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EXPONENTIAL ESTIMATE FOR THE ASYMPTOTICS OF BERGMAN KERNELS
XIAONAN MA AND GEORGE MARINESCU

ABSTRACT. We study the exponential estimate for the asymptotics of Bergman kernels
of a positive line bundle under hypotheses of bounded geometry. We give Bergman ker-
nel proofs of complex geometry results, such as separation of points, existence of local
coordinates and holomorphic convexity by sections of positive line bundles.

0. INTRODUCTION

Let (X,w) be symplectic manifold of real dimension 2n. Assume that there exists a
Hermitian line bundle (L, h*) over X endowed with a Hermitian connection V* with the
property that

(0.1) RY = —21v/—1w,

where RY = (VF)? is the curvature of (L, V). Let (E, h¥) be a Hermitian vector bundle
on X with Hermitian connection V¥ and its curvature RE.

Let J be an almost complex structure which is compatible with w (i.e., w is J-invariant
and w(-, J-) defines a metric on T'X). Let g7 be a J-invariant Riemannian metric on X.
Let d(z,y) be the Riemannian distance on (X, g7%).

The spin® Dirac operator D, acts on Q**(X, [P ® E) = @,_, Q*(X, L? ® E), the direct
sum of spaces of (0, g)—forms with values in I’ ® F.

We refer to the orthogonal projection P, from L*(X, E,), the space of L*-sections of
E, = A (T* OV X)® LP® F, onto Ker(D,) as the Bergman projection of D, . The Schwartz
kernel P,(-,-) of P, with respect to the Riemannian volume form dvx(z’) of (X, g”7*) is
called the Bergman kernel of D,,.

Theorem 0.1. Suppose that (X, g7) is complete and R*, R¥, J, "X have bounded geom-
etry (i.e., they and their derivatives of any order are uniformly bounded on X in the norm
induced by g™, h¥, and the injectivity radius of (X, g'%X) is positive). Assume also that
there exists ¢ > 0 such that on X,

(0.2) V=IRE(-, J) > g™ (-, -).

Then there exist ¢ > 0, p, > 0, which can be determined explicitly from the geometric data
(¢f. (2.14)) such that for any k € N, there exists C}, > 0 such that for any p > p,, z,2' € X,
we have

(0.3) |Py(x, 2")| o < Ch pts exp(—c Vod(z,2')).
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The pointwise ¢*-seminorm |S(x, 2')| .« of asection S € (X x X, E,KE*) at a point
(r,2') € X x X is the sum of the norms induced by h’, h¥ and ¢** of the derivatives
up to order k of S with respect to the connection induced by V¥, V¥ and the Levi-Civita
connection VX evaluated at (z, 2’).

Assume now X = C" with the standard trivial metric, £ = C with trivial metric.
Assume also I = C and h = ¢ ¥ where ¢ : X — R is a smooth plurisubharmonic
potential such that (0.2) holds. Then the estimate (0.3) with £ = 0 was basically obtained
by [4] for n = 1, [7], [10] for n > 1 (cf. also [1]). In [6, Theorem 4.18] (cf. [15,
Theorem 4.2.9]), a refined version of (0.3), i.e., the asymptotic expansion of P,(x, ") for
p — +oo with the exponential estimate was obtained.

When (X, J,w) is a compact Kéhler manifold, £ = C with trivial metric, ¢"* = w(-, J*)
and (0.1) holds, a better estimate than (0.3) with £ = 0 and d(z, 2’) > § > 0 was obtained
in [5].

Recently, Lu and Zelditch announced in [11, Theorem 2.1] the estimate (0.3) with
k = 0 and d(z,2") > § > 0 when (X, J,w) is a complete Kdhler manifold, £ = C with
trivial metric, ¢7* = (-,J-) and (0.1) holds. It is surprising that [11, Theorem 2.1]
requires no other condition on the curvatures (cf. Remarks 3.2, 3.9).

Theorem 0.1 was known to the authors for several years, being an adaptation of [6,
Theorem 4.18]. The recent papers [5, 11] motivated us to publish our proof.

We refer to [13, 17] for further applications of the off-diagonal expansion of the
Bergman kernel to the Berezin-Toeplitz quantization.

This paper is organized as follows: In Section 1, we explain the spectral gap property
of Dirac operators and the elliptic estimate. In Section 2, we establish Theorem 0.1.
In Section 3, we show what the result becomes in the complex case. We give some
applications of Theorem 0.1 and of the diagonal expansion of the Bergman kernel.

