parameters (b, §_) replaced by (b, 8). Then there exists ¢ > 0 such that for all ¢ for which Z; € 9Q,
we have v;.V$(Z;) < —c|Zt|B_1. For each v > 0, define f, = ¢=7%. Then f+ is twice continuously
differentiable in Q* and 3

Afy(z) =7 f1(2) (b)) for 2 € Q".

Moreover for all ¢ such that Z; € 99,
’Ut.Vf,y(Zt) = —va(Zt)(vtVﬂZt))
For t < oy, set
t N 2t ~
A = —y/ (vs.V(Zs))dLs + %/ (b|Zs|b71)2dS'
0 0

and A,, = limyys, A¢. Then

g

g0 - 2 oo _ - 0 -
Ay 2 o [ 12PNl T [T 02 s 2 o [ 2
0 0 0
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It6’s formula implies that for ¢t < oy,

FAZD = )+ (5, ) aB)
0

Taking the expectation, we get

E[exp(—cw/ogo |ZS|5—1dLS>] > £(Zo).

This easily implies that for all > 0,

o o0
E[exp <— 'ycrbilf l{ZSSr}dLs)] > fy(Zo).
0

Letting v | 0, we get that a.s.

oo
/ 1{\Zs\§r}dLs < 0. (12)
0
Let S, = sup{t > 0 : |Z;| > r}, then by the continuity of Z, S, < og and thus Lg, < oo. By
combining this with (12), we get L, < oco. O

3.5 On the integrability of L,

In this section, Proposition 2.13 is proved. We use the notations of Section 3.2. Note that L,, =
220:1 L% , where L™ is the local time at 0 of Y and where Z" = (X™,Y"™). Recall that for n > 0,
given G,, the law of Z" 1 is }P’@ ,where Uy = z and U,, =Yg forn > 1.

Let Z° = (X?,Y);<s0 be a process of law P?. Then, if LY = L,(Y?), forallt > 0, Y0 40 =
B? o+ LY & where (B2, go): is a Brownian motion stopped at time S°. Thus E[Yt()\ g0] = ]E[Lto/\ 50]
Taking the limitas ¢ — oo and using Corollary 3.3leads to E[L%,] = E[Y,]. But E[Y{,] = = cotan(6)
by Corollary 3.5 and this implies that

E[L%"! |G,] = U, cotan(©,,).

Spia
Consequently
E[L,,] = Z E[U,, cotan(O,,)].
n>0
If for all n, U,, and ©,, are independent, then

E[U,, cotan(0,,)] = E[cotan(0,,)|E[U,] =--- == H E[cotan(©y)].
k=0
If for all n, ©g, = 61 €]0,7/2] and O2,41 = 62 €]0,7/2], then setting ¢; = cotan(f;) and
co = cotan(fz),
E[Ly)] = z(c1+cico+cGea+cies+---)
= 1‘01(1—1—024—0102—}—0103—}—---)
= zc ((1 +eo)+ (T+ea)eren + -+ )
which is finite if and only if ¢;co < 1. In this case, we have E[L,,| = w and Proposition 2.13
is proved. Note that, if 6; = 62 = 0, then E[L,,] < oo if and only if § e]w/4 7/2[ and in this case

E[Ls,] = m
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4 Proof of Theorem 2.3

Theorem 2.3 (i) is proved in Section 4.1. For the construction of a solution, we use the Freidlin-
Sheu formula for WBM (see Theorem 4.1 below). The uniqueness in law of the solutions of (ISDE)
follows from the fact that WBM is the unique solution of a martingale problem.

Theorem 2.3 (ii) is proved in Section 4.2. To prove pathwise uniqueness for (ISDE) when N = 2,
we proceed as in [4] using the local times techniques introduced in [11, 17]. The fact that the
solution of (ISDE) is not strong when N > 3 is a consequence of a theorem by Tsirelson (see
Theorem 4.6 below).

We prove Theorem 2.3 only for x = 0, the case x # 0 following easily.

4.1 Proof of Theorem 2.3 (i)
Let us recall the Freidlin-Sheu formula (see [5] and also [6, Theorem 3]).

Theorem 4.1. [5] Let (X¢):>0 be a Walsh’s Brownian motion on G and BX = |X;| — | Xo| — L:(|X]).
Then BX is a Brownian motion and for all f € CZ(G*), we have

FO0) = 150+ [ FOBE + 5 [ )i+ ro)Lgx).

We call BX the Brownian motion associated to X.

Remark that in this formula the local martingale part of f(X,;) is always a stochastic integral
with respect to BX. This is an expected fact since BX has the martingale representation property
for (F{X); ([1, Theorem 4.1]). This martingale representation property will be used to prove the
uniqueness in law of the solutions to (ISDE).

4.1.1 Construction of a solution of (ISDE)

Let X be a WBM with X, = 0 and let BX be the Brownian motion associated to X. Take an N-
dimensional Brownian motion V = (V1,--- | V") independent of X. Let (F;) denote the filtration
generated by X and V. For ¢ € [1, N], define

t t
WZ=/ 1{XseEi}dB§(+/ Lix.¢pydVy.
0 0

Then W := (W', ... /W?¥)is an N-dimensional (F;)-Brownian motion by Lévy’s theorem and

N ot
B = Z/ Lix,emydWs.
=170
Then, using Theorem 4.1, (X, W) solves (ISDE). Denote by p the law of (X, W).

4.1.2 Uniqueness in law

To prove the uniqueness in law, we apply two lemmas. The first lemma states that the WBM is the
unique solution of a martingale problem. The second lemma gives conditions that ensure that a
Walsh’s Brownian motion is independent of a given family of Brownian motions.
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Lemma 4.2. Let (F;) be a filtration and X be a G-valued (F;)-adapted continuous process such that for
all f € D,

1 t
M = £~ @)~ 5 [ (X, (13)
0
is a martingale with respect to (F;). Then X is an (F;)-WBM.

