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Geometric Frustration of Icosahedron

in Metallic Glasses

A. Hirata,1 L. J. Kang,1 T. Fujita,1 B. Klumov,2 K. Matsue,3 M. Kotani,1,3

A. R. Yavari,4,1 M. W. Chen1,5*

Icosahedral order has been suggested as the prevalent atomic motif of supercooled liquids and
metallic glasses for more than half a century, because the icosahedron is highly close-packed
but is difficult to grow, owing to structure frustration and the lack of translational periodicity.
By means of angstrom-beam electron diffraction of single icosahedra, we report experimental
observation of local icosahedral order in metallic glasses. All the detected icosahedra were found
to be distorted with partially face-centered cubic symmetry, presenting compelling evidence on
geometric frustration of local icosahedral order in metallic glasses.

D
etermining atomic structure of amorphous

materials has been a long-standing problem,

because the lack of long-range transla-

tional and rotational symmetry renders it experi-

mentally inaccessible by conventional diffraction

methodologies. More than half a century ago,

Frank proposed that the icosahedron is the most

favorable local order in monatomic metallic liq-

uids (1), successfully explaining the feasibility

of achieving undercooling to below the melting

points. Metallic glasses can often be formed from

liquid alloys near eutectic compositions and, in

accordance with Frank’s proposal, binary liquid

eutectic compositions can be generated by intro-

ducing icosahedral clusters (2). Icosahedral order

is thus the most generally accepted description of

atomic structures of metallic liquids and glasses

(3–14). From a geometrical viewpoint, icosahedra

cannot fill the entire three-dimensional (3D)

space, even in disordered systems, without dis-

tortion where icosahedral rotational symmetry is

partially broken (15–17). Therefore, the locally

preferred icosahedra may not be perfectly con-

sistent with the globally stabilized structure, lead-

ing to the theoretical predictions of geometrical

frustration of icosahedron (16–19). Although a

number of neutron and x-ray scattering experiments

have been performed to elucidate icosahedral

order in metallic liquids and glasses (18, 20–22),

only average structural information can be ac-

quired from 1D diffraction profiles generated by

the statistical distribution of coexisting poly-

hedra with various geometrical distortions in real

materials. The direct observation of local icosa-

hedral order is still missing. Consequently, the

structure features of local icosahedral order and

their correlation with the long-range disorder in

glasses and liquids are largely unknown. To over-

come the experimental difficulty in detecting

local atomic configurations in amorphous mate-

rials, we recently developed an angstrom-beam

electron diffraction (ABED) method to probe local

atomic structure using a ~0.4-nm electron beam

(23). We use the ABED technique to character-

ize local icosahedral order in a representative

Zr80Pt20 metallic glass in which the presence

of a large fraction of icosahedra has been pre-

dicted by computational simulations (24, 25)

and this study (fig. S1).

The amorphous structure of the Zr80Pt20 me-

tallic glass was confirmed by spherical aberration–

corrected high-resolution transmission electron

microscopy (TEM), together with selected-area

electron diffraction (fig. S2). To obtain local struc-

tural information, we employed the ABED tech-

nique with a beam diameter of 0.36 nm (full width

at half maximum) to characterize a thin foil of

the glass (Fig. 1A). To guide the ABED study,

we simulated the characteristic ABED patterns

of an ideal icosahedron along five-, three-, and

twofold directions (Fig. 1B). A large number of

ABED patterns were acquired from the thin edge

of the TEM foil. When the specimen thickness

is thin enough (~3 to 5 nm), individual polyhedra

with an appropriate on-axis orientation can be

frequently detected by ABED. However, from

these measurements we cannot find any ABED

pattern that is completely consistent with the sim-

ulated icosahedron patterns shown in Fig. 1B.

Instead, the acquired ABED patterns only par-

tially match those of the five-, three-, and two-

fold orientations (Fig. 1C). This is probably

due to distorted icosahedra in which icosahedral

order is only partially preserved. We thus sim-

ulated five-, three-, and twofold ABED patterns

of a typical <0 0 12 0> icosahedron taken from

the molecular dynamics (MD) model of the me-

tallic glass (fig. S1B). All icosahedra in the MD

model are actually distorted from the ideal icosa-

hedron, in agreement with theoretical and com-

putational predictions (17–19, 24, 25). Figure 1C

shows the simulated five-, three-, and twofold

ABED patterns of the distorted icosahedron.
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Because the icosahedral symmetry can be only

partially retained, the diffraction spot intensi-

ties differ considerably from those of the ideal

icosahedron. The features of the experimental pat-

terns corresponding to five-, three-, and twofold

axes are fairly consistent with the simulated ones

in the lengths and angles of diffraction vectors,

as indicated by the arrowheads, verifying the

existence of distorted icosahedra in the metallic

glass (fig. S3).