1. DIRAC OPERATOR AND ELLIPTIC ESTIMATES

The almost complex structure .J induces a splitting 7X ®r C = 710 X @TOD X | where
T19 X and T(®Y X are the eigenbundles of J corresponding to the eigenvalues /—1 and
—/—1 respectively. Let 710X and 7**Y X be the corresponding dual bundles. For
any v € TX with decomposition v = vy g+ vo; € THOX & TOVX, let vj, € T*OVX
be the metric dual of vy . Then ¢(v) = v2(vy A —iy,,) defines the Clifford action of v
on A(T*®V X), where A and i denote the exterior and interior product respectively. We
denote

(1.1) AP = AT OVX), E,=A"®I’®E.

Along the fibers of E,, we consider the pointwise Hermitian product (-, -) induced by ¢**,
ht and h®. Let dvy be the Riemannian volume form of (T'X, ¢’*). The L>*-Hermitian
product on the space Q)°(X, L” ® E) of smooth compactly supported sections of E,, is
given by

(1.2) (81, 892) = /X(sl(x), So(x)) dux(z) .
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We denote the corresponding norm with ||-||z: and with L?(X, E,) the completion of
Q0*(X, L? ® E) with respect to this norm, and || B||>° the norm of B € Z(L*(X, E,))
with respect to ||| 2.

Let VX be the Levi-Civita connection of the metric ¢’*, and let V' be the con-
nection on det(7" X) induced by V7¥X by projection. By [15, §1.3.1], V'¥ (and V")
induces canonically a Clifford connection Vi on A(T*(*V X). Let V#» be the connection
on E, = A(T**YX) ® [P ® E induced by Vi, v and VE.

For any operator B, we denote by Spec(B) the spectrum of B.

Definition 1.1. The spin® Dirac operator D, is defined by
2n

(1.3) D, =) c(e))VZ: Q" (X, [’ ® E) — Q" (X, [’ ® E),
j=1

with {e;}; an orthonormal basis of 7'X.

Note that D, is a formally self-adjoint, first order elliptic differential operator. Since
we are working on a complete manifold (X, g’~), D, is essentially self-adjoint. This
follows e. g., from an easy modification of the Andreotti-Vesentini lemma [15, Lemma
3.3.1] (where the particular case of a complex manifold and the Dirac operator (3.1) is
considered). Let us denote by D, the self-adjoint extension of D, defined initially on the
space of smooth compactly supported forms, and by Dom(D,) its domain. By the proof
of [14, Theorems 1.1, 2.5] (cf. [15, Theorems 1.5.7, 1.5.8]), we have :

Lemma 1.2. If (X, g7%) is complete and VI*J, RTX and R¥ are uniformly bounded on
(X, g™™), and (0.2) holds, then there exists C;, > 0 such that for any p € N, and any
$ € Dz QY9(X, L? @ E), we have

(1.4) [Dpsll72 = (2pro — Cr)|Isll7:

with

(1.5) Ho = (1i0I)1f Rﬁ(u,ﬂ)/|u|§m > 0.
ueTy VX, zeX

Moreover

(1.6) Spec(D2) C {0} U [2ppo — Cr, +0ol.

From now on, we assume that (X, g7%) is complete and R*, R¥, J, ¢g"X has bounded
geometry.
The following elliptic estimate will be applied to get the kernel estimates.

Lemma 1.3. Given a sequence of smooth forms s, € (,cy Dom(D}) C L*(X,E,) and a
sequence C, > 0 (p € N), assume that for any ¢ € N, there exists C; > 0 such that for any
peN,

1 ¢
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Then for any k € N, there exists C}, > 0 such that for any p € N and x € X the pointwise
¢*-seminorm satisfies
(1.8) |5

n+k

Proof. Let inj* be the injectivity radius of (X,¢”¥), and ¢ €]0,inj*[. We denote by
BX(z,¢) and B™=%(0,¢) the open balls in X and T, X with center x € X and radius
e, respectively. The exponential map 7, X > Z +— expX(Z) € X is a diffeomorphism from
BT=%(0,¢) on BX(z,¢). From now on, we identify B7=* (0, ¢) with BX(z, ¢) for ¢ < inj*.

For xy € X, we work in the normal coordinates on BX(xq,¢). We identify E,, Ly,
ATV X) to By, Lay, ATV X) by parallel transport with respect to the connections
V¥, vE, Vit along the curve [0, 1] 3 u + uZ. Thus on BT=0X (0, ¢), (E,, h*r) is identified
to the trivial Hermitian bundle (£, ., h¥»=0). Let {e;}; be an orthonormal basis of T}, X .
Denote by V; the ordinary differentiation operator on 7,,X in the direction U. Let
EZ T, 72" be the corresponding connection forms of VZ, VX and VCiff with respect to
any fixed frame for E, L, A(T*®Y X) which is parallel along the curve [0,1] > u — uZ
under the trivialization on B*=0X(0, ).

