N
N

N

HAL

open science

Thermal conductivity from approach-to-equilibrium
molecular dynamics
E. Lampin, Pier Luca Palla, P.A. Francioso, F. Cleri

» To cite this version:

E. Lampin, Pier Luca Palla, P.A. Francioso, F. Cleri.
to-equilibrium molecular dynamics.  Journal of Applied Physics, 2013, 114 (3), pp.033525.

10.1063/1.4815945 . hal-00871995

HAL Id: hal-00871995
https://hal.science/hal-00871995

Submitted on 25 May 2022

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

Thermal conductivity from approach-


https://hal.science/hal-00871995
https://hal.archives-ouvertes.fr

Thermal conductivity from approach-to-
equilibrium molecular dynamics

Cite as: J. Appl. Phys. 114, 033525 (2013); https://doi.org/10.1063/1.4815945
Submitted: 04 April 2013 « Accepted: 01 July 2013 « Published Online: 19 July 2013

) S @

View Online Export Citation CrossMark

E. Lampin, P. L. Palla, P.-A. Francioso, et al.

AN

(7))
R
(7))
>
(TR
on
T O
c.0
| \—
50
0Q
RE- ¢

ARTICLES YOU MAY BE INTERESTED IN

A simple nonequilibrium molecular dynamics method for calculating the thermal conductivity
The Journal of Chemical Physics 106, 6082 (1997); https://doi.org/10.1063/1.473271

Phonon properties and thermal conductivity from first principles, lattice dynamics, and the
Boltzmann transport equation

Journal of Applied Physics 125, 011101 (2019); https://doi.org/10.1063/1.5064602

Perspective on ab initio phonon thermal transport
Journal of Applied Physics 126, 050902 (2019); https://doi.org/10.1063/1.5108651

Lock-in Amplifiers
up to 600 MHz

N/ Zurich
N\ Instruments 8

J. Appl. Phys. 114, 033525 (2013); https://doi.org/10.1063/1.4815945 14, 033525

© 2013 AIP Publishing LLC.



https://images.scitation.org/redirect.spark?MID=176720&plid=1735779&setID=379065&channelID=0&CID=634322&banID=520641639&PID=0&textadID=0&tc=1&type=tclick&mt=1&hc=9c1ac18f5d6639d1702da7e8807e4ca243d2c309&location=
https://doi.org/10.1063/1.4815945
https://doi.org/10.1063/1.4815945
https://aip.scitation.org/author/Lampin%2C+E
https://aip.scitation.org/author/Palla%2C+P+L
https://aip.scitation.org/author/Francioso%2C+P-A
https://doi.org/10.1063/1.4815945
https://aip.scitation.org/action/showCitFormats?type=show&doi=10.1063/1.4815945
http://crossmark.crossref.org/dialog/?doi=10.1063%2F1.4815945&domain=aip.scitation.org&date_stamp=2013-07-19
https://aip.scitation.org/doi/10.1063/1.473271
https://doi.org/10.1063/1.473271
https://aip.scitation.org/doi/10.1063/1.5064602
https://aip.scitation.org/doi/10.1063/1.5064602
https://doi.org/10.1063/1.5064602
https://aip.scitation.org/doi/10.1063/1.5108651
https://doi.org/10.1063/1.5108651

JOURNAL OF APPLIED PHYSICS 114, 033525 (2013)

@ CrossMark

Thermal conductivity from approach-to-equilibrium molecular dynamics

E. Lampin,a) P. L. Palla, P.-A. Francioso, and F. Cleri

Institut d’ Electronique, Microelectronique et Nanotechnologie (IEMN, UMR CNRS 8520),

Université de Lille I, 59652 Villeneuve d’ Ascq Cedex, France

(Received 4 April 2013; accepted 1 July 2013; published online 19 July 2013)