Proof. We exactly follow the proof of [1, Theorem 3.2] and only check that with our conventions
f'(0) = f"(0) = 0 for f € D, we avoid all trivial solutions to the previous martingale problem
(with the hypothesis of Theorem 3.2 of [1], the trivial process X; = 0 is a possible solution of the
martingale problem (3.3) in [1]). For i € [1, N], set ¢; = 1 — p; and let f; and g; be defined by

filx) = al*leery —pilzl{egr,),
2

Then f; and g; are C? on G*. We have f/(z) = ¢; for x € E}, f!(z) = —p; for z ¢ E; and f/(0) = 0.
Moreover, f!'(x) = 0 for z € G. We also have g!(z) = 2¢?|z| for z € E}, gi(z) = 2p?|z| forz € E;
and g/(0) = 0. Moreover, g/ (z) = 2q¢? for x € E}, g/ (z) = 2p? for x ¢ E; and g/ (0) = 2p;q;. Set
Y} := fi(Z:). Although f; is not bounded, by a localization argument, we have that Y} is a local

martingale. We also have that (Y;/)? — 1 Ot g/ (Zs)ds is a local martingale. Thus

¢
(Y'): = / (qlzl{zseE;} + Pl z.¢p: + Pitil{z,—0})ds.
0

Set .
i — - —1/2 i
Uy Z/ (¢ " Lvisoy + 05 gyicoy + (pigs) / Liyizoy)dYy.

0

Then U} is a local martingale with (U*); = ¢; that is U} is a Brownian motion. Let ¢(y) = ¢il{,>0} +
Pil{y<oy +/PiGil{y—oy- Then Y is a solution of the stochastic differential equation

t
vi=Yi+ [ otviav,
0

As in [1], the solution of this SDE is pathwise unique and following the end of the proof of [1,
Theorem 3.2], we arrive at
E[f(Z)IFs] = Pi—s [(Zs)

forall s <tand f € Cy(G), and where P, is the semigroup of the Walsh’s Brownian motion. O

Lemma4.3. Let (G,;) be a filtration, X be a (G;)-WBMand B = (B!, --- , BY) be a (G;)-Brownian motion
in RY, with d > 1. Denote by BX the Brownian motion associated to X. Then BX and B are independent
if and only if X and B are independent.

Proof. Clearly, if X and B are independent, then BX and B are independent. Let us prove the
converse. Let U be a bounded o(B)-measurable random variable. Then

d 00
U =E[U]+ Z/ H!dB!
=1 0
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with H' predictable for the filtration 72 and E[[;°(H!)*ds] < occ. Let U’ be a bounded o(X)-
measurable random variable. Since BX has the martingale representation property for FX [1,
Theorem 4.1], we deduce that

U =E[U] + / H,dBX
0

with H predictable for X and E[[;~ (H,)?ds] < oo. Then H and (H")1<;<q are also predictable
for (G). It is also easy to check that BX is a (G;)-Brownian motion. Now

d oo oo
> / HldB! / H,dBX
i=1"0 0

E[UIE[U'] + zd: E UOOO H!H,d(B, B*’%]
=1

= E[UE[.

E[UU] = E[UE[U]+E

O

Let (X, W) be a solution of (ISDE) defined on a filtered probability space (2, (F;),P) and such
that Xo = 0. Without loss of generality, we can assume that 7, = FX v F/V. Forall f € D,

PR f(f f'(Xs)1(x,ep,ydW! is a martingale and therefore X is a solution to the martingale prob-
lem of Lemma 4.2. Thus X is a WBM. Let B be a Brownian motion independent of (X, W), denote
by BX the Brownian motion associated to X and setG; = F;VFF. Note that BX is a (G;)-Brownian
motion. For i € [1, N], define

t t
W=/ 1{XSeEi}st+/ Lix.¢pydW;.
0 0

Then V := (V!,--- ,V¥) is an N-dimensional (G;)-Brownian motion independent of B¥. By the
previous lemma V is also independent of X. It is easy to check that for all i € [1, N},

t t
WEZ/ 1{XseEi}stX+/ Lix.¢pdVy.
0 0

This proves that the law of (X, W) is p.

4.2 Proof of Theorem 2.3 (ii)
42,1 Thecase N =2

To prove that the solution is a strong one, it suffices to prove that pathwise uniqueness holds for
(ISDE). Fix p €]0,1], and set 8 = 177”.

Lemma 4.4. Let X be a continuous process, BT and B~ be two independent Brownian motions. Set
Y, = BXi1{x>0y + Xil{x,<0y. Then (X, B*, B™) is a solution to (ISDE) or equivalently of

if and only if (Y, BT, B™) is a solution of the following SDE
dY; = Bliy,>01dB;" + gy, <01dB; . (15)
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Proof. Suppose (X, BT, B™) solves (14). Set B; = fot lix,>01dBf + f(f lix,<0ydB; . Then B, is a
Brownian motion and (X, B) is a solution of the SDE dX; = dB;+ (2p—1)dL:(X). It is well known
(see for example Section 5.2 in the survey [14]) that (Y, B) solves

dYy = Blyy,>0ydBy + lyy,<0ydBy
and thus that (Y, B™, B™) solves (15). The converse can be proved in the same way. O
Proposition 4.5. Pathwise uniqueness holds for (ISDE).

Proof. Lemma 4.4 implies that the proposition holds if pathwise uniqueness holds for (15). Let
(Y,B*,B7) and (Y’,B*, B~) be two solutions of (15) with Y; = Y = 0. Set sgn(y) = 1,0} —
1;y<0}- We shall use the same techniques as in [4] (see also [11, 17]) and first prove that a.s.

