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MODELING EARTHQUAKE DYNAMICS

ARTHUR CHARPENTIER1,⋆, MARILOU DURAND1, AND MATHIEU BOUDREAULT1

Abstract. In this paper, we investigate questions arising in [89]. Pseudo causal

models connecting magnitudes and waiting times are consider, through generalized

regression. We do use conditional model (magnitude given previous waiting time,

and conversely) as an extension to joint distribution model described in [77]. On

the one hand, we fit a Pareto distribution for earthquake magnitudes, where the

tail index is a function of waiting time following previous earthquake; on the other

hand, waiting times are modeled using a Gamma or a Weibull distribution, where

parameters are function of the magnitude of the previous earthquake. We use those

two models, alternatively, to generate the dynamics of earthquake occurrence, and

to estimate the probability of occurrence of several earthquakes within a year, or a

decade.

Keywords: duration; earthquake; Gamma; Inverse Gaussian; magnitude; Pareto;

regression; Weibull
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1. Introduction and motivation

1.1. Models for magnitude and occurrence process. The seismic gap hypothe-

sis implies that earthquake hazard should be small immediately following the previous

large earthquake, and should increase with time, since the last large event on certain

fault or plate boundaries, see [7], [1] or [70] for early work, and more recently [104],

[46], [79] or [50],. The idea behind the seismic gap hypothesis can be found in much

earlier work. For instance, [23] considered a ‘rhythmic recurrence hypothesis’ while

[91] suggested that a large earthquake releases most of the stress in a given fault

segment, and that further earthquakes there would unlikely occur until the stress is

restored. For instance [6], [100], [101], [99], [75], [102], [55], [117], [119], [120] [65],

[116], [83] and [117] mention temporal clustering of major earthquakes, with regular

cycles, and characteristic earthquakes.

The idea that earthquake processes can be a self-organized critical phenomenon has

been mentioned by several authors (see [4] or [36]). In this paper, we propose to model

dynamics of large earthquakes, following the work initiated in [89]. But since large

earthquakes are rare, it is difficult to fit appropriate stochastic model. Our strategy

is then to estimate models for medium and large-size earthquakes, linking magnitude

of earthquakes and inter-occurence durations, and then look at the implied dynamics

on large ones.

1.2. Description of the dataset. In this paper, we use the ANSS Composite Earth-

quake Catalog, and selected data are in the Japanese area (see Figure 1), in the ranges

of longitude 121◦ − 155◦ E, latitude 21◦ − 48◦ N, depth 0-100 km, from January 1st,

1965 till June, 30th, 2012. There are 20,445 events in this dataset, with magnitude

higher than 2.7. Following [11], we shall keep all seismic events from this dataset,

since “there seems to be no rigorous scientific method to distinguish whether an earth-

quake is a aftershock, because, according to this definition, the categorization depends

on the lengths scale, magnitude, and time scale considered” ([11], page 2509). Thus,

all the observation will be considered, initially, in our study. But in order to have
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standard distributions for magnitude - for instance- small events will be removed from

the dataset (and therefore, small aftershocks).

Figure 1. Location of earthquakes (overall dataset) from 1965 till 2012.

1.3. Structure of the paper. In section 2, we will look at standard distributions

to model magnitude of earthquakes, or seismic moments (in section 2.1), and stan-

dard distributions to model occurrence of earthquakes, and inter-time distribution

(in section 2.2). Those distributions have to be consistent with empirical observa-

tions from [84] or [25]. But assuming that there is no interaction might be a strong

assumption. Even assuming a single correlation might be in contradiction with [85],

which suggested that from small to large earthquakes, the relationship frequency-size

should change. Note that conditional distributions are considered here, which is dif-

ferent from [77] where a copula-approach is considered. The advantage is to focus on

causal interactions, more than correlation or dependence aspects. Thus, in section

3, we will model magnitude of earthquakes, as a function of time elapses since the

previous earthquake. Using a Pareto model, the tail index will be a function of time

elapsed. Then in section 4, we model waiting time before the next earthquake as a
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Figure 2. Series of earthquakes, from 1965 to 2012, with (on top) all

earthquakes above Magnitude 3 in the database, and earthquakes with

a Magnitude larger than 6.5 (below).

