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Abstract: In this paper, we use the framework of functions of bounded variation and the
coarea formula to give an explicit computation for the expectation of the perimeter of ex-
cursion sets of shot noise random fields in dimension n > 1. This will then allow us to derive
the asymptotic behavior of these mean perimeters as the intensity of the underlying homo-
geneous Poisson point process goes to infinity. In particular, we show that two cases occur:
we have a Gaussian asymptotic behavior when the kernel function of the shot noise has no
jump part, whereas the asymptotic is non-Gaussian when there are jumps.
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1. Introduction

We will consider here a shot noise random field which is a real-valued random field given on R"
by
X(x) :Zg(x—wi,mi), x € R, (1.1)
icl

where ¢ is a given (deterministic) measurable function (it will be called the kernel function of the
shot noise), the {x;};cr are the points of a homogeneous Poisson point process on R™ of intensity
A, the {m;};cr are called the marks and they are independent copies of a random variable m,
also all independent of {z;};cs. Such a random field is a very common model in Physics and
Telecommunications, where it has many applications [5, 6]. It is a natural generalization of shot
noise processes (n = 1), introduced by [16] to model shot effect noise in electronic devices. More
recently, it has also become a widely used model in image processing, mainly for applications in
texture synthesis and analysis [13].

Geometric characteristics of random surfaces is an important subject of modern probability
research, linked with extremal theory [2, 4] and based on the study of random fields excursion
sets. The excursion set of level ¢ of the random field X in an open subset U of R™ is defined by

Ex(t,U) := {z € U such that X (z) > t}.

Most of the results are obtained for stationary Gaussian random fields but recent works have
allowed to drop the Gaussian assumption. In particular, in [1], asymptotics for the distribution of
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critical points and Euler characteristics are obtained for a large class of infinite divisible stationary
random fields with suitable regularity assumptions. Central limit theorem for volumes of excursion
sets have also been considered in [10] for general stationary random fields, including some shot
noise and Gaussian random fields. In this paper, we will be interested in the “perimeter” of
excursion sets of shot noise random fields (we will give the precise definition of it in the first
section), measured as the n — 1 dimensional Hausdorff measure of its boundary:

x(t,U) :==H""YOEx(t,U)NU).

In dimension n = 1, the “perimeter” of an excursion set is the number of crossings of the considered
level, in dimension n = 2 it measures the length of the boundary of the excursion set, in dimension
n = 3 it measures its surface area, and so on.

The shot noise random field is not necessarily smooth or differentiable (this happens for instance
when the kernel function is an indicator function) and therefore we cannot use the framework of
Adler et. al ([2] or [1]) to compute its geometric features (such as the Euler characteristic or
intrinsic volumes). Even in the case where the shot noise random field is smooth, it may not
satisfy the regularity conditions on the marginal or conditional probability densities of the field
and its gradient ([7]).

As a consequence, we will adopt a different viewpoint, and we will study the excursion sets
via the whole function ¢ — Lx (¢,U), and not only its value for a particular fixed ¢. A convenient
functional framework to define and compute these perimeters is the framework of functions of
bounded variation. Our main tool will be the so-called coarea formula that relates the integral of
the perimeter of all excursion sets to the integral of the differential of the function. The coarea
formula has been already used in a similar situation by Azais and Wschebor in [4] to have a proof
of the theorem that computes the expected number of crossings of a random field as a function of
some of its marginal and conditional probability densities. See also Adler and Taylor [2] p.283 for
a discussion about this theorem. The coarea formula approach is in some sense a weak approach
since we will obtain a formula for almost every level ¢ (and not for a specific value of ¢). But the
advantage is that we will be able to make explicit computations in a situation where the methods of
[2] or [1] cannot be applied. Let us also mention that in our previous paper [8] we started using the
same approach in dimension n = 1, but we worked under a piecewise regularity assumption more
restrictive than functions of bounded variation. We propose here a much more general setting,
allowed for any dimension n > 1. Note also that our results on coarea formula only rely on a
functional assumption and not on a distribution assumption. In particular, they are valid for some
processes with jumps and allow to recover partially some recent results in dimension n = 1 on Rice
formula for the number of crossings for the sum of a smooth process and a pure jump process [11]
or for piecewise deterministic Markov processes [9]. However, we focus here on shot noise random
fields for which we set convenient assumptions to ensure the bounded variation, derive explicit
computation and obtain asymptotic regime as the underlying intensity tends to infinity.

The paper is organized as follows: we start in Section 2 to give some notations and properties of
the functions of bounded variation. Then, in Section 3, we define precisely the shot noise random
field and give an explicit computation of the perimeter of its excursion sets. We illustrate our
results with some examples. Finally in Section 4, we derive two different asymptotic behavior
for the perimeters as the intensity of the underlying homogeneous Poisson point process goes to
infinity.

2. Coarea formula
2.1. The framework of functions of bounded variation
For sake of completeness, we first recall here some definitions and properties of functions of bounded

variation. We will mainly use the framework and notations of Ambrosio, Fusco and Pallara in [3].
We shall also sometimes refer to Evans and Gariepy [12]. In all the following £* will denote the
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k-dimensional Lebesgue measure, and #* will denote the k-dimensional Hausdorff measure. When
there is no ambiguity we will simply denote dx instead of £¥(dz) for the Lebesgue measure in
integrals. We will also use the notation uZA to denote the restriction of a measure y to a set A.