Although the distorted icosahedra can be de-

tected by ABED, the most common ABED pat-

terns during random diffraction scanning are often

very simple and different from the five-, three-,

and twofold patterns of icosahedral order. The

patterns are basically composed of six nearly sym-

metrical diffraction spots, as shown in Fig. 2A.

To understand the structural origins of the simple

ABED patterns, we searched all possible on-axis

diffraction patterns of highly frequent polyhedra

in the metallic glass predicted by the MD sim-

ulation. The simple diffraction patterns were found

to originate from the distorted icosahedra, in ad-

dition to the well-known five-, three-, and twofold

patterns. Figure 2B is a simulated ABED pattern

calculated from a distorted <0 0 12 0> icosa-

hedron in which the positions of the 12 coordi-

nated atoms are displaced from those in an ideal

icosahedron (Fig. 2C). The incident direction is

close to a distorted fivefold orientation (see Fig.

2E). The simulated pattern reproduces well the

experimental one in the diffraction vectors (lengths

and angles) (Fig. 2, A′ and B′). Note that ABED

patterns with the equivalent diffraction vectors

cannot be obtained from nonicosahedral clusters

(fig. S4). We noticed that this kind of diffraction

is also partially similar to that of a face-centered

cubic (fcc) structure that is also densely packed

with 12 coordinated atoms. Figure 2D shows a

[110] diffraction pattern of the fcc structure with

six strong spots, which is partially consistent with

that of the distorted icosahedron but without the

golden-ratio relationship between diffraction vec-

tors. This implies that the distorted part of the

icosahedron possesses local fcc-like symmetry.

We investigated the structural similarity be-

tween the distorted icosahedron and the fcc

cluster. Figure 3A depicts three types of atomic

clusters with a coordination number of 12: ideal

icosahedron, distorted icosahedron, and fcc clus-

ter. The exact atomic sites where the distorted

icosahedron (Fig. 3A, middle) differs structural-

ly from the ideal icosahedron and fcc can be seen.

Atoms in the distorted part of the icosahedron can

be identified by shifting to fcc coordinates. The

distorted icosahedron actually includes icosahe-

dral order and a portion of fcc order (fig. S5),

accompanying with the variation of Zr-Pt atomic

bond length from 0.277 to 0.347 nm. Separate ab

initio calculations (Fig. 3B) verify that the dis-

torted icosahedron has a total energy higher than

both the perfect icosahedron and the fcc clus-

ter. This indicates that the distorted icosahedra

are in an intermediate state between two densely

packed configurations: the ideal icosahedron

and the fcc cluster. To confirm that the distorted

icosahedron with partial fcc symmetry is repre-

sentative of the local structure of the Zr-Pt me-

tallic glass, we conducted a bond orientational

order analysis based on our MD model contain-

ing 12,000 atoms (6, 26). Figure 3C shows a

probability distribution function for an invariant

W
%
6, the most sensitive indicator for icosahedral

symmetry, calculated using the averages of spheri-

cal harmonics associated with the bond direc-

tions (26). The values for the ideal icosahedron

and the fcc cluster are –0.169754 and +0.013161

(26), respectively. The invariant W%
6 of the dom-

inant atomic clusters in the metallic glass is seen to

have values in between those of the icosahedron

and fcc configurations, suggesting that most local

atomic arrangements have an intermediate struc-

ture between icosahedron and fcc, which is in

agreement with the distorted icosahedron charac-

terized by ABED.

Traditionally, the distortion of icosahedra has

been suggested from atomic size disparity of

constituent elements and/or kinetic fluctuation

during glass formation, giving rise to atomic bond-

ing length variation, as well as atomic scale stress

and strain in metallic glasses (27, 28). Nevertheless,

different from the indiscriminate geometry varia-

tion caused by the chemical and kinetic effects,

the distorted icosahedra reported here always

possess partial fcc symmetry, indicating that the

distortion of icosahedra in the metallic glasses is

associated with geometric frustration that derives

from the competition between two low-energy

states (fcc and icosahedron) with dense atomic

packing. The chemical variation and kinetic

fluctuation may just provide structural pertur-

bations during the development of the inter-

mediate atomic configuration by preventing the

formation of ideal icosahedron and fcc clusters.