function of the magnitude of the previous earthquake. Since there is no universal

distribution used in literature to model inter-occurrence durations, three models will

be considered (Inverse Gaussian, Gamma and Weibull). Since we focus on events

occurred on a small region, the causal relationship between time and magnitude, and

then magnitude and time should be valid. Then, in Section 5 we mention how to

integrate covariate to improve the models. Finally, in section 6, we use those models

to generate scenarios of earthquakes over a century. From those scenarios, we focus

only on large events, and describe the implied dynamics of earthquakes, from auto-

correlations as in [89] to distribution of the number of large events over a decade.
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Note that [89] need to focus on worldwide earthquakes in order to have enough large

earthquakes. In this paper, we focus on a smaller area (around Japan, see Figure 1),

and consider medium-size earthquakes.

2. Temporal and size distributions of earthquakes

Statistical models for earthquakes are not new, since in the late XIXth century,

[84] studied temporal distribution, and half a century later, [25] studied size distribu-

tion. In this section, we will recall standard models used to model inter-earthquakes

durations, and magnitude of earthquakes. Recently, ETAS model (combining the

Gutenberg-Richter law and the Omori law) has been widely studied ([22], [106], [115],

[80], [81], [82]), but (only) one causal aspect is considered, where waiting times are

functions of the magnitude of the previous earthquake. [5] suggested a unified scaling

law, followed by [11], [12]. [13], [17] or [18] among others.

2.1. Seismic moment and magnitude distribution. The common idea is that the

distribution of seismic magnitude of earthquakes should be consistent with Gutenberg-

Richter relation - from [25] - stating that the expected number of earthquakes exceed-

ing a magnitude m ≥ m0 should satisfy

log10 N(m) = a− b ·m (2.1)

where a is the logarithm of sample size for m ≥ m0 and b is the coefficient that relates

small and large earthquakes, and which is empirically usually close to 1 (see e.g. [66],

[40], [44], [108] or [24]). From this expression, it is possible to derive a relationship

for the logarithm of the probability to exceed some given magnitude m ≥ m0, which

will be an affine function in m. Let S denote the seismic moment, i.e.

M =
2

3
log10 S − 6 or conversely S = 10

3

2
(M+6)

(the seismic moment is here measured in Newton meter, see [53] or [92]). The standard

distribution used for seismic moment is then the Pareto distribution, since

P(S > s) =

(
s

s0

)
−β

for s0 ≤ s ≤ ∞ , (2.2)
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where s0 is a catalogue threshold (cutoff). Some authors called this a power law (see

[71]). The density of the seismic moment is then

f(s) = βsβ0s
−1−β for s ≥ s0.

Note that in that case, the average size of an earthquake (in excess of s0) is

E(S) =
β · s0
β − 1

.

Note that since the variable of interest is usually the magnitude, it might be interesting

to observe that

E(M) =
2

3
E(log10 S)− 6

thus

E(log10 S) =

∫
∞

0

P(log10 S > x)dx = log10(s0) +

∫
∞

log10(s0)

(
10x

s0

)
−β

dx

i.e.

E(M) =
2

3

(
log10(s0) +

1

β log(10)

)
− 6. (2.3)

Note that a Pareto model on seismic moment means that the Magnitude has an

exponential type distribution.

In this Pareto model, since s0 (or equivalently m0) is usually taken arbitrarily, one

should denote in Equation 2.4 β(m0). The maximum likelihood estimator oft he tail

index is then

β̂(m0) =
1

n

n∑

i=1

log(si)− log(s0)

where n earthquakes had a seismic moment larger than s0. This estimator is popular

in the literature on extremal events as Hill estimator, from [32].

