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Products of group languages

S.W. Margolis! and J.-E. Pin?

Concatenation product is, together with Kleene’s star operation, one of the
most fascinating operations on recognizable (= rational, regular) languages. The
study of this operation produced numerous fundamental results like Schiitzen-
berger’s theorem on star-free languages, Brzozowski’s results on the dot depth
hierarchy, Simon’s theorem on piecewiese testable languages, Straubing’s char-
acterization of varieties closed under product, results of Mc Naughton and
Thomas on the connexion with first order logic, etc. It also had a consider-
able influence on the rest of the theory and many algebraic tools were originally
introduced to produce better proofs of old or new results.

In fact, it appears that the trully fundamental operation is not exactly the
usual concatenation product but a variant of it, that consists to associate to
languages Lg, L1, ..., L, the language LoaiLias - - - an L, where ay, as, ..., a,
are given letters of the alphabet. Notice that this operation is not mysterious at
all. It is used for instance to obtain a rational expression associated to a finite
automaton in the classical algorithm of Mc Naughton and Yamada. Therefore,
in this paper, the term “product” will refer to this variant of concatenation
product.

With this operation in hand, it is not difficult to construct hierarchies of
recognizable languages. Start with a boolean algebra of languages: this will
be the level 0 of our hierarchy. Then define level n + 1 as the boolean algebra
generated by products (in the new sense) of languages of level n. If you start
with the trivial boolean algebra {@), A*}, you obtain Straubing’s hierarchy. If
you start with endwise testable (or “generalized definite”) languages, you get
Brzozowski’s hierarchy, also called dot-depth hierarchy.

The aim of this paper is to study the hierarchy whose level 0 consists of
all group languages. In this case, the union U of all levels of the hierarchy
is the closure of group languages under product and boolean operations. Our
first result shows that U is a decidable variety of languages. That is, given a
recognizable language L, one can decide whether L belongs to U or not. Our
second result states that our hierarchy is strict. In fact, this result still holds if
one takes as level 0 an arbitrary subvariety of the variety of group languages.

The rest of the paper is devoted to the study of level 1. It turns out that this
variety of languages, and the corresponding variety of monoids {G, appear in
many different contexts. First, {G is exactly the variety J « G generated by all
semidirect products of a J-trivial monoid by a group. This result is interesting
because J is also the first level of Straubing’s hierarchy V,,. Thus, at least for
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levels 0 and 1, the operation V. — V % G is the bridge between Straubing’s
hierarchy and our hierarchy. Similarly, it is known [14] that the operation
V — V x LI is the bridge between Straubing’s hierarchy and Brzozowski’s
hierarchy (LI denotes the first level of Brzozowski’s hierarchy). Second (G is
also the variety generated by powermonoids of groups. In fact we first prove the
language counterpart of this result: a language has level < 1 in our hierarchy if
and only if it belongs to the boolean algebra generated by all languages of the
form Ly, where L is a group language and ¢ is a length preserving morphism
(strictly alphabetic, letter to letter morphism). Finally, languages of level 1
arise in the study of the finite group topology for the free monoid [7].

An important problem is to know whether the first level of our hierarchy is
a decidable variety. The answer is positive in the case of Straubing’s hierarchy
and Brzozowski’s hierarchy, and thus we hope a positive answer also in our case.
The discussion of this problem motivated the introduction of a new variety of
monoids, denoted by BG. BG is the variety of all monoids M such that, for
every idempotent e, f € M, efe = e implies e = f. Several equivalent definitions
are given in the paper. In particular, we show that a monoid M is in BG if and
only if the submonoid generated by all idempotents of M belongs to J. We also
prove that BG is generated by all monoids that are, in some sense, extensions
of a group by a monoid of J. Finally, $G is contained in BG but we don’t
know if this inclusion is strict or not. If $G = BGQG, then $G is decidable. If
OG # BG (our conjecture) then $G should satisfy some mysterious equations.
Let us give some details: let G be a group and let P(G) be the powergroup of
G. Then the idempotents of P(G) are exactly the subgroups of G, and if H
and K are subgroups of G, HKH = H implies H = K: this proves that P(G)
belongs to BG. However, it is hard to imagine some others algebraic conditions
that are true in P(G) for any finite group G.