Let U be an open subset of R™. A real-valued function f € L'(U) is said to be a function of
bounded variation in U if

V(f,U) :=sup {/ fdivpdz | p € Ccl(U,R"), lolloo < 1} < +o0.
U

We will denote by BV (U) the space of functions of bounded variation in U. An equivalent definition
([3] p-117-120) of f € BV (U) is that f € L'(U) is such that its distributional derivative (i.e. its
derivative in the sense of distributions) is representable by a finite Radon measure in U, i.e.

/f(x)gi(x)dxz—/a;(@plf(dx) V€ C(UR), Vi=1,....n
U L1 U

for some R"-valued measure Df = (D1f,...,D,f). Its total variation is the positive Radon
measure denoted by ||Df|| and defined by

IDFI(E) = sup > | Df(EWI,

PcP(E) ek

for all measurable sets E C U, with P(E) the set of finite or countable partitions P = (Ey)kex
of E into disjoint measurable sets Ej, and where ||Df(FE%)| denotes the Euclidean norm (in
R™) of Df(E})). Moreover, according to the polar decomposition, which follows from Radon-
Nikodym Theorem (see Corollary 1.29 of [3]), there exists a unique S™~!-valued function vy that
is measurable and integrable with respect to the measure || D f| and such that Df = || D f|jv;. And
we also have

V(£,U) = DfIIV).
In particular, according to [12] p.91, when f : U C R™ — R is Lipschitz, then it is differentiable
almost everywhere, and in that case if we denote V f(z) = ( OF (1),... i(:E)) € R” the gradient

— \ Oz Y Oxp
of f at a point z, and ||V f(z)| its Euclidean norm, then Df = VfL" ||Df|| = ||V f||£L" and
vy =V f/||Vfl, so that

VU) = [D510) = [ 19 f(a)]do.
One can define a norm on BV (U) by

If vy = IIfllo @) + IDFIU), (2.1)

so that (BV(U), || - || pv(v)) is a Banach space ([3] p.121).

The framework of functions of bounded variation is of special interest to study the perimeter of
a set because of the following definition and property. Let E be an L"-measurable subset of R™.
Then for any open subset U C R, we say that E is a set of finite perimeter in U if its indicator
function xg is of bounded variation in U. In that case, we define the perimeter Lg(U) of E in U
as V(xg,U), ie.

Lg(U) :=sup {/ divpdzr | ¢ € CHU,R"), ||¢]leo < 1}.
E

The term “perimeter” meets here its usual sense in dimension n = 2 as “the length of the bound-
ary”. Indeed, it can be shown (see [3] p.143) that for all sets E with piecewise C'! boundary in U
and such that H"~1(OENU) is finite, then by Gauss-Green theorem the distributional derivative
of g is Dxg = vgH" ' ZOE, where vg is the inner unit normal to E, and that

Lp(U)=H""Y0ENU).
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Let f € BV(U). For t € R, we can consider the excursion set (also sometimes called “upper
level set” or “superlevel”) of level ¢ of f:

E;(t,U) := {x € U such that f(z) > t}.

Then for £!-almost every t € R, the set E(t,U) is of finite perimeter in U. We will denote its
perimeter in U by Ly (t,U). Moreover, the function ¢ — L¢(t,U) belongs to L'(R) and we have
the coarea formula:

IDFI(U) = / Ly(t.U)dt. (2.2)

The proof of this formula can be found in [3] p.145, or also in [12] p.185.

Now, in order to use this formula, we need to be more explicit about the pointwise properties of f
and the decomposition of its distributional derivative D f. Let us recall that f is said approzimately
continuous at x € U C R™ if

ti o [ 17w f@)ldy=o. (2:3)
p=0 By (x)
where B,(x) is the Euclidean ball of radius p and centered at x. The set Sy of points where this
property does not hold is a £™ negligible Borel set called approximate discontinuity set (see [3]

Proposition 3.64 p.160). A point z € Sy is called an approzimate jump point of f if there exist
[T (z), f~(z) € R and v¢(x) € S"! such that fT(z) > f~(z) with

li o [ £~ £ @) dy =0 and iy [ ()~ f~ (@) dy =0,
=0 B (w04 (2)) =0 By (g (2))
where B (z,v) (resp. B, (z,v)) denotes the half-ball determined by v € S"~', that is {y €
B,(x),(y — x,v) > 0} (resp. {y € B,(x), (y — x,v) < 0}). The set of approximate jump points is
denoted by Jy, it is a Borel subset of S;. Moreover, by Federer-Vol'pert theorem ([3] Theorem 3.78
p.173), since f € BV (U), the set St is a countably H"!-rectifiable set with H"~1(S¢ ~ J;) =0
and

DfLJy = (fF — fvH 2.
By Radon-Nikodym theorem, the distributional derivative D f can be decomposed into the sum
of three terms (see [3] p.184):

Df =VfL" + (f* — fwyH" ' 2LJ; + D°f.
These three terms are defined in the following way:

e D*f := VfL™ is the absolutely continuous part of the Radon measure D f with respect to
the Lebesgue measure £™. And moreover, V f is here the approzimate differential of f (see
[3] p.165 and Theorem 3.83 p.176).

o Dif:=(fT— f7)upH" 1 2J; is the jump part of Df.

e The last term D€ f is the so-called Cantor part of Df, it has the property to vanish on sets
which have a H"~! finite measure.