/ LﬂY—Wﬂg<m. (16)
10,400] a

By the occupation times formula

da ¢ dlY —=Y'),
LYY -Y)— = lyv_yisoy—————.
/]o,m] g /0 ety vy

It is easily verified that
d(Y —Y'); < Clsgn(Ys) — sgn(Y)|ds

where C = (1 + 8%)/2. Let (f»)n € C*(R) such that f,, — sgn pointwise and (f,,), is uniformly
bounded in total variation. By Fatou’s lemma, we get

da ‘ |fn(Ys) = fu(Y)]
Loy —vyH® < Climi , s
/ Sy -Y") PR C'hmnmf/ Liv,—yr>0 Y. v ds
10,4+o0] 0 s
¢ 1
< Clim inf/ Liv,—v/>0} / fI(Z")du|ds
o Jo ° 0

where
Z% = (1 —u)Ys +uY,.

It is easy to check the existence of a constant A > 0 such that forall s > 0 and u € [0,1], £ (Z%), >
A~1. Hence, setting C' = A x C, we have

d
/ Loy —yH)%
10,+00] a

IN

1t
C’limninf/o /0 | fr(Z)]d(Z") sdu

IN

1
C'lim inf/ / |1 (a)|LE(Z*)dadu.
" 0 JR
Now taking the expectation and using Fatou’s lemma, we get

E[/ L‘Z(Y—Y’)d—a} < C’liminf/ |fr(a)|da  sup  E[L{(Z")].
10,+00] a " R a€R,uel0,1]
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It remains to prove that sup,cg ,cjo,1) E [L¢(Z")] < oo. By Tanaka’s formula, we have

E[L(2")] = E[|Z}-a|] —E[|Z - ] —E[/O sgn(Z" — a)dz"

IN

El|z¢ - Z]).

It is easy to check that the right-hand side is uniformly bounded with respect to (a,u) which
permits to deduce (16). Consequently, since lim, o L*(Y — Y’) = L°(Y —Y”), (16) implies that
LYY —Y’) = 0 and thus by Tanaka’s formula, [Y — Y| is a local martingale which is also a
nonnegative supermartingale, with |Yy — Y{j| = 0 and finally Y and Y” are indistinguishable. [

4.2.2 Thecase N >3

Let (X, W) be a solution to (ISDE). Then X is an (F;)-WBM, where F; = FX v FV. If (X, W) isa
strong solution, we thus have that X is an (F}" )-WBM, which is impossible when N > 3 because
of the following Tsirelson’s theorem:

Theorem 4.6. [19] There does not exist any (G, )-Walsh’s Brownian motion on a star graph with three or
more rays with (G), a Brownian filtration.

5 Proof of Theorem 2.5

In this section, we prove the assertions (i) and (ii) of Theorem 2.5. We first construct a coalescing
SFM solution of (ISDE). To construct this SFM, we will use the following

Theorem 5.1. [13] Let (P"),n > 1) be a consistent family of Feller semigroups acting respectively on
Co(M™) where M is a locally compact metric space such that

PP 92z 2) = PV 2(x) forall f € Co(M), x € M, t > 0. (17)

Then there is a (unique in law) SFM ¢ = (s +)s<: defined on some probability space (2, A, P) such that

P f(2) = E[f(poi(x1), - » po,e(n))]
foralln >1,t>0, f € Co(M™) and x € M™.

To apply this theorem, we construct a consistent family of n-point motions (i.e. the Markov
process associated to P("™) up to their first coalescing times in Section 5.1. After associating to
the two-point motion an obliquely reflected Brownian motion in Q in Section 5.2, we prove the
coalescing property in Section 5.3 and the Feller property in Section 5.4. It is then possible to apply
Theorem 5.1 and as a result we get a flow . In Section 5.4, we show that ¢ solves (ISDE). Finally,
we prove in Section 5.5 that ¢ is the unique SFM solving (ISDE).

Note finally that in the case of Le Jan and Raimond [12], all the angles of reflection of the
obliquely reflected Brownian motion associated to the two-point motion are equal to w/4. This
simplifies greatly the study of Section 3.
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5.1 Construction of the n-point motion up to the first coalescing time

Fix x = (21, -+ ,2n) € G*"\ A, where A, ;= {z € G": Ji # j, x; = z;}. Let (Y, W) be a solution
of (ISDE), with Yy = 0. For ¢ > 0 and j < n, set

Xj’o o }/t . if Tj = O,
t T ei|lz;| + W) if z; # 0 and i is such that z; € E.

Setmy =0, r =inf{|z;|: 1 <j <n}and

_ [ inf{t > 0: 3j such that X{"* = 0}, if r > 0,
~ | inf{t >0: 3j # jo such thatX/° = 0}, if r = 0 and where j; is such that z;, = 0.

Fort < 7y, set X; = X{°and let X" = (X},---,XP). Note thata.s. X\ & A,,.

Assume now that (73 )r<¢ and (X" = (X{,-+ . X]")),<,, have been defined such that a.s. for

alll < k < ¢, Xﬁkn) ¢ A, and there is a unique integer jj; such that Xﬁ’; = 0. Now introduce
an independent solution (Y, W*) of (ISDE), with Y{ = 0, and define (X,™);c(r, . ,] by analogy
with the construction of (X t(n))te[o,n] by replacing = with X" Thus, we have defined X\™ for all
t < Too, Where 7o := lim,,_,o 7,. Moreover, by construction, (7,),>0 is an increasing sequence of
stopping times with respect to the filtration associated to X (™).