1 Preliminaries.

In this paper, all semigroups are finite except in the case of free monoids. A
language is a group language if and only if its syntactic monoid is a finite group.

Given a monoid M, we denote by E(M) the set of idempotents of M and
by EG(M) the subsemigroup of M generated by E(M). For every x € M,
2% denotes the (unique) idempotent of the subsemigroup of M generated by
x. Notice that if n, denotes the smallest positive such that ™= is idempotent,
then one can take w = lem{n, | * € M} and thus w does not depend on the
choice of x.

P(M) denotes the powermonoid of M, that is the monoid of subsets of M
under the multiplication given by XY = {zy |z € X and y € Y}.

A wariety of monoids is a class of monoids closed under taking submonoids,
quotients and finite direct products. We refer to [1, 3, 6] for more details on
varieties. A wvariety of groups is a variety of monoids whose elements are groups.



Here is the list of the varieties used in this paper

A aperiodic (or group-free) monoids
G groups
G, p-groups
I trivial variety {1}
J  J-trivial monoids (monoids M such that MaM = MbM implies
a=1"0)
R R-trivial monoids (monoids M such that aM = bM implies a = b)

To each variety of monoids V, one associates the corresponding variety of lan-
guages V. For each alphabet A, A*V is the set of all (recognizable) languages
L of A* whose syntactic monoid M (L) belongs to V. The variety theorem [1]
states that the correspondence V — V is one to one.

There are a number of operations defined on varieties. Given a variety of
monoids V, EV denotes the variety of all monoids M such that GE(M) €
V. PV denotes the variety of monoids generated by all monoids of the form
P(M) where M € V. Similarly, ¢V denotes the variety generated by all
Schiitzenberger products [5, 13] $r(Ma, ..., My) where k > 0 and M, ..., My €
V. The following result was proved in [5].

Proposition 1.1 Let V (resp. V) be the variety of languages corresponding
to V (resp. OV). Then for every alphabet A, A*OV is the boolean algebra
generated by all languages of the form Loai L1 - - - ap Ly wherek >0, ay,...,ax €
A, Lg,..., Ly € A*V.

More generally we define $™V by induction as follows: OV =V and $"F1V =
S(O™V).  In particular, the hierarchy ¢™(I) = V,, is known as Straubing’s
hierarchy. The next proposition summarizes some known results on V,,.

Proposition 1.2
(a) Vo=1, Vi =J and Vo = PJ.
(b) Unso Vo =A and V,, C V,41 for every n > 0.

Given a variety of groups H, H denotes the variety of all monoids whose
groups are elements of H.

Let V and W be two varieties of monoids. Then V « W denotes the variety
of monoids generated by all semidirect products M * N where M € V and
NeW.

Finally V™'W denotes the variety generated by all monoids M such that
there exists a V-morphism ¢ : M — N where N € W. Recall that ¢ is a V-
morphism whenever for every subsemigroup S of N, S € V implies S~ € V.

2 Concatenation of group languages

In this section we introduce hierarchies analoguous to Straubing’s and Brzo-
zowski’s hierarchy and we show that these hierarchies are infinite.



Let H be a variety of groups and let H be the corresponding variety of
languages. We construct a hierarchy of varieties $"H (n > 0) as follows:
OVH = H and for every alphabet A, A*"T1H is the boolean algebra gen-
erated by all languages of the form LgajL; - - - ax Ly where Lo, ..., Ly € A*O"H
and ay,...,ar € A. Finally set $H = J,~, O"H. Notice that $>°H is the
smallest variety closed under product containing . Then we have:

Theorem 2.1 For every n > 0, O™H corresponds to the variety of monoids
OMH. Furthermore OH corresponds to AT'H=A«H.