On Figure 3 are plotted estimators of the tail index coefficient β̂ for different values

of m0. The plain horizon line is β = 0.65 that is mentioned in [39] or [42]. Note that

theoretical analysis of earthquake occurrence ([112] or [113]) suggests that, given its

branching nature, the exponent β in the Pareto distribution of earthquake size distri-

bution should be equal to 1/2. The same values of power-law exponents are derived
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for percolation and self-organized criticality (SOC) processes in a high-dimensional

space ([39] or [36]).
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Figure 3. Evolution of the tail index of the Pareto distribution as a

function of threshold, β̂(m0), also called Hill plot.

Since seismic energy, or seismic moment flux has to be finite, one should introduce

an upper limit of magnitude s∞. Then the distribution is a truncated Pareto one (see

[118], [58], [56] or [33]). In that case, the exceedance probability function becomes

P(S > s) =

(
s

s0

)
−β

−

(
s∞
s0

)
−β

1−

(
s∞
s0

)
−β

for s0 ≤ s ≤ s∞ , (2.4)

It is possible to extend this distribution with an exponential taper applied to the

cumulative number of events with seismic moment larger than s0 (see e.g. [114]),

which yields a tapered Pareto distribution,

P(S > s) =

(
s

s0

)
−β

exp

[
−
s− s0
α

]
for s0 ≤ s ≤ ∞ , (2.5)

where α is called the upper corner moment. Note that such a distribution also appear

in Pareto’s work (see [86]).
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Finally, [39] or [68] used a gamma distribution, where the exceedance probability

function is proportional to

P(S > s) ∝

(
s

s0

)
−β

exp

[
−
s− s0
α

](
1−

( s
α

)
−β

exp
( s
α

)
Γ
(
1− β,

s

α

))
(2.6)

where Γ(·, ·) is the incomplete Gamma function Γ(a, x) =

∫
∞

x

e−tta−1dt.

2.2. Occurrence process and inter-time distribution. The standard model for

occurence processes is the Poisson process (see [110], [111] [98], [106], [61], [94] [59]).

f(d) = λ exp[−λd] for d ≥ 0, (2.7)

where λ > 0 is the rate parameter of this distribution. In that case, E(D) = λ−1.

But according to Omori’s law - from [84] - the occurrence process should exhibit

short-term time dependence that can be observe in empirical data (see [51], [52], [19],

[20], [21] and reference therein). Thus, several authors have investigated laws for

waiting times between earthquakes (or at least, seismic events), such as [87], [10],

[34], [96], [15], [16], [88], [27], [28], [60], [73], [95] or [74].

An idea is to use an Inverse Gaussian distribution, with density

f(d) =

[
λ

2πd3

]1/2
exp

−λ(d− µ)2

2µ2d
for d ≥ 0, (2.8)

where µ > 0 is the mean and λ > 0 is the shape parameter. In that case, E(D) = µ.

[51] or [45] suggested to use this distribution to describe the inter-earthquake time

distribution. A motivation can be found also in [69], since a ”Brownian passage-time”

property suggests this distribution for inter-time distribution.

The Weibull distribution is the only distribution that has a scale-invariant hazard

function, as motivated in [26], [93], [76], [29], [30], [31] or [90], just to mention the

most recent articles.

f(d) =
k

λ

(
d

λ

)k−1

e−(d/λ)k for d ≥ 0, (2.9)
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where k > 0 is the shape parameter and λ > 0 is the scale parameter of the distribu-

tion. In this case

E(D) = λΓ

(
1 +

1

k

)
.

Note that if k = 1, D has an exponential distribution with mean λ−1.

The Gamma distribution has been suggested in [107]

f(d) =
1

θk
1

Γ(k)
dk−1e−

d

θ for d ≥ 0, (2.10)

where k > 0 is the shape parameter and θ > 0 is the scale parameter of the distribu-

tion. Here, E(D) = kθ. Note that if k = 1, D has an exponential distribution with

mean θ. For convenience, it is possible to write the Gamma density as a function of

the exponential family, namely

f(d) = exp

(
−y/µ− log µ

φ
− φ−1 log φ+ (φ−1 − 1) log d− log Γ(φ−1)

)
,

where E(D) = µ. Parameter φ is called dispersion.