Let {¢;}; be an orthonormal frame on 7X. On B*=X(0, ¢), we have
VI = Vo pTH() + T () +T7(),

(1.9) N F

Dy = C(ej)(v'ey +pl (&) +T7 7 () + T (%’))-

By [15, Lemma 1.2.4], for I'* = T, T'X, I'\"* we have
[ ] 1 [ ]
(1.10) I'Y(ej) = 5RxO(Z,ej)—i—ﬁ’(|Z|2).

Using an unit vector Sy, of L,,, we get an isometry E,,, ~ (A(T*OVX) ® E),, =: E,, .
For s € ¢°(R*, E,,), Z € R* and t = ﬁ , set

(Ss)(Z) = s(Z[t), V=S 'tV res,

D, = S5;'tD,S; .

Let f : R — [0, 1] be a smooth even function such that

1 for v <eg/2,
(1.12) flv) = { 0 for |v]>e.

(1.11)

Set
(1.13) 00(Z) = s (D) F( 21/, = S0, € G (R™ Eyy).
Then by (1.11) and (1.13), we have

0p(Z) = s,(t Z)f(12])

l
1D D)2 =3 () [P D, 10D ]2 (Diss)(2),

=0
(I —j) times

By (1.9), [Dp,...,[Dy, f(|-])]...] is uniformly bounded on B*¥(0,¢), with respect to

7 € X, p e N, and (DS s,)(Z) = <(%Dp>jsp) (tZ). Thus (1.7), (1.9) and (1.14)
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imply
NPT 2
| D2 az < e (0,52 a2
(1.15) i 21<e/vp 7=
l
<Oy (CJ’-Cp)zp”.
7=0

Now by (1.9), (1.10) and (1.11), we get
(1.16) V:=Vo+0O(t), D;=Dgy+ O(t),

and D, is an elliptic operator on R?”, On R*", we use the usual €* norm, i.e., | f|4«(x) =
> i<k Ve, -+ Ve, f|(x). By Sobolev embedding theorem (cf. [15, Theorem A.1.61), (1.15),
(1.16) and our assumption on bounded geometry, we obtain that for any £ € N, there
exists (', > 0 such that for any =, € X, p € N*, we have

(1.17) 15,]2..(0) < Gy Gy p™2.

Going back to the original coordinates (before rescaling), we get

n+k

(118) }Up};k(xo) < Ck Cpp 2

The proof of Lemma 1.3 is completed. O

2. PROOF OF THEOREM 0.1
u 7M)2 1 M2 u 7M)2
For z,2' € X let exp(— EDp> (x,2"), (EDp eXp(— EDp)> (x,2’) be the smooth kernels

of the operators exp (— %Df,) , %Df) exp (— %Dﬁ) with respect to dvx (z').

Theorem 2.1. There exists a > 0 such that for any m € N, ug > 0, there exists C > 0 such
that for u > uo, p > 2CL /1o, x, 2" € X, we have

u
——D2> ’l
‘exp( P (xx)(gm

Lo U o
‘ (5 D; exp(— EDP)) (x,2) .

O

< Cp'* % exp (uou 2 93’)2),
Uu
(2.1)

. 1
< Cp't2 eXp( = SHou = %d(fc, x’)Q)-

Proof. By Lemma 1.2, for any uq > 0, k € N, there exists C,,;, > 0 such that for any
p = 2CL/ o, u = ug, we have

1 k u 0,0
(&) el 2l <
2.2) /D p

1 "1
H (7 Dp) —Df) exp(— EDf,)

p p p

0,0
‘ < Cyg e "%
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From Lemma 1.2 and (2.2), for any uo > 0, m € N, there exists C;, ,, > 0 such that for
any p > 2C'1, /1o, u > ug, x,2" € X, we have
<",

U
——D2> ’ !
exp( PR (xx)(g !

L U 2
‘ (5 D, exp(— EDP)) (x,2") .