The first part of the statement was proved in [5]. Furthermore $>°H is the
closure of H under product. Thus by a theorem of Straubing [11], it corresponds
to A"'H. Finally the equality A~'H = A x H was also proved in [11].

Corollary 2.2 One can decide whether a given recognizable language belongs
to the variety {°°G.

Proof. By Theorem 2.1, we have L € A*{>G if and only if M(L) € A™'G.
But a result of Karnofsky and Rhodes [2] shows that this last condition is
decidable.

Our next result shows that our hierarchies are always infinite.

Theorem 2.3 For every variety of groups H, the hierarchy O™ H is strict. That
is, for every n >0, OG"H C O"HH.

The proof uses a result of independent interest.

Proposition 2.4 Let V be a variety of monoids. Then V''G C EV.

Proof. Let G € H be a group and let # : M — G be a V-morphism. By
definition, for every subsemigroup S of G, S € V implies S7=! € V. In
particular, 17=1 € V. Now let e € E(M). Then er is also an idempotent
in G and thus er = 1. It follows E(M) C 17~! and since 177! is a semigroup,
GE(M) C 17!, Therefore GE(M) € V and hence M € EV. It follows that
V'GCEV. O

Following Straubing [13] we define for each n > 0 a variety of monoids W,
by the equations #* = 2%t and (zy)¥a""! = (yz)?a"~! where a : {z,y}* —
{z,y}* is the morphism defined by za = (zy)“z(zy)* and ya = (xy)“y(zy)~.
The next proposition summarizes some results of [13].

Proposition 2.5
(@) UpngWn=A
(b) For eachn >0, W, C W14
(c) For each variety of groups H, O"H C W, 'H.

We are now ready to prove Theorem 2.3. Assume that ¢$"H = "1 H for some
n > 0. Then by induction on p, $"H = $™TPH for every p > 0 and thus, by
Theorem 2.1, we have O"H = |5, O""PH = A~'H. Now, by Proposition 2.4
and 2.5 ¢) we obtain

ACAT'THCO"HC W, 'HC EW,,



Now by Proposition 2.5 a) and b) there exists a monoid M € A\ W,,. Further-
more one can show (proof omitted) that every aperiodic monoid M divides an
idempotent generated aperiodic monoid N. Thus if M € A\W,, N € A\W,,
and since N = GE(N) we also have N € A\ EW,,, a contradiction. O

The last result of this section relates our hierarchies to the hierarchy of
Straubing V,,.

Theorem 2.6 For every n > 0 and for every variety of groups H, V,, *x H C
OMH.

As we shall see in the next section, this inclusion is an equality if H = G
or Gy, and if n = 0 or 1. However we don’t know if this equality still holds
in the general case. Theorem 2.6 will be obtained as a consequence of a more

general result, the proof of which is a good illustration of the connexions between
languages and semigroups.

Theorem 2.7 For any variety of monoids V and W, (OV)* W C $(V « W),

Proof. Let V, W, U, X, S and T be the varieties of languages corresponding
to V, W, Vx W, V) (OV) « W and $(V x W) respectively. By Eilenberg
theorem, it suffices to show that S C 7. Let L € A*S. Then L is recognized by
a wreath product M o N where M € $V and N € W. That is, there exists a
morphism 7 : A* — M o N such that L = Lyn~!. Let 7: M o N — N be the
natural projection and let ¢ = nm : A* — N. Finally set B = N x A and let
o : A* — B* be the sequential function defined by

(araz---an)o = (1,a1)(a1p,a2) - ((a1---an—1)p, an)