We use molecular dynamics simulations to study the thermal transport properties of a range of poor to
good thermal conductors by a method in which two portions are delimited and heated at two different
temperatures before the approach-to-equilibrium in the whole structure is monitored. The numerical
results are compared to the corresponding solution of the heat equation. Based on this comparison, the
observed exponential decay of the temperature difference is interpreted and used to extract the thermal
conductivity of homogeneous materials. The method is first applied to bulk silicon and an excellent
agreement with previous calculations is obtained. Finally, we predict the thermal conductivity of
germanium and o-quartz. © 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4815945]

. INTRODUCTION

Nanoscale effects on heat transport are expected to have
a major role on heat dissipation in advanced semiconductor
architectures and to improve the efficiency of novel thermo-
electric materials. Measurements of heat transport are gener-
ally performed on a macroscopic scale, and give the global
response of a multi-material structure, including the various
interfaces and materials. Atomistic computer simulation of
heat transport in nanoscale materials and interfaces can help
to analyze the experiments, understand the size- and time-
scale limiting effects, and assess relevant macroscopic mod-
els." Modeling of heat transport at the atomic scale by
molecular dynamics (MD) simulations has followed up to
now two major approaches. The first one, called equilibrium
MD,? is based on the quantification of the fluctuations of the
heat current in a system equilibrated at a given temperature.
A Green-Kubo or Einstein fluctuation relation is eventually
used to extract the thermal conductivity of the bulk material.
The second method, called non-equilibrium MD or direct
method,” is based on establishing a steady-state heat current
between a heat source and a heat sink, and thermal bulk con-
ductivity or interface conductance are extracted, respec-
tively, from the slope or the discontinuity in the temperature
gradient.

In the present work, we develop a different approach,
called AEMD for “approach-to-equilibrium” MD. The sys-
tem is initially set out-of-equilibrium by delimiting a portion
heated at a different temperature from the rest. The
approach-to-equilibrium, i.e., the time evolution of the tem-
perature difference between the two parts, is then monitored.
It can be shown that, for most practical cases of interest, the
temperature decay is exponential. The equilibrium is typi-
cally reached in a few tenths to hundreds of ps, and conse-
quently, the computational cost is much reduced, compared
to both the computation of an autocorrelation function, as in
the equilibrium MD, and the establishing of a steady state
thermal current, as in the non-equilibrium MD. Moreover,
the AEMD method is based on the calculation of the average
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temperature over substantially extended portions of the at-
omistic system, instead of requiring a local definition of tem-
perature over extremely small regions (<1nm). Of course,
one could calculate such “local” values in the course of the
simulation, e.g., for the sake of comparison with other MD
or continuum methods. However, it is worth noting that the
local temperature definition is not necessary ingredient for
the implementation of the method. As a further advantage,
the absolute energy flux does not have to be known, thereby
reducing the numerical noise of the simulation.

It is worth noting that the AEMD presented here is not
completely a new method. Inspired by the experimental set
up of the laser-flash method to measure macroscopic thermal
diffusivity,® techniques based on the approach-to-equilib-
rium were already implemented by some authors as a practi-
cal alternative to the more conventional methods, most often
in cases where computational convergence seemed difficult
to reach.” However, the exponential temperature decay was
just observed as a result without providing a theoretical ba-
sis, moreover without investigating the advantages and limi-
tations of the method. In the present paper, we propose
explicit formulas to extract the bulk conductivity from the
decay time of the temperature difference. The equations are
derived from the analytical solution of macroscopic
Fourier’s heat equation. The limits of this assumption have
been addressed and taken into account in the application of
the formulas to the MD results. The AEMD method is
applied to a range of bulk materials having thermal conduc-
tivities ranging from good (silicon) to poor (a-quartz).

The present work is structured as follows: in Sec. II, we
describe the molecular dynamics calculation of the
approach-to-equilibrium. In Sec. III, we derive a relation
between the decay time of the exponential temperature dif-
ference and the bulk conductivity, by comparison with the
solution of the heat equation in the same conditions. In Sec.
1V, we first validate the method on the determination of the
conductivity of silicon. An excellent agreement with previ-
ous calculations is found. Afterwards we apply the method
to predict the conductivity of poorer thermal conductors,
namely germanium and o-quartz, for which corresponding
numerical evaluations are not available.