To obtain (2.1) in general, we proceed as in the proof of [6, Theorem 4.11] and [3,
Theorem 11.14] (cf. [15, Theorem 4.2.5] ). For h > 1 and f from (1.12), put

400 2
Kyn(a) = / cos(ivv2ua) exp ( - %) (1 - f(% 2uv))\;l—2v_7T :
(2.4 e 2 1 dv

H,p(a) = /*00 cos(ivv2ua) exp ( — %)f(ﬁ 2uv) vord

—00

(2.3)

m
<R,
m b

By (2.4), we infer

1 1 U o
(2.5) Kun <%Dp) Y H,, <%Dp) = exp( - ;Dp).
Using finite propagation speed of solutions of hyperbolic equations [15, Theorem D.2.1],

and (2.4), we find that

1
supp Hy <%DP) (z,-) € BX(x,eh//p), and
H,p (%Dp) (z,-) depends only on the restriction of D, to BX(z,eh/\/p).
p

Thus from (2.5) and (2.6), we get for z,2’ € X,

(2.6)

2.7) Kun (% Dp) (z,2) = exp(— %Di) (z,2"), if /pd(x,a’) = eh.

By (2.4), there exist C’,C; > 0 such that for any ¢ > 0, m € N, there is C' > 0 such that
foru > ug, h > 1, a € C,|Im(a)| < ¢, we have

(2.8) la]™|Kyn(a)] < Cexp (0’02u — —h2>.
Using Lemma 1.2 and (2.8) we find that for K (a) = l~(u7h(a) or al~(u7h(a),

1
(2.9) ‘K (— D ) 2
\/]—? p ( )
Setting h = \/pd(z,2')/e in (2.9), we get that for any z, 2" € X, p € N, u > uo, such that
VPd(z,2') > €, we have

m C
< Cyp™2 exp (0’02u — —1h2) .
cpm

6 u

(2.10) ’K (% Dp) (z,7)

By (2.3), (2.7) and (2.10), we infer (2.1). O

m C
< Cp™t2 exp <C’02u — Tlp d(:c,x')z) .
2y

O
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Proof of Theorem 0.1. Analogue to [6, (4.89)] (or [15, (4.2.22)]), we have
(VR te Up o

(2.11) exp(—;Dp> ~R=| oD exp(—?Dp>du1.

Note that 1pgu + 2pd(z,2')* > \/apepd(z, z'), thus

e 1 a "2
exp(— — pouy — —pd(x,z’) )dul
” 2 Ui

+00 1
(2.12) < exp(—y/apopd(z, :c’))/ exp(— 1 u0u1>du1
4 1

= % eXp(—Zuou — VvV atop d($,$,)) :

By the second equation of (2.1), (2.11) and (2.12), there exists C' > 0 such that for
u = ug, p = 201/ 1o, x, 2" € X, we have

m 1
(eXp(— % Dﬁ) - Pp) (z,2')] < COp"*=exp (_Z’”‘Ou — Vauopd(z, x’)) :
Cgm
By the first equation of (2.1) and by (2.13), we get (0.3) with

(2.13)

(2.14) Py = 2CL /1o -
The proof of Theorem 0.1 is completed. O
Remark 2.2. Let A € Q3(X). We assume A and its derivatives are bounded on X. Set
(2.15) ‘A= Z Ale;, ej, ex)c(e;)c(ej)c(er), D;x =D, + “A.

i<j<k

Then D;j‘ is a modified Dirac operator (cf. [15, §1.3.3], [2]). As we are in the bounded
geometry context, Lemmas 1.2, 1.3 still hold if we replace D, by DpA. This implies
Theorem 2.1 holds for DpA, thus Theorem 0.1 holds for the orthogonal projection from
from L?(X, E,) onto Ker(D).

3. THE HOLOMORPHIC CASE

We discuss now the particular case of a complex manifold, cf. the situation of [15,
§6.1.1]. Let (X, J) be a complex manifold with complex structure J and complex dimen-
sion n. Let ¥ be a Riemannian metric on 7X compatible with .J, and let © = ¢?X(J, )
be the (1, 1)-form associated to g7 and J. We call (X, J,¢**) or (X, J,©) a Hermitian
manifold. A Hermitian manifold (X, J, g**¥) is called complete if g”* is complete. More-
over let (L, k'), (E, h*) be holomorphic Hermitian vector bundles on X and rank(L) = 1.
Consider the holomorphic Hermitian (Chern) connections VZ, V¥ on (L, hl), (E, h®).