Then, by the wreath product principle [10], L is a finite union of languages of
the form X NYo~! where X € A*W and Y € B*X. Since W C $(V x W)
we have X € A*T. Furthermore, A*7 is a boolean algebra by definition and
thus it suffices to show that Yo~! € A*T. Now since Y € B*X, Y is a boolean
combination of languages of the form K = LgbyL1bs - - - by Ly where Ly, ..., L €
B*V and by,...,by € B. Since ¢! commutes with boolean operations, it
suffices to show that such a language K isin A*T. Set b; = (n;, a;) for 1 <i < k.
Then we have
K={ci---cp€A"|(e1---¢p)o € Lob1L1--- by Ly}
= {Cl cee Cp c A* | (1, cl)(clcp, CQ) cee ((Cl cee Cpfl)(,O, Cp) S L0b1L1 ce bkLk}

For 1 <r <k, let 0, : A* — B* be the (sequential) function defined by:

(arag -~ apn)or = (hyr,a1)(hr(a19),a2) - - (hr(a1az - - - apn—10, an)
where h, = n,(a,p), and let o9 = 0. Now a simple calculation shows that
K={ci---¢cp € A" | Fi1 <ig--- < iy such that
(1) ((e1-+-¢ip—1)p,¢i,) =br = (ny,a,) for 1 <r <k and
(c1---ci,—1)o0 € Lo
(2) (Cip41-**Cirpr—1)0r €Ly for1<r<k-1 }

ik
(Cigt1- - Cp)ok € Ly,



It follows

K = {u € A" | there exists a factorization u = ugbyuy - - - bpuy such that

(1) (uparuy -+ aptp)p =nppq for 0 <r <k-—1
(2) wpo.€L,for0<r<k}

= {u € A" | there exists a factorization u = ugbyuy - - - bguy such that
(1) hp(upp) =npqq for 0 <r <k —1 (where hg = 1 and

hy =np(arp) for 0 <r <k-—1)

(2) wupo, € Ly

= Spb1S1 -+ - b Sk

where S, = Lo, 1 N (hin, 1)~ for 0 <r <k—1and Sy = Lkak_l. Now,
(h;'n,. 1)@~ ! is recognized by N and thus belongs to A*W, and a fortiori to
A*U since W C VxW. Furthermore, o, is a sequential function whose syntactic
monoid belongs to W. Since L, € A*V, we have M (L0, ') € V* W and thus
L.o; ' € A*U. Finally S, € A*UY and thus K € A*T by construction. O

Notice that the inclusion ($V) «* W C $(V « W) may be proper. For
instance, if V=1 W =J, we have (O(V)+«* W =J+xJ =R and $(V« W) =
&$(J) =PJ =PR.

Corollary 2.8 For every n > 0 and for every variety of monoids W, V41 *
W C OV« W)

Proof. This is a consequence of Theorem 2.7 since V41 = $(V,). O

Corollary 2.9 For everyn > 0 and for every variety of monoids W, Vs W C
OmM(W).

Proof. By induction on n. O

3 The level 1

In this section we investigate the properties of the first level of our hierarchies.
It turns out that this first level is related to various problems of language theory
and that the corresponding variety of monoids admits several different charac-
terizations.

Let us first recall the precise definition. Let H be a variety of groups and
let ‘H be the corresponding variety of languages. In the sequel, we shall mainly
consider the case H = G or G,. Then {H is the variety of languages defined
as follows. For every alphabet A, A*(QH is the boolean algebra generated by
all languages of the form Lgay ---apLy where k > 0, Lg,..., Ly € A*H and
ai,...,ar € A. Our first result gives an alternative description in the case
H=Gor G,.



Theorem 3.1 Let H = G or G, for some prime number p. Then for every
alphabet A, A*OH is the boolean algebra generated by all languages of the form
Lo where L € B*H and ¢ : B* — A* is a length preserving morphism.