2.2. A general coarea formula

In our framework, we will be interested in functions that have no Cantor part in their distributional
derivative (we will mainly study piecewise C' functions). These functions have been introduced by
De Giorgi and Ambrosio to study variational problems where both volume and surface energies
are involved, and they are called “special functions of bounded variation”. Their set is denoted by
SBV(U), and it is a closed subset of (BV(U), || - |[gv () (see [3], Corollary 4.3 p.213).

As we already mentioned it in the introduction, our viewpoint will be to study the function
t — Ly (t,U). The coarea formula (2.2) only provides the integral of ¢t — L(¢,U) on R, and we
will extend it to the integral of t — h(¢t)Ls(¢t,U) on R for any bounded continuous function h.
This is the aim of the following theorem.
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Theorem 1. Let U be an open subset of R™ and let f : U — R be a function in SBV (U). Using
the notations and definitions of the previous section, its distributional derivative is given by

Df =VfL" + (fr — fvpH " LT;.

while

IDfIl = IVFIL™ + (fFF = FT)H " 2y

Let h : R — R be a continuous and bounded function. Then

()
= T x)|| dx s)ds n-1 .
| ooy~ [ wga)vse)ds [ - ( [, Herd ) 1 (dy)

Proof. Let h : R — R be a continuous and bounded function. Let us first assume that there exists
an € > 0 such that h(t) > ¢ for all t € R. We define for all ¢t € R,

H(t) = /0 h(s) ds.

Then H is a C! diffeomorphism from R to R. It is strictly increasing and since H'(t) = h(t) for
all ¢t € R is bounded, it is also Lipschitz on R.

Now, let u be the function defined on U by w = H o f. Then by the chain-rule (see [3] p.164 and
Theorem 3.96 p.189) we have that u € SBV(U), its jump set Jy = J,,, and its derivative is given
by

Du=(ho f)VfL"+ (Ho ft —Ho f7)vyH" " 2Js.
Then by the coarea formula (2.2), we have that

/RLU(& U)ds = || Dul|(U) / h(f @)V F ()]l dw+/ (H(f* () — H(f~ () H"'(dy)

JynU

U
()
W(f @)V (@) de + /J § ( /f h(s)ds> H L (dy).

U ~(v)

But for all s € R, we have that E,(s,U) = E¢(H *(s),U) where H~! denotes the inverse of the
C* diffeomorphism H. And thus for all s € R, we also have that L,(s,U) = L¢(H~'(s),U). Then
by the change of variable t = H~(s) (see for instance [17] p.153), we get

)
= s s = x x)|| dx s)ds n-l
[ oLy = [ Lsvyas= [ aanivi@d +/Jf (/f_(y) h >d>H (),

which is the announced formula.

In the general case, when h is not strictly positive, we simply apply the above formula to
hi1 =1+ sup(h,0) and to hy = 1 + sup(—h,0), and then we have it for h = hy — hg, which ends
the proof of the theorem. O

3. Shot noise random fields

Let (92, A, P) be a probability space and ® = {(z;, m;)}ics be a Poisson point process on R” x R?
with intensity AL" ® F, with F a probability measure on R%. Let g : R” x R? — R be defined such
that for F-almost every m € R? the function g,, := g(-,m) belongs to SBV (R"). From Section 2,
it follows that for such m € R?

Dgym = Vg L™ + (g:z - g;L)ngHn_lé‘]g'nL
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and
lgmllBv@ny = llgmllLr@n) + [[Dgm|(R")

= Ngmlzien + IVamlzien + / (6:(0) — g ()Y H" (dy) < +oo.

Under the assumption that
[ Mol oy Pidm) < -+, (31)

one can define almost surely the shot noise random field
Xo = TeGm., (3.2)
iel

as a random field in L}, (R™), where Ty, gm, () := gm, (z — z;).

In the sequel we will also consider ®; = ® \ {(z;,m;)} for j € I and its associated shot noise
random field
X<p]. = Z Tzigmi.
i€lity

Throughout the paper we make the stronger assumption that

[ ol ey Pldm) < 4. (33)

3.1. Regularity of the shot noise random fields

The aim of the following theorem is to show that the shot noise random field inherits the regularity
properties of the kernel functions g,,. The general idea is that if the kernel functions are special
functions of bounded variation, then so is locally the shot noise. The theorem also gives the
decomposition of its distributional derivative.

In the following, we will need the functional spaces L} (R™) and SBVj,.(R™). We recall that

loc

they are defined by: a function f belongs to L}, (R™) (resp. SBV,.(R™)) if and only if it belongs

loc

to LY(U) (resp. SBV(U)) for all bounded open subset U of R™.