If each icosahedral cluster is isolated, it would

naturally tend to minimize the local energy den-

sity by forming the densest and most symmetrical

Fig. 1. ABED characterization of icosahedral order in metallic glasses. (A) Experimental procedure of
ABED of a icosahedral cluster. The coherent electron beam has a diameter of 0.36 nm. (B) Simulated
ABED patterns of an ideal icosahedron. (C) Comparison between experimental and simulated ABED
patterns of icosahedral clusters in a Zr80Pt20 metallic glass. For comparison, angular information
between each diffraction vector is shown in the right side of each panel. Arrowheads indicate
characteristic diffraction spots of the icosahedral order.
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icosahedron. However, in real metallic glasses,

the constituent atoms shared by neighboring

clusters may not always sit at the minima of

all pairwise interactions with all of their nearest

neighbors, owing to chemical variation and ki-

netic fluctuation. The fcc symmetry is the ener-

getically and geometrically favorable arrangement

of the distorted parts of the icosahedron, because

an fcc structure has dense atomic packing with

12 coordinated atoms (same as an icosahedron)

and a low energy. Importantly, the local transla-

tional symmetry of the fcc configuration makes

the distorted icosahedra easy to geometrically

match with neighboring clusters for long-range

dense packing. Thus, the geometric frustration,

evidenced by ABED, reflects the intrinsic struc-

tural feature of metallic glasses and correlates with

their forming ability and mechanical properties.

It is worth noting that other prevailing clusters

in the metallic glass—such as <0 3 6 1>, <0 2 8 0>,

<0 2 8 1>, <0 1 10 2>—were also detected by

ABED (fig. S6). These clusters also contain

both icosahedral- and fcc-like structural features

associated with the geometric frustration, similar

to the distorted <0 0 12 0> icosahedron. The ge-

ometric frustration of the atomic clusters can be

quantified by topological analysis. Although

each distorted icosahedron or icosahedron-like

cluster has distinct geometric distortions de-

pending on the surrounding atomic environment,

the preliminary computational homology calcu-

lations (29), for the first time being applied to

the analysis of metallic glasses, show that the

geometric distortions of the atomic clusters can

be depicted in a simple manner in terms of the

topological connectivity. The topological analy-

sis of individual atomic clusters can also be

scaled up to long-range disorder (figs. S7 and

S8), which may be a promising approach to de-

scribe the intricate structure of disordered me-

tallic glasses.

To retain dense atomic packing and a low-

energy state, the icosahedral order revealed by

ABED is geometrically distorted and inclined to

form a mixed configuration, composed of a par-

tial icosahedral symmetry and a partial fcc sym-

metry. This atomic packing scheme of low structure

symmetry but dense atomic arrangement has not

been found in any crystal or quasicrystal and

represents a distinct atomic structural feature

of metallic glasses. Although dominant clusters

in metallic glasses are diverse and not limited to

icosahedra, dense packing with geometrical frus-

tration appears to be the universal structural char-

acteristic of metallic glass formers.

Metallic glasses are essentially a frozen super-

cooled liquid. In principle, the local structure re-

vealed by ABED corresponds to the inherent

structure of the supercooled liquid immediately

before its transition to a glassy state. In addi-

tion to shedding light on the structural origins of

metallic glass formation, this study also provides

evidence that dynamic heterogeneity and arrest

in supercooled liquids at the glass transition, as

determined from computational simulations and

theoretical modeling (30–33), are essentially as-

sociated with local atomic ordering and conse-

quent geometric frustration. Therefore, the ABED

experiment may have important implications in

Fig. 3. Energy calculation and bond orientational
order analysis. (A) Structural relationship among
the ideal icosahedron, distorted icosahedron, and
fcc cluster. (B) Total energy calculations of the three
atomic clusters. (C) Bond orientational order analysis
from a 12,000-atom MD model created at a cooling
of 1010 K/s. A histogram of the probability distribu-
tion function (PDF) of the %W6 invariant is shown,
together with the characteristic values for an ideal
icosahedron and fcc cluster.

Fig. 2. ABED patterns of a distorted icosahedron taken from the fcc-like orientation. (A) Experi-
mental ABED pattern with six distinguishable diffraction spots obtained from Zr80Pt20. (A′) Characteristic
diffraction angles in the experimental ABED pattern shown in (A). (B) Simulated ABED pattern calculated
from the distorted <0 0 12 0> icosahedron taken from the MD model. (B′) Characteristic diffraction angles
in the simulated ABED pattern shown in (B). (C) Illustration of the distorted icosahedron giving the ABED
pattern of (B). (D) Calculated [110] diffraction pattern of a fcc cluster. (E) Correlation between a local fcc
symmetry and a distorted pentagon of icosahedral order.
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solving the puzzles of glass transition (34) and

may provide a method to explore the atomic struc-

ture and atomic-scale properties of disordered

materials.
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