© 2013 AIP Publishing LLC
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T FIG. 1. An elongated box of length L,
2 . ; LS
and cross section S is periodised in the
3 directions. The atoms in the range

z=0 z=Ls

Il. APPROACH-TO-EQUILIBRIUM MOLECULAR
DYNAMICS

The principle of AEMD is to set an atomistic system out-
of-equilibrium by imposing a temperature difference between
two parts in contact; subsequently, the system is let evolve to
its equilibrium, i.e., the temperature difference between the
different parts of the system going to zero. In a typical case, a
box is constructed to induce a preferential energy flow in the
z-direction (see Fig. 1). Periodic boundary conditions are used
in the three directions. Atoms in the interval [z=0,L,] are
heated up to equilibrate at a temperature 7';, while atoms in
the interval [L,L.] are heated to the temperature T5,.
Afterwards the temperature controls are released, in order to
create a directed energy flow that will bring the system to its
equilibrium by a microcanonical, constant-{ NVE} MD simu-
lation. The initial equilibration of the two halves of the box
(Ly=L./2) respectively at T{ =600K and 7, =400K, is per-
formed during 10000 steps of 1 fs using the Nosé-Hoover
thermostat.® This setting of the parameters leads to a target
equilibrium temperature 7,, = 500 K. Si-Si and Ge—Ge intera-
tomic forces are described using Tersoff potential,” the Si-O
interactions in a-quartz are described using the BKS potential®
within a modified version of the DL_POLY9 code.

In classical MD simulations, all the vibrational degrees
of freedom are excited at any temperature, i.e., energy is dis-
tributed according to the Maxwell-Boltzmann rather than the
Bose-Einstein distribution. Therefore, MD simulations are
meaningful only around or above the Debye temperature.
This consideration motivates our choice of the target equilib-
rium temperature of 500K (the Debye temperature being
equal to 625 K for cSi (Ref. 10)).

Figure 2 gives an example of the temperature profiles at
three subsequent snapshots of the MD simulation for the case
of a crystalline silicon (cSi) box of dimensions 16aq x 16a,
x 1100ay =87 x 87 x 5993 A> (ay=5.45A is the lattice pa-
rameter at the final temperature) containing 2252 800 atoms.
The square temperature profile corresponding to the initial
equilibration of each block at distinct temperatures is labeled
“0 ps” (red curve in Fig. 2). After 100 ps (green curve) the

| z€ [0,L,] are heated to T, the atoms

=Lz in the range [Lg;L.] are heated to 7.

temperature profile becomes sinusoidal, and its amplitude
decreases with time.

The temperature difference AT =T,~T, between the two
blocks is calculated every 50 steps and plotted in Figure 3.
The time evolution of the AT(¢) curve during the approach-to-
equilibrium, AT —0K, can be fitted by a bi-exponential curve

AT — Clexp(_t/TLong) + CZeXp(_t/TTmns)y (l)

where ¢, =183K, ¢, =14K, 17,5, =225pS, T7rans=23PpS;
the fit is also given in Fig. 3, light blue curve. As a general
finding, the approach-to-equilibrium is always dominated by
one single exponential over long times, together with a tran-
sient, short-lived contribution. In Sec. III, we provide an ex-
planation for such multi—exponential behavior, and establish
a way to extract the bulk conductivity from the AT(¢) curve.

lll. TEMPERATURE EQUILIBRATION IN A BULK
MATERIAL

In the case of unidirectional (or 1-dimensional) heat
transport, the heat equation governing the time and space
evolution of the temperature, 7(t,z), derived from the Fourier
law and from energy conservation, is

T (t,z) O*T(t,2)

o * 02’ @)

where o = k/Cyp is the thermal diffusivity m? s™h, k is
the thermal conductivity (W K" m™"), Cy is the heat capacity
d Kil), and p is the number density (m73). It is assumed that
these quantities do not vary with time and space since we con-
sider an homogeneous material, while their dependence on
temperature is presumed to be slow over the temperature range
considered, so as to be replaced by an average value. A solution
of this equation can be obtained using separation of variables