This section is organized as follows. In Section 3.1, we explain Theorem 0.1 in the
holomorphic case. In Section 3.2, we give some Bergman kernel proofs of some known
results about separation of points, existence of local coordinates and holomorphic con-
vexity. The usual proofs use the L? estimates for the 0-equation introduced by Andreotti-
Vesentini and Hormander. For plenty of informations about holomorphic convexity of
coverings (Shafarevich conjecture) and its generalizations in algebraic geometry see
[12].
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3.1. Theorem 0.1 in the holomorphic case. The space of holomorphic sections of L? ®
F which are L? with respect to the norm given by (1.2) is denoted by H&) (X, [ ®F).
Let Py(z,2'), (z,2" € X) be the Schwartz kernel of the orthogonal projection P,, from
the space of L?-sections of L? ® E onto H (02) (X, L? ® FE), with respect to the Riemannian
volume form dvy (z') associated to (X, g7%).

Theorem 3.1. Let (X, J,g"*) be a complete Hermitian manifold. Assume that RY, R¥, J,
g™X have bounded geometry and (0.2) holds. Then the uniform exponential estimate (0.3)
holds for the Bergman kernel P,(x,z') associated to H (02) (X, [P ®E).

Proof. Let 9" be the formal adjoint of the Dolbeault operator """ with respect to
the Hermitian product (1.2) on Q%*(X, L’ ® E). Set

(3.1) D, =v2 (3" 970,

Using the assumption of the bounded geometry, we have by [15, (6.1.8)] for p large
enough,

(3.2) Ker(D,) = Ker(D}) = Hy (X, L’ ® E).

Here D, is the modified Dirac operator in Remark 2.2 with A = @(8 — 0)0, see
[2, Theorem 2.2] (cf. [15, Theorem 1.4.5]). In particular, if (X, .J, g7¥) is a complete
Kéhler manifold, then D, in (3.1) is the Dirac operator in Section 2.

Thus under the assumption of the bounded geometry, Theorem 0.1 still holds for the
kernel P,(z, ) in this context. O

Remark 3.2. Let (X, J, g7¥) be a complete Hermitian manifold. We assume now that
(3.3) R* = —2my/~16.

Then (X, J,w) is a complete Kdhler manifold, ¢?* = w(-,J-) and (0.1) holds. To get
the spectral gap property (Lemma 1.2), or even the Héormander L?-estimates, as in [15,
Theorem 6.1.1], we need to suppose that there exists C' > 0 such that on X,

(3.9 V—1(R* 4+ RF) > —Cw]ldp,
with R the curvature of the holomorphic Hermitian connection V4 on K% = det(7"% X).

3.2. Holomorphic convexity of manifolds with bounded geometry. We will identify
the 2-form R’ with the Hermitian matrix R* € End(7"% X) such that for W, Y € T X,

(3.5) REW,Y) = (R'W,Y).

Analogous to the result of Theorem 0.1 about the uniform off-diagonal decay of the
Bergman kernel, a straightforward adaptation of the technique used in this paper yields
the uniform diagonal expansion for manifolds and bundles with bounded geometry (cf.
[15, Theorem 4.1.1] for the compact case, [15, Theorems 6.1.1, 6.1.4] for other cases of
non-compact manifolds including the covering manifolds). This was already observed in
[15, Problem 6.1]. The following theorem allows to construct uniform peak sections of
the powers L? for p sufficiently large.
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Theorem 3.3. Let (X, J, g"*) be a complete Hermitian manifold. Assume that RY, R¥, J,
g™* have bounded geometry and (0.2) holds. Then there exist smooth coefficients b,(z) €
End(FE), which are polynomials in R™*, R (and d©, R*) and their derivatives with order
< 2r — 2 (resp. 2r — 1, 2r) and reciprocals of linear combinations of eigenvalues of R at z,
and

(3.6) by = det(RL/(27)) 1dg,
such that for any k, (¢ € N, there exists Cy , > 0 such that for any p € N,

(3.7) < Crp™ F 1

€(X)

Py(z,x) — Z b, (z)p" ™"

Moreover, the expansion is uniform in the following sense: for any fixed k,{ € N, assume
that the derivatives of g, h*, h* with order < 2n + 2k + ¢ + 6 run over a set bounded in
the €*—norm taken with respect to the parameter x € X and, moreover, g'X runs over a
set bounded below, then the constant Cy, , is independent of g7*; and the €*-norm in (3.7)
includes also the derivatives with respect to the parameters.

We will actually make use in the following only of the case ¢ = 0 from Theorem 3.3.

Theorem 3.4. Let (X, J,g7*) be a complete Hermitian manifold. Assume that Rt R, J,
g'* have bounded geometry and (0.2) holds. Then there exists p, € N such that for all
p = po, the bundle LP @ E is generated by its global holomorphic L?-sections.