Theorem 2. Under Assumption (3.3), one can define almost surely (a.s.) in L, ,(R™) the two
shot noise random fields

Xo =Y Togm, and VX¢ = 72, Vgm,.
i€l el

Moreover, a.s. X € SBV,.(R™) with
DXy =VXaL"+ (X$ = Xgwx, H' Ly,

and for H"1 almost every y € Jx,, there exists a unique (xj,m;) € ® such that y € Jsz g, =
x5+ J s and

Xa W) = 7,00, () + X, (y) and Xg (y) = 7o, 9m, () + Xa, (). (3.4)

Proof. Let U be a bounded open set of R”. First, note that by Campbell formula,

E (Z 72, G BV(U)) = /R /Rd HTygmHBV(U))‘dyF(dm)

i€l
A (s + 17, Dgnl(©) dyF dm).
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By Fubini theorem and by the translation invariance of L™ we have
[ Imgmlisw) dyrtam) = £20) [ llgnlus e Fidm).
R JRE R4
Moreover, recalling the notation xy to denote the indicator function of a set V', we have
[ 1ol @idy = [ 1Dgal© - )y

- / XU —y(2)| Do | (d)dy
Rn xR™
£7(U) | D | (B,

by Fubini theorem and the translation invariance of £". It follows that

E (Z ||T$igm,i|Bv(U)> =\L"(U) /Ri gm |l BV @®n) F'(dm) < +oo0.

icl

Hence, almost surely > ., 72,9m, || v () < 400. Since (SBV(U), || - ||gv(vy) is a Banach space,
it implies that Xo = >,/ Tz, gm, is almost surely in (SBV(U),|| - | v (v)). Now, let us identify
DXg. First, remark that ),/ |72, gm; || Bv () < 400 1mphes that

Z 172, V g

el el TCE i9mg

Ly + Z/ . (Ta: 910, (U) = oG, () H" ' (dy) < o0,

so that the vectorial Radon measure

Z TT,VQ»qunlU + Z (Tmig:,r“ — TT“q;”) VTmigm,i,HnillUﬂJ
i€l el

Tx; 9m;

is well-defined. By uniqueness of the Radon Nikodym decomposition we get

VXol'Zu = > 72,Vgm L' Ly, (3.5)
i€l

(X§ = X Wwxoa ' Luae, = D (TG = i) Vewrgm K Luntr, - (36)
i€l

Note in particular that the last equality implies that
Hn—l (U N JX<[> N (UiEIJTU—'q:gmi)C) = 07

where for a set S, S¢ denotes the complement of S.
For a fixed point (zj,m;) € ®, let us remark that since X¢ and 7,,g,,, are both in SBV(U)
we also have Xg, = X¢ — Tz, 9m; € SBV(U). Analogously, we get

Hn—l (U N JXrbj N (UiEI;iijJTl‘ig""f?)c) =0

Note that when y € J, N qu, NU we obtain that y € Jx, with (3.4) satisfied. Therefore, it

suffices to prove that the set of pomts in U that belong to Ujes(Jr, g, NSx,,) is H"™ ! negligible.
We have o

@ 9m;

E (Hn—l (UjGI(JTIjng_ ﬂSXq)j) N U)) < Z’Hn 1 ( . ﬂSXq> n U)
jel
< / E (H" " (Jryg,, N Sxe NU)) AdzF (dm),
R” xR
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by Mecke formula (see [6]). Now, using Fubini theorem, for F-a.e. m

/JE(H" L (Jpg N Sx, NU)) dz = E(/ L"(y+Jm)H“<dy>>,
n SX(I)QU

since Jr 4, = x+ Jg,, for all x € R”. But L™(y + J,,,) = L"(Jg,,) = 0 for all y € R™, which
implies that #"~! (UjezJT

x

g, N S X, N U ) = 0 almost surely. Finally, we conclude the proof

using the fact that R” is covered by a countable union of bounded open sets so that a.s. X¢ is in
SBVo.(R™). O

Under Assumption (3.3), X is well-defined a.s. as a function in SBV(R™) but we can also
consider X4 as a real random field indexed by R™. More precisely, let us define

Dq):{ ERY; Xo(2) =D To,gm, (2 }msg‘((b.

i€l

Note that the convergence in L, (R") implies that a.s. £L*(D§) = 0 so that E (L"(D5)) = 0.
Moreover, for U a bounded open set in R™, by Fubini theorem, one has

E(L"(D N U)) = /UIP’(:E € D& )dz = P(0 € D)L (U),

where the last equality comes from P(z € D) = P(0 € D§), by stationarity of the point process
{xi}ier. It follows that for all z € R", a.s. v € S, and Xo(z) = >,/ T, gm, (). The same remark
may be applied to VXg since E”(vaé) =0as VX@ € L}, .(R™). This allows to compute the finite
dimensional law of the random field {(X¢(x), VXg(2));z € R™} itself. In particular, the shot noise
random fields have the nice property that their characteristic function is explicit (see for instance
[6] Chapter 2). More precisely, in our framework, the shot noise field {(Xo¢(z), VX4 (2));x € R"}
is stationary and therefore the joint characteristic function of X¢(z) and VXg () is independent
of x and is given for all u € R and all v € R" by

B, v) = B (e Xe@+HTXa @)Y Z oy (A / / (eiuam ) +i0:T9m () _ 1) F(dm)dy) (37)
n JRd