It is known [8, 12] that if V is the variety of monoids corresponding to a
variety of languages )V, then PV corresponds to the variety W defined as follows:
for every alphabet A, A*W is the boolean algebra generated by all languages
of the form K¢, where K € B*Y and ¢ : B* — A* is a length preserving
morphism. Therefore, Theorem 3.1 is equivalent to state that PH = $H. In
fact we prove a slightly more complete result.

Theorem 3.2 Let H = G or G, for some prime number p. Then OH =
PH=JxH.

Proof. We treat the case H = G, only but the case H = G is analoguous. Let
W be the variety corresponding to PH. We first show that $G, C W (and thus
OH C PH by the variety theorem). It suffices to prove that every language of
the form L = Loai L1 - - - apLy — where Lg,..., L, € A*G, and a1,...,ar € A
— can be written as Km — where K € B*G, and 7 : B* — A* is length
preserving.

Let A be a copy of A and let m : (AU A)* — A* be the length preserving
morphism defined by ar = ar = a for every a € A. Set K; = Lyw~! for 0 <4 <
k and let K be the set of all words u € (AU A)* whose number of factorizations
of the form wgpaiu; - - - apur — with ug € Ko, ..., ux € K — is congruent to 1
modulo p. One can show that the syntactic monoid of K is a p-group and hence
K € (AUA)*G, . We claim that K7 = L. Indeed we have K C Koa1 K1 - - - ap Ky,
and thus Kn C (Koa1 Ky - -apKi)m = Loa1Ly---ar Ly = L. Conversely let
u € L. Then u admits a factorization of the form uw = wgaiuy - - - arur where
up € Lo, ..., up € Ly. Each u; can be viewed as a word of (AU A)* that
we shall denote by v; to avoid any confusion. Thus v;m = u; by definition and
hence v; € K; for 0 < i < k. Therefore v = vgajvy - - arvy € Koa1 K7 ---ap Ky,
and vr = w. Furthermore vgajv; - - - agvr is the unique factorization of v in
Koa1 K71 ---ax Ky and hence v € K. Thus L C Kn and finally L = K7 as
required. O

The next step of the proof is the following proposition

Proposition 3.3 For every variety of groups H, PH C J =« H.

Recall that U; denotes the monoid {0, 1} under the usual multiplication of
integers. Let G be a group and let P(G) (resp. P'(G), P1(G)) be the monoid
of all subsets (resp. non empty subsets, subsets containing the identity of G)
under the usual multiplication of subsets. It suffices to show that if G € H,
then P(G) € J« H. First P(G) is a quotient of P'(G) x U;. Indeed, let
¢ : P'(G) x Uy — P(G) be the function defined by (X,0)¢ = 0 and (X,1)p =
X for every X € P'(G). Then ¢ is a surjective morphism. Now we have
U; € J € J «H and since a variety is closed under direct product, it suffices to
show that P’(G)J x H. Next we claim that P’(G) is a quotient of a semidirect
product P1(G) * G. Define an action G x P1(G) — P1(G) by setting

g-X =gXg~! for every g € G and X € P1(G)



This defines a semidirect product P;(G) * G. Furthermore, the function 1 :
P1(G) * G — P'(G) defined by (X, g) = Xg is a surjective morphism and this
proves the claim.

Finally, we show that P;(G) € J. Let X,Y € P1(G) be two J-related
elements. Then AXB =Y and CYD = X for some A,B,C,D € P(G).
Since 1 belongs to A, B, C and D, it follows X = {1} X{1} C AXB =Y and
Y = {1}Y{1} C CYD = X and thus X =Y.

Thus P1(G) * G € J x H and hence P'(G) € J x H as required. O

Notice that the inclusion of Proposition 3.3 may be strict. For instance, if
H is the trivial variety, then PH = J; is strictly contained in J x H = J.