3. Magnitude as a function of time before previous earthquake

In section 2.1, we have mentioned that the standard model for the seismic moment

is a Pareto distribution. Consider now a Pareto generalized linear model, where

exceedance probability of the seismic moment is given by

P(S > s|D = d) =

(
s

s0

)
−β(d)

=

(
s

s0

)
− exp[a0(s0)+a1(s0)d]

for s0 ≤ s ≤ ∞.

Since the model is fitted for earthquakes with moment magnitude exceeding s0, one

should remember that parameters in the linear component of the regression are func-

tions of s0 (or m0). It is possible to study significativity of D in the regression by

plotting the Student-statistics associated with the test H0 : a1(m0) = 0 (against

H0 : a1(m0) 6= 0), on Figure 4. Thus, if we keep earthquakes with magnitude exceed-

ing 4.5, D could be significant in the regression.
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Figure 4. Z value of the test H0 : a1(m0) = 0 (or equivalently β(d)

constant for all d ≥ 0). The centered area is the acceptance region

(non-significant coefficient).

In the Pareto model, with m0 = 4.5, we obtain the following maximum likelihood

estimators

β̂(d) = exp[−6.04090623
(0.012250649)

+ 0.01501001
(0.004220243)

· d]

and the predicted magnitude is here, according to Equation 2.3

E(M |D = d) =
2

3

(
log10(s0) +

1

β̂(d) log(10)

)
− 6.

(which is decreasing in d). The prediction β̂(d) is ploted on Figure 5 (plain line), as

well as a nonparametric spline regression (plain strong line), on top. On the bottom

is plotted E(M |D = d) based on the two estimators (linear versus nonparametric).

The linear regression is statistically valid, but it might not be an appropriate model.

Three different time ranges have to be considered, here (see Figure 6)

• extremely small time d (a few hours), where earthquakes might be aftershocks,

• small time d (less than 3 days), where the expected magnitude is decreasing

with time,

• larger time d (more than 3 days), where the expected magnitude is increasing

with time.
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Figure 5. On top, β̂(d) (including pointwise confidence bands) and

below E(M |D = d), as a function of the time d before the previous

earthquake (in days).

Note that coefficients are significant for those three periods (and significantly differ-

ent), see Figure 6.

Since non-parametrics models cannot be used to predict values outside the range

of observations, a parametric model based on three time ranges has been fitted,
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Figure 6. Evolution of β̂(d) (including pointwise confidence band) as

a function of the time d before the previous earthquake (in days).

4. Inter-earthquake duration as a function of previous magnitude

Several distributions were mentioned in section 2.2 to model the inter-earthquake

duration: the inverse-Gaussian, Weibull and Gamma. For the three distribution,

generalized linear models can be considered. Again, durations are here in days.

In the Weibull model for the conditional duration, parameters k is function of m,

but λ is not

k(m) = exp[0.49199
(0.087217)

− 0.20775
(0.017672)

·m] and λ = exp[0.17745
(0.017727)

]

and the predicted duration is here

E(D|M = m) = exp (0.17745) · Γ

(
1 +

1

exp(0.492− 0.207m)

)
,

which is increasing in m. Nonparametric spline regressions will also be considered, i.e.

D given M = m has distribution W (µ(m), λ) where µ(·) is no longer the exponential

of an affine function of m. The prediction can be visualized on Figure 7

In the Gamma model, maximum likelihood estimators of the two parameters are

µ(m) = exp[2.24487
(0.16757)

− 0.35262
(0.03399)

·m] and φ = 2.030214,
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Figure 7. Evolution of E(D|M = m) using a Weibull model (includ-

ing pointwise confidence band) as a function of the magnitude m of

the previous earthquake (in days). The plain line is the nonparametric

spline regression, while the dotted line is the model described above.