In the following we will also simply denote 1 (u) = ¥(u,0) = E(e?*X*(*)) the characteristic function
of Xg(x). Let us also mention that the real random variables X¢(z), %%f( ), ..,%ff (z) are
integrable with '

X
/ / gm(y)F(dm)dy and E (8 q’ > = )\/ / 8gm F(dm)dy,
Rn JRd 6:0[ R» JRd 3xl

for all [ = 1,...,n, implying that ||[VXg]| is also integrable. Moreover, under the additional
assumption that

L] ontwrrmay <400 ana [ [ Vg @EFGmdy <40 63)

9Xa e
; a);f (@), .-, aff

Var (Xg(z )\/ / 9m(y)° F(dm)dy and Var (8X¢, ) = /\/ / <8gm ) F(dm)dy,
n JRd n JRd 0x;

foralll=1,...,n

the real random variables Xg¢ () (x) are also square integrable with
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3.2. Perimeter of the excursion sets

We consider the excursion set of Xg defined as previously by
Ex,(t,U) ={z e U; Xo(x) > t},

as well as Lx, (t,U) its perimeter in U. According to Theorem 1, when h : R — R is a continuous
and bounded function, one has a.s. the coarea formula

X3 ()
/ h(t)Lx, (¢, U)dt = / hMXo(2)||VXe(x)| dx +/ (/ h(s) ds) H L (dy).
R U IxaNU \/X3 ()
By (3.4), the jump part rewrites as

X3 () 7o 9, W)+ Xa; (1)
/ / h(s)ds | H" Mdy) = > / / h(s)ds | H"(dy)
IxgNU Xz (v) J nU Ta; 9m; (Y)+Xa,; (v)

jEI Tz 9m; e

Toj 9o, ()
>/ ( / h<s+xq>j<y>>ds> 1o (3

jel v Jra;am; v 9m; (Y)

We compute the expectation of the jump part of the coarea formula in the next proposition.

Proposition 1. Let h: R — R be a continuous and bounded function. Then,

X&) .
E < /] . ( /X G ds> H (dy)>

9 (¥)
= AE”(U)/ / (/ E (h(s + X¢(0))) ds> H" Y (dy)F (dm).
RS g, \Y gm (¥)
Proof. From Mecke formula (see [6]), taking the expectation in (3.9), we get
X3 W)
E / / h(s)ds | H"*(dy)
IxeNU \J X5 ()
ng;;(y)
/ / / E (h(s + Xa(y))) ds | H" ' (dy)\dz F(dm)
nxRe JJ. nU To9m (Y)

Tz 9m

9o ()
/ / / E (h(s + Xo(z +))) ds | H" "' (dy)\dx F(dm),
nxRd J J,  N(U~—1x) 9m ()

by translation invariance of H"~'. Moreover, by stationarity of Xe, for all s € R, and z,y € R,

E (h(s + Xa(z +y))) = E (h(s + X(0))) -

By Fubini theorem, integrating with respect to z, this last integral is equal to

Im (¥)

ACP(U) / / / E (h(s + Xa(0))) dsH" " (dy) F(dm),
R4 an g;z(y)

which is the announced result. O

We can now give our main result about the mean value of the perimeter of the shot noise

random field. It is a direct consequence of the coarea formula of Theorem 1, when taking for h

the function h(t) = €', and of the computation of the expectation of the jump part of the coarea
formula given in Proposition 1.
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Theorem 3. Let X¢ be a shot noise random field given on R™ by (3.2) and such that Assumption
(3.3) is satisfied. For allt € R, let us denote

Cx, (t) =E (LX<1> (ta (07 1)n) :

Then the function t — Cx,(t) belongs to L'(R) and its Fourier transform is given for all u €
R,u # 0 by

Cra) = B X T Xy O)) 4 @5 2 [ [ (o0 30 2 ) Fam)
R J Jg,,
and for u =0, we have

Cxa(0) = BV (X 0.1)") = BV +A [ [ () = g) 1~ () Plam).

gm

3.3. Some particular cases

In order to have explicit formulas for the mean perimeter Cx, (t) = E (Lx, (¢, (0,1)™)), we need
to be able to compute the two terms of C’/);)(u) in the formula of Theorem 3. We will give in
this section many situations in which the computations are doable. The first case is the one of
piecewise constant functions g,,, since in that case the first term vanishes. The second case is when
E(||[VXe(0)|?) is finite, because we are then able to use the joint characteristic function of Xg(0)
and VX(0) to have an explicit formula for the term E(e?X*(0)||V X4 (0)||). This will be the aim
of the next section.