We denote by P{""° the law of (X™);-,_. Notice that for all i and all ¢, (Xin,,) is a WBM

stopped at time 7,. Thus a.s. on the event {7, < oo}, Xﬁl) = limypr Xt(n) exists (this is a

well known result for the standard Brownian motion, see [16, Proposition 3.3], which can easily
be extended to WBM). Note also that there exist ¢ # j such that, a.s. on the event {7, < oo},
X! = XJ, = 0 for infinitely many ¢’s and thus that limy,  X; = limy, X/ = 0. Therefore,

Te+1

Xﬁl) € A, a.s. By construction, this implies that
Too =Ta, :=inf{t >0: Xt(n) €A} (18)

We will prove in Section 5.3 that 7o, < oo a.s.

5.2 An obliquely reflected Brownian motion associated to the 2-point motion

Fix z € G*. Let (X, Y) be the process with law Pg)b(; constructed in Section 5.1. Then for alln > 0,

Ton4+1 — inf{t > Ton * Xt = 0},
Ton4+2 = inf{t 2 Ton+1 : Y;g = 0}
Letting, for alln > 0, i3, and iz, 41 in {1,..., N} be such that X, € E;,, and Y, ., € E;,, ., we

have X; € B, forallt € [ro,, T2nt1[and Y; € E; . forall t € [Tan+1, Tonto|.
Define, for i € [1, N], fi : G — Rby

fi(z) = —|z|ifz € E; and f'(z) = |z| if not.
Define now (U, V;)t<~., such that forn > 0
(Ut V;E) _ (|Xt|7 fi2n (}/t)) fort € [7—2n77-2n+1[;
’ (ff2n1(Xe), [Yi])  fort € [Tant1, Tong2l.
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Remark that (Uy, V;);< - is a continuous process with valuesin {(u,v) € R? : u+v > 0} and such
thatforalln >0,U,,, >0,V,, =0,U, =0andV, > 0. Note that the excursions of this

2n 2n4+1 T2n+1
process outside of Q occur on straight lines parallel to {y = —z}.
Let, forn >0,
©,, = arctan (L>
1 —pi,

Define for t < 7., A(t) the amount of time where X and Y do not both belong to the same ray
before time ¢. Note that A(t) = fot Ly, ,v.)eqds.
Setv(t) = inf{s > 0: A(s) > t}.Setforn > 0, T,, = A(r,) and S, +1 = Ty,41 — T),. Define for
t < Ty :=1lim, o0 T},
WL V) = Uaey, Vo)

L

and for t > Tw, (U, Vy") = (0,0). Note that Ty, 1 = inf{t > Ts, : V" = 0}, Ton42 = inf{t >
Tony1 : Ul = 0} and that y(T,) = 7.

Lemma 5.2. Given ©y, the law of (U}, V;)i<s, is P2.

||

The proof of this lemma is given at the end of this section. Define the sequence of processes
(Z™)p>1 such that for n > 0,

2n-+1 r r
Z (Ut-'rTgn ’ ‘/t-l-Tgn )tSS2n+1 ’

Z2n+2 = (‘/t:'T%H»l ’ U{+T2n+1 )tSS2n+2'
Set also for n > 0, U, = Uy, and Uz 11 = VTTMH.
Applying Lemma 5.2 and using the strong Markov property at the stopping times 7,,, with the

fact that if (X,Y") is distributed as Pgi);g, then (Y, X) is distributed as Pgi)’%, one has the following

Lemma 5.3. Forall n > 0, given F,, the law of Z"+1 is IP’S:.

This lemma shows that the sequences (0,,),>0 and (Z"),,>1 satisfy (i) and (ii) in the beginning
of Section 3.2 since for alln > 0,

Gn=0((O1,2%); 1 <k <n)Va(©y) C Fr,.

Thus (U], V] )i<1., is a Brownian motion in Q* started from (|z|,0), with time dependent angle
of reflections at the boundaries given by (0, ),>0 and stopped when it hits (0,0), as defined in
Section 2. In particular, (U”, V") is a continuous process and lim7._ (U7, V;") = (0,0).

Remark 5.4. Note that (i,)n>0 is an homogeneous Markov chain started from ic = 1 with transition

matrix (P; ;) given by : for (i,j) € [I,N)?, P, ; = Z:: ——. Remark also that given G,, Z"*' and iy 1

are independent and a fortiori Z" ' and ©,,1; are also independent.

Proof of Lemma 5.2. Set for ¢t > 0, (U, Vi) := (|z| + W,f“,inA(Y})). Then, for t < 7, (U, V;) =
(U, V). Since Y is a WBM started at 0, it is well known that V' is a skew Brownian motion with
parameter 1 — p;,. This can be seen using Freidlin-Sheu formula, which shows that

t
V= /0 (L7 50y = Lzoy)dBY + (1= 2pig) Le(V). (19)
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Define A(t) = fo 1y 50yds = fo 1(v.¢p, yds and 4(t) = inf{s > 0 : A(s) > t}. Note that
A(t) = A(t ) forall t < 7y and thus 4(¢) = ~(t) for all ¢t < S; = A(ry). Itis also well known that

Vt = Av(t) is a reflecting Brownian motion on R. Set M, = fot na >0}d‘7 = fot iy, €El}dBY
Then Bt := M) is a Brownian motlon We also have V; V0 = M; + (1 — p;,) L:(V), which implies
that V;' = B? + (1 — p;,)L4((V) and therefore L,(V") = (1 — p;,) L) (V). Note finally that
L(V) = L(|Y).

Set fort > 0, B} = W(t) 1 v >O}dW By Lévy’s theorem B! and B? are two independent
Brownian motions. Finally, set Ul = Us(t)- Then, for all t < Sy, (U], V") = (U}, V).

Lemma 5.2 is a direct consequence of the following

Lemma 5.5. Forallt > 0,

Di
1—p;
Vi = BZ4 L (V7).