The horizontal line is the average time in the dataset (for earthquakes

exceeding 4.5), i.e. 1.68 days.

so that the predicted duration is here

E(D|M = m) = exp[2.24487
(0.16757)

− 0.35262
(0.03399)

·m],

which is decreasing in m.The prediction can be visualized on Figure 8

Finally, in the Inverse Gaussian model, the conditional distribution of D given

M = m is given by 2.8, where parameters µ is function of the magnitude of the

previous earthquake (while λ is assumed to be constant). Using maximum likelihood

techniques, and a log link function, we obtain the following parameters,

µ(m) = exp[2.4148
(0.8184)

− 0.3869
(0.1631)

m]

so that the predicted duration is here

E(D|M = m) = µ(m) = exp (2.4148− 0.3869 ·m) ,

which is decreasing in m. The prediction is extremely close to the one obtained with

a Gamma regression.
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Figure 8. Evolution of E(D|M = m) using a Gamma model (includ-

ing pointwise confidence band) as a function of the magnitude m of

the previous earthquake (in days). The plain line is the nonparametric

spline regression, while the dotted line is the model described above.

The horizontal line is the average time in the dataset (for earthquakes

exceeding 4.5), i.e. 1.68 days.

Clearly, the Weibull model and the Gamma-Inverse Gaussian regressions model

very different patterns: On the one hand, with the Gamma-Inverse Gaussian regres-

sions, after a very large earthquake, one should expect events soon in the future

(within a few hours). Those are clearly aftershocks. On the other hand, with the

Weibull regression, we observe the energy release described in [9] for instance: fol-

lowing a very large earthquake, one should wait a long time before observing another

event. The predicted value is rather similar after a small earthquake (36 hours), but

they are rather different for a large one: after an earthquake of size 8, the Weibull

model suggest that the next event should occur in 10 days, while the Gamma model

suggest 10 hours.

5. Modeling covariates

In the previous regression models, the only covariate that was considered was either

the duration, or the magnitude, related to the previous quake (depending on the
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variable of interest). But several covariates can be used to improve the model (as

discussed in [3] on geomorphology, or more recently, [8] on volcanic eruptions, and

references therein).

5.1. Using categorical covariates, e.g. the tectonic plate the previous earth-

quake was located on.

It is possible to use tectonic plates, for instance (see Figure 9) of the previous quake

as a explanatory variable. The proportion of quakes in each plate is given in Table 2.

If we use it as a covariate, the model is summarized in Table 1

Variable Estimate Std. Error t value p-value

plate A 2.48434 0.17096 14.53 <2e-16

plate B 2.51989 0.17458 14.43 <2e-16

plate C 2.66180 0.18423 14.45 <2e-16

plate D 2.73507 0.18025 15.17 <2e-16

plate E 2.20012 0.16980 12.96 <2e-16

Magnitude -0.38537 0.03438 -11.21 <2e-16

dispersion ϕ 2.073606

Table 1. Log-gamma regression of the time D as a function of the

plate P and the magnitude (of the previous earthquake) M
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distance from A B C D E

Tokyo

≤ 50 km 219 0 0 0 0

≤ 100 km 453 28 0 0 94

≤ 250 km 1,085 235 0 20 1,346

≤ 500 km 1,846 554 0 288 2,842

≤ 1,000 km 3,709 1,106 263 486 4,102

Table 2. Proportion of quakes in the 5 (primary and secondary) tec-

tonic plates in the Japanese area, A: North American, B:Amur (Chi-

nese) / Eurasian, C:Yangtze and Okinawa , D: Filipino, E: Pacific.

Figure 9. The 5 (primary and secondary) tectonic plates in the Japan-

ese area, A: North American, B:Amur (Chinese) / Eurasian, C:Yangtze

and Okinawa , D: Filipino, E: Pacific.

The prediction is given on Figure 11

5.2. Using continuous covariates, e.g. the distance to a fault of the previous

earthquake or the depth.
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Figure 10. Evolution of E(D|M = m,P = p) using a Gamma model

(including pointwise confidence band) as a function of the magnitude m

of the previous earthquake (in days), and the location of the previous

earthquake (the plate it was located on).

It is also possible to use other information related to the location of the previous

earthquake, e.g. the distance to the border of the plate (which is usually either a

fault or a ......), or the depth of the earthquake.