Let us start with the piecewise constant case. When the functions g,, are piecewise constant
then VX¢(0) =0 a.s. and therefore we simply have

. . A . .
Cx. (u) _ E(equq,(O))‘i / / (ezug,f,(y) _ ezugm(y)) Hn_l(dy)F(dm).
U Jrd J

gm

Example 1: we consider a shot-noise process Xo in R? made of random shapes, i.e. we assume
that n = 2, that the marks m are given by m = (g8, r) with 8 > 0, r > 0 and with the distribution
F given by F(dm) = Fg(dB)F,(dr) (having thus 8 and r independent). We also assume that the
functions g,, are of the form g,,(x) = Bxk, (x) for all x € R?, where for each r, K, is a compact
set of R? with piecewise smooth boundary and such that the mean perimeter and the mean area
respectively defined by

p= | HYOK,) F.(dr) and a= | L*(K,)F.(dr)
R Ry

are both finite. Then in that case, we have

—

— F _ 1 o~
VueRu#0, Cx,(u)= )@ﬂ(qi)@Nl(l"fx(U)—l)7
u

where f’;(u) = fR+ ePFs(dp).

e In particular if 5 follows an exponential distribution of parameter p > 0 then F\B(u) =2 b,
and then . ‘
O 1) = N7,

We recognize here (thanks to tables of Fourier transforms !) the Fourier transform of a non-central
chi-square distribution, and we thus have

for a.e. t € Ry, Cx,(t) = A\upe "M Io(2¢/ \uat),
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Fic 1. We show here on the left a sample (in the square domain (0,2000)2) of a shot noise process made of two
indicator functions of squares of respective side length 60 and 200, and with respective probability 1/2; with a
Poisson point process intensity A = 2.10~%. In the middle we show the boundaries of some of the excursion sets.
And on the right we plot the empirical distribution of the perimeter of the excursion sets as a function of the level,
together with the expected values of these perimeters (red stars).

where I is the modified Bessel function of the first kind of order 0 that is given for all ¢ € R by
Iv(t) = %fow eteosfqg.

e Another explicit and simple case is when § = 1 a.s., which implies that F;(u) = e, Then
Cx, (u) is the product of two Fourier transforms: the one of a Poisson distribution and the one of

the indicator function of the interval [0, 1]. Therefore we get

(Na)* 0@

k! '
We illustrate this result on Figure 1 where we show a sample of a shot-noise process made of two
indicator functions of squares.

Vk €N, for a.e. t € (k,k+1), Cx,(t)=\p

3.4. Link with directional derivatives

In the general case, when the functions g,, are not piecewise constant, we need to be able to
compute the term E(e™X*(0)[|V X5(0)|). In order to have an explicit formula for it in terms of the
characteristic function of the shot noise (that is given by (3.7)), we will first prove the following
proposition.

Proposition 2. Let X and Y be two random variables, such that X is real-valued and Y takes
values in R™, n > 1. Let ¢ be the joint characteristic function of X and Y given by

Vue R, Vv e R?, ¢(u,v) := E(eX+H:Y)),

Assume that E(||Y||?) < 400, then

uX -1 ool n—1
Vu € R, ]E(@ ||YH) = m /S”*l A tig ((]S(U,t’()) + d)(ua —t’U) - 2¢(ua 0)) dtH (d’U),
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where wy_1 15 the L1 measure of the unit ball of R* 1.
Proof. We first use the well-known identity:
1

2wn—l

1Yl =

/ (0, VY| 1" (dw).
STL*l

Now, for any y € R, we have that

-1 [t it —it 2y| [T 1

We can use this identity for each (v,Y’), integrate on v € S"‘l_, multiply by e’X and finally take
the expectation. Then, since for any ¢ and y in R, we have |e!¥ + e~ — 2|/t2 < min(4/t2,y?),
and since E(||Y||?) < +o0, we obtain by Fubini theorem that

+
( quHYH - / / ° 1 qu+it(v,Y)) + E(eiuX—it(v,Y)) _ QE(eiuX)) dt’Hn_l(dv),
TTWh, Sn—1
which is the announced result. O

Example 2: we give here an example of the use of Proposition 2 in the particular case of radial
functions g,,. To have simpler formulas, we will compute only the total variation of the field. We
assume here that n = 2, that the functions g, are “cone” functions (with no jumps) given by
gm(@1,%2) = (1 = m\/2] + 23)Xp(0,1)(%1,22), and that the marks m € Ry are distributed with
the I'(3,1) distribution. In that case, the characteristic function of V.X¢(0) is given by

U1$1+“212

Y(0,v1,v2) = exp / / Vet+a3 — )m2e™™dxy dzy dm
Ry JB(0,L

by e ] y
= exp 7/ / / (eﬂm(vl‘:ObeJr””m@) — )ym?e"™rdrdfdm | .
2 Jr.Jo Jo

Therefore, for any v = (v1,v2) € St and any t € R, we have (0, tv1, tvy) = 1(0,t,0) and we can
further compute

Y 2w i )
¥(0,t,0) = exp 7/ / / (e~ mteost _ 1)m2e=™y dr df dm
2Jr.Jo Jo
2w
= exp / / 7zmt cos® )67m do dm
Ry

1
N exp(4/0 (1+zt0059 )d9>

AT n A / T 1 40 A n AT
= ex _— — _— = eX _— —_— .
P\T2 72 ), T+2cos20 P2 Taovire
Finally, by Theorem 3 and Proposition 2 we can compute the expected total variation of the shot
noise random field in (0,1)?, and we get

E(V (X, (0,1)%))

-1 [*t>1
BVXO) = 5 [ 50000+ 60,0~ 260.0.0) s

A
Can 400 6% — e2v/ite2 1 _ e%(cosafl)
0 0

2
€ 2

da.