Uy ol + B} — Le(V7)

Proof. We closely follow the proof of Lemma 4.3 [12]. Let ¢ > 0 and define the sequences of
stopping times oy, and 7 such that 7§ = 0 and for & > 0,

of = inf{t > Vi = —e},
Tep1 = inf{t >op; Vi = 0}.

Note first that (19) implies that

> Vopmsy = Vrgra)

E>0
converges in probability as ¢ — 0 towards B + (1 —2p;) L5 ) (V). Since V;” = B? +(1 —pi) Ly V),
setting

Ly" =3 (Ve a5 = Vornsm),
k>0

Ly" converges towards p; Ly (V) in probability as € — 0. Now for ¢ > 0,

|$| + Z T M) T UTE/\'AY(t))'
k>0

Setfort >0,

Bjt = Z ( ;;M(t) - Wi;w(t))'
k>0

m<>

Note that d(U, + V,) = >t 1{v,ep,3dW{ and thus when Y, € E} (ie. V. is negative), U, +
remains constant, and we have

Utr = |CE| + Z Tk+1/\’)’(t - crk/\'y(t + Z o Ny (t) T ‘rk/\'y(t))
k>0 k>0

= ol - L7+ By
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Since B{"' converges in probability towards B}, we get
Uf = |l + B = piy Lagny (V).

And we conclude using that L;(V") = (1 — p;,) L) (V). O

5.3 Coalescing property

Our purpose in this section is to prove that the consistent family defined in Section 5.1 has the
coalescing property, that is

Proposition 5.6. With probability 1, 7o < oo.

Proof. By symmetry and the strong Markov property, it suffices to prove that 7., < co a.s. only for
n =2 and (Xy, Yy) = (z,0) for some x € G*. We use the notations of Section 5.2.

Since (| X|,t < 7o) is a reflected Brownian motion stopped at time 7, it suffices to prove that
a.s. L. (|X|) < cc. Denote by L} and L? the local times accumulated by Z respectively on {u = 0}
and {v = 0} up to t and L; = L} + L7. First, note that for ¢ < Sy, Ly(V") = (1 — p;) Ly (V) =

(1= pi) Loy (|Y]). Thus Ly, ([Y]) = £ Note also that L, (|X|) = 0. Thus

1-p; °
Lg
Lo (XD + Lo (W) = 7— -
Set C' = supy;<;<n} (1 — pi)~". By induction, we get that
Ly ., — Lt
L. (IX)+L,_(Y]) = 2 T o o
XD+ L (Y1) > T = Ol
n>0 "
By Theorem 3.11 a.s. Ly, < oo, and so L, (| X|) + L~ ([Y]) < cc. O

5.4 Construction of ¢
Let (P(™ n > 1) be the unique consistent family of Markovian semigroups such that
e P is the semigroup of the WBM on G.

e The n-point motion of P(™) started from z € G™ up to its entrance time in A,, is distributed
(n),0
asPy 7.

e The n-point motion (X*,..., X") of P(") is such that if X! = X7 then X/ = X/ forall ¢ > s.

We will prove that P("™ is Feller for all n and that (17) holds. By [13, Lemma 1.11], this amounts to
check the following condition.

Lemma 5.7. Let (X,Y) be the two point motion associated to P?), then for all positive

. 2),0
i P40 1) > 4 =0
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Proof. As in the proof of Proposition 5.6, we take y = 0. Then using the same notations, for all
positive ¢, {d(X¢,Y:) > €} C {sup;,, |Z:| > €}. Now the lemma follows from Remark 3.10. O

By Theorem 5.1, a SFM ¢ can be associated to (P(™)),,.

Proposition 5.8. Let ¢ be a SFM associated to (P™)),,. Then there exists a family of independent white
noises W = (W', 1 < i < N) such that

(i) FYY C FZ, forall s < tand
(it) (p, W) solves (ISDE).

Proof. Let Vs .(x) be the Brownian motion associated to ¢ .(z). Foralli € [1, N] and s < ¢, set

Wee = \z\%oo,lzlénEiJﬂeQ‘/s’t(I)'
Forall i € [1, N] and s < ¢, with probability 1, this limit exists. Indeed if z,y € E; are such that
|z| < |y|, then a.s. Vi (z) = Vi (y) forall s <t < 7% = inf{u > s; ps.(z) = 0}. Moreover W' =
(Wi, s <t)is a real white noise. Indeed, W' is centered and Gaussian, and by the flow property
of ¢ and using @, (z) = e;(lz| + Wi, )if s <u < 77 and © € E;, we have W, = Wi, + W/ .
It is also clear that W* has independent increments with respect to (s, t). Thus, W is a real white
noise. The fact that W = (W*,1 <i < N) is a family of independent real white noises easily holds.
Forz e Gandt > 0,

t
(Wi Ve ()0 = <w@%wma/memm

lim
lyl—o00,y€E;,|y|€Q

This yields
N t )
Verle) =3 [ Ve cimemnd¥e.
i=1"$
By Theorem 4.1, we deduce that (¢, W) solves (ISDE). O

Denote by Pg the law of (p, W).

5.5 Uniqueness in law of a SFM solution of (ISDE)

In this section, we show that the SFM ¢ constructed in Section 5.4 is the only SFM solution of
(ISDE). More precisely, we show

Proposition 5.9. Let (¢, W) be a solution of (ISDE), with ¢ a SFM. Then the law of (p, W) is Pg.
Proof. We start by showing

Lemma 5.10. Forall x = e;(r) € G, we have @, 4(x) = e;(r + Wi,) forall s <t < 77 = inf{t > s :
s t(x) = 0}. In particular forall 1 < i < N, s < t, we have ]—"z'f - f;‘ft.