T(t,2) = 0(¢).0(2). 3)

In the particular case of a bulk system with periodic bound-
ary conditions the temperature and flux are identical at z=0

650
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FIG. 2. Temperature profiles during
AEMD at the beginning of {NVE}
(red), after 100 ps (green) and 200ps
(blue), and sine fit.
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FIG. 3. Temperature difference between the two blocks versus time for the
same system studied in Fig. 2 and its fits by Eq. (1).

and z=L.. The time-dependent part of the solution is there-
fore 0(r) = 0y - exp(—t/t,) with

(I

L.C,
Ty = ———— = =
" Ann? o

4m2n2 § Kk’

“)

S being the transverse section with respect to the heat flow
direction.
The complete solution is then given by

A, & _ o
T(t,z) = 70+ Z(Ancos(qnz) + Bysin(g,z)) e, (5)
n=1

where ¢, = 2nn/L,, n being an integer and

Lz
2
Ay =— | T(0,z)cos(gnz)dz
Ly
0
, L (6)
B, =— JT(O, z)sin(q,z)dz
Ly
0

correspond to the coefficients of the Fourier series of the ini-
tial condition. In the particular case where L;=1L./2,
T(0,2)=T; for 0<z<Lg and T(0,2) =T, for Ly<z< L., all
the A,, and the B,, with n even are null, and the solution reads

Tl +T2 ic: T2 sin 2n(2m—|— l)Z
1 2m+1)n L.

T(t,z)

% e—(2m+l) t/rl. (7)

The corresponding expression of the average temperature
difference between blocks AT(#) (plotted in Fig. 3) is

L.)2 L.
AT (1) :LZ% J T(t,2)d— L% J T(t,2)d=
L

S LI ®
(2m+1)

2.2
m=0 2m + n

J. Appl. Phys. 114, 033525 (2013)

The general solution is therefore a multi-exponential
function of time, with a dominant contribution of the first ex-
ponential decay time 7; (m=0). The second exponential in
the series has a decay time 17, =1,/9 and an amplitude 9
times smaller. Therefore, the terms for m > 1 are expected to
have but a minor contribution in the approach to equilibrium,
except during the transient since the terms for m > 1 enable
the transition from the initial square profile to a sinusoidal
one. Indeed, the temperature profile along z calculated by
MD was already shown to have a sinusoidal form after 100
ps (Fig. 2).

During the transient, non-linear effects may also origi-
nate from strong gradients at the temperature step and make
the solution deviate from Eq. (8). Nevertheless, we always
extracted the thermal conductivity using the temperature
decay at long times where temperature gradients are largely
reduced. In these conditions, non-linear effects can be con-
sidered as negligible. This hypothesis has been verified by
testing the dependence of the decay time on the fit range. A
good stability of the results has been found starting the fit
when AT(¢r) < AT(0)/2. The above considerations on transient
can also explain the small discrepancy between the 7,/1, ra-
tio predicted by the heat equation (7;/7,=9) and the corre-
sponding ratio calculated by MD (T1,,e/T7rans = 9.8, Eq. (1)).

Identifying t;,,, with 7, (hereafter simply labeled 7),
the bulk thermal conductivity can therefore be obtained from
the relation in Eq. (4)

1 L.Cyl
TS o ©

IV. BULK THERMAL CONDUCTIVITY OF cSl, cGE, AND
a-quartz

We performed AEMD simulations with the method
described in Sec. II for various bulk crystalline systems rang-
ing from good to poor thermal conductors: cSi, cGe, and «-
quartz, and for system lengths up to 1.2 um. Various cross
sections ranging from 4 x 4 to 16 x 16 (units of lattice pa-
rameter at the target temperature) were tested. Although the
decay time already converges to a constant value for the
smaller cross section (4 x 4), we used a higher section of 16
x 16 that presents a reduced numerical noise on the AT(r)
curve, thereby permitting a higher precision in the determi-
nation of the decay time.