Proof. By Theorem 3.3,
(3.8) P,(z,z) = by()p" + O(p" "), uniformly on X,

where by = det(R"/27) Idg. Due to (0.2), the function det(R*/27) is bounded below by
a positive constant. Hence (3.8) implies that there exists p, € N such that for all p > p,
and all x € X the endomorphism P,(z,z) € End(E,) is invertible. In particular, for any

v € L ® E, there exists S = S(v,v) € Hy) (X, L? ® E) with S(z) = v. O

We can apply Theorem 3.4 to the following situation. Let , be a Hermitian metric on
LP. Let 7 : X — X be a Galois covering and consider

3.9)  ©=10, dvg=0"/nl, (I*,h,) = (r*L7,x°h,), (E,hF) = (r*E,7*h"),

and let L2(X, [” ® E) be the L2-space of sections of L? ® E with respect to h,, h?, dvg.
The space of global holomorphic L?-sections is defined by

(3.10) HY (X, [?® E) ={S € L}(X,[* ® E) : 9S = 0}.

Corollary 3.5. Let (X,©) be a compact Hermitian manifold, L be a positive line bundle
over X. Then there exists py € N such that for all Galois covering r : X — X, for all p > p,
and all Hermitian metrics h,, h* on LP, E, the bundle L? ® E is generated by its global
holomorphic L*-sections.

Proof. Indeed, ()? , gT)? ) is complete and RL RE, ], gT)? have bounded geometry. Thus
the conclusion follows immediately from Theorem 3.4 for metrics &, of the form (h")?,
where h” is a positively curved metric on L. That p, is independent of the covering
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7 : X — X follows from the dependency conditions of p, in Theorem 3.4. Observe
finally that the L? condition is independent of the Hermitian metric h,, h* chosen on L?,
E over the compact manifold X. O

Note that instead of using Theorem 3.4 we could have also concluded by using [15,
Theorem 6.1.4]. The latter shows that, roughly speaking, the asymptotics of the Bergman
kernel on the base manifold and on the covering are the same. Note also that by Theorem
3.4 or [15, Theorem 6.1.4] we obtain an estimate from below of the von Neumann
dimension of the space of L? holomorphic sections (cf. [15,Remark 6.1.5]):

~ ~ ~ n v—1 "
(3.11) dimp Hiy (X, [P @ E) > p—/ <—RL) +o(p"), p—o0.
X

n! 2w

This was used in [20] and [15, §6.4] to obtain weak Lefschetz theorems, extending
results from [19].
The following definition was introduced in [18, Definition 4.1] for line bundles.

Definition 3.6. Suppose X is a complex manifold, (F,h’) — X is a Hermitian holo-
morphic vector bundle. The manifold X is called holomorphically convex with respect to
(F, ht") if, for every infinite subset S without limit points in X, there is a holomorphic
section S of F' on X such that |S|,r is unbounded on S. The manifold X is called holo-
morphically convex if it is holomorphically convex with respect to the trivial line bundle.

Since it suffices to consider any infinite subset of S, in order to prove the holomorphic
convexity we may assume that S is actually equal to a sequence of points {z; };cn without
limit points in X.

Theorem 3.7. Let (X, J,g7*) be a complete Hermitian manifold. Assume that RY, R, J,
g'* have bounded geometry and (0.2) holds. Then there exists p, € N such that for all
p = po, X is holomorphically convex with respect to the bundle [P ® E.

Proof. If X is compact the assertion is trivial. We assume in the sequel that X is non-
compact. We use the following lemma.

Lemma 3.8. There exists py € N such that for all p > py, for any compact set K C X
and any e, M > 0 there exists a compact set K (e, M) C X with the property that for any
x € X\ K(e, M) there exists S € H&)(X, L? @ E) with |S(x)| > M and |S| < e on K.

Proof. Let py € N be as in the conclusion of Theorem 3.4. For any z € X, w € [2 ® E,,
consider the peak section
(3.12) SEH(OQ)(X,L”@E), y— Py, x) - w.