Variable Estimate Std. Error t value p-value

(Intercept) 2.1799987 0.1714168 12.72 < 2e-16

Magnitude -0.3855012 0.0345551 -11.16 < 2e-16

Depth 0.0019770 0.0001547 12.78 < 2e-16

Fault 0.0005866 0.0001340 4.38 1.2e-05

dispersion ϕ 2.096511

Table 3. Log-gamma regression of the time D as a function of depth

Y , the distance to a fault F and the magnitude (of the previous earth-

quake) M

The closer the fault, the more likely some aftershock will be observed.

Those
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Figure 11. Level curves of E(D|M = m,F = f) using a Gamma

model as a function of the magnitude m of the previous earthquake (in

days), and the distance to the closest fault (in km.), on the left, and

level curves of E(D|M = m,Y = y) as a function of the magnitude m

of the previous earthquake (in days), and its depth (in km.), on the

right. On top a standard log-Gamma additive model, and below when

the covariate (either Y or F ) is smoothed.

6. Implied dynamics of causal modeling

In order to describe the dynamics implied by those models, 1,000 scenarios are

generated, over a century. The iterative process is the following: we start from with

average magnitude earthquake, then given that magnitude, we generate a waiting
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time, before the occurrence of the next event. Then, given the time elapsed, we

generate a magnitude. And then, given that magnitude, we generate a waiting time,

etc. Three models have been considered here,

(B) as a benchmark, we generate independent events: independent magnitudes,

and independent inter-occurrence durations, from an exponential distribution

(occurrence is then driven by a standard homogeneous Poisson process)

(W) one model, with Pareto seismic moments (with three ranges for durations),

and Weibull inter-occurrence durations (linear in the previous magnitude),

(G) one model, with Pareto seismic moments (with three ranges for durations),

and Gamma inter-occurrence durations (linear in the previous magnitude),

On Figure 12, one trajectory of those three models is plotted. In order to compare

those models, the same set of uniform variates (used is the generation of conditional

variables) is used.

On Figure 13 are plotted the distribution of the number of large earthquakes, per

year or per decade, where large is either larger than 7, 7.5 or 8.

7. Influence of the area considered

As a rule of thumb, M=7 events may rupture 50 to 80 km from the fault, whereas

an M=8 might affect 150 to 400 km from the fault (see [88]). Our main interest here

is the region close to Tokyo, see Figre 14. Three different scenarios are considered, to

compute the number of large events, per year or per decade,

• on Figure 15 are estimated the distribution of the number of big earthquakes,

per year of per decade, within 1,000 km from Tokyo,

• on Figure 16 within 250 km,

• on Figure 17 within 100 km.

A summary can be found on Figure 18 where the probabilities to have - at least

- two major earthquakes, closed to Tokyo, per year (on the left) or per decade (on

the right) is plotted. As expected, the kind of dependence we consider will have
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Figure 12. Earthquakes with magnitude exceeding 8, over a century,

with the benchmark model (B) on top, then the Gamma-Pareto (G)

below, and finally the Weibull-Pareto (W) in the bottom.
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Figure 13. Number of large events, per year (on the left) or per decade

(on the right), where large means (from top to bottom) a magnitude

larger than 7, 7.5 or 8.

a strong impact on the distribution of the number of large earthquakes. With the
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Weibull Pareto model, the probability of having two large earthquake is large, two

times larger than a model with independence between duration and magnitude.

Figure 14. Four regions around Tokyo (139’45” E - 35’40” N): less

than 1,000km, less than 500 km, less than 250 km, 100 km and 50 km.
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Figure 15. Number of large events, per year (on the left) or per decade

(on the right), where large means (from top to bottom) a magnitude

larger than 7, 7.5 or 8, within 1,000 km from Tokyo
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Figure 16. Number of large events, per year (on the left) or per decade

(on the right), where large means (from top to bottom) a magnitude

larger than 7, 7.5 or 8, within 250 km from Tokyo
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Figure 17. Number of large events, per year (on the left) or per decade

(on the right), where large means (from top to bottom) a magnitude

larger than 7, 7.5 or 8, within 100 km from Tokyo
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Figure 18. Probability to have two big earthquakes (or more) per

year (on the left) or per decade (on the right), for different magnitudes

(7, 7.5 and 8), within 100km from Tokyo, 250km or 1,000 km.