Sll’l2 (0%

This last integral is related to Bessel functions, and this is not a surprise since Bessel functions
are involved in systems that have cylindrical symmetries.
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Example 3: we consider a shot-noise process in R? made of a deterministic function with ran-

dom amplitude. More precisely, we assume that n = 2 and that the marks m are in R (i.e.

d = 1) with the distribution F(dm) given by the exponential distribution with parameter 1

so that F(u) = 1-. We consider the function g(z) = g(z1,22) = e "', (21)X[0,1)(%2) and

gm = m % g. Note that g € SBV(R?) with J;, = ({0} x [0,1]) U (R4 x {0}) U (R4 x {1}) and
e T1

Vyg(zy,29) = < 60 >XR+ (71)X]0,1)(z2). It follows that the joint characteristic function of

Xo(x) and VXo(z) is given by

W, 01, v9) —exp( /m/ (e (u—m)) — )dmdyz) = iu— )

Now, we notice that here the gradient Vg is non-zero only in the z; direction, and that moreover
it is always non-positive in that direction. Therefore we have

- | 0Xs(0)\ O
E iuXe(0) VX _ E iuXe(0) @ _
(e || @(O)H) (e al’l ) Zavl (U"O)O)

= A1—iuw) M

By Theorem 3, it remains to compute the second term corresponding to the jump part to get an
explicit expression for Cx, 'X,- In this example, for u # 0, we have

1 | o Fu)—1 T FPlue™) -1
7/ / (ewgil(y) _ ewgm(y)) ’H"_l(dy)F(dm) = L + 2/ &dt.
a Jea /s o i

iu
Therefore,

Cxy(u) = 2X (1 —iw)) m% (1—iu)™
The second term corresponds to the Fourier transform of the function

ft) = %th (t)/o Alems (k(X) —log(s)) ds,

where £ is the logarithmic derivative of the I' function and thus finally we get

2Atr et

for a.e. t € R+, CX(I, (t) = m

+ f(1). (3.10)
This example is also illustrated by Figure 2, where we show a sample of such a shot noise
random field together with the empirical and the theoretical expected length of its excursion sets.

4. Asymptotic Gaussian behaviour

We assume in this section that [[ g2, (y) dyF(dm) is finite. As the intensity A of the Poisson point
process goes to infinity, it is well-known (see for instance [14] or [15]) that the shot noise random
field converges (after normalization) to a Gaussian random field. More precisely, if we denote
by X, the shot noise field defined by Equation (3.2) with a homogeneous Poisson point process
{x;}ier of intensity A, then the random field Z, defined by

=X [[ gm(y) dyF (dm)
VA

converges, in the sense of finite dimensional distributions, to a stationary Gaussian random field
B of mean 0 and covariance function E(B(2)B(0)) = [[ gm(y — 2)gm(y) dyF(dm). The aim of
the following theorem is to give the asymptotic behavior of the mean perimeter of the excursion
sets of Z) as A goes to infinity. It shows in particular that when there are no jumps, we have a
finite Gaussian asymptotic whereas when there are jumps, the mean perimeters are not bounded
anymore and behave like v/A.

Ve e R", Zy(z)= (4.1)
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FI1G 2. On this figure we show a sample of the shot noise random field of example 8 (exponential in the horizontal
direction, with random amplitudes). The sample here (left image) is shown on the square domain (0,10)2 and we
have taken A = 4. In the middle we show the boundaries of some of the excursion sets. And on the right we plot
the empirical distribution of the perimeter of some excursion sets as a function of the level (blue circles), together
with the expected values of these perimeters (red curve) given by Formula (3.10).
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Theorem 4. Let Zy be the normalized shot noise random field defined by Equation (4.1). Assume
that the functions g, satisfying condition (3.3), also satisfy the following conditions:

2= [[ 2wy am) < +o0, ok i= [ [ IVgnwP dy(am) < o0,

ond [ [ (65:0) = 9 (540 + 17 () H () (dm) < o0
Then we have two different asymptotic behaviors:

(a) If there are no jumps, that is if [[(g}(y) — g, (y)) H"(dy)F(dm) = 0 then as X goes to
400, we have for any fixed u € R:

@i(u)f% e //S W/ Vg ()2 dy F(dm)H"= (dv) + o(1).

(b) If there are jumps, that is if [[(g}(y) — g, (y)) H" 1 (dy)F(dm) > 0 then as X\ goes to +oo,
we have for any fired u € R:

C/'Z\A(u) Ve v’ /2 [H/ Vgm(x) deF(dm) H // gty () H" Y (dy) F(dm) | +o(V/\).
Proof. Let us denote p1:= [[ gm(y) dyF(dm), and let us recall that
E(Xx(0)) = Mg and Var(X,(0 //gm )dyF(dm) = \o?

and for all v € S,

E((0, VX5(0))) = A / [ (0T ) dyF (dm) = N (0)

and Var({(v, VX, (0 // (0, Vg (y))? dyF (dm) =: \o& (v).
Since Zy = (X — Au)/V/A, the function C’ZA is related to the function C/'); by the relationship

— 1 X o
Cz (u) = ——e VA (

vy )