Since P,(z, ) is invertible, we can find for any given v € L? ® E, a peak section S, , as
in (3.12) such that S, ,(z) = v. Thus for any x € X there exists v(z) € L2 ® E, such
that |S, vz ()] = M. By (0.3), for any fixed 0 < r < inj*, Sz.(z) has exponential decay
outside the ball B(z,r), uniformly in = € X. We can now choose ¢ > 0, such that for any
x € X with d(z, K) > § we have |, ,:)(y)| < € for y € K. We set finally

(3.13) K(e,M)={z€ X :d(z,K) <}.
The proof of Lemma 3.8 is completed. O
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In order to finish the proof of Theorem 3.7, let us choose an exhaustion {K;};cy of
X with compact sets, i.e., K; C f(iﬂ and X = J,.y K. Consider a sequence {z;}ien
in X without limit points. Using Lemma 3.8 we construct inductively a sequence of
holomorphic sections {S;};cny and a subsequence {v(i)};cy of N such that

(3.14) S| <27 on K; and [S(z,)] = 2°+ Y 1S;(z00)],

j<i
where v(i) is the smallest index j such that z; € X \ K;(27%,2' + 3. [Sj(2y;)|)- Then
S =3 ,en Si converges uniformly on any compact set of X, hence defines a holomorphic
section of L ® E on X, and satisfies |S(z,(;))| — oo as ¢ — oo. O

Remark 3.9. (a) Napier [18, Theorem 4.2] proves a similar result for a complete Kdhler
manifold with bounded geometry and for (E,hF) trivial. His notion of bounded ge-
ometry is weaker than that used in the present paper (cf. [18, Definition 3.1]), so he
first concludes the holomorphic convexity for the adjoint bundle L? ® Kx (twisting with
K is necessary for the application of the L? method for solving the d-equation, due to
Andreotti-Vesentini and Hérmander, see e. g., [8, Théoreme 5.1], [15, Theorem B.4.6]).
If the Ricci curvature of ¢’ is bounded from below, then [18, Theorem 4.2 (ii)] shows
that X is holomorphically convex with respect to L?, for p sufficiently large. Note that
our notion of bounded geometry implies that the Ricci curvature of g is bounded from
below.
(b) In the conditions of Theorem 3.7 there exists p, € N such that for all p > p, we
have:
6)) H?Q)(X, [P ® F) separate points of X, i.e., for any x,y € X, x # y, there exists
S € Hp (X, LP ® F) with S(z) =0, S(y) # 0.
(i) H (02) (X, L? ® F) gives local coordinates on X, i.e., for any € X there exist Sy,
Sy, ..., S, € H&)(X, L? ® F) such that Sy(z) # 0 and S;/Sy, ..., S,/S, form a
set of holomorphic coordinates around z.
The items (i) and (ii) follow from the L? estimates for 0 for singular metrics by using sim-
ilar arguments as in [8], [18]. We show next how they follow also from the asymptotics
of the Bergman kernel.

Proposition 3.10. Let (X, J, g7*) be a complete Kdhler manifold. Assume also that there
exist ¢, C' > 0 such that on X,

(3.15) V=IRY (-, J) = g™ (-,-), V-1(R* + RF) > —Cwldg .

Then for any compact set K C X there exists po = po(K) € N such that for all p > p, the
sections of H (02) (X, L? ® E) separate points and give local coordinates on K.

Proof. For x € X, we construct as in [15, §6.2] the generalized Poincaré metric. Consider
the blow-up o : X — X with center 2 and denote by D C X the exceptional divisor. By
[15, Proposition 2.1.11 (a)], there exists a smooth Hermitian metric hy on the line bundle
0(—D) whose curvature R(?(=P)-ho) s strictly positive along D, and vanishes outside a
compact neighborhood of D. We consider on X the complete Kahler metric

(3.16) 0 =a'w+nV/—1RYED:) g << 1.
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The generalized Poincaré metric on X \ {z} = X \ D is defined by the Hermitian form

(3.17) O., = 0 +0V/—191og ((—log||o]|*)?) ., 0 <&y < 1 fixed,
where ¢ is a holomorphic section of the associated holomorphic line bundle &'(D) which
vanish to first order on D, and ||o|| is the norm for a smooth Hermitian metric || - || on

O (D) such that ||o|| < 1. By [15, Lemma 6.2.1] the generalized Poincaré metric is a
complete Kahler metric of finite volume in the neighborhood of x, whose Ricci curvature
is bounded from below. Set

(3.18) Rl = hE (—log(||lo|?))Fe™¥, O0<e<1,

where ¢ is a singular weight which vanishes outside a neighbourhood of = and ¥ (z) =
2nlog |z — z| in local coordinates near . We can apply [15, Theorem 6.1.1] to (X \
{z},0.,), (L,hl) and E, since condition (3.15) are satisfied for this data. Lety € X,
y # x. Due to the asymptotics of the Bergman kernel on X \ {z}, there exists py(z,y)
such that for all p > po(x, y) there is a section

(3.19) Sp € HY (X \ {z}, L ® B, ht,OF ) with S (y) # 0.