Proof. Fix i € [1,N]. Let f € D be such that f(x) = |z| for all z € E;. By applying f in (ISDE), we
deduce the first claim. The second claim is then an immediate consequence by taking a sequence
(zk)x C E; converging to co. O
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With this lemma and Theorem 2.3 we prove the following

Lemma 5.11. Let x = (x1,- -+ ,x,) € G™. Let S = inf{t > 0: (po,t(z1), -+ ,0t(zn)) € Ap}. Then
(@o.t(x1), ", o.t(wn))e<s is distributed like P,

Proof. Let x € G™ \ A, such that z;, = 0 for some jo. For j € [1,n], set Y/ = ¢y .(z;) and
Y™ = (VL,...,Y{). Setfori € [I,N], Wi = Wi, and Wy = (W},...,W/"). Note that for all
j €[1,n], (Y7, W) is a solution of (ISDE). Set

o1 = inf{t > 0: 3j # jo such that Y/ = 0}

and for £ > 1, ,
oo41 = inf{t > 0 : Ijsuch thatY/ =0and Y7 # 0}.

Let 00 = limy_,o 0y, then o, = inf{t : Y;(n) € A,}. By Theorem 2.3, the law of (Y7o W) is
uniquely determined. Now, for j # jo, we have that for t < o1, Y/ = ¢;(|x;| + W}) where i is such

that z; € E;. This shows that (Y;"),<,, is distributed as (X\™)i<,,, constructed in Subsection
5.1. Adapting the previous argument on the time interval [o¢, 0/41], we show that for all £ > 1,

(¥;"™),<,, is distributed as (X{™),<,. The Lemma easily follows. O

Lemma 5.11 permits to conclude the proof of Proposition 5.9. Indeed, the law of a SEM is
uniquely determined by its family of n-point motions X (). Using the fact that A,, is an absorbing

set for X ("), the strong Markov property at time 7" = inf{t : X t(") € A, } and the consistency of
the family of n-point motions, we see that the law of a SFM is uniquely determined by its family
of n-point motions stopped at its first entrance time in A,,. (|

6 Extension to metric graphs

Let (I)1<k<k be a family of finite sets such that I NI, N I,,, = P foralll < k < ¢ <m < K. Let
(Gr)1<k<k be a family of star graphs such that for each k, Gy, = U;er, E}, where {E}, i € I} is
the set of edges of Gj. Set I = UK I}, and T = UE_| I}, x {k}. For each k, let pj, := (p})ic1, be a
family of parameters such that 0 < pj < land ), ; p} = 1.

Let W = {W}, (i,k) € I} be a family of white noises such that

e Forallk # ¢and i € I, N Iy, then W} + W} = 0.

e Forall family {(i1, k1), ..., (in, kn)} C Zsuchthatiy,...,i, aren distinct indices, {W,ﬁ, ce W,z:}
is an independent family of white noises.

Notice that the law of W is uniquely described by these two properties and that W can be con-
structed out of a family of |I| independent white noises. Let us also remark that the second prop-
erty implies that for each k, {W}, i € I;;} is a family of independent white noises.

Theorem 6.1. Let (Ki)1<k<x be a family of SFK’s respectively defined on Gy. Assume that
e Forall k, (Ky, Wy,) solves E(G., pk),

o (Fst:= \/kfgtk)sgt is i.d.i.
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Then, the flows (K})1<k<k are independent given V.

The rest of this section will consist in proving Theorem 6.1. For a SFK K and a white noise WV,
K (t) denotes K+ and W (t) denotes W, ;.

6.1 Feller semigroups

Let n := (ny)1<k<x be a family of nonnegative integers and set G := [[, G}*. Fort > 0,
z = (zp)1<p<x € G and w € R, set for f € Cy(G) and g € Co(RI),

Q" (f @ 9)(,w) = E[(@4 (Ki(t)*"*) f(@)g(w + W (1))
Note that the i.d.i property implies that Q") defines a Feller semigroup on G(™) x RI!l. Denote by
Q(") ) the law of the diffusion started at (z, w) associated to this semigroup.

Define also for all &, @tk ") the Feller semigroup on G}* x R!!l such that for f;, € Co(G}*) and
g < CO (RIII)

Q"™ (fi @ g)(wr, w) = E[(Ki(0)™ fi) (z1)g(w + W(1))].

Denote as above by Q(k’"’“) the law of the diffusion started at (zj, w) associated to this semigroup.

Let (X, W) be a diffusion of law Q @ 0), then for all (i, k), (X, W) is a diffusion of law Q (k, 1))

and (X}, Wy) is a solution of E(Gy, py) with X} (0) = xi. This fact can easily be seen as a conse-
quence of

Lemma 6.2. Forallk € {1,...,K}andall x € Gy, if (X, W) is a diffusion of law Q
a solution of E(Gy, p)-

(1)3, then (X, W) is

Proof. In the following, set G = Gy, p = pi, Q; = ng"l) and N = |I;|. Ttis obvious that W is an
N-dimensional Brownian motion. It is also clear that X is a WBM. Denote by B the Brownian
motion associated to X. Then by Freidlin-Sheu formula, (X, W) solves E(G, p) as soon as B;X =
S o Lix.ep, W Tt is enough to prove that (BX, W), = [ 1(x,cp,ds for all .