We can now conclude the proof of Theorem 3.2. We have shown up to now
the inclusions OH C PH C J « H. Furthermore, Theorem 2.6 (for n = 1) gives
Vi+*H c OH, that is J * H C OH since Vi = J. Therefore OH = PH =
J+H. O

4 An approximation of the first level

The results of the previous section give various descriptions of the variety ¢ G,
but none of these characterizations is effective. That is, we still don’t know if
there is an algorithm to decide whether a given monoid belongs to {$G or not.
During the analysis of this problem, we were led to introduce a new variety,
denoted by BG. This variety is decidable and just like {G, it admits various
interesting and natural characterizations. {G is contained in BG but we still
don’t know if, according to our believe, this inclusion is strict. Thus BG appears
as a rather good “approximation” of $G.

Let us first introduce a convenient definition. A monoid is block-group if and
only if every regular D-class of M is a Brandt semigroup. The reader that is
not familiar with semigroup theory can replace this definition by condition (3)
of the next proposition, the proof of which is omitted.

Proposition 4.1 Let M be a monoid. The following conditions are equivalent:
(1) M is block-group.
(2) For everye,f € E(M), eR f oreL f impliese = f.
(3) For every s € M and e € E(M), ese = e implies es = e = se.
(4) For everye, f € E(M), efe = e implies ef = e = fe.

Block-group monoids from a variety, denoted by BG. Similarly, block-group
monoids whose groups are elements of a given variety of groups H form a variety,
denoted by BH. Clearly BH = BG N H and furthermore

Theorem 4.2 For every variety of groups H, PHCc J+*H C OH Cc J"'H C
BH.

Proof. The first and second inclusions were already proved above. The third
one is a consequence of Proposition 2.5 (¢), with n = 1, since W1 = J. Let us
prove the last inclusion. First wehave JT'HC AT"'"Hc Hand J'HC J7'G.
since BH = HN BG, it suffices to show that J7'G c BG. Let G be a group



and let 7 : M — G be a J-morphism. Let e, f € E(M) be such that e R f or
e L f. Then er = fm = 1 and hence e, f € 17~!. Since 17! is J-trivial, it
follows e = f. Thus M € BG by Proposition 4.1. O

The next proposition gives the equations of the variety BG

Proposition 4.3 The variety BG is defined by one of the following equations
(1) (zy)* = (ya*)~,
(2) (zvy”)* = (y~z~)”
(3) @9°)a” = (a*y)° = y*(zy*)"
Proof. If M € BG, then M satisfies (1). Indeed let e = (2¥y)* and f = a*.
Then fe = e and hence efe = e. It follows e = fe = ef by Proposition 4.1,
that is (z¥y)* = (z¥y)“z*. Similarly (yz*)* = a*(yz¥)¥. But (z¥y)%z¥ =
¥ (yx*)¥ and thus (a¥y)¥ = (yav)v.
Equation (2) is deduced from (1) by replacing y by y*. Thus if M satisfies
(1), it also satisfies (2).
Similarly if M satisfies (2) we have

= (zy*) y" = (y¥a®) y” = y* (a*y~)”
and thus M satisfies (3).

Finally, assume that M satisfies (3) and let e, f € E(M). Then by (3)
(e¥ f@ e = (e fY)Y = fY(e¥ fv)¥, that is (ef)“e = (ef)¥ = f(ef)*. Now
if e R f, we have ef = f and fe = e and thus (ef)¥e = f¥e = fe = e,
(ef)¥ = f¥ = f and finally e = f. Therefore M € BG by Proposition 4.1
(2). ©

The definition of a block-group monoid is given by a “local” condition on
each regular D-class. Our next result gives a “global” characterization.

Proposition 4.4 A monoid M is a block-group if and only if EG(M) € J.

Proof. Assume that EG(M) is J-trivial. Then for every z,y € M, we have
(x¥y?)“z¥ R (z¥y*)¥ in EG(M) and thus (z*y*)¥2* = (z¥y*)¥. Similarly
(x¥y*)* = y¥(2¥y*)*. Thus M is block-group by Proposition 4.3.