) ey

Since the volume form ©7 dominates the Euclidean volume form and e ¥ is not inte-
grable near z, the L? condition on §§’y implies that §§7y extends to X with the value 0 at
z. The extension S?  is necessarily holomorphic by the Hartogs theorem and moreover
an element of H&)(X, IP ® E). It satisfies ST (v) =0, St (y) # 0, as desired.

In a similar manner one proves that H (02) (X, L? ® E) separate points and give local
coordinates on K. O

Remark 3.11. (a) Under the hypotheses of Theorem 3.7 (that is, bounded geometry)
the argument above shows that the p, € N in Proposition 3.10 can be chosen such that
forall p > py, H (02) (X, L? ® F) separate points and give local coordinates on the whole
X, i.e., points (i) and (ii) from Remark 3.9 (b) hold.

(b) The separation of points in Proposition 3.10 follows also from a non-compact ver-
sion of [9, Theorem 1.8], where the asymptotics of the Bergman kernel for space of
sections of a positive line bundle twisted with the Nadel multiplier sheaf of a singular
metric are obtained.

Theorem 3.12. Let (X, J,©) be a complete Hermitian manifold and let ¢ be a smooth
function on X. Assume that ¢ is bounded from below, 90y, J, g7* have bounded geometry
and there exists ¢ > 0 such that /=109y > €0 on X. Then X is a Stein manifold.

Proof. We apply Theorem 3.7 for the trivial line bundle L = X x C endowed with the
metric h* defined by |1|2, = e *%. Then

(3.20) RF =200¢.

Thus X is holomorphically convex with respect to (L, e~?%) for p sufficiently large. Since
¢ is bounded below this implies that X is holomorphically convex with respect to the
trivial line bundle endowed with the trivial metric. Moreover, Remark 3.9 (b), or Propo-
sition 3.10, shows that global holomorphic functions on X separate points and give local
coordinates on X. Hence X is Stein. OJ
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Corollary 3.13. Let (X, J,©) be a compact Hermitian manifold and (L, h") be a positive
line bundle over X. Then there exists py € N such that for all Galois covering  : X > X,
forall p > po, and all Hermitian metrics h,, h” on L?, E, X is holomorphically convex with
respect to the bundle LP @ E.

Proof. The conclusion follows immediately from Theorem 3.7 for metrics h,, of the form
(hL)P, where h' is a positively curved metric on L. Observe finally that the convexity is
independent of the Hermitian metrics h,, h* chosen on L?, E over the compact manifold
X. U

Remark 3.14. We can prove Corollary 3.13 also without the use of the off-diagonal decay
of the Bergman kernel. What is actually needed is only Corollary 3.5 which uses only
the diagonal expansion of the Bergman kernel. In order to carry out the proof we show
that Lemma 3.8 follows from Corollary 3.5. By this Corollary, for any = € X there exists
Sy € HOQ)(X L ® F) such that |S,(z)] > M. Since S, € L*(X,LP @ E), there exists a

compact set A(S,, ) C X such that

(3.21) 15, <eon X\ A(S,, ).

Let F C X be a compact fundamental set. Using what has been said, there exists a
compact set F'(¢, M) D F and sections Sy, ..., S, € H(Oz) (X, LP ® F) such that

(3.22) max |Si(z)| > M forall z € F and max |S;(z)| <eforallz € X \ F(e, M).

1<i<m 1<i<m

Let K C X be a compact set and let I be the group of deck transformationsof 7 : X — X.
Define

(3.23) K(e,M)=| J{yF:7 €T, KNyF(s, M) # 0}

Consider now z € X \ K(e, M). Then there is v € T such that y"'z € F. It follows that
K N~F(e, M) = ( so there is S; such that |yS;(x)| > M and |yS;| < ¢ on K.

Remark 3.15. Let (X, w) be a compact symplectic manifold and (L, VL, h!) be a prequan-
tum line bundle on X, i.e., satisfying (0.1). Let (E, V¥ h¥) be an arbitrary Hermitian
vector bundle on X. Consider a Galois covering 7 : X — X and let I' be the group
of deck transformations. Let us decorate with tildes the preimages of objects living on
the quotient, e.g., L = 7L, & = m*w etc. Let 151, be the spin® Dirac operator acting on
0%+ (X, L? ® E) and P, be the orthogonal projection from L2(X, E,) onto Ker(D,). We
can deduce from Theorem 0.1 that for p > p, we have

(3.24) > By(yx,y) = By(n(x),7(y)), foranyz,ye X.

vyerl’

This formula in the compact Kahler situation and for £/ = C also appeared in [11]. Since
the proof is similar to that of [11] we don’t give the details here.
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