And therefore, for u # 0, we have

L L
_ 1 XA —ux i XA —px T ImW) s 9m (W)
Ca(0) = —=E <e 205 ||VXA(O)|>+\F)\E(6 RO / / s Y (dy) F (dm),

and when u = 0, the expected total variation of Z) is

E(V(2x,(0,1)")) = Cz,(0) = %\E(IIVXA(O)H) + ﬁ//(gib(y) = g () 1"~ (dy) F (dm).
We have then two cases, depending on whether there are jumps or not.
e We first consider the case (a), when there are no jumps, which means that [[(g;(y) —
9 () H" =Y (dy)F(dm) = 0. Then for F-almost every m, the function g,, is such that its dis-
tributional derivative is given by Dg,, = Vg, L". And since g,, € L*(R"), we necessarily have
Jn Vgm(z) dz = 0. (Indeed a way to see this is to consider the function t € R — [, g (z+1tw) da
for any vector w € R™. This function is constant equal to [ g,,, and therefore its derivative at ¢t = 0
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that is equal to [, (w, Vgm(2)) dz is equal to 0). We then have, using the result of Proposition 2
and the change of variable t — t/v/),

— 1 ju 20—
Cz,(u) = ﬁE e VXAl

_e—tupvx +o00 1 ” .
N 27Twn 1 /Sn 1/ \/’ \/>)+w)\(\/> \/X)_Z(/))\(ﬁ’o)) dtdv,

u tv i X 5 (0)+i—= (v, VX (0))
—, —) =E(e"Va"* VANV AN .
1/&(\5 ﬁ) ( )

On the one hand, using Formula (3.7) for ¥, we have for any fixed ¢, u and v:

where

—zuu\f,(p (

) e—u202/2—t20'2v('u)/2.

f \/> A——+o0

And on the other hand, using the fact that |e?® + e~ — 2| < min(4, 2?) for any = real, we get

0y o (- o) gmin(47t2§E(<v,VXA(0)>2)).

ff A %

Now since E({v, VX,(0))) = 0, we have E({v, VX,(0))?)) = Var((v, VX,(0))) = Ao (v) < A\o3.
Therefore, we can use the dominated convergence theorem and obtain

o —u202/2 +oo 1 2 o —u a?/2
C et v (/2 _9) dtdy = / \/ o2
Z)‘( ) )\~>+OO 27rwn 1 /ST, 1/ ) v Wp—1V2m Jgn—1

which ends the proof of case (a).

ZZJ,\( )-H/J,\(

e For the second case (b), when there are jumps, which means that [[ (g, (y)—g.,(y)) H"*(dy)F (dm)
is strictly positive, then [[ Vg, (z)dzF (dm) is not necessarily equal to 0 anymore. In that case,

we will consider C’/Z\A (u)/v/A and we will show that it converges to a finite strictly positive limit.
To begin with, we use again Proposition 2 and the change of variable ¢t — ¢/, to have:

]. iuX/\(O)*;M\ _7’““\/» Foo ]_ tv u
B (2w o) - [ [ (=) -20a( S 0) e

Now, on the one hand, for any fixed ¢, u and v we have

—zuu\f u N —u?0?/24itpuy (v)
w (\/> A ) A—+o0 ¢ ’

On the other hand, we have

tv U

Now here E((v, VX(0))?)) = Var({(v, VX(0))) + E({(v, VX»(0)))* = Ao& (v) + N uy (v)?. There-
fore, we can again use the dominated convergence theorem and get

NGO FRNE

,0)' < min(4, tQ%IE(@,VXA(O))z)).

1 X3 (0)—px —emuw’o?/2 e 1
g iu X2l X _ ¢ ztp,v(v ZtIJ«V(U) — N dtd 1
! (e (Y A(0)||> T /S / Jadurott)
67712(72/2 / | ( )| d + (1)
= _— v v o
2wp—1 Jgn-1 v
_ et //ng(:r) dxF(dm)HJro(l).
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For the jump part, we use the inequality

sIm W) _ itk om(v)

— (ot () — o < lul oy - ()| + |
% (9m(¥) — gm(¥)| < 2\f/\(gm(y) I W) (gD + [9m (W)])
and the fact that
. XA(O)—[LA 2 2
U ) N equ/Z
A—+oo

to obtain, thanks to the hypothesis in the statement of the theorem, that

_ i2=gt (v) i, (Y)
iuX)\(O) 72N // e /\gm e VaIm el
e VX H dy)F(dm

=02 [ [(gh0) = g o) 1 (@) Fdm) +0(1). - (1.2

O

Using additional assumptions on_the order-three moments of X and VX, it is possible to
obtain bounds of convergence for Cz, (u) in a way similar to the technical result of our previous
paper [7] in the framework of smooth functions g,,.

Example: Assume we are considering a shot noise random field on the plane (i.e. n = 2) and such
that there are no jumps. Then if we denote for i,j =1 or 2,

8gm 8gm
/Rd /]R2 (9171 (95CJ( )d F(dm)

1 T
- —ufc®/2 \/ 2 .92 . .

— e cos? 0 + 99 sin” @ + 219 cos O sin 6 d6.
A oo 2\/% /0 Y11 V22 12
This shows that we have a weak convergence of Cz, (t) to the formula for the length of level curves
in the Gaussian case (that is exactly the formula obtained through Rice formula and probability
density functions of Gaussian fields in [4]).

then

Cz, (u)
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