On the other hand, the heat capacity Cy was computed
for each material following the approach of McGaughey and
Kaviany."' The total energy E of a 8 x 8 x 8 cubic cell is
computed at T=490, 495, 500, 505, and 510K in the
{NVT} ensemble, and averaged over 60 ps and 10 different
initial conditions. The linear fit of E(T) gives a specific heat
per degree of freedom, Cy/3Nkg, equal to 1.014 £ 0.013 for
cSi, 1.024 = 0.021 for cGe, and 1.196 = 0.011 for a-quartz
at T=500K.

First, the values of 7 and Cy are obtained and combined
according to Eq. (9) in order to calculate k for silicon. The
results of these calculations are summarized in Fig. 4. The
uncertainty was systematically determined for each size fol-
lowing Zhou ef al.'*
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FIG. 4. System size dependence of 1/k on 1/L for cSi. The straight line is a
fit with Eq. (10).

Results in Fig. 4 show a strong dependency of the con-
ductivity on the system length. Such a behavior is expected
due to the small size of the simulation box compared to
some of the phonon mean free paths (MFP) of the infinite
system. The convergence length issue was already raised by
Sellan et al.,13 who determined phonon MFPs greater than
10 um in silicon at 500K, such phonons contributing about
30% of the overall conductivity. Therefore, we have extrapo-
lated the asymptotic conductivity by means of the

Matthiessen’s rule?
1 1 A
E:_x (1+L>, (10)

z

with k., the asymptotic value of the thermal conductivity,
and 4 a length related to the phonon MFP.

The computational effort required by the present AEMD
technique is drastically reduced compared to other numerical
methods. Once the initial square temperature profile is equili-
brated, the {NVE} MD simulation is performed during 100 ps
to 1 ns, depending on the system size, up to attaining an accu-
racy for the asymptotic decay time of the order of a few per-
cents. Therefore, bigger systems could be studied, of lengths
up to 1.2 um (about 4.5 x 10° of atoms with the 16 x 16 cross
section). Such sizes are about 2 times longer and 10 times
wider compared to previous calculations by Abs da Cruz
et al.,"* and 2 to 4 times longer and 4 times wider compared
to Howell."” Nevertheless, due to computer limitations, the
numerical improvement was not sufficient to attain the macro-
scopic limit for silicon. The extrapolation based on Eq. (10)
gives koo =154 + 6W K 'm ™' and 2 =502 * 34nm.

Abs da Cruz et al.,14 and Howell" already evidenced
the influence of the interatomic potential on the value of the
thermal bulk conductivity; therefore, we chose to compare
our results only to calculations performed with the same
(Tersoff) potential. The direct MD method is used by Abs da
Cruz et al.'* with a result of k., =125+6W K 'm~! and
by Howell'® with a result of k.o =155*=4W K 'm~". The
difference is attributed by Howell'® to an underestimation of
the error bars in Ref. 14. We did not find any results pub-
lished using the Tersoff potential with the Green-Kubo
method at a temperature of 500 K. Our results are in total

J. Appl. Phys. 114, 033525 (2013)

agreement with the results by Howell. This agreement vali-
dates AEMD as a method to extract thermal conductivities.
The theoretical determination keeps higher than the experi-
mental value for natural crystalline Si (Ref. 16) equal to
Ko =80 W K 'm~!. We believe that the role of the intera-
tomic potential in this discrepancy is crucial. As a matter of
fact, interatomic potentials like Tersoff were developed to
accurately describe the linear elastic behavior of silicon but
the non-linearity of the mechanical response, which should
be extremely accurate to give a good estimate of the thermal
conductivity, was not explicitly addressed in the design of
the potential. A known consequence is the poor quality of
the Griineisen parameters'® for Tersoff as well as for other
potentials like Stillinger-Weber.?’