Recall the definition of D from (3) and set D1 = {f € D : f, f', f”" € Co(G)}. Denote by A
the generator of Q; and D(A) its domain, then D; ® CZ(RY) C D(A) and for all f € D; and
g € CZ(RV),

N
A @), w) = 37 Ag(w) + 3 1" (2)gw) + (715, @) 2 ).
i=1
Thus for all f € Dy and g € CZ(RY),

f(Xpg(Wy) — /Ot A(f ® g)(Xs, Ws)ds is a martingale. (20)

Applying Freidlin-Sheu formula for f(X;), and then Itd’s formula for f(X;)g(W;), we get that,
using (20)

Z/ (f'1m)(X )ds —Z/ (15, (X,) S (W) B, Wi,

Since this holds for all f € D; and g € C3(RY), we get (BX, W), = [ 1(x,cp, ds for all i. O
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6.2 A sufficient condition for conditional independence

Forz = (zx)r € G™ and w € RI, let P{") | be the law of (X1,..., Xk, W) such that X, ..., Xx

are independent given W and for all k, (X, W) is distributed as Q(k’"") Denote by E(") ) the

(zg,w)"
(n)

expectation with respect to P ° . Denote also by IE (k "’“) the expectation with respect to IP

(wkw)"
For Z, a o(W)-measurable random variable, we sunply denote IEE”) [Z] and EEI; "fU ))[ ] by E[Z].
Proposition 6.3. If for all n := (ny,);, and all x := (1), € G™),
Qo = Plroy @1
then the flows (Ky)y, are independent given W,
Proof. Fixn = (n)k, * = (xx)r and f = @ fr, with fi, € Co(GL*), then
E[TJ(Ke)®™ fi(e)] = Q"(f ©1)(x,0)
k
EEZ)O H Je(Xk(t))]
HE ’;:g; e (X(8)) W]
Then the proposition follows from the fact that
EE[ (X ()W) = E[(Kr ()™ i) W], (22)

Let us check (22). For this, take gg, - , gy in CO(R”') and fix 0 =ty < --- < t; = t. Then setting,
forall g € Co(RI1), h e Co(GP* x Ry and all t > 0, Q¢h(xz, w) = g(w)Q¥"™ h(z, w), one has (to
lighten the notation below, f, zx, Xj and (K (t))®"* are denoted by f, z, X and K})

th H g] = @gf "'@g‘j:;},l (f®gJ)(x70)

0<g<]
= EMWRX0) T[] oW
0<j<J

= E[ igf t))|W] H 9]
0<5<J

which suffices to deduce (22). O
Note that, using the Feller property, (21) is satisfied for all » and all = as soon as it is satisfied

for all n and all = in a dense subset of G(").

6.3 Uniqueness up to the first meeting time at 0

A point z, € G}*, will be denoted by (2% )1<i<n,. Take n = (nk_)k as in Section 6.1 and choose
x = (z)r, € G such that forall k # £,0 ¢ {2i,1 <i < n,} N{x},1 < j < n}. In the following,
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(X, W) will be distributed as ]P’EZ)O) or as QEZ)O) with X = (Xy,---, Xk), and (F;):>0 denotes the
filtration generated by (X, W). For ¢ > 0, let Ry (t) := {X:(t) | 1 <i < ny}. Define the sequence of

stopping times (0 ),>0 such that op = 0 and for all j > 0,
Oj+1 = 1nf{t > a; | 3]{3, 0e Rk(t) and 0 ¢ Rk(O’j)}. (23)

Using the strong Markov property, it is easy to see that for all j > 1, there is only one k such that
0 € Ri(o;) and that the sequence (o;),>1 is strictly increasing. Denote by 0o = lim;_,o ;.

Proposition 6.4. The law of (X (t), W (t))i<o.. is the same under QEZ)O) and under IP’EZ)O).

Proof. Let (X, W) be distributed as QEZ?O). Without loss of generality, assume there exists ¢ such
that0 € R;(0) and 0 ¢ Ug2¢ R (0). Then {(Xx(t),t < 01), k # £} is o(W)-measurable and therefore
{(Xk(t),t < 01),1 < k < K} is a family of independent random variables given W. So the
conditional law of this family given W is the same as the conditional law of {(X(t),t < 1), 1 <

k < K} given W whenever (X, W) is distributed as ]P’EZ_)O). Denote this law by p(z, W). Using the
strong Markov property at time o, we get that given F,, and W, the law of {(X(t + 0,),t <
On+1 — 0n), 1 < k < K}is u(X(0p), W(- + 05) — W(oy,)). Since this characterizes the law of
(X (t), W(t))t<o.., the proposition is proved. O

This proposition implies in particular that if PEZ?O) (00o = 00) =1, then @E ?0) =P 0

n
x

6.4 The meeting time at 0 is infinite
Our purpose here is to prove the following

Proposition 6.5. Forall n = (ny,) and x = (x3,) € G such that 0 ¢ {zi, 1 <i <mp}N{a], 1 <j <
ny}, for all k # ¢, we have

(.0 (000 = 00) = 1. (24)

Proof. Assume K = 2, ny = ng = 1 and take z = (x1,0) with z; # 0. It is easy to see that if (24)
holds in this particular case, then it also holds in the general case. We use in the following the
notations of Subsection 6.3. Note that for k € {1, 2}, (X, Wy) is a solution of E (G, px) and that

O — inf{t 2 0: Xl(t) = Xg(t) = 0}

Set I° = 1 NIy. For k € {1,2} and i € I, set 0} = arctan(lfii ) if i € I° and 6, = 0 otherwise.
k
Recall the definition of (¢4,),, : 09 = 0 and forall £ > 0,

o2er1 = inf{t > o201 X1(t) = 0},
oo = inf{t > oapq1: Xo(t) = 0}.

Forall £ > 0, set UY, = |X1(09¢)| and U3, | = |X2(02041)|- Let iz € I and igeq1 € I be such that
Xi1(o2) € Ei” and Xs(02041) € E;““. Set O™ = —6‘3" if nis even and ©" = —6‘?‘ if n is odd.