Conversely assume that M is block-group and let eq,...,e, € E(M). Then
one can prove by induction on i that for every 0 < i < n, (e1---e,)* =
(e1---epn)¥er - --€; (proof omitted). Let now z and y be two R-equivalent ele-
ments of EG(M). Then ze; ---e; = y and ye;11 - - e, = x for some eq, ..., e, €
E(M). Tt follows

z:z(el...en):x(el...en>w:z(el...en)wel...ei:zel...ei:y

Thus EG(M) is R-trivial and a dual proof shows that EG(M) is L-trivial.
Therefore EG(M) is J-trivial. D

Our next result relates block-group monoids and extensions of groups by
J-trivial monoids. Although a purely algebraic proof of this result is possible,
we present here a proof using context-free grammars.



Theorem 4.5 The following equality holds: BG = J 71 G.

Proof. Let G be a group and let 7 : M — G be a J-morphism. Let e, f €
E(M) and assume that efe = e. Then er = fr = 1. It follows that fe Le R ef
in 1771, But 17~ ! is J-trivial and hence fe = ¢ = ef. Thus M € BG by
Proposition 4.1. This proves the inclusion J™'G ¢ BG.

Conversely, let M € BG and let D(M) be the submonoid of M generated
by the grammar

& — s€5+ 5€s+ £+ 1 for every s,5 € M such that sss = s.

It follows from a result of Rhodes and Tilson [9] that M € J~'G if and only
if D(M) € J. Furthermore, Proposition 4.4 shows that M € BG if and only if
EG(M) € J. Thus it suffices to prove the following lemma

Lemma 4.6 D(M) € J if and only if EG(M) € J.

Proof. Let e € E(M). Then ese = e and thus { — ese is a rule of our grammar.

It follows that ¢ = e and thus e € D(M). Therefore EG(M) is a submonoid of
D(M) and hence if D(M) € J, then EG(M) € J.

Conversely, assume that EG(M) € J. Tt suffices to show that every regular
element of D(M) is idempotent. Thus let ¢ be a regular element of D(M) and
let = be an inverse of ¢ in D(M). Then there exists a derivation

to=&—=t1 ==ty =t

where each t; € (M U&)* for 1 <i<n.
Denote by t;m the element of M obtained by deleting every occurrence of &
in t;. We claim that for 0 < i < n,

x(tim)er =

We prove the claim by induction on n —i. For i = n, t, =t and z(tw)x = x
by hypothesis. If ¢;11 is derived from ¢; by applying & — &€ or & — 1 then
tivim = t;m and the induction is trivial. Thus assume that ¢;, = uév and
tir1 = us€sv (the case t; 11 = us{sv is dual). Then by induction

(1) z(ur)ss(vm)z =z
Set e = (vm)x(um)ss and f = sSe. Then e and f are two L-equivalent idempo-
tents of EG(M) and thus e = f. It follows e(vm)z = f(vm)x, that is, by using
(1)

(2) (vm)x = s3(vm)x
Now if we report (2) in (1) we obtain

(3) z(um)(vm)x =z ie. z(tym)er ==
and this proves the claim.

In particular for i = 0, we have to = 1 and thus 22 = z. But 2tz = z and

therefore by Proposition 4.1, xt = tx = x and hence ¢ is idempotent. Therefore
every regular element of D (M) is idempotent and this concludes the proof. O

Let us summarize the main results of this paper
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Theorem 4.7 $G =PG =J+G cJ 'G =EJ =BG

These results should be compared with our results on the variety Inv gen-

erated by inverse monoids [4]. If J; denotes the variety of idempotent and
commutative monoids, then

$o(G)=Inv=J,*G =J;'G CEJ;

and we conjecture that the inclusion J flG C EJ; is in fact an equality. Thus
it is tempting to conjecture that Jx G = J ~1G. However, for some reasons that
cannot be discussed in this paper, our believe is that J « G C JG.
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