We further applied the AEMD method to other materials
having significantly different thermal conductivity, namely
cGe and «-quartz. The size dependence of the thermal con-
ductivity in these materials at the same temperature (500 K)
is summarized in Fig. 5 together with the previous results for
cSi. The extrapolation according to Eq. (10) gives
Keo=51+*2W K 'm ! and 1=214 = 15nm for cGe and
Koo =108 £03W K 'm™~', and /=24 =+ 3 nm for a-quartz
along the [001] direction. For these two materials, we could
not find in the literature any calculation performed at this
temperature. The experiments give a value of k., =34 W
K 'm™! for natural, crystalline Ge;16 experimental data for
isotopically pure Ge (Ref. 17) show only a small increase, of
about 10%, given the relatively low Debye temperature of
cGe (360K (Ref. 10)). For o-quartz, Pohl et al.'® found a
value of 6.5W K 'm~" at 500 K. In these two cases, the cal-
culation overestimates the value of the thermal conductivity,
presumably for the same reason than for cSi, i.e., because of
the inability of the interatomic potentials to finely render
anharmonicity. Nevertheless, the decrease in thermal con-
ductivity from the cSi to cGe and from cGe to a-quartz is
obtained by the calculation, with a ratio equal to 3.0 for
Koo 16029 and 4.8 for koK ™ to compare with
the experiments equal to 2.3 and 5.2, respectively. The
decrease of the length A from cSi to a-quartz is also qualita-
tively consistent with the decrease of the maximum phonon
mean free paths in less good conductors.

120

100

80

60

K(W/Km)

40

20

0 02 04 06 08 1 12 14
Lz(um)

FIG. 5. System size dependence of k on Ly for cSi, cGe, and a-quartz. The
lines are fits with Eq. (10).
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V. CONCLUSIONS

The approach-to-equilibrium MD method (AEMD) is
developed, and its connection to the Fourier macroscopic
heat equation is explicitly derived. The exponential behavior
of the temperature difference, observed between parts of a
material initially exposed to a temperature difference, is
explained, and the conditions under which a single exponen-
tial behavior at long times with a time constant 7 is observed
are spelled out. In the AEMD method, the temperature is cal-
culated as the average over large ensembles of atoms, and
the time constant 7 is extracted by an exponential fit of AT(z)
over several decades. Once 7 is obtained, an explicit expres-
sion for the thermal conductivity is derived.

The AEMD approach was applied to cSi. It was shown
that the convergence of the conductivity to its asymptotic,
size-independent value is improved thanks to the reduced
computational cost of the approach. Nevertheless, bulk con-
ductivity in materials with exceedingly long phonon MFPs is
out-of-reach even with the present method, but an extrapola-
tion scheme results in an excellent agreement with the results
obtained with the direct method and the same interatomic
potential. The method is further used to determine the ther-
mal conductivity of less good conductors, cGe and o-quartz.
The calculated values systematically overestimate the meas-
ured ones, a shortcoming common to other MD methods that
must be thought as tools to compare materials or system geo-
metries such as bulk, planes, nanowires, or structuration such
as holes rather than quantitative predictors. At least part of
the discrepancy between MD calculations and experiments is
attributed to the limitations of the interatomic potentials, typ-
ically not accurate enough to finely predict the anharmonic-
ity necessary to describe multi-phonon scattering.

Beyond the determination of bulk conductivity, an
AEMD approach has been previously applied to the study of
interfaces under the lumped capacitance approximation,®'
but it can be easily extended to more general cases. In this
perspective, since the AEMD method relies on monitoring
just “macroscopic” temperature differences between parts of
a system, it is ideally suited for studying atomic-scale sys-
tems including complex features, such as nanowires and
other discrete nanostructures, disordered or amorphous
layers, interfaces with nanoscale roughness, and so on.
Therefore, we believe that AEMD can be applied to the

J. Appl. Phys. 114, 033525 (2013)

study of thermal interface resistances, and could be a fast-
computing alternative to study thermal properties in bulk,
nanoscale, and interface materials.
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