Say x1 ~ x9 if there is ¢ € I¢ such that z; € E} and z2 € Ej and say z1 o z2 otherwise. Set
A = fg Lix, (s)exa(s)3d8, 7¢ = inf{s > 0: A, >t} and G; = F,,. Set S,, = A,, and define ©; = O
for ¢t € [Sy, Sn+1[- Note that S 1= limy, 00 Sy, = Ao, -
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Our purpose now is to define a cadlag process (U;, V})i<s.., such that for all n > 0, condition-
ally on Gs,,, (Ut, Vi)tels,,8ns) is @ Brownian motion in the quadrant Q, obliquely reflected on 0, Q
with angle of reflection ©", such that

e (Us,,Vs,) = (U},0);
o U, >0forallt €[Sy, Sn+1)
and such that (using the notation H;_ = limg H, for H a cadlag process)

e when nis odd, Vg =0if X1(0nt1) € Ej and Us,,,— = 0 if not,

n+1l—

e when n is even, Vg =0if Xo(opt1) € E; and Ug = 0if not.

n+l— n+1—

The construction being exactly the same for all n > 0, we just do it for n = 0. Note that
X1(t) € EY® and | X1(t)| = |x1| + W{°(t) for t < o1. We then have two cases:
First case: iy € I; \ I°. For allt < o1, we have X5(t) # X;(t) and A(t) = ¢t. We also have S} = o;.
Set for t < S1, Uy = |X1(t)| and V;, = |X2(t)|. Then (U, Vi)i<s, is a normally reflected Brownian
motion in the quadrant Q started at (|z1],0) and killed when hitting {z = 0}.
Second case: ig € I¢. For t < o1, set X; = | X1(t)| and

Y; = [Xo (O (Lixaymxi0) = Lxa)mxi@)})-

Note that for t < o1, Ay = fot lyy,>01ds and 1y, <0yd(X; + Y;) = 0. The process (X;,Y})i<o,

behaves as a two dimensional Brownian motion in Q and evolves on straight lines parallel to

{y = «} outside Q. Finally set (U, V;) = (X,,,Y5,), for t < Si. Following the proof of Lemma 5.5,

we check that (Uy, V;):<s, is an obliquely reflected Brownian motion, with angle of reflection ©°.
Define the sequence (T}),>0 by To = 0 and for all j > 0,

T7+1 = 1nf{Sn 2 S, > Tj and Usn_ = 0}

Set Too = lim; 00 Tj = Soc = As... Then (Ui, V;)i<s,. is continuous except at the times T}, j > 1.
Moreover, we have the following

Lemma 6.6. The process (U, V) is (Gy)i-adapted. There is a two-dimensional (G,),-Brownian motion
(B, B?), such that for all j > 0 and all t € [T}, Tj+1],

t
U, = Up+ / (4B, — tan (6,)dLy(V)),
T;
t
v, — / (dB2 +dLy(V)).
T;

Moreover Ur,,, = Vr, ., —, Ur;,,— = 0and Uy > 0 forall t < S...

Out of the noncontinuous process (U, V'), we construct a continuous process (Z; = (X;,Y{),t <
Ts) by: For all n > 0, (X].Y) = (U, V) for t € [Ty, Tony1) and (X7, YY) = (Wi, Uy) for
t € [Tont1, Ton+2[. Then, putting everything together, we get the following
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Lemma 6.7. The process (Z],t < T) is an obliquely reflected Brownian motion on Q started from
(|z1],0), and we have, for all n > 0,

T2n+1 = inf{t Z Tgn : Y;T = 0},
T2n+2 = mf{t Z T2n+1 : X{ = O},

limerr,, Z7 = (0,0) and forall t < T,
x| = dBt1 +dLiy(X") — tan (Gt)st(YT),
dY;T = dBtz — tan (@t)st(Xr) + st (YT)
Moreover T, = oo implies 0o, = 0.

To conclude the proof of Proposition 6.5, it remains to prove that a.s. T, = co. We exactly
follow [10, Page 161]. For a > 0, define

To = inf{t > 0:|Z]| = a}.

Take € < |z1]| < A and set 7c 4 = 7c A Ta. Then, by Itd’s formula, setting R; = |Z}|, we have that,
forallt > 0,
log(Rinr, o) = log(|z1]) + M; + C;

where M is a martingale started from 0 and C is a nonnegative nondecreasing process (using that
O < 0). Thus by letting ¢ — oo, we get Ellog(R-, ,)] > log(|z1|). So
log(e)P(7e < 7a) + log(A)(1 — P(7e < 74)) > log(|z1])

and consequently log(A) — log(|z1])
og — log(|T1

< .
P(r. < 74) < log(A) — log(e)

Replacing e with ¢(A) = A=4, yields

P(Too <o00) = lim P(Too <74) < lim P(7e(a) <7a) = 0.

7 Final remarks
It would be interesting to extend the framework of the present paper to the case of a star graphs
with an infinite number of rays G = U,enE,. Suppose we are given a family p = (pn)nen CJ0, 1]

such that >, p, = 1. Then the WBM associated to p can still be defined via its semigroup (as in
the introduction). It satisfies also a Freidlin-Sheu formula similar to the finite case (see [9]):

df(Z) = f'(Z;)dB? + %f”(Zt)dt
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where BZ is again the martingale part of |Z| and f runs over an appropriate domain of functions
D. Now suppose given a family (W™),en of independent Brownian motions, then the natural
extension of (ISDE) associated to p is the following

$(2) = 3 (18 Z)AW; + 31" (), €D

n

which we denote again by (ISDE). The Brownian motion BZ has also the martingale representa-
tion property for (FZ), [3, Proposition 19 (ii)]. Thus following our arguments, under some condi-
tions on Z, the law of any solution (Z, W™, n € N) to (ISDE) is unique. One could also investigate
stochastic flows solutions of (ISDE). However, in contrast to the finite case, here we have

inf { arctan (1 P

):nGN}:O.

n

This is the new difficulty with respect to the present paper. We leave the question of existence of a
SFM in this case open.
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